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Abstract
Let ω be a radial weight on the unit disc of the complex plane D and denote by ω̂(r) =
∫ 1

r ω(s) ds the tail integrals. A radial weight ω belongs to the class ̂D if satisfies the upper
doubling condition

sup
0<r<1

ω̂(r)

ω̂
( 1+r

2

) < ∞.

If ν or ω belongs to ̂D, we describe the boundedness of the Bergman projection Pω induced
by ω on the growth space L∞̂

ν = { f : ‖ f ‖∞,v = ess supz∈D| f (z)|̂ν(z) < ∞} in terms of
neat conditions on the moments and/or the tail integrals of ω and ν. Moreover, we solve the
analogous problem for Pω from L∞̂

ν to the Bloch type space B∞̂
ν = { f analytic inD : ‖ f ‖B∞̂

ν= supz∈D(1 − |z|)̂ν(z)| f ′(z)| < ∞}. Similar questions for exponentially decreasing radial
weights will also be studied.
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1 Introduction andmain results

The question of when the Bergman projection Pω, induced by a radial weight ω on the unit
disc D of the complex plane, is a bounded operator in given function spaces is fundamental
in the theory of spaces of analytic functions on D. This is not only due to the mathematical
difficulties the question raises, but also to its numerous applications in operator theory. Indeed,
bounded analytic projections can be used to establish duality relations and to obtain useful
equivalent norms in spaces of analytic functions [6, 14, 15, 21]. Recently, radial weights ω

such that Pω is bounded from L∞ to the classical Bloch space B have been described in [15].
In this paper we are also interested in the natural limit case p = ∞, and our main results
provide complete characterizations of the radial weights ω (respectively, v) such that Pω is
bounded on the growth space induced by v, when v (resp. ω) satisfies an upper doubling
condition. In addition, we will consider bounded projections onto weighted Bloch spaces
in the setting of doubling weights, and we also obtain new results on the boundedness of
Pω, when ω and v belong to certain classes of exponentially decreasing weights. In order to
present the precise statements of our results, some definitions are needed.

Let H(D) denote the space of analytic functions in D. For a nonnegative function ω ∈
L1([0, 1)), the extension to D, defined by ω(z) = ω(|z|) for all z ∈ D, is called a radial
weight. For 0 < p < ∞ and such an ω, the weighted Lebesgue space L p

ω consists of
complex-valued measurable functions f on D such that

‖ f ‖p
L p

ω
=

∫

D

| f (z)|pω(z) d A(z) < ∞,

where d A(z) = dx dy
π

is the normalized Lebesgue area measure on D. The correspond-
ing weighted Bergman space is Ap

ω = L p
ω ∩ H(D). Throughout this paper we assume

ω̂(z) = ∫ 1
|z| ω(s) ds > 0 for all z ∈ D, for otherwise Ap

ω = H(D). We also con-
sider the Lebesgue space L∞ of complex-valued measurable functions f on D such that
‖ f ‖∞ = ess supz∈D| f (z)| < ∞ and the Hardy space H∞ = L∞ ∩ H(D).

For a radial weight ω, the orthogonal Bergman projection Pω from L2
ω to A2

ω is

Pω( f )(z) =
∫

D

f (ζ )Bω
z (ζ ) ω(ζ )d A(ζ ),

where Bω
z are the reproducing kernels of A2

ω. As usual, Ap
α stands for the classical weighted

Bergman space induced by the standard radial weight ω(z) = (α + 1)(1−|z|2)α , Bα
z are the

kernels of A2
α , and Pα denotes the corresponding Bergman projection.

One of the main obstacles throughout this work is the lack of explicit expressions for
the Bergman reproducing kernel Bω

z . For a radial weight ω, the kernel has the representation
Bω

z (ζ ) = ∑

en(z)en(ζ ) for each orthonormal basis {en} of A2
ω, and therefore we are basically

forced to work with the formula Bω
z (ζ ) = ∑∞

n=0
(zζ )n

2ω2n+1
induced by the normalized monomi-

als. Hereω2n+1 are the odd moments ofω, and from now on we writeωx = ∫ 1
0 r xω(r) dr for

all x ≥ 0. Therefore the influence of the weight to the kernel is transmitted by its moments
through this infinite sum, and nothing more than that can be said in general. This is in stark
contrast with the neat expression (1− zζ )−(2+α) of the standard Bergman kernel Bα

z which is
easy to work with. It is well known that for 1 < p < ∞ and α > −1, the Bergman projection
Pα acts as a bounded operator from L p

α to Ap
α [21, Section 4]. However, Pα is never bounded
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Bergman projection induced…

from L∞ to H∞. In fact, this is a general phenomenon (known e.g. in the isomorphic theory
of Banach spaces) rather than a particular case.

Theorem A There does not exist any bounded projection from L∞ to H∞. In particular, Pω

is not bounded from L∞ to H∞ for any radial weight.

In view of the previous result it is natural to look for a substitute of H∞ in the target
space when the Bergman projection Pω acts on L∞. As for this question, it is known that the
standard Bergman projection Pα is bounded and onto from L∞ to the Bloch space B, which
consists of functions f ∈ H(D) such that ‖ f ‖B = supz∈D | f ′(z)|(1 − |z|2) + | f (0)| < ∞
[21, Theorem 5.2]. Furthermore, it has been recently proved that the Bergman projection Pω

induced by a radial weight ω acts as a bounded operator from the space L∞ to B if and only
if ω ∈ ̂D, and Pω : L∞ → B is bounded and onto if and only if ω ∈ D = ̂D ∩ qD [15,
Theorems 1-2-3]. Let us recall the reader that a radial weight ω belongs to ̂D, and it is called
upper doubling, if there exists C = C(ω) > 0 such that

ω̂(r) ≤ Cω̂

(

1 + r

2

)

, r → 1−,

and ω ∈ qD if there exists K = K (ω) > 1 and C = C(ω) > 1 such that

ω̂(r) ≥ Cω̂

(

1 − 1 − r

K

)

, r → 1−.

We say that ω is a doubling weight if ω ∈ D. Standard weights belong to ̂D but exponentially
decreasing weights do not belong to ̂D. Moreover, the containment in ̂D or qD does not require
differentiability, continuity or strict positivity. In fact, the weights in these classes may vanish
on a relatively large part of each outer annulus {z : r ≤ |z| < 1} of D. For basic properties
of the aforementioned classes, concrete nontrivial examples and further details, see [12, 13,
15] and the relevant references therein.

Next we study the properties of radial weights ω which are determinative so that Pω is
bounded on the growth space L∞

v = { f measurable : ‖ f ‖∞,v = ess supz∈D| f (z)|v(z) <

∞}, where v is a radial, continuous and decreasing weight with limr→1− v(r) = 0. We
denote H∞

v = L∞
v ∩ H(D). Sections2–4 deal with cases of doubling weights, and in the

previous definitions of spaces, v will be equal to ν̂(z) = ∫ 1
|z| ν(s) ds for a radial weight ν. In

Sect. 4.1 we will study the boundedness of Pω from L∞̂
ν to H∞̂

ν under some hypothesis on
ν. In particular, assuming ν ∈ ̂D we will prove the following characterization of the pairs of
radial weights (ω, ν) such that this fact happens.

Theorem 1 Let ω be a radial weight and ν ∈ ̂D. Then, the following conditions are equiva-
lent:

(i) Pω : L∞̂
ν → H∞̂

ν is bounded;
(ii) ν ∈ qD and

sup
x≥0

νx

ω2x

(ω

ν̂

)

x
< ∞; (1.1)

(iii) ω ∈ ̂D, ν ∈ qD and

sup
0≤r<1

ν̂(r)

ω̂(r)

1
∫

r

ω(s)

ν̂(s)
ds < ∞; (1.2)
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(iv) ω
ν̂

∈ D and ν ∈ qD.

It is worth mentioning that
∫ 1

r
ω(s)
ν̂(s) ds ≥ ω̂(r)

ν̂(r)
holds for all radial weights and that (1.2)

means nothing else but that the function 1
ν̂
satisfies a Bekollé-Bonami type condition B1,ω,

see [17, Theorem 3] for related results. As for the proof of Theorem 1, the condition (1.1) is
deduced from (i) using the the reformulation

sup
a∈D

ν̂(a)

∫

D

|Bω
a (ζ )| ω(ζ )

ν̂(ζ )
d A(ζ ) < ∞, (1.3)

togetherwith aHausdorff-Young inequality [4, Theorem6.1]. Then, it is proved that condition
(1.1) implies that ω ∈ ̂D, which, together with [14, Theorem 1], allows us to express the
integral in (1.3) in terms of ω̂ and ν̂. Finally, some technical calculations imply that ν ∈ qD
(see Proposition 13 below) and we get (ii). The proofs of (ii)⇔(iii)⇔(iv) involve several
descriptions of the classes of radial weights ̂D and qD. In order to prove (iii)⇒(i), [14,
Theorem 1] is employed again.

In the case of standard weights ω(r) = (1 − r2)β , ν(r) = (1 − r2)α , α, β > −1, the
projection Pω is bounded on L∞̂

ν , if and only if

β > α. (1.4)

This follows from the Forelli-Rudin estimates, see Ref. [21], Lemma 3.10 and the proof
of Theorem 3.12. Since both ω and ν belong to D, we conclude that (1.4) is an equivalent
formulation of (1.1) and (1.2) in this simple case.

As a byproduct of Theorem 1 we deduce the next result which might be expected in
view of Theorem A, because roughly speaking the spaces L∞̂

ν are "small" growth spaces for
ν ∈ ̂D \ qD.

Corollary 2 If ν ∈ ̂D \ qD and ω is a radial weight, Pω is not bounded from L∞̂
ν to H∞̂

ν .
Moreover, if ν ∈ D, there is a radial weight ω such that Pω : L∞̂

ν → H∞̂
ν is bounded.

Theorem1 is also relatedwith the boundedness of the Szegö projection. In Sect. 3we recall
some literature references on the proof of Theorem A and its relations to the boundedness
of the Szegö projection, since these can be used to give an alternative proof for one of the
statements in Corollary 2.

In Sect. 4.2wewill study the boundedness of Pω from L∞̂
ν to H∞̂

ν assuming some hypothe-
sis onω. The followingmain resultswill be proved using techniques similar to those employed
in the proof of Theorem 1.

Theorem 3 Let ν be a radial weight and ω ∈ ̂D. Then, the following conditions are equiva-
lent:

(i) Pω : L∞̂
ν → H∞̂

ν is bounded;
(ii) ν ∈ qD and (1.1) holds;
(iii) ν ∈ qD and (1.2) holds;
(iv) ω

ν̂
∈ D and ν ∈ D.

Corollary 4 If ω ∈ ̂D \ qD and ν is a radial weight, Pω is not bounded from L∞̂
ν to H∞̂

ν .
Moreover, if ω ∈ D, there is a radial weight ν such that Pω : L∞̂

ν → H∞̂
ν is bounded.
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Bearing inmind TheoremA, [15, Theorem 1] and our previous results, it is also interesting
to study the boundedness from L∞

v to the Bloch type space

B∞
v =

{

f ∈ H(D) : ‖ f ‖B∞
v

= sup
z∈D

(1 − |z|)v(z)| f ′(z)| < ∞
}

,

where v is a continuous and decreasing weight with limr→1− v(r) = 0. In Sect. 4.3 we will
prove the following results for v = ν̂.

Theorem 5 Let ω be a radial weight and ν ∈ ̂D. Then, the following conditions are equiva-
lent:

(i) Pω : L∞̂
ν → B∞̂

ν is bounded;
(ii) (1.1) holds;
(iii) ω ∈ ̂D and (1.2) holds.

Theorem 6 Let ν be a radial weight and ω ∈ ̂D. Then, the following conditions are equiva-
lent:

(i) Pω : L∞̂
ν → B∞̂

ν is bounded;
(ii) (1.1) holds;
(iii) (1.2) holds.

Wepoint out that on the contrary to the boundedness of Pω : L∞̂
ν → H∞̂

ν , the boundedness
of Pω : L∞̂

ν → B∞̂
ν , ω, ν ∈ ̂D, does not require that ω, ν ∈ qD.

Section 5 is devoted to the study of the cases with exponentially decreasingweights, where
we use techniques different from those employed to prove Theorems 1–6. We postpone there
the detailed definitions and the formulation of the results.

Finally, concerning the notation in this paper, we denote by C (respectively C(ω) etc.)
generic positive constants independent of the variables involved (resp. depending only on
ω), the values of which may vary from place to place. As usual, the notation A � B or
B � A, where A and B are nonnegative functions, means that A ≤ C B, for some constant
C . Furthermore, we write A � B when A � B and A � B.

2 Preliminary results on radial weights

Throughout the paper we will employ different descriptions of the weight classes ̂D and qD.
The next result gathers several characterizations of ̂D proved in [12, Lemma 2.1].

Lemma B Let ω be a radial weight. Then, the following statements are equivalent:

(i) ω ∈ ̂D;
(ii) There exist C = C(ω) � 1 and α0 = α0(ω) > 0 such that

ω̂(s) � C

(

1 − s

1 − t

)α

ω̂(t), 0 � s � t < 1,

for all α � α0;
(iii)

ωx =
1

∫

0

sxω(s)ds � ω̂

(

1 − 1

x

)

, x ∈ [1,∞);
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(iv) There exists C(ω) > 0 such that ωx ≤ Cω2x , for any x ≥ 1.

In particular, we will repeatedly use Lemma B(iii) and the fact that supx≥1

ω̂
(

1− 1
x

)

ωx
< ∞

for any radial weight ω.
We will also use the following descriptions of the class qD, see [11, Lemma 4] and [16,

Lemma B].

Lemma C Let ω be a radial weight. Then, the following statements are equivalent:

(i) ω ∈ qD;
(ii) There exist C = C(ω) > 0 and β = β(ω) > 0 such that

ω̂(s) � C

(

1 − s

1 − t

)β

ω̂(t), 0 � t � s < 1;

(iii) For each (or some) γ > 0 there exists C = C(γ, ω) > 0 such that

r
∫

0

ds

ω̂(s)γ (1 − s)
� C

ω̂(r)γ
, 0 � r < 1;

(iv) There exist K (ω) > 1 and C = C(ω) > 0 such that

1− 1−r
K

∫

r

ω(s) ds ≥ C

1
∫

r

ω(s) ds, 0 ≤ r < 1.

We will also use the following results.

Lemma 7 Let ω be a radial weight and let ϕ be a mapping ϕ : [0, 1) → (0,∞).

(i) If ω ∈ ̂D and ϕ is a non-decreasing function such that ωϕ is a weight, then ωϕ ∈ ̂D.
(ii) If ω ∈ qD and ϕ is a non-increasing function, then ωϕ ∈ qD.

Proof (i). Observe that ω ∈ ̂D if and only if there exists C(ω) > 0 such that

1+r
2

∫

r

ω(s)ds � C

1
∫

1+r
2

ω(s)ds, 0 � r < 1.

Applying this and the fact that ϕ is non-decreasing, we obtain that

1

ϕ( 1+r
2 )

1+r
2

∫

r

ω(s)ϕ(s)ds �

1+r
2

∫

r

ω(s)ds

� C

1
∫

1+r
2

ω(s)ds � C
1

ϕ( 1+r
2 )

1
∫

1+r
2

ω(s)ϕ(s)ds, 0 � r < 1,

thus,
1+r
2

∫

r

ω(s)ϕ(s)ds � C

1
∫

1+r
2

ω(s)ϕ(s)ds, 0 � r < 1,
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so ωϕ ∈ ̂D.
(ii). By Lemma C(iv), ω ∈ qD if and only if there are K > 1 and C(ω) > 0 such that

1− 1−r
K

∫

r

ω(s)ds ≥ C

1
∫

1− 1−r
K

ω(s)ds, 0 � r < 1.

So, since ϕ is a non-increasing function,

1− 1−r
K

∫

r

ω(s)ϕ(s) ds ≥ ϕ

(

1 − 1 − r

K

)

1− 1−r
K

∫

r

ω(s) ds

≥ Cϕ

(

1 − 1 − r

K

)
1

∫

1− 1−r
K

ω(s)ds ≥
1

∫

1− 1−r
K

ω(s)ϕ(s) ds, 0 � r < 1.

Hence ωϕ ∈ qD. This finishes the proof. 
�

Lemma 8 Let ω ∈ D and ν ∈ D. Then ων̂ ∈ D and

1
∫

r

ω(s )̂ν(s)ds � ω̂(r )̂ν(r), 0 ≤ r < 1. (2.1)

Proof By Lemma 7(ii), we have ων̂ ∈ qD. On the other hand, by Lemma C(iv) there are
K > 1 and C(ω) > 0 such that

1− 1−r
K

∫

r

ω(s)ds ≥ C

1
∫

r

ω(s)ds, 0 � r < 1.

So, Lemma B(ii), together with the above inequality, yields

1
∫

r

ω(s )̂ν(s) ds ≥ ν̂

(

1 − 1 − r

K

)
1

∫

1− 1−r
K

ω(s)ds � ν̂(r)ω̂(r), 0 ≤ r < 1.

Therefore, using that ω, ν ∈ ̂D we get

1
∫

r

ω(s )̂ν(s)ds � ω̂(r )̂ν(r) � ω̂

(

1 + r

2

)

ν̂

(

1 + r

2

)

�
1

∫

1+r
2

ω(s )̂ν(s)ds,

hence, ων̂ ∈ ̂D and (2.1) holds. This finishes the proof. 
�
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3 Preliminary results on the boundedness of P! : L∞
̂�

→ H∞
̂�

3.1 On the boundedness of the Szegö projection in growth spaces

Some known results on the boundedness of the Szegö projection R, also known as the
Riesz projection, will be relevant for our studies on Bergman projections. Recall that if
f is a complex valued harmonic function on D � z = reiθ with a series representation
f (reiθ ) = ∑∞

m=−∞ fmr |m|eimθ converging at least uniformly on every compact subset of
D, then theSzegöprojection R bydefinitionmaps f to the analytic function

∑∞
m=0 fmrmeimθ ,

where the series also converges at least uniformly on compact subsets. See [21, Section 9.1].
As for the known proofs of Theorem A, if P were a bounded projection from L∞ onto

H∞, then one could consider the restriction of P as a bounded projection from L∞(∂D)

onto H∞. But it is well-known that such a projection does not exist. Indeed, by techniques
explained in [19, Theorem 5.18, Example 5.19], see also [21, Theorem 9.7], one can show
that the existence of such a bounded projection would imply the untrue fact that the Szegö
projection R : L∞(∂D) → H∞ is bounded (e.g.[21], p. 258).

Another way to see Theorem A follows from the fact that H∞ is known not to be isomor-
phic to the Banach space �∞ of all bounded sequences (e.g. [9, Theorem 1.1]). Recall that a
closed subspace of a Banach space is called complemented, if there exists a bounded projec-
tion onto it. Now, by [18], [7, p.111], the space L∞ is isomorphic to the Banach space �∞,
which is a prime Banach space ([7, Theorem 2.a.7]), i.e. all of its complemented subspaces
are again isomorphic to �∞. We thus find that H∞ is not complemented in L∞.

The next result is probably also known to experts, but we indicate the simple proof for the
convenience of the reader.

Proposition 9 Let ω and ν be radial weights such that Pω : L∞̂
ν → H∞̂

ν is bounded. Then, the
restriction of Pω onto the closed subspace h∞̂

ν of L∞̂
ν , which consists of harmonic functions,

coincides with the Szegö projection and consequently, R : h∞̂
ν → H∞̂

ν is bounded.

Proof Assume that Pω : L∞̂
ν → H∞̂

ν is bounded and f (reiθ ) = ∑∞
m=−∞ fmr |m|eimθ ∈

h∞̂
ν ⊂ L∞̂

ν and z = reiθ ∈ D. Bearing in mind that Bω
z (ζ ) = ∑∞

n=0
(zζ )n

2ω2n+1
we obtain

Pω f (z) =
∫

D

∞
∑

n=0

(

zζ
)n

2ω2n+1
f (ζ )ω(ζ )d A(ζ )

= 1

π

1
∫

0

2π
∫

0

∞
∑

n=0

(

2ω2n+1
)−1

rneinθ
∞
∑

m=−∞
fmsn+|m|+1eiϕ(m−n)ω(s)dϕds

=
∞
∑

n=0

(

ω2n+1
)−1

fnrneinθ

1
∫

0

s2n+1ω(s)ds =
∞
∑

n=0

fnrneinθ = R f (z).

(3.1)

This finishes the proof. 
�
Now, let us observe that the first part of Corollary 2 can be deduced from Proposition 9

and some results in [9] (see also [8]). In fact, some calculations show that ν ∈ ̂D if and only
if

sup
n∈N

ν̂(1 − 2−n)

ν̂(1 − 2−n−1)
< ∞
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and ν ∈ qD if and only if

inf
k∈N lim sup

n∈N
ν̂(1 − 2−n−k)

ν̂(1 − 2−n)
< ∞.

Moreover, Proposition 6.4 and the first lines of p. 26 of [9] show that if ν ∈ ̂D, then the
Szegö projection R is bounded from h∞̂

ν to H∞̂
ν if and only if ν ∈ qD, which together with

Proposition 9 proves that if ω is a radial weight and ν ∈ ̂D \ qD then Pω is not bounded from
L∞̂

ν to H∞̂
ν . Later on we will prove Corollary 2 using Theorem 1.

3.2 Preliminary results on the boundedness of P! : L∞
̂�

→ H∞
̂�

In this section we will prove some preliminary results of their own interest, which will be
used in the proof of Theorem 1.

Proposition 10 Let ω and ν be radial weights. Then, Pω : L∞̂
ν → H∞̂

ν is bounded if and
only if

sup
a∈D

ν̂(a)

∫

D

|Bω
a (ζ )| ω(ζ )

ν̂(ζ )
d A(ζ ) < ∞. (3.2)

Proof It is clear that Pω : L∞̂
ν → H∞̂

ν is bounded if (3.2) holds. Reciprocally, assume that
Pω : L∞̂

ν → H∞̂
ν is bounded, and for each a ∈ D consider the function

fa(ζ ) =
{

Bω
a (ζ )

ν̂(ζ )|Bω
a (ζ )| if Bω

a (ζ ) �= 0

0 if Bω
a (ζ ) = 0

.

Then, for each a ∈ D, we have ‖ fa‖L∞̂
ν

= 1 and

ν̂(a)

∫

D

|Bω
a (ζ )| ω(ζ )

ν̂(ζ )
d A(ζ ) = ν̂(a)

∫

D

fa(ζ )Bω
a (ζ ) ω(ζ )d A(ζ )

≤ sup
z∈D

ν̂(z)

∣

∣

∣

∣

∣

∣

∫

D

fa(ζ )Bω
z (ζ ) ω(ζ )d A(ζ )

∣

∣

∣

∣

∣

∣

≤ ‖Pω‖‖ fa‖L∞̂
ν

= ‖Pω‖.

Therefore, (3.2) holds. This finishes the proof. 
�

It is worth noticing that an argument equivalent to that of Proposition 10 provides an
alternative proof of the fact that Pω is not bounded from L∞ to H∞ for any radial weight ω.
In fact, arguing as in the the proof of Proposition 10 it follows that Pω is bounded from L∞
to H∞ if and only if

sup
a∈D

∫

D

|Bω
a (ζ )| ω(ζ )d A(ζ ) < ∞.

123



A. M. Moreno et al.

Moreover, using Hardy’s inequality [4, Theorem 5.1], for each a ∈ D \ {0}
∫

D

|Bω
a (ζ )| ω(ζ )d A(ζ ) = 2

1
∫

0

M1(Bω
a , s)sω(s) ds

≥ 2π

1
∫

0

( ∞
∑

n=0

sn |a|n
2(n + 1)ω2n+1

)

sω(s) ds

= π

∞
∑

n=0

|a|n
(n + 1)ω2n+1

1
∫

0

sn+1ω(s) ds

= π

∞
∑

n=0

|a|nωn+1

(n + 1)ω2n+1
≥ π

∞
∑

n=0

|a|n
n + 1

= π

|a| log
(

1

1 − |a|
)

,

Therefore, supa∈D
∫

D
|Bω

a (ζ )| ω(ζ )d A(ζ ) = ∞ and consequently Pω is not bounded from
L∞ to H∞.

We will use Proposition 10 to obtain a necessary condition for the boundedness of Pω :
L∞̂

ν → H∞̂
ν in terms of moments and tails of ω and ν.

Proposition 11 Let ω and ν radial weights such that Pω : L∞̂
ν → H∞̂

ν is bounded. Then,
there exists C(ω, ν) > 0 such that

(ω

ν̂

)

x
� C

ω2x

ν̂
(

1 − 1
x

) , x � 1. (3.3)

Proof By Proposition 10 there exists C(ω, ν) > 0, such that

sup
z∈D

ν̂(z)
∫

D

|Bω
z (ζ )|ω(ζ )

ν̂(ζ )
d A(ζ ) � C,

and, by applying [4, Theorem 6.1] we obtain

C � sup
z∈D

ν̂(z)
∫

D

|Bω
z (ζ )|ω(ζ )

ν̂(ζ )
d A(ζ ) � sup

z∈D
ν̂(z)

1
∫

0

ω(r)

ν̂(r)
M1(Bω

z , r)dr

� sup
z∈D,n∈N

ν̂(z)

1
∫

0

ω(r)

ν̂(r)

|z|nrn

ω2n+1
dr � ν̂

(

1 − 1

n

)
(

ω
ν̂

)

n

ω2n+1

(

1 − 1

n

)n

� ν̂

(

1 − 1

n

)
(

ω
ν̂

)

n

ω2n
, n ∈ N, n ≥ 2.

(3.4)

For x � 1, take N ∈ N such that N � x < N + 1. Then, the previous inequality yields
(ω

ν̂

)

x
�

(ω

ν̂

)

N
� C

ω2N

ν̂
(

1 − 1
N

) � C
ω2(N+1)

ν̂
(

1 − 1
N

) � C
ω2x

ν̂
(

1 − 1
x

) .

This finishes the proof. 
�
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4 Boundedness of Bergman projection on growth space induced by
radial doubling weight.

4.1 Boundedness of P! : L∞
̂�

→ H∞
̂�

assuming conditions on �.

Theorem 1 and Corollary 2 will be proved in this section. Two preliminary results are needed
for their proofs.

Proposition 12 Let ω be a radial weight and ν ∈ ̂D such that (1.1) holds. Then, ω ∈ ̂D and
ων̂ ∈ ̂D.

Proof Let x � 1. By applying Lemma B (iv) and (1.1) we get

ωx � 1

νx

1
∫

0

ω(s )̂ν(s)s2x ds = 1

νx

1
∫

0

ω(s)s2x

1
∫

s

ν(t)dt ds

� 1

νx

1
∫

0

ω(s)s
3x
2

1
∫

s

t
x
2 ν(t)dt ds � ω 3x

2

ν x
2

νx
� ω 3x

2
, x ≥ 1.

(4.1)

Hence, ωx � ω 3x
2
. So, iteration of this inequality yields ωx � ω 3x

2
� ω 9x

4
≤ ω2x . Therefore,

by Lemma B (iv), ω ∈ ̂D.
Now, a similar argument, the fact that ω, ν ∈ ̂D and (1.1) imply

(ων̂)x � ω x
2
ν x

2
� ωxνx � (ων̂)2x , x � 1,

so ων̂ ∈ ̂D by Lemma B (iv). 
�

Proposition 13 Let ν be a radial weight and ω ∈ ̂D such that Pω : L∞̂
ν → H∞̂

ν is bounded.
Then, ν ∈ qD.

Proof By Proposition 10, there exists a constant C > 0 such that

∫

D

|Bω
z (ζ )|ω(ζ )

ν̂(ζ )
d A(ζ ) � C

ν̂(z)
, z ∈ D.

Now, by [14, Theorem 1] and Fubini’s theorem, for 1
2 � |z| < 1 there holds

∫

D

|Bω
z (ζ )|ω(ζ )

ν̂(ζ )
d A(ζ ) �

1
∫

0

ω(s)

ν̂(s)

|z|s
∫

0

dt

ω̂(t)(1 − t)
ds =

|z|
∫

0

1

ω̂(t)(1 − t)

1
∫

t
|z|

ω(s)

ν̂(s)
ds dt .
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Applying Lemma B (ii), we obtain that

∫

D

|Bω
z (ζ )|ω(ζ )

ν̂(ζ )
d A(ζ ) �

|z|
∫

0

ω̂( t
|z| )

ω̂(t)
· dt

ν̂( t
|z| )(1 − t)

�
2|z|−1
∫

0

ω̂( t
|z| )

ω̂(t)
· dt

ν̂(t)(1 − t)

�
2|z|−1
∫

0

(

1 − t
|z|

1 − t

)β

· dt

ν̂(t)(1 − t)

�
2|z|−1
∫

0

(

1 − 2t
1+t

1 − t

)β

· dt

ν̂(t)(1 − t)

�
2|z|−1
∫

0

dt

ν̂(t)(1 − t)
, |z| � 1

2
.

Then, we take |z| = 1+r
2 and observe that there is C = C(ω, ν) > 0 such that

r
∫

0

dt

ν̂(t)(1 − t)
≤ C

ν̂
( 1+r

2

) , 0 � r < 1.

Therefore, if 0 � r � s < 1, then

1

ν̂(r)
log

1 − r

1 − s
= 1

ν̂(r)

s
∫

r

dt

1 − t
�

s
∫

r

dt

ν̂(t)(1 − t)
� C

ν̂
( 1+s

2

) .

Finally, take K > 2 such that
log K

2
C > 1 and choose s = 1 − 2

K (1 − r) > r . Then,
1+s
2 = 1 − 1−r

K , and

ν̂(r) �
log K

2

C
ν̂

(

1 − 1 − r

K

)

, 0 ≤ r < 1.

This shows that ν ∈ qD and finishes the proof. 
�
Proof of Theorem 1. We will prove (i)⇒(ii)⇔(iii)⇔(iv) and finally (iii)⇒(i).

Assume that Pω : L∞̂
ν → H∞̂

ν is bounded. Then, (1.1) holds by Proposition 11 and
Lemma B (iii). Next, Proposition 12 implies that ω ∈ ̂D and therefore ν ∈ qD by Proposi-
tion 13, so we get (ii). Now, if (ii) holds, then Proposition 12 implies that ω ∈ ̂D. So, (1.2)
follows from (1.1) and Lemma B (iii). That is, (iii) is satisfied. Reciprocally, if (iii) holds,
then ω

ν̂
∈ ̂D by Lemma 7, and (1.1) follows from (1.2) and Lemma B (iii). Therefore we get

(ii). Now let us prove (iii)⇒(iv). Firstly, ω
ν̂

∈ ̂D by Lemma 7. In order to prove that ω
ν̂

∈ qD
and to make the notation easier, we denote μ = ω

ν̂
. Then, (1.2) is equivalent to the existence

of C > 1 such that

μ̂(r) � C
ω̂(r)

ν̂(r)
, 0 � r < 1. (4.2)

On the other hand, an integration by parts yields

ω̂(r) = ν̂(r)μ̂(r) −
1

∫

r

ν(s)μ̂(s)ds, 0 � r < 1,
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so (4.2) is equivalent to the existence of C ∈ (0, 1) such that

∫ 1
r ν(s)μ̂(s)ds

ν̂(r)
� Cμ̂(r), 0 � r < 1. (4.3)

By Lemma C (ii) there exists C2 > 0 and α > 0 such that for every K > 1

ν̂
(

1 − 1−r
K

)

ν̂(r)
� C2

K α
, 0 � r < 1.

Therefore, taking K such that C2
K α < 1 − C , we obtain

Cμ̂(r) �
∫ 1

r ν(s)μ̂(s)ds

ν̂(r)
�

∫ 1− 1−r
K

r ν(s)μ̂(s)ds

ν̂(r)
� μ̂

(

1 − 1 − r

K

)

ν̂(r) − ν̂
(

1 − 1−r
K

)

ν̂(r)

= μ̂

(

1 − 1 − r

K

)

(

1 − ν̂
(

1 − 1−r
K

)

ν̂(r)

)

� μ̂

(

1 − 1 − r

K

) (

1 − C2

K α

)

, 0 � r < 1.

Consequently, μ ∈ qD and (iv) holds. Conversely, if (iv) holds, we get ω ∈ ̂D by Lemma 8.
Moreover, since ω

ν̂
∈ qD, Lemma C(iv) implies that there are K > 1 and C > 0 such that

1
∫

r

ω(s)

ν̂(s)
ds � C

1− 1−r
K

∫

r

ω(s)

ν̂(s)
ds, 0 � r < 1.

This, together with Lemma B(ii), gives

ω̂(r) =
1

∫

r

ω(s)ds =
1

∫

r

ω(s)

ν̂(s)
ν̂(s)ds �

1− 1−r
K

∫

r

ω(s)

ν̂(s)
ν̂(s)ds

� ν̂

(

1 − 1 − r

K

)

1− 1−r
K

∫

r

ω(s)

ν̂(s)
ds � ν̂(r)

1
∫

r

ω(s)

ν̂(s)
ds, 0 � r < 1,

which yields (iii).
Finally, we assume that (iii) holds and prove that Pω : L∞̂

ν → H∞̂
ν is bounded. By

Proposition 10, it is sufficient to prove that

sup
a∈D,|a|� 1

2 .

ν̂(a)

∫

D

|Bω
a (z)|ω(z)

ν̂(z)
d A(z) < ∞.

By [14, Theorem 1] and Fubini’s Theorem, this is equivalent with proving that there is C > 0
such that

ν̂(a)

|a|
∫

0

1

ω̂(t)(1 − t)

1
∫

t
|a|

ω(r)

ν̂(r)
dr dt � C, |a| � 1

2
.
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By applying (1.2) and Lemma C (iii) we get

ν̂(a)

|a|
∫

0

1

ω̂(t)(1 − t)

1
∫

t
|a|

ω(r)

ν̂(r)
dr dt ≤ ν̂(a)

|a|
∫

0

1

ω̂(t)(1 − t)

1
∫

t

ω(r)

ν̂(r)
dr dt

� ν̂(a)

|a|
∫

0

dt

ν̂(t)(1 − t)
dt � 1,

so Pω : L∞̂
ν → B∞̂

ν is bounded. This finishes the proof. 
�
Proof of Corollary 2. If Pω : L∞̂

ν → H∞̂
ν is bounded then ν ∈ qD by Theorem 1. Reciprocally,

if ν ∈ D by Lemma B(ii), there exist C, α > 0 such that

1

ν̂(s)
� C

(

1 − r

1 − s

)α 1

ν̂(r)
, 0 � r � s < 1.

Therefore, if ω(z) = (1 − |z|)γ with γ > α − 1, then

1
∫

r

ω(s)

ν̂(s)
ds � (1 − r)α

ν̂(r)

1
∫

r

(1 − s)γ−αds � (1 − r)γ+1

ν̂(r)
� ω̂(r)

ν̂(r)
,

which means that (1.2) holds. Thus, Pω is bounded from L∞̂
ν to H∞̂

ν by Theorem 1. This
finishes the proof. 
�

4.2 Boundedness of P! : L∞
̂�

→ H∞
̂�

assuming conditions on!.

This section is dedicated to the proofs of Theorem 3 and Corollary 4 among other results.

Proof of Theorem 3. We will prove (i)⇔(iii)⇔(ii) and (iii)⇔(iv).
If (i) holds, then ν ∈ qD by Proposition 13 and (3.3) holds by Proposition 11. So, from the

property ω ∈ ̂D and Lemma B we get (1.2). Hence, (iii) holds. Reciprocally, if (iii) holds,
using (1.2) and the fact that ω ∈ ̂D yields

ν̂(r) � ω̂(r)
∫ 1

r
ω(s) ds

ν̂(s)

�
ω̂

( 1+r
2

)

∫ 1
1+r
2

ω(s) ds
ν̂(s)

� ν̂

(

1 + r

2

)

, 0 < r < 1.

That is, ν ∈ ̂D. So, (i) follows from Theorem 1. Next, assuming again that (iii) holds we have
ν ∈ ̂D. Moreover, ω

ν̂
∈ ̂D by Lemma 7(i). Therefore (1.1) follows from (1.2) and Lemma B.

So (ii) is satisfied. Reciprocally, if (ii) holds, using that ω ∈ ̂D, Lemma B and (1.1), we get
(1.2) and thus also (iii). Finally, if (iii) holds, arguing as above yields ν ∈ ̂D, and so ω

ν̂
∈ D

by Theorem 1. Hence, (iv) holds. On the other hand, (iv)⇒(iii) follows from Theorem 1.
This finishes the proof. 
�
Proof of Corollary 4. Let ω ∈ ̂D. If Pω : L∞̂

ν → H∞̂
ν is bounded, then Theorem 3 yields

ω
ν̂

∈ D and ν ∈ D, hence by Lemma 8, ω ∈ D. On the other hand, if ω ∈ D then by
Lemma B (ii) there exists 0 < β such that

(

1 − r

1 − s

)β

ω̂(s) � ω̂(r) 0 � r � s < 1.

123



Bergman projection induced…

So, in particular ω̂(s) � (1 − s)β, 0 ≤ s < 1. Now, take 0 < γ < β and consider the
standard weight ν(r) = (1 − r)γ−1. We have ν̂(r) � (1 − r)γ and

1
∫

r

ω(s)

(1 − s)γ
� ω̂(r)

(1 − r)γ
+

1
∫

r

γ ω̂(s)

(1 − s)γ+1 ds

� ω̂(r)

(1 − r)γ
+ ω̂(r)

(1 − r)β

1
∫

0

(1 − s)β−γ−1ds � ω̂(r)

(1 − r)γ
, 0 � r < 1.

Consequently, by Theorem 3, Pω is bounded from L∞̂
ν to H∞̂

ν . 
�
We finish this section proving that both weights, ω and ν, have to be doubling if the

operator Pω : L∞̂
ν → H∞̂

ν is bounded and one of them is assumed to be upper doubling.

Corollary 14 Let ω and ν be radial weights such that Pω : L∞̂
ν → H∞̂

ν is bounded and
ω ∈ ̂D or ν ∈ ̂D. Then, both weights ω, ν ∈ D.

Proof Assume that Pω : L∞̂
ν → H∞̂

ν is bounded and ω ∈ ̂D, then ω ∈ D by Corollary 4 and
ν ∈ D by Theorem 3. On the other hand, if Pω : L∞̂

ν → H∞̂
ν is bounded and ν ∈ ̂D, then

ν ∈ D and ω
ν̂

∈ D by Theorem 1, so by Lemma 8 ω ∈ D. This finishes the proof. 
�

4.3 Boundedness of P! : L∞
̂�

→ B∞
̂�
.

In this section, we will prove Theorem 5 and Theorem 6 among other results.
Firstly, by mimicking the proof of Proposition 10 we get the analogous result for the

boundedness of Pω : L∞̂
ν → B∞̂

ν .

Proposition 15 Let ω and ν be radial weights. Then, Pω : L∞̂
ν → B∞̂

ν is bounded if and only
if

sup
z∈D

(1 − |z|)̂ν(z)
∫

D

|(Bω
ζ )′(z)|ω(ζ )

ν̂(ζ )
d A(ζ ) < ∞.

As a byproduct of Proposition 15 we get the following.

Proposition 16 Let ω and ν radial weights. If Pω : L∞̂
ν → B∞̂

ν is bounded, then (3.3) holds.

Proof The proof follows the ideas from the demonstration of Proposition 11. We include the
details for the sake of completeness. If Pω : L∞̂

ν → B∞̂
ν is bounded, then Proposition 15 and

[4, Theorem 6.1] yield

∞ > sup
z∈D

(1 − |z|)̂ν(z)
∫

D

|(Bω
ζ )′(z)|ω(ζ )

ν̂(ζ )
d A(ζ )

� sup
z∈D,n∈N

(1 − |z|)̂ν(z)
n

∫ 1
0 |z|n−1rn+1 ω(r)

ν̂(r)
dr

ω2n+1

� sup
n∈N

(

1 − 1

n

)n−1

ν̂

(

1 − 1

n

)

(

ω
ν̂

)

n+1

ω2n+1

� ν̂

(

1 − 1

n

)

(

ω
ν̂

)

n+1

ω2n+1
, n ≥ 2.
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So, arguing as in the proof of Proposition 11 one gets (3.3). This finishes the proof. 
�
Proof of Theorem 5. We will prove (i)⇒(ii)⇒(iii)⇒(i).

Assume that Pω : L∞̂
ν → B∞̂

ν is bounded. Then, Proposition 16, together with
Lemma B(iii), implies (1.1). Hence, (ii) is satisfied. Next, assuming that (ii) holds, Proposi-
tion 12 implies that ω ∈ ̂D and consequently (1.2) follows from (1.1) and Lemma B, so we
get (iii). Finally, if (iii) holds, then using that z(Bω

ζ )′(z) = ζ(Bω
z )′(ζ ), and [14, Theorem 1],

we obtain

∫

D

|(Bω
ζ )′(z)|ω(ζ )

ν̂(ζ )
d A(ζ ) �

|z|
∫

0

1

ω̂(t)(1 − t)2

1
∫

t

ω(s)

ν̂(s)
ds dt

�
|z|
∫

0

dt

ν̂(t)(1 − t)2
� 1

ν̂(z)(1 − |z|) , |z| � 1

2
.

Consequently, (i) holds by Proposition 15 and thus the proof is complete. 
�
Proof of Theorem 6. We will prove (i)⇒(iiii)⇔(ii) and (iii)⇒(i).

Assuming that Pω : L∞̂
ν → B∞̂

ν is bounded, Proposition 16, together with Lemma B(iii),
implies (1.2). Next, if (iii) holds ω

ν̂
∈ ̂D by Lemma 7. Moreover, using (1.2) we get

ν̂(r) � ω̂(r)
∫ 1

r
ω(s) ds

ν̂(s)

�
ω̂

( 1+r
2

)

∫ 1
1+r
2

ω(s) ds
ν̂(s)

� ν̂

(

1 + r

2

)

, 0 < r < 1.

That is, ν ∈ ̂D. Now, bearing in mind Lemma B(iii) we conclude that (1.1) is satisfied.
Reciprocally, if (ii) holds, (1.2) follows from Lemma B(iii). Finally, if (iii) holds and ω ∈ ̂D,
we get ν ∈ ̂D by arguing as above, hence, (i) follows from Theorem 5. This finishes the
proof. 
�

Next, we will obtain some consequences from Theorem 5 and Theorem 6.

Corollary 17 Let ω and ν be radial weights such that Pω : L∞̂
ν → B∞̂

ν is bounded. Then,
ω ∈ ̂D if and only if ν ∈ ̂D.

Proof Assume that Pω : L∞̂
ν → B∞̂

ν is bounded. If ν ∈ ̂D, then ω ∈ ̂D by Theorem 5. On
the other hand, if ω ∈ ̂D, the proof of (iii)⇒(ii) in Theorem 6 gives that ν ∈ ̂D. This finishes
the proof. 
�

Let us observe that Theorem 1, together with Theorem 5, implies that for any radial weight
ω and ν ∈ D, the operators Pω : L∞̂

ν → H∞̂
ν and Pω : L∞̂

ν → B∞̂
ν are simultaneously

bounded. This fact can be also deduced from the following result [5, Theorems 3.2, 3.3].

Theorem D Let ν be a radial weight. Then, the following statements holds:

(i) H∞̂
ν is continously embedded in B∞̂

ν if and only if ν ∈ ̂D;
(ii) H∞̂

ν = B∞̂
ν with equivalence of norms if and only if ν ∈ D.

However, here we are able to prove that the aforementioned result on the boundedness of
Pω does not remain true for ν ∈ ̂D \ qD.

Corollary 18 Let ν ∈ ̂D \ qD. Then, for any radial weight ω, Pω is not bounded from L∞̂
ν to

H∞̂
ν . However, there exists a radial weight ων such that Pων : L∞̂

ν → B∞̂
ν is bounded.
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Proof Since ν ∈ ̂D \ qD, Corollary 14 implies that Pω is not bounded from L∞̂
ν to H∞̂

ν for
any radial weight ω. Now, consider ων = νν̂, then ω̂(r) � (̂ν(r))2 , 0 ≤ r < 1, and ω ∈ ̂D.
So,

∫ 1
r

ων(s)
ν̂(s) ds = ν̂(r) � ω̂ν (r)

ν̂(r)
, 0 ≤ r < 1. Therefore, Pων : L∞̂

ν → B∞̂
ν is bounded, by

Theorem 5. This finishes the proof. 
�
It is also worth mentioning that there exist ω ∈ D such that Pω is not bounded from L∞̂

ν to

H∞̂
ν but Pω : L∞̂

νω
→ B∞̂

νω
is bounded.Takeω = 1 and ν(r) = (1−r)−1

(

log e
1−r

)−2 ∈ ̂D\ qD,

and apply Corollary 14 and Theorem 5
The final result of this section reads as follows.

Corollary 19 Let ω ∈ ̂D \ qD. Then for any radial weight ν, Pω is not bounded from L∞̂
ν to

H∞̂
ν . However there exists a radial weight νω such that Pω : L∞̂

νω
→ B∞̂

νω
is bounded.

Proof Since ω ∈ ̂D \ qD, Corollary 14 yields that Pω is not bounded from L∞̂
ν to H∞̂

ν for any

radial weight ν. Now, for νω(r) = d
dr

(

(ω̂(r))
1
2

)

we have ν̂ω(r) � (ω̂(r))
1
2 , 0 ≤ r < 1, and

ν ∈ ̂D. Moreover,
∫ 1

r
ω(s)
ν̂ω(s) ds � (ω̂(r))

1
2 � ω̂(r)

ν̂ω(r)
, 0 ≤ r < 1. Therefore, Pω : L∞̂

νω
→ B∞̂

νω

is bounded by Theorem 5. This finishes the proof. 
�

5 Study of the boundedness of the Bergman projections for
exponentially decreasing weights

5.1 Class of exponentially decreasing weights

In this section we consider the boundedness of Bergman projections in the space L∞
v for a

class of exponentially decreasing weights v. In order to formulate the results we need some
more definitions. As in [6], we say that a continuous function ρ : D → R belongs to the
class L0, if lim|z|→1 ρ(z) = 0,

sup
z,ζ∈D,z �=ζ

|ρ(z) − ρ(ζ )|
|z − ζ | < ∞ (5.1)

and for every ε > 0 there exists a compact E ⊂ D such that |ρ(z) − ρ(ζ )| � ε|z − ζ |
whenever z, ζ ∈ D\E . Furthermore, according to [6], a twice continuously differentiable,
real valued subharmonic function ϕ on D is said to belong to the class W0, if �ϕ > 0 and
there exists ρ ∈ L0 such that

1√
�ϕ

� ρ. (5.2)

on D.
We say that a weight v on D belongs to the class E , if it is of the form v = e−ϕ for some

radial function ϕ ∈ W0. As examples of weights in this class, we mention

v(z) = exp
( − α/(1 − |z|�)β)

(5.3)

where α, β, � > 0 are constants. For these weights one can take ρ(z) = (1 − |z|)1+β/2.
For the weight v as in (5.3) with �, β = 1 and ω = v2, the boundedness of Pω on

L∞
v was proved in [2]. In the setting of exponentially decreasing weights satisfying the

general condition (B) of [9, 10], examples of bounded projections from L∞
v onto H∞

v were
constructed in [10]. (These projections are not necessarily of the Bergman type. All weights
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(5.3) satisfy condition (B), but there are many others, see the mentioned references.) We also
mention the following result of [6].

Theorem E If v = e−ϕ with ϕ ∈ W0 and ω = v2, then the projection Pω is bounded from
L∞

v onto H∞
v .

We will prove in Theorem 20 a generalization of this result for the class E but it is first
worthwhile to recall known, related negative results. Indeed, in [3] it was shown that given
a weight ω as in (5.3) with � = 2, the projection Pω is bounded in L p

ω, 1 � p � ∞, if and
only if p = 2. The result was extended in [20]. Furthermore, in [1, Theorems 1 and 2] it was
shown that given v as in (5.3) and another weight ω = exp

( − α̃/(1 − |z|�)β̃)

, then Pω is
unbounded in L∞

v , if α̃ �= 2α or β̃ �= β.

5.2 Study of the boundedness P! : L∞
v → H∞

v for perturbed exponentially
decreasing weights

In view of Theorem E and the above mentioned negative results, it is of interest to know if the
projection Pω is bounded in L∞

v for some other, “smaller” perturbations v of the weightω1/2.
Wewill prove the following generalization,which is ourmain result concerning exponentially
decreasing weights.

Theorem 20 Assume the weight w = e−ϕ belongs to E with ϕ, ρ satisfying (5.2). Moreover,
let ν ∈ ̂D and define the weights ω = w2 and v = wν̂tρσ , where t ∈ {−1, 0, 1} and σ is
any real number. Then, the projection Pω is bounded from L∞

v onto H∞
v .

Here, the factor ν̂tρσ can be considered as a modest multiplicative perturbation of the
exponential weight w. For example, for a weight w as in (5.3), the perturbation could be any
negative or positive power of the boundary distance.

Proof We present the proof for t = 1; similar proofs work for t ∈ {−1, 0}. We will need
some results of [6]. The Bergman reproducing kernel Bω

z in

Pω f (z) =
∫

D

f (ζ )Bω
z (ζ )ω(ζ )d A(ζ ) (5.4)

has by [6, Theorem 3.2] the upper bound

|Bω
z (ζ )| � C

eϕ(z)+ϕ(ζ )

ρ(z)ρ(ζ )
e−αdρ(z,ζ ) (5.5)

for some α > 0. Moreover the last factor also has for any M > 0 the upper bound

e−αdρ(z,ζ ) � C(M)
(min(ρ(z), ρ(ζ ))

|z − ζ |
)M

, (5.6)

see formula (23) of [6]. We will choose a large enough M later. In (5.6), dρ is defined
according to [6] as the distance function

dρ(z, ζ ) = inf
γ

1
∫

0

|γ ′(t)| dt

ρ(γ (t))
, (5.7)
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where z, ζ ∈ D and the infimum is taken over all piecewise C1 curves γ : [0, 1] → D with
γ (0) = z, γ (1) = ζ .

Let ν ∈ ̂D and v = wν̂ρσ = e−ϕν̂ρσ be as in the assumptions of the theorem, and let
f ∈ L∞

v be such that ‖ f ‖∞,v � 1. We can estimate for every z ∈ D, by using (5.5) and
| f (ζ )| � ρ(ζ )−σ eϕ(ζ )/̂ν(ζ ),

v(z)|Pω f (z)| � w(z)ρ(z)σ ν̂(z)
∫

D

|Bω
z (ζ )|| f (ζ )|e−2ϕ(ζ )d A(ζ )

�w(z)̂ν(z)ρ(z)σ eϕ(z)
∫

D

eϕ(ζ )

ρ(z)ρ(ζ )
e−αdρ(z,ζ ) 1

eϕ(ζ )̂ν(ζ )ρ(ζ )σ
d A(ζ )

�ν̂(z)ρ(z)σ−1
∫

D

e−αdρ(z,ζ )

ν̂(ζ )ρ(ζ )σ+1 d A(ζ ).

(5.8)

We next divide the integration domain D into two subsets,

Az =
{

ζ ∈ D : |ζ | � 1

2
(1 + |z|)

}

and Bz = D \ Az . (5.9)

Then, there holds for ζ ∈ Bz

ν̂(ζ ) � ν̂
(1

2
(1 + |z|)

)

� C ν̂(z), (5.10)

since ν̂ is decreasing with respect to the radius and ν ∈ ̂D. This yields

ν̂(z)ρ(z)σ−1
∫

Bz

e−αdρ(z,ζ )

ν̂(ζ )ρ(ζ )σ+1 d A(ζ ) � Cρ(z)σ−1
∫

Bz

e−αdρ(z,ζ )

ρ(ζ )σ+1 d A(ζ )

�Cρ(z)σ−1
∫

D

e−αdρ(z,ζ )

ρ(ζ )σ+1 d A(ζ ).

(5.11)

By Corollary 3.1 of [6], this expression is bounded by a constant.
To estimate the integral over Az we first note that since ν ∈ ̂D, Lemma B(ii) shows that

there are constants C, β > 0 such that

ν̂(z)

ν̂(ζ )
� C

(1 − |z|)β
(1 − |ζ |)β

for all z, ζ with |z| � |ζ |. We use this and (5.6) to write

ν̂(z)ρ(z)σ−1
∫

Az

e−αdρ(z,ζ )

ν̂(ζ )ρ(ζ )σ+1 d A(ζ ) � C(1 − |z|)βρ(z)σ−1
∫

Az

e−αdρ(z,ζ )

ρ(ζ )σ+1(1 − |ζ |)β d A(ζ )

�C(M)(1 − |z|)βρ(z)σ−1
∫

Az

1

(1 − |ζ |)βρ(ζ )σ+1

(

min
(

ρ(z), ρ(ζ )
)

|z − ζ |
)M

d A(ζ )

(5.12)
We now choose the number γ > 0 such that σ + γ − 1 > 0 and then M such that M >

σ + β + γ + 3. Then, we use

min
(

ρ(z), ρ(ζ )
)M � ρ(z)γ ρ(ζ )M−γ
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to bound (5.12) by

CM (1 − |z|)βρ(z)σ+γ−1
∫

Az

ρ(ζ )M−(γ+σ+1)

(1 − |ζ |)β |z − ζ |M
d A(ζ ). (5.13)

Note that by (5.1), the function ρ has the bound ρ(ζ ) � C(1 − |ζ |) for all ζ ∈ D. Thus,
(5.13) is not larger than

CM (1 − |z|)σ+β+γ−1
∫

Az

(1 − |ζ |)M−(σ+β+γ+1)

|z − ζ |M
d A(ζ ). (5.14)

Since |z − ζ | � C |1 − zζ̄ | for ζ ∈ A, the Forelli-Rudin estimate [21, Lemma 3.10] and the
choice of the number M show that (5.14) is bounded by a constant.

Combining (5.8) and (5.11)–(5.14) we get supz∈D v(z)|Pω f (z)| � C for all f ∈ L∞
v with

‖ f ‖∞,v � 1, which proves the theorem. 
�
Finally, we will apply Theorem 20 in order to get the following result for the special

exponential weights. Let us set w = e−ϕ , ϕ(z) = α(1 − |z|2)−β , and

v(z) = (1 − |z|2)γ w(z), ω(z) = (1 − |z|2)2σ w(z)2, (5.15)

where the parameters satisfy α, β > 0, σ, γ ∈ R.

Proposition 21 Let the weights v and ω be as in (5.15). Then, the projection Pω is bounded
from L∞

v onto H∞
v .

Proof We define
ψ(z) = α

(1 − |z|2)β − σ log(1 − |z|2)

and observe that ψ ∈ W0, since there holds 1/
√

�ψ(z) � R(z) for the function R(z) =
(1 − |z|2)1+β/2 ∈ L0. We define the weight W = e−ψ ∈ E . Then, obviously, ω = W 2 and

v(z) = R(z)
γ−σ
1+β/2 W (z) so that the result follows from Theorem 20 by choosing W → w and

R → ρ and setting t = 0. 
�

Funding Funding for open access publishing: Universidad Málaga/CBUA.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Bonet, J., Lusky, W., Taskinen, J.: Unbounded Bergman projections on weighted spaces with respect to
exponential weights, Integral Equations Operator Theory 93, no.6, Paper No. 61, 20 pp (2021)

2. Constantin, O., Peláez, J.A.: Boundedness of the Bergman projection on L p-spaces with exponential
weights. Bull. Sci. Math. 139, 245–268 (2015)

123

http://creativecommons.org/licenses/by/4.0/


Bergman projection induced…

3. Dostanic, M.: Unboundedness of the Bergman projections on L p-spaces with exponential weights. Proc.
Edinb. Math. Soc. 47, 111–117 (2004)

4. Duren, P.: Theory of H p spaces. Pure and Applied Mathematics, vol. 38, pp. xii+258, Academic Press,
New York (1970)

5. Harutyunyan, A., Lusky,W.: On the boundedness of the differentiation operator between weighted spaces
of holomorphic functions. Studia. Math. 184(3), 233–247 (2008)

6. Hu, Z., Lv, X., Schuster, A.P.: Bergman spaces with exponential weights. J. Funct. Anal. 276(5), 1402–
1429 (2019)

7. Lindenstrauss, J., Tzafriri, L.: Classical Banach spaces 1. Ergebnisse der Mathematik und ihrer Grenzge-
biete, Springer (1977)

8. Lusky, W.: On weighted spaces of harmonic and holomorphic functions. J. London. Math. Soc (2) 51,
309–320 (1995)

9. Lusky, W.: On the isomorphism classes of weighted spaces of harmonic and holomorphic functions.
Studia Math. 175(1), 19–45 (2006)

10. Lusky,W., Taskinen, J.: Bounded holomorphic projections for exponentially decreasing weights. J. Funct.
Spaces Appl. 6(1), 59–70 (2008)

11. Moreno, A.M., Peláez, J. A., de la Rosa, E.: Fractional derivative description of the Bloch space, Potential
Anal. https://doi.org/10.1007/s11118-023-10119-z

12. Peláez, J. A.: Small weighted Bergman spaces. In: Proceedings of the summer school in Complex and
Harmonic analysis and related topics, (2016)

13. Peláez, J.A., Rättyä, J.: Weighted Bergman spaces induced by rapidly increasing weights. Mem. Amer.
Math. Soc. 227, 1066 (2014)

14. Peláez, J.A., Rättyä, J.: Twoweight inequality for Bergman projection. J. Math. Pures Appl. 105, 102–130
(2016)

15. Peláez, J.A., Rättyä, J.: Bergman projection induced by radial weight. Adv. Math. 391, Paper No. 107950,
70 pp (2021)

16. Peláez, J.A., de la Rosa, E.: Littlewood-Paley inequalities for fractional derivative on Bergman spaces.
Ann. Fenn. Math. 47(2), 1109–1130 (2022)

17. Peláez, J.A., Rättyä, J., Wick, B.D.: Bergman projection induced by kernel with integral representation.
J. Anal. Math. 138(1), 325–360 (2019)
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