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ABSTRACT. We extend the results by Jones and Rosenblatt about the se-
ries of the differences of differentiation operators along lacunary sequences
to BMO and to the setting of weighted LP- spaces. We use a different ap-
proach which allows to establish that the one-sided Sawyer A, weights are
the natural ones to study the boundedness and convergence of that series in
weighted spaces.

1. INTRODUCTION

Jones and Rosenblatt studied [2] the behavior of the series of the differences
of ergodic averages and the series of the differences of differentiation operators
along lacunary sequences in the context of the L? spaces. In this paper we give
a different approach to these questions and we extend their results about the
series of the differences of differentiation operators to BMO and to the setting
of weighted LP spaces. We point out that the estimates in weighted spaces turn
out to be a useful tool to establish the results for the series of the differences
of ergodic averages associated to a strongly continuous one parameter group of
positive operators acting on some L”(11); the details will appear in a forthcoming
paper.

Let p > 1 and let 4, k € Z, be a p-lacunary sequence of positive numbers,
that is,

5k+1/5k Z P for all k.

This implies clearly that lim,_,_ e = 0 and limg_. £ = oo. Therefore if
feLlP(R),1<p<oo,and

(1.1) Dif(z) = i/o fla+t)dt

then limy ., D f(z) = f(x) and limg_o, Dif(z) = 0 a.e.. In order to give
some information about how the convergence occurs, we may consider the series
(e}

S (DS (@)~ Diif())

k=—o00
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which obviously converges a.e. by the above remark. As it is explained in [2],
the cancellation in this series is crucial. Therefore, it is natural to ask about
the convergence properties of

o0

(1.2) > w(Dif(x) — Dioi f(x)),

k=—00

where vy is a bounded sequence of real or complex numbers. One of our aims
is to study the convergence properties of that series in the setting of weighted
spaces and not only in the Lebesgue measure case. This implies that our ap-
proach must be different than the one in [2]. In order to explain why our
approach should be different, let us recall the argument in [2].

Jones and Rosenblatt obtained the results for the operator

0

(1.3) Z Ok (Dif () — D1 f(2))

k=—o0

but this is probably a minor difference. They obtained the results by considering
the following series:

0 0

(14) D o(Def(x) = Bef(x)) and > w(Epf(x) — Eprf(2)),

k=—00 k=—o00

where ¢, = 2% and E}, is the conditional expectation operator with respect to
the dyadic o-algebra with 27* atoms. Since the properties of convergence of the
second series in (1.4) are well known, the problem is reduced to study the first
series. Notice that the first series in (1.4) defines formally a two-sided operator
in the sense that for fixed x the values of the series depend on the values of
f(y) for y < z and y > z. In this way, if we study the weights for this series
we are naturally led to consider Muckenhoupt A, weights, i.e., the weights for
the two-sided Hardy-Littlewood maximal function defined by
1 g
Mf(x) by |f (2 +t)] di.

(The same can be said for the second series in (1.4).) However, if we look at
the original series (1.3), we realize that it is a one-sided operator, in the sense
that for fixed = the values of the series depend only on the values of f(y) for
y > x. Therefore the natural weights to be considered are the good weights for
the one-sided Hardy-Littlewood maximal function defined by

1 €
+ — —
(1.5) M f(:c)—ssglgg/o |f(z+ 1) dt,

which constitute a class of weights wider than the Muckenhoupt A, classes. So,
we have to study directly the convergence of (1.2) without going through the
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conditional expectations. In what follows we fix the problems and the nota-
tions, state the results and outline the way of proving the results.

Throughout the paper, we will consider a bounded sequence {v}, k € Z,
of real or complex numbers. We shall say that {v;} is a multiplying sequence
and we shall write ||vg|lco = supy |vg|. For a locally integrable function f we
consider the averages Dy f(x) as in (1.1), that is, Dy f(z) = ¢ * f(x) where
or(x) = i (_ep.0)(@). For each N € Z*, N = (N1, N) with Ny < N, we define
the sum

Ny

(1.6) Tyf(z) =) w(Dif(x) = Dy f(x)) = Ky * f(x),
where
Ky(x) =) velpr(x) — or(x)).

Our goal is to prove convergence results of T f(x) as N = (N, Ny) tends to
(—00, +00) which means that Ny — —oo and Ny — 400. As usual, to prove
the a.e. convergence, we shall study the boundedness of the associated maximal
operator
T*f(w) = sup [Ty f(x)
Nez?
in the setting of the weighted spaces

1/p
LP(w) = {f : f is measurable and || f||zr(w) = (/R |f\pw) < 00}

Since the operators T are convolution operators with kernels Ky supported
in (—o00,0), the study of T* (Tl ) is related to the right-sided Hardy Littlewood
maximal operator M defined in (1.5). We recall the well-known results about
weights for M™:

(1) The operator M ™ is of weak type (1,1) with respect to the measure
w(z)dr if and only if w € A] [6, 3], i.e., there exists C' such that
M-w(z) < Cw(z) a.e. (M~ is the left-sided Hardy Littlewood maxi-
mal function defined as M~ f(x) = sup.q £ [; [f(z —1)| dt).

(2) The operator M ™ is bounded in LP(w), 1 < p < oo, if and only if w € AF
6], i.e., if there exists C' such that for any three points a < b < ¢

47 (L) ([+)

where p +p' = pp'.

1

< C(C - (I),

=
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Of course, there are similar results for the operator M~ reversing the orienta-
tion of R.

Now we can state the main results.

Theorem 1.8. Let {¢} be a p-lacunary sequence. Let {vi} be a multiplying
sequence. If 1 < p < oo and w € A;; then there exists a constant C' depending
only on p, p and ||v||eo such that

1T fll oy < Cllf Mo w)-
for all functions f € LP(w).

Theorem 1.9. Let {ex} be a p-lacunary sequence. Let {vy} be a multiplying
sequence. If w € Al then there exists a constant C depending only on p and
lvk|| oo such that

; C
w({z €R: [T f(2)] > A}) < Ll fllzrw,
for all X > 0 and all functions f € L*(w).

Using these theorems and proving the a.e. convergence in a suitable dense
class of functions we obtain the following theorem.

Theorem 1.10. Let {e} be a p-lacunary sequence. Let {vi} be a multiplying
sequence. Assume that w is a weight in A

(1) If 1 <p < oo then T f converge a.e. and in LP(w) norm for all f € LP(w)
as N = (N, Ny) tends to (—oo, +00).

(ii) If p = 1 then Txf converge a.e. and in measure for all f € L'(w) as
N = (Ny, Ny) tends to (—o0, 4+00).

The above result includes the case of the Lebesgue measure (w = 1) which
was obtained in [2]. In the case of the space BMO we can not expect to obtain
a.e. convergence or norm convergence. However, a nice substitute can be found.
We state the result in the next theorem.

Theorem 1.11. Let {e} be a p-lacunary sequence. Let {vi} be a multiplying
sequence. Then the operators T f converge in the sense of the weak x topology

of BMO.

The organization of the paper is as follows. Sections 2 and 3 are devoted
to state notations and properties of the lacunary sequences. In Section 4 we
prove some properties of the kernels K. Section 5 is devoted to prove uniform
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boundedness of the operators T, while Theorems 1.8, 1.9, 1.10 and 1.11 are
proved in Sections 6, 7, 8 and 9, respectively.

Throughout the paper, the letter C' means a positive constant not necessarily
the same at each occurrence.

2. SOME NOTATION AND PREVIOUS FACTS

We denote by L? = LP(R), 1 < p < oo, the Lebesgue space consisting of all
measurable functions f defined in R such that

il = [ 1760 a) "

For p = oo, we write L™ for the space of all measurable f such that

| f|lr = ess sup |f(z)| < <.

When Lebesgue measure is replaced by w(x)dx (for some non negative mea-
surable function w in R) we denote the corresponding weighted spaces by LP(w).

1

loe), We define the sharp maximal

For a locally integrable function f (f € L
function X
fia) =suw o [ 176) = fild,
zel |I| I
where I is an arbitrary interval in R and f; = |I|™" [, f. Now, we define the
space

BMO = {f € Lig : [Ifllso = 1]l < 00}

An atom is a function a € L* supported in an interval I and such that
a@l <1/l [ a)ds =0
I
and the space H' is, as usual, the subspace of L' formed by all functions

f(z) = Z Aiai(),

where . |\;i| < oo and the functions a; are atoms. The norm of f in H' is
defined by || f||g: = inf ), |\;|, where the infimum is taken over the sequences
{Ai} appearing in all the possible decompositions of f. It is known that if we
identify in BM O the constant functions with 0, we have that BM O is the dual
space of H!.

The study of the operators T in weighted spaces requires the introduction
of the following one-sided maximal functions:

1 z+h 1/s
Mipw) =sw (3 [ P e ss <o)

h>0
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1 [feth 1 etz N\
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where f is a locally integrable function taking values in R and 2" stands for the
positive part of the real number z. We shall also need the following theorem
that was proved in [4].

and

Theorem 2.1. For any 0 < p < oo and w € Af, = Ups1 AT there exists C such
that

/R M* f(2) Pu(z) do < C / (F*# (2))Pu(e) da

whenever the left hand side is finite.

3. LACUNARY SEQUENCES

We prove in this section some properties of the p-lacunary sequence {e}.
The next proposition shows that, without loss of generality, we may assume
that

€
(3.1) 1<p< 2 <2

€k
Proposition 3.2. Given the p-lacunary sequence {e} and the multiplying se-
quence {vy}, we can define a p-lacunary sequence {ny} and a multiplying se-
quence {wy} verifying the following properties:

(i) 1< p< 25 < and |[og]]oo = [leel oo

(ii) For all N = (Ny, Ny) there exists M = (M, M) with Ty = Tay, where Thy
is the operator defined in (1.6) for the new sequences {ny} and {wy}.

PROOF. Let us construct the new lacunary sequence as follows. Let g = ¢, and
let us construct 7, for positive [ as follows (the argument for negative [ is analo-
gous). If p? > e, /eq > p, define n; = £;. In the opposite case where €, /gy > p?,
let 1 = peo. It verifies p? > n1/ny = p > p. Further, e,/n > p?co/pco = p.
Again, if £, /m; < p?, then 1y = &;. If this is not the case, define 1, = pcy < €.
By the same calculations as before, 79, 11, 72 are part of a lacunary sequence
satisfying (3.1). To continue the sequence, either 73 = e, (if &1/my < p?) or
ns = pno (if e1/me > p?). Since p > 1, this process ends at some ko such that
Nk, = €1. The rest of the elements 7, are built in the same way, as the original
er plus the necessary terms put in between two consecutive ¢; to get (3.1).

Let J(k) = {j:ex1 <m < e}, D;f(x) = % o flz+t)dt and w; = vy, if
j € J(k). Then
Vk(Drf(7) — Dp_1 f(2)) = Z wj(f)jf(ﬁ) - Dj—lf(x))'

JjeJ(k)



DIFFERENTIAL TRANSFORMS IN WEIGHTED SPACES 7

If M = (M, Ms) is such that ny, = ey, and ny, 1 = en,-1 We get that

Tvf(x) = D o(Dif(x) = Dpaf(@))
— Z w;(D;f(x) — Dy 1f(x)) = Ty f ().

4

It follows from this proposition that it is enough to prove all the results of
this paper in the case of a p-lacunary sequence satisfying (3.1). For this reason,
in the rest of the paper we assume that {e;} satisfies (3.1) without saying it
explicitly. Observe that the following properties hold:

1 2(m—n) N 1\ "

(3.3) (—) < En < (—) , forall m>n.
P Em P

In fact, these inequalities follow from (3.1) and the equality

En En Entl  Em—1
Em B En+1 En+2 Em
If we denote by « the smaller positive integer such that
/p+(1/p)* <1,
we get from (3.3) that
(3.4) gitem<émpy forall m>i4+a—1.

4. PROPERTIES OF THE KERNELS Ky

The next lemma allows us to prove the boundedness of the operators Ty
uniformly on L?.

Lemma 4.1. There exists a constant C' depending only on p and ||vg||e such

that
N2

sup [Ky (€] =sup | > vk ((er8) = p(e))| < .

k=N

for all € € R and where f(&) = [ e f(x) dx is the Fourier transform of f.
PRrROOF. For fixed £ € R, let kg be such that e, 1 < 1/|¢] < ex,. Then

KNI < > [osll(exs) — @ler—18))
k=—00

ko—1 00

lillo D o+ llvkllo D oo =T+ 11

k=—o00 k=ko

IN



8 BERNARDIS ET AL.

To estimate I notice that, by using the mean value theorem and (3.1), we
get that

0
Pa) ~ plaid) = [ e - o do
-1

< Cler —er-1)é] < Cp’epfé].
Then, using (3.3) we get

kO*l k'()*l 1 k0+1—k
I < Clodsléle Y et < Cludlslélr® Y <;>

k=—oc0 k=—0c0
ko—1
§lp%ek Y Cllvllsopl€ler
< C o 0 — 0
— ||'Uk|| pk()"l‘l k:_oop p _ 1
- Cllulep’

?

p—1

where in the last inequality we have used that &5, < p*eg,_1 < 2

€l
To estimate 11 we observe that |p(exf)| < Klisk Then, by (3.3) we get that
I < loglloo D (1961 + [20-1(9)])
k=ko
BTN S
[3 k—ko €k-1
00 k—Fk
c s $ (1) sl
[€leno—1 F \p p—1

where in the last inequality we have used that |{|eg,—1 > |§\€p%° > p%.
U

In what follows we shall prove that the kernels K verify a one-sided smooth-
ness condition uniformly. The proofs are similar to the ones in [7]. First, we
shall need the following lemma.

Lemma 4.2. If j > i1+, 0 <x <¢g andg; <y < €j41, then X(%Hgk)(y) _
X 0.2,y (W) = 0 unless k = j in which case
X(m,:}chek)(y) - X(O,sk)(y) = X(sj,m+sj)(y)’
PROOF. It is clear that for k& > j,
O<zr<¢e <¢g <y<egjp <& <x+ey,

and thus
Xeren®) = Xoen X6, 2,00 ) =0
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For k < j—1, by (3.4), we get that
e <rtep<¢g+ei1<egj.
Then
X(x,m+sk)(y)X(sj,ej+1)(?J) = X(o,ek)@)X(Ej,em)(y) =0

Finally, in the case k = j, since by (34) v <¢; <z +¢; <& +¢; <¢gjqq we
have that

[X(&?@-Fﬁj)(y) _X(Oﬁj)(y)]x(ﬁjﬁjﬂ)(y) - X(%r-*-sj)(y)X(EjﬁjJrl)(y)
- X(€j7x+€j)(y)'

Lemma 4.3. Let 1 <r<oo,j>14+a and 0 < x <e¢g;. Then

1/r

€j+1 T 1/7‘71
([ ata =)= nt-nran) - <ce

J

2| [loo
[

where C; = S

ProOOF. First, notice that

|Kn(r —y) — Kn(—y)|

= 1> (X8~ X7 )
T e e Xao @ =Y = o X0l Y
=iVl
ak 1 1
I s ) |
k=N1
No v
k
< L EXnle =9 = X (1)
k
k=N1
Ny v
k
+ Z I X(78k7170)< _y) - X(Ek:lvo)(_y)‘
k=N, k—1
No 1
< 2fjvglloo Z 5|X(—€k’0)($_y)_X(—gk,o)(_y)|
k=N;—1

1
= 2[|oalloo Z 5‘X(£7x+gk)(y)_X(O75k)(y)"

k=N1—1
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Now, applying Lemma 4.2 we get that
€j+1 1/r 2||’Uk:||oo$1/r
([ it - mpray) < A
€j J

2||vkl =1

T

where in the last inequality we have used that, by (3.3), z <¢&; <eg;/p "
O

Remark 4.4. It follows from the proof of the above lemma that if N = (Ny, N)
with No <i4+a<jori+a<j< N then

|[Kn(z —y) — Kn(-y)| =0
for all x € (0,&;] and y € (gj,€;41).

The condition in Lemma 4.3 is called the one-sided D, condition, that is,
we have proved that for every r € [1,00) the kernels Ky satisfy the one-sided
condition D, uniformly on N. This condition implies Hormander’s condition
as we prove in the next corollary.

Corollary 4.5. The kernels Ky satisfy the following Hormander’s condition
uniformly: there exists a constant C' depending only on p and ||vg||s such that

/ Kn(z—y) — Kn(—y)|dy < C, z€R,
ly|>Cplz|

where C, = p* V) and x # 0.

PRrROOF. Given z € R\ {0} let i € Z such that ;1 < |z| < ¢g;. It is clear by
the lacunarity of the sequence {¢;} that

{y:lyl > Colaft c{y: lyl > Creima} CH{y : [yl > cival-

Now, let us observe that if &, < |z| <¢; and —¢j41 <y < —¢; with j > i+a,
then Kn(x —y) = Kn(—y) = 0. So that we only need to consider y > 0. Thus

/ Kn(e—y) — Kn(—y)|dy < / K — ) — Kn(—y)|dy.
ly|>C)p|z|

Y>Eita

Now, if > 0, the lemma follows simply from Lemma 4.3 with r = 1. If x < 0,
by a change of variables we can obtain the same boundedness.
O
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5. BOUNDEDNESS OF THE OPERATORS 1

This section is devoted to prove the uniform boundedness of the operators
T . Concretely, we shall prove the following theorem.

Theorem 5.1. The operators Ty verify the following inequalities with constants
independent of N and f.

(i) For all A >0, {z e R: |Tnf(z)] > A} < §||f||L1
(ii) For 1 <p < oo, [[Tnfllze < Cp | fl1s-

(i4) | Tn fl smo < C'|| fll Bmo-

(iv) For 1 < s < oo, [|Tnf|]"#(z) < C M f(z).

Proor. It follows from Lemma I1.6.1 in [1] that (i) and (éi) hold since the
kernels Ky satisfy the Hormander’s condition uniformly and the Fourier trans-
forms are uniformly bounded in L*°.

Before proving (iii) we state and prove the following technical lemma.

Lemma 5.2. Given f € BMO, xg € R, 1 <p < oo, h >0, i € Z such that
gi1<h<e;, j>iandI = (xg,x9+h), we have that

1 To+E€54+1 1/p ' '
(— / !f(x)—fz|”dx> < O+ — i)l flmmo.

€j+1

PROOF. Let [; = (z9, 29+ ¢;). Then,

1 To+tej4+1 1/p 1 Totej4+1 1/p
(— [ e - ffrpdx) s(— / |f(fv)—f1j+1|pd:v>
€j+1 Jao €j+1 Jay

j+1
+ Y = o = fl =T+ I+ 111
I=i+1
The first term is bounded by a constant times || f||gyo by John-Niremberg’s
theorem. On the other hand, by (3.1), we have that

]+1

zot+e1—1
IT+ 111 < / — frldx + — /\f dx
= z+1 -1 |I|
J+l $0+Ez $0+€z
<Yz / — fuldz+ 2 / ~ fuld
= z+1

< P —i+2)|fllsmo-
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Now, we shall prove (iii). Fix g € R and h > 0. Consider the interval
I = (zg,0+ h). We split f according to the interval I as f = fo+ fi + fo+ f1,
where fo = (f — fI)X(_OWO), fi = (f = fI)X(x07$0+p2(a+1)h) and fo = (f —

TODX (2o 4 p2iath 00y Since [Ty f(2)| < 00, it is enough to prove that there exists
a constant C' depending only on p and ||vg|/«, but not on N, such that

ﬁ /I (T f(x) — T folo)| dz < C| || savo-

Observe that Ty fo(z) = 0 for all z € I. Also, since the operators Dy, are means,
we have that Ty f;(xz) = 0. Therefore,

| Tx () = T fo(wo)| < |Tx fr(z)| + [T fa(x) — Tiv f2(20)]-

Now, since the operators T are uniformly bounded in LP for 1 < p < oo we
have that

1 1 1
m/j|TNf1($)|dfF < (m/f|TNf1($)|de>

1 [rotp*@tn 1/p
<c(if 1@) = il de) < Clflavo

where the last inequality follows by analogous arguments as the ones shown in
the proof of Lemma 5.2. In order to handle 11, let us fix 7 such that ¢,_; < h <
g;. Thus, for z € I, we obtain

Tnfa(z) — Tnfa(zo)l
< [ Rxlle = a0) )~ Kn(-)ll -+ o0 - fildy

2(a+1)h

< . /%jﬂ KN ((z = 20) —y) — Kn (=) (y + o) — fi| dy,

Jj=ita V&

where in the last inequality we have used that by (3.3), p?@FVp > p2atlg, | >
€ira- Then, by Holder inequality, Lemma 4.3 and Lemma 5.2 we get that

Tn fo(r) — T folwo)]
oo ) €1 1/r
< o> ([ 1Knlta =) - ) Kn-u)f )

Jj=i+ta

1 To+ej41 ) 1/r
>< (— [ - dy)
Ei+1 Jap

- 1 -
< C Z W(l‘i‘J—Z)HfHBMo§C||f||BMo-

Jj=ita
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Finally, we shall prove (iv). It is proved in [4] that
1 [ath 1 [ot2h
ot <swint (3 [ G- arar g [0 e ).
n>0a€R \ h J, h Join
If we use the above inequality we get that

z+h z+2h
) < spint (3 [ 10 —dlavt g [ - sty

h>0 a€eR h +h

1 z+h
< C(C'sup inf E/ |f(y) — aldy.

h>0 a€R

Thus it is enough to prove that for fixed z( there is, for each positive h, a real
number a that may depend on zy and h such that

1 zo+h
E/ “TNf|—a‘d$§OM:f(il?o)-

As in the proof of (iii), we split f as f = fo + fi + f2, where fy = IX Csomo)
fi= fX(mo,mo+p2<a+1)h) and fo = fX(z0+p2(a+1>h,oo) and choose a = [Ty fa(xo)|. Tt
is clear that, since |T f(z)| < oo and |1 fa(zo)| < o0,

1T f ()] — T fo(2o)l| < [T fr(2)] + [T fa(x) — Tiv folzo)]-

Now, again as in the proof of (iii), for x € (xg,z0+ h) and €;,-1 < h < g;, we
get that

Tn fo(r) — Ty fawo)l

00 €1 ) 1/s'
<oy e;-/S( / K (@ — 20) — y) — K(—y)] dy)
j=ita €j
1 To+E 41 1/s
( / If(y)|sdy) < O M f(o),
€j+1 J g

zo+h zo+h 1/s
[ el < (5[ A )

1 zo+p2@tDh 1/s
< (7] el de) <O flan)

Thus, the theorem follows.
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6. PROOF OF THEOREM 1.8

First, we shall prove that the operators T are uniformly bounded in the
weighted LP spaces.

Theorem 6.1. Let 1 < p < 00 and w € A;. There exists a constant C
depending on p, p and ||v||e such that

[ Tss@pu@ds < ¢ [ 1@ d

PrOOF. We know that AF C AL and that for each w € A there is an s bigger
than one and such that p/s > 1 so that w € A;/s (see [6]). On the other hand,
since

| Tn f ()] < 2f|velloc(N2 = Ny + 1) M f (),

we get that
[P s < .
R
Thus, applying Theorem 2.1 and Theorem 5.1 (iv) we have

[Imss@ru@ar < ¢ [rqna)@pree) i
< ¢ [Tes) *@Puls) ds
< ¢ [ M) w) do
= ¢ [ @) w) do
< ¢ [If@pu) ds

where in the last inequality we have applied that M* is bounded in LP/*(w)
since w € A;/S.

O

Now, we prove the LP boundedness of the operator T*. For N = (Ny, Ny),
we shall use T, n, to denote the operator T. We start proving a pointwise
estimate for the operators

Ty f(z) = sup Ty, n,f(2)].

|N1],|No|<M

Theorem 6.2. For each s € (1,00) there exists a constant C' depending on s,
p and ||vg||eo Such that for every x € R and every M >0

Ty f(x) < C M| Topa f1) (@) + M f())|.
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PROOF. Since the operators T, n, are given by convolution, they are invariant
under translations, and therefore it is enough to prove the theorem for z = 0.
Notice that

TN1,N2f<'r) = TN1,Mf(x) - TN2+1,Mf<'r)'

Then, it will suffice to estimate |1}, 2 f(0)| for |m| < M with constants inde-
pendent of m and M. Let us split f as f = fi+ fo+ fs, where fi = fX ;.

fo=TX (e 100 a0d f3= X - First, notice that T, 1/(f3)(0) = 0. Then

Tonar fO) < [T pa f1(0)] + | T ar f2(0)
= I+1I

It is clear that
M

JAS k(i - i)f(y) ay

k=m
/0 T ) dy < ol M),

I =

1

< okl
m—1

On the other hand

1 Em—1—a
0

Em—1-a

1

IN

Em—1—«
[ @) s
0

Em—1-a

1
+

/ ‘T,M’Mfl(ﬂﬁ)‘ dx
0

Em—1—a

1

+ / e |Tm,Mf2(0) - Tm7Mf2($)| dx
0

Em—1—a

1

Em—1—a
+ / T pt s fo(a)|
Em—1—a 0
= A+ Ay + Az + Ay
(If m = —M we understand that A, = 0). It is obvious that
Ay < M(|T-pa £1)(0).

For the second term, we use the uniform boundedness on L® of the operators
T_pv given in Theorem 5.1 (¢). Thus

1 Em—1—o 1/s
4 < ( / T st (@) d:c)
0

Em—1—a

Em1 1/s
_ c( ! / \f(x)\sda:> < p/* M £(0),
0

Em—1—a
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where in the last inequality we have used condition (3.3). To estimate A3, we
proceed as in Theorem 5.1 (iv) and thus

T £2(0) = T fo(@)| < C M f(0).

Finally, we estimate A4. First, it is clear that

C Em—1—a m—1 1
A4 S / Z ~ / X(smfl,oo)(y)X(:p,ersk)(y)|f(y)| dy dx.
0 -1 Gk R

Em—1—a

By using (3.4) we get that for z € (0,6,-1-4) and &k < m — 2,2 + ¢ <
Em-1-a + Em—2 < €m_1. Therefore, the sum in the above inequality reduces to
the term k = m — 1. Thus, by using (3.4) again we get

C Em—1tTEm—-1—a
A< / ()] dy < CM*(0).
0

o Em—1
Putting all these inequalities together and using that M™ f(z) < M f(x) for
all s € (1,00), we are done.

O

PROOF OF THEOREM 1.8. Since if w € A there is an s bigger than one and
such that p/s > 1 and w € A, [6] then

[ @) vy i < © [ 1@ Pu) de

Now, from Theorems 6.1 and 6.2 we get that

/ﬁmuwmmmsc/mwmmmL

where the constant C' does not depend on M. Consequently, letting M increase

to infinity, we see that the same holds for the operator 7%, and we are done.
O

7. PROOF OF THEOREM 1.9

We begin studying the behavior of 7™ on the functions of compact support
and zero average. For this, we shall need the following remark.

Remark 7.1. It is clear that A{ implies the following condition: there exists
C' such that for any M > 1 and every interval I = (a,a + h)

/ w < CMhess inf{w(z) : z € I}.
a—Mh

It follows from this property that if w satisfies AT then the following one-sided
doubling property holds: there exists C' such that for any M > 1

a+h a+h
/ w < (CM + 1)/ w.

—Mh
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Lemma 7.2. Let a be supported on I = (0,¢;) and such that [,a =0 and let
w € Ay. There exists C' such that

/ Ta(z)uw(z)dz < C / la(2) (=) dz

PROOF. Let us write

/Z<_€i+a T a(z)w(z) dz = i /__Sm T a(2)w(z) de.

m=i+o Em+1
If 2z € (—ems1,—€m) and u € I, then by (3.4) z — u € (—&mi2, —€m). Thus
X ooz —u)=1forall k=m+2and X (2 —u) =0foralk<m.
Then, for fixed N € Z? and by using that [, a = 0 we get that

| Ta(z)]
< i /Uk iX (Z—U)——l X (z —u) )a(u) du
> S~ s £k (—€x,0) Er1 (—ek—1,0)
1
f— /I‘vm+1€m+1 X(_5m+170) (Z — u)a(u) du

+

1
m — d
[ o2 X e = w0l

On one hand, we can see that if 2 > —¢,,.1 +¢&;, then z —u > 2 —¢; > —&,,,11
and as a consequence X(_6m+170)(z—u) = 1. Thus, applying again that f[ a=0,
we get that both terms in the above inequalities are zero for z > —¢&,,11 + &;.
On the other hand, both terms are dominated by C'— - [; la|. Therefore

Em+

/Z L, Telud<C i L /I la(u)|du) /_ ) de.

m=i+a« 5m+1 Em+1

Let r > 1 such that w™ € Af [6]. By Hélder inequality and Remark 7.1 we

have that
—Em+1+Ei —Em+17+E; % 1
/ w(z)dz < (/ w'(2) dz) el
—Em+1 —Em+1

L 1
< Cel (gmy1)ress inf{w(z) : x € I}

Hence

o0

/ T*a(2)w(z)dz < Ce]’ Z ! ; /\a!w < C/]a\w.
2<—Ej+ta )7 1 I

m=i+a« (€m v
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Corollary 7.3. Let a be supported on I = (z*,2* 4+ h) and such that [,a =0
and let w € AT, If A = p* @+ there exists C independent of x*, h and a, such
that

/Zq*_AhT*“(Z)w(Z) dz=C /I la(2)|w(z) dz.

Proof First notice that it is sufficient to prove the corollary for x* = 0. Choose
i such that ;1 < h < g;. Then a is supported on (0,¢;) and has integral zero.
Furthermore, by (3.3), —Ah < —&;4, and

/Z o T*a(2)w(z) dz < / o T*a(2)w(z)dz < C /I la(z)|w(z) dz.

U

Theorem 7.4. Let w € Af. Then there exists C, depending only on w, so that
for any A >0 and all f € L'(w)

w{zx eR: T*f(z) > \}) < §/|f(x)|w(x)dx

Proof. Let Oy = {x : M*f(z) > A}. It is well known that if {I;} are the
connected components of Oy, then A = ﬁ fI_ f = f1,- We decompose f as

= Fxro, + Z frixr + Z(f = Jr)Xz-

As usual fxm\o, + Y fr,x1, will be denoted by g and > (f — fr,)xr, = >_bi by
b. Observe that each b; has support on I; and average zero. Now,

75 [l < /R\O @)l dy+ 3w fy
-/ W) dy 3 Y ()
= [ 1@l dy+ 2oy

R\O»

< c / @) |w(y) dy,

because the operator M f is of weak type (1,1) with respect to w.

For each interval I = (a,a+h), let us denote by I* the interval (a—Ah, a+h),
where A = p?(@*D. We also denote Oy the union of all the intervals I}. Observe
that

w{z: T f(z) > A\}) < w{z:Tg(x) > A/2}) +w(0))

+w({z ¢ Oy : T*b(z) > \/2}) =T+ 1T+ 1II.
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The one-sided doubling property of the weight and the weak type (1, 1) inequal-
ity for M™* give

1= w(ul) < Cul0n) < 5 [ Ity

On the other hand, since A7 implies condition A for any p > 1, Theorem 1.8
implies that 7" is a bounded operator in LP(w). Then we have

w(frs Tg) > 32) < o [Ty @sﬁjw|%

< 5 [l <$ [1rwh

Observe that in the last two inequalities we have used |g| < A and (7.5). Finally,
by using Corollary 7.3 and the one-sided nature of the operator 7™, we have

c )
nr < < T*b(x) dx<—2/ () dx

R\Ox R\I}

C
SX;AMWMW

Since the I;’s are disjoint and b(z) = b;(z) on each I; the last term is bounded

S b =5 [ 15w - g < § 1@l

8. PROOF OF THEOREM 1.10
We start proving the convergence in the Schwartz’s class S.

Theorem 8.1. The functions Ty (x) converge for all v € S and for every
r €R as N = (N, Ny) tends to (—oo, +00).

Proor. It will suffice to show that T () and T 0t (x) converge as M —
+00. We shall prove that

T-mo(z) — Tono¥ ()] + [Tomt(z) — Ton(z)|
(Tt t(@)] + [Ty et (@)] = 1+ 11

is small for N < M and N big enough. First, let us observe that from (3.3) we
have that for each m <n

n

= 1 1
8.2 e, < Ce, and — <0 —.
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Since [ Ky =0 for every N € Z?, by using the mean value theorem and (8.2)
we get that

I = | / K ana(o — 9)[o(y) — ()] dyl

—-N-1

< AWl [ 30 il
—-N-1
< C Z / |u|du<C’ Z er < Ce_n_1,
Tk -M-1

which is small when N is big enough. On the other hand, by using (8.2) again
we have that

M
1< Al [ Y oo - ol dy
k=N

IA

M
1 C

CY =l < —[¥llw,
k:Ngk EN

which can be done small taking N big enough. U

The above theorem and Theorems 1.8 and 1.9 with w = 1 allow us to prove
that there exists the limit of Ty f(z) a.e. for all f € LP(dx) with 1 < p < oc.
Now, since LP(dx) N LP(w) is a dense subset of LP(w), this fact and Theorem
1.8 allow us to prove that there exists the limit of Ty f(x) a.e. for all f € LP(w)
with 1 < p < 0o. On the other hand, by using the dominated convergence
theorem, we can prove the convergence in the LP(w) norm for 1 < p < co. For
p = 1, convergence in measure follows by standard arguments.

9. PROOF OF THEOREM 1.11

We shall see that Ty arf and T_p70f converges in the sense of the weak *
topology. Since the operators Ty, N = (N, Ns), are uniformly bounded in
BMO (Theorem 5.1 (ii)), it will be enough to show that for each sequence of
atoms {a;} and each sequence {\;} € ¢*

aN .M =

/‘ T M()f( ) Tvaof(;C))dQ?

/ V(Tomt () — Tow f(x)) da
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tends to 0 for N, M — +o00. Let us take N < M. Then

avar <5 A / )Ty () da

+ Z ’)\zH /I ai(x)T-p—n-1f(2) diﬂ’ = by + v

i=1

For each i € N, let I; = [z, z; + h;] and k; € Z such that g, < h; < gf,. Asin
the proof of Theorem 5.1 (74i), we split f = f&+ fi + fi+ fr., where fi = (f —
fIi)X(_oo,xi)v ff = (f - fIi)X(aji7xi+p2(a+1)hi) and f% = (f - fIi)X(mi—f—pQ(aJrl)hi,oo)'
Observe that T fi(z) = 0 for all z € [; and all N € Z? Also, since the
operators Dy are means, we have that T f7,(x) = 0, for all N € Z* Then,
since [Ty f(z)| < oo for all # € R and each N € Z* and [; a; = 0 we have that

L
o < 30N [ @) T i) do
i=1 Ii

L
3 / (@) T sr i) — Tieanan files)| da
=1 i

dy:A1+A2+A3.

= 3 Wl T @) = (T

i=L+1

On one hand, for some 1 < p < co we get that

L
A <> INilllaill o 1 T £l
=1

and, since f{ € LP for all 1 < p < oo, by applying Theorem 1.10(:) with
w =1 we get that Ay — 0 for N — co. On the other hand, by (3.3) we have
that p?(@tDh; > p*@tlg | > e . Then, by Hélder inequality, Remark 4.4,
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Lemma 4.3 and Lemma 5.2 we get that

| TN+1,Mf2i(33) - TN+1,Mf2i($i)’

< / Knsrar((@ = 22) — ) — Knarns(—9)||f (v + 23) — fu| dy
y>p2(etp,
< / Kran(@ — 22) — ) — Knarns(—9)l|f (v + 21) — fu| dy
y>8ki+a
() €41 1/r
< D (/ [Knirm((@ — ) —y) — KNH,M(—y)de)
j=N+1 \VE
€j+1 , 1/r!
‘ (/ Fy+ ) — ful dy)
0
= 14j—k
< Clfllsmo Z Gk
j=nt1 P

Then, taking N big enough we get that Ay — 0. Finally, since the operators
T f are uniformly bounded on BMO we get that

As < Y lllTwsanfllsmo < Cllfllsmo D 1Nl =0,

i=L+1 i=L+1

if we choose L big enough. In the same way we can prove that cy — 0.
O

10. FINAL REMARK: THE VECTOR VALUED SETTING

If we work in a vector valued setting we obtain results of boundedness and
convergence for more general operators. In order to see this, assume that vy, is a
bounded sequence in a Hilbert space H. Then the operators Ty are well defined
for locally integrable functions f : R — R. We notice that Ty f(z) € H for
all z € R. All the results in this paper hold in this setting for the appropriate
Bochner-Lebesgue spaces LY, (see [5] for definitions and notations). The proofs
are the same. We only may notice that we require a Hilbert space and not a
Banach space because in the proof of the boundedness of Ty in L3, we need to
use that the Fourier transform is bounded in LZ,.

One of the results in this vector valued setting says that if w € A, 1 <p <
oo, then there exists C such that

(10.1) /\T*f|pw < C’/]f]pw
for all functions f € LP(w), where T* is the maximal operator defined by

" f(x) = Sup Tn [ ()2
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and || || stands for the norm in the Hilbert space. If H is the space ¢* and
vy is the canonical basis of £2 then T* f is equal to the square function

. 1/2

Sf(x) = > IDef(x) = Dprf(@)?

k=—o00

and, therefore, the above result means in this special case that if w € A:j,
1 < p < oo, then S applies LP(w) into LP(w). This result was previously ob-
tained in [7].
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