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Abstract. In this paper, we tackle the resolution of chance-constrained problems reformu
lated via sample average approximation. The resulting data-driven deterministic reformula
tion takes the form of a large-scale mixed-integer program (MIP) cursed with Big-Ms. We 
introduce an exact resolution method for the MIP that combines the addition of a set of valid 
inequalities to tighten the linear relaxation bound with coefficient strengthening and con
straint screening algorithms to improve its Big-Ms and considerably reduce its size. The pro
posed valid inequalities are based on the notion of k-envelopes and can be computed off-line 
using polynomial-time algorithms and added to the MIP program all at once. Furthermore, 
they are equally useful to boost the strengthening of the Big-Ms and the screening rate of 
superfluous constraints. We apply our procedures to a probabilistically constrained version of 
the DC optimal power flow problem with uncertain demand. The chance constraint requires 
that the probability of violating any of the power system’s constraints be lower than some 
positive threshold. In a series of numerical experiments that involve five power systems of 
different size, we show the efficiency of the proposed methodology and compare it with 
some of the best performing convex inner approximations currently available in the literature.
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1. Introduction
Chance-constrained programming suits applications in areas in which decisions have to be made dealing with 
random parameters (Miller and Wagner 1965). In these situations, it is desirable to ensure feasibility of the sys
tem almost surely, but there is hardly any decision that would guarantee it under extreme events or unexpected 
random circumstances. Within this context, chance-constrained programming offers a powerful modeling frame
work to identify cost-efficient decisions that satisfy the problem’s constraints with a high level of confidence.

In this paper, we focus on chance-constrained problems (CCPs) with joint linear chance constraints and ran
dom right-hand side (RHS) and left-hand side (LHS), that is,

min
x

f (x) (1a) 

s:t: x ∈ X, (1b) 
P{aj(ω)

⊤x ⩽ bj(ω), ∀j ∈ J }P1� ɛ: (1c) 
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In (1), x ∈ R |I | is a vector of continuous decision variables, X ⊆ R |I | represents a set of deterministic constraints, 
and f : R |I | → R is a convex function. Uncertainty is represented through the random vector ω taking values in 
Rd and giving rise to a technology matrix with random rows aj(ω) ∈ R |I | , j ∈ J and random bj(ω) ∈ R, j ∈ J . P is 
a probability measure, and ɛ is a confidence or risk parameter, typically near zero, so that the set of Constraints 
(1c) are satisfied with probability at least (1� ɛ). Apart from power systems, applications of CCPs include supply 
chain, location and logistics (Taleizadeh et al. 2012, Shaw et al. 2016, Elçi et al. 2018), risk control in finance 
(Danı́elsson et al. 2008, Natarajan et al. 2008), and healthcare problems such as operating room planning (Najjar
bashi and Lim 2020) or vaccine allocation (Tanner et al. 2008), among others.

When the probabilistic constraint corresponds to (1c), the CCP has joint chance constraints (JCC) and is, hence, 
classified as a joint CCP (JCCP) in contrast with single CCPs (SCCPs), that is, CCPs with individual or single 
chance constraints (SCC) of the form P{aj(ω)

⊤x� bj(ω)⩽ 0}P1� ɛj, ∀j ∈ J . JCCPs are suitable for contexts in 
which all constraints need to be simultaneously satisfied with a high probability, and the dependence between 
random variables makes them clearly harder. Both SCCPs and JCCPs are extensively studied (see Prékopa 2003, 
Van Ackooij et al. 2011, and the references therein).

There are a number of reasons why general CCPs are challenging. The first one is the nonconvexity of the feasible 
set. In general, the feasible region of a CCP is not convex in the original space even when x is continuous, there is 
only RHS uncertainty, and the constraints inside the probability in (1c) define a polyhedral region (Küçükyavuz 
and Jiang 2022). To circumvent this problem, several approaches are proposed. Some methods (e.g., Lagoa et al. 
2005, Henrion 2007, Henrion and Strugarek 2011) give convexity results and investigate the conditions under which 
the feasible region of Problem (1) is convex. In another line of research, various convex approximation schemes, 
such as quadratic (Ben-Tal and Nemirovski 2000) or Bernstein approximation (Nemirovski and Shapiro 2007), are 
proposed in the literature. The conditional value at risk (CVaR) approximation has gained a lot of popularity since 
its introduction (Rockafellar and Uryasev 2000, Sun et al. 2014) and remains one of the most used methods to deal 
with stochastic problems. Nonetheless, the solutions to the approximated problems err on the side of over- 
conservatism. In this context, some iterative schemes such as ALSO-X have been recently proposed to identify tigh
ter inner convex approximations of the CCP at the expense of a higher computational cost (Ahmed et al. 2017, Jiang 
and Xie 2022). Finally, other works suggest convex approximations for nonlinear CCPs. For instance, Hong et al. 
(2011) propose to solve the JCCP by a sequence of convex approximations followed by a gradient-based Monte 
Carlo method, whereas Peña-Ordieres et al. (2020) introduce a smooth sampling-based approximation.

The second difficulty of CCPs is that checking the feasibility of a given solution is not, in general, an easy task. 
For instance, even if the uncertainty follows a known continuous distribution, calculating the joint probability 
requires a multidimensional integration, which becomes increasingly difficult with the dimension of the random 
vector ω. On top of that, in most cases, the distribution P is not fully known.

A commonly used approach to cope with these obstacles is to replace P with its empirical estimate based on a set of 
random samples (Shapiro 2003). This approach is known in the technical literature as sample average approximation 
(SAA) and may also be seen as a data-driven approach that works with observations of ω that are available to the deci
sion maker even if the true data-generating distribution P is unknown. The main advantage of SAA is that it allows us 
to reformulate CCPs as deterministic optimization problems that can be solved using standard optimization techniques.

Indeed, the deterministic reformulation of (1) using SAA results in a mixed-integer problem (MIP). For the res
olution of CCPs using MIP reformulations, we refer the reader to Küçükyavuz and Jiang (2022). When there is 
only RHS uncertainty (i.e., the technology matrix is fixed), a reformulation of the problem leads to an MIP with a 
set of constraints that form a mixing set and that has been extensively studied alone or in combination with the 
knapsack constraint that also appears in the formulation (Günlük and Pochet 2001, Luedtke et al. 2010, Abdi and 
Fukasawa 2016). Alternative reformulations such as the ones proposed by Dentcheva et al. (2000) and Nair and 
Miller-Hooks (2011) rely on the concept of (1� ɛ)-efficient points. The case when the technology matrix is ran
dom, whereas the RHS is not, is studied, for example, in Tayur et al. (1995). As for the general case, it is also 
addressed in the literature. Specifically, a large line of research focuses on the development of quantile cuts, a 
particular type of valid inequality that can be viewed as a projection of a set of mixing inequalities for the MIP 
onto the original problem space. These cuts and the associated quantile closure are recently studied in Qiu et al. 
(2014), Xie and Ahmed (2016, 2018), and Ahmed and Xie (2018) and successfully applied to computational 
experiments of CCPs in Song et al. (2014) and Ahmed et al. (2017), among others.

Regarding its disadvantages, the SAA solution tends to be optimistic and underestimate the probability of vio
lating the constraints (Nemirovski and Shapiro 2006). In fact, the performance of SAA is directly contingent on 
the number of samples available. We refer the reader to the article by Luedtke and Ahmed (2008), in which rela
tions are established between the empirical acceptable probability of violation and the number of samples such 
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that the SAA-based solution be feasible in the JCCP with a predefined confidence level. In this paper, however, 
we do not investigate how well the SAA-based solution approximates the solution of the original JCCP. Statisti
cal considerations apart, the main focus of this paper is on proposing an efficient methodology to solve the deter
ministic optimization model that results from reformulating JCCPs using SAA. In particular, the method we 
propose solves the MIP to optimality and is based on the combination of a tightening-and-screening procedure 
with the development of valid inequalities to obtain a formulation that is compact and tight at a time.

We begin with a description of an iterative algorithm to strengthen the Big-Ms present in the mixed-integer 
reformulation of the JCC. Interestingly, although the procedure is not new (see Qiu et al. 2014), we complement 
it with a screening procedure that allows us to eliminate inequalities of the MIP.

Next, we introduce a new set of valid inequalities designed to strengthen the linear relaxation of the model. As for their 
structure, each valid inequality is developed using quantile information and avoiding the use of Big M constants, which 
are known to lead to weak linear relaxation bounds. Furthermore, from a theoretical point of view, they are closely related 
to the aforementioned quantile cuts. In fact, as proven in Online Section EC.1, the addition of our inequalities yields a feasi
ble region equivalent to the quantile closure of a specific relaxation of the MIP problem. The main advantage of our 
inequalities is that, unlike quantile cuts, they are not NP-hard to compute, and neither do they require a specific separation 
algorithm to include them dynamically (that is, they can all be included in the model from the outset). As many other 
techniques developed for JCCPs, our cuts also apply to the SCCPs. Finally, our valid inequalities extend the results intro
duced in Roos and Widmayer (1994) for the k-violation problem, which can be seen as a mixed-integer linear problem 
reformulation of a SCCP. For ease of explanation, the valid inequalities are proposed for a particular class of linear chance 
constraints, but our results are also applicable to more general types of CCPs as we detail in Online Section EC.2.

We apply our resolution method to the optimal power flow (OPF) problem for which we propose a chance- 
constrained formulation and extensive computational experiments featuring results for five standard power sys
tems available in the literature. The combination of the valid inequalities with the tightening of the Big-Ms and 
the screening procedure allows us to effectively solve to optimality instances that are not solved with the initial 
MIP formulation because the combination of both techniques notably reduces their size and difficulty. We also 
compare our resolution approach with state-of-the-art convex inner approximations of CCPs, in particular, the 
CVaR-based approximation, ALSO-X, and ALSO-X+ (Jiang and Xie 2022). Finally, we compare our results with 
an exact approach for solving CCPs assuming SAA, namely, the branch-and-cut decomposition algorithm pro
posed in Luedtke (2014). This algorithm is based on the addition of quantile cuts strengthened using the star 
inequalities of Atamtürk et al. (2000) to a relaxation of the original problem.

The remainder of the paper is organized as follows. Section 2 involves the reformulation of the problem into 
an MIP using SAA and the proposed methodology: Section 2.1 describes the tightening and screening proce
dures, whereas Section 2.2 introduces the valid inequalities and the necessary algorithms to compute them. Sec
tion 3 is devoted to the application of the results to the OPF problem. The section begins with an introduction to 
the problem and the associated literature review, and Section 3.1 formalizes the notation and the mathematical 
model solved in the computational study. In Section 3.2, we present the case study, testing our results to solve 
instances of the direct current (DC) OPF available in the literature. Section 4 points to further research topics and 
includes some concluding remarks. Finally, the main text is accompanied by an online supplement, in which Sec
tion EC.1 establishes the relationship between our valid inequalities and the quantile cuts present in the literature 
and Section EC.2 details the complexity of the algorithms proposed in Section 2.2 and discusses the generaliza
tion of our methodology and its possible application to other types of CCPs.

2. Solving JCCPs via Sample Average Approximation
Using SAA, Problem (1) can be reformulated into an MIP. To this aim, assume that ω has a finite discrete support 
defined by a collection of points {ωs ∈ R |N | , s ∈ S} and respective probability masses P(ω � ωs) � (1= |S | ), ∀s ∈ S �

{1, : : : , |S | }. Consider the rows ajs � aj(ωs) and the random bjs � bj(ωs). Define p :� ⌊ɛ |S | ⌋, the vector y of binary vari
ables ys, ∀s ∈ S, and the large enough constants Mjs. Then, the MIP reformulation of Problem (1) can be stated as

min
x

f (x) (2a) 

s:t: x ∈ X, (2b) 

a⊤js x ⩽ bjs +Mjsys, ∀j ∈ J , s ∈ S, (2c) 
X

s∈S
ys ⩽ p, (2d) 

ys ∈ {0, 1}, ∀s ∈ S: (2e) 
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Using the generic formulation (2), we present in Section 2.1 a procedure to properly tune the values of the large 
constants Mjs. We also explain in this section how the intermediate results of the tightening procedure can be effi
ciently used to remove constraints from Set (2c) that are superfluous, thus making Model (2) more compact. 
Finally, we introduce in Section 2.2 a set of valid inequalities that makes the linear relaxation of a particular case 
of (2) remarkably tighter, and we relate our inequalities to the quantile closure studied in Xie and Ahmed (2018).

2.1. Tightening and Screening
It is well known that the linear relaxation of a Big M formulation tends to provide weak lower bounds in general 
(Conforti et al. 2014). This is even more so when the Big-Ms are chosen too loose. Constants Mjs in (2c) should be 
set large enough for the corresponding constraints to be redundant when the associated binary variables ys are 
equal to one and as small as possible to tighten the MIP formulation. To this end, Qiu et al. (2014) provide an 
algorithm called iterative coefficient strengthening that has been successfully applied to other CCPs (see, e.g., 
Song et al. 2014). A customization of this procedure for the joint chance-constrained formulation (2) is detailed in 
Algorithm 1.

Algorithm 1 (Iterative Coefficient Strengthening)
Input: The LHS and RHS vectors {ajs}j∈J , s∈S and coefficients {bjs}j∈J , s∈S , respectively, and the maximum 
allowed violation probability p that determine the joint chance-constraint system (2d), the deterministic feasi
ble set X, and the total number of iterations κ.
Output: The large constants Mjs, ∀j ∈ J , s ∈ S. 

Step 1. Initialization, k � 0, M0
js �∞, ∀j ∈ J , s ∈ S.

Step 2. For each j ∈ J and s ∈ S update Mk+1
js as follows: If Mk

js < 0, then Mk+1
js �Mk

js. Otherwise,

Mk+1
js �max

x,ys
a⊤js x� bjs (3a) 

s:t: x ∈ X, (3b) 
a⊤js x� bjs ⩽ Mk

jsys, ∀j ∈ J , s ∈ S, (3c) 
X

s∈S
ys ⩽ p, (3d) 

0 ⩽ ys ⩽ 1, ∀s ∈ S: (3e) 

Step 3. If k+ 1 < κ, then k � k+ 1 and go to step 2. Otherwise, stop.

The output of Algorithm 1 is the tuned Big-Ms that are input to the MIP reformulation (2). This algorithm pro
duces Big-Ms whose value either decreases or remains equal at each iteration. There are, in fact, a number of 
iterations beyond which the resulting Big-Ms converge. To reduce the computational burden of running Algo
rithm 1, all Problems (3) in step 2 can be solved in parallel. Hereinafter, we use the short name “T(κ)” (from 
“tightening”) to refer to the solution of Model (2) using the Big M values given by the iterative coefficient 
strengthening algorithm with κ iterations.

Equally important, Algorithm 1 can be easily upgraded to delete constraints (j, s) in (2c) that are redundant 
and, therefore, can be removed from Problem (2). Indeed, if Algorithm 1 delivers a large constant Mjs ⩽ 0, then 
constraint j in scenario s can be deleted from (2) without altering its feasible region or its optimal solution. This is 
so because a nonpositive Mjs means that there is no x satisfying (3b)–(3e) such that the constraint takes on a value 
strictly greater than zero. Consequently, the constraint is redundant in (2) because the feasibility region of (3) is a 
relaxation of (2). This upgrade of method T not only makes Formulation (2) tighter through coefficient strength
ening, but also more compact by screening out redundant constraints. Naturally, the tightening and screening 
power of algorithm T increases at each iteration. From now on, we use the short name “TS(κ)” (from “tightening 
and screening”) to refer to the strategy whereby Model (2) is solved without the Constraints (2c) for which the 
value of Mjs provided by Algorithm 1 after κ iterations is lower than or equal to zero.

Whereas strengthening the parameters Mjs is a common strategy in the technical literature to reduce the com
putational burden of CCPs, this is the first time, to our knowledge, that intermediate results of Algorithm 1 are 
used to eliminate superfluous constraints from Model (2). We stress that the screening process itself comes at no 
cost from Algorithm 1, whereas removing superfluous constraints from (2) may substantially facilitate its solu
tion. As we show in Section 3.2, this is particularly true for the JCC-OPF.

Apart from making Formulation (2) more compact, the screening of superfluous constraints can also be used 
to accelerate the iterative coefficient strengthening process at each iteration. To do so, it suffices to modify 
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Algorithm 1 so that (3c) only includes the constraints for which Mk
js > 0. Thus, the number of constraints of Model 

(3) is significantly reduced, and so is its solution time.

2.2. Valid Inequalities
In this section, we propose valid inequalities that apply to JCCPs with a particular structure: each row aj(ω) in 
the technology matrix of (1) can be rewritten as aj(ω) � a0

j +Ωj(ω)âj with a0
j , âj ∈ R |I | and in which Ωj(ωs) �Ωjs is 

a real-valued function whose domain includes the support of ω. In other words, we derive a set of valid inequal
ities to make the linear relaxation of problem

min
x,ys

f (x) (4a) 

s:t: x ∈ X, (4b) 

Ωjsâ⊤j x� bjs + x⊤a0
j ⩽ Mjsys, ∀j ∈ J , s ∈ S, (4c) 

X

s∈S
ys ⩽ p, (4d) 

ys ∈ {0, 1}, ∀s ∈ S (4e) 

tighter. Note that we do not make any assumptions on the sign of â⊤j , bjs, and a0
j . Furthermore, these valid 

inequalities can also be added to the constraint set (3) of Algorithm 1, thus dramatically increasing the tightening 
and screening power of TS. To facilitate the comparative analysis carried out in Section 3.2, the so upgraded 
algorithm is named “TS1V(κ)” (from “tightening and screening with valid inequalities”).

To derive the set of valid inequalities for Problem (4), we define the real variables zj ∈ R as zj :� â⊤j x and let 
zd

j � infx∈Xâ⊤j x, zu
j � supx∈Xâ⊤j x denote the lower and upper bounds on z induced by the feasibility set (4b). Let us 

also define the function Ljs : fjs(zj) �Ωjszj� bjs for zj ∈ [zd
j , zu

j ] and the set of functions Lj :� {Ljs, ∀s ∈ S}. The valid 
inequalities we propose are heavily supported by the concepts of k-lower and k-upper envelopes, which we 
define in the following.

Definition 1. For a given line Ljs, we say that the point (z̃, t̃) ∈ R2 lies below, on, or above function Ljs depending 
on whether t̃ <Ωjsz̃� bjs, t̃ �Ωjsz̃� bjs, or t̃ >Ωjsz̃� bjs, respectively. Naturally, we also say that function Ljs lies 
above, contains, or lies below point (z̃, t̃) in these cases. We also say that a point (z̃, t̃) belongs to the set of lines Lj 
if there exists a line Ljs ∈ Lj that contains the point (z̃, t̃).

Definition 2. For a set of lines Lj, the lower (respectively, upper) score of a point is the number of lines in Lj that 
lie below (above) that point. The k-lower (k-upper) envelope of a set of lines Lj is the closure of the set of points 
that belong to Lj and that have lower (upper) score equal to k � 1. The k-lower envelope is also known as k-level.

For the sake of illustration, Figure 1 shows in bold the five-upper envelope of a set of eight lines. Clearly, the k- 
envelopes of sets Lj can be seen as piecewise linear functions on zj.

Figure 1. Example of a k-upper Envelope 

Notes. In bold, the five-upper envelope (four-lower envelope, four-level) of a set Lj of eight lines in the plane. In dotted, the lower hull of the 
five-upper envelope.
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Proposition 1. For a fixed j ∈ J , let Up+1
j (·) be the (p+1)-upper envelope of the set of lines Lj with p :� ⌊ɛ |S | ⌋. Then, the 

inequality

Up+1
j (â

⊤
j x) + x⊤a0

j ⩽ 0, x ∈ X (5) 

is valid for Problem (4).

Proof. Let x, y be any feasible solution of Problem (4) with zj � â⊤j x ∈ [zd
j , zu

j ] and suppose that Up+1
j (zj) + x⊤a0

j > 0. 
By definition of k-upper envelope, there exist p + 1 lines in Lj, Ljsi : fjsi(zj) �Ωjsi zj� bjsi ∀i ∈ {1, : : : , p+ 1} such that 
fjsi(zj) �Ωjsi zj� bjsiPUp+1

j (zj). Then, for i ∈ {1, : : : , p+ 1} it holds that Ωjsi zj� bjsi + x⊤a0
j > 0. Substituting in Con

straint (4c), we obtain that ysi
Msi > 0 ⇒ ysi

� 1 for i ∈ {1, : : : , p+ 1}. But then Constraint (4d) is not satisfied 
because 

P
s∈S ysP

Pp+1
i�1 ysi

� p+ 1 > p. This is, however, in contradiction with our initial statement that x, y is a 
feasible solution of Problem (4). w

The technical literature already includes references that propose methodologies to determine the k-envelope of 
a set of linear functions. For instance, Cheema et al. (2014) give a basic algorithm for constructing k-envelopes 
called the rider algorithm. Essentially, this algorithm is based on the fact that the k-envelope is an unbounded 
polygonal chain that can be described by a sequence of vertices, which are intersections of lines of the set. In fact, 
every point in the k-envelope is contained in a given line. In this paper, we adapt the algorithm proposed in 
Cheema et al. (2014) to the particular case in which zd

j , zu
j are finite. Algorithm 2 describes our procedure in detail 

for a general set of the type Lj.

Algorithm 2 (Rider Algorithm to Build the k-Upper Envelope of Lj (Adapted to the Bounded Case))
To describe the k-upper envelope of a set of lines Lj, we derive the sequence of vertices of the polygonal chain 
(intersections of lines in Lj) ((z0, t0), : : : , (zR, tR)) with (zd

j � z0 < : : : < zR � zu
j ). 

Step 1. Set r � 0. Let {(zd
j , Ωjszd

j � bjs), ∀s ∈ S}, be the intersections of the lines Ljs ∈ Lj with the vertical 
line z � zd

j and assume without loss of generality that all the points have different upper scores. 
Let s0 ∈ S be such that the intersection (zd

j , Ωjs0 zd
j � bjs0) has an upper score equal to k � 1. Then, 

(z0, t0) � (zd
j , Ωjs0 zd

j � bjs0).
Step 2. Compute the value of zj for which the line Ljsr intersects the rest of the lines Ljs ∈ Lj as 

intz(s, sr) � (bjs� bjsr)=(Ωjs�Ωjsr). If ∃ s′, zr < intz(s′, sr) < zu, go to step 3. Otherwise, go to step 4.
Step 3. Find the line that intersects Ljsr at the leftmost point to the right of zr, that is, find sr+1 �

argmins{intz(s, sr) : intz(s, sr) > zr}. Set (zr+1, tr+1) � (intz(sr+1, sr), Ωjsr intz(sr+1, sr)� bjsr), update 
r � r+ 1, and go to step 2.

Step 4. Set (zR, tR) � (zu
j , Ωjsr zu

j � bjsr).

The LHSs of the valid inequalities (5) are piecewise linear functions not necessarily convex. Therefore, the 
inclusion of these inequalities into Model (4) requires a significant amount of additional binary variables, which, 
in turn, is expected to increase the computational burden of this problem even further. Alternatively, we com
pute the lower hull of the k-upper envelope of Lj, which takes the form of a convex piecewise linear function. 
From this lower hull, we can extract a set of linear valid inequalities (the linear extensions of the pieces) that can 
be seamlessly inserted into Model (4) without the need of any extra binary variables. In doing so, we are able to 
tighten Model (4), which can, thus, be solved more efficiently by available optimization software. Before present
ing the set of valid inequalities, the following definition is required.

Definition 3. Let Z be the convex hull of a set of points P. The upper (lower) hull of P is the set of edges of Z that 
lie on or above (on or below) every point in P.

Corollary 1 presents the set of linear valid inequalities (6) given by the lower hull of the k-upper envelope of 
Lj.

Corollary 1. Let {(zr, tr)}, r ∈ {0, : : : , R}, be the ordered set of vertices obtained by applying Algorithm 2 to set Lj, and let 
{(zr′ , tr′ )}, r′ ∈ {0, : : : , R′} ⊆ {0, : : : , R}, be the ordered subset of vertices such that the associated polygonal chain is the lower 
hull. Then, the following linear inequalities

tr′+1� tr′

zr′+1� zr′ (â
⊤
j x� zr′ ) + tr′ ⩽ � x⊤a0

j , x ∈ X, r′ ∈ {0, : : : , R′� 1} (6) 

are valid for Problem (4).
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Proof. The proof is straightforward because, for each x ∈ X, it holds 

tr′+1� tr′

zr′+1� zr′ (â
⊤
j x� zr′ ) + tr′ ⩽ Up+1

j (â
⊤
j x)⩽ � x⊤a0

j 

by hypothesis and using (5). w

There exist plenty of algorithms of convexification of a set of points in the plane. Two of the most well-known 
are the Jarvis march and the Graham scan (Tóth et al. 2017). Here, we give a simplified version of the former in 
which we make use of special features of our set of points and only compute the lower hull. In particular, we 
assume that we have a set of presorted points {(zr, tr)}, r ∈ {0, : : : , R} whose first and last points always belong to 
the hull. To speed up the process, we can find the point (zr , tr) from the previous set with the lowest t-coordinate 
(which always belongs to the lower hull) and then apply the algorithm to the subsets {(z0, t0), : : : , (zr , tr )} and 
{(zr , tr ), : : : , (zR, tR)}. Algorithm 3 describes in detail the proposed convexification procedure.

Algorithm 3 (Jarvis March Algorithm to Obtain the Lower Hull of a Set of Presorted Points P) 
Let P � {(zr, tr)}, r ∈ {0, : : : , R} be a set of points with z0 <⋯< zR. The algorithm derives a subset P′ � {(zr′ , tr′ )}, 
r′ ∈ {0, : : : , R′} ⊆ {0, : : : , R}, which constitutes the lower hull of the first set. 

Step 1. Initially, set P′ � {(z0, t0)}.
Step 2. Assume (zr′ , tr′ ) is the last point included in P′. If r′ � R, the lower hull of P is given by the set of points 

P′. Otherwise, let r′ + 1 :� argminr{(tr� tr′ )=(zr� zr′ ) : (zr, tr) ∈ P with zr > zr′ }. Update P′ � P′ ∪ {(zr′+1, 
tr′+1)}. Repeat step 2.

Algorithm 2 constructs the k-upper envelope of L in O(nk log2
|L | ) time and O(nk |L | + |L | ) space, where nk 

denotes the maximum number of edges of the k-upper envelope of any set with |L | lines (see Edelsbrunner and 
Welzl 1986). An upper bound on nk �O( |L |k1

2) can be found in Edelsbrunner and Welzl (1985). Dey (1998), Tóth 
(2000), and Nivasch (2008) have subsequently improved the upper bound of the complexity of this problem by 
studying a closely related problem, the k-set problem, in the two-dimensional case. As for the Jarvis march algo
rithm, in the two-dimensional case presented here, it has running time O((R+ 2)(R′ + 1)) (Tóth et al. 2017). For 
detailed results on the complexity of related algorithms and for extensions to the multidimensional case, we refer 
the reader to Online Section EC.2.

Valid Inequalities (5) and Algorithms 2 and 3 can be generalized to work with finite discrete distributions with 
unequal probabilities. Observe that the definition of the (p+ 1)-lower ((p+ 1)-upper) envelope is based on satisfy
ing Constraint (4d). In this extension, Constraint (4d) is replaced with 

P
s∈Spsys ⩽ɛ, where ps is the probability of 

scenario s. Hence, it suffices to redefine the lower (upper) score of a point as the probability of the lines that lie 
below (above) that point and modify the definition of the k-lower (-upper) envelope and step 3 of Algorithm 2
accordingly so that this more general constraint is satisfied.

The following theorem sheds light on the strength of our valid inequalities.

Theorem 1. Let FRj be the feasible region of the relaxation of Problem (4) associated to a given row j ∈ J , that is,
min
x,ys

f (x) (7a) 

s:t: (4b), (4d), (4e), (7b) 

Ωjsâ⊤j x� bjs + x⊤a0
j ⩽ Mjsys, ∀s ∈ S: (7c) 

Assuming that the set X of deterministic constraints given in (4b) is nonempty and compact, the set (6) of valid inequalities 
for all j ∈ J provides ∩j∈J conv(FRj).

The proof of this theorem is a direct consequence of Proposition 2 in Online Section EC.1.
Furthermore, it is possible to relate our valid inequalities with the quantile cuts described in Qiu et al. (2014) 

and Xie and Ahmed (2018). To see this, consider Problem (4) with feasible region FR and note that 
FR � ∩j∈J FRj. The quantile cuts can be viewed as a projection of the well-known family of mixing inequalities 
in the (x, y)-space onto the original space x. Quantile cuts represent an infinite family of inequalities, and the 
intersection of all quantile cuts is called the quantile closure. If another round of quantile cuts is applied to a 
stronger formulation, specifically the original formulation with the (first) quantile closure, a subsequent closure 
can be derived (the second closure) and so on. In Xie and Ahmed (2018), it is proved that the sequence of sets 
obtained by successive quantile closure operations converges to the convex hull of the feasible region of the origi
nal problem with respect to the Hausdorff metric, conv(FR). It is also shown that the separation over the first 
quantile closure is NP-hard. Corollary 1 in Online Section EC.1 shows that the set (6) of valid inequalities (per 
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constraint j ∈ J ) coincides with the limit of the succession of quantile closures of FRj as the order of the closure 
grows to infinity. This limit is precisely conv(FRj).

3. Optimal Power Flow Under Uncertainty: A Joint Chance-Constrained 
Modeling Approach

The OPF is a routine at the core of important tools for power system operations (Frank et al. 2012). In its deter
ministic version, the OPF problem seeks to determine the least costly dispatch of thermal generating units to sat
isfy the system’s net demand (i.e., demand minus renewable generation), complying with the technical limits of 
production and transmission network equipment. The main challenge of the OPF is that it is a nonlinear and 
nonconvex optimization problem because of the power flow equations that govern the (static) behavior of power 
systems. For this reason, the DC approximation of the power flow equations, which transforms the problem into 
a linear program, is frequently used. The demand and renewable generation are factors that increase the uncer
tainty in power systems, and ignoring it can lead to unsafe operating conditions.

However, given the inherently uncertain nature of the electricity net demand, the probabilistic version of the 
OPF problem can be formulated as a JCCP that aims at minimizing the expected production cost, enforcing that 
the technical constraints are satisfied with a given (high) probability. In this context, chance-constrained pro
gramming can be used to minimize the expected operating cost, guaranteeing that the system withstands unfore
seen peaks of electrical load because of stochastic demand or uncertainty in power generation (Van Ackooij et al. 
2011). The chance-constrained OPF (CC-OPF) problem addresses this uncertainty and pursues ensuring the safe 
operation of a power system with a high level of probability.

To address the CC-OPF problem, several papers in the literature (e.g., Roald and Andersson 2018) directly 
work with SCCs. However, the main drawback of this modeling approach is that, even in those cases in which 
the probability of violating each individual constraint seems more than tolerable, the resulting joint risk (that is, 
the probability that any of the technical constraints is violated) may still be excessive and inadmissible. This is 
the key motivation behind the use of JCCs to tackle the CC-OPF problem (see, e.g., Peña-Ordieres et al. 2021).

In this vein, there are several approaches in the literature to solve the JCC-OPF problem. Vrakopoulou et al. 
(2013) adopt the scenario approach to approximate the solution of the JCC-OPF, whereas Chen et al. (2021) pro
pose a heuristic data-driven method that involves enforcing the satisfaction of the technical constraints for a box 
of the uncertainty. This box is inferred using one-class support vector clustering, and its size is contingent on the 
system’s desired reliability. Hou and Roald (2020) propose an iterative tuning algorithm to solve a robust refor
mulation of the JCC-OPF problem. Esteban-Pérez and Morales (2023) introduce a distributionally robust JCC- 
OPF model that considers contextual information using an ambiguity set based on probability trimmings. To 
make their model tractable, they resort to the widely known CVaR-based approximation of the JCC.

The aforementioned SAA method is another effective way to solve JCCPs and has the potential to identify 
OPF solutions with a better cost performance than that of the more conservative solutions delivered by the previ
ous approaches. However, solving the JCC-OPF problem using SAA is challenging because of the presence of 
binary variables, the number of scenarios required, and the size of the power systems. Lejeune and Dehghanian 
(2020) propose a methodology to solve the SAA of the JCC-OPF without including the power flow equations into 
the joint chance-constrained system. To the best of our knowledge, we are the first to efficiently solve the JCC- 
OPF problem by means of the SAA approach, using an MIP reformulation and including the arduous power 
flow constraints. Furthermore, unlike the sample-based approach introduced in Peña-Ordieres et al. (2021), 
which relies on a smooth nonlinear approximation of the JCC-OPF, ours offers optimality guarantees.

3.1. Notation and Problem Formulation
In this section, we present the formulation of the JCC-OPF problem that we consider in the case study. To do so, 
we introduce the following notation and modeling choices, widely used in the power system domain: 

1. Power system: A power system can be represented by a directed graph denoted by G(N ,L), where N is the 
set of buses (vertices), indexed by n, and L is the set of transmissions lines (edges), whose direction is chosen arbi
trarily and are indexed by l. To supply the net demand at each bus, the power system is equipped with a set of gen
erators G, indexed by g, where Gn represents the set of generators at bus n. Note that the energy injected at each 
bus, derived from the balance between generation and net demand, is transported among the buses through the 
transmission lines. For illustration, Figure 2 depicts a representation of a power system with three buses, three 
transmission lines, two generators located at nodes 1 and 2 and one electricity net demand at node 3.

2. Nodal net loads: The (uncertain) electricity net demand at node n, d̃n, is given by d̃n � dn�ωn, where dn is the 
predicted value and ωn is the forecast error with a change of sign. This error is modeled as a random variable with 
zero mean that follows an unknown continuous probability distribution.
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3. Generation: To cope with the forecast errors (ωn)n∈N , generators’ power outputs are adjusted according to the 
following affine control policy:

p̃g � pg� βgΩ, ∀g ∈ G, 

where Ω :�
P

n∈Nωn is the system-wise aggregated forecast error and pg and βg are the power output dispatch 
and the participation factor of generating unit g, respectively (see, e.g., Bienstock et al. 2014, Hou and Roald 2020, 
Peña-Ordieres et al. 2021). The minimum and maximum capacity of generator g is denoted by pg and pg, 
respectively.

4. Power balance: Given the affine control policy of the previous point, the power balance equation takes the fol
lowing form:

X

g∈G
p̃g �

X

n∈N
d̃n �

X

g∈G
(pg � βgΩ)�

X

n∈N
(dn � ωn) � 0:

Hence, to ensure the power balance for any realization of the forecast errors (ωn)n∈N , it must hold that
X

g∈G
pg�

X

n∈N
dn � 0

X

g∈G
βg � 1:

5. Power flows: Line flows are modeled using the well-known approximation based on the power transfer distri
bution factors, Bln, l ∈ L, n ∈N , which sets a linear relation between the power flow through line l and the power 
injected at node n. The maximum capacity of line l is denoted by f l.

6. Power production cost: The cost function of each generating unit is assumed to be quadratic, and as a result, 
the total power production cost is given by

X

g∈G
C2, g (pg �Ωβg)

2
+ C1, g (pg �Ωβg) + C0, g, 

where C2, g, C1, g, C0, g are the coefficients defining the quadratic cost function of generating unit g. On the assump
tion that ωn, for each n ∈N , is a random variable with zero mean, we have (see, for instance, Peña-Ordieres et al. 
2021)

E

"
X

g∈G
C2, g (pg�Ωβg)

2
+C1, g (pg�Ωβg) +C0, g

#

�
X

g∈G
C2, g p2

g +C1, g pg +C0, g +V(Ω)C2, g β
2
g, 

where V(Ω) denotes the variance of the random variable Ω.
With these ingredients, the JCC-OPF problem we tackle in this paper is formulated as follows:

min
pg, βgP0, ∀g∈G

X

g∈G
C2, g p2

g + C1, g pg + C0, g + V(Ω)C2, g β
2
g (8a) 

s:t:
X

g∈G
βg � 1, (8b) 

X

g∈G
pg �

X

n∈N
dn � 0, (8c) 

Figure 2. Illustrative Three-Node Power System 
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pg ⩽ pg ⩽ pg, ∀g ∈ G, (8d) 

�f l ⩽
X

n∈N
Bln

 
X

g∈Gn

pg � dn

!

⩽ f l, ∀l ∈ L, (8e) 

P

pg ⩽ pg �Ωβg ⩽ pg, ∀g ∈ G

�f l ⩽
X

n∈N
Bln

 
X

g∈Gn

(pg �Ωβg) + ωn � dn

!

⩽ f l, ∀l ∈ L

0

B
B
@

1

C
C
AP1� ɛ: (8f) 

Objective (8a) is the minimization of the expected total generation cost. The equality Constraints (8b) and (8c) 
enforce the power balance in the system, whereas Constraints (8d) and (8e) ensure a feasible power dispatch that 
corresponds to an error-free scenario, that is, to a realization of the net-load forecast errors such that ωn � 0 
∀n ∈N . Finally, Expression (8f) constitutes the joint chance-constraint system by which the decision maker states 
that the OPF solution must be feasible with a probability greater than or equal to 1� ɛ. Accordingly, parameter ɛ
is the maximum allowed probability of constraint violation set by the user. Formulation (8) is quite standard and 
has been used before by Bienstock et al. (2014), Hou and Roald (2020), and Peña-Ordieres et al. (2021), among 
others.

Problem (8) can be written in the form of (1), that is, as a CCP with linear JCC and random RHS and LHS. To 
see this, define the vector of continuous decision variables x in (1) as x :� (pg,βg)g∈G and group all these variables 
by means of the set I with elements i running from 1 to |I | � 2 |G | . In this way, we have that x ∈ R |I |+ , the set X ⊆
R |I | represents the polyhedron defined by the deterministic Constraints (8b)–(8e), and f : R |I | → R is the convex 
function providing the expected total generation cost (8a). Likewise, if we collect all the constraints involved in 
the joint chance-constraint system (8f) into the set J (hence, |J | � 2 |G | + 2 |L |), this system can be represented 
by way of a technology matrix with random rows aj(ω) ∈ R |I | , j ∈ J , and random RHS bj(ω) ∈ R, j ∈ J , where the 
uncertainty is again represented through the random vector ω taking values in R |N | .

As discussed in Section 2, the CCP (8) can be easily reformulated into an MIP using SAA. Thus, we assume 
that ω has a finite discrete support defined by a collection of points {ωs ∈ R |N | , s ∈ S} and respective probability 
masses P(ω � ωs) � (1= |S | ), ∀s ∈ S � {1, : : : , |S | }. Accordingly, ωns and Ωs are realizations of the respective ran
dom variables under scenario s. We define p :� ⌊ɛ |S | ⌋, the vector y of binary variables ys, ∀s ∈ S, and the large 
enough constants M1

gs, M2
gs, M3

ls, M4
ls. Thus, the MIP reformulation of Problem (8) is written as follows:

min
pg,βgP0,ys

X

g∈G
C2, g p2

g +C1, g pg +C0, g + V̂(Ω)C2, g β
2
g (9a) 

s:t: (8b)� (8e), (9b) 
pg�ΩsβgPpg� ysM1

gs, ∀g ∈ G, s ∈ S, (9c) 

pg�Ωsβg ⩽ pg + ysM2
gs, ∀g ∈ G, s ∈ S, (9d) 

X

n∈N
Bln

 
X

g∈Gn

(pg�Ωsβg)� dn +ωns

!

P� f l� ysM3
ls, ∀l ∈ L, s ∈ S, (9e) 

X

n∈N
Bln

 
X

g∈Gn

(pg�Ωsβg)� dn +ωns

!

⩽ f l + ysM4
ls, ∀l ∈ L, s ∈ S, (9f) 

X

s∈S
ys ⩽ p, (9g) 

ys ∈ {0, 1}, ∀s ∈ S: (9h) 

Constraints (9c)–(9f) represent the sample-based reformulation of the joint chance constraint (8f). For a given sce
nario s ∈ S, Inequalities (9c)–(9f) guarantee that all the original constraints are satisfied when ys � 0. If ys � 1, 
some of the original constraints can be violated for scenario s. Finally, Inequality (9g) ensures that the probability 
of the JCC is met, and the binary character of variables ys is declared in (9h).

3.2. Numerical Experiments
This section discusses a series of numerical experiments with which we evaluate the different approaches pre
sented in Section 2 to solve the SAA-based MIP reformulation of the JCC-OPF. In particular, we compare the per
formance of approaches T, TS, and TS1V using five standard power systems widely employed in the technical 
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literature on the topic, namely, the IEEE-RTS-24, IEEE-57, IEEE-RTS-73, IEEE-118, and IEEE-300 test systems. All 
data pertaining to these systems are publicly available in the repository Power Grid Lib (2022) under version 21, 
and their main features are listed in Table 1. All optimization problems were solved using GUROBI 9.1.2 (Gurobi 
Optimization, LLC 2022) on a Linux-based server with CPUs clocking at 2.6 GHz, 6 threads and 32 GB of RAM. 
In all cases, the optimality GAP has been set to 10�9% and the time limit to 10 hours. All data used and codes 
implemented throughout these numerical experiments can be found in the repository OASYS (2023).

Similarly to Peña-Ordieres et al. (2021), we assume that the error of net loads is normally distributed, that is, 
ω ~ N(0,Σ), where 0 and Σ represent, respectively, the zero vector and the covariance matrix. We also assume 
that the standard deviation of ωn at node n is proportional to the net nodal demand dn according to a parameter 
ζ between zero and one. Thus, this parameter controls the magnitude of net demand fluctuations. Under these 
assumptions, the procedure to model uncertainty proposed in Peña-Ordieres et al. (2021) runs as follows. First, 
we compute the positive definite matrix C � ĈĈ⊤, where each element of matrix Ĉ is a sample randomly drawn 
from a uniform distribution with support in [�1, 1]. Then, to obtain a positive definite matrix Σ in which the 
diagonal elements are equal to (ζdn)

2, we define each of its entries (σnn′) as follows:

σnn′ � ζ
2 cnn′
ffiffiffiffiffiffiffiffiffiffiffiffiffiffifficnncn′n′
√ dndn′ , ∀n, n′ ∈N , 

where cnn′ denotes the element of matrix C in row n and column n′. To avoid generating infeasible instances of 
the JCC-OPF problem, the parameter ζ has been set to 0.15 for the four smallest systems and to 0.05 for the IEEE- 
300 system. To characterize the net demand uncertainty, we consider 1,000 scenarios and a tolerable probability 
of violation of the joint chance constraint of 5% (i.e., ɛ � 0:05 and p � 50). Finally, each solution strategy is run for 
10 different sets of randomly generated samples. Accordingly, in this section, we provide tables with figures 
averaged over these 10 instances. Also, the generated samples can be downloaded from the repository OASYS 
(2023).

Table 2 includes the results of solving the mixed-integer quadratic optimization Model (9) if the large constants 
M1

gs, M2
gs, M3

ls and M4
ls are set to a high enough arbitrary value, specifically 104. Despite being remarkably compu

tationally expensive, this approach is used in the technical literature (e.g., Zhang et al. 2015), and thus, we refer 
to it as the benchmark approach (BN). Table 2 includes the number of constraints in the model (#CON), the linear 
relaxation gap (LR-GAP) calculated using the optimal solution of each instance, the optimality gap given by the 
difference between the best lower bound and the best integer solution found by the MIP solver (MIP-GAP), the 
number of instances solved to global optimality in less than 10 hours (#OPT), and the solution time in seconds 
(time). As expected, the computational time needed to solve the OPF with the Big M Model (9) increases signifi
cantly with the size of the instances. Whereas the 10 instances from systems IEEE-RTS-24, IEEE-57, and IEEE-73 
are solved in less than 10 hours, none of the instances for systems IEEE-118 and IEEE-300 are solved to global 
optimality within that time limit, and the average MIP-GAP after 10 hours amounts to 0.29% and 0.27%, respec
tively. Interestingly, despite that the LR-GAP is relatively low for the IEEE-RTS-73 system, the average computa
tional time required to solve this case is particularly high compared with the two smaller systems.

As discussed in the technical literature, a proper tuning of the Big-Ms makes Model (9) tighter and generally 
easier to solve (Qiu et al. 2014) by the MIP routine. Therefore, we evaluate the computational performance of the 
iterative coefficient strengthening algorithm and provide the corresponding results in Table 3. In particular, T(1), 
T(2), and T(3) represent the results obtained by solving Model (9) with the Big M values provided by Algorithm 

Table 1. Short Description of Test Power Systems

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

Number of nodes 24 57 73 118 300
Number of generators 32 4 96 19 57
Number of lines 38 41 120 186 411

Table 2. Benchmark Approach (BN): Results

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

#CON 140,143 168,171 432,435 410,413 936,939
LR-GAP, % 1.756 0.623 0.061 0.956 1.114
MIP-GAP, % (#OPT) 0.00 (10) 0.00 (10) 0.00 (10) 0.29 (0) 0.27 (0)
Time, s 1,121.3 103.2 11,161.2 36,000.0 36,000.0
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1 with κ � 1, 2, and 3, respectively. Table 3 includes the average values of LR-GAP and MIP-GAP, the number of 
instances solved to optimality in less than 10 hours (#OPT), and the speedup factor with respect to the bench
mark approach. To determine this factor, we consider that the total computational time of approach T is given as 
the sum of the time required to run Algorithm 1 κ times to determine the Big-Ms plus the time it takes to solve 
Problem (9).

Because reducing the Big M values makes Model (9) tighter, the results in Table 3 show lower values of 
LR-GAP with respect to BN. Furthermore, this effect grows with the number of iterations because Algorithm 1
ensures that the Big-Ms never increase between iterations. Although decreasing the values of the Big-Ms leads to 
tighter MIPs for all the test systems, the numerical results in Table 3 clearly indicate that computational savings 
are not guaranteed in all cases. Indeed, whereas the 10 instances are solved by BN in less than 10 hours for the 
IEEE-RTS-73 system, T(2) only provides the optimal solution for two instances. On top of that, the speedup fac
tors for the three smaller systems are always lower than one, which means that the computational times actually 
increase in these cases. On the contrary, the average MIP-GAP of the two largest systems is significantly 
decreased with respect to BN. Therefore, we conclude that, because of the heuristics implemented in current 
commercial MIP solvers, the computational advantages that one could expect a priori from iterative coefficient 
strengthening are not always guaranteed and are contingent on the structure and data of the problem.

Next, in Table 4, we provide the computational results related to the TS method, in which Algorithm 1 is 
extended to remove redundant constraints from Model (9). Here, #CON is provided as the percentage of the 
number of constraints of the reference model BN (indicated in Table 2) that are retained by TS in each iteration. 
Table 4 also includes the average MIP-GAP, the number of instances solved to optimality and the average 
speedup factor in relation to BN.

Table 4 shows that the upgraded Algorithm 1 screens out a large percentage of the constraints in Model (9), 
only retaining between 2% and 26% of them. The results in this table demonstrate that combining the tightening 
of the Big-Ms and the elimination of superfluous constraints leads to significant computational savings. For 
instance, the speedup factor for the three smallest systems ranges now between 1.5 and 15.1 times. In addition, 
TS(3) is able to solve six and four instances to optimality for systems IEEE-118 and IEEE-300, respectively, in less 
than 10 hours, and the average MIP-GAP is reduced to 0.01% in these two largest power systems. Therefore, the 
computational performance of Model (9) is drastically improved by combining the strengthening of the Big -Ms 
(making Model (9) tighter) and the removal of redundant constraints (making Model (9) more compact). Equally 
important, the elimination of superfluous constraints notably reduces the MIP solver’s need for RAM memory, 
which decreases from around 100 GB in T to 32 GB in TS.

Table 3. Coefficient Tightening Approach (T): Results

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

LR-GAP, % T(1) 1.755 0.510 0.061 0.711 0.472
T(2) 1.662 0.330 0.055 0.522 0.324
T(3) 1.386 0.255 0.029 0.434 0.264

MIP-GAP, % (#OPT) T(1) 0.00 (10) 0.00 (10) 0.00 (10) 0.27 (0) 0.16 (0)
T(2) 0.00 (10) 0.00 (10) 0.03 (2) 0.16 (0) 0.09 (0)
T(3) 0.00 (10) 0.00 (10) 0.00 (10) 0.12 (0) 0.07 (0)

Speedup factor T(1) 0.22× 0.07× 0.61× 1.00× 1.00×
T(2) 0.17× 0.13× 0.31× 1.00× 1.00×
T(3) 0.48× 0.24× 0.66× 1.00× 1.00×

Table 4. Tightening and Screening (TS): Results

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

#CON, % TS(1) 23.9 2.8 26.0 8.9 12.7
TS(2) 23.3 2.2 23.8 6.3 9.1
TS(3) 23.1 2.1 23.0 5.6 8.0

MIP-GAP, % (#OPT) TS(1) 0.00 (10) 0.00 (10) 0.00 (10) 0.15 (0) 0.08 (0)
TS(2) 0.00 (10) 0.00 (10) 0.00 (10) 0.03 (2) 0.04 (0)
TS(3) 0.00 (10) 0.00 (10) 0.00 (10) 0.01 (6) 0.01 (4)

Speedup factor TS(1) 1.5× 1.8× 4.7× 1.0× 1.0×
TS(2) 1.5× 3.8× 2.6× 1.1× 1.0×
TS(3) 3.8× 4.4× 15.1× 1.4× 1.2×
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We continue the numerical experiments by evaluating the impact of including the valid inequalities derived in 
Section 2.2 in Model (9). The so-obtained results are collated in Table 5. In what follows, this approach is called 
BN1V for short. The results in Table 5 comprise, in order and following the previous notation, the average num
ber of constraints, the average values of LR-GAP and MIP-GAP, the number of instances solved to optimality, 
and the average speedup factor with respect to the BN approach of Table 2.

As can be seen, our valid inequalities only increase the total number of constraints by 1.0%–1.6%. However, 
the LR-GAP is significantly reduced compared with that obtained by BN. This effect is particularly noticeable for 
the IEEE-RTS-73 system with an average value of the linear relaxation gap equal to 0.0001%, meaning that the 
linear relaxation of Problem (9) with the proposed valid inequalities is very tight and its solution very close to 
the actual solution of that problem. Furthermore, the inclusion of the valid inequalities leads to average speedup 
factors that range between 13.8 and 65.2 times for the three smallest systems. For the two largest systems, the 
time limit is reached in most instances, but the average MIP-GAP is reduced to 0.03% and 0.08%, respectively.

Finally, we present similar simulation results for the setup in which the valid inequalities are also used to 
boost the tightening and screening power of Algorithm 1 (that is, the valid inequalities are also included in Prob
lem (3)), leading to method TS1V. Table 6 provides the average number of constraints, the average values of 
LR-GAP and MIP-GAP, and the average speedup factor of TS1V with respect to BN in Table 2. Because increas
ing the number of iterations of Algorithm 1 barely affects the performance of TS1V, all the data shown in Table 
6 correspond to κ � 1.

The comparison of the results in Tables 4–6 yields the following observations. First, including the valid 
inequalities in Algorithm 1 strengthens the Big-Ms even further, which, in turn, remarkably reduces the linear 
relaxation gap and increases the number of constraints identified as redundant in Model (9). Indeed, the total 
number of constraints eventually retained by TS1V ranges between 1.61% and 3.84% if compared with BN. Sec
ond, TS1V can solve the 10 instances to global optimality in less than 10 hours for the five test systems consid
ered in these numerical experiments. In fact, the optimal solutions obtained by TS1V are the ones we use to 
compute the values of the linear relaxation gap throughout these simulations. Third, TS1V is able to achieve 
speedup factors between 8.5 and 1,470.0 times, depending on the test system. All in all, TS1V features the best 
computational performance in terms of resolution time and MIP-GAP among all the methods tested so far.

Next, in Table 7, the results of TS1V are contrasted with those provided by state-of-the-art approximations 
available in the literature. In particular, we consider the CVaR-based and ALSO-X conservative approximations, 
both described in Jiang and Xie (2022). Table 7 provides the average cost increase in percentage with respect to 
the optimal cost and the speedup factor with regard to BN for the different methodologies compared. As 
expected, the CVaR-based approximation leads to conservative results and involves average cost increases that 
range between 0.49% and 2.88%. Interestingly enough, TS1V computes the optimal solution and involves a 
higher speedup factor than the CVaR-based approach for two of the five systems. Compared with the two 
ALSO-X approximations, TS1V obtains the global optimal solution in all cases with speedup factors that are still 
tantamount to those of these approximate methods.

To conclude this study, we compare our solution approach with the one proposed in Luedtke (2014). This 
author presents an exact approach to solve CCPs based on the addition of quantile cuts in a so-called lazy fashion 
to a relaxation of the problem that only includes the deterministic constraints. In this way, at each node of the 
branching tree, we seek a violated constraint from a scenario s with ys � 0. Using the coefficients of this violated 

Table 5. Tightening by Valid Inequalities (BN1V): Results

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

#CON, % 101.0 101.2 101.2 101.6 101.5
LR-GAP, % 0.3374 0.2038 0.0001 0.4784 0.3192
MIP-GAP, % (#OPT) 0.00 (10) 0.00 (10) 0.00 (10) 0.03 (1) 0.08 (0)
Speedup factor 46.4× 13.8× 65.2× 1.1× 1.0×

Table 6. Tightening and Screening with Valid Inequalities (TS1V): Results

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

#CON, % 3.49 1.61 3.84 2.68 3.30
LR-GAP, % 0.3365 0.1519 0.0001 0.2821 0.1603
MIP-GAP, % (#OPT) 0.00 (10) 0.00 (10) 0.00 (10) 0.00 (10) 0.00 (10)
Speedup factor 706.8× 35.3× 1470.0× 23.1× 8.5×
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constraint, a valid inequality is derived by means of the resolution of |S | linear separation subproblems. These 
strengthened cuts contain binary variables associated to several scenarios and are obtained by applying the star 
inequalities of Atamtürk et al. (2000).

We implement the procedure, including, at each iteration, both the initial or base violated inequality and the 
strengthened one because this approach delivered the best results. The comparison between our approach and 
Luedtke’s (which we name BCD for short, from branch-and-cut decomposition) is shown in Table 8. As can be 
seen, a similar number of constraints are generated in the BCD approach (that includes the deterministic con
straints and the cuts generated dynamically). Furthermore, our procedure clearly outperforms the BCD approach 
in terms of computational time. One possible explanation, already pointed out in the paper, is that the generation 
of the cuts requires solving 1,000 subproblems at each iteration. In the particular application presented in 
Luedtke (2014), however, this potential bottleneck is overcome by leveraging the specific structure of the sub
problem to develop a closed-form expression of its solution, thus avoiding the need to optimize over all the sce
nario sets. With that said, we remark that the times provided in Table 8 under the acronym BCD-P correspond to 
a parallel implementation of the BCD algorithm in which only the time required to solve the most time- 
consuming subproblem out of the 1,000 to be solved at each iteration is added to the final solution time reported. 
For completeness and because the parallel implementation of BCD using off-the-shelf optimization solvers is not 
trivial at all, we also report in Table 8 the speedup factor that is attained by a serial implementation of BCD, 
termed BCD-S in the table. As can be seen, this implementation is, however, far from being competitive in all 
cases.

4. Conclusions and Future Research
In this paper, we propose a novel exact resolution technique for an MIP SAA-based reformulation of joint 
chance-constrained problems in the form of (1). Our methodology includes a screening method to eliminate 
superfluous constraints based on an iterative procedure to repeatedly tighten the Big-Ms present in the MIP. 
These procedures are combined with the addition of inequalities that are valid provided that the technology 
matrix in the chance-constraint system exhibits the structure presented in (4). Said inequalities strengthen the lin
ear relaxation of the MIP SAA-based reformulation and allow for additional screening of constraints. The resul
tant model is, thus, compact and tight.

We apply our methodology to solve the joint chance-constrained DC optimal power flow. In the case study, 
we show that, in comparison with the benchmark model, our methodology provides remarkable results in terms 
of the linear relaxation bounds, the RAM memory needed to solve the instances, and the total computational res
olution time. Specifically, our method TS1V solves to optimality all the instances generated for the IEEE-RTS- 
118 and IEEE-RTS-300 test systems, the majority of which are not solved within 10 hours of computational time 
using the benchmark approach. Furthermore, the average number of constraints eliminated from all instances 

Table 7. Comparison of the Proposed TS1V Approach and Existing Approximate Methods

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

Average cost increase, % TS1V 0.00 0.00 0.00 0.00 0.00
CVaR 2.88 0.53 1.71 0.57 0.49
ALSO-X 0.80 0.08 0.41 0.08 0.05
ALSO-X+ 0.53 0.07 0.12 0.05 0.04

Speedup factor TS1V 706.8× 35.3× 1,470.0× 23.1× 8.5×
CVaR 387.1× 117.0× 265.1× 4,045.5× 779.7×
ALSO-X 18.0× 1.2× 21.3× 148.6× 11.13×
ALSO-X+ 7.8× 0.7× 6.6× 49.3× 3.7×

Table 8. Comparison of the Proposed TS1V Approach and the BCD Approach

IEEE-RTS-24 IEEE-57 IEEE-RTS-73 IEEE-118 IEEE-300

#CONS, % TS1V 3.49 1.61 3.84 2.68 3.30
BCD 11.37 2.69 3.58 2.46 1.53

Speedup factor TS1V 706.8× 35.3× 1,470.0× 23.1× 8.5×
BCD-P 10.12× 2.05× 69.00× 9.24× 4.74×
BCD-S 0.12× 0.04× 0.30× 1.45× 0.42×
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with TS1V always exceeds 95% of them, and the lower bound is markedly increased by the inclusion of the 
valid inequalities, showing the outstanding results of the combination of the methods developed.

The comparison of our results with those provided by existing approximate and exact methods shows that our 
approach is computationally very competitive for small and medium-sized instances, always providing the best 
results in terms of cost. For the large instances addressed, whereas outperformed by the approximate methods in 
terms of computational time (as expected), our exact solution strategy not only provides a certificate of optimal
ity, but also returns the optimal solution within the set time limit. A promising future research line consists of 
the development of a generalized set of valid inequalities that combine variables from pairs or subgroups of con
straints j ∈ J in the chance-constrained system (1c).
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