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Abstract
Let @ be a radial weight on the unit disc of the complex plane D and denote by @(r) =
/ rl (s) ds the tail integrals. A radial weight w belongs to the class D if satisfies the upper
doubling condition

a(r)

0o ()

If v or w belongs to D, we describe the boundedness of the Bergman projection P, induced
by @ on the growth space L2° = {f : || flloo,v = €ss sup,epl|f(2)[V(z) < oo} in terms of
neat conditions on the moments and/or the tail integrals of w and v. Moreover, we solve the
analogous problem for P,, from LZ° to the Bloch type space BS° = { f analytic inDD : || f]| B
= sup,ep(l — 12)V(2)| f/(2)| < oo}. Similar questions for exponentially decreasing radial
weights will also be studied.
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1 Introduction and main results

The question of when the Bergman projection P, induced by a radial weight ® on the unit
disc D of the complex plane, is a bounded operator in given function spaces is fundamental
in the theory of spaces of analytic functions on ID. This is not only due to the mathematical
difficulties the question raises, but also to its numerous applications in operator theory. Indeed,
bounded analytic projections can be used to establish duality relations and to obtain useful
equivalent norms in spaces of analytic functions [6, 14, 15, 21]. Recently, radial weights
such that P,, is bounded from L°° to the classical Bloch space 1 have been described in [15].
In this paper we are also interested in the natural limit case p = oo, and our main results
provide complete characterizations of the radial weights w (respectively, v) such that P, is
bounded on the growth space induced by v, when v (resp. w) satisfies an upper doubling
condition. In addition, we will consider bounded projections onto weighted Bloch spaces
in the setting of doubling weights, and we also obtain new results on the boundedness of
P,, when w and v belong to certain classes of exponentially decreasing weights. In order to
present the precise statements of our results, some definitions are needed.

Let H(D) denote the space of analytic functions in . For a nonnegative function w €
L'([0, 1)), the extension to I, defined by w(z) = w(|z]) for all z € D, is called a radial
weight. For 0 < p < oo and such an w, the weighted Lebesgue space L2, consists of
complex-valued measurable functions f on I such that

|If||,';pJ = / |f(@IPw(z)dA(2) < oo,
D

where dA(z) = dxﬂi is the normalized Lebesgue area measure on . The correspond-
ing weighted Bergman space is AL, = L/ N H(D). Throughout this paper we assume
o(z) = fli‘w(s) ds > 0 for all z € D, for otherwise AL = H(D). We also con-
sider the Lebesgue space L of complex-valued measurable functions f on D such that
| flloo = ess sup,cpl f(z)| < oo and the Hardy space H* = L™ N'H(D).

For a radial weight w, the orthogonal Bergman projection P, from L2 to A2 is

Pm(f)(Z)Z/f(C)B?(C)w(Z)dA(é),
D

where B’ are the reproducing kernels of Ai. As usual, A} stands for the classical weighted
Bergman space induced by the standard radial weight w(z) = (o + 1)(1 — 1z|%), BY are the
kernels of Ag, and P, denotes the corresponding Bergman projection.

One of the main obstacles throughout this work is the lack of explicit expressions for
the Bergman reproducing kernel B?. For a radial weight w, the kernel has the representation

B() = > en(z)en () for each orthonormal basis {e, } of Ag), and therefore we are basically

forced to work with the formula B®(£) = Y2 ng)il induced by the normalized monomi-

als. Here wy,,+ are the odd moments of w, and from now on we write w, = fol r*w(r) dr for
all x > 0. Therefore the influence of the weight to the kernel is transmitted by its moments
through this infinite sum, and nothing more than that can be said in general. This is in stark
contrast with the neat expression (1 — 7))~ @+ of the standard Bergman kernel BY which is
easy to work with. It is well known thatfor 1 < p < coand @ > —1, the Bergman projection
P, acts as a bounded operator from LP to AL [21, Section 4]. However, P, is never bounded
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Bergman projection induced...

from L to H®. In fact, this is a general phenomenon (known e.g. in the isomorphic theory
of Banach spaces) rather than a particular case.

Theorem A There does not exist any bounded projection from L to H*®. In particular, P,
is not bounded from L*° to H*™ for any radial weight.

In view of the previous result it is natural to look for a substitute of H* in the target
space when the Bergman projection P, acts on L. As for this question, it is known that the
standard Bergman projection P, is bounded and onto from L to the Bloch space 3, which
consists of functions f € H(D) such that || f|lz = sup,p | f(2)|(1 — 1zI%) + | f(0)] < o0
[21, Theorem 5.2]. Furthermore, it has been recently proved that the Bergman projection P,
induced by a radial weight w acts as a bounded operator from the space L™ to B if and only
ifw e ﬁ, and P, : L — B is bounded and onto if and only if ® € D = DND [15,
Theorems 1-2-3]. Let us recall the reader that a radial weight @ belongs to D, and it is called
upper doubling, if there exists C = C(w) > 0 such that

1
(r)<Cw< —; ), r—1-,

and w € D if there exists K = K(w) > 1and C = C(w) > 1 such that

~ ~ 1—r _
or)=Coll——|), r—>1".
K

We say that w is a doubling weight if weD. Standard weights belong toD but exponentially
decreasing weights do not belong to D. Moreover, the containment in D or D does not require
differentiability, continuity or strict positivity. In fact, the weights in these classes may vanish
on a relatively large part of each outer annulus {z : » < |z] < 1} of D. For basic properties
of the aforementioned classes, concrete nontrivial examples and further details, see [12, 13,
15] and the relevant references therein.

Next we study the properties of radial weights w which are determinative so that P, is
bounded on the growth space Ly° = {f measurable : || floo,v = €8S sup,cplf(2)|v(z) <
oo}, where v is a radial, continuous and decreasing weight with lim,_, - v(r) = 0. We
denote H;° = L{° N H(D). Sections 2—4 deal with cases of doubling weights, and in the
previous definitions of spaces, v will be equal to V(z) = flll v(s) ds for a radial weight v. In
Sect.4.1 we will study the boundedness of P, from L2° to HS° under some hypothesis on

v. In particular, assuming v € D we will prove the followmg charactenzatlon of the pairs of
rad1a1 weights (w, v) such that this fact happens.

Theorem 1 Let w be a radial weight and v € D. Then, the following conditions are equiva-
lent:

(i) Py : L — HS® is bounded;

(i) v e Dand

Ve /@
sup <;) < 00; (1.1)
x>0 W2x \V/x
(iii) @ € D, v € D and
1
v(r)
00; (1.2)
0<r<1 a)(r
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(iv) %eDandveﬁ.

It is worth mentioning that f’l ‘;’((f)) ds > ‘;’((:)) holds for all radial weights and that (1.2)

means nothing else but that the function 2 = satisfies a Bekollé-Bonami type condition By ),
see [17, Theorem 3] for related results. As for the proof of Theorem 1, the condition (1.1) is
deduced from (i) using the the reformulation

sup(a) [ 1B ﬁdA(;) <o (13)
aecD 0 (;)

together with a Hausdorff- Young inequality [4, Theorem 6.1]. Then, itis proved that condition
(1.1) implies that € 5, which, together with [14, Theorem 1], allows us to express the
integral in (1.3) in terms of @ and 7. Finally, some technical calculations imply that v € D
(see Proposition 13 below) and we get (ii). The proofs of (i)« (iii)<(iv) involve several
descriptions of the classes of radial weights D and D. In order to prove (iii)=(i), [14,
Theorem 1] is employed again.

In the case of standard weights w(r) = (1 —r2)#, v(r) = (1 —r>)*, o, 8 > —1, the
projection P, is bounded on L2°, if and only if

B> a. (1.4)

This follows from the Forelli-Rudin estimates, see Ref. [21], Lemma 3.10 and the proof
of Theorem 3.12. Since both @ and v belong to D, we conclude that (1.4) is an equivalent
formulation of (1.1) and (1.2) in this simple case.

As a byproduct of Theorem 1 we deduce the next result which might be expected in
view of Theorem A, because roughly speaking the spaces L° are "small" growth spaces for
veD\D.

Corollary 2 If v € D\ D and o is a radial weight, P, is not bounded from LZ° to HS°.
Moreover, if v € D, there is a radial weight w such that P, : L%O — H§° is bounded.

Theorem 1 is also related with the boundedness of the Szeg6 projection. In Sect. 3 we recall
some literature references on the proof of Theorem A and its relations to the boundedness
of the Szeg6 projection, since these can be used to give an alternative proof for one of the
statements in Corollary 2.

In Sect. 4.2 we will study the boundedness of P, from L2° to H° assuming some hypothe-
sis on w. The following main results will be proved using techniques similar to those employed
in the proof of Theorem 1.

Theorem 3 Let v be a radial weight and w € D. Then, the following conditions are equiva-
lent:

(i) P, : L% — H is bounded;
(i) v € D and (1.1) holds;

(i) v € D and (1.2) holds;
(iv) £ e Dandv € D.

Corollary4 If w € D\ D and v is a radial weight, P, is not bounded from L to HS®.
Moreover, if w € D, there is a radial weight v such that P, : L%o — H§° is bounded.
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Bearing in mind Theorem A, [15, Theorem 1] and our previous results, it is also interesting
to study the boundedness from L° to the Bloch type space

B =1feHD): | flsr =sup(l —|zhDv@)|f ()] < oo,
zeD
where v is a continuous and decreasing weight with lim,_, - v(r) = 0. In Sect.4.3 we will
prove the following results for v = .

Theorem 5 Let w be a radial weight and v € D. Then, the following conditions are equiva-
lent:

(i) Py : LY — BY is bounded;
(i) (1.1) holds;
(iii) w € D and (1.2) holds.

Theorem 6 Let v be a radial weight and o € D. Then, the following conditions are equiva-
lent:

(i) Py : LY — BY is bounded;
(i1) (1.1) holds;
(iii) (1.2) holds.

We point out that on the contrary to the boundedness of P,, : LY — HZ°, the boundedness
of P, 1 LY — B, w,v € ﬁ, does not require that w, v € D.

Section 5 is devoted to the study of the cases with exponentially decreasing weights, where
we use techniques different from those employed to prove Theorems 1-6. We postpone there
the detailed definitions and the formulation of the results.

Finally, concerning the notation in this paper, we denote by C (respectively C(w) etc.)
generic positive constants independent of the variables involved (resp. depending only on
w), the values of which may vary from place to place. As usual, the notation A < B or
B > A, where A and B are nonnegative functions, means that A < C B, for some constant
C. Furthermore, we write A < B when A < B and A 2 B.

2 Preliminary results on radial weights

Throughout the paper we will employ different descriptions of the weight classes D and D.
The next result gathers several characterizations of D proved in [12, Lemma 2.1].

LemmaB Let w be a radial weight. Then, the following statements are equivalent:
() @ €Dy
(i1) There exist C = C(w) > 1 and ag = ag(w) > 0 such that

o
a(s)<c<l—j> 1), 0<s<1<l,

forall a > ap;
(iif)
: 1
Wy = /sxa)(s)ds = @(l — 7) , x €[l,00);
x

0
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(iv) There exists C(w) > 0 such that wx < Cwoy, for any x > 1.
. . a(1-1)
In particular, we will repeatedly use Lemma B(iii) and the fact that sup, | —5—=

for any radial weight . ~
We will also use the following descriptions of the class D, see [11, Lemma 4] and [16,

Lemma B].

< o0

Lemma C Let w be a radial weight. Then, the following statements are equivalent:
(i) @ e Dy
(1) There exist C = C(w) > 0 and B = B(w) > 0 such that

~ 1—s\F __
w(s) <C - (), 0<r<s<l;
(iii) For each (or some) y > O there exists C = C(y, w) > 0 such that

r

ds C
/ < 0<r<1;

() (1—s) ~ @)’

(iv) There exist K(w) > 1 and C = C(w) > 0 such that

17% 1
/ w(s)ds > C/a)(s)ds, 0<r<l.
r r
We will also use the following results.

Lemma 7 Let w be a radial weight and let ¢ be a mapping ¢ : [0, 1) — (0, 00).
i) Ifwe D and ¢ is a non-decreasing function such that we is a weight, then wg € D.
(ii) If w € D and ¢ is a non-increasing function, then wg € D.
Proof (i). Observe that w € Dif and only if there exists C(w) > 0 such that

1+r

2 1
/a)(s)dséC/a)(s)ds, 0<r<1.
%

r

Applying this and the fact that ¢ is non-decreasing, we obtain that

L Lir
L ;
o(1) /a)(s)w(s)dsg /w(s)ds
2 J
1 | 1
<C/w(s)ds<C17+r/w(s)go(s)ds, 0<r <1,
o(=-)
L Lir
thus,

I+r

2 1
/ w(s)p(s)ds < C / w()e(s)ds, 0<r <1,
14r
=

r
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SO WY € D. 3
(ii). By Lemma C(iv), w € D if and only if there are K > 1 and C(w) > 0 such that

1= L=r 1

/a)(s)dsZC / w(s)ds, 0<r <1.

r -l

So, since ¢ is a non-increasing function,

1— 1—
-tz -tz

/w(s)ga(s)dsigo(l—ll;r) / w(s)ds

r r
. 1 1
>Cop (1— I—(r) / w(s)ds > / w($)ps)ds, 0<r <1.
-1 1-1=
Hence wy € D. This finishes the proof. O

Lemma8 Letw € Dandv € D. Then wv € D and

1
/w(s)'\?(s)ds =o(rwr), 0<r<l. (2.1)

r

Proof By Lemma 7(ii), we have wv € D. On the other hand, by Lemma C(iv) there are
K > 1 and C(w) > 0 such that

-1 |

/ w(s)ds > C/a)(s)ds, 0<r<1.

r r
So, Lemma B(ii), together with the above inequality, yields

1 1

/w(s)ﬁ(s)ds zv(l - 1;) / w(s)ds = Dr)ar), 0<r <.
r lilK;r

Therefore, using that w, v € D we get

1

/w(s)?(s)ds <o) <@ (1 + r)

<)

2

r

1
(l—;—r) < / w(s)V(s)ds,
12i

hence, wv € D and (2.1) holds. This finishes the proof. ]
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3 Preliminary results on the boundedness of P, : L§° — H§°

3.1 On the boundedness of the Szego projection in growth spaces

Some known results on the boundedness of the Szegd projection R, also known as the
Riesz projection, will be relevant for our studies on Bergman projections. Recall that if

f is a complex valued harmonic function on I 3 z = re’® with a series representation
Fre?y =30 furl™ei™ converging at least uniformly on every compact subset of

DD, then the Szegd projection R by definition maps f to the analytic function Y o fur™ em?
where the series also converges at least uniformly on compact subsets. See [21, Section 9.1].

As for the known proofs of Theorem A, if P were a bounded projection from L° onto
H®°, then one could consider the restriction of P as a bounded projection from L (9DD)
onto H*. But it is well-known that such a projection does not exist. Indeed, by techniques
explained in [19, Theorem 5.18, Example 5.19], see also [21, Theorem 9.7], one can show
that the existence of such a bounded projection would imply the untrue fact that the Szego
projection R : L*°(dD) — H is bounded (e.g.[21], p. 258).

Another way to see Theorem A follows from the fact that H°° is known not to be isomor-
phic to the Banach space £°° of all bounded sequences (e.g. [9, Theorem 1.1]). Recall that a
closed subspace of a Banach space is called complemented, if there exists a bounded projec-
tion onto it. Now, by [18], [7, p.111], the space L is isomorphic to the Banach space £*°,
which is a prime Banach space ([7, Theorem 2.a.7]), i.e. all of its complemented subspaces
are again isomorphic to £°°. We thus find that H° is not complemented in L.

The next result is probably also known to experts, but we indicate the simple proof for the
convenience of the reader.

Proposition 9 Let w and v be radial weights such that P, : L3° — HS® is bounded. Then, the
restriction of P,, onto the closed subspace hS° of LZ°, which consists of harmonic functions,
coincides with the Szego projection and consequently, R : hS® — HZ° is bounded.

Proof Assume that P, : LY — HS° is bounded and fre'?y = Y~ Frimleim? ¢

m=

h% C LY and z = re'? € . Bearing in mind that B®({) = Y ¢ GO \ye obtain

n=0 2wy, 11

o (20)"

Pwi(,)Z/ Qw(§)dA()

f(z / g2w2n+1fcw; e
1 27
1 > - ,
_ ;//Z(sznJrl) 1rnem0 Z fmsn+|m|+1et(p(mfn)w(s)dwds 3.1)

0o o n=0 m=—00

oo 1 (.¢]
_ Z (w2n+1)_1fnrnein9 / s2”+la)(s)ds — Z fnrneing — Rf(Z)
n=0 0 n=0
This finishes the proof. O
Now, let us observe that the first part of Corollary 2 can be deduced from Proposition 9
and some results in [9] (see also [8]). In fact, some calculations show that v € D if and only
if
(=27

sup ————— <
R D1 =2 T
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and v € D if and only if

) ) T)\(l _ 2—11—k)
inf lim sup —————
keN ey V(1 —277)

Moreover, Proposition 6.4 and the first lines of p. 26 of [9] show that if v € ﬁ, then the

Szego projection R is bounded from 42° to HS® if and only if v € D, which together with

Proposition 9 proves that if w is a radial weight and v € D \ D then P, is not bounded from
2° to HS®. Later on we will prove Corollary 2 using Theorem 1.

3.2 Preliminary results on the boundedness of P, : L,;‘f’ - H,E"

In this section we will prove some preliminary results of their own interest, which will be
used in the proof of Theorem 1.

Proposition 10 Let w and v be radial weights. Then, P, : LY — HS° is bounded if and

only if

sup(@) [ 1821 28 da) < oo. (32)

aeD ﬁ(;)
D

Proof 1t is clear that P, : LY® — HS° is bounded if (3.2) holds. Reciprocally, assume that
P, : LY — HS° is bounded, and for each a € I consider the function

BYW) it po
fa(0) = | TOIBZ@T if By () # 0
0 if BY(¢) =0

Then, for each a € D, we have || f, ||L%o = 1land

Sa) / B2(0)] %dmo — ) / Fo©OBID) 0(©)dAQ)
D D

=< Suﬂp))?(z) /fa(é“)Bg”(é)w(C)dA(C) = 1Polll fallLg = I Poll-
ze
D

Therefore, (3.2) holds. This finishes the proof. ]

It is worth noticing that an argument equivalent to that of Proposition 10 provides an
alternative proof of the fact that P, is not bounded from L to H*® for any radial weight w.
In fact, arguing as in the the proof of Proposition 10 it follows that P, is bounded from L*°
to H® if and only if

Suﬂg |BZ (O w(§)dA(S) < oo.
ae
D
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Moreover, using Hardy’s inequality [4, Theorem 5.1], for eacha € D \ {0}

/IBZ)(Z)Iw(C)dA(é“) = Z/MI(BZ)»S)S(U(S)dS
D

%

)

)
\_

o0 Sn|a|n
Z —— | sw(s)ds
=0 2(n + Dwopy1

1

n
lal /s”“a)(s) ds

(n + Dwoyt1 5

la|" wp+1 = lal”w 1
T D D~y ,
¢ (n 4 Dwgny —n+1 o a| 1 —|al

Therefore, sup,cp fD |BY(¢)| w(¢)dA(¢) = oo and consequently P, is not bounded from
L to H™®.

We will use Proposition 10 to obtain a necessary condition for the boundedness of P,
L% — HS° in terms of moments and tails of @ and v.

Il
N

Il
N

||M8 ﬁM%E o

Proposition 11 Let w and v radial weights such that Py, : L3 — HS° is bounded. Then,
there exists C(w, v) > 0 such that

w w3y
Z) <Cc—2_ x>l :
<$>x cﬁ(l_%) x (3.3)

Proof By Proposition 10 there exists C(w, v) > 0, such that

~ w(§)
. B? 5 dA
:zﬂgv(z)n |B (O = 50 (&) <

and, by applying [4, Theorem 6.1] we obtain

1

C> SUP’v\(Z) IBw(C)IﬁdA(C) p'v\(z) s )MI(B ,r)dr
) v($) ze]D) v(r)

n,.n 1 @ N
> wp G )/ o(r) |z|"r >v<1— 7) (%), (1 _7) (3.4)
zeD,neN U(r) W41 n/) wmtt n

Zﬁ<1—l> 7(75)", neN, n>2.

n wop

For x > 1,take N € N such that N < x < N + 1. Then, the previous inequality yields
(2),(2), <os i colmn co_en
Ve AN (-gy) 0 V(-y) V(-3

This finishes the proof. O
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4 Boundedness of Bergman projection on growth space induced by
radial doubling weight.

4.1 Boundedness of P, : L%o - H,;'f’ assuming conditions on v.

Theorem 1 and Corollary 2 will be proved in this section. Two preliminary results are needed
for their proofs.

PropOSItlon 12 Let w be a radial weight and v € D such that (1.1) holds. Then, w € D and
wv e D.

Proof Let x > 1. By applying Lemma B (iv) and (1.1) we get

1 1

1
wy < —/w(s)'\'f(s)sz"ds = Ui/w(s)sh/v(t)dtds

0

@

| 4.1)

Vs
—/w(s)sZ /ﬂv(r)a’tds wx —= Jwi, x>1.

N

Hence, oy, < W3 So, iteration of this inequality yields wy < @i < wox < way. Therefore,
)

~ ¥

by Lemma B (1V) weD.
Now, a similar argument, the fact that @, v € D and (1.1) imply

(w/v\)x < w%v% S Wy Vx S, (C()’U\)zx, x =1,
s0 wb € D by Lemma B (iv). O

Proposition 13 Let v be a radial weight and » € D such that P, : L — HS° is bounded.
Then, v € D.

Proof By Proposition 10, there exists a constant C > 0 such that

w(¢) c
BY($)|—=-dA — D.
/I (C)IA@) @) < 5@ :€

Now, by [14, Theorem 1] and Fubini’s theorem, for % < |z| < 1 there holds

1 lzls z]

oy @©) fw(s) di / / 0
B dA ds =
D[| OGO | 5 | sma=a™ w(t)(l—t)t B
Tl
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Applying Lemma B (ii), we obtain that

lzl <, 4 2|z|—

/IB‘”(C)I (g)dA(g) f w(m) dt - f w( ) . dt
V() o) VA —1) a@) VO -1
D 0 0
2|1 B
> / 1- m . dt
~ 1—t¢ A —=1)
0
2|z|—1
< / 1- lTrt . dt
- -t V() (1 —1)
0
2|z|—1
- / L |z| > l
=) Sona-n 72
0
Then, we take |z| = -2~ and observe that there is C = C(w, v) > 0 such that
/r di ¢ 0<r<l1
Sod-n - Ty '

Therefore, if 0 < r < s < 1, then

1 ) 1—r dt ¢
) B1—s T v(r)/l—t\/v(t)(l—f) V()

K
Finally, take K > 2 such that lOgTZ > 1 and choose s = 1 — —(1 —r) > r. Then,
o1 and
log £ 1—
) > gczﬁ<1— Kr>, 0<r<l.
This shows that v € D and finishes the proof. O

Proof of Theorem 1. We will prove (i)=(ii)<>(iii)<>(iv) and finally (iii)=>(i).

Assume that P, : L2 — HS° is bounded. Then, (1.1) holds by Proposition 11 and
Lemma B (iii). Next, Proposition 12 implies that v € D and therefore v € D by Proposi-
tion 13, so we get (ii). Now, if (ii) holds, then Proposition 12 implies that w € D. So, (1.2)
follows from (1.1) and Lemma B (iii). That is, (iii) is satisfied. Reciprocally, if (iii) holds,
then %i eD by Lemma 7, and (1.1) follows from (1.2) and Lemma B (iii). Therefore we get
(ii). Now let us prove (iii)=(iv). Firstly, % € D by Lemma 7. In order to prove that & € D
and to make the notation easier, we denote yu = %é Then, (1.2) is equivalent to the existence
of C > 1 such that .
o(r)
()’
On the other hand, an integration by parts yields

nr)<cC 0<r<1. 4.2)

1
o(r) =v(r)u(r) — / v((s)yds, 0<r <1,

r
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so (4.2) is equivalent to the existence of C € (0, 1) such that

frl v(s$)a(s)ds
(r)

By Lemma C (ii) there exists C» > 0 and & > 0 such that for every K > 1

<Cnu@r), 0<r<l1. (4.3)

V1) _ G

7’1)\0) < Xa 0<r<l1.

Therefore, taking K such that < —a < 1 — C, we obtain

S v@aeds [ ve)is)ds - (1 e r> By -9 (1 - Lx)

S ) -1

= 1-r T 1—r &)

Consequently, ;1 € D and (iv) holds. Conversely, if (iv) holds, we get w € D by Lemma 8.
Moreover, since & € D, Lemma C(iv) implies that there are K > 1 and C > 0 such that

Cu(r) =

1 1—L=r

/f(s)ds <cC / ©6) s 0<r <1,
v(s) V(s)

This, together with Lemma B(ii), gives

1 -1
o(r) = /w(s)ds = E;?(s)ds / C;)((S))A(s)ds
1—% 1
;ﬁ<1_ 1_r> / 06 s zﬁ(r)/i’(s)ds, 0<r <1,
K v(s) v(s)

which yields (iii).
Finally, we assume that (iii) holds and prove that P, : L% — HZ° is bounded. By
Proposition 10, it is sufficient to prove that

sup v(a)/w% 1129 442 < 0.
aeD,la|>1. v(z)

By [14, Theorem 1] and Fubini’s Theorem, this is equivalent with proving that there is C > 0
such that

lal

w(r) 1
v(a)/ ([)(l_t)/ drdt < C, la| > >3
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By applying (1.2) and Lemma C (iii) we get

la|
Pa )/ w(r)drdt v(a)/ /w(r)drdt
w(t)(l -1 ) v w(f)(l -1 ) Y@
lL
lal d
gv(a)/Ait dr <1,
v(t)(1 —1)
0

so P, : L2 — BS° is bounded. This finishes the proof. O

Proof of Corollary 2. 1f P,, : L& — HZ° isbounded thenv € D by Theorem 1. Reciprocally,
if v € D by Lemma B(ii), there exist C, @ > 0 such that

1 1—-r\% 1
—<C|— =, 0<r<s<l.
V(s) 1 —s v(r)

Therefore, if w(z) = (1 — |z|)¥ with y > « — 1, then

1
A\ _ +1 -~
[ 224 20 / (1 sy = LD @0
D(s) v(r) v(r)

r

which means that (1.2) holds. Thus, P, is bounded from L to HS° by Theorem 1. This
finishes the proof. O

4.2 Boundedness of P, : L — H°o assuming conditions on @.

This section is dedicated to the proofs of Theorem 3 and Corollary 4 among other results.

Proof of Theorem 3. We will prove (i)<(iii)<>(ii) and (iii) < (iv).

If (i) holds, then v € D by Proposition 13 and (3.3) holds by Proposition 11. So, from the
property @ € D and Lemma B we get (1.2). Hence, (iii) holds. Reciprocally, if (iii) holds,
using (1.2) and the fact that » € D yields

~ 1+r
) S 1a;(84s < 2 21 ) <“(l;r>’ O=r=l
fr v(s) f +’ v(s)

Thatis, v € D. So, (1) follows from Theorem 1. Next, assuming again that (iii) holds we have
veD. Moreover, £ € D by Lemma 7(i). Therefore (1.1) follows from (1.2) and Lemma B.
So (ii) is satisfied. Re01pr0cally, if (ii) holds, using that @ € D Lemma B and (1.1), we get
(1.2) and thus also (iii). Finally, if (iii) holds, arguing as above yields v € D, and so £eD
by Theorem 1. Hence, (iv) holds. On the other hand, (iv)=>(iii) follows from Theorem 1.
This finishes the proof. O

Proof of Corollary 4. Let € D. If P, : L — H is bounded, then Theorem 3 yields
2 € Dand v € D, hence by Lemma 8, @ € D. On the other hand, if @ € D then by
Lemma B (ii) there exists 0 < g such that

1 —

A\ P
<7> o) So@r) 0<r<s < 1.
1—=5
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So, in particular @(s) < (1 — $)8,0 < s < 1. Now, take 0 < y < B and consider the
standard weight v(r) = (1 — r)¥~'. We have D(r) < (1 — r)¥ and

/ w(s) o(r) / y a(s)
(1 —s) S (1—=ry (1 —S)V+l

o0 (1w_(rr)>ﬁ /(1 —eprlas s 20 o< <,
0

~(d=ry

Consequently, by Theorem 3, P, is bounded from L&° to HS®. O

We finish this section proving that both weights, @ and v, have to be doubling if the
operator P, : L — Hf° is bounded and one of them is assumed to be upper doubling.

Corollary 14 Let  and v be radial weights such that P, : LS — HS° is bounded and
w € D orv € D. Then, both weights w, v € D.

Proof Assume that P, : L — HS° isbounded and w € D, thenw € D by Corollary 4 and
v € D by Theorem 3. On the other hand, if P, : LY — HS° is bounded and v D, then
v e Dand £ € D by Theorem 1, so by Lemma 8 w € D. Th1s finishes the proof. O

4.3 Boundedness of P, : v X - BA .

In this section, we will prove Theorem 5 and Theorem 6 among other results.
Firstly, by mimicking the proof of Proposition 10 we get the analogous result for the
boundedness of P, : L3 — BX°.

Proposition 15 Let w and v be radial weights. Then, Py, : LS — B is bounded if and only
if
(&)

sup(l - |z|)v(z>/|(3w> @IS 2dAE) < 0.
s 50)

As a byproduct of Proposition 15 we get the following.
Proposition 16 Let w and v radial weights. If P,, : L — BS° is bounded, then (3.3) holds.

Proof The proof follows the ideas from the demonstration of Proposition 11. We include the
details for the sake of completeness. If P, : L2° — B£° is bounded, then Proposition 15 and
[4, Theorem 6.1] yield

0 = supll ~ D7) [ 168150 dA©)
zeD 2 V(Z)
L in—1,n+1 @)
nly lzI""'r = dr
> sup (1—[z)D(2) Jo LG]
zeD,neN W2n+1

1\ ! 1\ (%
> sup (1—7) ’v\(l—f> 7(”)"“
neN n n W2n+1
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So, arguing as in the proof of Proposition 11 one gets (3.3). This finishes the proof. O

Proof of Theorem 5. We will prove (i)=(ii)=(iii)=(i).

Assume that P, : L%O — B%O is bounded. Then, Proposition 16, together with
Lemma B(iii), implies (1.1). Hence, (ii) is satisfied. Next, assuming that (ii) holds, Proposi-
tion 12 implies that w € D and consequently (1.2) follows from (1.1) and Lemma B, so we
get (iii). Finally, if (iii) holds, then using that z(Bz'))/(z) = ¢{(B®)(¢), and [14, Theorem 1],

we obtain

lz|

1
1 K
/ B2 @12 aAw) < / _ ) 45 ar
D

v(¢) a1 —1)? ) v(s)
lz]
dt 2] > 1
S = Z
V(1 —1)? (Z)(l —lzl)’
Consequently, (i) holds by Proposition 15 and thus the proof is complete. O

Proof of Theorem 6. We will prove (i)=(iiii)<>(ii) and (iii)=>(i).
Assuming that P, : LY — B is bounded Proposition 16, together with Lemma B(iii),
implies (1.2). Next, if (111) holds £ ze€ D by Lemma 7. Moreover, using (1.2) we get

~ -~ (1+4r

s o(r) o(F) (14

< <

v(r) ~ fl w(s)ds ™~ f w(s)dv < v 2 ’ 0<r<l
oo 1+r A

v(s)

v(s)

That is, v € D. Now, bearing in mind Lemma B(iii) we conclude that (1.1) is satisfied.
Reciprocally, if (ii) holds, (1.2) follows from Lemma B(iii). Finally, if (iii) holds and w € D,
we get v € D by arguing as above, hence, (i) follows from Theorem 5. This finishes the
proof. O

Next, we will obtain some consequences from Theorem 5 and Theorem 6.

Corollary 17 Let w and v be radial weights such that P, : L — B2° is bounded. Then,
o € Difand only if v € D.

Proof Assume that P, : L& — B2° is bounded. If v € D, then w € D by Theorem 5. On
the other hand, if » € D, the proof of (iii)=-(ii) in Theorem 6 gives that v € D. This finishes
the proof. O

Let us observe that Theorem 1, together with Theorem 5, implies that for any radial weight
w and v € D, the operators P, : LY — H® and P, : L — B2° are simultaneously
bounded. This fact can be also deduced from the following result [5, Theorems 3.2, 3.3].

Theorem D Let v be a radial weight. Then, the following statements holds:

(i) HS® is continously embedded in BS® if and only if v € D;
(i) HS® = B with equivalence of norms if and only if v € D.

However, here we are able to prove that the aforementioned result on the boundedness of
P,, does not remain true for v € D\ D.

Corollary 18 Lerv € D \ D. Then, for any radial weight w, P, is not bounded from LZ° to
HS°. However, there exists a radial weight w, such that Py, : L — B2 is bounded.
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Proof Since v € D \ D, Corollary 14 implies that P,, is not bounded from L% to HS® for
any radial weight w. Now, consider w, = 17, then @(r) < (r))?, 0<r < 1,andw € D.
So, [ 28 ds =9(r) = 28, 0 < r < 1. Therefore, Py, : L& — B is bounded, by
Theorem 5. This finishes the proof. O

It is also worth mentioning that there exist w € D such that P,, is not bounded from L2° to

Sobut Py, : LE — BE isbounded. Takew = landv(r) = (1—r)! (log 1%) e D\D,
and apply Corollary 14 and Theorem 5
The final result of this section reads as follows.

Corollary 19 Let w € D \ D. Then for any radial weight v, P, is not bounded from LS° to
HS°. However there exists a radial weight v,, such that Py, : L‘}Z — B‘%‘; is bounded.

Proof Since w € ﬁ\ D, Corollary 14 yields that P, is not bounded from L2° to HS° for any
radial weight v. Now, for v, (r) = 7~ ((w(r))2) we have 1, (r) < (5(}’))% ,0<r <1, and

v € D. Moreover, f, \f‘)(sy)) ds < (a)(r))i = 3“3% 0 <r < 1. Therefore, P, : LE — B

is bounded by Theorem 5. This finishes the proof. O

5 Study of the boundedness of the Bergman projections for
exponentially decreasing weights

5.1 Class of exponentially decreasing weights

In this section we consider the boundedness of Bergman projections in the space L{° for a
class of exponentially decreasing weights v. In order to formulate the results we need some
more definitions. As in [6], we say that a continuous function p : D — R belongs to the
class Lo, if lim|;—1 p(z) =0,

sup M < 60 5.1

z,0€D,z#¢ |Z - §|
and for every ¢ > 0 there exists a compact E C DD such that |p(z) — p(¢)| < €|z — ¢|
whenever z, ¢ € D\ E. Furthermore, according to [6], a twice continuously differentiable,
real valued subharmonic function ¢ on ID is said to belong to the class Wy, if Ag > 0 and
there exists p € Lo such that

(5.2)

X
®

8-
AS)

on D.
We say that a weight v on D belongs to the class &, if it is of the form v = ¢~ % for some
radial function ¢ € Wy. As examples of weights in this class, we mention

v(z) = exp (—a/(1 — [z[9P) (5.3)

where «, 8, £ > 0 are constants. For these weights one can take p(z) = (1 — |z A2,

For the weight v as in (5.3) with £, 8 = 1 and w = v2, the boundedness of P, on
LS$° was proved in [2]. In the setting of exponentially decreasing weights satisfying the
general condition (B) of [9, 10], examples of bounded projections from L;° onto H_° were
constructed in [10]. (These projections are not necessarily of the Bergman type. All weights
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(5.3) satisfy condition (B), but there are many others, see the mentioned references.) We also
mention the following result of [6].

TheoremE If v = e with ¢ € Wy and w = v?, then the projection P,, is bounded from
LS° onto HS®.

We will prove in Theorem 20 a generalization of this result for the class £ but it is first
worthwhile to recall known, related negative results. Indeed, in [3] it was shown that given
a weight o as in (5.3) with £ = 2, the projection P,, is bounded in L%, 1 < p < oo, if and
only if p = 2. The result was extended in [20]. Furthermore, in [1, Theorems 1 and 2] it was
shown that given v as in (5.3) and another weight v = exp( —a/(l — |z|z)ﬁ), then P, is
unbounded in L$°, if & # 20 or f # B.

5.2 Study of the boundedness P, : LS° — HS° for perturbed exponentially
decreasing weights

In view of Theorem E and the above mentioned negative results, it is of interest to know if the
projection P, is bounded in L%° for some other, “smaller” perturbations v of the weight w!/2.
We will prove the following generalization, which is our main result concerning exponentially
decreasing weights.

Theorem 20 Assume the weight w = e~% belongs to £ with ¢, p satisfying (5.2). Moreover,
let v € D and define the weights v = w? and v = wv’ p°, wheret € {—1,0,1} and o is
any real number. Then, the projection P,, is bounded from L° onto H°.

Here, the factor V' p? can be considered as a modest multiplicative perturbation of the
exponential weight w. For example, for a weight w as in (5.3), the perturbation could be any
negative or positive power of the boundary distance.

Proof We present the proof for + = 1; similar proofs work for ¢t € {—1, 0}. We will need
some results of [6]. The Bergman reproducing kernel B in

Puf(c) = / FOBPD0)dAR) (5.4)
D

has by [6, Theorem 3.2] the upper bound
e?@+e()

p(2)p(5)

for some & > 0. Moreover the last factor also has for any M > 0 the upper bound

IBX()I < C e :0) (5.5)

min(p(z), p(¢)) )M

lz —¢| '
see formula (23) of [6]. We will choose a large enough M later. In (5.6), d, is defined
according to [6] as the distance function

e dp(2:0) C(M)( (5.6)

dt
ply @)’

1
dy(z €)= inf / ) (5.7)
0
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where z, £ € ID and the infimum is taken over all piecewise C! curves y : [0, 1] — D with

y(0) =z.y(1) =¢.
Letv € Dand v = wvp® = e ¥Vp° be as in the assumptions of the theorem, and let
f € LY be such that || floo,y < 1. We can estimate for every z € DD, by using (5.5) and

LF (O < p)™e?© /D(0),
V()| Py f(2)] < w(2)p(2)7V(2) / IBEOIIf(©)le#CdA)
D

e?©) 1
<w(@P()p ()7 e / D) o dA()
J p@p©) e OV(L)p(0)° (5-8)
o1 e_adp(zvé‘) d
</V\(Z)P(Z) - ————dA(0).
v()pg)ot!
D
We next divide the integration domain DD into two subsets,
1
Ac={ceD:lgl> S0 +1D) and B, =D\A.. (5.9)
Then, there holds for ¢ € B,
. 1
7¢) > 9(50 +12D) > V), (5.10)
since V is decreasing with respect to the radius and v € D. This yields
ot —ady(z.8) ot e—dp(2.0)
V(@)p ()" ————dA() < Cp()°~ /7dA( )
J 5@p T J et
: ‘ (5.11)
o—1 e_adp(z.{)dA(g‘)
<Cp(2) /7 .
J p ()t

By Corollary 3.1 of [6], this expression is bounded by a constant.
To estimate the integral over A, we first note that since v € D, Lemma B(ii) shows that
there are constants C, 8 > 0 such that
V(z) (1—|z))?
) A= 1ghP
for all z, ¢ with |z] < |¢]. We use this and (5.6) to write
7(1(10 (z,¢)

V()p)ot!
A,

Z

e*adp (z,8)

P71 — ¢ P

D@0 dAQ) < C(1— )P p(z)° ! /

A;

1 min (p(2), p@))M
dA
Fo@)r ] ( 2 — 2] ©

dA()

< _ B o—1
SCM)(1 = [zD" p(2) /(1_|{|)
A
(5.12)
We now choose the number y > 0 such that o + y — 1 > 0 and then M such that M >
o + B + y + 3. Then, we use

min (p(2). p(©))" < p(2)7 p(&)M
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to bound (5.12) by
p(g)M—(y+n+1)
(I—1[¢DPlz—¢M

Z

Note that by (5.1), the function p has the bound p(¢) < C(1 — |¢]) for all ¢ € D. Thus,
(5.13) is not larger than

Cu(l— |z|)”+f‘”*‘/ 1=
A,

Cu( —z)Ppz)7tr! A(0). (5.13)

|{|)M—(rr+ﬂ+)/+1)

lz—¢|M

dA(). (5.14)

Since |z — ¢| > C|1 — z&| for ¢ € A, the Forelli-Rudin estimate [21, Lemma 3.10] and the
choice of the number M show that (5.14) is bounded by a constant.

Combining (5.8) and (5.11)—(5.14) we get sup,.p v(2)| Py f(2)| < Cforall f € LY with
Il flloo.v < 1, which proves the theorem. m]

Finally, we will apply Theorem 20 in order to get the following result for the special
exponential weights. Let us set w = ¢™%, ¢(z) = a(1 — |z]>)~#, and

() = (1 — 2 w@), 0@ = (1 —|z1)* w(z)?, (5.15)

where the parameters satisfy o, 8 > 0,0,y € R.

Proposition 21 Let the weights v and w be as in (5.15). Then, the projection P, is bounded
from L3° onto H®.

Proof We define

Y(z) = — o log(1 — |z[%)

-
(1= z1HP

and observe that ¥ € W), since there holds 1/4/AY (z) < R(z) for the function R(z) =
(1 —|z/)*P/2 e L£,. We define the weight W = ¢~V € £. Then, obviously, ® = W? and

v(z) = R(2) e W (2) so that the result follows from Theorem 20 by choosing W — w and
R — p and setting t = 0. O
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