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Abstract. This article focuses on the design of semi-implicit schemes that are fully well-balanced
for the one-dimensional shallow water equations, that is, schemes that preserve all smooth steady
states of the system and not just water-at-rest equilibria. The proposed methods outperform standard
explicit schemes in the low-Froude regime, where the celerity is much larger than the fluid velocity,
eliminating the need for a large number of iterations on large time intervals. In this work, splitting
and relaxation techniques are combined in order to obtain fully well-balanced semi-implicit first
and second order schemes. In contrast to recent Lagrangian-based approaches, this one allows the
preservation of all the steady states while avoiding the complexities associated with Lagrangian
formalism.
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1. Introduction. The aim of this work is the design of semi-implicit schemes
that are fully well-balanced for the one-dimensional (1D) shallow water equations.
By fully well-balanced we mean that the scheme preserves all the smooth steady
states of the system, and not just a subset of them, usually water-at-rest equilibria.
Furthermore, our scheme is exactly fully well-balanced, that is, it exactly preserves the
steady states and not just a discrete approximation of them. Although the proposed
method works in all regimes, it outperforms standard explicit schemes in the low-
Froude regime, where the celerity is much bigger than the fluid velocity. Indeed, in
small Froude number situations, the use of explicit schemes requires a large number
of iterations on large time intervals due to the CFL time step restriction, while the
use of a semi-implicit scheme avoids such time step restrictions.

Obtaining well-balanced schemes for shallow water equations has been a very ac-
tive topic of research for some time now. See, for instance, the works [4, 36, 45, 31, 30,
7, 1, 26, 2, 9], in which water-at-rest steady states are preserved. There are also other
works whose schemes preserve all the steady states, such as [35, 15, 53, 52, 5, 6, 19, 44,
46, 8].

Moreover, different techniques for the design of implicit or semi-implicit schemes
for the shallow water models have been developed since [21]. These approaches include
the application of finite volume methods in studies such as [9, 23, 51], a discontinuous
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A2504 CABALLERO-C\'ARDENAS ET AL.

Galerkin approach as seen in the works [28, 33, 50, 39, 48], finite difference methods
as explored in Casulli's earlier work [21, 22], and hybrid strategies, as demonstrated in
studies like those in [10, 16, 11]. In general, the idea consists of performing a splitting
that allows one to separate the fast waves from the slow ones and of combining explicit
and implicit schemes. However, to the best of our knowledge, no previous work has
been presented in which a semi-implicit scheme preserves all the steady states of the
1D shallow water equations without the need to solve the nonlinearities associated
with the pressure. The only nonlinearities presented in the schemes are those related
with the computation of the local steady states, that are frozen at every time step and
play a crucial role in the well-balanced character of the scheme, and those presented
in the transport step (that are treated explicitly).

In the recent work [17], Lagrangian formalism was used in order to define semi-
implicit schemes that preserve water-at-rest stationary solutions for the shallow water
equations. Lagrangian formalism was also used in [18] to define an explicit first order
fully well-balanced scheme, while in [43] an explicit high order well-balanced scheme
was presented. Nevertheless, the use of Lagrangian formalism complicates in excess
the task of defining high order, semi-implicit, and fully well-balanced schemes. Even
in [18] particular care had to be taken in the projection step in order to obtain a fully
well-balanced scheme, as a steady state in Eulerian coordinates is not necessarily a
steady state in Lagrangian coordinates. Moreover, extending this technique to 2D
cases could be cumbersome. Therefore, we propose here a different approach that
overcomes these difficulties.

In what follows, we consider the 1D shallow water equations written as\left\{     
\partial th+ \partial x(hu) = 0,

\partial t(hu) + \partial x

\biggl( 
hu2 + g

h2

2

\biggr) 
= - ghz\prime ,

(1.1)

where z(x) is the given smooth topography, g is the gravity constant, h is the water
depth, and u is the water velocity. We shall denote by \eta = h+ z the free surface of
the flow and by q= hu the discharge.

Let us recall that the shallow water system is hyperbolic over \Omega = \{ (h,hu)T \in 
\BbbR 2| h > 0\} , presenting two eigenvalues: u  - c and u + c, where c =

\surd 
gh stands for

the sound speed or celerity. One can distinguish two regions: the subcritical (or
subsonic) region, in which u2 < c2, and the supercritical (or supersonic) one, in which
u2 > c2. These regions can also be characterized in terms of the Froude number,
defined as Fr =

| u| \surd 
gh

. The subcritical regions are the ones in which Fr < 1, while in
the supercritical ones, Fr > 1. Here we will focus especially on applications related
to the former, since this is the case where the implicit treatment of the pressure
terms is particularly worthwhile in order to avoid the use of an overly restrictive CFL
condition.

A special class of solutions for shallow water equations are the so-called equilib-
rium or steady states, which are given by\left\{       

d

dx
(hu)e = 0,

d

dx

\biggl( 
hu2 + g

h2

2

\biggr) e

= - ghe z\prime .

(1.2)

In particular, smooth equilibria satisfy
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2505\left\{   
(hu)e =C1,

(ue)2

2
+ g(he + z) =C2,

(1.3)

where C1 and C2 are two real constants. When C1 = 0, we obtain the so-called
lake-at-rest steady states, for which

qe = (hu)e = 0, \eta e = he + z = cst.

Note that for any two fixed constants C1 and C2, system (1.3) is equivalent to
setting qe(x) =C1 and he(x) solution of the cubic equation

(he)3 +

\biggl( 
z  - C2

g

\biggr) 
(he)2 +

C2
1

2g
= 0.(1.4)

Note that (1.4) does not always has a physical solution. It always has a negative
root, but it does not always have positive ones.

Moreover, for fixed values C1 and C2, one may define the function

fC1 : (0,\infty ] \rightarrow \BbbR ,

h \mapsto \rightarrow C2
1

2h2
+ gh

and write (1.4) equivalently as

fC1
(h) =C2  - gz.

Following the study done in [15], for any fixed value C1, fC1
has a global minimum

at

hcrit(C1) =
| C1| 2/3

g1/3
.(1.5)

Let us denote by ms(C1) = fC1
(hcrit(C1)). Then one can find three different possibil-

ities when solving (1.4):
1. If C2  - gz <ms(C1), then there exists no real positive solution.
2. It C2  - gz = ms(C1), then there exists a unique real positive solution given

by h= hcrit(C1).
3. If C2  - gz > ms(C1), then there are exactly two positive solutions: the sub-

critical one that satisfies h> hcrit(C1) and the supercritical one that verifies
h< hcrit(C1).

Even though in the literature we can find different definitions of well-balanced
schemes, in this work we will consider the ones used in [34], so when a scheme exactly
preserves the steady states it is said to be exactly well-balanced, while if it preserves
a discrete approximation of them, it is called well-balanced.

We aim then to define a semi-implicit fully exactly well-balanced scheme, specially
adapted for small Froude number situations. The used splitting strategy can be mo-
tivated by properly rescaling the equations. Indeed, if we consider the dimensionless
form of the shallow water equations, the Froude number will appear accompanying
the pressure terms, in such a way that their relevance increases as the Froude number
decreases [25, 32]. The splitting strategy introduced in [37] for the Euler compressible
system and developed in [29] for the Ripa equations will be combined with a relax-
ation technique and will be described in section 2, where we will also be concerned
with the design of schemes that are well-balanced. In sections 3 and 4, the proposed
first and second order schemes are presented, respectively. Finally, several numerical
experiments are shown in section 5 in order to test the accuracy and efficiency of the
schemes presented.
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A2506 CABALLERO-C\'ARDENAS ET AL.

2. Splitting and relaxation techniques. We will start by proposing a re-
laxed system for (1.1), making use of relaxation techniques following the ideas of
[38, 27, 3, 12, 24, 14, 49]. The proposed relaxed system is given by\left\{           

\partial th+ \partial x(hu) = 0,

\partial t(hu) + \partial x(hu
2 + \pi ) = - ghz\prime ,

\partial t(h\pi ) + a2\partial xu=
1

\varepsilon 

\biggl( 
1

2
gh2  - \pi 

\biggr) 
,

(2.1)

where a is a constant satisfying the subcharacteristic condition, that is, following [13],
one should have

a\geq h
\sqrt{} 
gh.(2.2)

Note that in the limit case \varepsilon \rightarrow 0 we have \pi = 1
2gh

2. Therefore, the \varepsilon -source term
in (2.1) is usually neglected and then \pi is initialized to the pressure 1

2gh
2 at each time

step.
We will now perform a splitting of system (2.1). In order to set the basic ideas

that will be detailed afterward, let us rewrite the system as

\partial tU = SP (U,z) + ST (U),

where U = (h,hu,h\pi )T ,

SP (U,z) =

\left[  0
 - \partial x\pi  - ghz\prime 

 - a2\partial xu

\right]  ,(2.3)

and

ST (U) =

\left[   - \partial x(hu) - \partial x(hu2)
0

\right]  .(2.4)

The splitting strategy consists in solving each of the two systems

\partial tU = SP (U,z)(2.5)

and

\partial tU = ST (U)(2.6)

sequentially.
System (2.5) will be referred to as the pressure system, while system (2.6) will be

referred to as the transport system.
We could either solve the system defined by SP first, followed by the one defined

by ST , or vice versa.
The advantage of applying this splitting approach is that it decouples the acoustic

and the transport phenomena. This way, the pressure system can be solved both
explicitly or implicitly, while the transport system will always be solved explicitly.
Performing the pressure step implicitly allows us to consider larger time steps since
it involves a less restrictive CFL condition. Indeed, for small Froude numbers, the
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2507

main restriction on the time step is driven by the pressure term. The reason why this
happens is that system (2.5) has eigenvalues

\lambda = 0 and \lambda =\pm a

h
,(2.7)

while system (2.6) has eigenvalues given by

\lambda = u (double) and \lambda = 0.(2.8)

Let us now describe in detail how each of the systems will be solved. First, we
consider the general framework of finite volume schemes: the computational domain
is discretized in a set of cells [xi - 1/2, xi+1/2) for i\in \BbbZ using, for the sake of simplicity,
a constant volume length \Delta x= xi+1/2  - xi - 1/2. The values xi+1/2 correspond to the
intercells, while the centers of the volume cells will be denoted by xi = (xi - 1/2 +
xi+1/2)/2. The time variable will be kept continuous for now and the approximation
of the cell averages will be denoted by

(hi(t), (hu)i(t), (h\pi )i(t))
T =Ui(t)\approx 

1

\Delta x

\int xi+1/2

xi - 1/2

U(x, t)dx.

A semidiscrete finite volume scheme for systems (2.5)--(2.6) can be written as\left\{           
h\prime i(t) = 0,

(hu)\prime i(t) = - 
1

\Delta x

\Bigl( 
\pi \ast i+1/2(t) - \pi \ast i - 1/2(t)

\Bigr) 
+ Si(t),

(h\pi )\prime i(t) = - 
a2

\Delta x

\Bigl( 
u\ast i+1/2(t) - u\ast i - 1/2(t)

\Bigr) 
,

(2.9)

\left\{           
h\prime i(t) = - 

1

\Delta x

\Bigl( 
h\ast i+1/2(t)u

\ast 
i+1/2(t) - h\ast i - 1/2(t)u

\ast 
i - 1/2(t)

\Bigr) 
,

(hu)\prime i(t) = - 
1

\Delta x

\Bigl( 
(hu)\ast i+1/2(t)u

\ast 
i+1/2(t) - (hu)\ast i - 1/2(t)u

\ast 
i - 1/2(t)

\Bigr) 
,

(h\pi )\prime i(t) = 0,

(2.10)

or in compact form as
d

dt
Ui(t) = SP i(t),(2.11)

d

dt
Ui(t) = ST i(t),(2.12)

where

SP i(t) =

\left(      
0

 - 1

\Delta x

\Bigl( 
\pi \ast i+1/2(t) - \pi \ast i - 1/2(t)

\Bigr) 
+ Si(t)

 - a2

\Delta x

\Bigl( 
u\ast i+1/2(t) - u\ast i - 1/2(t)

\Bigr) 
\right)      ,

SP i(t) =

\left(     
 - 1

\Delta x

\Bigl( 
h\ast i+1/2(t)u

\ast 
i+1/2(t) - h\ast i - 1/2(t)u

\ast 
i - 1/2(t)

\Bigr) 
 - 1

\Delta x

\Bigl( 
(hu)\ast i+1/2(t)u

\ast 
i+1/2(t) - (hu)\ast i - 1/2(t)u

\ast 
i - 1/2(t)

\Bigr) 
0

\right)     .
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A2508 CABALLERO-C\'ARDENAS ET AL.

The notation with the asterisk is usually employed in the field of Lagrange-
projection schemes, so it will be used here for continuity with previous work.

Here, h\ast i\pm 1/2(t) and (hu)\ast i\pm 1/2(t) are approximations at the interface of the height
and the discharge, that is, h\ast i+1/2(t)\approx h(xi\pm 1

2
, t) and h\ast i+1/2(t)\approx (hu)(xi\pm 1

2
, t), while

\pi \ast 
i\pm 1

2

(t) and u\ast 
i\pm 1

2

(t) are approximations at the interface of the pressure \pi = g
2h

2 and

the velocity u, respectively: \pi \ast 
i\pm 1

2

(t) \approx \pi (xi\pm 1
2
, t) and u\ast 

i\pm 1
2

(t) \approx u(xi\pm 1
2
, t). Note

that \pi \ast i\pm 1/2, u
\ast 
i\pm 1/2, h

\ast 
i\pm 1/2, and (hu)\ast i\pm 1/2 could be seen as numerical fluxes. The

approximation of the source term is denoted by Si(t), that is,

Si(t)\approx 
1

\Delta x

\int xi+1/2

xi - 1/2

gh(x, t)z\prime (x)dx.

Now, in view of system (2.9), as hi is constant through time, hi is frozen at t= t0.
In practice it will be frozen at the corresponding time step, every time the pressure
system is solved. Now, if first and second order finite volume schemes are considered
and focusing on the equations for u and \pi , we could write (2.9) as follows:\left\{       

u\prime i(t) = - 
1

hi(t0)\Delta x

\Bigl( 
\pi \ast i+1/2(t) - \pi \ast i - 1/2(t)

\Bigr) 
 - 1

hi(t0)
Si(t),

\pi \prime i(t) = - 
a2

hi(t0)\Delta x

\Bigl( 
u\ast i+1/2(t) - u\ast i - 1/2(t)

\Bigr) 
,

(2.13)

where Si(t) is now such that

Si(t)\approx 
1

\Delta x

\int xi+1/2

xi - 1/2

gPi,h(t, x)z
\prime (x)dx,

with Pi,h a reconstruction operator within the cell i for the variable h(t, x).
A reconstruction operator is an operator that, given a sequence of cell averages

\{ Ui\} , provides at every cell [xi - 1/2, xi+1/2) a smooth function that depends on the
values at some neighbor cells whose indexes belong to the so-called stencil \scrS i, that is,
Pi(x) = Pi(x,\{ Uj\} j\in \scrS i).

As h does not change in time in this step, Si(t) is no longer time dependent, so
we could consider

Si \approx 
1

\Delta x

\int xi+1/2

xi - 1/2

gPi,h0
(x)z\prime (x)dx,

where Pi,h0
(x) is a reconstruction of h| t=t0(x), to be determined.

In practice, (2.13) can be rewritten in terms of the Riemann invariants  - \rightarrow w = \pi +au
and \leftarrow  - w = \pi  - au as follows:\left\{     

 - \rightarrow w \prime i(t) = - 
a

hi(t0)\Delta x

\bigl(  - \rightarrow w i+1/2(t) -  - \rightarrow w i - 1/2(t)
\bigr) 
 - a

hi(t0)
Si,

\leftarrow  - w \prime i(t) =
a

hi(t0)\Delta x

\bigl( \leftarrow  - w i+1/2(t) - \leftarrow  - w i - 1/2(t)
\bigr) 
+

a

hi(t0)
Si.

(2.14)

Here, the approximations at the intercells  - \rightarrow w i+1/2(t)\approx  - \rightarrow w (xi+1/2, t) and
\leftarrow  - w i+1/2(t)\approx \leftarrow  - w (xi+1/2, t), that correspond to the numerical fluxes at the intercells, will be com-

puted using a reconstruction operator. The advantage of using the Riemann invari-
ants is that we manage to decouple the two equations, obtaining thus two transport
equations with source terms.
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2509

Note that \pi and u can be easily recovered from the values of  - \rightarrow w and\leftarrow  - w as follows:

\pi =
 - \rightarrow w +\leftarrow  - w

2
, u=

 - \rightarrow w  - \leftarrow  - w
2a

.

Therefore, once we have solved (2.14), we can make use of the previous relations
and then define \pi \ast i+1/2(t) and u\ast i+1/2(t) as

\pi \ast i+1/2(t) =
Pi, - \rightarrow w (xi+1/2, t) + Pi+1,\leftarrow  - w (xi+1/2, t)

2
,(2.15)

u\ast i+1/2(t) =
Pi, - \rightarrow w (xi+1/2, t) - Pi+1,\leftarrow  - w (xi+1/2, t)

2a
,(2.16)

where Pi, - \rightarrow w and Pi,\leftarrow  - w correspond to some reconstruction operators within the cell.
Using (2.15)--(2.16), we can compute the values \pi \ast i+1/2(t) and u\ast i+1/2(t) in (2.9) and
(2.10).

Once the pressure system is approximated, we will use an upwind scheme in order
to solve the transport ODE system defined in (2.10). That is, the values h\ast i+1/2(t)
and (hu)\ast i+1/2(t) are defined as

h\ast i+1/2(t) =

\left\{   Ph,i(xi+1/2, t) if u
\ast 
i+1/2(t)\geq 0,

Ph,i+1(xi+1/2, t) if u
\ast 
i+1/2(t)< 0,

and

(hu)\ast i+1/2(t) =

\left\{   Phu,i(xi+1/2, t) if u
\ast 
i+1/2(t)\geq 0,

Phu,i+1(xi+1/2, t) if u
\ast 
i+1/2(t)< 0,

where Ph,i and Phu,i denote the reconstruction operator corresponding to the height
and the discharge, respectively.

Although up to now the time variable has been kept continuous, the time steps
will be solved afterward by means of an explicit or implicit scheme. In practice, the
transport system will always be solved explicitly. Note that, for the sake of simplicity,
we have not dealt yet with the well-balancing issue.

In order to achieve the exactly well-balanced character of the scheme we will
follow the ideas described in [20], where the main ingredients are a fully exactly well-
balanced reconstruction operator, a quadrature formula, and a proper approximation
of the source term Si that guarantees the exactly well-balanced of the numerical
scheme. We recall that a fully exactly well-balanced reconstruction operator Pi(x) is
a reconstruction operator that satisfies

Pi(x,\{ Ue
j \} j\in \scrS i) =Ue(x) \forall x\in [xi - 1/2, xi+1/2], \forall i,

for a given continuous stationary solution Ue. We will describe our choices for the first
and second order exactly well-balanced reconstruction operators in section 2.1. As we
are interested in first and second order numerical schemes, we will use the midpoint
rule as the quadrature formula. Therefore, we shall identify cell averages with centered
point values, which is true up to second order. Finally, the approximation of the source
term Si is also done following the ideas described in [20].
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A2510 CABALLERO-C\'ARDENAS ET AL.

More precisely, at every time step, whose initial time we denote by t = t0, and
at every cell, we compute the steady state (he,t0

i , ue,t0
i ) that satisfies (1.2) such that

he,t0
i (xi) = ht0

i and ue,t0
i (xi) = ut0

i , or equivalently, the solution of (1.3) with Ct0
1,i =

(hu)t0i and

Ct0
2,i =

(ut0
i )2

2
+ g

\bigl( 
ght0

i + z(xi)
\bigr) 
.

Now, integrating (1.2) over the cell [xi - 1/2, xi+1/2] we have that

1

\Delta x

\int xi+1/2

xi - 1/2

ghe,t0
i (x)z\prime (x)dx

=
1

\Delta x

\bigl( 
\pi e,t0
i (xi+1/2) - \pi e,t0

i (xi - 1/2) + (hu)e,t0i

\bigl( 
ue,t0
i (xi+1/2) - ue,t0

i (xi - 1/2)
\bigr) \bigr) 

,

where \pi e,t0
i (x) = g

2 (h
e,t0
i )2(x). Taking into account the splitting procedure that we

consider here, we suggest to split also this formula in the same way so that we could
also rewrite systems (2.9) and (2.10) as\left\{                         

h\prime i(t) = 0,

(hu)\prime i(t) = - 1

\Delta x

\Bigl( 
\pi \ast i+1/2(t) - \pi \ast i - 1/2(t) - \pi e,t0

i (xi+1/2) + \pi e,t0
i (xi - 1/2)

\Bigr) 
 - 1

\Delta x

\int xi+1/2

xi - 1/2

g(Pi,h0(x) - he,t0
i (x))z\prime (x)dx,

(h\pi )\prime i(t) = - a2

\Delta x

\Bigl( 
u\ast i+1/2(t) - u\ast i - 1/2(t)

\Bigr) 
,

(2.17)

and \left\{                         

h\prime i(t) = - 
1

\Delta x

\Bigl( 
h\ast i+1/2(t)u

\ast 
i+1/2(t) - h\ast i - 1/2(t)u

\ast 
i - 1/2(t)

\Bigr) 
,

(hu)\prime i(t) = - 
1

\Delta x

\Bigl( 
(hu)\ast i+1/2(t)u

\ast 
i+1/2(t) - (hu)\ast i - 1/2(t)u

\ast 
i - 1/2(t)

\Bigr) 
+

1

\Delta x

\bigl( 
(hu)e,t0i (ue,t0

i (xi+1/2) - ue,t0
i (xi - 1/2))

\bigr) 
,

(h\pi )\prime i(t) = 0.

(2.18)

However, given the previous semidiscrete systems, if we considered a steady state
initial condition, the third equation in (2.17) would not guarantee obtaining (h\pi )\prime i(t) =
0. The way to deal with this issue is to consider a modified relaxed system that could
be seen as the relaxed system of the fluctuations:\left\{           

\partial th+ \partial x(hu) = 0,

\partial t(hu) + \partial x
\bigl( 
hu2  - (hu2)e

\bigr) 
+ \partial x (\pi  - \pi e) = - g (h - he) z\prime ,

\partial t(h\pi ) + a2\partial x (u - ue) =
1

\varepsilon 

\biggl( 
1

2
gh2  - \pi 

\biggr) 
.

(2.19)
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2511

Now, applying the splitting we obtain\left\{                       

h\prime i(t) = 0,

(hu)\prime i(t) = - 
1

\Delta x

\Bigl( 
\pi \ast i+1/2(t) - \pi \ast i - 1/2(t) - \pi e,t0

i (xi+1/2) + \pi e,t0
i (xi - 1/2)

\Bigr) 
 - 1

\Delta x

\int xi+1/2

xi - 1/2

g(Pi,h0
(x) - he,t0

i (x))z\prime (x)dx,

(h\pi )\prime i(t) = - 
a2

\Delta x

\Bigl( 
u\ast i+1/2(t) - u\ast i - 1/2(t) - ue,t0

i (xi+1/2) + ue,t0
i (xi - 1/2)

\Bigr) 
,

(2.20)

and (2.18).
System (2.20) can be written analogously in terms of the Riemann invariants:

\left\{                         

 - \rightarrow w \prime i(t) = - a

hi(t0)\Delta x

\bigl(  - \rightarrow w i+1/2(t) -  - \rightarrow w i - 1/2(t) -  - \rightarrow w e,t0
i (xi+1/2) +

 - \rightarrow w e,t0
i (xi - 1/2)

\bigr) 
 - a

hi(t0)\Delta x

\int xi+1/2

xi - 1/2

g(Pi,h0
(x) - he,t0

i (x))z\prime (x)dx,

\leftarrow  - w \prime i(t) =
a

hi(t0)\Delta x

\bigl( \leftarrow  - w i+1/2(t) - \leftarrow  - w i - 1/2(t) - \leftarrow  - w e,t0
i (xi+1/2) +

\leftarrow  - w e,t0
i (xi - 1/2)

\bigr) 
+

a

hi(t0)\Delta x

\int xi+1/2

xi - 1/2

g(Pi,h0
(x) - he,t0

i (x))z\prime (x)dx.

(2.21)

However, since we are considering schemes up to second order, we may apply the
midpoint rule and considering that the averages correspond to the values at the center
of the cells. Therefore, the source terms in (2.20) and (2.21) vanish, giving systems\left\{           

h\prime i(t) = 0,

(hu)\prime i(t) = - 
1

\Delta x

\Bigl( 
\pi \ast i+1/2(t) - \pi \ast i - 1/2(t) - \pi e,t0

i (xi+1/2) + \pi e,t0
i (xi - 1/2)

\Bigr) 
,

(h\pi )\prime i(t) = - 
a2

\Delta x

\Bigl( 
u\ast i+1/2(t) - u\ast i - 1/2(t) - ue,t0

i (xi+1/2) + ue,t0
i (xi - 1/2)

\Bigr) 
,

(2.22)

and

\left\{     
 - \rightarrow w \prime i(t) = - a

hi(t0)\Delta x

\bigl(  - \rightarrow w i+1/2(t) -  - \rightarrow w i - 1/2(t) -  - \rightarrow w e,t0
i (xi+1/2) +

 - \rightarrow w e,t0
i (xi - 1/2)

\bigr) 
,

\leftarrow  - w \prime i(t) =
a

hi(t0)\Delta x

\bigl( \leftarrow  - w i+1/2(t) - \leftarrow  - w i - 1/2(t) - \leftarrow  - w e,t0
i (xi+1/2) +

\leftarrow  - w e,t0
i (xi - 1/2)

\bigr) 
.

(2.23)

2.1. Well-balanced variable reconstructions. Let us now focus on the re-
construction of our variables. To do so, we need to keep in mind the well-balanced
property and to adapt the general strategy presented in [20], combined with the ideas
introduced in [17]. We recall that the algorithm proposed in [20] to construct an exact
fully well-balanced reconstruction operator consists of, given a family of cell values
\{ Ui\} , at every cell Ii = [xi - 1/2, xi+1/2) as follows:

1. Find, if possible, a stationary solution U t,e
i (x) in the cells belonging to the

stencil of Ii, \scrS i such that

1

\Delta x

\int xi+1/2

xi - 1/2

U t,e
i (x)dx=Ui(t).

Otherwise, take U t,e
i \equiv 0.
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A2512 CABALLERO-C\'ARDENAS ET AL.

Note that although the stationary solutions do not depend on time, the com-
puted steady state is not necessarily always the same, hence the notation
U t,e
i .

2. Compute the fluctuations \{ Vj\} j\in Si
, given by

Vj(t) =Uj(t) - 
1

\Delta x

\int xj+1/2

xj - 1/2

U t,e
i (x)dx, j \in \scrS i,

and apply a standard reconstruction operator of order p, denoted by Q, to
the fluctuations:

Qt
i(x) =Qi(x;\{ Vj(t)\} j\in \scrS i).

3. Finally, define the well-balanced reconstruction operator as

P t
i (x) =U t,e

i (x) +Qt
i(x).(2.24)

Note that in practice a quadrature formula will be used. As only first and second
order reconstruction operators are considered here, the integrals are approximated by
the midpoint rule.

We will now show how the reconstruction of variables is done, given in a general
form for a variable X that can be either  - \rightarrow w , \leftarrow  - w , h, or q.

Following [17], the idea is to write the reconstruction operator at time t\in [t0, t0+
\Delta t] as the sum of the well-balanced reconstruction operator at time t0 and a standard
reconstruction operator of the time fluctuations, that is, for any variable X we define
the reconstruction operator as

Pi,X(x, t) = P t0
i,X(x) + \widetilde Qi,X(x, t)

=Xt0,e
i (x) +Qt0

i,X(x) + \widetilde Qi,X(x, t), t\in [t0, t0 +\Delta t], x\in Ii,

where P t0
i,X and Qt0

i,X are the reconstruction operators defined in (2.24) for variable X

at time t0, X
t0,e
i (x) corresponds to the value of variable X for the selected stationary

state U t0,e
i (x) in the cell Ii, and \widetilde Qi,X(x, t) is a reconstruction operator defined in

terms of the time fluctuations, that is,

\widetilde Qi,X(x, t) = \widetilde Qi(x;\{ Xt,f
j \} j\in \scrS i), where Xt,f

j =Xj(t) - Xt0
j , j \in \scrS i.

Note that the stationary solutions are computed at every time step at the initial time
t0.

First order reconstruction. In the first order case, the reconstruction operators
Qi,X(x) and \widetilde Qi,X(x, t) are considered to be

Qt0
i,X(x) =Xt0

i  - Xe,t0
i (xi),\widetilde Qi,X(x, t) =Xi(t) - Xt0
i .

Therefore, the first order exactly well-balanced reconstruction operator can be written
as

P o1
i,X(x, t) =Xe,t0

i (x) +Xi(t) - Xe,t0
i (xi).(2.25)

Note that \widetilde Qi,X(x, t) is constant in space.
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2513

Second order reconstruction. For the second order schemes we consider

Qt0
i,X(x) =Xt0

i  - Xe,t0
i (xi) +\Delta Xt0,f

i (x - xi),\widetilde Qi,X(x, t) =Xi(t) - Xt0
i +\Delta Xt,f

i (x - xi).

Hence, the exactly well-balanced reconstruction operator in this case is the following:

P o2
i,X(x, t) =Xe,t0

i (x) - Xe,t0
i (xi) +\Delta Xt0,f

i (x - xi) +Xi(t) +\Delta Xt,f
i (x - xi).(2.26)

Here, using the avg or harmod function limiter [42], we define

\Delta Xt0,f
i =

1

\Delta x

\Bigl( 
\phi t0
i+(X

t0,f
i  - Xt0,f

i - 1 ) + \phi t0
i - (X

t0,f
i+1  - Xt0,f

i )
\Bigr) 

with

\phi t0
i - =

\left\{       
| di - | 

| di - | + | di+| 
if | di - | + | di+| > 0,

0 otherwise,

and

\phi t0
i+ =

\left\{       
| di+| 

| di - | + | di+| 
if | di - | + | di+| > 0,

0 otherwise,

where di - =Xt0,f
i  - Xt0,f

i - 1 and di+ =Xt0,f
i+1  - Xt0,f

i , where

Xt0,f
j =Xt0

j  - Xe,t0
i (xj)

for a given cell i.
Moreover,

\Delta Xt,f
i =

1

\Delta x

\Bigl( 
\~\phi t0
i+(X

t,f
i  - Xt,f

i - 1) +
\~\phi t0
i - (X

t,f
i+1  - Xt,f

i )
\Bigr) 

with \~\phi t0
i\pm = \phi t0

i\pm and Xt,f
i = Xi(t) - Xt0

i . Note that both \Delta Xt0,f
i and \Delta Xt,f

i use the
same limiters computed at time t0 to avoid nonlinearities.

Theorem 2.1. The schemes that result after considering the semidiscrete schemes
(2.22), (2.23), (2.18) and the previous reconstructions (2.25) and (2.26) are fully well-
balanced.

Proof. Let us suppose that the initial condition is stationary. Then, in the first
order case

 - \rightarrow w i+1/2(t) = Pi, - \rightarrow w (xi+1/2, t)

= - \rightarrow w i(t) - \pi e,t0
i (xi) - aue,t0

i (xi) + \pi e,t0
i (xi+1/2) + aue,t0

i (xi+1/2)

= - \rightarrow w e,t0
i (xi) - \pi e,t0

i (xi) - aue,t0
i (xi) + \pi e,t0

i (xi+1/2) + aue,t0
i (xi+1/2)

= \pi e,t0
i (xi+1/2) + aue,t0

i (xi+1/2) =
 - \rightarrow w e,t0

i (xi+1/2),

where in the second line we are considering that the averages correspond to the values
at the center of the cells. The same result holds for the other variables as well as for
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A2514 CABALLERO-C\'ARDENAS ET AL.

the second order case, since \Delta  - \rightarrow w t0,f
i = 0 and \Delta  - \rightarrow w t,f

i = 0. The same would happen
with the reconstruction of \leftarrow  - w , h, and q.

Then, from (2.23) we obtain \Biggl\{  - \rightarrow w \prime i(t) = 0,
\leftarrow  - w \prime i(t) = 0,

and therefore, the pressure and transport semidiscrete systems (2.22) and (2.18) are
trivial, being both \Biggl\{ 

h\prime i(t)= 0,

(hu)\prime i(t)= 0,

since \pi \ast i\pm 1/2(t) = \pi e,t0
i (xi\pm 1/2), u\ast i\pm 1/2(t) = ue,t0

i (xi\pm 1/2), h\ast i\pm 1/2(t) = he,t0
i (xi\pm 1/2),

(hu)\ast i\pm 1/2(t) = (hu)e,t0i (xi\pm 1/2). Moreover, (hu)\ast i\pm 1/2(t) = (hu)e,t0i since the discharge
at the equilibrium is constant within the ith cell.

Therefore, the stationary solution is preserved.

3. First order scheme. In this section we shall describe an exactly fully well-
balanced first order scheme. Two approaches will be considered: an explicit version,
where both (2.5) and (2.6) are solved explicitly, and a semi-implicit approach, where
(2.5) is solved implicitly. As said previously, the semi-implicit scheme will allow us to
have a less restrictive CFL condition in subcritical regimes where velocity terms are
smaller than the pressure terms.

The time-stepping will be done as follows. Given a set of cell averages at time tn,
Un
i , we solve first system (2.5) in the time interval [tn, tn+1] obtaining the cell averages

at time tn+1 and denoted by superindex n+1 - . Then, starting from these cell aver-
ages, we solve system (2.6) in the time interval [tn, tn+1], obtaining the approximation
of the solution at the next time step, tn+1, denoted by superindex n+ 1.

The stationary solutions will be computed as discussed in the introduction (see
(1.4)), by computing the constants C1 and C2 with the values at the center of the
cells, which in this case correspond to the averages.

3.1. Explicit scheme. In view of the semidiscrete scheme (2.22), we propose
the following first order explicit scheme for the pressure system:

hn+1 - 
i = hn

i ,

(hu)n+1 - 
i = (hu)ni  - 

\Delta t

\Delta x

\Bigl( 
\pi \ast ,ni+1/2  - \pi \ast ,ni - 1/2  - \pi e,n

i (xi+1/2) + \pi e,n
i (xi - 1/2)

\Bigr) 
,

(3.1)

where the values \pi \ast ,ni+1/2 are computed by means of a fully well-balanced reconstruction

operator for  - \rightarrow w and \leftarrow  - w , given by (2.25). That is,

\pi \ast ,ni+1/2 =
P o1
i, - \rightarrow w (xi+1/2, t

n) + P o1
i+1,\leftarrow  - w (xi+1/2, t

n)

2
.

Then, the transport system (2.18) is solved using (hn+1 - 
i , (hu)n+1 - 

i ) as the initial
condition:

hn+1
i = hn+1 - 

i  - \Delta t

\Delta x

\Bigl( 
h\ast ,n+1 - 
i+1/2 u\ast ,n+1 - 

i+1/2  - h\ast ,n+1 - 
i - 1/2 u\ast ,n+1 - 

i - 1/2

\Bigr) 
,

(hu)n+1
i = (hu)n+1 - 

i  - \Delta t

\Delta x

\Bigl( 
(hu)\ast ,n+1 - 

i+1/2 u\ast ,n+1 - 
i+1/2  - (hu)\ast ,n+1 - 

i - 1/2 u\ast ,n+1 - 
i - 1/2

\Bigr) 
+

\Delta t

\Delta x

\Bigl( 
(hu)n+1 - 

i

\Bigl( 
u
e,tn+1 - 
i,i+1/2  - u

e,tn+1 - 
i,i - 1/2

\Bigr) \Bigr) 
,

(3.2)
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2515

where u
e,tn+1 - 
i,i\pm 1/2 = u

e,tn+1 - 
i (xi\pm 1/2). Note that now, the values u\ast ,n+1 - 

i+1/2 and h\ast ,n+1 - 
i\pm 1/2 and

(hu)\ast ,n+1 - 
i\pm 1/2 must be determined. The values u\ast ,n+1 - 

i+1/2 are computed at each intercell
by means of a fully well-balanced first order reconstruction operator as follows:

u\ast ,n+1 - 
i+1/2 =

P o1
i, - \rightarrow w (xi+1/2, t

n+1 - ) - P o1
i+1, - \rightarrow w (xi+1/2, t

n+1 - )

2a
.

Finally the values h\ast ,n+1 - 
i\pm 1/2 and (hu)\ast ,n+1 - 

i\pm 1/2 are also computed using again the fully
well-balanced first order reconstruction operator and the upwind scheme, that is,

X\ast ,n+1 - 
i+1/2 =

\left\{   P o1
i,X(xi+1/2) if u\ast ,n+1 - 

i+1/2 \geq 0,

P o1
i+1,X(xi+1/2) if u\ast ,n+1 - 

i+1/2 < 0,

where X = h,hu.
Note that here we have used a splitting technique by solving first the system

defined by SP and then the one defined by ST . Nevertheless, nothing obliges one to
do the splitting in that order and one could consider a variant of this explicit scheme
by solving first (2.6) and then (2.5).

3.2. Semi-implicit scheme. As previously said, in subcritical regimes where
u2 << gh, the main restriction of the CFL condition comes from the pressure terms.
Therefore, in view of the eigenvalues of (2.5) (see (2.7)) we consider an implicit version
of the pressure system:

hn+1 - 
i = hn

i ,

(hu)n+1 - 
i = (hu)ni  - 

\Delta t

\Delta x

\Bigl( 
\pi \ast ,n+1 - 
i+1/2  - \pi \ast ,n+1 - 

i - 1/2  - \pi e,n
i (xi+1/2) + \pi e,n

i (xi - 1/2)
\Bigr) 
.

(3.3)

It can be seen that (hu)n+1 - 
i could be also obtained as

(hu)n+1 - 
i = hn

i u
n+1 - 
i = hn

i \cdot 
 - \rightarrow w n+1 - 

i  - \leftarrow  - w n+1 - 
i

2a
,

where  - \rightarrow w n+1 - 
i and \leftarrow  - w n+1 - 

i are given by

 - \rightarrow w n+1 - 
i = - \rightarrow w n

i  - 
a\Delta t

hn
i \Delta x

\Bigl(  - \rightarrow w n+1
i+1/2  - 

 - \rightarrow w n+1
i - 1/2  - 

 - \rightarrow w e,n
i+1/2 +

 - \rightarrow w e,n
i - 1/2

\Bigr) 
,

and

\leftarrow  - w n+1 - 
i =\leftarrow  - w n

i +
a\Delta t

hn
i \Delta x

\Bigl( \leftarrow  - w n+1
i+1/2  - 

\leftarrow  - w n+1
i - 1/2  - 

\leftarrow  - w e,n
i+1/2 +

\leftarrow  - w e,n
i - 1/2

\Bigr) 
,

where  - \rightarrow w n+1
i+1/2 is given by

 - \rightarrow w n+1
i+1/2 = P o1

i, - \rightarrow w (xi+1/2, t
n+1)

= - \rightarrow w n+1
i  - \pi e,n

i (xi) - aue,n
i (xi) + \pi e,n

i (xi+1/2) + aue,n
i (xi+1/2),

\leftarrow  - w n+1
i+1/2 is defined similarly, and

 - \rightarrow w e,n
i\pm 1/2 =

1

2
g(he

i )
2(xi\pm 1/2) + aue

i (xi\pm 1/2).
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A2516 CABALLERO-C\'ARDENAS ET AL.

Therefore, for the pressure step we first solve these systems for  - \rightarrow w and \leftarrow  - w , which
are linear and easy to solve, and we use its solution to compute (3.3). In this work
the implicit systems are solved using a direct method.

Next, the transport step is computed as in the explicit case.
As we have said for the explicit case, we may reverse the order of the splitting so

that we may first solve system (2.6) and then system (2.5). Of course, system (2.6)
would be solved explicitly and (2.5), implicitly.

4. Second order scheme. In order to obtain second order accuracy, the time-
stepping will be done using a Strang splitting method (see [47, 40, 41]). More explic-
itly,

1. perform a step of the first system with time step \Delta t/2, obtaining an approx-

imation \widetilde hn+1
i and \widetilde (hu)n+1

i ;
2. perform a step of the second system with time step \Delta t, obtaining the approx-

imation denoted by \widehat hn+1
i and \widehat (hu)n+1

i ;
3. perform a final step of the first system with time step \Delta t/2, obtaining the

approximations hn+1
i and (hu)

n+1
i at time tn+1.

Let us remark that there is no a priori restriction on which of the systems (2.5)
or (2.6) should go first.

This may be summarized in a compact form as follows:
Denote by S\tau 

P , S
\tau 
T the approximate solution operators in the interval [t, t+ \tau ] of

the corresponding exact solution operators to the pressure system SP and transport
system ST , respectively. Then, the first version of the scheme corresponds to

U(x, t+\Delta t) = S
\Delta t
2

P \circ S\Delta t
T \circ S

\Delta t
2

P (U(x, t)),(4.1)

while the second version corresponds to

U(x, t+\Delta t) = S
\Delta t
2

T \circ S\Delta t
P \circ S

\Delta t
2

T (U(x, t)),(4.2)

Note that in each of the steps we need to consider second order approximations
in space, while the time stepping is just first order within the step, the second order
in time being obtained thanks to the Strang method.

4.1. Explicit scheme. We shall describe the case corresponding to (4.1). The
second version given by (4.2) is analogous.

In this explicit case, the solution of the first step is obtained by applying (3.1)
with time step \Delta t/2. Afterward, we solve the transport system using (3.2), and finally
the pressure system is solved again applying (3.1) with time step \Delta t/2. Of course, in
the previous schemes, second order approximations in space are considered.

4.2. Semi-implicit scheme. As before, we will describe the case corresponding
to (4.1). In this case, similarly as done for the first order scheme, the steps corre-
sponding to the operator SP are performed implicitly. Therefore, we use the same
procedure as in the second order explicit case but now using for the pressure system
the implicit scheme (3.3) instead of (3.1).

Note that the semi-implicit second order scheme requires solving linear systems
for the pressure step. Therefore, accounting for the computational cost, in this case
it is especially interesting to consider the second version of the scheme, where only
one step corresponds to the pressure system.
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2517

5. Numerical experiments. In this section, we consider a wide range of nu-
merical experiments in order to test the performance of the different schemes proposed
here. We will denote by EXP the results obtained by the fully explicit schemes and by
IMP the semi-implicit ones. The accuracy will be indicated as O1 or O2 for the first
or second order, respectively. Moreover, the different versions of the schemes will be
denoted by PT, TP, PTP, and TPT, which indicate the order in which the pressure
(P) and the transport (T) systems have been solved.

From now on, when we say CFL > 1, we refer to the stability restriction asso-
ciated to the sound speed. However, our semi-implicit schemes do have a stability
restriction due to the projection step (associated to the velocity). So we cannot take
the CFL related to the sound speed to be as big as we want, since it is limited by the
projection CFL.

Last, unless otherwise stated, the value of g is taken to be 9.8 and periodic
boundary conditions are considered.

5.1. Fully well-balanced property. In order to check that the fully well-
balanced property is satisfied, we consider the spatial domain [ - 5,5] and define as
bottom topography a Gaussian bump given by

z(x) = 0.5exp( - x2).(5.1)

Then, a subcritical steady state is computed by setting C1 = hu = 0.1 and constant
energy level

C2 =
(0.1)2

2
+ g(1 + z( - 5)),

which corresponds to the value obtained by imposing h= 1 at the left boundary. This
subcritical steady state is considered as the initial condition for the schemes, and its
mean Froude number is between 0.03 and 0.09.

Tables 1 and 2 show the difference in L1 norm between the initial condition and
the solution obtained with the schemes at time t= 1 with N = 100 cells in the domain
and setting the CFL value to 1 for the explicit schemes and 5 for the implicit ones.
As expected, the steady state is preserved, obtaining errors of order 10 - 14. The mean
time step in the explicit case is 0.01, while in the implicit one it is 0.07, which is 7
times bigger.

5.2. Accuracy test. Let us now check the order of the schemes by performing
an accuracy test. To do so, we consider as the initial condition a small perturbation
of water at a rest steady state:

Table 1
Difference in L1 norm between the initial condition and the solution obtained at time t= 1 with

each of the first order schemes.

EXP O1 PT EXP O1 TP IMP O1 PT IMP O1 TP

h hu h hu h hu h hu

5.83e - 14 5.80e - 14 4.54e - 14 6.57e - 14 8.14e - 14 9.97e - 14 6.82e - 14 7.58e - 14

Table 2
Difference in L1 norm between the initial condition and the solution obtained at time t= 1 with

each of the second order schemes.

EXP O2 PTP EXP O2 TPT IMP O2 PTP IMP O2 TPT

h hu h hu h hu h hu

4.01e - 14 6.87e - 14 3.44e - 14 5.74e - 14 5.41e - 14 8.41e - 14 4.80e - 14 8.13e - 14
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A2518 CABALLERO-C\'ARDENAS ET AL.

h(x,0) =

\left\{           
0.05

\Bigl( 
1 + cos

\Bigl( 
2\pi (x - 4750)

3500

\Bigr) \Bigr) 
if 3000<x< 6500,

0.05
\Bigl( 
 - 
\Bigl( 
1 + cos

\Bigl( 
2\pi (x - 9250)

3500

\Bigr) \Bigr) \Bigr) 
if 7500<x< 11000,

0 otherwise

with q(x,0) = 0 and bottom topography

z(x) = - 
\biggl( 
50 - exp

\biggl( 
 - (x - 7000)2

1000000

\biggr) \biggr) 
.

The spatial domain corresponds to [0,14000] and the final time is t= 0.5. Periodic
boundary conditions are considered. The considered reference solution has 6400 cells.
In this test, the mean Froude number is lower than 9 \cdot 10 - 6.

The errors are shown in Tables 3, 4, 5, and 6. The expected order is reached for
either the explicit or the semi-implicit version. We remark that, concerning the order
of convergence, no major differences are observed if we begin with either the pressure
or the transport system. Therefore, focusing exclusively in the order of accuracy, it
would make sense to start with the transport system for the second order semi-implicit
scheme, since the computational cost would be less.

Table 3
Errors in L1 norm and convergence rates for the first order explicit schemes.

EXP O1 PT (CFL 1) EXP O1 TP (CFL 1)

No. of h q h q

cells Error Order Error Order Error Order Error Order

100 2.82e+00 1.38e+00 2.82e+00 1.44e+00
200 7.50e-01 1.91 4.22e-01 1.71 7.50e-01 1.91 4.55e-01 1.66

400 2.28e-01 1.72 1.39e-01 1.60 2.28e-01 1.72 1.56e-01 1.55

800 7.93e-02 1.53 4.91e-02 1.50 7.93e-02 1.53 5.73e-02 1.44
1600 2.91e-02 1.45 1.75e-02 1.49 2.91e-02 1.45 2.12e-02 1.43

Table 4
Errors in L1 norm and convergence rates for the first order implicit schemes.

IMP O1 PT (CFL 5) IMP O1 TP (CFL 5)

No. of h q h q

cells Error Order Error Order Error Order Error Order

100 2.82e+00 1.51e+00 2.82e+00 1.57e+00

200 7.51e-01 1.91 4.89e-01 1.62 7.51e-01 1.91 5.23e-01 1.59
400 2.29e-01 1.71 1.73e-01 1.50 2.29e-01 1.71 1.90e-01 1.46

800 7.98e-02 1.52 6.54e-02 1.40 7.98e-02 1.52 7.32e-02 1.37

1600 2.96e-02 1.43 2.47e-02 1.40 2.96e-02 1.43 2.81e-02 1.38

Table 5
Errors in L1 norm and convergence rates for the second order explicit schemes.

EXP O2 PTP (CFL 1) EXP O2 TPT (CFL 1)

No. of h q h q

cells Error Order Error Order Error Order Error Order

100 3.05e+00 2.30e+00 3.05e+00 2.31e+00

200 7.64e-01 2.00 5.43e-01 2.08 7.64e-01 2.00 5.43e-01 2.09

400 1.91e-01 2.00 1.26e-01 2.11 1.91e-01 2.00 1.25e-01 2.12
800 4.73e-02 2.01 3.09e-02 2.02 4.73e-02 2.01 3.06e-02 2.03

1600 1.13e-02 2.06 7.80e-03 1.99 1.13e-02 2.06 7.97e-03 1.94
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A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2519

Table 6
Errors in L1 norm and convergence rates for the second order implicit schemes.

IMP O2 PTP (CFL 5) IMP O2 TPT (CFL 5)

No. of h q h q

cells Error Order Error Order Error Order Error Order

100 3.05e+00 2.29e+00 3.05e+00 2.28e+00

200 7.64e-01 2.00 5.44e-01 2.07 7.64e-01 2.00 5.44e-01 2.07

400 1.91e-01 2.00 1.26e-01 2.11 1.91e-01 2.00 1.26e-01 2.11
800 4.73e-02 2.01 3.10e-02 2.03 4.73e-02 2.01 3.06e-02 2.04

1600 1.13e-02 2.06 7.44e-03 2.06 1.13e-02 2.07 7.26e-03 2.07

4 2 0 2 4

0.00
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0.06

0.08

0.10

t = 1.000

EXP O1 PT
EXP O1 TP
IMP O1 PT
IMP O1 TP
Reference

(a) \eta 

4 2 0 2 4
0.15

0.10

0.05

0.00

0.05

0.10

0.15
t = 1.000

EXP O1 PT
EXP O1 TP
IMP O1 PT
IMP O1 TP
Reference

(b) q

Fig. 1. Solution at time t= 1 obtained with the first order schemes using 200 cells.
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EXP O2 TPT
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IMP O2 TPT
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(a) \eta 

4 2 0 2 4

0.15
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0.00

0.05
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0.15

t = 1.000

EXP O2 PTP
EXP O2 TPT
IMP O2 PTP
IMP O2 TPT
Reference

(b) q

Fig. 2. Solution at time t= 1 obtained with the second order schemes using 200 cells.

The mean time step has also been computed for the case of 3200 cells, resulting
in 0.16 for the explicit case and 0.5 for the implicit one, which is 3 times bigger.

5.3. Perturbation of water at rest. We propose now to closely study the
behavior of the different schemes. Let us consider the bottom topography given by
(5.1) in the domain [ - 5,5]. The following perturbation of water at rest is considered
as the initial condition:

h(x) = - z(x) + 0.1e - x
2

, u(x) = 0.

In this test the mean Froude number depends on time and varies on [0,0.04].
In Figures 1 and 2 we can see the solution obtained with the first and second

order schemes at time t= 1 using 200 cells and CFL 0.8 for the explicit schemes and
2 for the implicit ones. In both figures we have also plotted a reference solution that
has been computed using the EXP O1 PT scheme with 1600 cells. Again, periodic
boundary conditions have been considered.

As expected, the implicit schemes are more diffusive than the explicit ones. How-
ever, this diffuseness is reduced when we consider second order schemes. In this case,
the mean time step is 0.006 for the explicit schemes and 0.016 for the implicit ones,
which is more than 2.5 times bigger.
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4 3 2 1 0 1 2 3 4
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(a) First order schemes (CFL 5)
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(b) Second order schemes (CFL 3)

Fig. 3. Solution for \eta at time t= 1 obtained using 200 cells when increasing the CFL.
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Fig. 4. Solution at time t= 1 obtained with the first order schemes using 200 cells.

Let us now consider a bigger CFL number for the implicit schemes, which is shown
in Figure 3. We now note a major difference whether we begin with the pressure or the
transport system. As shown on the left-hand side in Figure 3, with CFL=5, the IMP
O1 PT scheme performs better in terms of stability than the IMP O1 TP. Conversely,
on the right-hand side for the second order case, the IMP O2 TPT scheme shows
better performance than the IMP O2 PTP in terms of stability. Therefore, from
now on, we will just consider the IMP O1 PT and IMP O2 TPT versions of the
semi-implicit schemes.

5.4. Perturbation of water at rest with shock waves. Up to this point,
the numerical tests considered corresponded to smooth solutions. We want now to
check the performance of the schemes in the presence of shocks. In order to do so
we consider the same bottom topography as in the previous test case, that is, the
topography given by (5.1), and define the following initial condition in [ - 5,5]:

h(x) =

\left\{    - z(x) if | x| \geq 1,

 - z(x) + 0.1 if | x| < 1,
u(x) = 0.

Periodic boundary conditions will be used. The mean Froude number here is lower
than 0.06.

Figures 4 and 5 show the solutions obtained at time t= 1 for the first and second
order schemes, respectively. For the explicit schemes the CFL value has been set
to 0.8 and for the implicit ones we have considered two cases: solution with CFL 2
and with CFL 3. In order to compare the results, we include the reference solution
computed with the EXP O1 PT scheme and 1600 cells.

We have also computed the mean time step, obtaining 0.006 for the explicit
schemes and, in the implicit case, 0.016 for CFL 2 and 0.025 for CFL 3.
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Fig. 5. Solution at time t= 1 obtained with the second order schemes using 200 cells.
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z

Fig. 6. Perturbation of a subcritical solution initial condition.

We observe that the schemes successfully handle the initial condition, not ob-
serving important spurious oscillations for the second order schemes. This might be
thanks to the use of slope limiters in the reconstruction operators.

5.5. Perturbation of a subcritical solution. We will now perform a test
proposed in [34], in which a perturbation of a smooth subcritical stationary solution
is considered as the initial condition. The initial condition will be given by U0(x) =
(h0(x), q0(x))

t for x\in [0,3], where

h0(x) =

\Biggl\{ 
h\ast (x) + 0.02 if 0.7\leq x\leq 1,

h\ast (x) otherwise,

and q0(x) = q\ast (x), where U\ast (x) = (h\ast (x), q\ast (x))t, the solution of the following Cauchy
problem (1.2) with initial condition h(0) = 2, q(0) = 3.5. Moreover, the bottom
topography is given by

z(x) =

\Biggl\{ 
0.25(1 + cos(5\pi (x+ 0.5))) if 1.3\leq x\leq 1.7,

0 otherwise.
(5.2)

This initial condition has been plotted in Figure 6.
As boundary conditions, we impose the value of q on the left and the one of h

on the right and the gravity constant is set to be g = 9.812. In this case, the mean
Froude number is between 0.38 and 0.78.

In Figure 7 we have plotted the difference between the result of the scheme and
the steady state at time t = 0.1 using N = 200 cells for the first and second order
schemes for the variable h. A reference solution has been computed using the first
order explicit scheme with 1600 cells. For the implicit schemes, the CFL value has
been set to 5. The mean time step is 0.002 for the explicit schemes and 0.005 for the
implicit ones.
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(a) First order schemes
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(b) Second order schemes

Fig. 7. Difference between the result of the scheme and the steady state at time t = 0.1 using
N = 200 cells for the variable h.

Table 7
Error in L1 norm and CPU time for the different schemes at time t= 10 using 100 cells.

Scheme Error for h CPU time

EXP O1 PT 1.31 \cdot 10 - 3 40.79
EXP O1 TP 1.12 \cdot 10 - 3 41.29

IMP O1 PT 7.75 \cdot 10 - 4 45.47

EXP O2 PTP 1.62 \cdot 10 - 3 126.82
EXP O2 TPT 1.64 \cdot 10 - 3 129.70

IMP O2 TPT 1.22 \cdot 10 - 3 96.62

Table 8
Error in L1 norm and CPU time for the different schemes at time t= 100 using 100 cells.

Scheme Error for h

EXP O1 PT 3.94 \cdot 10 - 13

EXP O1 TP 3.73 \cdot 10 - 13

IMP O1 PT 2.86 \cdot 10 - 13

EXP O2 PTP 3.86 \cdot 10 - 13

EXP O2 TPT 2.14 \cdot 10 - 13

IMP O2 TPT 2.93 \cdot 10 - 13

We clearly observe the well-balanced character of the schemes, since they preserve
the stationary solution in the areas where the perturbation has not arrived yet.

Moreover, in Table 7, we show the errors for h and the CPU times at time t= 10
for the different schemes using 100 cells. In the first order case, the semi-implicit
scheme takes some more seconds than the explicit one but the error is also lower than
the others. However, in the second order case we observe errors of the same magnitude
and the CPU time needed by the semi-implicit scheme is approximately 25\% lower
than the explicit ones. Of course, if we increase the final time and the perturbation
leaves the domain, we capture the steady state, as shown in Table 8.

5.6. Perturbation of a transcritical smooth solution. For this test, we will
once again take into account a test proposed in [19] consisting in a stationary solution
with a transition at xcrit = 1.5 which is the solution of (1.2) with constants C1 = 2.5
and C2 = 17.56957396120237, and the same depth function as in previous tests, (5.2).
A small perturbation of size \Delta h= 0.02 is imposed in the interval [1.1,1.2]. This initial
condition is plotted in Figure 8. As boundary conditions, we impose the value of q on
the left and leave free boundary conditions on the right and, as in the previous test,
the gravity constant is set to be g= 9.812. Now, the mean Froude number is between
0.36 and 2.28.
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Fig. 8. Perturbation of a transcritical smooth solution initial condition.
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Fig. 9. Difference between the result of the first order schemes and the steady state at time
t= 0.15 using 200 cells.
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Fig. 10. Difference between the result of the second order schemes and the steady state at time
t= 0.15 using 200 cells.

In Figures 9 and 10, we have plotted the difference between the result of the
different schemes and the steady state at time t = 0.15 using 200 cells and CFL
1.36 for the implicit schemes, which is the maximum CFL that the transport step
restriction allows us to set. Again, the reference solution has been computed by using
the first order explicit scheme with 1600 cells. In this test, we do not see big differences
in the mean time step between the explicit and the implicit schemes, since the CFL
of the implicit schemes cannot be taken to be too big.

It might look like in the implicit case the right wave is shifted to the left with
respect to the reference solution, but this is due to diffusion. To be sure about this,
for the first order case we have also computed a reference solution with the implicit
scheme by increasing the number of cells to 1600 and setting the CFL value to be
1, observing that the solutions converge to a reference solution computed with the
explicit scheme. Moreover, the peak of the sonic point is not as pronounced as it
appears to be. In order to show this we have plotted the free surface for the different
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(a) First order schemes
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Fig. 11. Solution for the free surface at time t= 0.15 obtained using 200 cells.
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Fig. 12. Subcritical solution obtained after convergence.

schemes in Figure 11, where no big differences are observed between the different
schemes.

5.7. Convergence to a subcritical steady state. Let us consider again the
bottom topography (5.1) and a water at rest initial condition in the interval [ - 5,5]:

\eta = h+ z = 0, u= 0.

At the left boundary, we impose a discharge given by q(x =  - 5, t) = 0.001 and
at the right boundary we fix the water height to h(x = 5, t) = 1, using a ghost-cell
technique and 100 cells. We set the CFL to be the maximum value allowed by the
transport restriction for the semi-implicit schemes, which in this case is 62, and let the
scheme run until the difference in L1 norm between one iteration at the next one is less
than 10 - 12. When that happens, the solution should have converged to a subcritical
stationary steady state. In this test, the mean Froude number is of order 10 - 4.

Here we show the results obtained for the first order implicit scheme, and the
second order implicit scheme should give similar results.

In this case, the convergence restriction was achieved at time t= 265.003, with the
mean time step considered being 0.9925. Moreover, the CPU time needed was 11.25
seconds. Last, we have also checked that, indeed, the discharge and the energy of the
solution obtained are constant. In fact, the errors are of order 10 - 12. In Figure 12 we
plot the free surface and the discharged obtained at the final time.

6. Conclusions. We have designed first and second order schemes for the shal-
low water equations by applying a splitting technique that allows us to separate the
acoustic and the transport waves. This gives us a pressure system and a transport
one. Even though the transport system is always solved explicitly, the fact that the
pressure one is solved implicitly allows us to consider a less restrictive CFL condi-
tion and bigger time steps. In order to easily solve the pressure system, a relaxation
technique has been applied. In the numerical tests we have seen a reduction in the

© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license

D
ow

nl
oa

de
d 

01
/1

6/
25

 to
 1

50
.2

14
.5

8.
14

0 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

C
C

B
Y

 li
ce

ns
e 



A SEMI-IMPLICIT FULLY EWB RELAXATION SCHEME FOR SW A2525

computational time required by the implicit schemes with respect to the explicit ones
in low Froude number situations. Moreover, we have verified that our schemes are
fully well-balanced, so they are able to preserve all the steady states of the shallow
water equations.

This strategy could be applied to other models such as the Ripa model or a two-
layer model that could benefit from this splitting. Moreover, one could also consider
applying this strategy to two-dimensional models.
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