A GENERALIZED HILBERT OPERATOR ACTING ON
CONFORMALLY INVARIANT SPACES

DANIEL GIRELA!* and NOEL MERCHAN!

ABSTRACT. If p is a positive Borel measure on the interval [0,1) we let #,
be the Hankel matrix H,, = (tn,k)n, k>0 With entries pi, x = fntr, where, for
n =0,1,2,..., u, denotes the moment of orden n of p. This matrix induces
formally the operator

Hu(f)(2) = ( Mn,kak> 2"

n=0 \k=

on the space of all analytic functions f(z) = Y ;= ax2", in the unit disc D.
This is a natural generalization of the classical Hilbert operator. The action
of the operators H,, on Hardy spaces has been recently studied. This paper
is devoted to study the operators H,, acting on certain conformally invariant
spaces of analytic functions on the disc such as the Bloch space, BMOA, the
analytic Besov spaces, and the (), spaces.

1. INTRODUCTION

Let D = {z € C: |z] < 1} denote the open unit disc in the complex plane C and
let Hol(ID) be the space of all analytic functions in D endowed with the topology
of uniform convergence in compact subsets. We also let H? (0 < p < oo) be the
classical Hardy spaces. We refer to [18] for the notation and results regarding
Hardy spaces.

If p is a finite positive Borel measure on [0,1) and n = 0,1,2,..., we let p,
denote the moment of order n of p, that is, u, = f[o,l) t"du(t), and we let H,, be
the Hankel matrix (jtn k)n k>0 With entries i, ), = ftntr. The matrix #H,, induces
formally an operator, which will be also called H,,, on spaces of analytic functions
by its action on the Taylor coefficients: a, — > oo pnrar, n=20,1,2,....

To be precise, if f(z) = 1, axz® € Hol(D) we define
Hu()(2) =) <Z Mn,kak) 2",
n=0 \k=0

whenever the right hand side makes sense and defines an analytic function in D.

If 1t is the Lebesgue measure on [0, 1) the matrix H, reduces to the classical
Hilbert matrix H = ((n+k+1)""), ;-,, which induces the classical Hilbert
operator H which has extensively studied recently (see [1, 13, 14, 16, 24]).
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Galanopoulos and Peldez [19] described the measures p so that the generalized
Hilbert operator H,, becomes well defined and bounded on H'. Chatzifountas,
Girela and Pelédez [12] extended this work describing those measures p for which
H,, is a bounded operator from H? into H?, 0 < p,q < o0.

Obtaining an integral representation of H,, plays a basic role in these works. If
1 is as above, we shall write throughout the paper

1(f)(=) = /[ . IO o), (L1)

1—1tz

whenever the right hand side makes sense and defines an analytic function in .
It turns out that the operators H,, and I, are closely related. In fact, in [19] and
[12] the measures u for which the operator I, is well defined in H? (0 < p < 00)
are characterized and it is proved that for such measures we have H,(f) = 1,,(f)
for all f € HP. These measures are Carleson-type measures.

If I C OD is an arc, |I| will denote the length of I. The Carleson square S(I)
is defined as S(I) = {re : e €I, 1-— % <r<1}.

If s> 0 and p is a positive Borel measure on I, we shall say that p is an
s-Carleson measure if there exists a positive constant C' such that

p(S(I)) < C|I|?, for any interval I C JD.

If pu satisfies lim M

N T = 0, then we say that p is a vanishing s-Carleson
I|—0

measure.

A 1-Carleson measure, respectively, a vanishing 1-Carleson measure, will be
simply called a Carleson measure, respectively, a vanishing Carleson measure.

We recall that Carleson [11] proved that H? C LP(du) (0 < p < o0), if and
only if p is a Carleson measure. This result was extended by Duren [17] (see also
[18, Theorem 9.4]) who proved that for 0 < p < ¢ < 0o, H? C L%(dy) if and only
if u is a q/p-Carleson measure.

Following [32], if i is a positive Borel measureon D, 0 < o < 00, and 0 < s < 00
we say that p is an a-logarithmic s-Carleson measure if there exists a positive
constant C' such that

p(s(1) (1og 2)”

I < C, for any interval I C JD.

If w(S(1)) (log |277T>a = o(|/]*), as |I| — 0, we say that u is a vanishing a-
logarithmic s-Carleson measure.

A positive Borel measure p on [0,1) can be seen as a Borel measure on D by
identifying it with the measure ji defined by

a(A) = n(AN[0,1)), for any Borel subset A of D.

In this way a positive Borel measure p on [0,1) is an s-Carleson measure if and
only if there exists a positive constant C' such that

p(t1) <CA -1, 0<t<l,
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and we have similar statements for vanishing s-Carleson measures and for a-
logarithmic s-Carleson and vanishing a-logarithmic s-Carleson measures.

Our main aim in this paper is studying the operators H, acting on conformally
invariant spaces.

It is a standard fact that the set of all disc automorphisms (i.e., of all one-to-
one analytic maps f of D onto itself), denoted Aut(D), coincides with the set of
all Mobius transformations of D onto itself:

Aut(D) = {Ap, : |a| < 1, |\ =1},

where p,(2) = (a — 2)/(1 — @z).

A space X of analytic functions in D, defined via a semi-norm p, is said to be
conformally invariant or Mobius invariant if whenever f € X, then also fop € X
for any ¢ € Aut(D) and, moreover, p(f o ) < Cp(f) for some positive constant
C and all f € X. A great deal of information on conformally invariant spaces
can be found in [5, 15, 30].

Let us start considering the Bloch space and BMOA. The Bloch space B
consists of all analytic functions f in D with bounded invariant derivative:

feB & ||f||gd§f|f(0)|+8161£(1—|Z|2)|f’(2)| < 00.

The little Bloch space By is the closure of the polynomials in the above norm of
B and consists of all functions f analytic in D for which

lim (1 —[2[*)|f(2)] = 0.

|z]—1
A classical source for the Bloch space is [3]; see also [34]. Rubel and Timoney
[30] proved that B is the biggest “natural” conformally invariant space.

The space BMOA consists of those functions f in H! whose boundary values
have bounded mean oscillation on the unit circle 9D as defined by F. John and
L. Nirenberg. There are many characterizations of BMOA functions. Let us
mention the following:

If f is an analytic function in D, then f € BMOA if and only if

1fllzar0a = [FO)] + [ f]l. < oo,
where
1£1l < sup |1 f 0 pu — (@) g2
a€D
It is clear that the seminorm || - ||, is conformally invariant. If

lim ||f oy, — f(a)|lgz =0
la]—1

we say that f belongs to the space VMOA. We mention [9, 21] as general
references for the spaces BMOA and VMOA. Let us recall that

H*C BMOAC () H" and BMOACB.

0<p<oo
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Other important Mobius invariant spaces are the analytic Besov spaces BP
(1 < p < o0) and the Q4-spaces (s > 0). These spaces will be considered in
Section 3.

We close this section noticing that, as usual, we shall be using the convention
that C' = C(p,,q,f,...) will denote a positive constant which depends only
upon the displayed parameters p,a,q,5... (which sometimes will be omitted)
but not necessarily the same at different occurrences. Moreover, for two real-
valued functions Fy, By we write By < Es, or Ey 2 Es, if there exists a positive
constant C' independent of the arguments such that E; < CFE,, respectively
Ey > CFE,. If we have By < Ey and By 2 Fy simultaneously then we say that E

~

and F, are equivalent and we write £} < FEs.

2. THE OPERATOR H, ACTING ON BMOA AND THE BLOCH SPACE

We start characterizing those p for which the operator I, is well defined in
BMOA and in the Bloch space. It turns out that they coincide.

Theorem 2.1. Let p be a positive Borel measure on [0,1). Then the following
conditions are equivalent:

(i) f[O,l) log%du(t) < 0.
(ii) For any given f € B, the integral in (1.1) converges for all z € D and the
resulting function 1,(f) is analytic in D.
(iii) For any given f € BMOA, the integral in (1.1) converges for all z € D
and the resulting function 1,(f) is analytic in D.

Proof.
(i) = (ii). It is well known that there exists a positive constant C' such that

2
lf(2)] < C|flls log Tt (z €D), forevery f € B, (2.1)

(see [3, p. 13]). Assume (i) and set A = f[O,l) log 125 du(t). Using (2.1) we see that

/ [f(®)] dp(t) < C’||f||8/ loglitdu(t) = AC|flls. feB. (22
0.1) [0,1)
This implies that
£() AC| /|15
/[071) mdﬂ(t) < 1——|Z|’ (Z € ]D)), f c B. (23)

Using (2.2), (2.3), and Fubini’s theorem we see that if f € B then:
e For every n € N, the integral f[o yt"f (t) du(t) converges absolutely and

sup
n>0

/m £ f (1) du(t)‘ < 0.



A GENERALIZED HILBERT OPERATOR 5

T qu(t) converges absolutely, and

4),1) %dﬂ(w - i (/[071) 1 () du(t)) 2", zeD.

n=0
Thus, if f € B then I,(f) is a well defined analytic function in D and

e The integral f[o 0

o0

L = ([ i) zep

n=0
The implication (ii) = (iii) is clear because BMOA C B.
(iii) = (i). Suppose (iii). Since the function F(z) = log 2= belongs to BMOA,

1—z

I,,(F)(z) is well defined for every z € D. In particular

LPYO) = [ 10 dut)

is a complex number. Since p is a positive measure and log 2~ > 0 for all

-
t€10,1), (i) follows. O

Our next aim is characterizing the measures  so that I, is bounded in BMOA
or B and seeing whether or not I, and H, coincide for such measures. We have
the following results.

Theorem 2.2. Let i be a positive Borel measure on [0, 1) with f[o 1y log Zdu(t) <
o0o. Then the following three conditions are equivalent:

(i) The measure v defined by dv(t) = log 125 du(t) is a Carleson measure.
(ii) The operator I, is bounded from B into BMOA.
(ili) The operator 1, is bounded from BMOA into itself.

Theorem 2.3. Let ju be a positive Borel measure on [0, 1) with f[o ) log = du(t) <

co. If the measure v defined by dv(t) = log 7% du(t) is a Carleson measure, then
H,, is well defined on the Bloch space and

H(f) = 1.(f), forall feB.

Theorem 2.2 and Theorem 2.3 together yield the following.

Theorem 2.4. Let i be a positive Borel measure on [0,1) such that the measure
v defined by dv(t) = log % du(t) is a Carleson measure. Then the operator H,,
is bounded from B into BMOA.

Proof of Theorem 2.2. Since f[o ) log =dp(t) < oo, (2.1) implies that

/ |f(t)|du(t) < oo, forall feB
[0,1)
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and this implies that

1L

Using this, Fubini’s theorem and Cauchy’s integral representation of H!-functions
[18, Theorem 3. 6], we deduce that whenever f € B and g € H' we have

/O%Iu(f)(re”)mw - /( [ M>Md9 .

o1 1— reift

2™ g(ei?)dh
- /[0,1> ) </0 %) dp(t) = o fg(rt)du(t), 0<r<1.

(i)= (ii). Assume that v is a Carleson measure and take f € B and g € H'.
Using (2.4) and (2.1), we obtain

I LA e e | = | N

2
< 1Iflls / l9(rt) log —— dpu(t) = [Iflls / lg(rt)| dui(t).
0,1) -t 0,1)
Since v is a Carleson measure

/[ o) dvtt) 5 o < gl
0,1

du(t)dd < oo, 0<r<1,feB, gec H.

1-— rewt

F () dpe >]

Here, as usual, g, is the function defined by ¢,(z) = g(rz) (z € D).
Thus, we have proved that

/0 fu(f)(rew)g(e”)wl S Wfllsllgllm,  feB, geH.

Using Fefferman’s duality Theorem (see [21, Theorem 7.1]) we deduce that if
f € Bthen I,(f) € BMOA and

1. ()l sroa S £

The implication (ii) = (iii) is trivial because BMOA C B.

(ii) = (i). Assume (iii). Then there exists a positive constant A such that
HIu(f>HBMOA < AHfHBMOA7 for all f € BMOA. Set

2
F(z) =1 D.
() =los 2=, ze
It is well known that F* € BMOA. Then I,,(F) € BMOA and

1. (F) || Brroa < A|F | Broa-

Then using again Fefferman’s duality theorem we obtain that

27
/ L(F)(ré®) (@) db)| < |lgllu, g € H".
0
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Using (2.4) and the definition of F', this implies

— 2
[ o duo)] < o, g # (25)
[0,1)] -
Take g € H'. Using Proposition 2 of [12] we know that there exists a function
G € H! with ||G||z» = ||g||z and such that
lg(s)| < G(s), forall se[0,1).
Using these properties and (2.5) for G, we obtain

2 2

/ 9(rt) log —— dp(t) < | G(rt)log —— du(t)
0,1) 1=t 0,1) 1=t

< CIGollms < ClIG]r = Cllglan

for a certain constant C' > 0, independent of g. Letting r tend to 1, it follows
that

2
| latolos 2 du®) S gl 9 €
[0,1) -
This is equivalent to saying that v is a Carleson measure. [J

It is worth noticing that for g and v as in Theorem 2.1, v being a Carleson
measure is equivalent to p being an 1-logarithmic 1-Carleson measure. Actually,
we have the following more general result.

Proposition 2.5. Let pu be a positive Borel measure on [0,1), s > 0, and a > 0.
Let v be the Borel measure on [0,1) defined by

du(t) (log 2 )adu(t).

1—t
Then, the following two conditions are equivalent.

(a) v is an s-Carleson measure.
(b) w is an a-logarithmic s-Carleson measure.

Proof.
(a)= (b). Assume (a). Then there exists a positive constant C' such that

/[t,l) (log 1 E u)a du(u) < C(1—1t), teo,1).

Using this and the fact that the function u — log ﬁ is increasing in [0, 1), we
obtain

(log 2 ) / du(u) < / (log 2 ) du(u) < C(1—1t)*, telo,1).
-t [t,1) [t,1) LI —wu

This shows that p is an a-logarithmic s-Carleson measure.
(b)= (a). Assume (b). Then there exists a positive constant C' such that

(log 1it)aﬂ([t,1)) <Ot 0<t<l. (2.6)
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For 0 <u < 1, set F(u) = p([0,u)) — w([0,1)) = —p(u,1)). Integrating by
parts and using (2.6), we obtain

o(e0) = [ (a2 ) duto

_ (log 1it>au([t, 1)) - lim (log ﬁu)au([u, 1))

2\ du
+ « w(u, 1)) <log1_u> T—a

[t.1)

= (los55) w0+ i) (o) 12

SC’(l—t)s—l—C’a/l(—

S(1—t)°, 0<t<l.
Thus, v is an s-Carleson measure. [J
The following lemma will be needed in the proof of Theorem 2.3.

Lemma 2.6. Let p be a positive Borel measure in [0,1) such that the measure
v defined by dv(t) = log 1%td,u(t) is a Carleson measure. Then the sequence of
moments {p,} satisfies

1
un:O( ), as n — oo.
nlogn

Actually, we shall prove the following more general result.

Lemma 2.7. Suppose that 0 < a < [, s > 1, and let p be a positive Borel
measure on [0,1) which is a [5-logarithmic s-Carleson measure. Then

2 \° log k)"
/ tk (log > du(t) = O ((OL) , as k — oo.
[071) 1 — t k:s

Using Proposition 2.5, Lemma 2.6 follows taking @« = 0, § =1, and s = 1 in
Lemma2.7.

Proof of Lemma 2.7. Arguing as in the proof of the implication (b)=-(a) of
Proposition 2.5, integrating by parts and using the fact that u is a S-logarithmic
1-Carleson measure, we obtain

[ (o) e @)
zk/olu([ta D)t (bg 1 Z)a dt + O‘/Olﬂ([t’ ) (log 1 i t)a_l 1d_—tt

1 2 a—f 1 9 a—p-1
gk/ (1 —t)*t" " ( log dt + a/ (1 —1t)*"'* ( log dt.
0 1—t 0 1—t




A GENERALIZED HILBERT OPERATOR 9

Now, we notice that the weight functions

Al ==y (10g 1 t)a—f’ and - wy(t) = (1 =)™ (log 1 i t)“‘ﬁ‘l

are regular in the sense of [29] (see [29, p.6] and [2, Example2]). Then, using
Lemma 1.3 of [29] and the fact that the w;’s are also decreasing, we obtain

1 2 a—f 1 2 a—f
/ (1 —t)sth=? (log > dt < / (1 —t)sth=t (log ) dt
0 1—t . 1—t

1
Tk
a—p
< (logk)
~ fs+1

and

1 2 a—pB-1 1 9 a—F—1
/(1—15)8175’“ log dt 5/ (1 —1)*"'* ( log dt

a—p—1
- (logk) '
Using these two estimates in (2.7) yields

2 \“ (log k)*=7
¢ (log 12 ) dntey 5 B
/[071) 1 - t ( ) ks

finishing the proof. [

We shall also use the characterization of the coefficient multipliers from B into
(" obtained by Anderson and Shields in [4].

Theorem A. A sequence {\,}22, of complex numbers is a coefficient multiplier
from B into £+ if and only if
1/2

0 P
Z( > |)\k|2> < 00.
n=1 k=2"+41

Bearing in mind Definition 1 of [4], Theorem A reduces to the case p = 1 in
Corollary 1 in p. 259 of [4].

We recall that if X is a space of analytic functions in D and Y is a space of
complex sequences, a sequence {\,}>°, C C is said to be a multiplier of X into Y’
if whenever f(z) =" a,2" € X one has that the sequence {\,a,}> belongs
to Y. Thus:

By saying that {)\,}°° is a coefficient multiplier from B into ' we mean that

If f(z) = Zanz” € B then Z | Anan| < 0.
n=0 n=0

Actually, using the closed graph theorem, we can assert the following:

A complex sequence {\,}°, is a multiplier from B to ¢! if and only if there
exists a positive constant C' such that whenever f(z) = > ja,z" € B, we have
that 77 [Awan| < Ol f]l5.
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Proof of Theorem 2.3. Suppose that v is a Carleson measure. Then, using
Lemma 2.6, we see that there exists C' > 0 such that

n > 2. (2.8)

|/“L7L| S I
nlogn

It is clear that
k?log® k > 2*"n?(log2)?, if 2" +1 <k < 2" forall n.
Then it follows that

00 ontl 1 172 oo on 1/2 00 1
S(E o) =5(2) S

n=1 \k=2"+1 n=1

Using this, (2.8) and Theorem A, we obtain:
The sequence of moments {1, }°°, is a multiplier from B to ¢'. (2.9)

Take now f € B, f(z) = > - a,2" (2 € D). Using the simple fact that the
sequence {u, 152, is a decreasing sequence of positive numbers and (2.9), we see
that there exists C' > 0 such that

k=0 k=0

This implies that H,(f)(z) is well defined for all z € D and that, in fact, H,(f)
is an analytic function in . Furthermore, since (2.10) also implies that we can
interchange the order of summation in the expression defining H,(f)(z), we have

n=0 k=0 = —
= Zak Z "M du(t) | = Z T dp(t)
k=0 n—o v [0,1) o /0 L — 1tz

We have the following result regarding compactness.

Theorem 2.8. Let ju be a positive Borel measure on [0, 1) with f[o ) log = du(t) <

co. If the measure v defined by dv(t) = log 1_3t du(t) is a vanishing Carleson mea-
sure then:

(i) The operator I, is a compact operator from B into BMOA.
(ii) The operator 1, is a compact operator from BMOA into itself.
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Before embarking on the proof of Theorem 2.8 it is convenient to recall some
facts about Carleson measures and to fix some notation.
If 11 is a Carleson measure on D, we define the Carleson-norm of u, denoted

N (), as
- 1 (S(I))
Nw) = Isubiipofa]l)) Vi

We let also £(u) denote the norm of the inclusion operator i : H' — L'(dp). Tt
turns out that these quantities are equivalent: There exist two positive constants
Aq, Ay such that

AN () < E(n) < AN (p), for every Carleson measure p on D.

For a Carleson measure g on D and 0 < r < 1, we let p, be the measure on D
defined by
dpr(2) = Xgr<lz<rydp(z).
We have that p is a vanishing Carleson measure if and only if

N(u,) —0, asr—1.

Proof of Theorem 2.8. Since BMOA is continuously contained in the Bloch
spaces, it suffices to prove (i).

Suppose that v is a vanishing Carleson measure. Let {f,}>2; be a sequence of
Bloch functions with sup,,~ || fu|lsz < oo and such that {f,} — 0, uniformly on
compact subsets of D. We have to prove that I,,(f,) — 0in BMOA.

The condition sup,,~; || fnl[s < oo implies that there exists a positive constant

M such that )

1— 12|’
Recall that for 0 < r < 1, v, is the measure defined by

|[fa(2)] < Mlog

zeD, n>1. (2.11)

dvy(t) = X<ty dv(t).

Since v is a vanishing Carleson measure, we have that N'(v,) — 0, as r — 1, or,
equivalently,
E(vy) — 0, ast — 1. (2.12)

Take g € H' and r € [0,1). Using (2.11) we have

| 180ls@1du®) = [ 1n@llo@ldut) + [ 1.0l dut)
[0,1) [0,7) [r,1)

< / o) lg(0) diut) + M | log (1) dut)
[0,7)

1) —1
- / WOl Olau@) + 1 [ g0 et

[0,1)

S/ [FaOllg@)] dut) + ME(wr)lgl -
0,r)



12 D. GIRELA AND N. MERCHAN

Using (2.12) and the fact that {f,} — 0, uniformly on compact subsets of D, it
follows that

lim |f(O)lg)| du(t) = 0, forall g€ H'.

Bearing in mind (2.4), this yields

2
/ Iu(fn)(reie)g(ew) d@D =0, forallge H'.
0

By the duality relation (H')* = BMOA, this is equivalent to saying that
I,(f,) = 0in BMOA. O

lim (lim

n—oo \ r—1

3. THE OPERATOR H,, ACTING ON (s SPACES AND BESOV SPACES

If 0 < s < o0, wesay that f € Qg if f is analytic in D and
def 1/2
Q. = (IF(OF + po.(f)*) " < oo,

o)™ (sup [ 170Po(e, A >)1/2.

a€eD

where

laz

Here, g(z,a) is the Green’s function in D, given by ¢(z,a) = log‘ , while

dA(z) = dﬁrﬂ is the normalized area measure on . All Q4 spaces (0 S s < 00)
are conformally invariant with respect to the semi-norm pg, (see e.g., [31, p. @1]
or [15, p.47]).

These spaces were introduced by Aulaskari and Lappan in [6] while looking for
new characterizations of Bloch functions. They proved that for s > 1, @), is the
Bloch space. Using one of the many characterizations of the space BMOA (see,
e.g., [9, Theorem 5] or [21, Theorem 6. 2]) we see that )1 = BMOA. In the limit
case s = 0, (), is the classical Dirichlet space D of those analytic functions f in
D satisfying [ | f'(2)]* dA(z) <

It is well known that D C VM OA. Aulaskari, Xiao and Zhao proved in [§]
that

DC Qs CQs, € BMOA, 0<s1 <sp <1

We mention the book [31] as an excelent reference for the theory of @ -spaces.
It is well known that the function F'(z) = log 132 belong to Qs, for all s > 0, (in

fact, it is proved in [7] that the univalent functions in all Qs-spaces (0 < s < 00)

are the same). Using this we easily see that Theorem 2.1 and Theorem 2.4 can be

improved as follows.

Theorem 3.1. Let pu be a positive Borel measure on [0,1). Then the following
conditions are equivalent:

f[01 log 1% du(t) < oo.
(ii) For any given s € (0,00) and any f € Qs, the integral in (1.1) converges
for all z € D and the resulting function I1,,(f) is analytic in D.
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We remark that condition (ii) with s > 1 includes the points (ii) and (iii) of
Theorem 2.1.

Theorem 3.2. Let u be a positive Borel measure on [0, 1) with f[o,l) log 1% du(t) <
o0o. Then the following two conditions are equivalent:
(i) The measure v defined by dv(t) = log 2 du(t) is a Carleson measure.
(ii) For any given s € (0,00), the operator 1, is bounded from Qs into BMOA.

We remark that (ii) with s > 1 reduces to condition (ii) of Theorem 2.2, while
(i1) with s = 1 reduces to condition (iii) of Theorem 2.2.

These results cannot be extended to the limit case s = 0. Indeed, the function
F(2) = log -2 does not belong to the Dirichlet space D.

1—2z

The Dirichlet space is one among the analytic Besov spaces.
For 1 < p < o0, the analytic Besov space BP is defined as the set of all functions
f analytic in D such that

1£15 < (L FO)F + pp(F)P)” < o0,

where
pp(f) = (/D(l - \2\2)p_2!f’(z)\pdA(z))l/p.

All B? spaces (1 < p < oo) are conformally invariant with respect to the semi-
norm p, (see [5, p. 112] or [15, p. 46]). We have that D = B?. A lot of information
on Besov spaces can be found in [5, 15, 23, 33, 34]. Let us recall that

B C BT CVMOA, 1< p<q<oo.

From now on, if 1 < p < oo we let p’ denote the exponent conjugate to p,
that is, p’ is defined by the relation % + ]% = 1. If fe B? (1 < p < oc0) then,

see [23] or [33],
1 1/p
f(2)] = o<(10g1_|z|> >, as |z| — 1, (3.1)

and there exists a positive constant C' >, 0 such that

1/p
If(Z)|§C||f||Bp<log ) _:eD, feB. (32

1—z]
Clearly, (3.1) or (3.2) imply that the function F(z) = log {2 does not belong

to B? (1 < p < o0), a fact that we have already mentioned for p = 2. Our

substitutes of Theorem 2.1 and Theorem 2.2 for Besov spaces are the following.

Theorem 3.3. Let 1 < p < oo and let p be a positive Borel measure on [0,1).
We have:
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(i) If f[o D (log l—zt)l/pl du(t) < oo, then for any given f € BP, the integral in
(1.1) converges for all z € D and the resulting function I,(f) is analytic
i D.
(i) If for any given f € BP, the integral in (1.1) converges for all z € D and
the resulting function I1,,(f) is analytic in D, then f[O,l) (log %)7 du(t) <
1

oo for all v < i

Theorem 3.4. Suppose that 1 < p < oo and let pu be a positive Borel measure
on [0,1). Let v be the measure defined by

du(t) = (log 2 )W du(t).

1-1

(i) If v is a Carleson measure, then the operator I, is bounded from BP into
BMOA.
(ii) If v is a vanishing Carleson measure then the operator 1, is compact from

BP into BMOA.

These results follow using the growth condition (3.2), the fact that if v < 1%

then the function f(z) = (log 12-)" belongs to B (see [23, Theorem 1]), and with
arguments similar to those used in the proofs of Theorem 2.1, Theorem 2.2, and
Theorem 2.8. We omit the details.

Let us work next with the operator H, directly. In order to study its action on
the Besov spaces we need some results on the Taylor coefficients of functions in
BP. The following result was proved by Holland and Walsh in [23, Theorem 2.

Theorem B. (1) Suppose that 1 < p < 2. Then there exists a positive con-
stant C,, such that if f € B and f(z) = 1o ax 2" (z € D) then

D R agP < Cy ()
k=1
(ii) If 2 < p < oo then there exists C, > 0 such that if f(z) = >, ax 2"
(z € D) with > 2 kP HagP < oo then f € BP and

()P < Cp Y kP Hal.

k=1
If p # 2 the converses to (i) and (ii) are false.

Theorem B is the analogue for Besov spaces of results of Hardy and Littlewood
for Hardy spaces (Theorem 6.2 and Theorem 6.3 of [18]).

In spite of the fact that the converse to (ii) is not true, the membership of f in
B? (p > 2) implies some summability conditions on the Taylor coefficients {ay}
of f. Indeed, Pavlovi¢ has proved the following result in [28, Theorem 2. 3].
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Theorem C. Suppose that 2 < p < oo. Then there exists a positive constant
C, such that if f € B? and f(z) = > oy ar 2 (z € D) then

> Klarl” < Cypp(f).
k=1

These results allow us to obtain conditions on y which are sufficient to ensure
that H, is well defined on the Besov spaces.

Theorem 3.5. Let u be a finite positive Borel measure on [0, 1).

/

i) Ifl <p <2andd -, % < 00, then the operator H, is well defined in

BP.
(i) If2 <p < oo and Y -, k’;% < 00, then the operator H,, is well defined
in BP.

Proof. Suppose that 1 < p < co and f € BP, f(2) = > poyaxz” (2 € D). Since
the sequence of moments {u, }>°, is clearly decreasmg we have

> lmnerllan] <Y lpillaxl,  for all n > 0.
k=1 k=1

Consequently, we have:

(i) If1 < p<2and f € B, f(z) = > o yaxz" (z € D), then

D lpinerar] < |pllar] = Zk1"|ak|k1/pm n=0.
k=1 k=1 k=

Then using Holder inequality and Theorem B (i), we obtain

) 5% 1/p 1% | |p’ 1/p
S ] < (z mam) (z “T)
k=1 k=1

k=1
=\
k
, n>0.
n(Eh)

Then it is clear that the condition ).~ , % < oo implies that the power

series appearing in the definition of H,(f) defines an analytic function in
D.

(i) f 2 < p < coand f € B, f(2) = Y j,arz” (2 € D), then

Z|Nn+kzak| < Z|Mk||ak:| = Zk‘ |ak|k1/p n=0.
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Then using Holder inequality and Theorem B (ii), we obtain
N N e
Sl < (zw) (Z ol
-1
e |”
(Z kp'/p , n=0.

Then we see that the condition > 7, k"' /p < oo implies that the power

series appearing in the definition of H,(f) defines an analytic function in
D.

O

Let us turn to study when is the operator H, bounded from BP into itself.
Let us mention that Bao and Wulan [10] considered an operator which is closely
related to the operator H, acting on the Dirichlet spaces D, (a € R) which are
defined as follows:

For a € R, the space D,, consists of those functions f(z) = Y j a, 2" analytic
in D for which

o 1/2
1/llp. = <Z<n+1>1-a|an|2) < oo,
n=0

Let us remark that Dy is the Dirichlet spaces D = B2, while D; = H?.

Bao and Wulan proved that if p is a positive Borel measure on [0,1) and
0 < a < 2, then the operator H, is bounded from D, into itself if and only if
is a Carleson measure. Let us remark that this does not include the case a = 0.
In fact, the following results are proved in [10].

Theorem D.

(i) There ezists a positive Borel measure p on [0,1) which is a Carleson
measure but such that H,(B?) ¢ B?.

(i) Let p be a positive Borel measure on [0,1) such that the operator H, is a
bounded operator from B? into itself. Then p is a Carleson measure.

We can improve these results and, even more, we shall obtain extensions of
these improvements to all BP spaces (1 < p < c0). More precisely we are going
to prove the following results.

Theorem 3.6. Suppose that 1 < p < 0o and 0 < < Il?. Then there exists a

positive Borel measure p on [0,1) which is a [-logarithmic 1-Carleson measure
but such that the operator H, does not apply BP into itself.

Next we prove that p being a (-logarithmic 1-Carleson measure for a certain
B is a necessary condition for H, being a bounded operator from BP? into itself.

Theorem 3.7. Suppose that 1 < p < oo and let u be a positive Borel measure
on [0,1) such that the operator H, is bounded from BP to itself. Then u is a

v-logarithmic 1-Carleson measure for any v < 1 — %.
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Finally, we obtain a sufficient condition for the boundedness of H, from B?
into itself.

Theorem 3.8. Suppose that 1 < p < oo, v > 1, and let p be a positive Borel
measure on [0, 1) which is a y-logarithmic 1-Carleson measure. Then the operator
H,, is a bounded operator from BP into itself.

We shall need a number of results on Besov spaces, as well as some lemmas, to
prove these three theorems. First of all we notice that the Besov spaces can be
characterized in terms of “dyadic blocks”. In order to state this in a precise way
we need to introduce some notation.

For a function f(z) =Y, a,z" analytic in D, define the polynomials A; f as

follows:
27+ 1

Aif(z) = Z apz®, for j >1,
k=27
Aof(z) = ag+ a;z.
Mateljevié¢ and Pavlovié proved in [25, Theorem 2. 1] (see also [27, Theorem CJ)
the following result.

Theorem E. Let 1 < p < 0o and a > —1. For a function f analytic in D we
define

N [IHEPQ- DR dAe), Q) = Y 28,1,
n=0
Then, Qi(f) = Q2(f)-

Theorem E readily implies the following result.

Corollary 3.9. Suppose that 1 < p < oo and f is an analytic function in D.
Then

feB & 22 "IN <
Furthermore,

HP= Y 2 AL
n=0

Using Corollary 3.9 we can prove that the converses of (i) and (ii) in Theorem B
hold if the sequence of Taylor coefficients {a, } decreases to 0. This is the analogue
for Besov spaces of the result proved in [22] by Hardy and Littlewood for Hardy
spaces (see also [27], [26, 7.5.9] and [35, Chapter XII, Lemma 6. 6]).

Theorem 3.10. Suppose that 1 < p < oo and let {a,}°, be a decreasing
sequence of non-negative numbers with {a,} — 0, as n — oo. Let f(z) =

ZZO:() anz" (Z S ]D)). Then

(o.9]
fenB? & anflaﬁ < 00.
n=1

Furthermore, p,(f)P =< > 02 nP~tab.
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Proof. For every n, we have
2n+1
2(ALf) (2) = Z kay2*.
k=2n+1
Since the sequence A = {k}32, is an increasing sequence of non-negative numbers,
using Lemma A of [27] we see that

12 (Anf) i = 21 A0 f 7o (3.3)

Now, set h(z) = 3.°° 2" (2 € D). Since the sequence A = {a,, }5°, is a decreasing
sequence of non-negative numbers, using the second part of Lemma A of [27], we
see that

g || Anhle S NAnfllEe S aga-sl|Anhllfs- (3-4)
Notice that h(z) = 1= (2 € D). Then it is well known that M,(r, h) = (1—7’)%_1
(recall that 1 < p < oo). Following the notation of [25], this can be written as
heH (p, 00,1 — %) Then using Theorem 2.1 of [25] (see also [26, p.120]), we
deduce that ||A,|/%, < 2P~V Using this and (3.4), it follows that
2" Vab, < [|lA, flle < 2= 1)a2n—1- (3.5)
Using Corollary 3.9, (3.3), and (3.5), we see that

=2 A = ) 2 A < D 2" ab.

Now, the fact that {a,} is decreasing implies that Y - 2"ab, < Y 2 nP~'a?
and, then it follows that p,(f)? < > o~ nP~ta2. O

Remark 3.11. If f is an analytic function in D, f(z) = > 7 a,2" (¢ € D), and
1 < p < oo then any of the two conditions f € B? and Y~ nP !a,[P < oo
implies that {a,} — 0. Consequently, the condition {a,} — 0 can be omitted in
the hypotheses of Theorem 3.10.

Suppose that 3 > 0, s > 1, 1 < p < oo, and p is a positive Borel measure
n [0,1) which is a [-logarithmic s-Carleson measure. Using Lemma2.7 and
Theorem 3.5, it follows that H, is well defined on B?. Also, it is easy to see that
f[071) (log %)1/;;' du(t) < oo, a fact that, using Theorem 3.3 (i), shows that I, is
also well defined in B?. Using then standard arguments it follows that 7, and H,
coincide in BP. Let us state this as a lemma.

Lemma 3.12. Suppose that § > 0, s > 1, 1 < p < oo, and p is a positive
Borel measure on [0,1) which is a B-logarithmic s-Carleson measure. Then the

operators H,, and I, are well defined in BP and H,(f) = I.(f), for all f € BP.

Proof of Theorem 3.6. Let pu be the Borel measure on [0, 1) defined by

2 —p
du(t) = (log - t> dt.
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Since the function z — (log %)_B is decreasing in [0, 1), we have

w ([t 1) = /t1 <1oglfx)ﬁ dr < (1—1) (loglit)ﬁ, 0<t<1

Hence, y is a f-logarithmic 1-Carleson measure. Then, taking o = 0 in Lemma 2.7,
we see that
1
=0(—— ).
" (k(logkw)
On the other hand,

1% 2\ 1 =i 1
> t* (1 dt > thdt > ———.
= /o <Og 1 —t) ~ <logk>ﬁ/o ~ F(log k)?

Thus, we have seen that p is a S-logarithmic 1-Carleson measure which satisfies
1

n(logn)?’

Hn X (3.6)

Take p € (1,00) and « > % and set
1
(n+1) (log(n +2))*’

= Z an 2",
n=0
Notice that {a,} | 0 and that 2 nP"!|a,[’ < co. Hence, g € BP.

We are going to prove that H,(g) ¢ BP. This implies that H,(B?) ¢ B,
proving the theorem.

We have H,(9)(z) = > o7y (O reg nikar) 2". Notice that ax > 0 for all k
and that the sequence of moments {u,} is a decreasing sequence of non-negative
numbers. Then it follows that the sequence {3 7~ pnirar}o, of the Taylor
coefficients of H,(g) is decreasing. Consequently, we have that

o0 p
E M4k Ok

< 00. (3.7)
k=0

n=012...,

ap —

and

H,.(9) € B < anl

n=1

Using the definition of the sequence {ay}, (3.6) and the simple inequalities +k >

n+r1 and log(n + k) < (logn)(logk) which hold whenever k,n > 10, say, we

obtain

[e.9]

2

>Zn’”1

n=10

Z Hn+kAk

k=10

Z Hn+k Ak
e (i

n=10 k=10

1 1 :
(n+ k) (log(n + k))? K (log k)“] )

o0

1 P
>Z logn (};}W) = 0.

log k
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Bearing in mind (3.7), this implies that H,(g) ¢ B? as desired. [

Proof of Theorem 5.7. Suppose that 1 < p < oo and v < 1 — %. Let u be a

positive Borel measure on [0, 1) such that the operator #,, is a bounded operator
from BP into itself. Set o = 1 — 1,

= L k>2
%= klogk)ye "=

and .
f(z):Zakzk, zeD

k=2

Since o > Il?, using Theorem 3.10 we see that f € BP. By our assumption H,(f) €
BT that is, |H,.(f)||p» < co. We have

?Mﬁ@=§:( MMQW-

n=0 k=

Since ay > 0 for all k£ and {u,} is a decreasing sequence of non-negative numbers,
it follows that the sequence {> 7, finirar 122, is a decreasing sequence of non-
negative numbers. Then, using Theorem 3.10 we obtain

o9 o9 p
H%W&ZZW«ZMM>

n=1 k=2

0 00 p
1

Z np*1 —/ xn+k d,LL T

; (; k(log k) Jio.) @)

[e%¢) [e'e) p
1

; (; k(log k) Jii1) (@)

tn—l—k

> ;n”‘l (}; Tlog k) k;)a) p(lt, 1)

0 0 £k p
— p—1ynp p
;n t (;k(logk)a) w([t,1))", forall t € (0,1).

Now, it is well known that > -, @ = (log ll_t)lfa = (log ll_t)7 (see [35,

Vol. I, p.192]). Then it follows that

1:)(;W%ﬂuwmp
= (1 2;) gl 0y

Since ||H,(f)||p» < oo, this shows that p is a y-logarithmic 1-Carleson measure.
0J

mmm&zQ%




A GENERALIZED HILBERT OPERATOR 21

The following lemma will be used to prove Theorem 3.8. It is an adaptation of
[20, Lemma 7] to our setting. The proof is very similar to that of the latter but
we include it for the sake of completeness.

Lemma 3.13. Letp, v, and p be as in Theorem 3.8. Then, there exists a constant
C = C(p,7, 1) >0 such that if f € B?, g(z) =Y oy cxz® € Hol(D), and we set

v =S ([  autn)

k=0 0

then
1
u&Mmsc(/ﬂwﬂwmwwymmmunza
0

Proof. For each n =1,2,..., define

T, (s) = /0 2 du(t), s > 0.

Clearly, T, is a C*°(0, oo)-function and

1
wstéﬁ““mmww,szg

Furthermore, since supy_,.; (log %)2 r'/2 = C(2) < oo, we have

1 2
|ﬂmﬂsllo%§ﬁt”1t%ﬂﬁ“u@mmw

1 1
< C(2) / 2 F ()] du(t) < C(2) / 2 F ()] dplt), s> 3.
0 0
(3.9)
Then, using (3.8) and (3.9), for each n = 1,2,..., we can take a function

®,, € C°(R) with supp(®,,) € (%,4), and such that
D,(s) ="T,(s), sel,2],
and

1
As, = max |, (s)| + max |(s)] < C / 2772 ()] du(e).
seR seR 0

Following the notation used in [20, p.236], we can then write

ontl_q

Anh(z) = ;; o ( /0 ey du(t)) ok

k
— Z Py, (2—n) =W« Apg(2).

k=2n
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So by using part (iii) of Theorem B of [20], we have
1Auh] e = [[Wor + Angllae < CpAs, | Mgl

<c ( [ s du(t)) TN,
0
]

Proof of Theorem 5.5. By the closed graph theorem it suffices to show that
H,.(BP) C BP.

Take f € BP. Since pu is a y-logarithmic 1-Carleson measure, using Lemma 3.12
we see that

N = 10 = X ( [ s () ", zeD

Also, using Corollary 3.9, we see that

Hu(f) € B & D 2" A, (Hu(f)) i < oo, (3.10)

n=1
Now, we have

2n+1_1

BN = ke (o)

k=2
Using Lemma 3.13 we obtain that

1A (M) 0 < ( /[ LR du(t)) 1AL Flar

with F(2) = > 12, (k+1)zF (z € D). Now, we have that M,(r, ) = O (( ) 1)
1—r p

and then it follows that ||A,F|lg» = O <2n(2_%)> (see, e.g., [25]). Using this and
the estimate | f(t)| < (log %) 1 , we obtain

1 2 1/P'
1A% (Hu(F)) e < 279 / 27 (log 2 ) dut) ) |
[0,1) 1-—1

which using the fact that p is a y-logarithmic 1-Carleson measure and Lemma 2.7
implies

1A, (%u(f)/) e S n(2= )2 nP' L nP’ -,

~

This, together with the fact that v > 1, implies that

ZQ p1||A HPNZ2 n(p=1)gnp/p’ ,p(1=7)—

— p(1—v)-1
; n

Bearing in mind (3.10), this shows that H,(f) € B? and finishes the proof. OJ
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