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Abstract 

A mathematical model for reactive-transport processes in porous media is presented. The 
modeled system includes diffusion, electromigration and electroosmosis as the most relevant 
transport mechanism and water electrolysis at the electrodes, aqueous species complexation, 
precipitation and dissolution as the chemical reactions taken place during the treatment time. The 
model is based on the local chemical equilibrium for most of the reversible chemical reactions 
occurring in the process. As a novel enhancement of previous models, the local chemical 
equilibrium reactive-transport model is combined with the solution of the transient equations for 
the kinetics of those chemical reactions that have representative rates in the same order than the 
transport mechanisms.  

The model is validated by comparison of simulation and experimental results for an acid-
enhanced electrokinetic treatment of a real Pb-contaminated calcareous soil. The kinetics of the 
main pH buffering process, the calcite dissolution, was defined by a simplified empirical kinetic 
law. Results show that the evaluation of kinetic rate entails a significant improvement of the model 
prediction capability.  

Keywords: Reactive-transport model, calcite dissolution kinetics, electrokinetic remediation, 
local chemical equilibrium.  

 	

 
 
 
2 Corresponding author: Juan Manuel Paz-Garcia, email: juanma.paz@uma.es. 



3 
 

1. Introduction 

Most of the physicochemical processes occurring during Electrokinetic Remediation (EKR) 
(i.e., the application of electric field for the mobilization of contaminants from soil, sludge, 
sediment and other porous matrices) are characterized by dynamic behavior. Understanding the 
influence of the kinetics of these processes can significantly help to elucidate the remediation and 
to enhance the prediction capabilities of EKR models. 

The majority of EKR numerical models have been developed assuming the attainment of 
chemical equilibrium at each time step of the numerical integration. Models for reactive transport 
in porous media based on chemical equilibrium assume that the rates of reversible chemical 
reactions are faster (in both the forward and the backward directions) than the rates of the transport 
phenomena involved in the process, namely: diffusion, electromigration and electroosmosis [1]. 
This approach is frequently denoted as the assumption of local chemical equilibrium (LCE) [2], 
and it has been demonstrated as a suitable approach in many cases [3–10]. However, simulation 
results often displayed some disagreement with the experimental data in terms of concentration 
profiles with excessively sharp gradients compared to those obtained experimentally [7,11–13]. 

The prediction capability of reactive-transport models could be enhanced by taking into account 
the kinetics of the chemical reactions [14]. Nevertheless, in multi-species and multi-phase systems, 
the kinetic laws are very case-specific and, therefore, it not straightforward to compile the 
thermodynamic data necessary for modeling such a kinetic system. Furthermore, the numerical 
solution of a system described entirely by such laws would be unreliable. Most software for 
numerical integration presents difficulties at solving stiff partial and differential systems of 
equations which terms are different in several orders of magnitude [15]. 

The prediction capability of LCE transport models can be enhanced by taking into account only 
the kinetics of the “slow” reactions, namely the heterogeneous reactions (i.e., reactions involving 
different phases), which are generally known to be slower than aqueous-phase equilibrium 
reactions [16]. As illustrated in Table 1, which shows the characteristic time scales for the main 
processes of interest in EKR, heterogeneous reactions such as surface complexation and mineral 
dissolution/precipitation have kinetic rates in the same order than the characteristic rates of the 
transport phenomena in porous media [15].  

In most cases, the contaminant within the treated solid matrix is retained in the solid phase, 
either as a mineralized compound or as adsorbed species [17]. Therefore, the rate at which target 
contaminants are released from their mineral-bound forms is essential in EKR treatments. For 
example, in acid-enhanced EKR treatments, the acid environment generated at the anode dissolves 
the contaminant-containing minerals into mobile compounds. The progress of the acid front is 
generally hindered by the presence of buffering minerals such as, for example, calcite. 
Experimental results have suggested that the dissolution of these carbonates does not take place 
under equilibrium conditions [18]. 
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Table 1. Characteristic Time scales for the main transport and chemical processes of interest in 
EKR [15].  

Transport Processes Chemical Processes 
Electromigration 10-2 

s 
Proton transfer to H2O 10-12 s 

Electroosmosis 10-4 
s 

Dissociation of strong acid 10-8 s 

Diffusion 10-5 
s 

Dissociation of weak acid 10-6 s 

  Inorganic complexation 10-6 s 
  Adsorption/Ion exchange 10-2 – 104 s 
  Dissolution/Precipitation 102 – 107 s 

In this work, to further develop the prediction capability of EKR models and to understand the 
role of dissolution kinetics on the rate of extraction of contaminants, the kinetic rates of the calcite 
dissolution have been taken into account within a reactive-transport model for EKR that combines 
both the local chemical equilibrium and the kinetic rates. Results presented here show that the 
proposed model is able to predict EKR processes within porous matrices where the removal of 
contaminants is limited by the rate of release from the mineral phases.  

2. Materials and methods 

2.1. Modeled system 

A model was developed and used to simulate the experimental data obtained by Villen-Guzman 
et al., 2015 [19]. In that work, an EKR treatment was performed on a soil contaminated with a 
significant amount of Pb. The treatment was enhanced by the addition of acetic acid at the cathode 
compartment using an automatic pH-control device, assuring a pH	 ≤ 	5. The soil used in the 
experimental work had high content of carbonates, which are known to limit the efficiency of the 
EKR treatments because they interfere with the entering acidic front. The detailed description of 
the soil properties were presented in a previous work [20]. The scheme for the acid-enhanced EKR 
treatment is illustrated in Fig. 1. 
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Figure 1. Scheme for an acid-enhanced EKR treatment in horizontal column 

The setup used in the experimental work consisted of two horizontal columns (20 cm length and 
8 cm inner diameter) electrically connected in series to carry out duplicated experiments. The 
electrode compartments, placed at each end of the column, were both well stirred and contained 
0.5 L of 1mM sodium acetate solutions as electrolyte. These compartments were filled with 15 
mm diameter glass spheres with the aim of improving the mechanical stability of the setup. The 
anode was a mixed metal oxide coated electrode, to promote the electrochemical electrolysis 
reaction over the oxidation of the electrode material itself. As cathode, stainless steel disc was 
used. Deposition of metal was not detected at the cathode surface. A constant current density of 2 
mA cm-2 was applied to the soil during 15 d. Metal analysis and pH measures of daily samples of 
catholyte and anolyte were carried out during the assays. At the end of the experiments, the 
columns were disassembled to determine the water content, pH value, total metal concentration of 
each of the ten slices of the column soil.  

Paz-Garcia et al, in [12] modeled the mentioned experimental data using the assumption of local 
chemical equilibrium. The chemical system considered in that simulation was the one shown in 
Table 2. The horizontal column is filled with soil saturated with 0.1 M NaAc solution. The solid 
matrix was assumed to be formed as combination of a chemically inert part consisting mainly of 
silicate and aluminosilicate minerals, such as quartz and feldspar; and another part consisting of 
carbonates, such as calcite and magnetite, that is soluble in acid media. Long term exposure to Pb 
contamination produced a carbonated mineral in the form of cerussite and hydrocerussite, observed 
experimentally via X-ray diffraction with Rietveld refinement [20,21]. For the simulations, the 
soil was assumed composed by 1.2 kg of inert material (ρ = 2648 g cm–3), 1.2 mol of calcite and 
0.1mol of hydrocerussite leading to a soil mixture of 1398 g, with ρ = 2.75 g cm–3 and solid volume 
fraction of 51 % (initial porosity 49 %). The initial Ca and Pb content is, respectively, 34.3 mg g–

1 and 44.7 mg g–1 referred to mass of dry solid. 
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The model can be used to simulate soils with different edaphological and biological properties. 
However, including several minerals would increase the number of species in the chemical system, 
which would make the numerical model stiffer and less accurate. A suitable approach is to include 
in the chemical system only the most relevant chemical species and chemical reactions to model 
the behaviour of interest. 

The simulation results showed that the model represented fairly well the overall reactive 
transport phenomena. However, excessively sharp concentration profiles of Pb and Ca were 
observed in those simulations, associated with the solids dissolution kinetics. In this work, the 
model has been expanded to include the kinetics of the dissolution of calcite. The dissolution of 
the Pb-containing mineral is still assumed fast enough to be included in the LCE module. This is 
congruent with the results presented in [18], that demonstrated that calcite dissolution was 
kinetically limiting.  

The chemical reactions taken into account were: (1) electrolysis reactions at the electrodes, (2) 
aqueous phase complexation, and (3) precipitation and dissolution reactions, listed in Table 2.  

Species Stoichiometry 𝐷' × 10+ 
(m2 s-1) log/01𝐾345 

Electrolysis reactions  

H6O → 2H: + 2𝑒= +
1
2O6(g) 

– 

2H6O + 2𝑒= → 2OH= + H6(g) – 
Aqueous species and water 
H+ – 9.311 b – 
OH- – 5.273 b – 
Na+ – 1.334 b – 
Ca2+ – 0.792 b – 
CO32- – 0.923 b – 
Ac- – 1.084 b – 
Pb2+ – 0.945 b – 
H2O ⇆ H: + OH=   250 b 14 a 
HCOB= ⇆ H: + COB6= 1.185 b 10.33 a 
CaHCOB: ⇆ H: + Ca6: + COB6= 1.185 c 11.6 a 
PbHCOB: ⇆ H: + Pb6: + COB6= 1.185 c 13.2 a 
H6COB ⇆ 2H: + COB6= 1.910 b 16.68 a 
HAc ⇆ H: + Ac= 1.210 b 4.76 a 
CaAc: ⇆ Ca6 + Ac= 0.792 c 1.18 a 
PbAc: ⇆ Pb6 + Ac= 0.945 c 2.68 a 
Solid phases 
CaCOB(s) ⇆ Ca6: + COB6= 8.48 a 
2PbCOB · Pb(OH)6(s) ⇆ 3Pb6: + 2COB6= + 2OH= 14.49 a 
a [22], b [23], d (estimated) 

Table 2. Chemical Stoichiometry of the modeled chemical system 



7 
 

As mentioned before, the kinetics of calcite dissolution is included in the model, while all other 
chemical reactions were still implemented under the LCE assumption. The rate of dissolution of 
calcite was assumed to follow the general rate law [16,24]: 

𝜕𝑚
𝜕𝑡 = 𝑘𝐴0 Q

𝑚
𝑚0
R
S

 (1) 

where 𝐴0 (m2/kg) is the initial specific surface area,  𝑚 (mol) is the amount of solid, the exponent 
𝛼 (–) accounts for changes in the specific surface area of the particles during dissolution, and 𝑘 
(mol m-2 s-1) is the specific rate constant, defined as: 

𝑘 = 𝑘U V1 − X
𝐼𝐴𝑃
𝐾[\

]
^

_ (2) 

where 𝑘U (mol m-2 s-1) is a forward constant [16], IAP (–) is the ion activity product, 𝐾`a (–) is the 
solubility product constant and 𝛽 (–) is a coefficient related to the stoichiometry of the reaction 
(𝛽 = 2/3 for calcite, assuming spherical particles). It should be noted that 1IAP/𝐾[\5 > 1 for 
supersaturation, 1IAP/𝐾[\	5 < 1 for undersaturation and 1IAP/𝐾[\	5 = 1 in the 
precipitation/dissolution equilibrium. Therefore, the simplified kinetic law used here is function 
of the distance to the equilibrium and it accounts for both precipitation and dissolution.  

2.2. Transport phenomena 

The transport of aqueous species and water through porous media under an applied electric field 
is described as a combination of diffusion, electromigration and electroosmosis. Herein, pore fluid 
advective transport is neglected, due to the low hydraulic permeability of the soils usually treated 
via EKR. Similarly, electrophoresis has limited relevance in EKR since colloid migration is 
hindered by the immobile phase of the porous medium [25]. Accordingly, the mass transport 
equation of the i-th chemical species, based on the Nernst-Planck (NP) equation [26], is described 
as 

𝑝
𝜕𝑐'
𝜕𝑡 = ∇ j

𝑝
𝜏
(𝐷'∇𝑐' − (𝑈' + 𝑘3m)𝑐'∇𝜙)o + 𝑝𝐺' (4) 

where 𝑝 (–) is the porosity, 𝜏 (–) is the tortuosity, 𝑐' (mol m-3) is the concentration, 𝐷' (m2 s–1) is 
the diffusion coefficient, 𝑈' (m2 s–1 V–1) is the ionic mobility, 𝜙 (V) is the electric potential, 𝑘3m 
(m2 s–1 V–1) is the electroosmotic permeability and 𝐺' (mol m–3 s–1) represents a volumetric net 
source due to chemical reactions. 

The Nernst-Townsend-Einstein relation [27] was applied to relate diffusivity to the ionic 
mobility: 

 (5) i i
i
D z FU
RT

=
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where 𝑧' (–) is the ionic charge, 𝐹 (C mol–1) is the Faraday’s constant, 𝑅 (J K–1 mol–1) is the ideal 
gas constant and 𝑇 (K) is the temperature. 

The electric potential 𝜙 is computed by solving the current conservation equation: 

∇ · 𝐉 = 0 (6) 

where 𝐉 (A m–2) denotes the current density, described by the Ohm’s law, 𝐉	 = 	-sÑ𝜙, and s (S m–

1) denotes the electrical conductivity, which is related to pore fluid conductivity sv (S m−1) by 
s	 = 	𝑝𝜏sv. This implies that the solid phase surface conductivity is negligible and that the local 
electroneutrality condition (∑ 𝑐'𝑧' = 0) is fulfilled. The externally-applied current density is a 
boundary condition for Eq. 6, where the anode represents a current source and the cathode a current 
sink. The pore fluid conductivity, 𝜎v, is calculated by taking into account the conductivity of all 
the species in the pore solution, while correcting the molal concentration with an electrochemical 
activity coefficient that is derived from the combination of the Kohlrausch’s law and the Debye-
Hückel equation [28]. 

2.3. Numerical model 

Transport processes and chemical reactions were implemented using a two-steps sequential 
split-operator scheme [7,8]. In the first step, the transport equation system (accounting for 
diffusion, electromigration and electroosmosis and the water electrolysis reactions at the electrode, 
under electroneutrality conditions) is numerically integrated by means of a finite element method. 
In the second step, the chemical equilibrium reactions are calculated. A diagram describing the 
numerical implementation is shown in Fig. 2. 
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Figure 2. Structure of the numerical implementation 

While the simulation results presented in previous works [12] were carried out using a tailor 
made code fully written in Matlab®, the numerical procedure presented in this work was achieved 
by coupling two specialized software packages; namely COMSOL Multiphysics and PHREEQC. 
COMSOL was used for the solution of the finite element integration of the transient Nernst-
Planck-Electroneutrality system of algebraic and partial differential equations, while the algebraic 
system of chemical equilibrium equations, accounting for the formation of aqueous complexes, 
precipitation and dissolution reactions, were computed using the PHREEQC [28]. It should be 
noted that the transient dissolution/precipitation reaction of calcite was also included in the 
PHREEQC script as a kinetic reaction module. The coupling between COMSOL and PHREEQC 
was attained using an envelope Matlab® script, as shown in Fig. 2, which is also used to initialize 
the system and postprocess the results. 

3. Results and discussion 

3.1.  Simulation of a water-calcite system 

In order to evaluate the influence of the reaction kinetics of the calcite dissolution, a simple 
water-calcite system was modeled. This system consisted of 1 kg of water in equilibrium with 
atmospheric CO2 put in contact with 120 g of pure calcite, assuming fine particles with a specific 
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surface of 10 m2g-1. This water/calcite ratio was congruent with that in the real soil used in the 
experiments in [19]. Figure 3 shows transient profiles for pH and total dissolved calcium, including 
not only Ca2+, but also the complexes CaOH+, CaAc+ and CaHCO3. The simulations correspond 
to four different cases, in which the mass of water was initially at pH values of 2, 3, 4 and 5. These 
values are also representative of the acid-enhanced EKR experimental results. 

 
Figure 3. Dissolved Ca and pH transient profiles for the dissolution of calcite in pure 

water at different initial pH values, obtained via PHREEQC simulations. 

Figure 3 shows that the dissolution of calcite particles in the treated calcareous soil is not 
reaching chemical equilibrium in a period of time short enough to be considered faster than the 
transport processes. As expected, low pH environments promote a faster dissolution of the mineral. 
However, even at pH = 2, the system requires approximately 100 s to reach moderately stable 
profiles, which is higher than the representative time scale of the electromigration transport 
mechanism. 

It should be noted that, despite the calcite dissolution reaction into Ca2+ and CO32– is limited by 
its kinetics, the rest of the species in the system are considered to reach chemical equilibrium 
instantaneously. The dissolution of the calcite becomes, in this model, a limiting stage of the 
chemical process, and competes with the transport transient equations on the overall remediation 
dynamics. 

3.2. Simulation of experimental data 

In this section, the simulation results from the model proposed here, accounting for the kinetic 
of the dissolution of calcite and LCE for the rest of the species, are presented and compared to the 
experimental data Villen-Guzman et al., 2015 [19] and the simulation results assuming all 
chemical reactions under the LCE assumption. The results correspond to 15 d of acid-enhanced 
treatment, using acetic acid for buffering the cathode compartment to pH < 5 and using constant 
current density of 2 mA cm-2. The parameters used in the simulations are listed in Table 3. 

Table 3. Model parameters. 

Parameter Value Unit Description 
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𝜏 2.25 – Tortuosity factor 
𝑝 0.49 – Porosity 
𝛼 2/3 – Exponent Equation 1 
𝐴0 10 m2/g Specific area of calcite particles 
𝛽 2/3 – Parameter Equation 2 

In Fig. 4, it can be seen that the pH value at the anode end is near pH = 2, and it gradually 
increases to pH = 5.6, which is the equilibrium pH value of calcite in acidic solution. The 
experimental data indicate that in the regions closer to the anode, the calcite was totally dissolved, 
while approximately half of the soil column still has most of the initial calcite. In the case of using 
the LCE assumption, a sharp step from pH = 2 to almost pH 6.5 is detected at approximately 8 cm 
from the anode.  

The simulations carried out considering the kinetics of the dissolution of the calcite reproduce 
the pH profile with high accuracy, gradually adapting from the low pH region at the anode to the 
stable pH of 5.6 at the middle region of the soil column.  

 
Figure 4. pH profile in the column soil. 

Figure 5 shows the total amount of Ca, including the existing in the mineral and the Ca dissolved 
in the pore solution including Ca2+ and the aqueous complexes CaHCO3+, CaAc+ and CaOH+. In 
a similar way than in the pH profile, the total Ca profile obtained in the simulations considering 
the dissolution kinetics of the calcite matches with high accuracy the experimental results. The 
LCE simulations results showed sharp profiles, predicting a region of totally dissolved calcite that 
progress from anode to cathode with the acid front. The simulations obtained using the dissolution 
kinetics results in a more realistic profile, with high prediction capability.  
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Figure 5. Ca profile in the column soil 

In the case of the Pb, which is the main target contaminant in the discussed EKR treatment, the 
concentration profile of the total dissolved metal is shown in Fig. 6. Comparing the experimental 
data with the simulation results obtained using the two compared models show important 
differences. Simulation results obtained under chemical equilibrium assumption shown slower 
removal of Pb compared to the experimental data. Under the application of the chemical kinetic 
model, simulations results reproduce the experimental data with higher accuracy than for the case 
of applying LCE model, especially in the soil close to the anode compartment. The observed 
divergences between experimental data and results of chemical equilibrium model could be related 
to the precipitation processes taken place in soil close to cathode. 

 
Figure 6. Pb profile in the column soil. 
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The model presented here has the potential to be used not only in simulating electrokinetic 
remediation processes, but also in modelling reactive-transport in porous media in general way, 
with and without the existence of an external electric field, as in geochemical process, porous 
catalysts or membranes processes. Adapting the model to different systems is moderately easy, 
provided the chemical system and the limiting processes, either transport mechanisms or chemical 
reactions, are known. Future improvements of the model should address the prediction of the 
electrode process. A better understanding of the electrode overpotentials could allow to predict the 
energy consumption of EKR processes, and to allow the economical optimization of the 
remediation treatments. 

4. Conclusions 

The mathematical model presented here considers the reactive-transport in porous media 
considering the local chemical equilibrium assumption for most of the chemical reactions, except 
for those considered with representative in the same order of than the transport processes. In the 
example presented here, the kinetic rate of the dissolution of calcite is included in a local chemical 
equilibrium for acid-enhanced electrokinetic remediation of Pb contaminated soil. 

The prediction capability of the model has been clearly improved, compared with the 
simulations results performed using local chemical equilibrium for all reversible reactions. These 
results prove that the kinetic reactions can dominate the overall rate of the remediation processes 
for some specific cases. Although the mathematical model has been implemented for soil, it is 
easily adaptable to other porous matrices such as sludge, construction materials or sediments. That 
way, the described mathematical model is a potential tool for specific cases in which the kinetic 
chemical processes are relevant without adding a high level of complexity to local chemical 
equilibrium models previously studied.  
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