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 A B S T R A C T

The Rank Pricing Problem (RPP) is a challenging bilevel optimization problem with binary variables whose 
objective is to determine the optimal pricing strategy for a set of products to maximize the total benefit, 
given that customer preferences influence the price for each product. Traditional methods for solving RPP 
are based on exact approaches which may be computationally expensive. In contrast, this paper presents a 
novel heuristic approach that takes advantage of the structure of the problem to obtain good solutions. The 
proposed approach consists of two phases. Firstly, a standard heuristic is applied to get a pricing strategy. 
In our case, we choose to use the Variable Neighborhood Search (VNS), and the genetic algorithm. Both 
methodologies are very popular for their effectiveness in solving combinatorial optimization problems. The 
solution obtained after running these algorithms is improved in a second phase, where four different local 
searches are applied. Such local searches use the information of the RPP to get better solutions, that is, 
there is no need to solve new optimization problems. Even though our methodology does not have optimality 
guarantees, our computational experiments show that it outperforms Mixed Integer Program solvers regarding 
solution quality and computational burden.
1. Introduction

In recent times, pricing optimization problems have attracted atten-
tion within the Operations Research community, (Calvete, Domínguez, 
Galé, Labbé, & Marín, 2019; Labbé & Violin, 2013). Essentially, these 
models have to determine the optimal prices of a series of available 
products to maximize the benefits of a company at the same time 
that the customer preferences and their budget values are taken into 
account. In essence, understanding what customers prefer and can 
afford, or in other words, maximizing customer satisfaction within their 
budget limits, is crucial when setting the optimal prices for products.

This problem, which a priori may seem easy, is very difficult to 
solve. Setting high prices may increase revenue, but if customers cannot 
afford the products or their preferences are not met, sales may drop, 
leading to low or zero profit. Conversely, setting low prices ensures pur-
chases but limits revenue. Therefore, balancing these opposing factors 
to maximize profit is a difficult challenge.

To solve such an issue, in this paper, we focus on the so-called Rank 
Pricing Problem (RPP). This model has been proven to be NP-complete 
in Rusmevichientong, Van Roy, and Glynn (2006). The Rank Pricing 
Problem, as formulated here, was first introduced by Rusmevichientong 
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et al. (2006). RPP is a combinatorial optimization model that can be 
formulated as a bilevel optimization problem, (Dempe & Zemkoho, 
2020). Given the fact that each customer has a fixed budget and a 
preference value for each product, the main objective of the RPP is 
to decide the price for the products in such a way that the total 
benefit of the company is maximized. The upper-level problem aims 
to maximize the revenue. The lower-level models (one per customer) 
have to maximize the satisfaction of the incumbent customer.

While the upper-level problem solves a linear optimization model 
(once the decision variables of the lower level are fixed), the lower-
level formulation has to solve an integer linear optimization problem 
with binary variables. Such integer nature, together with the intrinsic 
nonlinearity of bilevel problems, increases the difficulty of finding the 
optimal solution.

2. Literature review

Several exact techniques have been proposed in the literature to 
solve the Rank Pricing Problem. We can highlight, for instance, the 
works in Calvete et al. (2019), Domínguez (2021). In these papers, a 
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single-level formulation and different linearizations are proposed. Some 
valid inequalities are introduced to tighten the linear relaxation of the 
model and consequently improve the resolution of the problem. In 
addition, the works in Calvete, Galé, Hernández, and Iranzo (2024b), 
Domínguez, Labbé, and Marín (2021) deal with a variant of the RPP 
that considers ties in the preferences. Here some valid inequalities 
are also introduced. Similar optimization problems have been handled 
with exact algorithms. This is the case of the work in Bucarey, El-
loumi, Labbé, and Plein (2021) where a Benders decomposition with 
some valid inequalities is proposed in a related pricing model. A Ben-
ders decomposition algorithm was also applied in Bertsimas and Mišić 
(2019), where an optimization problem with ranking-based customer 
preferences is considered. Even though previous works based on exact 
approaches have presented outstanding results, it may be difficult and 
very time-consuming to find the right valid inequalities necessary to 
find a (possible) optimal solution.

Regarding the heuristic approaches, the work in Aggarwal, Feder, 
Motwani, and Zhu (2004) proposes an algorithm for solving a modifica-
tion of the RPP. Recently, a heuristic approach was proposed in Calvete, 
Galé, Hernández, and Iranzo (2024a) to solve the RPP. A genetic 
algorithm combined with a local search is applied to refine incumbent 
pricing strategies. Two key aspects of this approach are highlighted 
below. First, the initialization process is not purely random. Instead, 
the first price vector is constructed using a greedy strategy. Second, 
they implement a local search that runs immediately after the genetic 
algorithm. More precisely, for a given price vector, the price of each 
product is iteratively adjusted to match the price of any other available 
product. The updated price vector is then used to solve the lower-level 
problems and evaluate the upper-level objective function. The vector 
yielding the highest revenue is retained. While this method produces 
good solutions, it requires solving a large number of optimization 
problems.

In this paper, we improve upon the work by Calvete et al. (2024a) 
and introduce a novel heuristic approach that leverages the inherent 
structure of the Rank Pricing Problem (RPP) to obtain high-quality 
solutions efficiently. Our strategy consists of two main steps. First, a 
standard heuristic algorithm from the literature is executed. Second, 
the resulting solution is refined using four new local search techniques. 
Unlike the approach in Calvete et al. (2024a), our improvements do 
not require solving additional optimization problems, thereby reduc-
ing computational overhead. As our numerical results demonstrate, 
the proposed heuristic method frequently produces solutions close to 
optimal, even though global optimality cannot be guaranteed. Con-
sequently, as with most heuristic methods, we can only ensure local 
optimality.

For the base heuristic algorithm, we consider two well-established 
techniques: Variable Neighborhood Search (VNS) (Hansen, Mladen-
ović, & Urošević, 2006; Lazić, Hanafi, Mladenović, & Urošević, 2010; 
Mladenović & Hansen, 1997) and genetic algorithms (Holland, 1975; 
Kramer, 2017; Lambora, Gupta, & Chopra, 2019). Since their introduc-
tion, both methods have been widely applied to generic mixed-integer 
problems (Deep, Singh, Kansal, & Mohan, 2009; Rothberg, 2007) and 
combinatorial optimization problems, including routing (Park, Son, 
Koo, & Jeong, 2021; Xu & Cai, 2018), healthcare management (Lan, 
Fan, Yang, Pardalos, & Mladenovic, 2021; Tahir, Tubaishat, Al-Obeidat, 
Shah, Halim et al., 2022), scheduling (Leite, Pinto, & Alves, 2023; 
Squires, Tao, Elangovan, Gururajan, Zhou et al., 2022), and location 
problems (Cazzaro & Pisinger, 2022; Jaramillo, Bhadury, & Batta, 
2002). While the genetic algorithm has already been used to solve 
the Rank Pricing Problem in Calvete et al. (2024a), to the best of our 
knowledge, VNS has not yet been applied to this problem.

The remainder of the paper is structured as follows: Section 3 
describes the main aspects of the Rank Pricing Problem. Section 4 
details the different strategies used to solve this problem, including our 
proposal. Section 5 is devoted to computational experiments. Finally, 
we finish with some conclusions and further research in Section 6.
2 
3. The rank pricing problem

In this paper, we focus on a pricing model based on ranked pref-
erences, designed for unit-demand customers with a positive budget 
and who have access to an unlimited supply of products. This version 
of the RPP can be described as follows: let  = {1,… , 𝐼} be a set 
of products, and let  = {1,… , 𝐾} denotes the set of customers. In 
addition, each customer 𝑘 ∈  has an available budget, 𝑏𝑘, and a 
preference value for each product 𝑖 ∈ , denoted by 𝑠𝑘𝑖 , both of which 
are assumed to be known. In this way, for a fixed customer 𝑘, 𝑠𝑘𝑖1 > 𝑠𝑘𝑖2implies that customer 𝑘 prefers to buy product 𝑖1 rather than product 𝑖2. 
Given this information, one can formulate RPP as the following bilevel 
optimization problem: 
⎧

⎪

⎨

⎪

⎩

max
𝒑

∑

𝑘∈

∑

𝑖∈
𝑝𝑖𝑥

𝑘
𝑖 (1a)

s.t. 𝑝𝑖 ≥ 0, 𝑖 ∈  (1b)

 where for all 𝑘 ∈ , 𝑥𝑘𝑖  is the optimal solution of the problem: 
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max
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𝑠𝑘𝑖 𝑥

𝑘
𝑖 (2a)

s.t. 
∑

𝑖∈
𝑥𝑘𝑖 ≤ 1 (2b)

∑

𝑖∈
𝑝𝑖𝑥

𝑘
𝑖 ≤ 𝑏𝑘 (2c)

𝑥𝑘𝑖 ∈ {0, 1}, 𝑖 ∈ . (2d)

 The vector of product prices, 𝒑 = (𝑝1,… , 𝑝𝐼 )⊺, forms the upper-level 
decision variables where 𝑝𝑖 takes non-negative values for all elements 
𝑖 in the set . For each customer, 𝑘 ∈ , the lower-level decision 
variables, 𝒙𝒌 = (𝑥𝑘1 ,… , 𝑥𝑘𝐼 )

⊺ are binary variables that indicate whether 
customer 𝑘 chooses to buy product 𝑖 or not. To simplify notation, we 
denote by 𝒙 = (𝒙𝟏|… |𝒙𝑲 ) the 𝐼 × 𝐾 matrix that includes the decision 
variables for the 𝐾 lower-level problems. We also denote by 𝜙(𝒑,𝒙) the 
objective function (1) evaluated at vector 𝒑 and matrix 𝒙. In addition, 
the lower-level problem (2) for customer 𝑘 and a fixed vector of prices 
𝒑 is denoted as 𝐿𝐿𝑘(𝒑). In the cases where we want to highlight that 
the optimal solution of 𝐿𝐿𝑘(𝒑) is obtained for a given vector 𝒑 we use 
𝒙𝒌(𝒑).

The objective of the upper-level problem (1) is to maximize the total 
benefit of the company for given choices of the customers, that is, for 
given values of the lower-level decision variables 𝒙. On the other hand, 
the lower-level problem has to decide which product each customer 
purchases so that global satisfaction is maximized, as can be seen in 
(2a). This decision should be taken following some constraints. Firstly, 
constraint (2b) indicates that each customer can buy at most one 
product. Then, for a given vector of prices 𝒑, constraint (2c) indicates 
that customer 𝑘 can buy product 𝑖, i.e., 𝑥𝑘𝑖 = 1, if and only if the price 
chosen for product 𝑖, 𝑝𝑖 is smaller or equal than the budget of customer 
𝑘, 𝑏𝑘.

It has been shown (see Domínguez (2021) for more details) that 
for a given vector of upper-level decision variables, 𝒑, there exists a 
unique optimal solution of the lower-level problem, 𝒙𝒌, 𝑘 ∈ . On the 
other hand, with the lower-level decision variables 𝑥𝑘𝑖 , 𝑖 ∈ , 𝑘 ∈ , 
fixed, we can observe that the optimal prices 𝑝𝑖 belong to the set of 
possible budgets 𝑏𝑘, 𝑘 ∈ . This is due to the fact that if a customer 𝑘
chooses to buy product 𝑖, i.e., 𝑥𝑘𝑖 = 1, then the price of the product 
is upper bounded by the budget 𝑏𝑘 because of constraint (2c). In 
addition, the objective function of the upper-level problem (1) aims 
to get the maximum benefit. Hence, the upper-level decision maker 
wants to set the maximum price so that the customers can afford this 
product. Such maximum price value, then, has to coincide with one 
of the budgets. Otherwise, the objective function does not reach its 
maximum. This statement, which has already been noted in Domínguez 
(2021), Rusmevichientong et al. (2006), is key to our approach because 
even though a priori, the feasible upper-level decision variables take 
continuous values, the optimal solution is attained in the discrete grid 
provided by the available budgets.
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4. Methodology

In the following sections, we analyze the different approaches we 
use throughout the paper. Section 4.1 outlines how the RPP problem 
is solved in an exact manner, whereas Section 4.2 details a naive ap-
proach for this purpose. Then, Section 4.3 enumerates the different base 
algorithms used for the heuristic proposal and Section 4.4 describes the 
initialization procedures. Finally, Section 4.5 details the local searches 
used to improve the incumbent solutions.

4.1. Exact approach

The first methodology we present here is the so-called exact ap-
proach. As its name indicates, using this strategy, we search for the op-
timal solution of the bilevel optimization problem (1)–(2) using an off-
the-shelf solver. To this aim, we utilize the single-level reformulation 
extracted from (Domínguez, 2021) and that can be seen below: 
⎧
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∑
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)

𝑥𝑘𝑖 (3a)

s.t. 
∑

𝑚∈𝑀
𝑣𝑚𝑖 ≤ 1,∀𝑖 ∈ 𝐼 (3b)

∑

𝑖∈𝐼
𝑥𝑘𝑖 ≤ 1,∀𝑘 ∈ 𝐾 (3c)

𝑥𝑘𝑖 ≤
∑

𝑚∈𝑀
𝑣𝑚𝑖 ,∀𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼. (3d)

∑

𝑗∈𝐼
𝑠𝑘𝑗 𝑥

𝑘
𝑗 ≥ 𝑠𝑘𝑖

∑

𝑚∈𝑀
𝑣𝑚𝑖 ,∀𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼 (3e)

𝑣𝑚𝑖 , 𝑥
𝑘
𝑖 ∈ {0, 1},∀𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼, 𝑚 ∈ 𝑀. (3f)

 Formulation (3) is based on the fact that the optimal prices are 
attained in the budget values. Indeed, since two different customers 
can have the same budget value, we need to define a new set,  =
{1,… ,𝑀}, that contains the indexes of the unique values of the sorted 
budgets, where by unique we mean that values that are repeated are 
included only once. Therefore, we have that 𝑏𝑚1 < 𝑏𝑚2  if 𝑚1 < 𝑚2 for 
𝑚1, 𝑚2 ∈ , and the set  = {𝑏𝑚, 𝑚 ∈ }. Using this notation, one can 
define new binary variables 𝑣𝑚𝑖  in such a way that 𝑣𝑚𝑖 = 1 if and only if 
the price 𝑝𝑖 takes the value of the budget 𝑏𝑚. This way, we can say that 
𝑝𝑖 =

∑

𝑚∈ 𝑏𝑚𝑣𝑚𝑖 . For notation purposes, we denote by 𝒗 as the 𝐼 ×𝑀
matrix whose entry (𝑖, 𝑚) is the decision variable 𝑣𝑚𝑖 .

This model is an integer nonlinear optimization problem with bi-
nary variables 𝒗 and 𝒙. The nonlinearity of the problem is due to the 
quadratic term in the objective function coming for the product of 𝑣𝑚𝑖
and 𝑥𝑘𝑖 . The objective function (3a) is equivalent to (1). In other words, 
the aim is to maximize the total revenue of the company. Constraint 
(3b) indicates that each product 𝑖 ∈  must have only one price, then 
at most one binary variable 𝑣𝑚𝑖  can take the value 1. Then, constraint 
(3c) is the same as (2b). It indicates that one customer can choose at 
most one product. In addition, thanks to constraint (3d), we can see 
that if customer 𝑘 buys product 𝑖, i.e., 𝑥𝑘𝑖 = 1, then ∑𝑚∈ 𝑣𝑚𝑖 = 1, 
and consequently, customer 𝑘 can afford product 𝑖, and its value is 
set to one of the available budgets in . Equivalently, if there exists 
a product 𝑖 whose price 𝑝𝑖 cannot be set to any of the values in , then 
𝑣𝑚𝑖 = 0,∀𝑚 ∈ , and none of the customers 𝑘 can buy this product, that 
is to say, 𝑥𝑘𝑖 = 0,∀𝑘 ∈ . Next, constraint (3e) states that if customer 
𝑘 can afford product 𝑖 (whose price is set to any of the budgets 𝑏𝑚), 
then customer 𝑘 can buy a product 𝑗 that she prefers the same or more 
than 𝑖. In other words, this constraint assures that customer 𝑘 buys the 
product he likes the most whenever he can afford it. Finally, constraint 
(3f), indicates the binary character of the decision variables. Problem 
(3), will be solved using an off-the-shelf solver.
3 
4.2. Naive approach

Since the optimal solution of the upper-level decision variables, 
𝑝𝑖, 𝑖 ∈  is attained at the set of available budgets, , then one possible 
strategy to obtain such an optimal solution is to carry out a simple 
exploration of the feasible solutions. In particular, this strategy works 
as follows: while a stopping criterion is not reached, randomly sample 
different vectors of product prices 𝒑𝓁 . Each price value 𝑝𝓁𝑖 , 𝑖 ∈  is 
independently taken from the available budget set . Then, for each 
fixed vector, 𝒑𝓁 , we solve the lower-level problems 𝐿𝐿𝑘(𝒑𝓁) for all the 
customers 𝑘 ∈ . The optimal decision variables of these problems, 
𝒙𝒌(𝒑𝓁),∀𝑘 ∈ , as well as the fixed vector of prices 𝒑𝓁 will be used 
to evaluate the upper-level objective function 𝜙(𝒑𝓁 , 𝒙𝒌(𝒑𝓁)). Assume 
that when the stopping criterion is met, we have a set  of vectors 
of the form 𝒑𝓁 . Finally, we consider as the optimal objective value, 
𝜙𝑚𝑎𝑥, the highest value 𝜙(𝒑𝓁 , 𝒙𝒌(𝒑𝓁)) where 𝒑𝓁 ∈ . In other words, 
𝜙𝑚𝑎𝑥 ∶= max𝒑𝓁∈ 𝜙(𝒑𝓁 , 𝒙𝒌(𝒑𝓁)) and 𝒑𝑚𝑎𝑥 is the argument that maximizes 
these values. Algorithm 1 shows a pseudocode of this approach.

Algorithm 1 Naive
Input: stopping criterion, , , and .
while stopping criterion is not reached do

1) Randomly generate vectors 𝒑𝓁 from the set of budgets .
2) For each customer 𝑘, and for the fixed prices 𝒑𝓁 , solve 𝐿𝐿𝑘(𝒑𝓁)

and obtain the optimal solutions 𝒙𝑘(𝒑𝓁).
3) Compute 𝜙 (

𝒑𝓁 , 𝒙𝒌(𝒑𝓁)
)

.

end while
4) The set of all the vectors of prices generated is denoted by .
5) Set 𝜙𝑚𝑎𝑥 ∶= max

𝒑𝓁∈
𝜙(𝒑𝓁 , 𝒙𝒌(𝒑𝓁)).

6) Denote by 𝒑𝑚𝑎𝑥 the argument that maximizes the previous 
expression. 
Output: (𝒑𝑚𝑎𝑥, 𝜙𝑚𝑎𝑥).

This naive strategy is very simple. It essentially reduces to explore 
different upper-level feasible solutions and solve one lower-level prob-
lem per customer. Nevertheless, finding a solution close to the optimal 
may be intractable even for small-size instances.

4.3. Base algorithms

In this paper, we opt for two well-known heuristics, namely the 
VNS and the genetic algorithms (this one already applied to the RPP 
in Calvete et al. (2024a)). These strategies are appropriate for solving 
the RPP given its combinatorial nature and the fact that the optimal 
price decisions are attained in the budgets. The two base algorithms 
we choose in this paper are based on the concept of neighborhood. 
However, each of them considers this definition in a different manner. 
Sections 4.3.1 and 4.3.2 analyze both strategies in the context of 
the RPP and study their differences and similarities in terms of the 
neighborhood definition.

Let us first introduce an illustrative example that will be used in the 
next sections. Assume given an instance of the problem (1)–(2) with 
𝐾 = 8 customers and 𝐼 = 2 products. Table  1 shows the budgets for 
each customer and the preference matrix. We observe, for instance, that 
if we focus on the first customer, 𝑘 = 1, he prefers product 1 to product 
2 because 𝑠11 = 2 is greater than 𝑠12 = 1. Furthermore, he can afford 
a product whose price is less or equal to 𝑏1 = 18. Therefore, in this 
particular case, the set of available budgets is  = {18, 27, 34, 42, 50, 66}.

Fig.  1 shows the set of all the feasible solutions for this instance. The 
points marked with stars indicate the optimal solution. In this case, we 
have multiple solutions that correspond to the set {(34, 66), (50, 34), (66,
34)}. The color of the different points indicates the objective value. 
It has been grouped in different colors. For instance, the objective 
values between 130 and 152 are colored in black, whereas the values 
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Table 1
Data for the illustrative example.
 𝑘 1 2 3 4 5 6 7 8  
 𝑠𝑘1 2 2 1 1 1 2 2 1  
 𝑠𝑘2 1 1 2 2 2 1 1 2  
 𝑏𝑘 18 66 27 34 66 50 42 42 

Fig. 1. Feasible solutions for the illustrative example.

between 218 and 240 are highlighted in red. In addition, within each 
color range, the darker the color, the higher the objective values. For 
example, in the black range, gray colors are close to a value of 130, 
whereas dark black is associated with a value of 152.

4.3.1. The VNS-based approach
In this section, we explain how the VNS methodology is used for 

solving the RPP. Recall that the set  is formed by the set of unique 
sorted budgets. Indeed, one may think that changing the price of a 
product from 𝑏𝑚 to 𝑏𝑚+1 may have similar objective values. However, 
this is not always the case because a small change in the price of one 
product may cause big changes in the objective function.

Let us analyze this fact with the illustrative example of Fig.  1. We 
focus, for instance, on the vector of prices located at (50, 50). This point 
has an objective value between 130 and 152 (due to its black color). 
We observe that if we move one position in the upward direction, going 
to point (50, 66), this new point has a similar objective value, even 
though it is in a different color range. However, this is not the case if we 
move downwards to the point (50, 42) where we obtain a much larger 
objective value (red color). Indeed, with this movement, we move to a 
much better feasible solution in terms of the objective value. This effect 
is one of the consequences of the discrete nature of the RPP.

Now, we introduce how the basic version of the VNS approach 
works. Given an initial point, the VNS has two phases, the local-
improvement phase and the perturbation phase. In the first one, a local 
optimum is found starting from the initial point. Then, we perturb the 
local optimum in a given neighborhood to have a new point and repeat 
the process. This process is repeated until a stopping criterion is met. 
It is, therefore, essential to define the neighborhoods considered in our 
proposal. Assume given a vector of prices 𝒑 = (𝑏𝑚1 ,… , 𝑏𝑚𝐼 ). Note that 
𝑏𝑚𝑖 ∈ , 𝑖 ∈  denotes the budget value fixed for the price of product 
𝑖. In addition, we want to highlight that two different products may 
have the same budget value; that is to say, it may happen that 𝑚𝑖 = 𝑚𝑗 , 
with 𝑖, 𝑗 ∈  and 𝑖 ≠ 𝑗. As a consequence, 𝑏𝑚𝑖 = 𝑏𝑚𝑗 . We define the 
neighborhood around 𝒑 of radius 𝑟, 𝑟 = 1,… , 𝑅, 𝑁𝑟(𝒑), as the following 
set:
4 
Fig. 2. 𝑁1((50, 50) and 𝑁2((50, 50) for the illustrative example.

𝑁𝑟(𝒑) =
{

(𝑏𝑛1 ,… , 𝑏𝑛𝐼 ) ∈ 𝐼 ∶ 𝑛𝑖 = 𝑚𝑖 − 𝑟,… , 𝑚𝑖 − 1, 𝑚𝑖, 𝑚𝑖 + 1,… , 𝑚𝑖 + 𝑟,∀𝑖 ∈ 
}

.

(4)

Returning to the illustrative example, we show in Fig.  2 the neigh-
borhoods around point (50, 50) of radius 𝑟 = 1 and 𝑟 = 2. In particular, 
the points that belong to 𝑁1((50, 50)) are located in the black solid-
line rectangle, whereas the points of the neighborhood 𝑁2((50, 50)) are 
represented with a black dashed-line rectangle.

Once the definition of the neighborhoods is given, we will describe 
how our VNS-based proposal works: we first assume given an initial 
set  of 𝐿0 vectors of prices,  = {𝒑𝓁 , 𝓁 = 1,… , 𝐿0}. The way in 
which this initial population is generated is discussed in Section 4.4. 
Then, in the local-improvement phase, for each fixed vector 𝒑𝓁 ∈
, we solve the lower-level problems 𝐿𝐿𝑘(𝒑𝓁), 𝑘 ∈ , get the opti-
mal solutions 𝒙𝑘(𝒑𝓁), 𝑘 ∈ , and evaluate the upper-level objective 
function 𝜙(𝒑𝓁 ,𝒙𝑘(𝒑𝓁)) that is denoted by 𝜙𝓁 ,𝓁 = 1,… , 𝐿0. Let us 
denote by 𝜙𝑚𝑎𝑥 the maximum objective value so far found. That is 
to say, 𝜙𝑚𝑎𝑥 = max𝓁=1,…,𝐿0

𝜙𝓁 . In the following step, the 𝑄 vectors 
of prices with the highest objective values in  are selected. We 
denote by  the set that contains such vectors of prices, i.e.,  =
{

𝒑𝓁𝑞 , 𝑞 = 1,… , 𝑄 ∶ 𝜙𝓁1 ≥ ⋯ ≥ 𝜙𝓁𝑄
}

. Note that  is a subset of . Next, 
in the perturbation phase, we randomly select 𝑇  points in the neighbor-
hoods of radius 𝑟 = 1 around the prices in . In other words, we select 
𝑇  points belonging to 𝑁1(𝒑) for 𝒑 ∈ . Let us denote by   the new set 
of 𝑇  price vectors. We update the set  by including the new points, 
i.e.,  ∶=  ∪  . Later, we solve the lower-level problems 𝐿𝐿𝑘(𝒑𝒕) for 
𝒑𝒕 ∈  , and with the optimal decision variables so-obtained, 𝒙𝑘(𝒑𝒕), 
we evaluate 𝜙𝑡 ∶= 𝜙(𝒑𝒕,𝒙𝑘(𝒑𝒕)). If there is an objective value among 
these new points in   with a higher value than 𝜙𝑚𝑎𝑥, or equivalently, 
if there exists an index 𝑡 in such a way that 𝜙𝑡 > 𝜙𝑚𝑎𝑥, then we replace 
𝜙𝑚𝑎𝑥 by 𝜙𝑡 and update the set  by searching in the new set  the 𝑄
vector of prices with the highest objective values. Otherwise, if 𝜙𝑚𝑎𝑥 ≥
𝜙𝑡,∀𝑡 = 1,… , 𝑇 , then we also update the set  and increase in one unit 
the radius of the neighborhood to explore new points. Equivalently, 
we set 𝑟 ∶= 𝑟 + 1 and generate new 𝑇  vectors of prices around the 
points belonging to the updated set . This process is repeated until a 
stopping criterion is reached. At the end of the algorithm, we consider 
as the optimal objective value the value 𝜙𝑚𝑎𝑥 found so far. In addition, 
the optimal solution associated with such objective value is denoted by 
𝒑𝑚𝑎𝑥. For a detailed explanation of our approach, see Algorithm 2.

Let us show how our approach works in the previous illustrative 
example. Regarding the input parameters, we have already defined 
the sets ,  and  in Section 4.3. We decided to set the values 
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Algorithm 2 VNS
Input: stopping criterion, , , , 𝐿0, 𝑄, 𝑇 .
Initialization:

1) Generate set  = {𝒑𝓁 , 𝓁 = 1,… , 𝐿0}, where 𝑝𝓁𝑖 ∈ , ∀𝑖 ∈
, ∀𝓁 = 1,… , 𝐿0.

2) Solve 𝐿𝐿𝑘(𝒑𝓁),∀𝒑𝓁 ∈ ,∀𝑘 ∈ . The optimal decision 
variables are denoted by 𝒙𝑘(𝒑𝓁).

3) Evaluate the upper-level objective function 𝜙𝓁 ∶=
𝜙(𝒑𝓁 ,𝒙𝑘(𝒑𝓁)) for all the vectors of prices 𝒑𝓁 ∈ .

4) Define 𝜙𝑚𝑎𝑥 = max
𝒑𝓁∈

𝜙(𝒑𝓁 ,𝒙𝑘(𝒑𝓁)).

Loop:

5) Set 𝑟 = 1.

while stopping criterion do

6) Create the set  =
{

𝒑𝓁𝑞 ∈ , 𝑞 = 1,… , 𝑄 ∶ 𝜙𝓁1 ≥ … ≥ 𝜙𝓁𝑄
}

.
7) Create the set  =

{

𝒑 ∈ 𝑁𝑟(𝒑̃) for 𝒑̃ ∈ 
}

.
8) Update , i.e.,  ∶=  ∪  .
9) Solve 𝐿𝐿𝑘(𝒑),∀𝒑 ∈  ,∀𝑘 ∈ .
10) Evaluate the upper-level objective function 𝜙(𝒑,𝒙𝑘(𝒑)),∀𝒑 ∈

 .

 if ∃𝒑 ∈   such that 𝜙(𝒑,𝒙𝑘(𝒑)) > 𝜙𝑚𝑎𝑥 then 𝜙𝑚𝑎𝑥 ∶= 𝜙(𝒑,𝒙𝑘(𝒑)).
 else 𝑟 ∶= 𝑟 + 1.
 end if
end while
11) The vector of prices associated to 𝜙𝑚𝑎𝑥 is denoted by 𝒑𝑚𝑎𝑥.
Output: (𝒑𝑚𝑎𝑥, 𝜙𝑚𝑎𝑥).

𝐿0 = 10, 𝑄 = 3 and 𝑇 = 6. As a stopping criterion, we choose 
to run the algorithm until two iterations have been carried out. Fig. 
3 shows the initial set of points,  depicted with circles. As in the 
previous figure, the color of the points represents the objective value. 
The largest objective value so far is 𝜙𝑚𝑎𝑥 = 228 and is attained at point 
(27, 66). In the first iteration of our proposed algorithm, we create 
the set  with three points. The points in Fig.  3 that are rounded 
with a black circumference are those that belong to . In other words, 
 = {(27, 66), (50, 18), (66, 27)}. In the next step, we generate the set 
of 6 points randomly sampled from the neighborhood of radius 1 of 
the previous points. Fig.  3 depicts these new points in   with a square. 
Among these new sampled points, we have the true optimum, which 
corresponds to (50, 34) with an objective value of 236. Hence, since 
there exists a point with a higher objective value (236 > 228), then 
we now set 𝜙𝑚𝑎𝑥 = 236. In practice, we do not know which point is 
the optimum, so we have to continue the process. We begin the second 
iteration with a set  with 16 points. Firstly, we build the set  ⊂ 
that contains the three vectors of prices with the best objective values 
so far. Fig.  4 depicts with circles the 16 vectors of prices belonging 
to  and marked with black circles the three points of . Then, we 
have that  = {(50, 34), (50, 27), (66, 27)}. The new 6 points randomly 
sampled in the neighborhood of radius 1 from the points in  are 
depicted with squares in Fig.  4. Since we reached the maximum number 
of iterations, then we finish the algorithm with the output 𝜙𝑚𝑎𝑥 = 236
and 𝒑𝑚𝑎𝑥 = (50, 34).

4.3.2. The genetic-based approach
We have discussed at the beginning of Section 4.3.1 that the discrete 

nature of the Rank Pricing Problem may cause that small changes in 
the vector of prices lead to big changes in the objective values. This is, 
in fact, why the algorithm VNS may be appropriate for this situation. 
Nevertheless, depending on the RPP instance we consider, its feasible 
region may have flat zones in terms of the objective value. This implies 
5 
Fig. 3. Sets ,  and   for the first iteration of the illustrative example.

Fig. 4. Sets ,  and   for the second iteration of the illustrative example.

that exploring such a feasible region with the VNS neighborhoods may 
require the evaluation of many price vectors, and hence solving many 
optimization problems, whose solution will provide, in the best case, a 
slight improvement in the objective value.

To see this, consider the toy example from Fig.  1. If we focus on 
point (18, 27) which has an objective value close to 174 (due to the light 
green color), we observe that four out of the five points that belong to 
the VNS neighborhood of radius 1 has similar objective values. Indeed, 
there are two of them, namely (18, 18) and (27, 18), with objective values 
less than 174. In addition, only one point out of five, (27, 34), belongs 
to the next color range (yellow) of the incumbent point. Something 
similar happens if we move to the VNS neighborhood of radius 2. We 
have to increase the radius of the neighborhood until 𝑟 = 3 to find a 
point belonging to the red range of values (which are the ones we are 
most interested in because these are the ones associated with higher 
objective values). In other words, in this particular case, if we initialize 
the algorithm from (18, 27), we have to evaluate until 19 price vectors, 
and solving their corresponding optimization problems to obtain an 
objective value in the red zone. The genetic algorithm is an alternative 
to the VNS that allows to escape from the flat zones of the RPP feasible 
region without the need of exploring so many points. This does not 
mean that the genetic method is always better than the VNS. In fact, 
the numerical experiments of Section 5 empirically shows that this is 
not the case.
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Now, let us explain how the basic version of the genetic algorithm 
works. We assume given an initial population. Then, two main steps are 
performed, the crossover and the mutation operators. In the crossover, 
two vectors are chosen from the initial population. These vectors will 
play the role of parents, and will be used to create the so-called child 
vector. Then, in the mutation phase some of the components of the 
child will be changed, building a new point. This process is repeated 
until a stopping criterion is reached.

Therefore, it is essential to define the details of how the crossover 
and mutation phases are done. In the context of the RPP, the genetic 
algorithm has been already applied in Calvete et al. (2024a). Hence, 
we utilize the same strategy the authors define in this paper, and just 
adapt it to the notation of this manuscript. Given two parents from 
the current population, each component of the child vector 𝒑𝑐ℎ𝑖𝑙𝑑 is 
randomly chosen from one of the parents with equal probability. Then, 
in the mutation phase, each component of the price vector 𝒑𝑐ℎ𝑖𝑙𝑑 is 
changed with probability 1∕𝐼 to any of the remaining possible budget 
values in .

For completeness, we describe in what follows how the genetic 
algorithm is applied in the context of the RPP. Moreover, in order to 
avoid repetitions, we will refer to the VNS pseudocode in Algorithm 2 
in those parts of the genetic procedure that are very similar. We begin 
with an initial set  of 𝐿0 vectors, as well as with the best objective 
value, 𝜙𝑚𝑎𝑥 in  obtained following the steps 2)–4) from Algorithm 
2. Next, at each iteration, we select, from , the 𝑄 vectors with the 
highest objective values, and save them in the set . Now, the set 
is to be built. It is formed by 𝑇  vectors that are created using the 
crossover and mutation operator. For each 𝑡 = 1,… , 𝑇 , we randomly 
choose two parents from , 𝒑𝑞1  and 𝒑𝑞2  to run the crossover operator 
and create 𝒑𝑐ℎ𝑖𝑙𝑑 as follows: The component 𝑝𝑐ℎ𝑖𝑙𝑑𝑖  is selected with equal 
probability between 𝑝𝑞1𝑖  and 𝑝𝑞2𝑖  for 𝑖 ∈ . Then, the mutation operator 
is executed. Each component 𝑝𝑐ℎ𝑖𝑙𝑑𝑖  is changed with probability 1∕𝐼 to 
any possible value in . The resulting vector is denoted by 𝒑𝑚𝑢𝑡, and is 
included in the set  . Afterward, steps 8)–10) for Algorithm 2. In the 
following step, we just check whether there exists a vector 𝒑 ∈   such 
that 𝜙(𝒑,𝒙𝑘(𝒑)) is greater than the current maximum 𝜙𝑚𝑎𝑥. In such a 
case, we update 𝜙𝑚𝑎𝑥 as 𝜙(𝒑,𝒙𝑘(𝒑)). When the algorithm finishes, we 
just denote as 𝒑𝑚𝑎𝑥 the vector of prices associated with the objective 
value 𝜙𝑚𝑎𝑥. Algorithm 3 shows the details of the pseudocode.

4.4. Initialization procedure

One of the assumptions of the heuristic algorithms described in 
Section 4.3 is the availability of an initial set  consisting of 𝐿0 price 
vectors. We have considered two approaches for generating this set. 
The first relies on a standard random selection. More specifically, for 
each product 𝑖 = 1,… , 𝐼 , its price, 𝑝𝑖 is randomly chosen from the set of 
sorted budgets, , following a discrete uniform probability distribution. 
With this process, we obtain a vector 𝒑 that is to be included in the 
initial set . This procedure is repeated 𝐿0 times. The second approach, 
proposed in Calvete et al. (2024a), constructs the first vector greedily: 
customers are sorted in decreasing order based on their budget, and 
for each customer, their most preferred available product is priced at 
their budget value. Our numerical experiments indicate that this initial 
greedy vector often leads to strong objective values, particularly when 
the number of products is comparable to the number of customers. 
The subsequent vectors in the population are randomly sampled from 
various discrete distributions.

4.5. Local improvements

One of the key aspects of Calvete et al. (2024a) for solving the Rank 
Pricing Problem is the local search method applied immediately after 
executing the genetic algorithm. Although their approach yields good 
results, it requires solving a potentially large number of optimization 
6 
Algorithm 3 genetic
Input: stopping criterion, , , , 𝐿0, 𝑄, 𝑇 .

Initialization:

1) Run the steps 1) - 4) of Algorithm 2.
Loop:
while stopping criterion do

2) Create the set  =
{

𝒑𝓁𝑞 ∈ , 𝑞 = 1,… , 𝑄 ∶ 𝜙𝓁1 ≥ … ≥ 𝜙𝓁𝑄
}

.
3)  = ∅.

 for 𝑡 ∈ {1,… , 𝑇 } do
4) Select 𝒑𝑞1  and 𝒑𝑞2  from .
5) Create 𝒑𝑐ℎ𝑖𝑙𝑑 from 𝒑𝑞1  and 𝒑𝑞2  in this way:

𝑝𝑐ℎ𝑖𝑙𝑑𝑖 = 𝛽 ∗ 𝑝𝑞1𝑖 + (1 − 𝛽) ∗ 𝑝𝑞2𝑖 , 𝑖 = 1,… , 𝐼

  where 𝛽 follows a Bernouilli distribution with probabil-
ity 0.5.

6) Create the point 𝒑𝑚𝑢𝑡 from 𝒑𝑐ℎ𝑖𝑙𝑑 , where 𝑝𝑚𝑢𝑡𝑖  changes with 
probability 1∕𝐼 , ∀𝑖 to any possible budget in .

7) Update  , i.e.,  ∶=  ∪ {𝒑𝑚𝑢𝑡}.

 end for
8) Run steps 8) - 10) of Algorithm 2.

 if ∃𝒑 ∈   such that 𝜙(𝒑,𝒙𝑘(𝒑)) > 𝜙𝑚𝑎𝑥 then 𝜙𝑚𝑎𝑥 ∶= 𝜙(𝒑,𝒙𝑘(𝒑)).
 end if
end while

9) The vector of prices associated to 𝜙𝑚𝑎𝑥 is denoted by 𝒑𝑚𝑎𝑥.
Output: (𝒑𝑚𝑎𝑥, 𝜙𝑚𝑎𝑥).

problems. In contrast, this paper introduces four new local search en-
hancements that leverage the problem’s structure, thereby avoiding the 
need to solve additional optimization problems. Section 4.5.1 outlines 
the main features of the local search proposed in Calvete et al. (2024a), 
while Sections 4.5.2–4.5.5 detail our new approaches. The core idea 
behind these improvements is to adjust an incumbent price vector to 
obtain another that enhances the upper-level objective function. These 
adjustments follow different criteria, which are explained below.

4.5.1. Optimization-based local search
This section explains the local improvement proposed by Calvete 

et al. (2024a). Starting for one of the vectors 𝒑𝑚𝑢𝑡 obtained after running 
the genetic approach, the products are randomly sorted. Then, for each 
product, they modify the current price to one of the possible available 
budgets, and compute the new revenue associated to the vector, by 
solving the lower-level problems (2) and evaluating the upper-level 
objective function (1). If the new objective value is better, then the 
new vector of prices is kept. Otherwise, the procedure continues with 
the next budget value and the next product. This process is repeated 
for all the points of the population obtained with the genetic algo-
rithm. Let us show with the illustrative example of Section 4 how the 
optimization-based local search works. Imagine that after running the 
genetic algorithm we have the point 𝒑𝑚𝑢𝑡 = (42, 34) with an objective 
value of 228 (coming from 3 ⋅42+3 ⋅34). Then, assume that we sort the 
products in the order 2 − 1. In other words, we first change product 
2, and next, product 1 is modified. In the following step, we assign 
to product 2 a different price among those available. For instance, 
we choose to set 𝑝2 to 27, yielding the vector (42, 27). After solving 
𝐿𝐿𝑘((42, 27)), ∀𝑘, and evaluating the upper-level objective function we 
get a value of 234. Since 234 > 228, we keep the new vector, and 
continue the process.
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4.5.2. Slack local search
The four local searches that we propose in this paper do not need 

to solve new optimization problems but just take advantage of the 
structure of the problem.

The strategy proposed in this section keep intact the associated bi-
nary variables. In other words, the binary decision variables associated 
to the vector before performing the local search are exactly the same 
as the ones of the vector of prices yielded after the local improvement. 
The slack local search works as follows: given a vector of prices 𝒑, if 
there exists a product 𝑖 that is chosen by a set of customers ̂ ⊂ 
such that the budgets of the customers in ̂ are always larger than 𝑝𝑖, 
i.e., 𝑏𝑘 > 𝑝𝑖,∀𝑘 ∈ ̂, then we can change the price of product 𝑖, 𝑝𝑖
to the minimum budget value of the customer in ̂. In other words, 
we update 𝑝𝑖 ∶= min𝑘∈̂ 𝑏𝑘. This change implies an improvement in the 
objective value and no changes in the binaries because all the customers 
will choose exactly the same products as before, but just at a different 
price. Let us focus on Table  1 to illustrate how it works. Let us take 
point (34, 34). Product 1 has a price of 34 and is chosen by customers 
2, 6 and 7. Their budget values are 𝑏2 = 66, 𝑏6 = 50 and 𝑏7 = 42. On 
the other hand, product 2 has also a price of 34, and is selected by 
customers 4, 5 and 8, with budgets 34, 66 and 42, respectively. The 
upper-level objective function is 3 ⋅ 34 + 3 ⋅ 34 = 204. We observe that 
product 1 has some slack in terms of the proposed price. Indeed, we 
have that 𝑏𝑘 > 34,∀𝑘 ∈ ̂, where ̂ = {2, 6, 7}. The customers in ̂ can 
still choose product 1 if the price is 42, i.e., the minimum of 𝑏𝑘, 𝑘 ∈ ̂, 
yielding point (42, 34). This change has no modifications in the binary 
variables because all the customers get the same products as before, 
but has a modification in the objective function. In particular, it goes 
from 204 to the value 3 ⋅ 42 + 3 ⋅ 34 = 228.

4.5.3. Fill local search
This is the first proposed strategy that imply changes in the binary 

variables. Assume given a vector of prices 𝒑, and assume that there 
exists a product 𝑖∗ that has not been chosen by any customer because 
the price 𝑝𝑖∗  is too high. Equivalently, ∃𝑖∗ ∈  ∶ 𝑥𝑖∗𝑘 = 0,∀𝑘 ∈ . The 
proposed strategy to fill those gaps works as follows: let us denote by ̂
the set of customers that do not choose any product, that is to say, for 
a given 𝑘 ∈ ̂ we have that 𝑥𝑘𝑖 = 0,∀𝑖. Now, we set to the price 𝑝𝑖∗  the 
minimum budget value of the customers in ̂, i.e., 𝑝𝑖∗ ∶= min𝑘∈̂ 𝑏𝑘. 
This way, the binary variables changed as follows: 𝑥𝑘𝑖∗ = 1,∀𝑘 ∈ ̂, 
whereas 𝑥𝑘𝑖∗  still takes the value zero for the customers 𝑘 ∈  ⧵ ̂. 
Besides, the objective value has been increased because the customers 
in ̂ that did not contribute to the objective function, now they sum 
the new assigned price. Let us go back to the Table  1 to illustrate this. 
Before starting the example two minor changes should be done. Assume 
that 𝑠51 = 2 and 𝑠52 = 𝑁𝑜𝑛𝑒. This means that now, customer 5 can only 
acquire product 1. It is easy to see that if we take the point (66, 66), then 
product 1 is selected by customers 2 and 5, but product 2 is bought 
by nobody as the remaining customers, that is to say, the customers 
in ̂ = {1, 3, 4, 6, 8}, have a budget value less than 66 which is the 
price fixed for this product. Therefore, 𝑥𝑘2 = 0,∀𝑘 ∈ . In particular, 
𝑥𝑘2 = 0,∀𝑘 ∈ ̂. The upper-level objective function associated to the 
point (66, 66) is 2 ⋅ 66 = 132. On the other hand, the minimum budget 
value for the customers in ̂ is 18. This way, since all the customers 
in ̂ can buy product 2 (because 𝑠𝑘2 > 0,∀𝑘 ∈ ̂), we are sure that if 
we set 𝑝2 = 18, then all the customers in ̂ will take it. The binary 
variables will be 𝑥𝑘2 = 1 for 𝑘 ∈ ̂ and 𝑥𝑘2 = 0 for 𝑘 ∈  ⧵ ̂, and the 
new objective function increases till the value 2 ⋅ 66 + 6 ⋅ 18 = 240.

4.5.4. Reassignment local search
The local improvement performed with this strategy also implies 

a modification in the binary decision variables. The approach is done 
as follows: we assume given a vector 𝒑 whose prices are adjusted to 
the minimum budgets of the clients that acquire it. In other words, 
we have, for a product 𝑖 that 𝑝𝑖 = min𝑘∈𝑖 𝑏𝑘, where 𝑖 ⊂  is 
the set of customers that select to buy product 𝑖. Note that, due to 
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constraint (2b), we have that 𝑖1 ∪ 𝑖2 = ∅ for 𝑖1 ≠ 𝑖2. We then ask 
these questions: What happens if we reassign the price 𝑝𝑖 to the second 
cheapest budget (instead of the cheapest one, as it is done so far)? 
Does the objective function increase its value? Which product will be 
assigned to the customer with the cheapest budget? Let us check it with 
the illustrative example of Table  1. Consider the point (18, 27). Note 
that customers 1, 2, 6 and 7 with budgets 18, 66, 50 and 42, respectively, 
will select product 1. Equivalently, 𝑥11 = 𝑥21 = 𝑥61 = 𝑥71 = 1, whereas 
𝑥31 = 𝑥41 = 𝑥51 = 𝑥81 = 0. On the other hand, product 2 with price 
𝑝2 = 27 is chosen by customers 3, 4, 5 and 8. The objective function 
has a value of 4 ⋅ 18 + 4 ⋅ 27 = 180. What does it happen if we change 
the price of product 1 to the budget of the second poorest customer? 
That is to say, if we change 𝑝1 = 18 to 𝑝1 = 42? In this particular 
case, customer 1 takes no product, i.e., 𝑥11 = 𝑥12 = 0, thus the binary 
variables change. In contrast, the remaining customers maintain their 
assignation. The objective function increases from 180 to the value 
of 3 ⋅ 42 + 4 ⋅ 27 = 234. Note that, contrary to what happens in the 
previous local improvement strategies, this procedure may not imply a 
positive result. In other words, it may occur that changing the price of 
a product to the budget of the second poorest customer decreases the 
objective function. If this is the case, then, we keep the original point. 
Nevertheless, the computational experience of Section 5 shows that, in 
general, this approach yield good results.

4.5.5. Conditional reassignment local search
This approach is similar to the one presented in Section 4.5.4. The 

main difference is that the local changes done with this strategy always 
yield better objective values, contrary to what happened before, where 
worse scenarios are possible.

We assume given a vector of prices 𝒑, where the prices have no 
slack, that is to say, the minimum budget of the customers that choose 
each product 𝑖 coincides with the price assigned to product 𝑖, 𝑝𝑖. 
Therefore, given a product 𝑖, and a customer 𝑘∗ such that 𝑝𝑖 = 𝑏𝑘∗ , the 
idea is to find if there exists another product 𝑖 that can be selected by 
customer 𝑘∗ (𝑠𝑘∗

𝑖
> 0) and whose price coincides with that of product 

𝑖, i.e., 𝑝𝑖 = 𝑏𝑘∗ . If this is the case, we set the price of product 𝑖 to 
the second cheapest budget. This way, all the customers, except the 
poorest one, 𝑘∗, that originally are assigned to product 𝑖 still select 
this product, whereas the poorest customer, 𝑘∗ is assigned to product 𝑖
whose price coincides with the original one. This change in the prices 
causes modifications in the binary variables. Let us show how it works 
with the illustrative example of Table  1. Assume given the point (42, 42). 
We can see that product 1 is assigned to the customers 2, 6 and 7 
with budgets, 66, 50 and 42, respectively. Hence, 𝑥21 = 𝑥61 = 𝑥71 = 1
and 𝑥11 = 𝑥31 = 𝑥41 = 𝑥51 = 𝑥81 = 0. On the other hand, product 2 is 
assigned to customers 5 and 8, and consequently, 𝑥52 = 𝑥82 = 1 and 
𝑥12 = 𝑥22 = 𝑥32 = 𝑥42 = 𝑥62 = 𝑥72 = 0. The objective function takes the 
value 3 ⋅ 42 + 2 ⋅ 42 = 210. It can be observed that if price of product 1
is assigned to the second cheapest budget, i.e., 𝑝1 = 50, then customer 
7 (who was the one with budget 42) now selects product 2, yielding 
𝑥71 = 0 and 𝑥72 = 1. The assignation of the rest of customers remain 
unchanged. Finally, the objective function associated to the new point 
(50, 42) is 2 ⋅ 50 + 3 ⋅ 42 = 226, thus increasing the objective value.

To sum up this section, we include in Fig.  5 a flowchart of the 
different heuristic methodologies explained in this paper. The first 
dashed box describes the initial step, whereas the second dashed box 
explains how the solutions are updated in the loop.

5. Numerical experiments

5.1. Experimental setup

In this section, we explain the different computational experiments 
carried out in this paper. We test our approach in three instances, where 
we modify the number of customers, 𝐾, and products, 𝐼 . In particular, 
we apply our proposal on the instances with (𝐾, 𝐼) belonging to the 
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Fig. 5. Flowchart of the different heuristic methodologies.
set {(30, 5), (30, 25), (60, 50)}. The maximum size of the instances solved 
in Domínguez (2021) is 𝐾 = 30 and 𝐼 = 25. We decided to include 
a new instance with a larger size, (𝐾, 𝐼) = (60, 50), to test how our 
proposal works in this example. The data for the three instances can be 
downloaded from (OASYS, 2024).

Let us notate the different strategies compared in this section. 
Firstly, we denote by exact and naive the approaches detailed in Sec-
tions 4.1 and 4.2, respectively. Secondly, we compare the proposal with 
the strategy given in Calvete et al. (2024a) that we denote as bench-
mark. This methodology is obtained after running the genetic algorithm 
of Section 4.3.2 with the greedy initialization process the authors 
propose in that paper and improved with the optimization-based local 
search of Section 4.5.1. The optimization-based local improvement is 
run after step 8) in Algorithm 3.

The proposed approaches where a heuristic, VNS or genetic, is 
improved with four local searches are denoted, respectively, VNS + 
greedy + sfrc and genetic + greedy + sfrc. In the case of VNS + greedy + 
sfrc, it means that we run the VNS algorithm of Section 4.3.1 using the 
greedy initialization and applying, in this order, the local searches slack,
fill, reassignment and conditional reassignment from Sections 4.5.2–4.5.5. 
Note that these local searches are run sequentially one after another. In 
addition, when the VNS applies the local improvements are executed 
at each iteration after evaluating the upper-level objective function, 
that is to say just after running step 10) of Algorithm 2. The vector 
of prices and the associated objective values that are computed in the 
8 
following steps correspond to those obtained with the local searches. 
On the other hand, if the gen + greedy + sfrc approach is executed, 
then we run the genetic algorithm from Section 4.3.2 initialized with 
the greedy strategy and improved with the four proposed local searches 
of Sections 4.5.2–4.5.5. In this case, the four local searches are run after 
executing Step 8) of Algorithm 3.

In order to study the effect of the greedy initialization and the 
four local searches in our proposal, we also analyze four different 
approaches, denoted as VNS, genetic, VNS + greedy and gen + greedy. 
If VNS or genetic are applied, then Algorithms 2 or 3, are respectively 
run. In this case, both heuristics are initialized randomly as explained 
in Section 4.4. Nevertheless, when the methods VNS + greedy or gen 
+ greedy are executed, Algorithms 2 or 3 are respectively run, but 
initialized with the greedy approach.

To avoid confusion in the different strategies applied, we include 
Table  2. Columns 2, 3 and 4 of this table indicate, respectively, the 
initialization procedure, the base algorithm and the local improvement 
used in the heuristic methodologies benchmark, VNS, VNS + greedy, VNS 
+ greedy + sfrc, genetic, gen + greedy and gen + greedy + sfrc. Note that 
the exact and naive approaches have not been included in the table 
since we found them simpler to follow.

For the exact approach, we solve Problem (3) using the off-the-
shelf solver Gurobi, (Gurobi Optimization, LLC, 2022). We set all the 
Gurobi parameters to their default value except the number of threads 
used. This parameter, which in Gurobi is called Threads, is fixed to 
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Table 2
Summary of the heuristic approaches.
 Initialization Base algorithm Local improvement 
 benchmark greedy genetic optimization-based  
 VNS random VNS –  
 VNS + greedy greedy VNS –  
 
VNS + greedy + sfrc greedy VNS

slack + fill +  
 reassignment +  
 conditional  
 reassignment  
 genetic random genetic –  
 gen + greedy greedy genetic –  
 
gen + greedy + sfrc greedy genetic

slack + fill +  
 reassignment +  
 conditional  
 reassignment  

1. This choice was made in order not to take advantage of the different 
threads of the computer when running the experiments. The full list 
of the Gurobi hyperparameters can be found here.1 The single-level 
reformulation (3) is solved with a time limit of 600s. We consider the 
optimal solution the one given after this limit, even though the solver 
has not certified the optimality. Regarding the remaining approaches, 
the lower-level problems of type (2) have also been solved using Gurobi 
with the same settings. For the sake of comparison, these problems have 
been sequentially run, even though this task can be parallelized if we 
want to reduce the computational time even more.

We compare the approaches in terms of the objective values. Since 
the results for all the approaches, except the exact may suffer variations 
depending on the random generation of the vector of prices, we decided 
to run the methodologies 1000 times to get fair conclusions. This way, 
a distribution of the results is shown. By default, we set the input 
parameters 𝐿0, 𝑄 and 𝑇  of the Algorithm 2 to the values 1000,100, 
and 500, respectively. On the other hand, we set 𝐿0 = 1000, 𝑄 = 1000
and 𝑇 = 500 in the genetic strategy of Algorithm 3.

All the experiments have been run on a Linux-based server with 
CPUs clocking at 2.6 GHz, 1 thread, and 8 GB of RAM using Python 
3.11.4, (Python Software Foundation, 2024). The optimization prob-
lems have been solved using Gurobi 10.0.3, (Gurobi Optimization, LLC, 
2022).

5.2. Case study with 30 customers and 5 products

This first instance is quite simple to solve in Gurobi. Indeed, even 
though we set a maximum time limit of 600 s, Gurobi is able to solve 
this instance in approximately 10 s, yielding an optimal objective value 
of 807. Hence, in this particular case, it makes no sense to utilize our 
proposal because Gurobi already provides the optimal solution in a 
short period of time. However, we found it interesting to compare the 
approach presented here with the naive method of Section 4.2 because, 
as we will see later, despite this instance being easy to solve, the naive
heuristic yields bad results compared to the proposed methodologies.

Fig.  6 shows the results obtained after running 1000 simulations of 
the approaches naive, VNS, VNS + greedy, VNS + greedy + sfrc, genetic,
gen + greedy, gen + greedy + sfrc and benchmark. Note that the naive
methodology is colored in blue, whereas all the VNS heuristics are 
plotted in red. In addition, the genetic approaches are colored in green, 
and the benchmark method in orange. However, the last two colors 
cannot be appreciated because of the inexistent variance of the results. 
In addition, the output of the VNS + greedy approach and also gen + 

1 https://docs.gurobi.com/projects/optimizer/en/current/reference/
parameters.html
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Fig. 6. Comparison of the different approaches for the instance with 30 customers and 
5 products.

greedy are highlighted with circles in the boxplots. However, in the last 
case, it is impossible to see again due to the zero variance of the results.

In all the cases, we use the number of points created in the set 
as the stopping criterion. We decided to generate || = 24000 points 
in this case. Note that the total number of feasible solutions is equal 
to 𝑀𝐼 , where 𝐼 is the number of products, and 𝑀 is the number of 
unique budgets. Hence, in our case, we have 275 solutions, which is 
approximately 107 points to evaluate, and therefore, evaluating 24000
points is a small quantity if we compare it with the total amount of 
solutions.

The left 𝑦-axis of Fig.  6 indicates the value 𝜙𝑚𝑎𝑥 obtained with all the 
algorithms. On the other hand, the right 𝑦-axis shows the fraction of the 
optimal objective value we obtain with Gurobi after 10 s. For example, 
in this particular case, we know the optimal objective value is attained 
at 807. Hence, the horizontal line at 0.99 indicates the value 807×0.99 =
798.93. Consequently, if the values of the boxplots are situated between 
0.99 and 1, it means that those objective values are between 798.93 
and 807. This is exactly what happens with our proposal, especially in 
the approaches VNS + greedy + sfrc, genetic, gen + greedy and gen + 
greedy + sfrc. In these cases, the heuristic methodologies are able to 
reach the true optimum in the 1000 simulations. The same happens in 
the benchmark approach. Note however, that worse results in terms of 
the objective values are obtained with the approaches VNS and VNS 
+ greedy, even though they are much better than the naive strategy. 
In addition, we want to compare VNS and VNS + greedy to analyze 
the effect of the different initialization methods that we use. Note that, 
in this instance, where the number of customers is much larger than 
the number of products (30 versus 5), the greedy initialization makes 
no benefits in terms of the objective values. In fact, the results of the 
approach VNS + greedy are worse than those of VNS, and has more 
variability.

In any case, as mentioned at the beginning of this section, this 
instance can be easily solved with Gurobi in less than 600 s. Then, 
our approach here is not useful. The following sections provide further 
results in more challenging instances.

5.3. Case study with 30 customers and 25 products

In the second case study, we analyze an instance with 𝐾 = 30
customers and 𝐼 = 25 products. As before, the time limit when solving 
the single-level reformulation is 600 s, and the number of runs of all the 
algorithms is 1000. We set the number of vector prices in  to 24000 as 
stopping criteria. Note that, in this instance, the number of evaluated 
points is even smaller than in the previous case when compared with 
the total number of feasible solutions, that is, 2325 ≈ 1034.

https://docs.gurobi.com/projects/optimizer/en/current/reference/parameters.html
https://docs.gurobi.com/projects/optimizer/en/current/reference/parameters.html
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Fig. 7. Comparison of the different approaches in the instance with 30 customers and 
25 products.

Fig. 8. Zoom of the comparison of the different approaches in the instance with 30 
customers and 25 products.

Fig.  7 shows the boxplots of the results obtained with the naive, VNS-
based, genetic-based and benchmark approaches depicted in blue, red, 
green and orange, respectively. The optimal objective value provided 
by Gurobi in 600 s is 887. The dotted line at 986 represents the 
objective value of the first vector of prices evaluated in the greedy 
initialization (Section 4.4).

We can observe that the outliers of the boxplot for the naive method 
correspond to the cases where it reaches the best integer solution 
found by Gurobi. In other words, the naive method rarely reaches this 
optimum. Indeed, the (central) 50% of the runs of the naive approach 
yield an objective value close to 840, that is, close to 0.95 times the 
optimum. On the contrary, the VNS proposal got larger results than 
those provided by Gurobi in more than 75% of the runs. In addition, the 
remaining proposed strategies, namely VNS + greedy, VNS + greedy + 
sfrc, genetic, gen + greedy and gen + greedy + sfrc yields results which are 
larger than 1.1 times the optimal value obtained by Gurobi. This effect 
also occurs in the benchmark approach. Note, however, that, in this 
instance, the best outputs are obtained with the approach gen + greedy 
+ sftb. Particularly, the 1000 simulations always attain the same value, 
which is 1042, and that we have empirically tested that is the true 
optimum of this example. For a better comparison of the results, we 
plot in Fig.  8 those boxplots with objective values larger than 1.1 times 
the optimal value obtained by Gurobi, i.e., larger than 1.1×887 = 975.5.

Besides, regarding the initialization procedure, we observe that, in 
this instance, where the number of products is similar to the number of 
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customers (30 versus 25), the greedy initialization has a positive effect. 
This is particularly evident if we compare the approaches VNS and
VNS + greedy. In addition, the comparison of the approaches without 
and with the four local searches slack, fill, reassignment and conditional 
reassignment are also noteworthy. Whether we focus at the VNS or
genetic counterparts, we observe that the objective values obtained with
VNS + greedy + sfrc or gen + greedy + sfrc are better than those of VNS 
+ greedy or gen + greedy, respectively. Moreover, if we compare the 
approach gen + greedy + sfrc, which uses our proposed local searches, 
with the benchmark strategy, that applies an optimization-based local 
improvement, we see that the benchmark methodology only attains 
the true optimum, 1042, in some cases, whereas our proposal always 
reaches this point.

In what follows, let us analyze the sensitivity of the proposed local 
searches for the VNS-based and genetic-based heuristics. Fig.  9 shows 
the results in the VNS case, whereas Fig.  10 depicts the analogous 
results for the genetic approach. In these experiments, we run 1000 
times the default base heuristic with the greedy initialization, i.e. VNS 
+ greedy or gen + greedy and different variants where the local searches 
are compared. For instance, in the case of the VNS algorithm, if we 
run VNS + greedy + s, it means that the algorithm of Section 4.3.1 is 
initialized with the greedy approach of Section 4.4 to be then improved 
with the local search slack from Section 4.5.2. Similar explanations 
have the rest of approaches, namely, VNS + greedy + sf  VNS + greedy + 
sr, VNS + greedy + sc, VNS + greedy + sfr and VNS + greedy + sfrc. The 
case with the genetic approach is also analogous. Note that, in order 
to get a better visualization of the results, we omit the boxplots for the 
methodologies naive, VNS and genetic. Looking at Figs.  9 and 10, it can 
be seen that in both cases, including the slack local improvement in-
creases the objective value compared with the corresponding approach 
without such improvement, i.e., compared with VNS + greedy or gen + 
greedy. Regarding the local searches that involve changes in the binary 
variables, fill, reassignment and conditional reassignment, we observe that 
in Fig.  9 apply the fill or the conditional reassignment strategies after 
the slack local searches have slightly better performance than applying 
the reassignment. In other words, the VNS + greedy + sf  and VNS + 
greedy + sc yield better objective values than VNS + greedy + sr. In 
contrast, in the genetic case, the approach gen + greedy + sc is better 
than gen + greedy + sf  and gen + greedy + sr. Regarding the inclusion 
of the reassignment local search to slack and fill in the VNS approach of 
Fig.  9, i.e., analyzing the strategy VNS + greedy + sfr, we observe some 
improvement compared to the cases where only two local searches are 
used, namely the case VNS + greedy + sf. In addition, slightly better 
results can be seen in the bottom whisker of the boxplot if we compare
VNS + greedy + sfr and VNS + greedy + sfrc. Similar conclusions are 
obtained when comparing gen + greedy + sfr and gen + greedy + sfrc
in Fig.  10. More precisely, in this case, both approaches yield the same 
results.

Next, we analyze the evolution of different methodologies over 
time. In particular, we analyze the results of naive, VNS + greedy + sfrc,
gen + greedy + sfrc, and benchmark. Moreover, we also include a variant 
of the exact method, named exact_h, where h comes from heuristics. The 
idea of this experiment is to compare our proposal, which is a heuristic 
approach, with the great amount of heuristic algorithms available in the 
literature and that are already included in Gurobi to help the resolution 
of MILPs. To this aim, in addition to tuning the parameter Threads to 
the value 1, we also modify the Gurobi parameter named Heuristics
which controls the proportion of time spent in MIP heuristics. Such a 
parameter is set to its maximum value 1.

Fig.  11 depicts these results. The solid black line represents the 
evolution of the branch-and-bound algorithm carried out with the exact
approach, whereas the dashed black line indicates the behavior of the
exact_h approach. In the first case, we can observe that the optimal value 
of 887 is attained in approximately 200 s. However, the optimal value 
of the exact_h strategy coincides with 893 and is reached around 400 s. 
On the other hand, we represent the results of thenaive, VNS + greedy + 
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Fig. 9. Comparison of the four local searches using the VNS approach in the instance 
with 30 customers and 25 products.

Fig. 10. Comparison of the four local searches using the genetic approach in the 
instance with 30 customers and 25 products.

Fig. 11. Evolution in time of the results with the different approaches in the instance 
with 30 customers and 25 products.

sfrc, gen + greedy + sfrc, and benchmark in blue, red, green and orange, 
respectively. In these experiments, we set the same stopping criterion 
as before, a maximum number of 24000 points in the set . Note that 
the dotted lines, independent of which approach is used, indicate the 
median value (or the 50-th percentile, 𝑃 ) obtained along the 1000 
50

11 
Fig. 12. Zoom of the evolution in time of the results with the different approaches in 
the instance with 30 customers and 25 products.

runs of the incumbent approach at each time instant. The shadowed 
areas represent the range where the 90% of the results are located. 
That is to say, these areas are limited by the 5-th percentile, 𝑃5, and 
the 95-th percentile, 𝑃95. We decided not to analyze the best and the 
worst cases yield along the time (which corresponds to 𝑃0 and 𝑃100, 
respectively) but the percentile 𝑃5 and 𝑃95. The reason for this choice is 
that we do not want to get wrong conclusions derived from the extreme 
values that may be the consequence of atypical results. This way, using 
𝑃5 and 𝑃95 will provide more consistent conclusions. We can see that 
in the first seconds, all the approaches, naive, VNS + greedy + sfrc, gen 
+ greedy + sfrc, and benchmark give better results than the exact and
exact_h strategies. Hence, if a feasible solution with a good objective 
value is desired, then the user can choose any of these methodologies. 
Besides, we observe that the shadowed areas associated with the VNS-
based approach (in red), the genetic-based strategy (in green), and the
benchmark methodology (in orange) always take higher values than the 
ones of the naive method (in blue). Indeed, the lower limit of the red, 
green or orange areas that corresponds to the 5-th percentile of the
VNS-based, genetic-based or benchmark approaches, respectively, that 
is, to the (almost) worst case that we may obtain, has a value that, in 
the limit, are much larger to the one obtained by the exact and exact_h
methodologies. Moreover, note that, even though the three strategies,
VNS + greedy + sfrc, gen + greedy + sfrc and benchmark yield similar 
results in median, the variability is different among them. To better see 
this effect, we refer to Fig.  12, where we observe that the gen + greedy 
+ sfrc approach is the one with lower variance. In particular, from the 
second 50 approximately, this methodology attains the value 1042 in 
all the simulations run.

Finally, we perform a sensitivity analysis of our proposal concerning 
the input parameter 𝐿0, i.e., with respect to the initial number of 
vectors to be included in the set . See Algorithms 2 and 3 for more 
details. To this aim, we compare the approaches VNS + greedy + 
sfrc and gen + greedy + sfrc which uses 𝐿0 = 1000, with two new 
values, namely 𝐿0 = 100 and 𝐿0 = 5000. These strategies are also 
compared with the benchmark method. The rest of the hyperparameters, 
different from 𝐿0, remain unchanged. In other words, 𝑄 = 100 and 
𝑇 = 500 for the VNS + greedy + sfrc algorithm, and 𝑄 = 1000 and 
𝑇 = 500 for the gen + greedy + sfrc approach, and for the benchmark
methodology, too. We remove the naive strategy from the comparison 
since we observe that no matter which value is used to initialize 𝐿0, the
VNS-based and the genetic-based approaches got better results in terms 
of the objective values than those provided by naive. Furthermore, the 
stopping criterion for all the approaches is again the cardinal of the set 
 obtained at the end of the algorithms, which is set to 24000 points.
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Fig. 13. Comparison of the approaches with different values of 𝐿0 in the instance with 
30 customers and 25 products.

Fig.  13 shows the boxplots of objective values 𝜙𝑚𝑎𝑥 obtained in the 
1000 runs of the different approaches. The objective value provided by 
Gurobi using the exact algorithm is 887. The objective value provided 
by the first point of the greedy initialization is 986, which is marked 
with a horizontal dotted line. The interpretation of the two vertical axes 
is exactly the same as the one in Fig.  7. Firstly, we observe that no 
matter which value is used to initialize 𝐿0, the VNS-based and genetic-
based approaches got better results in terms of the objective values than 
those provided by Gurobi. The same behavior can be seen with the
benchmark strategy. Besides, we can see in the VNS-based case that the 
larger the initialization value, the higher the central box of the boxplots 
is located. In other words, higher values of 𝐿0 have bigger objective 
values in the 50% central of the observations. This phenomenon may 
be due to the fact that, when increasing the value 𝐿0, we sample more 
vectors of prices whose associated upper-level objective functions may 
have larger values. Therefore, the initial set  may contain vectors with 
higher objective values, implying that the VNS approach is initialized 
with better local optima and, hence, gets better results.

A different situation occurs in the genetic-based simulations. It can 
be observed that the larger 𝐿0, the smaller the objective values of the 
upper-level function. Particularly, this difference is more significant 
if we compare the results of 𝐿0 = 100 and 𝐿0 = 1000 with those 
of 𝐿0 = 5000. The reason for this phenomenon may be due to the 
evolutionary process that the genetic algorithms follow. Sampling more 
initial points (𝐿0 = 5000) implies to have more vectors to choose from 
in the crossover and mutation operators, and therefore, one may have 
more difficulties in finding good objective values. In addition, we see 
that changing from 𝐿0 = 100 to 𝐿0 = 1000 no have strong consequences 
in terms of the objective values. Only in few instances of the case 
𝐿0 = 100, the algorithm is not able to attain the true optima 1042.

5.4. Case study with 60 customers and 50 products

This instance of the Rank Pricing Problem is formed by 𝐾 = 60
customers and 𝐼 = 50 products. We compare our approaches with the
benchmark strategy as well as with the exact method. We first set as 
stopping criteria the cardinal of the set  which is fixed to 24000. The 
rest of the input parameters of our proposal are set to their default 
values, that is to say, 𝐿0 = 1000, 𝑄 = 100, and 𝑇 = 500 in the VNS-based 
strategies and 𝐿0 = 1000, 𝑄 = 1000, and 𝑇 = 500 for the genetic-based 
approaches. The optimal objective value obtained by the exact approach 
is equal to 1151.
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Fig. 14. Comparison of the different approaches for the instance with 60 customers 
and 50 products using as stopping criteria that the cardinal of the set  reaches 24000 
points.

Fig.  14 shows the results of the naive, VNS + greedy, VNS + greedy 
+ sfrc, gen + greedy, gen + greedy + sfrc and benchmark approaches. 
For the sake of visualization, we remove the results from naive, VNS
and genetic approaches. We observe that all the strategies get larger 
objective values than the one provided by Gurobi using the single-
level reformulation (3). Regarding the effect of the greedy initialization 
in the VNS-based or genetic-based approaches, we observe that the 
use of the greedy approach has indeed a positive effect in terms of 
the objective values. In particular, both methodologies always attain 
the value 1989 (plotted with a dotted line) which is the objective 
value obtained with the first point of the greedy initialization. This 
means that neither applying the VNS or the genetic strategies will imply 
improvements in the values. A similar situation occurs in the benchmark
approach, where apart from the genetic with the greedy initialization, 
the optimization-based local search of Section 4.5.1 is run. It means 
that such local search provides no improvement regarding the objective 
value of the initialization. Let us now focus on the effect of the proposed 
local searches on the base heuristics. In both cases, VNS + greedy + sfrc
and gen + greedy + sfrc have better values than their corresponding 
approaches without the local searches, then demonstrating the effec-
tiveness of the local improvements proposed in this paper. Let us focus 
with more details on the differences between these two approaches. To 
this aim, let us focus on Fig.  15, where a zoom of these values is made. 
It can be seen that, in this case, the VNS-based setting yields results 
with a smaller variance than those of the genetic-based methodology. In 
fact, the 1000 simulations of the VNS approach are equal to the value 
1998, so the variance in this methodology is zero. In contrast, some 
runs of the genetic algorithm yields larger values than those provided 
by the VNS, i.e., larger than 1998, even reaching objective values close 
to 2010. In addition, approximately the 75% of the objective values 
obtained by the genetic-based methodology are smaller than the value 
obtained by the VNS counterpart (1998). Whether to apply the VNS
or the genetic strategies combined with the greedy initialization and the 
local searches sfrc is an user decision. If one wants to have some chance 
of getting a value larger than 1998, then the genetic algorithm should 
be used. In contrast, if the user wants to have small variance in the 
results, the VNS setting is to be applied.

In what follows, we will compare the results obtained with two 
different stopping criteria, namely the cardinal of 24000 points for the 
set , and the time limit of 600 seconds. For the sake of comparison, 
some remarks should be done before continuing. Firstly, we want 
to highlight that, the computational time of all algorithms when the 
stopping criterion of 24000 points is used is around 100 s. Secondly, 
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Fig. 15. Zoom of the comparison of the different approaches for the instance with 60 
customers and 50 products using as stopping criteria that the cardinal of the set 
reaches 24000 points.

Fig. 16. Comparison of the different approaches for the instance with 60 customers 
and 50 products using as stopping criteria a time limit of 600 s.

note that we have chosen to use also the time limit of 600 seconds 
because this is the computational time allowed in Gurobi for solving 
the exactapproach. Finally, note that in the VNS-based, genetic-based 
and benchmark methodologies, we measure the computational time just 
taking into account the time provided by Gurobi when solving the 
lower-level problems (2). We are aware that there are different parts 
of the algorithm that require some non-significant time, such as, for 
instance, the local searches. However, we think that the measure of 
such a computational time depends on the way the approach is coded. 
In contrast, the time provided by Gurobi only depends on the solver 
itself. Consequently, fair conclusions are derived.

Fig.  16 shows the results obtained for the different approaches 
(except naive and VNS) using the computational time limit of 600 s 
as stopping criterion. As expected, the objective values of Fig.  16 are 
larger (or in some cases equal) than those obtained in Fig.  14, where we 
stopped the algorithm when the set  has 24000 points. For instance, 
we observe in Fig.  16 that all the solutions of the methodology gen 
+ greedy + sfrc has an objective value greater than 2000, whereas in 
the case of Fig.  14 more than 75% of the results obtained are below 
the value 2000. Moreover, when the VNS-based strategies are used, it 
can be seen that there are no significant modifications when changing 
13 
the stopping criterion. In particular, the results of VNS + greedy and
VNS + greedy + sfrc are exactly the same in both figures. In contrast, 
some differences can be observed in the case of the genetic-based and
benchmark strategies. Finally, the gen + greedy method do not change 
their value, 1989, when the stopping criteria is modified.

6. Conclusions and further research

This paper addresses the Rank Pricing Problem (RPP), a challenging 
NP-hard combinatorial optimization problem formulated as a bilevel 
model with lower-level binary variables. To tackle the RPP, we propose 
a heuristic approach that effectively leverages the problem’s struc-
ture. Our method combines a well-established heuristic algorithm — 
specifically, we test standard implementations of a genetic algorithm 
and a Variable Neighborhood Search routine — with four novel local 
search subroutines designed to enhance the solutions provided by the 
base heuristic. Unlike previous approaches, our method avoids solving 
additional optimization problems, significantly reducing computational 
complexity.

We evaluate our approach on various RPP instances with different 
numbers of products and clients. Results demonstrate that our method 
consistently outperforms MIP solvers within a short computational 
time. For example, in large instances, the most competitive variants of 
our strategy achieve objective values that are systematically more than 
1.7 times higher than those obtained by Gurobi in under 600 s.

Future research could explore further enhancements, such as inte-
grating our heuristic approach with other optimization techniques to 
tackle even more complex bilevel problems or incorporating machine 
learning to refine decision-making in combinatorial models. Addition-
ally, our method is well-suited for parallel computing. Another promis-
ing avenue for future work is adapting our approach to variants of the 
RPP where clients’ budgets and/or preferences are unknown.
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