
Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser. A-Mat.         (2025) 119:108 
https://doi.org/10.1007/s13398-025-01768-3

ORIG INAL PAPER

Linear models of the exceptional Lie algebra e8

Yolanda Cabrera1 · Cristina Draper2 · Antonio Garvín1

Received: 8 February 2024 / Accepted: 18 July 2025
© The Author(s) 2025

Abstract
This work presents five explicit constructions of the exceptional Lie algebra e8, each asso-
ciated with a semisimple subalgebra of maximal rank. The provided models are based on
gradings by finite abelian groups, namely, Z4, Z5, Z6, Z2

3, and Z2 ×Z4. In all cases, the neu-
tral component is a direct sum of special linear algebras, while the remaining homogeneous
components are irreducible modules over it.

Keywords Exceptional Lie algebra · Gradings · Constructions · Multilinear algebra ·
Irreducible modules
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1 Introduction

Exceptional Lie algebras, and in particular the largest among them, e8, are extensively studied
and highly sought-after objects, yet they are often difficult toworkwith.Recall that the lowest-
dimensional representation of e8 is the adjoint one, so if wewish to realize e8 inside an algebra
of n × n matrices, the minimal possible value of n is 248. Alternatively, one can study the
split form of e8 via its root space decomposition. While this decomposition plays a central
role in Lie theory, it may not be practical for certain purposes. For example, the bracket of
two non-opposite root spaces, [Lα,Lβ ], lies in the one-dimensional space Lα+β ; however,
to compute the bracket explicitly, one must determine the precise scalar involved—a process
that can be lengthy and technically involved. A third approach to all the exceptional Lie
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algebras (except for G2) is the unified construction introduced by Tits in the 1960s [33].
This elegant and surprising construction involves two main ingredients: the Albert algebra,
an exceptional simple Jordan algebra, and a composition algebra. However, Jordan algebras
tend to be technically demanding and less intuitive to work with.

Moreover, in many situations–especially in physics–one is interested in specific symme-
tries of the object under study. In our context, a symmetry refers to an automorphism of the
Lie algebra of finite orderm, which is equivalent to a concrete grading of the algebra (namely,
the Zm-grading defined by the eigenspaces of the automorphism). This is one of the reasons
why models of exceptional Lie algebras based on multilinear algebra have a long-standing
tradition: they are naturally related to gradings, and therefore exhibit a high degree of sym-
metry, while also relying—at least in principle—on multilinear algebra objects, which tend
to be more manageable in practice.

To be more precise regarding the literature on explicit constructions of exceptional Lie
algebras, a classical reference is the encyclopedia [32]: [32, Chapter 5, §1] is devoted to
models arising from the octonion algebra, while [32, Chapter 5, §2] develops models asso-
ciated with gradings over cyclic groups (not necessarily finite). Another influential source
throughout this work has been [1], a posthumous book based on lecture notes from Adams’
talks on exceptional Lie groups delivered at the University of Cambridge. This book provides
constructions of all complex exceptional Lie algebras, as well as some of their real forms.
A third reference, arguably the most accessible, is the section on algebraic constructions of
the exceptional Lie algebras in [23, §22.4]. The linear models of e8 developed in the above
references are those related to gradings with very few components:

• The Z2-grading on e8 whose neutral homogeneous component is isomorphic to the
orthogonal algebra so(16), as in [1, Theorem 6.3]. Here, the other homogeneous com-
ponent corresponds to the half-spin representation of L0̄.• The Z3-grading on e8 with neutral component isomorphic to the special linear algebra
sl(9). This construction dates back to Freudenthal [22] in the 1950s, but due to its signifi-
cance it also appears in [32, p. 181] and [23, pp. 360–361]. Starting with a 9-dimensional
vector space V , the Lie algebra e8 is thus realized as the direct sum of the algebra of
traceless endomorphisms of V , the space of trivectors on V , and the space of cotrivectors.
In Chevalley’s words, “the bracket operation is given in a very condensed form which
exhibits a large degree of symmetry.”

In fact, [32, pp. 180–181] also presents: a Z2-grading on E7 whose neutral homogeneous
component is a subalgebra isomorphic to sl(8); aZ2-grading on E6 with neutral homogeneous
component isomorphic to sp(8); and several Z-gradings on E6, E7, and E8 whose neutral
homogeneous components are isomorphic to the general linear algebras gl(6), gl(7), and
gl(8), respectively. The structure constants needed to fully describe the Lie brackets in these
models are listed in [32] without proof. They were computed by Katanova and include large
values such as 40320 and 1080. (See Remark 2.4 for a comparison, showing how a suitable
description of the invariant products can reduce such scalars to ±1.)

A nice survey of both classical and recent results on exceptional structures of type E8—
including the Lie algebra itself—is [24]. Section 4 of that work recalls several constructions
of the Lie algebra e8 via gradings, which Garibaldi refers to as an L0̄-construction of L. He
also discusses the most notable examples (the Z2- and Z3-gradings mentioned above), and
brieflymentions theZ5- andZ

2
2-gradings, althoughwithout providing complete constructions

with explicit scalars. What he does include is a wealth of references (170!) as well as many
interesting connections and applications.
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The procedure of constructing simple Lie algebras based on Zm-gradings is, in some
sense, part of the folklore: as mentioned, such gradings arise from automorphisms of orderm.
These automorphisms are classified in [28, Chapter 8], which also describes key properties
of the homogeneous components of the grading as modules over the neutral component
L0̄ (see Sect. 2.1). Once the components are identified, the Lie brackets between them are
determined up to scalar multiples (see Theorem 1.1 (d) below). These scalars can then be
fixed by requiring that the resultingZm-graded algebra satisfies the Jacobi identity. However,
the outcome of this computation depends on the initial choice of invariant bilinear products
between homogeneous components.

Amore general situation is considered by the second author in [14], which deals with grad-
ings over not necessarily cyclic groups. That work provides a description of the exceptional
Lie algebra f4 for each of its semisimple subalgebras of maximal rank, along with a construc-
tive procedure that can be applied to any simple Lie algebra and any reductive subalgebra of
maximal rank, using its irreducible modules. The key idea behind this procedure is that there
always exists a grading of the Lie algebra by a (finitely generated) abelian group such that
the neutral homogeneous component is the given reductive subalgebra, while the remaining
components are irreducible modules for it. Once again, the products between homogeneous
components are determined up to scalar multiples. The main result in that paper, inspired by
[7], is the following:

Theorem 1.1 [14] Let L be a (finite-dimensional) simple Lie algebra over an algebraically
closed field F of zero characteristic, � a root system of L relative to a Cartan subalgebra
H of L, and �′ a subset of � verifying −�′ = �′ (symmetric) and (�′ + �′) ∩ � ⊂ �′
(closed). Let G be the abelian group Z�/Z�′. Then:
(a) � ∩ Z�′ = �′.
(b) L = ⊕g∈GLg is G-graded, being Le = h := H ⊕ ∑

α∈�′ Lα a reductive subalgebra
and, for any e �= g ∈ G, either Lg = 0 or Lg is an h-irreducible module.

(c) If L = ⊕h∈G̃ Mh is another grading by an abelian group G̃, where h ⊂ Me and G̃ is
generated by {h ∈ G̃ : Mh �= 0}, then there is a group epimorphism π : G → G̃ such
that Lg ⊂ Mπ(g) for any g ∈ G.

(d) If g1, g2, g1 + g2 ∈ G \ {e}, then Homh(Lg1 ⊗ Lg2 ,Lg1+g2) = F[ , ] |Lg1⊗Lg2
.

(e) If g1, g2 ∈ G, g1 + g2 �= e, [Lg1 ,Lg2 ] = Lg1+g2 .
(f) h is semisimple if and only if G is a finite group.
(g) Lg �= 0 for all g ∈ G if and only if the bracket of any two irreducible h-submodules of

L which are not contained in h is not zero. In this case, h is semisimple.

We are interested in obtaining new constructions of the largest exceptional Lie algebra,
e8, through the application of this result. In [17, Chapter II, 5, Table 10], one finds the list of
maximal rank semisimple subalgebras of L = e8, that is, those to which Theorem 1.1 can
be applied. For each such semisimple subalgebra h of L, we indicate the associated grading
group G = Z�/Z�′, and present the resulting pairs (G, h) below:

(Z3, A8), (Z4, A7 ⊕ A1), (Z6, A5 ⊕ A2 ⊕ A1), (Z5, 2A4),

(Z2, D8), (Z4, D5 ⊕ A3), (Z3, E6 ⊕ A2), (Z2, E7 ⊕ A1),
(1)

when the group is cyclic, and

(Z2
2, D6 ⊕ 2A1), (Z2

2, 2D4), (Z4 × Z2, 2A3 ⊕ 2A1),

(Z2
3, 4A2), (Z3

2, D4 ⊕ 4A1), (Z4
2, 8A1),

otherwise. For any of these pairs, e8 can be constructed as a G-graded algebra with Le =
h. Surprisingly, the large number of homogeneous components does not compromise the
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symmetry or simplicity of the resulting constructions. All fourteen models were previously
presented in concise form at a conference in Spain in 2005 [13]. However, we now believe it is
worthwhile to present, expand, and complete these results, given their potential usefulness to
the mathematical community. The fact that this work takes the aforementioned theorem as a
starting point does not imply that applying it is straightforward; what the theorem guarantees
is merely the existence of such constructions. We will focus on the cases in which all the
simple ideals of the neutral component are of type A, as the actions on their irreducible
modules are considerably easier to describe than those involving simple ideals of type D,
which require the use of spin modules. This situation occurs in 7 out of the 14 semisimple
subalgebras of e8 of rank 8, as listed above.More precisely, wewill concentrate on providing a
complete description of themodels based onfiveof these subalgebras, since the other twohave
already been developed in the literature. Namely, in addition to the Z3-grading on e8 based
on A8, a model of e8 associated with the pair (Z4

2, 8A1) was proposed by Alberto Elduque
in his paper [20], which deals with magic squares and symmetric composition algebras. In
that work, he applied Z

2
2- and Z

3
2-gradings on the para-Hurwitz algebras to construct all the

exceptional Lie algebras, using only copies of the symplectic Lie algebra sp(V ) and tensor
products of copies of a two-dimensional vector space V endowed with an alternating bilinear
form. In the specific case of e8, this construction yields a neutral homogeneous component
Le ∼= 8 sp(V ), and all 14 remaining nonzero homogeneous components are Le-modules
isomorphic to V⊗4. Moreover, the scalars involved in the multiplication between any pair
of homogeneous components were explicitly computed in [20, Table 5]. Thus, the present
manuscript is devoted to developing the models based on the remaining five subalgebras:
those of types A7 ⊕ A1, A5 ⊕ A2 ⊕ A1, 2A4, 4A2, and 2A3 ⊕2A1, each of them with its own
beauty. While the procedure may not be new, the resulting constructions are. In our view, the
main difficulty in producing fully explicit models has been to establish a suitable notation,
as introduced in Sect. 2.2. This notation has allowed us to compute all the relevant structure
constants in a fully explicit and uniform way. It is worth noting that the scalars involved in
our models are significantly simpler than those previously computed in the literature, despite
the fact that the grading groups we consider are, in general, more intricate.

For completeness, let us briefly recall some of the appearances in the literature of the
remaining cases in the list (1), that is, those with h not of type A. Along the way, we would
like to emphasize the importance of having explicit models and of maintaining a panoramic
view of the most well-known constructions. The (complex) model associated with the pair
(Z2, E7 ⊕ A1) has been used in [15] to describe the real symplectic triple systems whose
standard enveloping algebras are of type e8,8 or e8,−24. Examples of irreducible Lie-Yamaguti
algebras related to this model are also given in [5]. A beautiful construction of e8 based on
the pair (Z2

2, 2D4) appears in [3, Eq. (25)]. The structure constants are not computed there,
as [3] is a broad narrative that connects ideas and areas, providing at most hints rather than
complete proofs. A full construction, including the Lie brackets, is given in [19, §3], where
e8 is built from two copies of the para-octonion algebra; note that the triality Lie algebra
of the para-octonion algebra is precisely of type D4. In fact, the constructions in [19] also
yield several other realizations from our list. For instance, the model of e8 associated with
the pair (Z3, E6 ⊕ A2): Elduque constructs e8 using a para-octonion algebra and an Okubo
algebra (in fact, any two symmetric composition algebras of dimension 8 suffice), and the
natural Z3-grading on the Okubo algebra extends trivially to the whole e8. Similarly, when
two Okubo algebras are used in the construction, the extended Z3-grading on e8 corresponds
to the already mentioned pair (Z3, A8). The entire work [19] can be seen as a reinterpretation
of the Freudenthal magic square, in which the classical composition (Hurwitz) algebras
are replaced by two symmetric composition algebras, yielding a unified construction of all
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exceptional Lie algebras. An approach based on Hurwitz algebras is adopted in [4], where
Barton and Sudbery describe the exceptional Lie superalgebras using the triality principle.
A construction in the same spirit is presented by Landsberg and Manivel in [29].

Finally, let us mention one of the applications of the approach based on constructing a Lie
algebra via its gradings. The graded contractions are introduced in [9] as an alternative to
Inönü-Wigner contractions in Physics. Instead of a limit of sequences ofmutually isomorphic
Lie algebras (continuos contractions), the commutation relations among graded subspaces
are multiplied by contraction parameters. This provides a system of quadratic equations
resulting from the Jacobi identities. Of course, it is not difficult to read our results from this
viewpoint. Equations as (16), (31), (42), (61) and (71) are, evidently, contraction equations.
Throughout this work, we have restricted ourselves to using only nonzero scalars in order to
simplify the proofs of the main propositions (our goal has always been to provide explicit
constructions of e8). This restriction implies that any two sets of scalars satisfying one of
these systems are related via a symmetric 2-cocycle (see Remark 3.4 for more details). In
contrast, a graded contraction of a G-graded algebra L is a map σ : G × G → F (note that
it may take zero values) such that the algebra Lσ , with multiplication defined as in (28), is a
Lie algebra. The different isomorphism classes that arise in this setting depend heavily on the
support of σ , that is, on the subset of G × G where σ takes nonzero values. An example of
work on this topic is [26], which studies the algebras not isomorphic to sl(3, C) which result
from applying graded contractions to its fine Z

2
3-grading given by the Gell-Mann matrices.

Some examples of graded contractions motivated by Physics appear in [10]. Although we
have not pursued that line of work here, it is closely related to ours. If one knows the graded
contractions of a G-graded algebra L, together with an explicit model of L adapted to the
G-grading, then explicit models of the (possibly nilpotent or solvable) Lie algebras obtained
after graded contraction can be immediately derived. For instance, after dealing in [12] with
graded contractions of the Z

3
2-graded exceptional Lie algebra g2, the explicit construction of

g2 adapted to its Z
3
2-grading given in [8, 11] has allowed us to provide concrete expressions

for the resulting new Lie algebras in [8], as well as to study their properties in a rather
unified way. This kind of approach could lead to a fairly straightforward application of our
e8-constructions as well.

The structure of the paper is as follows.Webegin by presenting the general tools required to
construct our linear models of e8. In Sect. 2.1, we recall the relation between automorphisms
of orderm andZm-gradings, since this is the mechanism that determines what can actually be
constructed and leads us to the list (1). To apply Theorem 1.1, we need a precise description
of the invariant products between pairs of irreducible sl(V )-modules, which is developed
throughout Sect. 2.2. For convenience, we include Lemma 2.3, where these products are
described in terms of basic elements, facilitating their use in the subsequent sections. We
then turn to the explicit constructions of L = e8 based on the following pairs (G, h): the
case (Z5, 2A4) in Sect. 3.1; the case (Z4, A7 ⊕ A1) in Sect. 3.2; and a third model with six
homogeneous components in Sect. 3.3, corresponding to the pair (Z6, A5 ⊕ A2 ⊕ A1). The
remaining two models are associated with non-cyclic grading groups: Sect. 3.4 is devoted
to the particularly elegant case (Z2

3, 4A2), while Sect. 3.5 addresses the more intricate case
(Z2 × Z4, 2A3 ⊕ 2A1). The proofs are presented in a constructive spirit, with the aim of
making themodels not only verifiable but also usable in practice. In particular, thefirst proof—
Proposition 3.1—is given in full detail, so that the reader can follow and reproduce each step,
including the explicit computations of the products. As the underlying philosophy becomes
clearer, the subsequent proofs—Propositions 3.6, 3.8—gradually adopt a more abstract style,
with fewer intermediate computations, but still grounded in the same guiding principles. In
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particular, the last two models are especially demanding from a technical point of view. The
main goal of Propositions 3.9 and 3.10 is to provide all the structure constants explicitly, a
task that becomes substantially more involved in these cases.

Throughout the paper, the ground field F is assumed to be algebraically closed and of
characteristic zero, although the models can be extended to Lie algebras over more general
fields.

2 Tools for dealing with subalgebras of type A

We begin by recalling how to determine the neutral homogeneous component of a grading
over a finite cyclic group on the simple Lie algebra of type E8. Applying the same procedure
a second time leads to the cases associated with non-cyclic grading groups. Subsequently, in
Sect. 2.2, wewill give explicit descriptions of the irreducible sl(V )-modules and the invariant
products between them, which serve as the fundamental tools in all our constructions.

To simplify the notation, we will denote by [p]n the unique element in {0, 1, . . . , n − 1}
congruent to p ∈ N modulo n, and we will write ≡n for this congruence relation. This
notation will allow us to describe the homogeneous components in a uniform way; see, for
instance, Eq. (59).

2.1 Zm-gradings on simple Lie algebras

Any Zm-grading on a simple Lie algebra L = ⊕
j̄∈Zm

L j̄ is the eigenspace decomposition

of an automorphism θ of L of orderm. (Here we assume that the support { j̄ ∈ Zm : L j̄ �= 0}
generates the grading group Zm .) This automorphism is given by θ |L j̄

= ξ j id, where ξ ∈ F

is a fixed primitive mth root of unity. The converse also holds: any automorphism of L of
order m determines a Zm-grading on L via its eigenspace decomposition. In particular, the
neutral component L0̄ is the fixed-point subalgebra of θ . Moreover, each L j̄ is an irreducible
L0̄-module.

The finite order automorphisms of e8 are classified, up to conjugation, in [28, §8.6], in
terms of affine Dynkin diagrams and sequences of pairwise relatively prime nonnegative
integers (s0, . . . , s8). If the fixed-point subalgebra of a nontrivial finite order automorphism
θ is semisimple, then [28, Proposition 8.6] shows that the associated sequence is of the
form (0, . . . , 1, . . . , 0), with a single entry si = 1 for some i > 0. In this case, the order
of θ is mi , where the coefficients m1, . . . ,m8 are defined by the expression of the high-
est root −α0 := 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 4α6 + 3α7 + 2α8 = ∑8

j=1 m jα j

in a root system � of e8, relative to a Cartan subalgebra H and a choice of simple
roots {α1, . . . , α8}. Moreover, the Dynkin diagram of the fixed-point subalgebra of θ is
obtained by removing the i th node from the extended (affine) Dynkin diagram E (1)

8 ,

� � � � � � � �

4 3 2 15642

3�

� � � � � � � �

α6 α7 α8 α0α5α4α3α1

α2�

since {α0, α j : j �= i} is a set of simple roots of L0̄. This entails that, up to conjugation, there
are eight finite order automorphisms of e8 whose fixed-point subalgebra is semisimple: two
of order 2, two of order 3, two of order 4, one of order 5, and one of order 6. The choice i = 2
yields the automorphism of L = e8 of order 3 whose fixed-point subalgebra is isomorphic to
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sl(9), corresponding to the model described in Remark 2.4. The choices i = 1, 6, 7, 8 lead to
gradings whose neutral components have direct summands of type D and E . There remain
only three other cases, all of which produce gradings on e8 over cyclic groups:

• If i = 5, we have aZ5-grading on e8 withL0̄
∼= sl(5)⊕sl(5), since the removed diagram

is

� � � � � � � �

4 3 2 15642

3�

• If i = 3, we have a Z4-grading on L = e8 with L0̄
∼= sl(8) ⊕ sl(2), since the removed

diagram is

� � � � � � � �

4 3 2 15642

3�

• If i = 4, we have a Z6-grading on e8 with L0̄
∼= sl(6)⊕ sl(2)⊕ sl(3), since the removed

diagram is

� � � � � � � �

4 3 2 15642

3�

In order to be evenmore precise, the homogeneous components of theZmi -grading related
to an index i can be written as a sum of root spaces:

L0̄ = H ⊕ ( ⊕ {Lα : α = ∑8
k=0 tkαk ∈ �, ti ≡mi 0}

)
,

L j̄ = ⊕{Lα : α = ∑8
k=0 tkαk ∈ �, ti ≡mi j}. (2)

Here we have used the fact that every root α ∈ � can be uniquely written as α = ∑8
k=0 tkαk ,

with 0 ≤ tk ≤ mk , where t0 = 0 if α ∈ �+ and t0 = 1 if α ∈ �−. The closed symmetric sub-

set towhichwe applyTheorem1.1 in this context is�′ =
{

α = ∑8
k=0 tkαk ∈ �

∣
∣
∣
∣ ti ≡mi 0

}

,

which is the root system ofL0̄. Although the description of the grading in (2) is very concrete,
working with root spaces is not always convenient, as it is often difficult to determine the
precise scalars involved when multiplying two root vectors. In Sects. 3.1, 3.2, and 3.3, we
address the Z5-, Z4-, and Z6-gradings introduced above, respectively, by providing models
that avoid the use of root spaces altogether.

According to the list (1) extracted from the classical Dynkin’s paper [17, Table 10], we
can apply Theorem 1.1 to root subsystems of types 4A2 and 2A1 ⊕ 2A3 too. The first case is
tackled in Sect. 3.4: there we consider two order 3 commuting automorphisms, both related
to the 7th node. The subalgebra fixed by one of these automorphisms is of type E6 ⊕ A2;
restricting the other automorphism to the E6-factor yields a fixed subalgebra of type 3A2.
However, following this combinatorial process to construct a suitablemodel is not particularly
useful. It is more effective to consider directly the possible irreducible modules, based on
dimension constraints. Finally, Sect. 3.5 deals with a grading over Z2 × Z4, obtained by
considering two commuting automorphisms of finite order, associated with the 8th and 6th
nodes of the extended Dynkin diagram, respectively.
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2.2 Invariant products

The main reference used here for results in multilinear algebra is [23, Appendix B] (see also
[6, Chapter 3]). Although this material is well known, fixing the notation is crucial for our
goal of presenting unified models of e8.

If V is a vector space over F of dimension n, and L = sl(V ) denotes the simple Lie
algebra of traceless matrices, of rank n − 1, recall that

∧r V is an L-irreducible module
for any r = 0, . . . , n, where the action of f ∈ sl(V ) is given by f · v1 ∧ · · · ∧ vr =∑r

i=1 v1 ∧ · · · ∧ f (vi ) ∧ · · · ∧ vr . More precisely,
∧r V is the L-module of fundamental

weight 	r if 1 ≤ r < n [27]. (If r > n, what happens is
∧r V = 0. And, if either r = 0

or r = n, then
∧0 V ∼= F and

∧r V ∼= F are one-dimensional trivial modules.) Also, the
dual module V ∗ has fundamental weight	n−1 and, more generally,

∧r V ∗ has fundamental
weight 	n−r if 1 ≤ r < n. The adjoint module has as highest weight 	1 + 	n−1. In fact,
V (	1) ⊗ V (	n−1) ∼= V (	1 + 	n−1) ⊕ V (0) because 
 : V ∗ ⊗ V → gl(V ) given as

(α ⊗ v)(w) = α(w)v for any v,w ∈ V and any α ∈ V ∗, is an L-module isomorphism.

Take some concrete L-invariant maps among these modules. First, the wedge product
∧r V × ∧s V → ∧r+s V , (v1 ∧ · · · ∧ vr , vr+1 ∧ · · · ∧ vr+s) �→ v1 ∧ · · · ∧ vr+s (3)

is an L-invariant map (equal to zero if r + s > n). Second, for any r = 0, . . . , n, we have
the non-degenerate bilinear form

〈 〉r : ∧r V × ∧r V ∗ → F,

given by

〈v1 ∧ · · · ∧ vr , ϕ1 ∧ · · · ∧ ϕr 〉r := det(ϕi (v j )) =
∑

σ∈Sr
sgn(σ )ϕσ(1)(v1) . . . ϕσ(r)(vr ),

again an L-invariant map. Here, Sr denotes the usual symmetric group or permutation group.
Also, if s, t ∈ F, we are taking 〈s, t〉0 = st . We simply use the notation 〈 〉 in case there is
no ambiguity. This pairing provides the identification

∧r V ∗ → (
∧r V )∗, α ∈ ∧r V ∗ �→ 〈−, α〉 : ∧r V → F. (4)

Now fix any non-zero linear map

φ : ∧n V
∼=−→ F, (5)

which clearly is an isomorphism between trivial L-modules. It provides another L-module
isomorphism,

∧n−r V → (
∧r V )∗

x �→ [y ∈ ∧r V �→ φ(x ∧ y) ∈ F]. (6)

Here the operation ∧ refers to the map in Eq. (3). Be careful with this symbol, which can
lead to confusion, since ∧ is not necessarily skew-symmetric, but x ∧ y = (−1)r(n−r)y ∧ x .
Now compose the map in Eq. (6) with the inverse of the map in Eq. (4) to get the L-module
isomorphism

∧n−r V ≡ ∧r V ∗
x �→ x̃

given by 〈y, x̃〉 = φ(x ∧ y) for any x ∈ ∧n−r V and y ∈ ∧r V .
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There are related contraction maps, also called internal products, denoted by � and �. For
p and q positive integers with p + q ≤ n, the contraction

∧p V ⊗ ∧p+q V ∗ → ∧q V ∗
x ⊗ α �→ x � α

is determined by 〈z, x � α〉 = 〈z ∧ x, α〉, for any z ∈ ∧q V . Similarly, the contraction
∧p+q V ⊗ ∧p V ∗ → ∧q V

x ⊗ α �→ x � α

is determined by
〈x � α, β〉 = 〈x, α ∧ β〉,

for any β ∈ ∧q V ∗. We will make an extensive use of �, so that we should have some way
in mind to handle it. For vi ∈ V , ϕi ∈ V ∗, i ≤ p + q , we have

(v1 ∧ · · · ∧ vp+q ) � (ϕ1 ∧ · · · ∧ ϕp) =
∑

σ∈Ŝp+q

sgn(σ )ϕ1(vσ(1)) . . . ϕp(vσ(p)) vσ(p+1) ∧ · · · ∧ vσ(q+p)

where Ŝp+q denotes the set of permutations of {1, . . . , p + q} that preserve the order of
{p + 1, . . . , p + q}. Observe that if q = 0, then x � α = x � α = 〈x, α〉, for any x ∈ ∧p V
and α ∈ ∧p V ∗.

With these tools, we introduce a product on the exterior algebra
∧

V = ⊕n
i=0

∧i V ,
which does not always coincide with the usual exterior (wedge) product. We will use this
operation throughout the manuscript to give a unified description of various models of e8.
Thus, we define an L-invariant bilinear map

∗: ∧
V × ∧

V −→ ∧
V

(x, y) �−→ x ∗ y,

where, for x ∈ ∧i V and y ∈ ∧ j V ,

x ∗ y :=
{
x ∧ y, if i + j < n,

x � ỹ, if i + j ≥ n.
(7)

Note that x ∗ y ∈ ∧[i+ j]n V , where, as previously mentioned, [p]n denotes the unique
element in {0, 1, . . . , n − 1} congruent to p ∈ N modulo n.

This operation ∗ gives a remarkableL-invariantmap in case i+ j = n, since for x ∈ ∧i V ,
y ∈ ∧n−i V , we have x ∗ y = x � ỹ = 〈x, ỹ〉 = φ(y∧ x) ∈ F. We denote the related bilinear
map given by this restriction of ∗ by

( , ) : ∧i V × ∧n−i V → F, (x, y) := x ∗ y = φ(y ∧ x). (8)

Note that (x, y) = −(y, x) if both i and n− i are odd, while (x, y) = (y, x) otherwise. Next,
in order to consider a second L-invariant map [ , ] : ∧i V × ∧n−i V → sl(V ), we need to
recall some facts about the dualization of an action, essentially extracted from [1].

Remark 2.1 If L is a Lie algebra and U and W are L-modules, denote by UL := {u ∈ U :
x · u = 0 ∀x ∈ L}, the trivial submodule of U . It is easy to check that HomL(U ,W ) =
Hom(U ,W )L. Now consider the usual L-module isomorphism U∗ ⊗ W → Hom(U ,W )

given by α ⊗ w �→ (u �→ α(u)w) for any u ∈ U , w ∈ W and α ∈ U∗, whose restriction to
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the trivial submodule allows to identify (U∗ ⊗ W )L with HomL(U ,W ). Take also in mind
the identifications

Hom(L ⊗ W ,W ) ∼= (L ⊗ W )∗ ⊗ W ∼= (W ⊗ W ∗)∗ ⊗ L∗ ∼= Hom(W ⊗ W ∗,L∗). (9)

Now the action of L on W provides a map in HomL(L ⊗ W ,W ), which in turn gives a
map in HomL(W ⊗ W ∗,L∗) by Eq. (9) and the above considerations. The L-invariant map
W × W ∗ → L∗ obtained in this way is usually referred to as the map dualizing the action
of L on W . If besides L is a simple Lie algebra, its Killing form provides a convenient
isomorphism between the adjoint module L and its dual, and then we also get an L-invariant
mapW ×W ∗ → L. In the case L = sl(V ), we can replace the Killing form with the bilinear
form on sl(V ) given by the trace, which also provides a way of identifying L with L∗ by
means of f �→ tr( f ◦ −).

Particularizing Remark 2.1 for L = sl(V ) and W = ∧i V , we get the mentioned L-
invariant map

[ , ] : ∧i V × ∧n−i V → sl(V )

determined by the condition

tr( f ◦ [x, y]) = ( f · x, y) (10)

for all f ∈ sl(V ), x ∈ ∧i V , y ∈ ∧n−i V . Again, note that [x, y] = [y, x] if both i and n− i
are odd, while [x, y] = −[y, x] otherwise. (Although the bracket notation [ , ] is commonly
associated with Lie algebras, this should not lead to confusion: in this context, [ , ] is skew-
symmetric if and only if the bilinear form ( , ) is symmetric.) For later use, observe that if
i = 0, then [x, y] = 0 for any x ∈ ∧0 V = F and any y ∈ ∧n V ∼= F, since f · x = 0 for
all f ∈ sl(V ).

Recall from representation theory (see, for instance, [27]) that dimHomsl(V )(
∧r V ⊗∧n−r V , sl(V )) = 1 for 0 < r < n. It follows that any other L-invariant bilinear map∧r V ×∧n−r V → sl(V )must be a scalar multiple of [ , ]. Similarly, dimHomsl(V )(
∧r V ⊗∧s V ,

∧r+s V ) = 1 whenever 0 ≤ r +s ≤ n, so that anyL-invariant map
∧r V ⊗∧s V →∧r+s V must be a scalar multiple of the map defined in Eq. (3). Both results will be crucial

in constructing e8 from its gradings, as outlined in Theorem 1.1.
A remark concerning this type of construction is worth noting.

Remark 2.2 In order to construct a Lie algebra from a “simpler”Lie algebra h and an h-module
m, define in g = h⊕m the bracket [h + x, h′ + x ′] := [h, h′] + h · x ′ − h′ · x + μ(x, x ′) for
some fixed h-invariant skew-symmetric map μ : m × m → h, and any elements h, h′ ∈ h,
x, x ′ ∈ m, where the action of h on m is denoted with ·. We wonder when (g, [ , ]) is a Lie
algebra, that is, when J (g, g, g) = 0, for J the Jacobian operator defined by J (x, y, z) :=
[[x, y], z] + [[y, z], x] + [[z, x], y]. Recall that J (h, h, h) = 0 is a consequence of the fact
that h is a Lie subalgebra; and J (h, h,m) = 0 is a consequence of m being an h-module.
The condition J (h,m,m) = 0 is equivalent to the h-invariance of μ. All this means that g is
a Lie algebra if and only if J (m,m,m) = 0.

At somepoint, concrete computationswill be necessary to verifywhether J (m,m,m) = 0,
in order to apply the above remark. To that end, it is convenient to work with the operations
∗, � , and [ , ] on elements of a chosen basis.

Take (e1, . . . , en) a basis of V and (e1, . . . , en) its dual basis of V ∗. That is, ei (e j ) = δi j
for δi j the Kronecker delta (1 if the variables are equal, and 0 otherwise). Denote by

ei1...ik := ei1 ∧ · · · ∧ eik ∈ ∧k V , ei1...ik := ei1 ∧ · · · ∧ eik ∈ ∧k V ∗,
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for any i1, . . . , ik ∈ {1, . . . , n}. Thus Bk := {ei1...ik : 1 ≤ i1 < · · · < ik ≤ n} is a basis of
∧k V . Denote by e ji : V → V the linear map such that e ji (ek) := δ jkei . (With the notation

at the beginning of the section, e ji = 
(e j ⊗ ei ).) The set {e ji : 1 ≤ i, j ≤ n} provides a
basis of gl(V ) such that tr(e ji ) = δi j .

Take as the map φ in (5) the one such that φ(e1...n) = 1. If σ = (σ (1), . . . , σ (n)) denotes
a permutation of {1, . . . , n}, we have eσ(1)...σ (n) = sgn(σ ) e1...n , so that φ(eσ(1)...σ (n)) =
sgn(σ ).

Lemma 2.3 Fix (e1, . . . , en) a basis of V and let φ : ∧n V → F be the linear map given by
φ(e1...n) = 1. Let σ = (i1, . . . , in) and ( j1, . . . , jn) be permutations of {1, . . . , n}. Then we
have

(a) ẽi1...ik = sgn(σ ) eik+1...in ;
(b) The map [ , ] defined in Eq. (10) is given, for elements in Bk and Bn−k , by:

(1) [ei1...ik , eik+1...in ] = (−1)k(n−k) sgn(σ )
( ∑k

j=1 e
i j
i j

− k
n idV

)
;

(2) [ei1...ik , ei1ik+1...in−1 ] = (−1)k(n−k)(−1)n+k sgn(σ ) eini1 ;
(3) [ei1...ik , e j1... jn−k ] = 0 if {i1, . . . , ik} ∩ { j1, . . . , jn−k} has at least cardinal 2.

(c) ei1...i p+q � e j1... jp = 0 if J = { j1, . . . , jp} �⊂ I = {i1, . . . , i p+q}. Otherwise, if k1 <

· · · < kp ∈ {1, . . . , p + q}, then,

ei1...i p+q � eik1 ...ik p = sgn
(

i1 . . . i p i p+1 . . . i p+q
ik1

. . . ik p i1 . . . îk1
. . . îk p . . . i p+q

)
ei1...̂ik1 ...̂ ik p ...i p+q

.

(d) If x ∈ ∧i V , y ∈ ∧ j V , then x ∗ y =
{

(−1)i j y ∗ x if i + j ≤ n,

(−1)i j+(i+ j−n)y ∗ x if i + j > n.

As usual, the hat over an index in item (c) indicates that the corresponding index is omitted.

Proof For (a)we have to check that 〈y, sgn(σ ) eik+1...in 〉 = φ(ei1...ik ∧y) for any y ∈ ∧n−k V .
If y = eik+1...in , clearly 〈y, eik+1...in 〉 = det In−k = 1, so that both sides of the equation equal
sgn(σ ). If y is any other basic vector in Bk , both sides of the equation annihilate.

(b1) Note that, for any f ∈ sl(V ),

ei1 ∧ · · · ∧ f (eik ) ∧ · · · ∧ ein = tr( f ◦ eikik )ei1...in , (11)

since, if wewrite f (e j ) = ∑n
i=1 ai j ei , then tr( f ◦eii ) = aii and ei1 ∧· · ·∧ f (eik )∧· · ·∧ein =∑n

i=1 aiik ei1...ik−1i ik+1...in = aik ik ei1...in . Now,

(−1)k(n−k)tr( f ◦ [ei1...ik , eik+1...in ]) = φ( f · ei1...ik ∧ eik+1...in )

= φ( f (ei1 ) ∧ ei2...in + · · · + ei1...ik−1 ∧ f (eik ) ∧ eik+1...in )

coincides, by (11), with

φ

⎛

⎝
k∑

j=1

tr( f ◦ e
i j
i j

)ei1...in

⎞

⎠ = sgn(σ )tr

⎛

⎝ f ◦
k∑

j=1

e
i j
i j

⎞

⎠ = sgn(σ )tr

⎛

⎝ f ◦ (

k∑

j=1

e
i j
i j

− k

n
idV )

⎞

⎠ ,

since f has zero trace. As
(∑k

j=1 e
i j
i j

− k
n idV

)
∈ sl(V ) and Eq. (10) determines a unique

element in sl(V ), so this traceless map coincides with (−1)k(n−k)sgn(σ ) [ei1...ik , eik+1...in ].
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(b2) Observe first that

(−1)k(n−k)tr( f ◦ [ei1...ik , ei1ik+1...in−1 ]) = φ( f · ei1...ik ∧ ei1ik+1...in−1)

= φ( f (ei1) ∧ ei2...ik i1ik+1...in−1),
(12)

since the index i1 appears twice in each term ei1...i j−1 ∧ f (ei j ) ∧ ei j+1...ik i1ik+1...in−1 , j ≤ k.

Since tr( f ◦ e ji ) = a ji , the expression in (12) coincides with

φ

(
n∑

i=1

aii1eii2...ik i1ik+1...in−1

)

=φ(eini2...ik i1ik+1...in−1)aini1 = (−1)n−1+k−1sgn(σ )tr( f ◦eini1 ),

and hence Eq. (10) gives the required expression for [ei1...ik , ei1ik+1...in−1 ].
(b3) For any f ∈ sl(V ), we have

( f · ei1...ik ) ∧ e j1... jn−k =
k∑

j=1

ei1...i j−1 ∧ f (ei j ) ∧ ei j+1...ik j1... jn−k = 0.

In fact, each term in the sum vanishes, as it is the wedge product of basis vectors with at least
two of them repeated.

Item (c) is clear. Moreover, eI � eJ = sgn
(

I
J I\J

)
eI\J if J ⊂ I , even though J does not

appear preserving the order in I . Here I and J are ordered subsets of different indices and
we have used the notation eI for ei1...ik if I = (i1, . . . , ik).

(d) If i + j < n, we have already mentioned that x ∧ y = (−1)i j y∧ x . Also, if i + j = n,
then x ∗ y = φ(y∧ x) = (−1)i jφ(x ∧ y) = (−1)i j y ∗ x . Finally consider the case i + j > n.
There is no loss of generality in assuming that both x and y are wedge products of basic
vectors in {e1, . . . , en}. If the union of the indices involved in x and y is not the whole
set {1, . . . , n}, then x ∗ y = x � ỹ = 0 by (a) and (c), so there is nothing to prove, since
similarly y ∗ x = 0. Otherwise, we can write x = ei1...is j1... jp and y = ei1...is k1...kq with
{1, . . . , n} = {i1, . . . , is, j1, . . . , jp, k1, . . . , kq}, n = s + p + q , with the indices possibly
not ordered. We compute

x ∗ y = x � ỹ
(a)= x � sgn(σ1)e j1... jp

(c)= sgn(σ1)sgn(σ2)ei1...is ,
y ∗ x = y � x̃ = y � sgn(σ3)ek1...kq = sgn(σ3)sgn(σ4)ei1...is ,

for
σ1 = (i1, . . . , is, k1, . . . , kq , j1, . . . , jp), σ2 = ( j1, . . . , jp, i1, . . . , is),
σ3 = (i1, . . . , is, j1, . . . , jp, k1, . . . , kq), σ4 = (k1, . . . , kq , i1, . . . , is).

Now sgn(σ1)sgn(σ3) = (−1)pq and sgn(σ2)sgn(σ4) = (−1)ps+qs . Taking in mind that
i = p+s, j = q+s and i+ j = n+s, then pq+(p+q)s = i j−(i+ j−n)2 ≡2 i j+i+ j−n.

��
Remark 2.4 With the above introduced notations, there is a concise but complete description
of themodel of e8 based on theZ3-gradingwith neutral homogeneous component isomorphic
to sl(9). Take V a vector space over F of dimension 9, and take L = L0̄ ⊕ L1̄ ⊕ L2̄ as

L0̄ = sl(V ),

Lī = ∧[3i]9 V ,

for i = 1, 2. Fix a11, a22, b1 ∈ F and define on L the product such that L0̄ is subalgebra, the
action of L0̄ on each Lī is the usual one, and, if i, j ∈ {1, 2}, i ≤ j x ∈ Lī , y ∈ L j̄ ,

[x, y]L =
{
ai j x ∗ y i + j �= 3,
bi [x, y] i + j = 3.

(13)
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Then L is a Lie algebra if and only if a11a22 +b1 = 0, following Remark 2.2 for h = L0̄ and
m = L1̄⊕L2̄. If besides the three scalars are nonzero, then the obtainedZ3-gradedLie algebra
is isomorphic to e8, because there is only one simple Lie algebra of dimension 248 over F, up
to isomorphism. For instance, this is the case for the choice of scalars a11 = a22 = −b1 = 1.

This description of e8 for (G, h) = (Z3, A8) is essentially the same as the constructions
based on A8 mentioned in the Introduction, but the comparison remains worthwhile. First,
the model in [32] and [34] gives, for S, S1, S2 ∈ ∧3 V and T , T 1, T 2 ∈ ∧3 V ∗, the products

[S, T ]ij = 1
2 S

i jkTjkl − 1
18 S

klmTklmδij , [S1, S2]i jk = 1
36εi1 j1k1i2 j2k2i jk S

i1 j1k1
1 Si2 j2k22 ,

[T 1, T 2]i jk = − 1
36ε

i1 j1k1i2 j2k2i jkT 1
i1 j1k1

T 2
i2 j2k2

.

Here the products are expressed in coordinates, which would be more difficult to write when
increasing the number of pieces of the considered grading. Second, the description in [23,
§22.4] uses two fixed trilinear maps T : ∧3

(
∧3 V ) → C and T : ∧3

(
∧3 V )∗ → C to give

a pair of identifications ∧: ∧2
(
∧3 V ) → (

∧3 V )∗ and ∧: ∧2
(
∧3 V )∗ → ∧3 V to define

thereafter (for a, b and c fixed scalars)

[v,w] = a v ∧ w, [ϕ,ψ] = b ϕ ∧ ψ, [v, ϕ] = c v�ϕ,

where v�ϕ is determined by B(v�ϕ, Z) = ϕ(Z · v), for B the Killing form, v ∈ ∧3 V , ϕ ∈∧3 V ∗ and Z ∈ sl(V ). With this notation, the Jacobi identity is equivalent to 18ab + c = 0
([23, Exercise 22.21]). Our version is quite inspired in this last one, but we have needed
to establish a notation that would allow the procedure to be easily generalised (observe the
similarity between Eq. (13) and Proposition 3.1).

Remark 2.5 In the specific case of U a vector space of dimension 2, we can give more
concrete descriptions of the invariant maps ( , ) : U × U → F and [ , ] : U × U → sl(U )

considered in Eqs. (8) and (10). If ϕ : U × U → F is a nonzero alternating map, and
sp(U , ϕ) = { f ∈ gl(U ) : ϕ( f (u), v) + ϕ(u, f (v)) = 0} is the corresponding symplectic
Lie algebra, then the map ϕu,v := ϕ(u,−)v + ϕ(v,−)u belongs to sp(U , ϕ). Moreover
sp(U , ϕ) = {∑i ϕui ,vi : ui , vi ∈ U } coincides with the algebra sl(U ). If we choose (e1, e2)
a basis of U with ϕ(e1, e2) = 1, and the isomorphism φ in (5) is taken as φ(e1 ∧ e2) = 1,
then straightforward computations give:

(u, v) = u ∗ v = u � ṽ = −ϕ(u, v), [u, v] = 1

2
ϕu,v.

3 Models based on subalgebras of type A

3.1 Model based on the subalgebra of type 2A4

As mentioned, a Z5-grading on L = e8 arises by removing the node labeled 5 from the
extended Dynkin diagram. In this case, the neutral component L0̄ is of type 2A4, and the
homogeneous components are L0̄-irreducible modules, each necessarily a tensor product of
two irreducible sl5(F)-modules. The precise description of the irreducible modules involved
can be deduced from their dimensions and from the dimensions of their tensor products.
Alternatively, this decomposition appears explicitly in [31, Table 5], a work devoted to the
classification of semisimple subalgebras, as well as in [21], where an interesting refinement
of this Z5-grading is studied. According to these references, there is a vector space V of
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F-dimension 5, such that, up to isomorphism, the L0̄-modules Lī can be identified to:

L0̄ = sl(V ) ⊕ sl(V )

Lī = ∧[i]5 V ⊗ ∧[2i]5 V i = 1, 2, 3, 4.
(14)

Thus dimL0̄ = 48 and dimLī = 50 for any i = 1, 2, 3, 4. Keep in mind that the action of L0̄

onLī is given by (( f , g), x ⊗ y) �→ f · x⊗ y+ x ⊗g · y for any x ∈ ∧i V and y ∈ ∧[2i]5 V ,
that is, each simple component of L0̄ acts on the corresponding module. We slightly abuse
notation by writing f + g for ( f , g) ∈ L0̄ when there is no risk of confusion regarding
the copy of sl(V ) to which f and g belong. When this is not clear, we will write f1 + g2
to indicate the respective components. Next, let us change the viewpoint and begin with a
graded vector space L with homogeneous components as in Eq. (14). We will endow this
graded vector space L with a Lie algebra structure, to recover our exceptional Lie algebra.

Proposition 3.1 Let L be the Z5-graded vector space given in Eq. (14) for V a vector space
of F-dimension 5. Consider the product of L0̄ with Lī given by the action of the j th copy

of sl(V ) on the j th slot ( j = 1, 2). Fix some nonzero scalars ai j , b
(1)
k , b(2)

k ∈ F
× for any

1 ≤ i ≤ j ≤ 4, i + j �= 5, k = 1, 2. Define the bracket of Lī with L j̄ , for any 1 ≤ i ≤ j ≤ 4,
by

[x1 ⊗ x2, y1 ⊗ y2] :=
{
ai j x1 ∗ y1 ⊗ x2 ∗ y2 i + j �= 5,
b(1)
i (x2, y2)[x1, y1]1 + b(2)

i (x1, y1)[x2, y2]2 i + j = 5,

(15)

for any x1 ∈ ∧i V , x2 ∈ ∧[2i]5 V , y1 ∈ ∧ j V and y2 ∈ ∧[2 j]5 V . Extend the bracket to
the whole L such that it is skew-symmetric and the restriction to L0̄ is the usual bracket in
2sl(V ). Then, L endowed with the product [ , ] is a (Z5-graded) Lie algebra if and only if

b(1)
1 = b(2)

1 = −a11a24 = −a12a34 = −a13a44,

b(1)
2 = b(2)

2 = −a12a33 = −a22a34 = −a13a24.
(16)

Moreover, such Lie algebra (L, [ , ]) is simple and isomorphic to e8. A solution to this system
of equations is, for instance,

1 = a11 = a22 = a33 = a34 = a44 = a12 = a13 = a24,

−1 = b(1)
1 = b(2)

1 = b(1)
2 = b(2)

2 .
(17)

In particular, (L, [ , ]) with the bracket extending the one in (15), for the scalars in (17),
gives a model of the split Lie algebra of type E8.

Remark 3.2 As in the paragraph above the theorem, the split Lie algebra of type E8 has
a decomposition like (14) given by its Z5-grading. Now, taking into account item d) in
Theorem 1.1, the product in such Lie algebra has to be the one considered in (15) for some
choice of scalars. This implies that there exist scalars ai j , b

(1)
i , b(2)

i ∈ F
× such that the

graded vector space L, endowed with the bracket defined in (15), becomes a Lie algebra. In
particular, the system of equations with variables ai j , b

(1)
i , b(2)

i ∈ F
× that ensures L satisfies

the Lie bracket identities always has a solution. This a priori knowledge of the existence of
solutions will allow us to avoid many computations in the proof of Proposition 3.1, as well
as elsewhere in the manuscript.

Proof First, note that it makes sense to deal with the skew-symmetric extension of the bracket
because, for i = j , it is true that [x1 ⊗ x2, y1 ⊗ y2] = −[y1 ⊗ y2, x1 ⊗ x2]. In fact, for
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x, y ∈ ∧i V , Lemma 2.3 says that x ∗ y = (−1)i
2
y ∗ x if 2i ≤ 5 and x ∗ y = (−1)i

2−5y ∗ x
if 2i > 5. So x ∗ y = −y ∗ x if i = 1, 4 and x ∗ y = y ∗ x if i = 2, 3, but if i ∈ {1, 4} then
2i ∈ {2, 3} and if i ∈ {2, 3} then [2i]5 ∈ {1, 4}.

The constructed skew-symmetric algebra (L, [ , ]) is a Lie algebra if and only if
J (Lī ,L j̄ ,Lk̄) = 0 for 0 ≤ i, j, k ≤ 4, because the Jacobian operator is trilinear.
Taking into consideration Remark 2.2, that condition reduces to J (Lī ,L j̄ ,Lk̄) = 0 for
1 ≤ i ≤ j ≤ k ≤ 4.

A relevant observation is that J (Lī ,Lī ,Lī ) = 0 always holds for all 0 ≤ i ≤ 4, inde-
pendently of the choice of scalars. Although that fact could be checked directly for each i ,
an indirect argument immediately gives the result: by Remark 3.2, the system of equations
with variables ai j , b

(1)
i , b(2)

i ∈ F
× always has at least one solution. Now note that, for any

x, y, z ∈ Lī , 1 ≤ i ≤ 4, the expression J (x,y,z)
aii a[2i]5,i

does not involve any of such variables, but it

is only written in terms of x , y, z, ∗,∼ and �. (Here we use the notation ai j = a ji if j > i ; for
avoiding to distinguish the value of i .) This means that either it vanishes for any x, y, z ∈ Lī ,
or it does not vanish for some choice of homogeneous elements x, y, z. In the latter case,
J (x, y, z) would not vanish for any values of the variables ai j , which is impossible due to
the mentioned existence of solutions (Remark 3.2).

Denote by (Ji jk) the identity J (Lī ,L j̄ ,Lk̄) = 0.We proceed by checking that the identity

(Ji jk) holds case by case. It is enough to check it by taking elements inLl̄ = ∧l V ⊗∧[2l]5 V
which are tensor product of elements in

∧l V and
∧[2l]5 V , since the Jacobian operator J

is trilinear. The same multilinearity says that we can assume that these elements are wedge
products of elements in V . So, take {ui , vi : i ∈ N} arbitrary elements in V , and use the
notation ui1...ik for ui1 ∧ · · · ∧ uik as in Lemma 2.3 (and similarly for vi ’s). Sometimes we
will restrict to basic elements of

∧l V , obtained from a fixed basis {ei : i = 1, . . . , 5} of V
such that φ(e12345) = 1.
(J1,1,2) Take x = u1 ⊗ v12 ∈ L1̄, y = u2 ⊗ v34 ∈ L1̄, z = u34 ⊗ v5678 ∈ L2̄. Then

J (x, y, z) = a11a22 u1234 ⊗ (v1234 � α)

−a12a13 (u1234 ⊗ (v12 ∧ (α(v3)v4 − α(v4)v3))

−a12a13 (u1234 ⊗ (v34 ∧ (α(v1)v2 − α(v2)v1)),

for α = ṽ5678. But (v1234) � α = α(v1)v2 ∧ v3 ∧ v4 − α(v2)v1 ∧ v3 ∧ v4 + α(v3)v1 ∧ v2 ∧
v4 − α(v4)v1 ∧ v2 ∧ v3, so that

J (x, y, z) = (a11a22 − a12a13)(u1234 ⊗ (v1234 � α)).

This vanishes (for any x , y and z) if and only if a11a22 = a12a13.
(J1,1,3)

Take x = u1 ⊗ v12 ∈ L1̄, y = u2 ⊗ v34 ∈ L1̄, z = u345 ⊗ v5 ∈ L3̄. We compute

J (x, y, z) = φ(v12345)
(
a11b

(1)
2 [u12, u345] − a13b

(1)
1 ([u1, u2345] − [u2, u1345])

)
1

+ φ(u12345)
(
a11b

(2)
2 [v1234, v5] − a13b

(2)
1 ([v34, v125] + [v12, v345])

)
2 ∈ L0̄.

This expression is zero if and only its projections on each copy of sl(V ) are zero. But, these
projections are zero if and only if

a11b
(1)
2 tr( f ◦ [u12, u345]) − a13b

(1)
1 tr( f ◦ ([u1, u2345] − [u2, u1345])) = 0, (18)

and

a11b
(2)
2 tr( f ◦ [v1234, v5]) − a13b

(2)
1 tr( f ◦ ([v12, v345] + [v34, v125])) = 0, (19)
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for every f ∈ sl(V ), since it is always possible to choose u’s such that φ(u12345) �= 0
(similarly for v’s). According to the definition of [ ] in Eq. (10), we can rewrite (18) as

a11b
(1)
2 ( f · u12, u345) − a13b

(1)
1

(
( f · u1, u2345) − ( f · u2, u1345)

) = 0.

Taking in mind that f ·u12 ∧u345 = ( f ·u1)∧u2345 − ( f ·u2)∧u1345, the above expression
can be written as

(a11b
(1)
2 − a13b

(1)
1 )( f · u12, u345) = 0,

which holds for any choice of u’s if and only if a11b
(1)
2 = a13b

(1)
1 . Also f · v1234 ∧ v5 =

( f · v12) ∧ v345 + ( f · v34) ∧ v125, so that (19) is equivalent to

(a11b
(2)
2 − a13b

(2)
1 )( f · v1234, v5) = 0,

which is always true when a11b
(2)
2 = a13b

(2)
1 .

(J1,1,4) If x = u1 ⊗ v12, y = u2 ⊗ v34 ∈ L1̄ and z = u3456 ⊗ v567 ∈ L4̄, we have that

J (x, y, z) = a11a24(u12 � ũ3456 ⊗ v1234 � ṽ567)

+b(1)
1 φ(v56734)[u2, u3456](u1) ⊗ v12 + b(2)

1 φ(u34562)u1 ⊗ [v34, v567](v12)
−b(1)

1 φ(v56712)[u1, u3456](u2) ⊗ v34 − b(2)
1 φ(u34561)u2 ⊗ [v12, v567](v34).

(20)

We want necessary and sufficient conditions on the scalars a11, a24, b
(1)
1 and b(2)

1 which
guarantee that J (L1̄,L1̄,L4̄) = 0. Necessary conditions are easy to obtain by using concrete
elements. In fact,

0 = J (e1 ⊗ e12, e2 ⊗ e34, e1345 ⊗ e125) =
(

a11a24 + 1

5
b(1)
1 + 4

5
b(2)
1

)

e1 ⊗ e12,

and

0 = J (e1 ⊗ e12, e2 ⊗ e12, e1345 ⊗ e345) = 6

5

(
b(1)
1 − b(2)

1

)
e1 ⊗ e12,

which imply that some necessary conditions are

b(1)
1 = b(2)

1 = −a11a24. (21)

Now let us check that these conditions are enough too. Assume we have taken the scalars
satisfying Eq. (21). Then Eq. (20) becomes,

J (x, y, z) = b(1)
1

( − u12 � ũ3456 ⊗ v1234 � ṽ567
+φ(v56734)[u2, u3456](u1) ⊗ v12 + φ(u34562)u1 ⊗ [v34, v567](v12)
−φ(v56712)[u1, u3456](u2) ⊗ v34 − φ(u34561)u2 ⊗ [v12, v567](v34)

)
.

Nowwe are sure that this expression is zero without the need to compute the value of the right
side in full detail: simply note that the vanishing of the above expression does not depend on
the choice of the nonzero scalar b(1)

1 , and recall that the system of equations with variables

ai j , b
(1)
i , b(2)

i ∈ F
× always has at least one solution as in Remark 3.2. So we can conclude

that J (L1̄,L1̄,L4̄) is identically zero.
From now on, we can assume that the scalars satisfy

a11a22 = a12a13, a11b
(1)
2 = a13b

(1)
1 , a11b

(2)
2 = a13b

(2)
1 , b(1)

1 = b(2)
1 = −a11a24,(22)
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all of them necessary conditions for L to be a Lie algebra. Since a11b
(1)
2 = a13b

(1)
1 =

a13b
(2)
1 = a11b

(2)
2 and a11 is non zero, so b(1)

2 = b(2)
2 . Then, to simplify notation, we denote

by
b1 := b(1)

1 = b(2)
1 , b2 := b(1)

2 = b(2)
2 .

(J1,2,2) Now take x = u1 ⊗ v12 ∈ L1̄ and y = u23 ⊗ v3456, z = u45 ⊗ v789 10 ∈ L2̄. Note

that Eq. (22) tells (a12a13)(b2a11) = (a11a22)(b1a13), so that

a12b2 = a22b1.

This allows to write

J (x, y, z) = a12b2
( − [u45, u123]1(v789 10, v12 � ṽ3456) − (u45, u123)[v789 10, v12 � ṽ3456]2

+[u23, u145]1(v3456, v12 � ṽ789 10) + (u23, u145)[v3456, v12 � ṽ789 10]2
−[u1, u2345]1(v12, v3456 � ṽ789 10) − (u1, u2345)[v12, v3456 � ṽ789 10]2

)
.

We conclude that this expression is always zero due to the fact that being zero or not does
not depend on the choice of scalars. That is, we use the same arguments as those ones when
checking the identity (J1,1,4).

(J1,3,3) Let x = u1 ⊗ v12 ∈ L1̄ and y = u234 ⊗ v3, z = u567 ⊗ v4 ∈ L3̄. We get that

J (x, y, z) =
(
a13a34(u567 � ũ1234 + u234 � ũ1567) + a33a11(u234 � ũ567) ∧ u1

)
⊗ v1234.

For instance, for x = e1 ⊗ e12 ∈ L1̄, y = e234 ⊗ e3 and z = e125 ⊗ e4 ∈ L3̄, it is easy to
check that

J (x, y, z) = (a13a34 − a33a11)e12 ⊗ e1234,

so the fact J (x, y, z) = 0 gives

a13a34 = a33a11. (23)

This necessary condition on the scalars is of course sufficient for getting (J1,3,3), since the
above general expression becomes

J (x, y, z) = a33a11
(
u567 � ũ1234 + u234 � ũ1567 + (u234 � ũ567) ∧ u1

) ⊗ v1234.

As it has to vanish for some choice of scalars, and a33a11 �= 0, the only way is that it vanishes
for any choice of the scalars.
(J2,2,4) A first computation,

J (e12 ⊗ e1234, e34 ⊗ e1235, e1235 ⊗ e345) = (a22a44 − a24a12)e123 ⊗ e3,

gives, as a necessary condition,

a22a44 = a24a12. (24)

With this requisite on the scalars, (J2,2,4) holds, since for x = u12⊗v1234, y = u34⊗v5678 ∈
L2̄ and z = u5678 ⊗ v9 10 11 ∈ L4̄,

J (x, y, z) = a22a44
(
u1234 � ũ5678 ⊗ (v1234 � ṽ5678) � ṽ9 10 11

+(u34 � ũ5678) ∧ u12 ⊗ (v5678 � ṽ9 10 11) � ṽ1234

−(u12 � ũ5678) ∧ u34 ⊗ (v1234 � ṽ9 10 11) � ṽ5678

)
,

which is zero independently of the values of a22 and a44.
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(J2,2,3) Let x = e12 ⊗ e1234 ∈ L2̄, y = e34 ⊗ e1235 ∈ L2̄ and z = e125 ⊗ e4 ∈ L3̄. From

J (x, y, z) = (a22a34 + b2)e12 ⊗ e1234,

we get

a22a34 = −b2. (25)

As in the above cases, this condition is sufficient to guarantee (J2,2,3).
Compiling the information of (22), (23), (24) and (25), we have that all the restrictions

on the scalars in (16) are necessary for L to be a Lie algebra, since

a13a24a12 = a24a11a22 = −b1a22 = −a12b2 ⇒ a13a24 = −b2,
−b1a13 = a11a24a13 = −b2a11 = a22a34a11 = a13a34a12 ⇒ a34a12 = −b1,
−b2a11 = a22a34a11 = a13a34a12 = a33a11a12 ⇒ a33a12 = −b2,
a22a44a13 = a24a12a13 = a22a11a24 = −a22b1 ⇒ a44a13 = −b1.

From now on, we asume that our scalars satisfy all the conditions in (16). In particular
they satisfy all the relations in (22), (23), (24) and (25). Then we only have to test that the
remaining identities (Ji, j,k) hold too.

(J1,2,3) For elements x = u1 ⊗ v12 ∈ L1̄, y = u23 ⊗ v3456 ∈ L2̄ and z = u456 ⊗ v7 ∈ L3̄,
and taking into account that a12a33 = −b2 = a13a24, we obtain that

J (x, y, z) = b2
(
[u23, u456](u1) ⊗ (v3456, v7)v12 + (u23, u456)u1 ⊗ [v3456, v7](v12)

−u123 � ũ456 ⊗ (v12 � ṽ3456) ∧ v7 − u23 � ũ1456 ⊗ v3456 � ṽ127

)
;

which is necessarily zero as in the above cases.
(J1,2,4) Consider now x = u1⊗v12 ∈ L1̄, y = u23⊗v3456 ∈ L2̄ and z = u4567⊗v789 ∈ L4̄

and take into account a12a34 = a24a11 = −b1 to get

J (x, y, z) = −b1
(
u123 � ũ4567 ⊗ (v12 � ṽ3456) ∧ v789 + (u23�ũ4567) ∧ u1 ⊗ (v3456�̃v789) ∧ v12

+[u1, u4567](u23) ⊗ (v12, v789)v3456 + (u1, u4567)u23 ⊗ [v12, v789](v3456)
)
.

Arguments as in the previous cases permit us to conclude that it vanishes.
(J1,3,4) Recall that a13a44 = a34a12 = −b1, so that, for x = u1 ⊗ v12 ∈ L1̄, y =
u234 ⊗ v3 ∈ L3̄ and z = u5678 ⊗ v456 ∈ L4̄, we have

J (x, y, z) = b1
(
u1 ∧ (u234 � ũ5678) ⊗ v12 � ṽ3456 − u1234 � ũ5678 ⊗ v123 � ṽ456

−[u1, u5678](u234) ⊗ φ(v12456)v3 − φ(u15678)u234 ⊗ [v12, v456](v3)
)
,

which is identically zero.
Clearly, we do not have to compute all the expressions to be completely sure that the rest

of the identities hold too:

• (J1,4,4) holds since, for any x ∈ L1̄, y, z ∈ L4̄, we can write J (x,y,z)
b1

without using any
scalar, taking into account that b1 = −a44a13.

• Similarly J (x,y,z)
b2

is independent of the choice of scalars for any x ∈ L2̄, y, z ∈ L3̄, since
b2 = −a33a12. That is, we get that (J2,3,3) is true.

• (J2,3,4) holds, since b2 = −a24a13 = −a22a34.
• (J2,4,4) follows from a24b1 = a44b2.
• (J3,3,4) follows from a33b1 = a34b2.
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• The identity (J3,4,4) is a consequence of a34a24 = a44a33.

All this implies that L is a Lie algebra under our assumptions in (16). In fact, it is very easy
to find concrete solutions of the system (16), for instance, the one provided in (17).

The following step is to check that the obtained Lie algebras are mutually isomorphic. To
do that, take L and L′ the Z5-graded vector spaces as in (14) endowed with the Lie bracket as
in (15) with the coefficients given by (16) and (17) respectively. Let f : L → L′ be the map
given by f (x) = αi x , for any x ∈ Lī , for any choice of scalars {αi : i = 0, . . . , 4} ⊂ F

×
such that

α0 = 1, (α1)
5 = −b1a11a12a13, α2 = −b1a12a13

α3
1

, α3 = −b1a13
α2
1

, α4 = − b1
α1

.

(26)

An straightforward computation shows that

αiα j

α[i+ j]5
= ai j , α1α4 = −b1, α2α3 = −b2, (27)

for any 0 ≤ i ≤ j ≤ 4 such that (i, j) ∈ {(1, 1), (2, 2), (3, 3), (4, 4), (1, 2), (1, 3), (2, 4),
(3, 4)}, where bi is used for both b(1)

i and b(2)
i . Thus f is an isomorphism between L and L′.

Recall from Remark 3.2 that there is some solution of the system of quadratic equations (16)
such that the corresponding Lie algebra L is the split algebra e8. Hence all the obtained Lie
algebras are isomorphic to e8 and so, in particular, they are simple. ��
Remark 3.3 The construction in Proposition 3.1 yields simple Lie algebras of type E8, even
over fields that are not algebraically closed. To prove that all Lie algebras obtained in this
way are simple, it suffices to verify this property after extending the base field. If the field is
algebraically closed, then all choices of parameters give rise to isomorphic Lie algebras (as
shown in the proof above), and one of them is simple of type E8 by Theorem 1.1. It follows
that all such extensions must also be simple.

Alternatively, over an arbitrary field, simplicity can be verified by a direct argument that
relies only on the grading and the irreducibility of the homogeneous components. If an ideal
I of L contains a nonzero homogeneous element in Lī for some i �= 0, then, since Lī is
an irreducible L0̄-module, it follows that Lī ⊂ I , and hence I = L. If instead I contains
a nonzero element in L0̄, then at least one of the copies of sl(V ) lies in I . Multiplying, for
instance, with elements of L1̄, we obtain L1̄ ⊂ I , and as before, this implies I = L. Finally,
aiming for a contradiction, suppose that a certain nonzero ideal I ⊂ L contains no nonzero
homogeneous elements. Let us first show that any nonzero element x = ∑

xi ∈ I , with
xi ∈ Lī , gives rise to another nonzero element x ′ = ∑

i �=0 x
′
i ∈ I , such that x ′

i = 0 for
all indices i with xi = 0. Indeed, since each copy of sl(V ) acts faithfully on Lī for i �= 0,
but centralizes the other copy of sl(V ), we can first multiply x by elements from one copy
of sl(V ), and then by elements from the other, to obtain a nonzero element x ′ ∈ I with no
component in L0̄. Next, we multiply x ′ with elements in L1̄, obtaining a nonzero element in
[∑i �=0̄ Lī ,L1̄] ⊂ L2̄+L3̄+L4̄+L0̄,which still lies in I . Applying the same reduction process

to eliminate the 0̄-component again, we obtain a nonzero element in (L2̄ + L3̄ + L4̄) ∩ I .
Repeating this procedure and multiplying with L1̄ as before, we eventually obtain a nonzero
homogeneous element in I , contradicting our assumption. This contradiction shows that
every nonzero ideal of L must contain a nonzero homogeneous element, and hence L is
simple.
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Remark 3.4 A second interesting question is whether all the simple Lie algebras obtained
via Proposition 3.1 are isomorphic over arbitrary fields, and, if not, how many isomorphism
classes may arise. At first glance, this does not seem to be the case, since the scalars used
in (26) cannot be chosen in the same way when the base field does not contain fifth roots of
all its elements.

A remarkable example where fifth roots can be taken is the field of real numbers. In this
case, only one of the three real forms of the complex Lie algebra of type E8 can be obtained
via Proposition 3.1—namely, the split real form of type E8, that is, the one whose Killing
form has signature 8, taking into account Sect. 2.1).

To clarify the picture, it is helpful to interpret the above in the language of group coho-
mology. Consider G a group and the abelian group M = F

× as a G-module (with the trivial
group action G × F

× → F
×, g ·m = m for all m ∈ F

×). Recall that the n-cochains form an
abelian group Cn(G, M) = {ϕ : Gn → M : function} and the coboundary homomorphisms
are defined by δ ≡ δn+1 : Cn(G, M) → Cn+1(G, M),

δn+1ϕ(g1, . . . , gn+1) =
= ϕ(g2, . . . , gn+1)

( ∏n
i=1 ϕ(g1, . . . , gi−1, gi gi+1, gi+2, . . . , gn+1)

(−1)i
)
ϕ(g1, . . . , gn)(−1)n+1

.

Since δn+1δn = 0, this defines a cochain complex whose cohomology is given by
Hn(G, M) = Zn(G,M)

Bn(G,M)
, where the group of n-cocycles is Zn(G, M) = ker(δn+1), and

the group of n-coboundaries is Bn(G, M) = im(δn).
For each choice of nonzero scalars satisfying (16), we can define a symmetric 2-cochain

ϕ : G × G → F
×, where G = Z5, by setting ϕ(ī, 0̄) = ϕ(0̄, ī) = 1 for all ī ∈ G; and

ϕ(ī, j̄) = ϕ( j̄, ī) = ai j for all 1 ≤ i ≤ j ≤ 4. Note that ϕ can be directly verified to be a
2-cocycle; that is, it satisfiesϕ(ī, j̄) ϕ(ī+ j̄, k̄) = ϕ( j̄, k̄) ϕ( j̄+k̄, ī) for all ī, j̄, k̄ ∈ G = Z5.
Remarkably, the proof of Proposition 3.1 establishes more than what is explicitly stated. The
2-cocycle corresponding to the solution (17) is simply ϕ0 ≡ 1.Moreover, if F is algebraically
closed, Equation (27) shows that any other 2-cochain ϕ associatedwith a second solution is of
the form δ2α, where α is the 1-cochain defined in (26); in other words, ϕ is a 2-coboundary.
In particular, this implies that ϕ is automatically a symmetric 2-cocycle, and no further
verification is required.

All this can be viewed from a wider perspective. If G is any abelian group and � : L =
⊕g∈GLg is a graded algebra, then for any 2-cochain σ : G × G → F

× we can define the
twisted algebra Lσ = (L; [ , ]σ ) by means of

[x, y]σ = σ(g, h)[x, y] (28)

for any g, h ∈ G; x ∈ Lg , y ∈ Lh . The algebra Lσ is trivially G-graded, with (Lσ )g := Lg .
If σ is a symmetric 2-cocycle, then Lσ is a Lie algebra: the symmetry of σ ensures that
[x, y]σ = −[y, x]σ , and the 2-cocycle condition guarantees that the Jacobi identity holds.
Under mild assumptions, the converse is also true. Indeed, suppose that the homogeneous
components of the grading � satisfy the following:

i) [Lg,Lh] �= 0 for all g, h ∈ G;
ii) for all g, h, k ∈ G, there exist elements x ∈ Lg , y ∈ Lh , and z ∈ Lk such that the set

{adx ady(z), ady adx (z)} is linearly independent.

Then, if Lσ is a Lie algebra, it is not difficult to verify that σ is a symmetric 2-cocycle.
(This confirms that the situation described for our Z5-graded algebra in Proposition 3.1 is
exactly as expected, since it is clear that conditions i) and ii) are satisfied in that construction.)
Along the same lines, we may note another general fact: if σ is a 2-coboundary, then the Lie
algebra Lσ it defines is isomorphic to the original one L. The argument is straightforward:
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if σ = δ2α for some 1-cochain α : G → F
×, then the map L → Lσ , given by x �→ α(g)x

for all x ∈ Lg , is an isomorphism of Lie algebras.
Furthermore, for any finite abelian group G and any algebraically closed field F, the

subgroup of H2(G, F
×) represented by symmetric 2-cocycles is trivial; see, for instance,

[30, Chapter XIX, 6]. It follows that twisting the multiplication of our G-graded Lie algebra
by a symmetric 2-cocycle—necessarily a 2-coboundary under our assumptions on the base
field—does not change its isomorphism class. This provides an alternative, more conceptual
argument for proving the uniqueness of the Lie algebra constructed in Proposition 3.1—
an argument that can be applied in the same way to the other constructions in this article.
(Another subtle point we are relying on is that the solutions of (16) satisfy b(1)

i = b(2)
i ; this

property likewise holds in the remaining models.)

Remark 3.5 It is well-known the existence of a Z
3
p-graded Lie algebra with zero neutral

homogeneous component and all the remaining p3 −1 homogeneous components of dimen-
sion 2 (pieces of Cartan subalgebras), for p = 2, 3, 5 and the obtained Lie algebra g2, f4
and e8 respectively (dimensions 2(p3 − 1)). These are examples of the Jordan gradings
described in [21] produced by the Jordan subgroups in [2] (see also [32, 3.8]). The related
highly symmetric model of g2 as a twisted ring group based on thisZ

3
2-grading has been very

recently obtained in [11]. The challenge of getting a similar construction of e8 by doubling
and twisting the group Z

3
5 could have as a convenient starting point the concrete products in

Proposition 3.1, as explained in [21, Theorem 2.1].

3.2 Model based on the subalgebra of type A1 ⊕ A7

Recall from Sect. 2.1 the existence of vector spaces U and W over F, with dimU = 2
and dimW = 8, such that the split Lie algebra L = e8 = ∑

ī∈Z4
Lī is Z4-graded, with

L0̄
∼= sl(U ) ⊕ sl(W ), and

L1̄
∼= U ⊗ ∧2 W , L2̄

∼= F ⊗ ∧4 W , L3̄
∼= U ⊗ ∧6 W ,

as L0̄-modules.
According to Theorem 1.1, we can reconstruct the Lie algebra e8 from these components,

since the brackets [Lī ,L j̄ ] ⊂ Lī+ j̄ are determined up to scalars. We again make use of the
invariant products described in Sect. 2.2—namely, ∗ in Eq. (7), ( , ) in Eq. (8), and [ , ] in Eq.
(10). In Remark 2.5, these three products are expressed for the vector spaceU in terms of an
alternating form ϕ : U ×U → F.

Proposition 3.6 Let L be the Z4-graded vector space given, for any i = 1, 2, 3, by

L0̄ = sl(U ) ⊕ sl(W )

Lī = ∧[i]2 U ⊗ ∧[2i]8 W (29)

where U and W denote vector spaces over F of dimensions 2 and 8, respectively. Consider
the product of L0̄ with Lī given by the action of the j th ideal of L0̄ on the j th slot ( j = 1, 2).
Consider the product of Lī with L j̄ , for 1 ≤ i ≤ j ≤ 3, given by

[x1 ⊗ x2, y1 ⊗ y2] =
⎧
⎨

⎩

ai j x1 ∗ y1 ⊗ x2 ∗ y2 i + j �= 4,
b(1)
1 [x1, y1](x2, y2) + b(2)

1 (x1, y1)[x2, y2] (i, j) = (1, 3),
b(2)
2 (x1, y1)[x2, y2] (i, j) = (2, 2),

(30)

for any x1 ∈ ∧[i]2 U, x2 ∈ ∧[2i]8 W, y1 ∈ ∧[ j]2 U and y2 ∈ ∧[2 j]8 W.
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Extend the bracket toLmaking that the product ofLī withL j̄ if i > j is skew-symmetric, and
making (L0̄, [ , ]) a subalgebra. Assume that all the scalars are nonzero. Then, L endowed
with the product [ , ] is a Lie algebra if and only if

b(1)
1 = b(2)

1 = −a11a23 = −a12a33,

b(2)
2 = −a12a23.

(31)

Moreover, (L, [ , ]) is a simple exceptional Lie algebra isomorphic to e8. A solution to
this system of quadratic equations that, in particular, gives a model of e8, is

1 = a11 = a12 = a23 = a33,

−1 = b(2)
2 = b(1)

1 = b(2)
1 .

(32)

Proof Again itmakes sense to dealwith the skew-symmetric extension of the bracket because,
for i = j it is true that [x1⊗x2, y1⊗y2] = −[y1⊗y2, x1⊗x2]. In fact, if i = 1, 3, x1, y1 ∈ U ,
x2, y2 ∈ ∧[2i]8 W , and Lemma 2.3 says that x1 ∗ y1 = −y1 ∗ x1 while x2 ∗ y2 = y2 ∗ x2.
For i = 2, x1, y1 ∈ F so that (x1, y1) = x1y1 = (y1, x1). In this case x2, y2 ∈ ∧4 W , and
[x2, y2] = −[y2, x2] since ( , ) : ∧4 W × ∧4 W → F is symmetric.

Similarly to the proof of Proposition 3.1, we have to prove the identity (Ji, j,k):

J (Lī ,L j̄ ,Lk̄) = 0 for 0 ≤ i, j, k ≤ 3.

Again we can assume that 1 ≤ i, j, k ≤ 3 by Remark 2.2, we can also assume i ≤ j ≤ k
by trilinearity, and the cases i = j = k are consequence of Remark 3.2 adapted to our
setting: the veracity of (Ji,i,i ) does not depend on the scalars and the system of equations
with variables ai j , b

(1)
i , b(2)

i ∈ F
× always has at least one solution.

For checking the identities, we can restrict the considered elements in
∧[2l]8 W to those

which are wedge products of elements in W . Take {vi : i ∈ N} arbitrary elements in W , and
use the notation vi1...ik for vi1 ∧ · · ·∧ vik as in Lemma 2.3 (and similarly for ui ’s, elements in
U ). Also fix {ei : i = 1, . . . , 8} a basis ofW and { f1, f2} a basis ofU . There is no ambiguity
with the notation f + g in L0̄, for f ∈ sl(U ) and in g ∈ sl(W ). (We will not use subindices
f1 + g2 in this case.)
(J1,1,2) Take x = u1 ⊗ v12, y = u2 ⊗ v34 ∈ L1̄ and z = 1 ⊗ v5678 ∈ L2̄. Compute

J (x, y, z) = −a11b
(2)
2 φ(u12)[v1234, v5678]

−a12b
(1)
1 φ(v1...8)[u1, u2] + a12b

(2)
1 φ(u12)[v12, v345678]

+a12b
(1)
1 φ(v1...8)[u2, u1] + a12b

(2)
1 φ(u12)[v34, v125678].

As [u1, u2] = [u2, u1]; then
J (x, y, z) = φ(u12)

( − a11b
(2)
2 [v1234, v5678] + a12b

(2)
1 ([v12, v345678] + [v34, v125678])

)
.

(33)

If we choose concrete elements, for instance, x = f1⊗e12, y = f2⊗e34 and z = 1⊗e5678,
we use Lemma 2.3 (b) to get

[e12, e345678] + [e34, e125678] = [e1234, e5678],
so that Eq. (33) becomes

J (x, y, z) = ( − a11b
(2)
2 + a12b

(2)
1

)[e1234, e5678],
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which gives a necessary condition to have the identity (J1,1,2):

a11b
(2)
2 = a12b

(2)
1 . (34)

Note that Eq. (34) is also sufficient to get (J1,1,2), since this condition placed on Eq. (33)
gives

J (x, y, z) = a11b
(2)
2 φ(u12)

([v12, v345678] + [v34, v125678] − [v1234, v5678]
)
,

so that to be zero (for all x, y ∈ L1̄ and all z ∈ L2̄) or not does not depend on the choice of
the scalars. That is, as so many times in the proof of Proposition 3.1, knowing the existence
of solutions has made it possible for us to avoid the direct verification of

[v12, v345678] + [v34, v125678] = [v1234, v5678],
having had to check it only for one concrete basic element. (The direct verification is not
difficult at all, it is enough to use (10) and the concrete action of sl(W ) on

∧r W , but it is
very convenient for us to mechanize and shorten the arguments, realizing that we can often
omit the computation with arbitrary elements.)
(J1,2,2) For x = u ⊗ x2 ∈ L1̄ and y = 1 ⊗ y2, z = 1 ⊗ z2 ∈ L2̄,

J (x, y, z) = u ⊗ (
b(2)
2 [y2, z2](x2) + a12a23

(
y2 � x̃2 ∧ z2 − z2 � x̃2 ∧ y2

))
. (35)

This is easy to compute using concrete elements, taking into account Lemma2.3. For instance,

J (u ⊗ e12, 1 ⊗ e3456, 1 ⊗ e1278) = (−a12a23 − b(2)
2 )u ⊗ e12.

Hence, we get another necessary condition

a12a23 = −b(2)
2 . (36)

This is sufficient too, since under this restriction on the scalars, Eq. (35) becomes

J (x, y, z) = b(2)
2 u ⊗ ([y2, z2](x2) + y2 � x̃2 ∧ z2 − z2 � x̃2 ∧ y2

)
,

and now the identity (J1,2,2) is independent of the choice of the scalars, and, as above, it has
to be always true.
(J1,2,3), (J1,1,3) As the identity (J1,2,3) a priori involves a12a33, a23a11, b

(1)
1 and b(2)

1 , we
focus first on concrete elements. For instance,

J ( f1 ⊗ e12, 1 ⊗ e3456, f2 ⊗ e345678) = (−a12a33 − b(2)
1 )1 ⊗ e3456.

This implies that a necessary condition to get (J1,2,3) is

a12a33 = −b(2)
1 . (37)

Also, J ( f1 ⊗ e12, f2 ⊗ e34, f1 ⊗ e125678) = ( − a23a11 − 1
2 (b

(1)
1 + b(2)

1 )
)
f1 ⊗ e12; so that

a11a23 = −1

2
(b(1)

1 + b(2)
1 ) (38)

is necessary to get (J1,1,3). In particular, Eqs. (34), (36), (37) and (38) are all necessary
for L to be a Lie algebra. Let us check that these four equations imply Eq. (31). First,
from Eq. (38) we have that a11a23a12 = − 1

2 (b
(1)
1 + b(2)

1 )a12 and from Eq. (36) we get that
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−a11b
(2)
2 = − 1

2 (b
(1)
1 + b(2)

1 )a12. Now, applying Eq. (34) we obtain b(1)
1 = b(2)

1 . We rewrite

(38) as a11a23 = −b(1)
1 and then we have all the conditions required in Eq. (31).

For the converse, assume that the scalars satisfy Eq. (31) and let us check thatL satisfies the
Jacobi identity. This gives immediately (36), (37) and (38), and, as a11a23b

(2)
2 = −b(2)

1 b(2)
2 =

b(2)
1 a12a23, we have (34) too. This guarantees (J1,1,2) and (J1,2,2), at the moment. But also

(J1,2,3) holds, since
J (x,y,z)

b(2)
1

can be written without involving any of the variables, for any

x ∈ L1̄, y ∈ L2̄ and z ∈ L3̄. In a similar way, (J1,1,3) is true, since it only involves a11a23,

b(1)
1 and b(2)

1 , which are all related. The rest of the identities hold:

• (J1,3,3) follows from a33a12 = −b(1)
1 = −b(2)

1 ;

• (J2,2,3) follows from a23a12 = −b(2)
2 ;

• (J2,3,3) holds, since a23b
(2)
1 = a23b

(1)
1 = b(2)

2 a33;

which finish the proof thatL is a Lie algebra. Moreover, it is evident that the choice of scalars
in (32),

1 = a11 = a12 = a23 = a33, −1 = b(2)
2 = b(1)

1 = b(2)
1 ,

provides a concrete solution of the system of equations (31).
Finally we prove that all the Lie algebras obtained for different solutions of (31) are

isomorphic. To do that, takeL andL′ theZ4-graded vector spaces as in (29) endowedwith the
Lie bracket as in (30)with the coefficients given by (31) and (32) respectively. Let f : L → L′
be the map given by f (x) = αi x , for any x ∈ Lī , where {αi : i = 0, . . . , 3} ⊂ F

× are chosen
such that

α0 = 1, α4
1 = −b2a

2
11 , α2 = −b1a12

α2
1

, α3 = −b1
α1

. (39)

An straightforward computation shows that
αiα j

α[i+ j]4
= ai j , α1α3 = −b1, α2α2 = −b2,

for any 0 ≤ i ≤ j ≤ 3 such that (i, j) ∈ {(1, 1), (1, 2), (2, 3), (3, 3)}, where bi is used for
both b(1)

i and b(2)
i . Thus f is an isomorphism between L and L′. Since one of the solutions

of the system (31) makes the corresponding algebra Lie algebra L isomorphic to e8, then all
the obtained Lie algebras are simple and all of them are isomorphic to e8. ��
Remark 3.7 Over arbitrary fields, simplicity can be argued as in Remark 3.3, but, once again,
uniqueness no longer holds. This time, not even over the real numbers: the arguments in (39)
fail due to the nonexistence of fourth roots inR, which suggests that the Lie algebras obtained
for different values in (31) may not be isomorphic, and that we might obtain both real forms
corresponding to signatures 8 and −24 from different solutions of (31). Further calculations
would be needed to make this more precise.

3.3 Model based on the subalgebra of type A1 ⊕ A2 ⊕ A5

In this case, Sect. 2.1 implies the existence ofU , V andW vector spaces over Fwith dimU =
2, dimV = 3 and dimW = 6 such that the Lie algebra L = e8 = ∑

ī∈Z6
Lī is Z6-graded

with L0̄
∼= sl(U ) ⊕ sl(V ) ⊕ sl(W ) and

L1̄
∼= U ⊗ V ⊗ W , L2̄

∼= F ⊗ ∧2 V ⊗ ∧2 W , L3̄
∼= U ⊗ F ⊗ ∧3 W ,

L4̄
∼= F ⊗ V ⊗ ∧4 W , L5̄

∼= U ⊗ ∧2 V ⊗ ∧5 W ,
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where ∼= means isomorphisms as L0̄-modules. According to Theorem 1.1, the Lie algebra e8
can be recovered from these pieces since the brackets [Lī ,L j̄ ] ⊂ Lī+ j̄ are determined up to
scalars. We again make use of ∗ in Eq. (7), ( , ) in Eq. (8) and [ , ] in Eq. (10).

Proposition 3.8 LetU, V andW be vector spaces overF of dimension 2, 3 and 6 respectively.
Let L be the Z6-graded vector space given by

L0̄ = sl(U ) ⊕ sl(V ) ⊕ sl(W ),

Lī = ∧[i]2 U ⊗ ∧[i]3 V ⊗ ∧[i]6 W ,
(40)

for any i = 1, . . . , 5. Consider the product of L0̄ with Lī given by the action of the j th

ideal of L0̄ on the j th slot ( j = 1, 2, 3). Fix some nonzero scalars ai j , b
(l)
k ∈ F

× for any
1 ≤ i ≤ j ≤ 5, i + j �= 6, k, l = 1, 2, 3.1 Consider the product of x = x1 ⊗ x2 ⊗ x3 ∈ Lī
with y = y1 ⊗ y2 ⊗ y3 ∈ L j̄ , for 1 ≤ i ≤ j ≤ 5, given by

[x, y] =
{
ai j x1 ∗ y1 ⊗ x2 ∗ y2 ⊗ x3 ∗ y3 i + j �= 6,
∑3

k=1 b
(k)
i [xk, yk]�3

r=1,r �=k(xr , yr ) i + j = 6.
(41)

Extend the bracket to L making that the product of Lī with L j̄ if i > j is skew-symmetric,
and making (L0̄, [ , ]) a subalgebra. Then, L endowed with the product [ , ] is a Lie algebra
if and only if

b(1)
1 = b(2)

1 = b(3)
1 = −a11a25 = −a12a35 = −a13a45 = −a14a55,

b(2)
2 = b(3)

2 = a12a34 = a14a25 = −a22a44 = −a23a45,

b(1)
3 = b(3)

3 = a13a34,
a11a22 = −a12a13.

(42)

Moreover, (L, [ , ]) is a simple exceptional Lie algebra isomorphic to e8. A solution of this
system of equations that, in particular, gives a model of e8, is

1 = a11 = a13 = a22 = a23 = a25 = a34 = a44 = a45 = b(1)
3 = b(3)

3 ,

−1 = a12 = a14 = a35 = a55 = b(1)
1 = b(2)

1 = b(3)
1 = b(2)

2 = b(3)
2 .

(43)

Proof First of all, we will check that all the conditions in (42) are necessary for L to be a Lie
algebra, simply by applying the Jacobi identity to several triples of elements to achieve the
required conditions. We abuse a little bit of the notations, by using {e1, e2}, {e1, e2, e3} and
{e1, . . . , e6} bases of U , V and W , respectively. When we do a tensor product, there is no
confusion in the position of the elements. Also, in case there is some ambiguity, we denote a
linear map F : U → U with a subindex, FU , and similarly for endomorphisms of V and W .
Hence assume now that L is a Lie algebra.

� We compute, for x = e1 ⊗ e1 ⊗ e1, y = e2 ⊗ e2 ⊗ e2 and

z = e2 ⊗ e13 ⊗ e13456 ⇒ J (x, y, z) = (a11a25 + b(1)
1 )e2 ⊗ e1 ⊗ e1,

z = e1 ⊗ e23 ⊗ e13456 ⇒ J (x, y, z) = (a11a25 + b(2)
1 )e1 ⊗ e2 ⊗ e1,

z = e2 ⊗ e23 ⊗ e13456 ⇒ J (x, y, z) = (a11a25 + b(3)
1 )e2 ⊗ e2 ⊗ e1,

z = 1 ⊗ e13 ⊗ e34 ⇒ J (x, y, z) = −(a11a22 + a12a13)1 ⊗ e1 ⊗ e1234,
z = e1 ⊗ 1 ⊗ e345 ⇒ J (x, y, z) = −(a11a23 + a13a14)e1 ⊗ e12 ⊗ e12345.

1 Actually, there is no need to consider b(1)
2 and b(2)

3 , since the following brackets vanish: [ , ] : ∧i U ×
∧n−i U → sl(U ) if i = 2 and [ , ] : ∧i V × ∧n−i V → sl(V ) if i = 3. But this makes easier to write (41).
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The Jacobi identity so implies that b(1)
1 = b(2)

1 = b(3)
1 , which we will denote as b1, as well as

a11a25 = −b1, (44)

a11a22 = −a12a13, (45)

a11a23 = −a13a14. (46)

Use Lemma 2.3 (b) to check that [e1, e23]V − [e2, e13]V = [e12, e3]V and [e1, e23456]W −
[e2, e13456]W = −[e12, e3456]W , and recall that [ , ]U is symmetric, to get

J (x, y, 1 ⊗ e3 ⊗ e3456) = −(a11b
(2)
2 + a14b1)[e12, e3]V − (a11b

(3)
2 + a14b1)[e12, e3456]W .

Again its projections on sl(V ) and sl(W ) are both zero, so that b(2)
2 = b(3)

2 =: b2 and
a11b2 = −a14b1. (47)

� Now take x = e1 ⊗ e1 ⊗ e1, y = 1 ⊗ e23 ⊗ e23, and compute

J (x, y, e2 ⊗ 1 ⊗ e456) = (a23b1 − a12b
(1)
3 )[e1, e2]U + (a13b2 − a23b1)[e1, e23]V

+(a23b1 − a12b
(3)
3 )[e1, e23456]W − (a13b2 − a12b

(3)
3 )[e23, e1456]W ;

taking into account that [e1, e23]V = −[e23, e1]V , and [e1, e23456]W − [e23, e1456]W =
[e123, e456]W . The three projections are zero, so that b(1)

3 = b(3)
3 =: b3 and

a23b1 = a12b3 = a13b2. (48)

Choosing a different third element,

z = 1 ⊗ e1 ⊗ e1456 ⇒ J (x, y, z) = (a12a34 − b2)e1 ⊗ e1 ⊗ e1,
z = e2 ⊗ e12 ⊗ e12456 ⇒ J (x, y, z) = (−a12a35 + a11a25)1 ⊗ e12 ⊗ e12,

we obtain

a12a34 = b2, a12a35 = a11a25
(44)= −b1. (49)

�More necessary conditions appear when considering x = e1⊗e1⊗e1, y = e2⊗1⊗e234.
We compute

z = 1 ⊗ e2 ⊗ e2356 ⇒ J (x, y, z) = −(a13a44 − a14a35)1 ⊗ e12 ⊗ e23,
z = e1 ⊗ e23 ⊗ e12356 ⇒ J (x, y, z) = (a13a45 − a35a12)e1 ⊗ 1 ⊗ e123,

which yields

a13a44 = a14a35, a13a45 = a35a12. (50)

�Finally J (e1⊗e1⊗e1, 1⊗e2⊗e2345, e2⊗e13⊗e12346) = (a14a55−a45a13)1⊗e1⊗e1234,
so that

a14a55 = a45a13. (51)

Keeping in mind this information, next we prove that all the equations in (42) are necessary.

From a12b3
(48)= a13b2

(49)= a13a12a34, we get

b3 = a13a34. (52)

Also, a11b2
(47)= −a14b1

(44)= a14a11a25, so that

b2 = a14a25. (53)
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Note a11a23a45
(46)= −a14a13a45

(50)= −a14a35a12
(49)= −a14a11a25, getting

a23a45 = −a14a25
(53)= −b2. (54)

Take also into account a35a12a23
(49)= −b1a23

(48)= −a12b3, so

b3 = −a23a35; (55)

and a22a13a14
(46)= −a11a22a23

(45)= a12a13a23, which gives

a22a14 = a12a23. (56)

And we also need a13b2
(48)= a12b3

(55)= −a35a12a23
(56)= −a22a14a35

(50)= −a22a13a44, which
yields

b2 = −a22a44. (57)

Finally observe that Eqs. (44), (45), (49), (50),(51), (52), (53), (54), (57) give all the conditions
in (42). That is, the conditions in (42) are necessary for L to be a Lie algebra.

Conversely, assume that we have nonzero scalars satisfying (42) and let us prove that L
is a Lie algebra. We can talk about the skew-symmetric extension because, for i = j , the
defined bracket already satisfies [x, y] = −[y, x]. In fact,

• If i = j ∈ {1, 5}, then x1 ∗ y1 = −y1 ∗ x1, x2 ∗ y2 = −y2 ∗ x2 and x3 ∗ y3 = −y3 ∗ x3;
• If i = j ∈ {2, 4}, then x1 ∗ y1 = y1 ∗ x1, x2 ∗ y2 = −y2 ∗ x2 and x3 ∗ y3 = y3 ∗ x3;
• If i = j = 3, then [x1, y1] = [y1, x1], (x1, y1) = −(y1, x1), (x2, y2) = (y2, x2), and

[x3, y3] = [y3, x3], (x3, y3) = −(y3, x3).

The constructed skew-symmetric algebra (L, [ , ]) is a Lie algebra if and only if
J (Lī ,L j̄ ,Lk̄) = 0 for 0 ≤ i, j, k ≤ 5. We will again denote this identity by (Ji, j,k).

By Remark 2.2 applied to m = ⊕5
i=1Lī , we have only to check (Ji, j,k) for 1 ≤ i ≤ j ≤

k ≤ 5. Furthermore, if one establishes some relations between ai j a[i+ j]6,k , a jka[ j+k]6,i , and
aki a[k+i]6, j , (where we abuse of the notation and understand ai,6−i = bi if i = 1, 2, 3, and

ai j = a ji if i > j), then the identity (Ji, j,k) holds. In fact, J (x,y,z)
ai j a[i+ j]6,k

would be written

without any appearance of the scalars, only in terms of x , y, z, ∗, ∼ and �; so that it would
be always zero due to the existence of scalars making L a Lie algebra, as in Remark 3.2.
For instance, (Ji,i,i ) is always true since the three quantities are obviously equal, aii a[2i]6,i .
In case two of the indices i, j, k are repeated, we will only have one equation relating the
scalars, instead of two. All this means that, when we check that (42) implies all the identities
on the left of Table 1, this will guarantee the corresponding identities of type (Ji, j,k) and
then the Jacobi identity.

Proving all the identities in Table 1 is a tedious but fairly straightforward computation,
starting from (42). First we obtain immediately the following useful equations:

a44
a34

= −a12
a22

= a11
a13

= a45
a25

= −a14
a23

. (58)

Next proceed case by case. The identity related to (J1,1,2), (45), is one of the identities
in the list (42). The one related to (J1,1,3) follows from (58). Third, a11a25b2 = −b1b2 =
−a14a25b1, so that we get a11b2 = −a14b1, the identity necessary for (J1,1,4). The restriction
for (J1,1,5) appears in (42). For (J1,2,2), we need a12a23 = a14a22, which follows from (58).
The two identities necessary for (J1,2,3) are easy to recover: a23b1 = −a23a13a45 = a13b2
and a13b2 = a13a12a34 = a12b3. The identities for (J1,2,4), (J1,2,5), (J1,3,3), (J1,3,5),
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Table 1 Equivalent conditions to
J (Lī ,L j̄ ,Lk̄ ) = 0

Identity Gives

a11a22 = −a12a13 (J1,1,2)

a11a23 = −a13a14 (J1,1,3)

a11b2 = −a14b1 (J1,1,4)

a11a25 = −b1 (J1,1,5)

a12a23 = a14a22 (J1,2,2)

a13a34 = b3 (J1,3,3)

a14a45 = a44a12 (J1,4,4)

a14a55 = −b1 (J1,5,5)

a22a34 = a23a25 (J2,2,3)

a22a44 = −b2 (J2,2,4)

a22a45 = −a25a12 (J2,2,5)

a23a35 = −b3 (J2,3,3)

a22a44 = −b2 (J2,4,4)

a55b2 = −a25b1 (J2,5,5)

a13a34 = b3 (J3,3,4)

a35a23 = −b3 (J3,3,5)

a23a44 = −a34a14 (J3,4,4)

a35a25 = a55a34 (J3,5,5)

a44a25 = a45a34 (J4,4,5)

a45a35 = a55a44 (J4,5,5)

a23b1 = a12b3 = a13b2 (J1,2,3)

b2 = a12a34 = a14a25 (J1,2,4)

a12a35 = a11a25 = −b1 (J1,2,5)

a13a44 = a14a35 = a11a34 (J1,3,4)

a13a45 = a35a12 = −b1 (J1,3,5)

a14a55 = a45a13 = −b1 (J1,4,5)

a23a45 = −a34a12 = −b2 (J2,3,4)

a23a55 = a35a22 = −a25a13 (J2,3,5)

a25a14 = −a23a45 = b2 (J2,4,5)

−a34b1 = a35b2 = a45b3 (J3,4,5)

(J1,4,5) and (J1,5,5) just appear in the list. Now, a13a44 = a11a34 comes from (58), but
also a11a34a12 = a11a14a25 = a14a35a12 gives a11a34 = a14a35; so that (J1,3,4) holds.
Also (a14a25)(a13a45) = (−a44a22)(a11a25) = a44a12a13a25 gives (J1,4,4). The identity

for (J2,2,3), a34a22 = a25a23, follows from a34a22a11 = −a34a12a13 = −a14a25a13
(58)=

a25a11a23. Next, a22a45a14
J144= a22a44a12 = −a12a25a14, and, removing a14, we get the

identity in (J2,2,5). Note a12b3 = b1a23 = −a12a35a23, which gives b3 = −a23a35 and
(J2,3,3). The identities (J2,2,4) and (J2,3,4) belong to our original list. As regards the two

equations in (J2,3,5), simply remove a12 from a12a23a55
(58)= a22a14a55 = a22a12a35, as

well as remove a14 from a14a55a23 = a25a11a23
(58)= −a25a13a14. Again (J2,4,4), (J2,4,5)

and (J3,3,4) are direct from (42). We easily get (J2,5,5) as a55b2 = a55a25a14 = −a25b1.
Note (J3,3,5) = (J2,3,3). Both (J3,4,4) and (J4,4,5) are direct from (58). From a55a12a34 =
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a55a25a14 = a25a12a35, we derive (J3,5,5). Multiply the two identities above to have
(a35a25)(a45a34) = (a55a34)(a44a25) and simplify a25a34 to get (J4,5,5). Only (J3,4,5) is left,

which is achieved from a45b3 = a45a13a34 = −b1a34 and a35b2 = −a35a45a23
J335= a45b3.

This finishes the proof that L is a Lie algebra. The fact that (43) is a solution is plain.
Finally, we show that all the Lie algebras obtained through this procedure are isomorphic.

Let us give an isomorphism betweenL andL′ theZ6-graded vector spaces as in (40) endowed
with the Lie bracket as in (41) with the coefficients given by (42) and (43) respectively. An
isomorphism can be provided by f : L → L′, f |Lī

= αi idLī
, by choosing some scalars

{αi : i = 0, . . . , 5} ⊂ F
× such that α6

1 = −a11a12a13a14b1 and

α0 = 1, α2 = α2
1

a11
, α3 = a13a14b1

α3
1

, α4 = a14b1
α2
1

, α5 = −b1
α1

.

If we denote by ai,6−i = bi , the condition for f to be isomorphism follows from

αiα j

α[i+ j]6
=

{
ai j , if (i, j) = (1, 1), (1, 3), (2, 2), (2, 3), (2, 5), (3, 3), (3, 4), (4, 4), (4, 5),

−ai j , if (i, j) = (1, 2), (1, 4), (3, 5), (5, 5), (1, 5), (2, 4);
which is a routine calculation. Since one of the solutions of (42) makes the corresponding
Lie algebra L isomorphic to e8, then all the obtained Lie algebras are simple and all of them
are isomorphic to e8. ��

3.4 Model based on the subalgebra of type 4A2

Themaximal elementary abelian p-subgroups of E8 (from the viewpoint of algebraic groups)
have been obtained in [25], where a Z

5
3 subgroup of the group of type E8, automorphisms of

e8, is described. This 3-group coincides with its centralizer, so producing a fine Z
5
3-grading

on the Lie algebra e8. If we consider the coarsening produced by any two of the order
3 automorphisms involved, the Z

2
3-grading so obtained is toral, and hence it satisfies the

hypothesis in Theorem 1.1.
Aconcrete descriptionof thisZ

5
3-gradingon e8 canbe foundon [18, §6.3],which startswith

two Z
2
3-graded Okubo algebras and constructs e8 from these algebras. Thus e8 is naturally

endowed with the grading produced when combining the two pairs of related order three
automorphisms with the triality automorphism. This nice construction, due to A. Elduque,
makes use of symmetric composition algebras. It is clear that we can describe ourZ

2
3-grading

as a coarsening of the aboveZ
5
3-grading, simply by taking theZ

2
3-grading induced on e8 when

taking only the Z
2
3-grading on one of the Okubo algebras involved. But we would like to

describe a model similar to all the others in this work. The first step is to describe the
homogeneous components of the Z

2
3-grading. Recall from Sect. 2.1 that there are two types

of order three automorphisms, which fix an algebra of type a8 and an algebra of type e6 ⊕a2,
respectively. So the dimensions of the neutral homogeneous component are respectively,
80 and 86. Both the order three automorphisms involved now are of the second type. The
Z3-grading is given by L = L0̄ ⊕ L1̄ ⊕ L2̄, for

L0̄ = e6 ⊕ sl(V ), L1̄ = V (	1) ⊗ V , L2̄ = V (	1)
∗ ⊗ V ∗,

if V is a 3-dimensional vector space and V (	1) denotes the e6-irreducible module of highest
weight 	1, the first fundamental weight. Now, recall the nice Z3-grading on M = e6,
described in a very symmetric way as

e6 = sl(V ) ⊕ sl(V ) ⊕ sl(V ) ⊕ (V ⊗ V ⊗ V ) ⊕ (V ∗ ⊗ V ∗ ⊗ V ∗).
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According to [16], the module V = V (	1) can be Z3-graded in a way compatible with the
Z3-grading on e6, that is, Mī · V j̄ ⊂ Vī+ j̄ , for

V0̄ = F ⊗ V ⊗ V ∗, V1̄ = V ⊗ V ∗ ⊗ F, V2̄ = V ∗ ⊗ F ⊗ V .

All this together gives the homogeneous components of the Z
2
3-grading on e8 as modules for

the neutral component L(0̄,0̄) = sl(V ) ⊕ sl(V ) ⊕ sl(V ) ⊕ sl(V ):

L(0̄,1̄) = F ⊗ V ⊗ V ∗ ⊗ V , L(0̄,2̄) = F ⊗ V ∗ ⊗ V ⊗ V ∗ ,

L(1̄,0̄) = V ⊗ V ⊗ V ⊗ F , L(2̄,0̄) = V ∗ ⊗ V ∗ ⊗ V ∗ ⊗ F ,

L(1̄,1̄) = V ⊗ V ∗ ⊗ F ⊗ V , L(2̄,1̄) = V ∗ ⊗ F ⊗ V ⊗ V ,

L(1̄,2̄) = V ⊗ F ⊗ V ∗ ⊗ V ∗ , L(2̄,2̄) = V ∗ ⊗ V ⊗ F ⊗ V ∗ .

Thus we have the Z
2
3-graded vector space to be endowed with a Lie algebra structure.

Proposition 3.9 Let L be the graded vector space given, for any i, j = 0, 1, 2, by

L(0̄,0̄) = sl(V ) ⊕ sl(V ) ⊕ sl(V ) ⊕ sl(V ),

L(ī, j̄) = ∧[i]3 V ⊗ ∧[i+ j]3 V ⊗ ∧[i+2 j]3 V ⊗ ∧[ j]3 V ,
(59)

where V denotes a vector space over F of dimension 3.
Note that, for any (0̄, 0̄) �= α = (ī, j̄) ∈ Z

2
3, there is just one index kα ∈ {1, 2, 3, 4}

such that αkα = 0, where α1 = [i]3, α2 = [i + j]3, α3 = [i + 2 j]3, α4 = [ j]3, that is,
Lα = ∧α1 V ⊗ ∧α2 V ⊗ ∧α3 V ⊗ ∧α4 V .

Consider the product of L(0̄,0̄) with L(ī, j̄) given by the action of the kth ideal of L0̄ on
the kth slot (k = 1, 2, 3, 4). Consider the product of x = x1 ⊗ x2 ⊗ x3 ⊗ x4 ∈ Lα and
y = y1 ⊗ y2 ⊗ y3 ⊗ y4 ∈ Lβ , for (0̄, 0̄) �= α, β ∈ Z

2
3, given by

[x, y] =
{
aα,β x1 ∗ y1 ⊗ x2 ∗ y2 ⊗ x3 ∗ y3 ⊗ x4 ∗ y4 if β �= 2α,
∑4

i=1,i �=kα
b(i)
α [xi , yi ]i�4

j=1, j �=i (x j , y j ) if β = 2α,
(60)

for some nonzero scalars aα,β and b(i)
α (for any i �= kα).

Then, L endowed with the product [ , ] is a Lie algebra if and only if

aα,β = aβ,α,

−b(i)
α = aα,αa2α,2α,

−aα,αa2α,β = aα,βaα,α+β,

−aα,βaα+β,α+β = aβ,α+βaα+2β,α,

−b(i)
α = aα,βaα+β,2α,

(61)

for all β �= α, 2α and for all i �= kα .
Moreover, (L, [ , ]) is a simple exceptional Lie algebra isomorphic to e8. A solution of

this system of equations that, in particular, gives a model of e8, is

1 = aα,β, ∀α �= β,

−1 = b(i)
α = aα,α, ∀i �= kα.

(62)

Herewe considermore scalars andmore equations than necessary, unlike the abovemodels
based on cyclic groups. This permits us to take advantage of a greater symmetry, and so to
handle a big number of equations simultaneously.
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Proof Recall that, for all u, v ∈ V and all μ, η ∈ ∧2 V ,

u ∗ v = −v ∗ u, μ ∗ η = −η ∗ μ,

(u, η) = u ∗ η = η ∗ u = (η, u), [u, η] = −[η, u]. (63)

Take also into account that 1 ∗ u = u = u ∗ 1 and that 1 ∗ η = η = η ∗ 1. Then, for any
x = ⊗4

i=1xi ∈ Lα and y = ⊗4
i=1yi ∈ Lβ , we have:

• if β = α, then xi ∗ yi = −yi ∗ xi for just three indices i ∈ {1, 2, 3, 4} (precisely, if and
only if i �= kα), so that [x, y] = −[y, x];

• if β �= α, 2α, then xi ∗ yi = −yi ∗ xi for just one index i ∈ {1, 2, 3, 4}, so that
⊗4

i=1xi ∗yi = −⊗4
i=1 yi ∗xi . This implies that [x, y] = −[y, x] if and only if aα,β = aβ,α;

• if β = 2α, then α = 2β. For any i �= kα (= kβ ), one of the elements
xi , yi belongs to V and the other one to

∧2 V , so that [xi , yi ]�4
j=1, j �=i (x j , y j ) =

−[yi , xi ]�4
j=1, j �=i (y j , x j ). This gives that [x, y] = −[y, x] if and only if b(i)

α = b(i)
2α for

all i �= kα .

Consequently, the bracket defined in L is skew-symmetric if and only if aα,β = aβ,α (for

any β �= 2α) and b(i)
α = b(i)

2α for all i �= kα . Assume these conditions for the rest of the proof.
Thus we have to determine 32 scalars type aα,β (8 with α = β and 24 with β /∈ 〈α〉) and 12
type b(i)

α .
Now, the condition for L to be a Lie algebra reduces to check that the Jacobi identities

J (Lα,Lβ,Lγ ) = 0hold for any choice ofα, β, γ ∈ Z
2
3.Wedenote such identities as (Jα,β,γ ).

Again they are always satisfied whenever (0̄, 0̄) ∈ {α, β, γ }, and also when α = β = γ . Of
course, the order is not important in the choice of the triple {α, β, γ }. Note that we have just
five different kind of identities to study:

(i) (Jα,α,2α);
(ii) (Jα,α,β);
(iii) (Jα,β,α+β);
(iv) (Jα,2α,β);
(v) (Jα,β,2(α+β));

for any (0̄, 0̄) �= α, β ∈ Z
2
3 with β �= α, 2α. Indeed, if there are two repeated indices in

{α, β, γ }, of course the situations (i) and (ii) appear, otherwise we can assume the three α,
β and γ different. If the sum of two of them is (0̄, 0̄); then we have (iv) with β �= α, 2α. If
this is not the case but one element is the sum of the other two, then we have (iii), again with
β �= α, 2α. If the situation is not any of these ones, γ ∈ {2α + 2β, 2α + β, α + 2β}, but
in the two last cases the elements could also be labelled to be in the situation (iii); so that
γ = 2α + 2β. To summarize, we have 8 identities of type (i), 48 of type (ii), 24 of type (iii)
(α and β interchangeable), 24 of type (iv) and 8 of type (v) (each of the three elements is
twice the sum of the other ones), in total, 112 identities. Some of the resultant equations are
redundant, but this does not make it more difficult to find a solution. First we focus on writing
the equations related to the identities J (Lα,Lβ,Lγ ) = 0 according to this distribution of
cases (i) − · · · −(v).
(Jα,α,2α) Consider first the case α = (1̄, 0̄), so that Lα = V ⊗ V ⊗ V ⊗ F. Let x =
x1 ⊗ x2 ⊗ x3 ⊗ 1, z = z1 ⊗ z2 ⊗ z3 ⊗ 1 ∈ Lα and take any element y = ⊗3

i=1yi ⊗ 1 ∈ L2α

such that (x1, y1) = 0. Then

[[x, y], z] = b(1)
α [x1, y1]1(z1) ⊗ (x2, y2)z2 ⊗ (x3, y3)z3 ⊗ 1.
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(Recall that, for f ∈ sl(V ), f1 denotes ( f , 0, 0, 0) ∈ 4sl(V ).) If besides the elements have
been chosen such that (y2, z2) = 0 = (y3, z3), then [[y, z], x] = 0. As usual, let us fix a
basis {e1, e2, e3} such that φ(e123) = 1 in order to make concrete computations with the help
of Lemma 2.3. For instance, if we take

x1 = z2 = z3 = e1, x2 = x3 = z1 = e2, y1 = y2 = y3 = e31,

thus [[x, y], z] = b(1)
α [e1, e31]1(e2) ⊗ (e2, e31)e1 ⊗ (e2, e31)e1 ⊗ 1 = b(1)

α e1 ⊗ e1 ⊗ e1 ⊗ 1
and

[[z, x], y] = aα,αa2α,2α(z1 ∗ x1) ∗ y1 ⊗ (z2 ∗ x2) ∗ y2 ⊗ (z3 ∗ x3) ∗ y3 ⊗ 1
= aα,αa2α,2αe1 ⊗ e1 ⊗ e1 ⊗ 1.

That is, for our choice x = e1 ⊗ e2 ⊗ e2 ⊗ 1, z = e2 ⊗ e1 ⊗ e1 ⊗ 1, y = e31 ⊗ e31 ⊗ e31 ⊗ 1,
we have

J (x, y, z) = (
b(1)
α + aα,αa2α,2α

)
e1 ⊗ e1 ⊗ e1 ⊗ 1.

If L is a Lie algebra, this implies that b(1)
α = −aα,αa2α,2α . The same computation proves

b(i)
α = −aα,αa2α,2α for all i = 1, 2, 3, when we permute the indices, i.e., for xi = z j = e1

and x j = zi = e2 for any j �= i , j ∈ {1, 2, 3} and the same y; in particular b(i)
α does not

depend on the superindex i .
Furthermore, these conditions b(i)

α = −aα,αa2α,2α for any i �= 4 are not only necessary
but sufficient to guarantee the identity (Jα,α,2α), due to the preliminary knowledge of the Z

2
3-

gradingon e8,with similar arguments to those ones used in the abovemodels (seeRemark3.2).
We have checked the identity only for α = (1̄, 0̄). For the remaining values of α ∈ Z

2
3

(α �= (0̄, 0̄)), some concrete choices of elements will be particularly useful.

(a) There are x, z ∈ V , y ∈ ∧2 V such that

[x, y](z) = (z ∗ x) ∗ y = x, (x, y) = 0.

In fact, x = e1, z = e2, y = e31 provides a solution. (Always in mind Lemma 2.3.)
(b) There are x, z ∈ V , y ∈ ∧2 V such that

(x, y)z = −(z ∗ x) ∗ y = z, (z, y) = 0.

In fact, x = e2, z = e1, y = e31 provides a solution.
(c) There are x, z ∈ ∧2 V , y ∈ V such that

[x, y](z) = (z ∗ x) ∗ y = x, (x, y) = 0.

In fact, x = e12, z = e23, y = e1 gives a solution.
(d) There are x, z ∈ ∧2 V , y ∈ V such that

(x, y)z = −(z ∗ x) ∗ y = z, (z, y) = 0.

In fact, x = e23, z = e12, y = e1 is a solution.

With these elements, it is not difficult to prove that necessarily b(i)
α + aα,αa2α,2α = 0 for

any i �= kα . In fact, let j and k be the two indices in {1, 2, 3, 4} different from i and kα .
Take xkα = ykα = zkα = 1. Take {xi , yi , zi } as in item (a) if αi = 1 and as in item (c) if
αi = 2. Take {x j , y j , z j } as in item (b) if α j = 1 and as in item (d) if α j = 2. Similarly,
take {xk, yk, zk} as in item (b) if αk = 1 and as in item (d) if αk = 2. Now [[y, z], x] = 0,
and ⊗4

t=1(zt ∗ xt ) ∗ yt coincides with 1 ⊗ xi ⊗ (−z j ) ⊗ (−zk) but suitably ordered, which
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in particular is nonzero and coincides with 1 ⊗ [xi , yi ]i (zi ) ⊗ (x j , y j )z j ⊗ (xk, yk)zk , also
suitably ordered. Hence

J (x, y, z) = (
b(i)
α + aα,αa2α,2α

)( ⊗4
t=1 (zt ∗ xt ) ∗ yt

)
,

getting the required equations. Of course, the equations −aα,αa2α,2α = b(i)
α = b( j)

α = b(k)
α

are sufficient to get that J (x, y, z) = 0 for all x, z ∈ Lα , y ∈ L2α . Moreover, these equations
evidently imply b(i)

α = b(i)
2α .

(Jα,α,β) with β �= α, 2α. Take for instance α = (1̄, 0̄) and β = (0̄, 1̄). So we can assume

that the elements x, y ∈ Lα and z ∈ Lβ are x = u1 ⊗ u2 ⊗ u3 ⊗ 1, y = v1 ⊗ v2 ⊗ v3 ⊗ 1
and z = 1 ⊗ w2 ⊗ η3 ⊗ w4, for some ui , vi , wi ∈ V and ηi ∈ ∧2 V . Trivially we have

[[x, y], z] = aα,αa2α,β u1 ∗ v1 ⊗ (u2 ∗ v2) ∗ w2 ⊗ (u3 ∗ v3) ∗ η3 ⊗ w4,

[[y, z], x] = aα,βaα,α+β v1 ∗ u1 ⊗ (v2 ∗ w2) ∗ u2 ⊗ (v3 ∗ η3) ∗ u3 ⊗ w4,

[[z, x], y] = aα,βaα,α+β u1 ∗ v1 ⊗ (w2 ∗ u2) ∗ v2 ⊗ (η3 ∗ u3) ∗ v3 ⊗ w4.

First take into account that (u ∗ v) ∗ w = φ(u ∧ v ∧ w), so that

(u ∗ v) ∗ w = (v ∗ w) ∗ u = (w ∗ u) ∗ v,

and

J (x, y, z) = u1 ∗ v1 ⊗ (u2 ∗ v2) ∗ w2 ⊗ (
aα,αa2α,β(u3 ∗ v3) ∗ η3 +

+aα,βaα,α+β(−(v3 ∗ η3) ∗ u3 + (η3 ∗ u3) ∗ v3)
) ⊗ w4.

This is identically zero if and only if

aα,αa2α,β(u3 ∗ v3) ∗ η3 + aα,βaα,α+β

( − (v3 ∗ η3) ∗ u3 + (η3 ∗ u3) ∗ v3
) = 0. (64)

Second, observe (u ∧ v) � η̃ = η̃(u)v − η̃(v)u for any u, v ∈ V and η ∈ ∧2 V , according to
Lemma 2.3 or to [23, Exercise B.15]. So,

(u ∗ v) ∗ η = −(v ∗ η) ∗ u + (η ∗ u) ∗ v, (65)

and Eq. (64) becomes
(
aα,αa2α,β + aα,βaα,α+β

)
(u3 ∗ v3) ∗ η3 = 0. This always holds if and

only if
aα,αa2α,β + aα,βaα,α+β = 0.

In general, for any choice of α, β ∈ Z
2
3, β �= ±α, there is just one index i ∈ {1, 2, 3, 4}

such that αi = βi ∈ {1, 2}, and there is just one index j �= kα, kβ such that α j �= β j (both
different from 0, so {α j , β j } = {1, 2}). If αi = 1, the situation is completely analogous to
the above, replacing j with the index 3 and i with the index 2. In order to deal with the case
αi = 2, we have to take into consideration

(μ ∗ ν) ∗ η = (ν ∗ η) ∗ μ = (η ∗ μ) ∗ ν, (66)

(μ ∗ η) ∗ w = −(η ∗ w) ∗ μ + (w ∗ μ) ∗ η, (67)

for anyw ∈ V andμ, ν, η ∈ ∧2 V . Equation (66) follows from (ei j ∗e jk)∗eki = 1, and from
(e ji ∗e jk)∗e jl = 0, for any {i, j, k} a permutation of {1, 2, 3} and l �= j , again byLemma 2.3.
Equation (67) is trivial if μ = η, since both sides vanish. Otherwise we can assume μ = ei j
and η = eik for σ = {i, j, k} a permutation of {1, 2, 3}. Then μ ∗ η = sgn(σ )ei . If w = ei ,
both sides vanish; if w = e j , both sides equal sgn(σ )ei j ; and if w = ek , both sides are equal
to sgn(σ )eik .
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(Jα,β,α+β) Take for instance α = (1̄, 0̄) and β = (0̄, 1̄). So we can assume that the

elements x ∈ Lα , y ∈ Lβ , z ∈ L(1̄,1̄) are x = u1 ⊗ u2 ⊗ u3 ⊗ 1, y = 1⊗ v2 ⊗ η3 ⊗ v4, and

z = w1 ⊗ η2 ⊗ 1 ⊗ w4, for some ui , vi , wi ∈ V and ηi ∈ ∧2 V . Trivially we have

[[x, y], z] = aα,βaα+β,α+β u1 ∗ w1 ⊗ (u2 ∗ v2) ∗ η2 ⊗ u3 ∗ η3 ⊗ v4 ∗ w4,

[[y, z], x] = aβ,α+βaα+2β,α w1 ∗ u1 ⊗ (v2 ∗ η2) ∗ u2 ⊗ η3 ∗ u3 ⊗ v4 ∗ w4,

[[z, x], y] = aα,α+βaβ+2α,β w1 ∗ u1 ⊗ (η2 ∗ u2) ∗ v2 ⊗ u3 ∗ η3 ⊗ w4 ∗ v4,

which gives, by (63),

J (x, y, z) = u1 ∗ w1 ⊗
(
aα,βaα+β,α+β(u2 ∗ v2) ∗ η2 − aβ,α+βaα+2β,α(v2 ∗ η2) ∗ u2

+aα,α+βaβ+2α,β(η2 ∗ u2) ∗ v2

)
⊗ u3 ∗ η3 ⊗ v4 ∗ w4.

This is identically zero if and only if,

−(
aα,βaα+β,α+β + aβ,α+βaα+2β,α

)
(v2 ∗ η2) ∗ u2

+(
aα,βaα+β,α+β + aα,α+βaβ+2α,β

)
(η2 ∗ u2) ∗ v2 = 0,

by (65). And of course this holds just when

−aα,βaα+β,α+β = aβ,α+βaα+2β,α = aα,α+βaβ+2α,β .

The second identity does not give any extra information, if we swap the roles of α and β.
What happens for another choice of α and β? As mentioned above, there is just one index

i ∈ {1, 2, 3, 4} such that αi = βi ∈ {1, 2}, and there is just one index j �= kα, kβ such
that α j �= β j (both different from 0). Now kα and kβ play the role of the indices 1 and 4
(it does not mind if its value is either 1 or 2, since in both cases ∗ is skew-symmetric (see
Eq. (63)). The index j plays the role of the index 3 in the above example, so that we use
again u ∗ η = η ∗ u. And the index i plays the role of the index 2 in the example. If αi = 1,
the above computations work without any change; while if αi = 2, the identity we need is
not more (65) but (67).

(Jα,2α,β) Again we begin with α = (1̄, 0̄) and β = (0̄, 1̄), to have an example to figure

out how to deal with the remaining 23 cases. Take x = u1 ⊗ u2 ⊗ u3 ⊗ 1 ∈ Lα , y =
1 ⊗ v2 ⊗ η3 ⊗ v4 ∈ Lβ , and z = μ1 ⊗ μ2 ⊗ μ3 ⊗ 1 ∈ L2α , for some ui , vi ∈ V and

μi , ηi ∈ ∧2 V . Recalling, from the above cases, that the scalars b(i)
α do not depend on i , we

write

[[x, y], z] = aα,βaα+β,2α u1 ∗ μ1 ⊗ (u2 ∗ v2) ∗ μ2 ⊗ (u3 ∗ η3) ∗ μ3 ⊗ v4,

[[y, z], x] = aβ,2αa2α+β,α μ1 ∗ u1 ⊗ (v2 ∗ μ2) ∗ u2 ⊗ (η3 ∗ μ3) ∗ u3 ⊗ v4,

[[z, x], y] = b(1)
α

(
(μ1, u1)1 ⊗ [μ2, u2]2(v2) ⊗ (μ3, u3)η3 ⊗ v4+

+(μ1, u1)1 ⊗ (μ2, u2)v2 ⊗ [μ3, u3]3 · η3 ⊗ v4
)
.

Since u1 ∗ μ1 = (u1, μ1) = μ1 ∗ u1, we focus on the elements in positions 2 and 3 of the
tensor product. If we choose (as in item (b)),

(u2, v2, μ2) = (e2, e1, e31) ⇒ (u2 ∗ v2) ∗ μ2 = e1, (v2 ∗ μ2) ∗ u2 = 0, (μ2, u2)v2 = e1,

and (as in item (d)),

(η3, μ3, u3) = (e23, e12, e1) ⇒ (u3 ∗ η3) ∗ μ3 = e12, (μ3, u3) = 0, [μ3, u3]3 · η3 = e12,

then
J (x, y, z) = (

aα,βaα+β,2α + b(1)
α

)
u1 ∗ μ1 ⊗ e1 ⊗ e12 ⊗ v4,
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and the Jacobi identity implies

aα,βaα+β,2α + b(1)
α = 0. (68)

The identity aβ,2αa2α+β,α +b(1)
α = 0 is achieved as a direct consequence of (68) by replacing

α with 2α (recall that aα,β = aβ,α and b(1)
α = b(1)

2α ). Of course, the two equations are sufficient
to get (Jα,2α,β). For other values of α and β, we proceed as in the above cases, exploiting the
symmetry.
(Jα,β,2(α+β)) Until nowwe have proved that all the conditions in Eq. (61) are necessary. Let

us check that they are sufficient since this new identity holds too. For any x ∈ Lα , y ∈ Lβ ,
and z ∈ L2(α+β), the three expressions

[[x, y], z]
aα,βb

(1)
α+β

,
[[y, z], x]

aβ,2α+2βb
(1)
2α

,
[[z, x], y]

aα,2α+2βb
(1)
2β

,

do not depend on the scalars. Observe that

aα,2(α+β)b
(i)
β

(68)= −aα,2(α+β)aβ,αaβ+α,2β = −aα,βaβ+α,2βaα,2(α+β)
(68)= aα,βb

(i)
α+β .

Changing the role of α and β, and recalling b(i)
β = b(i)

2β , we also have

aα,βb
(1)
α+β = aβ,2α+2βb

(1)
2α = aα,2α+2βb

(1)
2β ,

and so J (x,y,z)

aα,βb
(1)
α+β

has to annihilate and hence L is a Lie algebra.

It is besides evident that the set of scalars in Eq. (62) provides a solution.
The fact that the obtained Lie algebra is isomorphic to e8 is a direct consequence of its

simplicity. And this simplicity comes from the fact that all the chosen scalars are nonzero.
We can provide a proof by adapting the arguments in Remark 3.3. Suppose there were an
ideal I of L without any homogeneous element. Denote by πα : L → Lα the projection
given by the decomposition (59). First, for any x ∈ I , we find x ′ ∈ I with π(0̄,0̄)(x

′) = 0 and
such that πα(x ′) �= 0 if and only if πα(x) �= 0 for any α different from the neutral element.
And second, for any 0 �= x ∈ I with π(0̄,0̄)(x) = 0, we find x ′ ∈ I with π(0̄,0̄)(x

′) �= 0

such that the number of α’s (including (0̄, 0̄)) with πα(x ′) �= 0 is at most the number of α’s
with πα(x) �= 0. The first step is achieved by multiplying alternatively with two convenient
copies of sl(V ), while for the second step we only have to multiply with one homogeneous
component. This leads to contradiction. Next, assume we have an ideal I with 0 �= Lα ∩ I
for some α �= (0̄, 0̄). As Lα is an irreducible L(0̄,0̄)-module, then Lα ⊂ I and we deduce
I = L. It is easy to get the same conclusion if 0 �= L(0̄,0̄) ∩ I . ��

3.5 Model based on the subalgebra of type 2A1 ⊕ 2A3

Our last model will be based on the simultaneous diagonalization relative to two commuting
automorphisms F and G, with F of order two (relative to the 8th node) and G of order four
(relative to the 6th node), as in Sect. 2.1. TheZ2-grading induced by F is (up to isomorphism)

L0̄ = sl(U ) ⊕ e7, L1̄ = U ⊗ V (	7);
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whereU is a 2-dimensional vector space andV (	7) is the e7-irreduciblemodule of dimension
56. Now apply Sect. 2.1 to M = e7 to describe its Z4-grading as

M0̄ = sl(U ) ⊕ sl(W ) ⊕ sl(W ), M2̄ = F ⊗ ∧2 W ⊗ ∧2 W ,

M1̄ = U ⊗ W ⊗ W , M3̄ = U ⊗ ∧3 W ⊗ ∧3 W ,

forW a 4-dimensional vector space. (Here only the dimensions are not enough to distinguish
at a first glance whether the module M1̄ -which determines the others- is either the above
or U ⊗ W ⊗ ∧3 W . Note that this is not a problem: W and its dual module

∧3 W are
not isomorphic but there is an -outer- automorphism of sl(W ) interchanging them. This
means that we can recover the Lie algebra M in both ways.) According to [16], the module
V = V (	7) is compatible with the Z4-grading on e7, that is, Mī · V j̄ ⊂ Vī+ j̄ , for

V0̄ = U ⊗ ∧2 W ⊗ F, V1̄ = F ⊗ ∧3 W ⊗ W ,

V2̄ = U ⊗ F ⊗ ∧2 W , V3̄ = F ⊗ W ⊗ ∧3 W .

Again, shifts are possible (but, once V0̄ is fixed, all is determined). Gathering the information,
we have the descriptions (descriptions asmodules for the neutral component) of all the homo-
geneous components of a Z2 × Z4-grading on the split algebra e8 with neutral homogeneous
component isomorphic to 2sl(U ) ⊕ 2sl(W ). This is the starting point for the model given in
the next proposition.

Proposition 3.10 Take U and W vector spaces over F of dimensions 2 and 4 respectively,
and let L be the Z2 × Z4-graded vector space given, for any i = 0, 1 and j = 0, 1, 2, 3, by

L(0̄,0̄) = sl(U ) ⊕ sl(U ) ⊕ sl(W ) ⊕ sl(W ),

L(ī, j̄) = ∧[i]2 U ⊗ ∧[i+ j]2 U ⊗ ∧[2i+ j]4 W ⊗ ∧[ j]4 W .
(69)

That is, for (0̄, 0̄) �= α = (ī, j̄), we write Lα = ∧α1 U ⊗ ∧α2 U ⊗ ∧α3 W ⊗ ∧α4 W for
α1 = [i]2, α2 = [i + j]2, α3 = [2i + j]4, α4 = [ j]4. Denote by Iα = {k ∈ {1, 2, 3, 4} :
αk = 0}.

Take the product of L(0̄,0̄) with L(ī, j̄) given by the action of the kth ideal of L0̄ on the kth

slot (k = 1, 2, 3, 4). Order (Z2×Z4,≺) lexicographically, and consider, for (0̄, 0̄) �= α, β ∈
Z2×Z4, α ≺ β, the product of x = x1⊗ x2⊗ x3⊗ x4 ∈ Lα and y = y1⊗ y2⊗ y3⊗ y4 ∈ Lβ

given by

[x, y] =
{
aα,β x1 ∗ y1 ⊗ x2 ∗ y2 ⊗ x3 ∗ y3 ⊗ x4 ∗ y4 if β + α �= (0̄, 0̄),
∑4

i=1,i /∈Iα b
(i)
α [xi , yi ]i�4

j=1, j �=i (x j , y j ) if β + α = (0̄, 0̄),
(70)

for some nonzero scalars aα,β and b(i)
α . Extend the bracket to L making that the product of

Lα with Lβ is skew-symmetric if β ≺ α, and making (L(0̄,0̄), [ , ]) a subalgebra. Then, L
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endowed with the product [ , ] is a Lie algebra if and only if

b(2)
1 = b(3)

1 = b(4)
1 = −a11a23 = a′

10a
′
31,

b(3)
2 = b(4)

2 = −a12a23,
a11a′

20 = a′
10a

′
11,

a11a′
21 = −a′

11a
′
12,

a11a′
22 = a′

12a
′
13,

a11a′
23 = −a′

10a
′
13,

a12a33 = a11a23,
a12a′

30 = a′
12a

′
20,

a12a′
31 = −a′

13a
′
21,

a12a′
32 = a′

10a
′
22,

a12a′
33 = −a′

11a
′
23,

a′
10a

′′
11 = a′

11a
′′
02 = −a11a′′

01,

a′
10a

′′
12 = −a12a′′

02 = −a′
12a

′′
03,

b
′(1)
0 = b

′(2)
0 = b

′(3)
0 = a′

10a
′′
01,

b
′(1)
1 = b

′(3)
1 = b

′(4)
1 = a′

31a
′′
03 = a′

11a
′′
23,

b
′(1)
2 = b

′(2)
2 = b

′(4)
2 = −a′′

12a
′
32,

a′
12a

′′
33 = −a′′

23a11.

(71)

To abbreviate the notation a bit, we have used

ai j := a(0̄,ī),(0̄. j̄), a′
i j := a(0̄,ī),(1̄. j̄), a′′

i j := a(1̄,ī),(1̄. j̄), b(s)
i := b(s)

(0̄,ī)
, b

′(s)
i := b(s)

(1̄,ī)
.

Moreover, (L, [ , ]) is a simple exceptional Lie algebra isomorphic to e8. A solution of
this system of equations that, in particular, gives a model of e8, is, for instance,

1 = a11 = a12 = a′
10 = a′

11 = a′
12 = a′

13 = a′
20 = a′

22 = a′
30,

1 = a′
31 = a′

32 = a′
33 = a′′

01 = a′′
12 = a′′

33 = b(i)
1 = b(i)

2 = b
′(i)
0 ,

−1 = a23 = a′
21 = a′

23 = a33 = a′′
02 = a′′

03 = a′′
11 = a′′

23 = b
′(i)
1 = b

′(i)
2 .

(72)

Proof Choose {e1, e2} a basis of U such that φ(e12) = 1 and {e1, . . . , e4} a basis of W such
that φ(e1234) = 1. (The slight abuse of notation does not produce confusion.) Denote by
pri : L(0̄,0̄) → sl(U ), i = 1, 2, and by pri : L(0̄,0̄) → sl(W ), i = 3, 4, the projections onto
the four simple ideals of the neutral component, and use pri ( f ) ≡ fi if convenient.

First we will check that all the conditions in (71) are necessary by imposing the Jacobi
identity to concrete elements.

� Take x = 1⊗ e1 ⊗ e1 ⊗ e1, x̃ = 1⊗ e1 ⊗ e1 ⊗ e2, y = 1⊗ e2 ⊗ e2 ⊗ e2. We compute,

z = 1 ⊗ e1 ⊗ e134 ⊗ e134 ⇒ J (x, y, z) = −(
a11a23 + ( 12b

(2)
1 + 1

4b
(3)
1 + 1

4b
(4)
1 )

)
x,

J (x̃, y, z) = ( − ( 12b
(2)
1 + 1

4b
(3)
1 + 1

4b
(4)
1 ) + b(4)

1

)
x̃,

z = 1 ⊗ e2 ⊗ e134 ⊗ e134 ⇒ J (x, y, z) = (−a11a23 − b(2)
1 )1 ⊗ e2 ⊗ e1 ⊗ e1;

so we have

−a11a23 = b(2)
1 = b(3)

1 = b(4)
1 =: b1. (73)

Moreover,

J (x, 1 ⊗ e2 ⊗ e123 ⊗ e234, e1 ⊗ e2 ⊗ e34 ⊗ 1) = (−b1 + a′
10a

′
31)e1 ⊗ e2 ⊗ e13 ⊗ 1,

which gives

b1 = a′
10a

′
31. (74)

We continue with a few more calculations,

z = 1 ⊗ 1 ⊗ e13 ⊗ e34 ⇒ pr3(J (x, y, z)) = (−a11b
(3)
2 + a12b1)e41,

z = 1 ⊗ 1 ⊗ e34 ⊗ e13 ⇒ pr4(J (x, y, z)) = (−a11b
(4)
2 + a12b1)e41.

This implies a11b
(3)
2 = a12b1 = a11b

(4)
2 , so that we get

b(3)
2 = b(4)

2 := b2, b2 = −a12a23, (75)
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from a11b2 = a12b1 = −a12a11a23. Carrying on with the same choice of x and y,

z = e1 ⊗ e1 ⊗ e34 ⊗ 1 ⇒ J (x, y, z) = (−a11a′
20 + a′

10a
′
11) e1 ⊗ e1 ⊗ 1 ⊗ e12,

z = e1 ⊗ 1 ⊗ e134 ⊗ e4 ⇒ J (x, y, z) = (a11a′
21 + a′

11a
′
12) e1 ⊗ 1 ⊗ e1 ⊗ e124,

z = e1 ⊗ e1 ⊗ 1 ⊗ e34 ⇒ J (x, y, z) = (−a11a′
22 + a′

12a
′
13) e1 ⊗ e1 ⊗ e12 ⊗ 1,

z = e1 ⊗ 1 ⊗ e4 ⊗ e134 ⇒ J (x, y, z) = (a11a′
23 + a′

13a
′
10) e1 ⊗ 1 ⊗ e124 ⊗ e1;

so that we achieve

a11a
′
20 = a′

10a
′
11, a11a

′
21 = −a′

11a
′
12, a11a

′
22 = a′

12a
′
13, a11a

′
23 = −a′

13a
′
10. (76)

� Next, take x = 1 ⊗ e1 ⊗ e1 ⊗ e1 and y = 1 ⊗ 1 ⊗ e23 ⊗ e23. From

z = 1 ⊗ e2 ⊗ e134 ⊗ e134 ⇒ J (x, y, z) = (−a12a33 + a23a11)1 ⊗ 1 ⊗ e13 ⊗ e13,
z = e2 ⊗ e2 ⊗ e14 ⊗ 1 ⇒ J (x, y, z) = (−a12a′

30 + a′
20a

′
12)e2 ⊗ 1 ⊗ e1 ⊗ e123,

z = e2 ⊗ 1 ⊗ e134 ⊗ e4 ⇒ J (x, y, z) = (a12a′
31 + a′

21a
′
13)e2 ⊗ e1 ⊗ e13 ⊗ 1,

z = e2 ⊗ e2 ⊗ 1 ⊗ e14 ⇒ J (x, y, z) = (−a12a′
32 + a′

22a
′
10)e2 ⊗ 1 ⊗ e123 ⊗ e1,

z = e2 ⊗ 1 ⊗ e4 ⊗ e134 ⇒ J (x, y, z) = (a12a′
33 + a′

23a
′
11)e2 ⊗ e1 ⊗ 1 ⊗ e13;

we follow

a12a33 = a23a11, a12a
′
30 = a′

20a
′
12, a12a

′
31 = −a′

21a
′
13,

a12a
′
32 = a′

22a
′
10, a12a

′
33 = −a′

23a
′
11. (77)

In particular,

a′
32

a′
31

= a11a12a′
32

a11a12a′
31

= a11a′
22a

′
10

−a11a′
21a

′
13

= a′
12a

′
13a

′
10

a′
11a

′
12a

′
13

= a′
10

a′
11

⇒ b1 = a′
10a

′
31 = a′

11a
′
32. (78)

� Take x = 1 ⊗ e1 ⊗ e1 ⊗ e1, y = e2 ⊗ e2 ⊗ e23 ⊗ 1, and ỹ = e2 ⊗ e2 ⊗ e12 ⊗ 1. Then

z = e1 ⊗ 1 ⊗ e124 ⊗ e2 ⇒ J (x, y, z) = (a′
10a

′′
11 + a11a′′

01)1 ⊗ 1 ⊗ e12 ⊗ e12,
z = e1 ⊗ 1 ⊗ e234 ⊗ e2 ⇒ J (x, ỹ, z) = −(a′

11a
′′
02 + a11a′′

01)1 ⊗ 1 ⊗ e12 ⊗ e12,
z = e1 ⊗ e1 ⊗ 1 ⊗ e23 ⇒ J (x, y, z) = −(a′

10a
′′
12 + a12a′′

02)1 ⊗ e1 ⊗ e123 ⊗ e123,
z = e1 ⊗ e2 ⊗ 1 ⊗ e23 ⇒ J (x, y, z) = −(a′

10a
′′
12 + a′

12a
′′
03)1 ⊗ e2 ⊗ e123 ⊗ e123.

So we have

a′
10a

′′
11 = a′

11a
′′
02 = −a11a

′′
01, a′

10a
′′
12 = −a12a

′′
02 = −a′

12a
′′
03. (79)

Moreover, evaluating the Jacobian operator for more choices of z, we get

z = e1 ⊗ e1 ⊗ e34 ⊗ 1 ⇒ J (x, y, z) = (−b
′(3)
0 + a′

10a
′′
01)1 ⊗ e1 ⊗ e3 ⊗ e1,

z = e1 ⊗ e2 ⊗ e14 ⊗ 1 ⇒ J (x, y, z) = (−b
′(2)
0 + a′

10a
′′
01)1 ⊗ e2 ⊗ e1 ⊗ e1;

thus the identities b
′(3)
0 = b

′(2)
0 = a′

10a
′′
01 follow. Also,

J (e1⊗e1⊗e12⊗1, e1⊗e2⊗e34⊗1, e2⊗1⊗e123⊗e4) = (−b
′(1)
0 +a′

10a
′′
01)e1⊗1⊗e123⊗e4,

and gathering the information,

a′
10a

′′
01 = b

′(3)
0 = b

′(2)
0 = b

′(1)
0 =: b′

0. (80)
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� Now, take arbitrary elements x = ⊗xi ∈ L(0,1), y = ⊗yi ∈ L(1,0), and z = ⊗zi ∈
L(1,3), (with x1 = y4 = z2 = 1) and compute the four projections of J (x, y, z) ∈ L(0̄,0̄):

pr1(J (x, y, z)) = −(
b

′(1)
1 a′

10 + a′
13b

′
0

)
φ(x2 ∧ y2)φ(x3 ∧ y3 ∧ z3)φ(x4 ∧ z4)[y1, z1]1,

pr2(J (x, y, z)) = (
a′
13b

′
0 + a′′

03b1
)
φ(y1 ∧ z1)φ(x3 ∧ y3 ∧ z3)φ(x4 ∧ z4)[x2, y2]2,

pr3(J (x, y, z)) = φ(y1 ∧ z1)φ(x2 ∧ y2)φ(x4 ∧ z4)
(
(a′′

03b1 − a′
10b

′(3)
1 )[x3, y3 ∧ z3]3

+(a′
10b

′(3)
1 + a′

13b
′
0)[y3, x3 ∧ z3]3

)
,

pr4(J (x, y, z)) = (
a′′
03b1 − a′

10b
′(4)
1

)
φ(y1 ∧ z1)φ(x2 ∧ y2)φ(x3 ∧ y3 ∧ z3)[x4, z4]4.

(Here we have used [x3 ∧ y3, z3] = [x3, y3 ∧ z3] − [y3, x3 ∧ z3] for any x3, z3 ∈ W , y3 ∈
∧2 W .) This gives a′

10b
′(1)
1 = −a′

13b
′
0 = a′′

03b1 = a′
10b

′(3)
1 = a′

10b
′(4)
1 , and hence

b
′
1 := b

′(1)
1 = b

′(3)
1 = b

′(4)
1 = a′′

03a
′
31, (81)

since a′
10b

′
1 = a′′

03b1
(74)= a′′

03a
′
10a

′
31. Now we calculate

J (1⊗ e1 ⊗ e1 ⊗ e1, e2 ⊗1⊗ e234 ⊗ e2, e1 ⊗1⊗ e1 ⊗ e234) = (a′
11a

′′
23 −b′

1)1⊗ e1 ⊗ e1 ⊗ e2,

which immediately gives

a′
11a

′′
23 = b′

1. (82)

� Similarly, for any x = ⊗xi ∈ L(0,1), y = ⊗yi ∈ L(1,1), and z = ⊗zi ∈ L(1,2) with
x1 = y2 = z3 = 1, we find the four projections of J (x, y, z) ∈ L(0̄,0̄):

pr1(J (x, y, z)) = (
a′
11b

′(1)
2 − a′

12b
′
1

)
φ(x2 ∧ z2)φ(x3 ∧ y3)φ(x4 ∧ y4 ∧ z4)[y1, z1]1,

pr2(J (x, y, z)) = (
a′
11b

′(2)
2 + a′′

12b1
)
φ(y1 ∧ z1)φ(x3 ∧ y3)φ(x4 ∧ y4 ∧ z4)[x2, z2]2,

pr3(J (x, y, z)) = (
a′′
12b1 + a′

12b
′
1

)
φ(y1 ∧ z1)φ(x2 ∧ z2)φ(x4 ∧ y4 ∧ z4)[x3, y3]3,

pr4(J (x, y, z)) = φ(y1 ∧ z1)φ(x2 ∧ z2)φ(x3 ∧ y3)
((
a′
12b

′
1 − a′

11b
′(4)
2

)[x4 ∧ y4, z4]4
+(

a′
12b

′
1 + a′′

12b1
)[x4, y4 ∧ z4]4

)
.

This yields

b
′
2 := b

′(1)
2 = b

′(2)
2 = b

′(4)
2 = −a′′

12a
′
32, (83)

taking into account a′
11b

′
2 = −a′′

12b1
(78)= −a′′

12a
′
11a

′
32.

� Finally, we need one more equation: for x = 1 ⊗ e1 ⊗ e1 ⊗ e1, y = e2 ⊗ e2 ⊗ 1 ⊗ e23
and z = e1 ⊗ 1 ⊗ e2 ⊗ e124,

J (x, y, z) = (a′
12a

′′
33 + a11a

′′
23)1 ⊗ 1 ⊗ e12 ⊗ e12;

giving

a′
12a

′′
33 = −a11a

′′
23. (84)

At last we have achieved all the necessary conditions in (71), which follow immediately
from (73), (74), (75), (76), (77), (79), (80), (81), (82), (83), and (84). That is, if L is a Lie
algebra, the scalars have to satisfy (71).
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Table 2 Equivalent conditions in the Z2 × Z4-model

(J(0̄,1̄),(0̄,1̄),(0̄,2̄)): a11b2 = a12b1 (J(0̄,1̄),(0̄,1̄),(0̄,3̄)): a11a23 = −b1

(J(0̄,1̄),(0̄,1̄),(1̄,0̄)): a11a
′
20 = a′

10a
′
11 (J(0̄,1̄),(0̄,1̄),(1̄,1̄)): a11a

′
21 = −a′

11a
′
12

(J(0̄,1̄),(0̄,1̄),(1̄,2̄)): a11a
′
22 = a′

12a
′
13 (J(0̄,1̄),(0̄,1̄),(1̄,3̄)): a11a

′
23 = −a′

10a
′
13

(J(0̄,1̄),(0̄,2̄),(0̄,2̄)): a12a23 = −b2 (J(0̄,1̄),(0̄,2̄),(0̄,3̄)): a12a33 = a11a23 = −b1

(J(0̄,1̄),(0̄,2̄),(1̄,0̄)): a12a
′
30 = a′

12a
′
20 = −a′

10a
′
21 (J(0̄,1̄),(0̄,2̄),(1̄,1̄)): a12a

′
31 = −a′

13a
′
21 = a′

11a
′
22

(J(0̄,1̄),(0̄,2̄),(1̄,2̄)): a12a
′
32 = a′

10a
′
22 = −a′

12a
′
23 (J(0̄,1̄),(0̄,2̄),(1̄,3̄)): a12a

′
33 = −a′

11a
′
23 = a′

13a
′
20

(J(0̄,1̄),(0̄,3̄),(0̄,3̄)): b1 = −a12a33 (J(0̄,1̄),(0̄,3̄),(1̄,0̄)): b1 = a′
10a

′
31 = a′

13a
′
30

(J(0̄,1̄),(0̄,3̄),(1̄,1̄)): b1 = a′
10a

′
31 = a′

11a
′
32 (J(0̄,1̄),(0̄,3̄),(1̄,2̄)): b1 = a′

11a
′
32 = a′

12a
′
33

(J(0̄,1̄),(0̄,3̄),(1̄,3̄)): b1 = a′
33a

′
12 = a′

13a
′
30 (J(0̄,1̄),(1̄,0̄),(1̄,0̄)): b

′
0 = a′

10a
′′
01

(J(0̄,1̄),(1̄,0̄),(1̄,1̄)): a
′
10a

′′
11 = −a11a

′′
01 = a′

11a
′′
02 (J(0̄,1̄),(1̄,0̄),(1̄,2̄)): −a′

10a
′′
12 = a12a

′′
02 = a′

12a
′′
03

(J(0̄,1̄),(1̄,0̄),(1̄,3̄)): a
′
10b

′
1 = −a′

13b
′
0 = a′′

03b1 (J(0̄,1̄),(1̄,1̄),(1̄,1̄)): a
′
11a

′′
12 = −a12a

′′
11

(J(0̄,1̄),(1̄,1̄),(1̄,2̄)): a
′
11b

′
2 = a′

12b
′
1 = −a′′

12b1 (J(0̄,1̄),(1̄,1̄),(1̄,3̄)): b
′
1 = a′

11a
′′
23 = −a′

13a
′′
01

(J(0̄,1̄),(1̄,2̄),(1̄,2̄)): b
′
2 = a′

12a
′′
23 (J(0̄,1̄),(1̄,2̄),(1̄,3̄)): −a′

12a
′′
33 = a′′

23a11 = a′
13a

′′
02

(J(0̄,1̄),(1̄,3̄),(1̄,3̄)): a
′
13a

′′
03 = −a′′

33a12 (J(0̄,2̄),(0̄,2̄),(0̄,3̄)): a12a23 = −b2

(J(0̄,2̄),(0̄,2̄),(1̄,0̄)): a
′
22a

′
20 = b2 (J(0̄,2̄),(0̄,2̄),(1̄,1̄)): a

′
21a

′
23 = b2

(J(0̄,2̄),(0̄,2̄),(1̄,2̄)): a
′
20a

′
22 = b2 (J(0̄,2̄),(0̄,2̄),(1̄,3̄)): a

′
21a

′
23 = b2

(J(0̄,2̄),(0̄,3̄),(0̄,3̄)): b1a23 = b2a33 (J(0̄,2̄),(0̄,3̄),(1̄,0̄)): a
′
10a23 = a′

23a
′
30 = −a′

20a
′
32

(J(0̄,2̄),(0̄,3̄),(1̄,1̄)): a23a
′
11 = −a′

31a
′
20 = a′

21a
′
33 (J(0̄,2̄),(0̄,3̄),(1̄,2̄)): a23a

′
12 = a′

32a
′
21 = −a′

22a
′
30

(J(0̄,2̄),(0̄,3̄),(1̄,3̄)): a23a
′
13 = −a′

33a
′
22 = a′

23a
′
31 (J(0̄,2̄),(1̄,0̄),(1̄,0̄)): a

′
20a

′′
02 = −b′

0

(J(0̄,2̄),(1̄,0̄),(1̄,1̄)): a
′
20a

′′
12 = a12a

′′
01 = a′

21a
′′
03 (J(0̄,2̄),(1̄,0̄),(1̄,2̄)): a

′
20b

′
2 = a′′

02b2 = −a′
22b

′
0

(J(0̄,2̄),(1̄,0̄),(1̄,3̄)): a
′
20a

′′
23 = −a23a

′′
03 = a′

23a
′′
01 (J(0̄,2̄),(1̄,1̄),(1̄,1̄)): a

′
21b

′
1 = −a′′

11b2

(J(0̄,2̄),(1̄,1̄),(1̄,2̄)): a
′
21a

′′
23 = −a23a

′′
12 = a′

22a
′′
01 (J(0̄,2̄),(1̄,1̄),(1̄,3̄)): a

′
21a

′′
33 = b′

1 = −a′
23a

′′
11

(J(0̄,2̄),(1̄,2̄),(1̄,2̄)): a
′
22a

′′
02 = b′

2 (J(0̄,2̄),(1̄,2̄),(1̄,3̄)): a
′
22a

′′
03 = a12a

′′
23 = a′

23a
′′
12

(J(0̄,2̄),(1̄,3̄),(1̄,3̄)): a
′
23b

′
1 = a′′

33b2 (J(1̄,0̄),(1̄,0̄),(1̄,1̄)): b
′
0 = a′′

01a
′
10

(J(1̄,0̄),(1̄,0̄),(1̄,2̄)): b
′
0 = −a′

20a
′′
02 (J(1̄,0̄),(1̄,0̄),(1̄,3̄)): b

′
0 = −a′

30a
′′
03

(J(1̄,0̄),(1̄,1̄),(1̄,1̄)): a
′
11a

′′
01 = −a′

20a
′′
11 (J(1̄,0̄),(1̄,1̄),(1̄,2̄)): a

′
12a

′′
01 = a′

30a
′′
12 = a′

21a
′′
02

(J(1̄,0̄),(1̄,1̄),(1̄,3̄)): −a′
13a

′′
01 = b′

1 = a′
31a

′′
03 (J(1̄,0̄),(1̄,2̄),(1̄,2̄)): a

′
22a

′′
02 = b′

2

(J(1̄,0̄),(1̄,2̄),(1̄,3̄)): −a′
23a

′′
02 = a′

10a
′′
23 = a′

32a
′′
03 (J(1̄,0̄),(1̄,3̄),(1̄,3̄)): a

′
33a

′′
03 = −a′

20a
′′
33

(J(1̄,1̄),(1̄,1̄),(1̄,2̄)): a
′
22a

′′
11 = −a′

31a
′′
12 (J(1̄,1̄),(1̄,1̄),(1̄,3̄)): a

′
23a

′′
11 = −b′

1

(J(1̄,1̄),(1̄,2̄),(1̄,2̄)): a
′
32a

′′
12 = −b′

2 (J(1̄,1̄),(1̄,2̄),(1̄,3̄)): −a′
33a

′′
12 = a′

11a
′′
23 = b′

1

(J(1̄,1̄),(1̄,3̄),(1̄,3̄)): b
′
1 = a′

21a
′′
33 (J(1̄,2̄),(1̄,2̄),(1̄,3̄)): b

′
2 = a′

12a
′′
23

(J(1̄,2̄),(1̄,2̄),(1̄,3̄)): a
′
13a

′′
23 = −a′

22a
′′
33

A very important fact is that, for any arbitrary choice of a11, a12, a′
10, a

′
11, a

′
12, a

′
13, a

′′
01 ∈

F
×, (71) forces the remaining 21 scalars to be

b1 = a′
10a

′
11a

′
12a

′
13

a11a12
, b2 = a′

10a
′
11a

′
12a

′
13

a211
, a23 = −a′

10a
′
11a

′
12a

′
13

a211a12
,

a′
20 = a′

10a
′
11

a11
, a′

21 = −a′
11a

′
12

a11
, a′

22 = a′
12a

′
13

a11
, a′

23 = −a′
10a

′
13

a11
,
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a33 = −a′
10a

′
11a

′
12a

′
13

a11a212
, a′

30 = a′
10a

′
11a

′
12

a11a12
, a′

31 = a′
11a

′
12a

′
13

a11a12
, a′

32 = a′
10a

′
12a

′
13

a11a12
,

a′
33 = a′

10a
′
11a

′
13

a11a12
, b′

0 = a′
10a

′′
01, a′′

02 = −a11a′′
01

a′
11

, a′′
03 = −a11a12a′′

01

a′
11a

′
12

,

a′′
11 = −a11a′′

01

a′
10

, a′′
12 = a11a12a′′

01

a′
10a

′
11

, b′
1 = −a′

13a
′′
01,

b′
2 = −a′

12a
′
13a

′′
01

a′
11

, a′′
23 = −a′

13a
′′
01

a′
11

, a′′
33 = a11a′

13a
′′
01

a′
11a

′
12

; (85)

and conversely, this provides a solution of (71), whose set of solutions is therefore a 7-
parametric family. Making the 7 free parameters equal to 1, and substituting in (85), we just
obtain the concrete solution provided in (72).

Conversely, we assume that the scalars aα,β, b(i)
α ∈ F

× satisfy all the equations in (71)
(and hence they satisfy (85) too) and let us prove that then L is a Lie algebra. First, it is not
difficult to check case by case that [x, y] = −[y, x] if x, y ∈ Lα for α ∈ Z2 × Z4, as in
the above four models, so that the skew-symmetric extension is well defined. Alternatively,
those computations can be skipped if we recall the existence of a solution making L a Lie
algebra, since at least there must be a description of the exceptional Lie algebra e8 with the
products as in (70). That is, we once again follow the lines of Remark 3.2. Besides, we only
have to check Jacobi identities J (Lα,Lβ,Lγ ) = 0 for all α ≺ β ≺ γ , denoted again by
(Jα,β,γ ). The strategy is much the same as for the model in Sect. 3.3: it is enough to check
that the equations in (71) are equivalent to the list of identities provided in Table 2: one/two
for each of the possibilities (Jα,β,γ ) for α ≺ β ≺ γ .

All these identities can be easily derived from (85) by direct substitution.Although the pro-
cess is fairly straightforward, it is also tedious: there are 77 cases to consider (112 equations,
most of them redundant, as they ultimately reduce to the 21 equations displayed in (71)). It
is therefore important to note that not all of these checks are strictly necessary. Indeed, it
suffices to have the relations between aα,βaα+β,γ and aβ,γ aβ+γ,α for all α, β, γ ∈ Z2 × Z4

(it is not important whether they are equal, opposite, multiples, etc.), as the existence of a
solution is already known in advance.

Finally, taking into account Remark 3.4 (since Equation (70) ensures that conditions i)
and ii) are satisfied in our graded algebra), uniqueness follows, and therefore simplicity as
well. ��
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