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Two approximate solutions for the shock wave structure inlly fonized plasma are given for weak and moderately
strong shocks. Both solutions are algebraically very siniplthe phase space of the electron and ion temperatures
as functions of the plasma velocity, being algebraicallyeriavolved in the physical spatial coordinate, except when
constant electron conductivity is assumed. One solutibased on the observation that for weak, relaxation shoeks th
electron and ion temperatures are very close to each otlrever, for sufficiently large ionization (atomic) numizer
this solution is valid even for any difference between bethperatures, capturing quite accurately the ion temperatu
overshoot appearing in moderately strong relaxation shtmiargeZ. For stronger shocks with an internal ion shock
this first approximate solution remains quite accurate engteheating region upstream of the inner shock, but not in
the relaxation downstream region. For this latter regiorfiwe another good algebraic approximation based on the
almost constancy of the electron entropy. The combinatfdhese two approximations upstream and downstream of
the inner shock, connected through the also algebraic RaftHugoniot relations for the inner shock, provides a good
approximation for the entire shock structure even for matidy strong shocks. These algebraic approximate sokition
are compared with exact numerical solutions for severalesbf the Mach and ionization numbers. Some relevant
features such as the shock thickness and the ion tempeoatenghoot are analyzed.

I. INTRODUCTION shock appears inside the wider plasma shock wave structure.
For this reason it is always quite useful to have analytioal s

The structure of a shock wave in a fully ionized, collisional lutions, either approximate or exact in some particular lim
plasma is a well-studied problem, both at the fundamentdfS: that additionally may help to better understand thesfisy
level for the wave propagating through a quasineutral fu”yand the structure of th'e flow. Thisis a known practice for the
ionized gas:7 or considering the effect of some additional Shock wave structure in neutral gases. For instance, B&cker

physical features such as, for example, nonlocal electean h found an analytical solution for the shock wave of a neutral
conductior® the presence of an electric current or figldy ~ 9aS with constant transport coefficients and a particullareva

gray radiation diffusiot®! The subject continues to be of Of thezg’randtl numbe7r, latter improved by Morduchov and
great physical interest in the study of inertial fust@i3par-  Libby,” and Jphnsoﬁ, who also obtained closed-form so-
ticularly for the study of the shock ignition of thermonuate !utions in the limits of large and small Prandtl numBe!
fuel 215 or in the related problem of creating a sharp con-Analytical approximate solutions have also been found én th
trollable plasma density gradient at the interface between ~ Problem of the shock wave in a binary gas mixture with mass
uum and a gaseous medium using a laser generated shogieParity, either assuming almost constant light gas Wﬁ_%
wavel8 In simulations codes for these processes the electrofif IN the limit of small Prandtl number of the light g#sThis
heat conduction and the inclusion of plasma models with sepRroblem is somewhat similar to the plasma shock wave, with
arate ion and electron temperatures are both very reldaant, WO velocities, one for each neutral gas species, and just on
which the planar shock wave constitutes a benchmark for vafl€mperature, instead of the two temperatures (electroroand
idation, particularly when analytical solutions, like treode- ~ t€mperatures) and only one velocity considered in the ptese
rived in the present work, are available. The subject is alstudy, where quasineutrality is assumed for the fully iediz
of interest in some astrophysical problems such as the shod{@sma. Some semi-analytical solutions exist for this enob
waves produced by supernovae and other explosive phenorfif @ shock wave in a p|a5m<'i‘9'” the equilibrium diffusion limit
ena in the universe, star formation, accretion flows, thelsho With just one temperatur€;' or combination of analytical
generated when the solar wind slams into Earth’s magnetig0!utions in the phase space for specific regimes with numer-
field, among other&”18though in many of these astrophysi- ical solutions in the physical spa_?:ebut we have not found
cal plasma shock waves the Mach number is quite large an@nalytical approximate solut|on_s in the literature for tioen-
radiation becomes relevant, which is not considered in th®!€t€ plasma shock wave, that includes the case of modgratel
present work%11.181%e also do not consider here the caseStrong shocks with embedded ionic shock, which are given
of a shock wave propagating in a weakly ionized plagf& here in both the phase and the physical spaces. In partigular
of great recent interest in hypersonic aircraft flow conarodd e present paper we describe two analytical solutionsiwhic
in plasma assisted combusti®h? approximate the flow structure inside a shock wave in a fully
The set of ordinary differential differential equationsigo  10NiZ€d plasma, both upstream and downstream, so that an ap-
erning the simplest two-dimensional and stationary plasm&'oximate global structure can be constructed which helps t
shock wave, reviewed in §l1 below, have to be solved numeriinderstand the flow physics inside the shock. The analytical

cally, which is sometimes a very hard task due to the differen2PProximate expressions are interesting to evaluateaelev
singular points and length scales, particularly when aefinn physical features of the plasma shock such as the ion tempera



ture overshoot and the shock wave thickness, both considerdined as
in the present paper, and also to verify hydrodynamic codes x U n T T
using plasma physics models, to analyze the hydrodynamic y=-—, n=—= _2, 6 =_—, 2.
stability of shock fronts in plasmas, etc. The approximate H, U n T2 T
structures of the shock wave for several values of the Maclyherex is the spatial coordinate, scaled with a characteris-
number and different ionization numbers are discussed angl. lengthH, defined belowly = Ue = Uj is the velocity,Te
compared with exact numerical solutions of the shock wavgynqT; are the electron and ion temperatures, respectively, and
differential equations. n=ne = n;Z is the electron number density, related to the ion
number densityy through the ionization numbé&, and also
related to the velocity by mass conservatiornU = con-
Il. EQUATIONS, SHOCK WAVE STRUCTURE AND stant:_ me,nz’Uz, say, wheram is the electron mass and the
NUMERICAL SOLUTIONS subscript '2 refer_s to the downstream conqmoms—é ). '
All the flow magnitudes are scaled with their corresponding

. ) ) downstream values, so that
We consider the structure of a two-dimensional planar

shock wave in a fully ionized plasma using the formulation =1, Bp=06>=6=1 (5)

of Jaffrin and Probsteift. These authors derived the shock

wave equations for ionization numb&r= 1 (actually,Z is  The upstream valuex (~ —, denoted by the subscript '1")
the atomic number for a fully ionized plasma), later general are given by the Rankine-Hugoniot relations resulting from
ized by Ramirez et dl.for any value ofZ. We just give in  Egs. (1)-(3) for vanishing gradients:

this section the shock equations with a brief summary of its

structure, together with some numerical results. Ny = MZ+3 _ 4amf ©6)

ee = (4)

In the formulation of Jaffrin and Probstéiit is assumed aM32 M2 + 3’
that Debye length is much smaller than any collisional mean (MZ+3) (5MZ - 1) 16M2
free path, so that quasineutrality applies and the elecgpm 01 = 16M2 = IM2+3) (5MZ_1)’ (7)
netic problem is decoupled from the (thermo-)mechanical 2 (MZ+3) (SMI 1)
one. The problem is thus described by an unique velocity (8)

field for the electrons and ions, and two separate tempestur ]
one for the electrons and another one for the ions. The noith the upstream and downstream Mach numbers defined as

dimensional equations describing the shock wave struature

2
terms of the velocity] = ne = n; (subscript & refers to the Mé = _ mUs , a=12, 9)
electrons andi’ to the ions), the electron temperatuigand Y(Z+ 1kTa
. . ,8
the ion temperatur, can be written, for any value &, as and related through
2
5M2 3 Mi = o1 tS (10)
3:7(24'1)’7 [(sz‘f‘l)—’]}—zee, 1) Mi-1
de.  4aM3 Note thatTe = T; = Ty, at the upstreamo( = 1) and down-
d—e = Té(n —1)(n1—n), (2) stream & = 2) conditions. In (9)k is Boltzmann constant,
y e through which both pressures and p; are related to their
z% 3622  ko(6—8) corr_esponding temperaturgs; = NeikTe;, and y(:_ 5/3) is
d 257 + 1)2 2n3/2 the ion’s heat capacity ratio. Mach numbdi varies from
‘;_’7 = y - S(Z+1)” Man?6e ~— (3  unityto infinity, while M, is imited from 110 J V5.
y Z(Z2+1) [—(5—8fl)M§+5} _Zz*€ The length scaléd; used to nondimensionalize equations
3 3 3 n (2)-(3) is proportional to the mean-free path for ion-ioatsc

tering evaluated at downstream conditiolss 1/KT/mi T2,
Note that the total momentum equation (1) corresponds to Eqyith 1., — [3m1/2(kT2)3/2]/[4n1/2e424ni2In/\i] the ion-ion
(17) in Ref?, the total energy conservation equation (2) to Eq.cqjlision time at downstream conditions-¢ is the electron

(A1) in that reference, while the ion energy equation (3)ds E charge anadn the ion mass), divided by the square root of the
(A2) in Ref8, but with one of its terms written differently by mass ratid:®

using Eg. (2) (notice also that there is a misprint in thissequ

tion (A2) of Ref8, where the terny(Z) /M3 should beky /M, 6v/3kZ3INA; I, Mo

in the local electron conductivity limit, witM, andky defined H = 5V5(Z+ 172N £ €= \/j <1, (1)

below, like any other quantity used in these equations, lwhic ©

also coincide with Egs. (4.1), (4.7) and (4.8), respecfiviel  whereky ~ 3.906 is a constant appearing in the ionic ther-

Ref? whenZ = 1, but with the non-dimensional spatial coor- ma| conductivityk; = konikT; ri/m,31 and InA\e and InA; are

dinate defined in a slightly different form). the electron and ion Coulomb logarithifsNote that under
In these equations, the nondimensional variables are déhe quasi-neutrality hypothesis, Coulomb logarithms can b




assumed constants, so that viscosity and thermal condwyctiv
are proportional td>/2 for both ions and electrons.

As explained by Jaffrin and ProbstéirsinceH, is much
larger than the ion-ion mean free path, ion viscous terms
(and, of course, electron viscous terms, which arémes
smaller) have been neglected in the total momentum conser-
vation equation (1), in the total energy conservation dqnat
(2), and in the ion energy conservation equation (3). Lilsewi
the ion heat conduction terms have been neglected in Egs. (2
and (3). Finally, it is worth mentioning here that the energy

transfer between ions and electrons have been assumed linee

with the temperature difference in Eq. &).

Equations (1)-(3) model the so callexkternal problem
with length scaléH;, where only two dissipative mechanisms
are present at the lowest orderdn electronic heat flux and
energy transfer between electrons and ib#s:2However, as
first described by Imshennikabove a critical Mach number
M*, which will be given below, there exists a much thinner
inner, or ionic, shockwvhere ion viscous terms are relevant.
The thickness of this inner shock is of the order of the iam-io
mean free pattl;; ~ |,, so thation viscous terms are relevant,
but the electron temperature remains almost constantéat th
lowest order ire) inside this inner region. Thus, féd > M*,
the structure of the shock consists of (see, for instance, Fi
below for an example) a preheating external rediohthick-
ness of ordeH; and governed by (1)-(3), a inner regioin
of much smaller thickneds,; where the electron temperature
remains constant while the velocity decreases and theion te
perature increases, and a relaxation Zdhgalso of thickness
of orderH, and governed by (1)-(3), where the temperatures
and velocity evolve towards their final equilibrium values.

Using

$|2
VIS(Z+1)Y2 7

wherelp ~ 0.96 is a constant appearing in the ion viscosity
Ui = HonikTi 7,31 the equations governing the plasma magni-
tudes inside the inner regidh can be written, for any value
of the ionization numbez, a8

Hi = (12)

6> dn 3 (Z 6, 18

2 lopoa e 2 1), 13

My dy | 5M2 <z+1n Z+1n ) (13)
d6e
—*_o, 14
dy; (14)

ko ,5/2d6 5M22(Z +1)
8”* =2 =g+ 2T p(n-2

2
+§ (Z6eInn—(Z2+1)n) +G,

wherey; = x/H;; andGis an integration constant that depends
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FIG. 1. Numerical solution of Egs. (1)-(3) fy = 1.1 andZ = 1.
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FIG. 2. Numerical solution of Egs. (1)-(3) féd; = 1.3 andZ = 1.
Also shown in (a) is the Rankine-HugonidR { H) relation in the
phase space (16).

on the location of this inner region between the preheatirng a fact, considering that the internal shock lies between tgoin

relaxation zones [these equations coincide with Egs. (22)- labeled by 3 and 4, so that the plasma exhibits its changes

in Ref?]. through 1- 3—4— 2 (see, for instance, Fig. 2 below for
When usingy as the spatial variable (i.e., in the external an example), and labelling the constant electron temperatu

problem with length scall, ), this inner region can be consid- across the ion shock #&3(= Bu), the jump can be obtained

ered just as discontinuity foy andg,, where the jump is given by setting all derivatives in (13)-(15) to zero. Equatiol)1

by the Rankine-Hugoniot relations associated to (13):(tb) becomes Eq. (1), that is used to eliminate the ion temperatur



in Eg. (15), yielding constar at the point 4, and the follow-

ing algebraic relation between the plasma velocitigandn, 1L :
at the beginning and end of the inner shock, respectively: oosl )
5M3 20mM2 , 096
5(—==+1)(n3—na)— (n5—nz) = =
3 3 (16) 0.94
27 ns
— Bxrln—. 0.92
z+1 2",
gol@®@ e
The correspondingz and84 are given by Eq. (1) witlfe = PR e L
B3, andn = nz andn = ng, respectively.
Local linear analysis near the end singular points 1 and 2 of n )
Egs. (1)-(3) shows that these equations describe the emolut 2
of the plasma throughout the shock, so that regloasd|!| 0-981-
merge and the inner shotkdoes not exist, #2 os6]
0.94 +
9Z+10 3Z+5 092}
Mi</=—=—=M" or Mp>,|———r+. 17
1<\ 5z 2> \szry 7 oL ®

0.98 i 1,62 1.1]4 l.é‘lﬁ l.;)ﬁ lil l.‘l? l.‘l«l l.‘l(i .
This critical Mach number varies monotonically fravi (Z =
1) = /19/15~ 1.13toM*(Z — ) =3/V/6~ 134 (see also ;. 3. Comparison between the approximations (19)-(26)(aa)-

Fig. 9 below). (23) (with a = 1) and numerical solutions from (1)-(3) f6g (a) and
In particular, if one writes Eqgs. (1)-(3) as the autonomousg; (b) whenM; = 1.1 andZ = 1.
system
? = W = f23{6e,n}, (18)  obtained from the algebraic momentum equation (1). Once
n 3{6e,n} the solution is thus obtained in the phase space, the corre-

onceg is eliminated from (1), it is shown that the upstream §ponding solution in the physical coordingtés obtained by

- : - : tegrating Eqgs. (1)-(3) for regionnisandlll , coupled with the
equilibrium point 1 is a saddle for any valuedf, while the " : :
dgwnstreampequilibrium point 2 is a);lode fordIM; < M*, mtv_arnal shock by Integrating Egs. (13)'(15.) from ‘h¢ sedd
changing to a saddle point fod* < My < . ForM; < M*  Point 4 to the nodal point 3 of these equatibhfsee Fig. 2

one has a weak aelaxation shocl where a continuous so- (0]
lution to Egs. (1)-(3) can be constructed numerically sigrt
from the saddle point 1 and reaching the nodal point 2.

Figure 1 shows the results correspondingZte= 1 and
M; = 1.1, which is smaller thamM*(Z = 1) ~ 1.13, plotted in ~ '/-  ANALYTICAL APPROXIMATE SOLUTIONS
the phase spacé; — n and& — n, and in terms of the physi-
cal coordinatey (we selecZ = 1 as the classical case for Hy- A. Phase space solutions
drogen considered in most of the pioneering works on plasma
282ﬁkc\(l)vr?t\i/r$5()).u§ g(\;\ﬁ\tlig:; Lc;(ri Ssttsroggeirzzp ?hcﬁigcgﬂnt%}mr;)y Two approximate solytions are describe_d here, fjrst in the
scribed above exists somewhere inside éxéernal shock, phase space, and then in terms of the spatial coordnate
separating regionsand|ll. In this case the numerical so-  Thefirstone, denoted by the superscrit is based on the
lution is much more complex to obtain than in the weak casefact that the electron and ion temperatures are very close to
and consists of two numerical integrations of Eq. (18) start€ach other, not only near the upstream and downstream equi-
ing from the equilibrium points 1 and 2 with the appropriatelit_)rium states, but_all through the shock forwe_zak shocks (se
eigenvalues (remember that now both are saddle points), afdd- 1) and in region for stronger shocks. This feature was
joining them with the Rankine-Hugoniot conditions of the in @lso noted in the pioneering works by Jukesd Jaffrin and
ternal shock (16). This process is described in Fig. 2(a) ifProbsteift for relaxation shocks wittM; close to unity (and_
the phase space f; = 1.3 andZ = 1, where two numerical for Z = 1), but these authors only developed the analytical
integrations of Eq. (18) are first made from point 1 to point@Pproximate solution in the phase spacefpr 6, without
5, and from point 2 to point 6. Then, the Rankine-Hugoniotobtaining the lowest order correction féirin the phase space,
curve R— H in the figure) is used to obtain point 4 by its nor the approximate solution in the physical space. Here we
crossing with curve 2 6, which yields also point 3 by trac- ©0btain the correction fof; for anyZ, and extend the approxi-
ing the lineBs = constant= B = B towards the numerical Mate solution to the physical coordingte
solution 1—- 5. The corresponding points fé3 and 64 are We first seté = 6 in the momentum equation (1), to get
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FIG. 4. Comparison between the approximations (19)-(20)(am)-
(23) (both witha = 1 and 2) and numerical solutions from (1)-(3)
for Be (2) and6, (b) whenM1 = 1.3 andZ = 1. Also included is the
internal jump between point'3of 65} and 42 of 652 from (16) and

Q).

the following parabolic approximation fd(r):

5M2 5M2
-2 1 2
( 3 " ) 773
Dividing (2) by (3), but without substituting from (1) like
in (18), and using (19), one can obtain the following approxi
mation for&(n):

_ 2

6z n (19)

6/ = 60—
125(n — 1)MZ(Z + 1)2[(4n — 1)MZ — 3][(8n — 5)M3 — 3]
36koZ2[5(n — 1)M3Z — 3][5(2n — 1)M3 — 3]

(20)
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FIG. 5. Comparison between the approximations (19)-(2d)rar
merical solutions from (1)-(3) fok; = 1.3 andZ = 20.

As the second approximate solution in the phase space de-
scribed here (actually, two approximate solutions, ladukll
with the superscriptB,’, with a = 1 or 2) we assume that,
at the lowest order, the electrons behave almost isenttbypic

C
Ba ~ a
e - n2/37 (21)
where constant, depends on the equilibrium pointr = 1
or 2) where the boundary condition is applied; 8e=n =1
for a =2, andB. = 6; andn = n; given by Egs. (6)-(7) for
o =1, resulting

10/3
216/3M1 / |
(M2 1 3)573(5M7 1)

C=1, C = (22)

This approximation is likely to be valid in the downstream
relaxation region, even for moderately strong shocks, wher
the electron temperature remains almost constant, pktigu
for largeZ, whenf approaches its final equilibrium value of
unity.8 Substituting (21) into the momentum equation (1), one
obtains the corresponding lowest order approximationtfer t
ion temperature:

g _ _CaZ 1

= aE 3@ B -IM; -3 (23)

These expressions are compared with the numerical sodution
in Figs. 3-4 for the same cases considered in Figs. 1-2. Itis Figures 3 and 4 also contain this approximatrstarting

observed that the approximation works quite well all thitoug
the shock for weak or relaxation shocké;(< M*). However,
for M; > M*, when an internal ionic shock exists, it is only a

from the equilibrium upstream conditian= 1 for relaxation
shocks W1 < M*, Fig. 3), and from both equilibrium points,
o =1 and 2, when an internal shock exists (Fig. 4). Clearly,

reasonable approximation in the phase space in the prageatithe approximatiorB; is worse thanA for relaxation shocks

regionl, being quite inaccurate in the relaxation regidh
downstream of the inner shock.
It is relevant to note that this approximation improveZas

(Fig. 3), and in the preheating regibfor strong shocks with
internal ionic shock (Fig. 4), because electron heat conduc
tion is obviously not negligible in these regions. But the ap

increases, because (19) is an approximate solution of Bg. (proximationB; is much better thai along the ionic relax-

for Z > 1 without assuming thdB, — 6| is small. Thus, it

ation regionlll whenM; > M* (Fig. 4). Thus, for strong

is a convenient approximation even for not so weak relaratio shocks with an internal ionic shock, a reasonable algebraic

shocks that contain an ion temperature overshoot whéen
sufficiently large, like the case depicted in Fig. 5 o=

approximation consists of solutighin the preheating region
| and solutiorB; in the relaxation regiotll , both connected

20 (see also Fig. 7 below). Note that the approximation fothrough the Rankine-Hugoniot relation (16), just like the n
64\(n) is almost indistinguishable from the exact numericalmerical solution, but now all the solutions are algebraithia

solution.

three regions. Figure 4 shows both internal shocks, thetexac
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FIG. 6. Comparison between the numerical solution from(8))- FIG. 7. Comparison between the numerical solution from(8})-
and the approximate solutioh (19)-(20) in the physical coordinate and the approximate solutigh(19)-(20) in the physical coordinate
y using (28) and the constant electron conductivity appraxiom vy using (28) forM; = 1.3 andZ = 20.

(29) (labelled with c.c)M1 = 1.1 andZ = 1.

which yields
numerical one and the approximation between pofat ih-

tersection of the Rankine-Hugoniot relation of the innexch > i—1/2
: . . . =A - VA4+4n -5
with the approximate squnoﬁEﬁ, and point 3 on the curves Y " i;an MmN

64, with 62 = 622

+a6tan_1 57,7
4+4n,—-5n

_ 4+4n1+5/n }
. i +aztan 1{ (28)
B. Complete solutions 7 \/1—74’71(44'4”1— 5n)
To obtain the corresponding approximate solutions in the +agtan‘1{ %Sﬁ—4—4r71 }
physical coordinatg we just need to compute the nondimen- 1—4n.(4-+4m—5n)
s_ional velogityn asa fgnction off from the total energy equa- tagtant! (n—4)n
tion (2), which can written as ni(4+4n1—5n) [’
dé.dn = fo{Be,n}. (24)  Where the coefficients; are given in the Appendix. As it is
dn dy seen in Figs. 6-7, the combined solution (19), (20) and (28)

provides a quite good approximation throughout the shock fo

Since we knowe ~ 64(n) for any of the approximations  relaxation shocks\M < M*). Particularly for largeZ (Fig. 7),
described above, this equation can formally be integraied twhen, as commented on above, the approximakioemains
yield valid even if|6 — 8| is not small. Figure 7 shows that the ap-

proximate solution captures quite well the overshot in the i

temperature, and yields a velocity and an electron temyerat

, almost indistinguishable from the exact numerical sotutio

f2{64(n),n} It is worth noticing that the solution (28) is greatly simpli
fied when one assumes a constant electron thermal conductiv-

whereA is an integration constant which allows us to ‘center’ ity, instead of Spitzer’s thermal conductivity proportno

the shock by locating the inflec_tion point gf(y) aty =0 93/2, in the energy equation (2), yielding

(say). This integration provideg! (y), through whichéd (y)

and@/ (y) are given for any approximatic® (n). Vam -1 3-2m 2-3

/ déd(n)/dn dn (25)

— _ T-n1 _ T-n1
For the approximatioA [Eq. (19)], which in terms ofj; is y=~At 6v/3 (=m0 =n) T (29)
given by
This approximate solution is formally similar to that pre-
5 5 viously found for the shock wave in a neutral gas with
QQ: <4fll 1+ >r7 — an; 1r72 (26)  constant thermal conductivity in the limit of small Prandtl

number?”28:30 put obviously with different constants and
power coefficients in the presentionized gas problem with tw
temperatures, so that it yields, in addition to the corresjity
velocity profilen (y), two differenttemperature profiles for the
27) electrons and for the ions. The corresponding solutions are
’ also plotted in Fig. 6, showing a reasonable agreement with

one can write

51 —2—2n1) (4+ 401 — 5n)%?n5/2
6v3(1-4n1)%(n—1)(n —ny)

y=A+/dr7(



1.5 T T T T T 1.05

14+

— 0. Num.
__ AP
——6; Num.
B

~10.95
1.3+

H09 =

——1 Num.
——pAB |70.85

10.8

~10.75
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FIG. 9. Overshoot of the ion temperature from approxima#dor
a relaxation shock (a), appearing a""(Z) < My < M*(Z), with
MM andM* given in (b).

[(21)-(23) and (31)], connected through the Rankine-Himgjorela-
tions [(16) and (1)] for the inner shockl; = 1.3 andZ = 1.

obtains thaB™®* grows very fast wittM; for constan®, but

the exact numerical solution for this quite weak shock wheralecreases witi for constantV; (see Fig. 9). Also, that no
the temperature variation across the shock is relativellsm overshoot exists foZ = 1, within this approximatior for
and therefore the electron thermal conductivity is almostc ~ a relaxation shock, and that fd@r> 2 it only exists above a
stant. threshold Mach numbevii""(Z), also plotted in Fig. 9 to-

For stronger shocksM; > M*), the approximate solution gether withM*. M{™" ~ 1.152 forZ = 2 and grows towards
B, for the regionlll is also needed in the physical coordinate 1.190 asZ — .
y. Using (21), Eq. (25) can be written as

50

sy
(4n1—1)3/2 oY
:A+/d s 30 401 * 7=20) |
Y "8van i —nomos OO
30
which can be integrated to yield 3
201
A 1+2nt/3
=Y bin""#3+bytant 107
’71/3+2’71/3 { } 0 16 17 ‘1.8 19 2
+b5tanl{lﬁ}+beln 1—!]1/3 31
\/:_”’71/ (31)

FIG. 10. Comparison between the shock wave thickness giyémeb
approximation (33) (continuous line) with numerical réswalbtained

+byin {1+ N34 172/3} + bgln {nll/s_ nl/S}
for different values oZ andM; (symbols).

+boln{nZ'® -+ (n1m)"*+ 0?2},

where the coefficients; are given in the Appendix. Figure  Another magnitude of interest is the shock wave thickness,

8 shows that this global approximate solution, consistihg oParticularly for relaxation shocks, since it may grow dréima

A in the preheating regiohandB; in the relaxation region cally for very weak shocksM1 — 1). Although the thickness

Il connected through the Rankine-Hugoniot relations for the¢an be defined in terms of different flow magnitudes, an ap-

inner ionic shocKl , is also a quite good approximation in the Propriate form for relaxation shocks in terms of the plasma

physical coordinatg throughout the shock when using (28) Velocity is

and (31) in their respective regions.

ni—n

%]
Yy

N

Ay = ; (32)

C. lon temperature overshoot and shock wave thickness

o

One of the advantages of having approximate solutions isvherey = 0 corresponds to the inflection point. Note from Eg.
to be able to obtain easily, without costly computationsyeo  (24) that(dn /dy)y—o is the inverse of the integrand in Eq. (25)
relevant properties of the shock wave, though approximatel aty = 0. Using the approximatioA given by Eq. (27), but

For instance, the ion temperature overshoot in relaxatioevaluatingdn /dy at the middle point wherg = (n1+n2)/2,
shocks (e.g., Fig. 7) can be obtained easily by computing thevhich approximately coincides with the inflection point for
maximum of the algebraic expression (20). In doing so, oneelaxation shock, one obtains the following simple expess



for Ay, which is independent of the ionization numizer

B 3(1+n1)® _
by = 32(1—-4n1)2(nm1—1)

_ (5M? 4 3)°
 96(5M?2 — 1)2(M2 +3)3(M? — 1)

(33)

Figure 10 compares this expression as a functioklpfvith

several thicknesses obtained directly from (32) using mume
ical solutions forZ =1 andZ = 20 and different values of

_33n7 —335n{+ 70503+ 7057 — 3357: 4 33
15v/15(1 — 4n;)2

)

M. An excellent agreement is observed, corroborating that

the thickness is actually almost independenidir relax-

ation shocks, as predicted by (33).

IV. CONCLUDING REMARKS

The algebraic approximate solutions given here are par-
ticularly simple in the phase space, both for fully relaaati
shocks whe; < M*(Z), and for stronger shocks waves con-
taining an inner ionic shock, where two algebraic solutions
the preheating and relaxation regions are connected throug
Rankine-Hugoniot relations for the internal shock. Of jart
ular interest are relaxation shocks for large ionizatiomnu
berZ, whereM* can be sufficiently large for the relaxation
shock to contain an important ion temperature overshoot in- b= —
side, which is quite well predicted by the simple algebraic
equations. Solutions in the physical spatial coordinateryi
here are algebraically more involved, but they agree quaté w
with exact numerical simulations for weak, and even for mod-

erately strong, shocks. Alternatively, the algebraic sohs
in the physical space are much simpler when the electron con-

ductivity is assumed to be constant, but then the algebaoaic s
lution in the physical space is only approximately valid for

very weak shock waves.

Appendix A: Coefficients of Eqs. (28) and (31)

o Bm=D¥2(nf+m+1)
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