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ABSTRACT. Let T be a positive linear operator with positive inverse. We
consider in this paper the ergodic Cesaro-a averages An,of, 0 < o < 1, and
the ergodic Cesaro-a maximal operator associated to 1T'. For Lebesgue spaces
LP(v), it is known that the good range for the convergence of the Cesaro-a
averages and the boundedness of the maximal operator is 1/a < p < +oo.
In this paper we study the convergence of Ap, of, where {ny} is a lacunary
sequence, and the boundedness of its associated ergodic maximal operator.
We get positive results in the range 1 < p < ﬁ We use transference
arguments which leads to us to study in depth weighted inequalities of the
lacunary Cesaro-a maximal operator in the setting of the integers and in the
setting of the real line.

1. INTRODUCTION.

Let (X, F,v) be a o-finite measure space and let T' be a linear operator acting on
measurable functions. The ergodic Cesaro-a averages, 0 < a < 1, and the ergodic
Cesaro-a maximal operator associated to T are defined by

1 n
Anaf =72 D AT and Maf = sup Aol /],

™ k=0

respectively, where A% = W and Ag =1 for all § > —1. The Cesaro-$3
numbers, 3 > —1, have the following properties (see e.g. [19]):

(i) The numbers A? are positive, increasing (as a function of n) for 3 > 0 and
decreasing for —1 < 5 < 0.
G N 4B
(i) > opo Ak = APt
(iii) There exist positive constants C; and Cy, depending only on 8, such that
foralln >0

Ci(n+1)7 < AP < Cy(n+1)°.
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R. Irmisch [10] proved that if T is a positive linear contraction on LP(v) and
p > 1/« then the ergodic Cesaro-a maximal operator is bounded on LP(v),

p
P(v Si P(v),
[[MafllLrw) p_1||f\|L »)

and the averages A, of converge almost everywhere and in the LP(v)-norm for all
f € LP(v). Notice that for & = 1 Irmisch’s result is the well-known Akcoglu’s
theorem [1].

If 7 : X — X is a measure preserving transformation then Irmisch’s theorem can
be applied to the positive operator (isometry) Tf(z) = f(7x). Déniel [7] proved
that the result does not hold in the limit case p = i and o < 1. In fact, it was
proved that if 7 is ergodic and the measure space is finite and non atomic then
there exists f € Lé(u) such that the sequence of averages diverges a.e.. Broise,
Déniel and Derriennic established [5] that if 7 : X — X is a measure preserving
transformation then the limit of the averages A, . f exists almost everywhere for
any f in the Lorentz space Ly /4,1(v). Furthermore, M, is of restricted weak type
(1/a,1/a), that is, there exists C' > 0 such that

v({z: Mo f(z) > A}) < Al/a||f||lL/5a,1<v>v

for all A > 0 and all f € Ly/4,1(v), where |[f|[,,, () is the usual quasi-norm in
the Lorentz space.

The above results were extended to a more general kind of operators in [13] and
[3]. Essentially, these operators will be the setting in which we shall present the
theorems of this paper. In order to introduce these operators let us consider a non
singular measurable invertible transformation 7 on X, that is, 7 : X — X is a map,
77'F € Fif and only if E € F and v(77'E) = 0 if and only if v(E) = 0. Let g be
a positive measurable function and let T' be the operator induced by ¢ and T,

(1.1) Tf(x)=g(x)f(rz).
It is clear that T%f(x) = g;(x)f(r'x), where go(x) = 1 and the functions g; satisfy
gi+j(x) = gi(x)g;(T"x).

The measures v;(E) = v(7'E) have the same sets of measure zero as v. If J;
is the Radon-Nikodym derivative of v; with respect to v we have that Jipj(x) =
Ji(x)J;(r'z) and if H;(x) = (g;(x)) PJ;(x) the following key property

(1.2) @) = [ 17 @@ )

holds for all nonnegative functions and for all f € LP(v). The following relevant
result was proved in [14] in a slightly more general setting.

Theorem 1.1. [14] Let (X,F,v) be a o-finite measure space, T a non singular
measurable invertible transformation on X, g a positive measurable function and T
the operator defined by (1.1). Let 1 < p < co. The following are equivalent.

(a) supnso | Shao 74,

(b) for a.e. x € X the function H, € A; with the same A; constant, where
H, :7Z — R, Hy(i) = Hi(x) and A} is the discrete Sawyer’s condition (see
Section 2).

(¢) The ergodic mazimal operator My = M is bounded on LP(v).
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We have also that the adjoint of T" is the operator

* J_1($) —1
(13) T (@) = S )
For this kind of operators T, it was proved in [13] that the Cesaro averages be-
have well in the good range p > 1/« under the assumption that the averages of a
modification of T" are uniformly bounded in LP*(v). We quote the result.

Theorem 1.2. [13] Let (X,F,v) be a o-finite measure space, 0 < a < 1, 1 <
p < 00, T a non singular measurable invertible transformation on X, g a positive

measurable function, T the operator defined by (1.1) and T, f(x) = (g(x))l/a f(rz).
Assume that

(1.4) sup
n>0

< o0 .
Lre(v)

1 n
Tk
n+1z @
k=0

Then there exists C > 0 such that
[IMafllzewy < CllifllLrw),

for all f € LP(v). Further, the sequence of averages A, of converges almost every-
where and in the LP(v)-norm for all f € LP(v) as n — oo.

Remark 1.3. Theorem 1.2 also holds replacing assumption (1.4) by the following
apparently weaker assumption: for almost every x the function i — H;(z) on the
integers satisfies the condition A} (see the definition of the condition in §2).

In the limit case p = 1/a, we have to assume g = 1 and the result is in the
following theorem (notice that it follows from Theorem 1.4 in [3]).

Theorem 1.4. [3] Let (X, F,v) be a o-finite measure space, 0 < o < 1, 7 a non
singular measurable invertible transformation on X and Tf(x) = f(rx). Assume
that

1 n
(1.5) sup ZTk <00 .
nx0||n+ 1= L'(v)
Then there exists C > 0 such that
C 1/

v({e s Maf(2) > D) < 2 IS, L)

for all X\ > 0 and all f € Ly/o1(v). Further, the sequence of averages An of
converges almost everywhere and in measure for all f € Ly /o1 (V) as n — oc.

Remark 1.5. Notice that (1.5) holds if and only if for almost every x € X, the
functions w, (i) = J;(x) on the integers satisfy that w, € A with a constant inde-
pendent of z.

Clearly, for o < 1, the range p > 1/« is the good range for the convergence of
the full sequence A,, ,. We can not obtain positive results out of this range unless
we take subsequences n = {ny}. With this idea we are going to consider p-lacunary
sequences n of positive integers, which generally have a better behavior (see for
instance the corollary in [18, p.75] for the sequence {2*}). In this paper we say
that n = {ny} is a p — lacunary sequence, p > 1, if

(1.6) p< ML 2

Nk
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for all k € N and n; = 1. The typical example is n, = 2¥~1. Observe that the
following properties hold:

(1.7) pj_i < N < pQ(j_i), for all j >i.
n;
If we denote by /3 the smallest positive integer such that 1/p 4 (1/p)? < 1, we get
from (1.7) that
(1.8) n;+n; <njy; forall j>i+pF—1.

Given a p—lacunary sequence n = {ny}, we consider the ergodic Cesaro-a averages
Ap,.of associated to this sequence and the lacunary ergodic maximal operator,

(1.9) Manf(x) = sup A, ol f|(z).
keN

The following results show sufficient conditions for the convergence of the subse-
quences Ay, f for f € LP(v) with 1 < p < ;2. (Notice that 2 < 1 if and only
if > 1/2.) We state first the case p = 1 and then the case 1 < p < ﬁ

Theorem 1.6. Let (X,F,v) be a o-finite measure space, 0 < a < 1, n = {ny}

a p-lacunary sequence, T an invertible non-singular measurable transformation and
Tf(x)= f(rx). Let T. f(z) = (J1(x)) "¢ f(rx) for some e > 0. If

I & i
(1.10) 2%272Mén = M, < oo,
1S ng j=0

L(v)
then there exists C > 0 such that

(1.11) v({z: Manf(z) > A}) < f/X |f| dv

for all X\ > 0 and all f € L'(v). Furthermore, the limit limy_,o0 A, of exists
almost everywhere and in measure, for any f in L'(v).

Remark 1.7. Notice that € can be very small; consequently the operator T; in
Theorem 1.6 can be considered as a small perturbation of T'.

Corollary 1.8. Let (X, F,v) be a o-finite measure space, 0 < o < 1, 7 an invertible
non-singular measurable transformation and T f(z) = f(rz). If

1 . a—1mk
a5 2o AT

" k=0

< o0,
Li(v)

(1.12) sup
n>0

then the conclusions in Theorem 1.6 hold for all p-lacunary sequences n. In partic-
ular, the conclusions hold if 7 is a measure preserving transformation.

Theorem 1.9. Let (X, F,v) be a o-finite measure space, 0 < a < 1, n = {ng}
a p-lacunary sequence, 1 < p < ﬁ, T an invertible non-singular measurable
transformation, g a positive measurable function and Tf(x) = g(x)f(rx). Let

/o
Tof(@) = (220)" ).

n

L

k=0

(1.13) sup
n>0

< 00,
Lo (v)
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where p' is the conjugate exponent of p. Then there exists C > 0 such that
(1.14) [[ManfllLrwy < CllfllLew)

for all f € LP(v). Furthermore, the limit limy_ oo Apn, .o ezists almost everywhere
and in the LP (v)-norm. (In particular, the conclusions of this theorem hold if g = 1
and T is an invertible measure preserving transformation.)

Remark 1.10. On the one hand, notice that (1.13) is an assumption similar to the
one in Theorem 1.2. On the other hand, we point out that (1.13) is equivalent to

n+1ZSk

where Sf(x) = g1/ (2)J} "/ (2) f(r2).

Remark 1.11. Theorem 1.9 can be proved assuming that that 7' : LP(v) — LP(v),
1 < p < 00, is a bounded invertible linear operator such that T and T~! are pos-
itive (that is, f > 0 implies Tf > 0 and T-1f > 0). We recall (see [12]) that,
in this case, T is a separation-preserving operator on LP(v) and, moreover, for
each j € Z, there exist a positive measurable function g; and a c-algebra auto-
morphism ®; mapping measurable functions onto measurable functions, such that:
(i) f = h ae. implies ®;f = ®;h a.e; (ii) for every f € LP(v), TV f = g;®;f;
(ili) @, preserves the v-a.e. convergence of sequences of measurable functions. It
follows from these properties that ®; is, in particular, a positive linear transfor-
mation on the measurable functions (modulo v), that the sequences {g;}52_ ., are
uniquely determined, and that for j € Z, f measurable, and 0 < s < 400, we have
|®;(f)]° = ®,(|f]?). By the Radon-Nikodym Theorem, there exists a unique se-
quence {J;}52_  uniquely determined (modulo v) such that for each j € Z, J; >0
on X, and [, fdv = [, J;®;(f)dv, for all f € L'(v). Then we can see that the
proof of Theorem 1.9 can be easily adapted to this situation

(1.15) sup
n>0

< 00,
po
L pa—p+1 (y)

By using transference arguments, the study of the maximal operator M, , can
be reduced to the study of the ergodic Cesaro-a maximal operator over the integer
numbers associated to the transformation 7(i) = ¢ 4+ 1, which is defined by

- ZAM jlati+ ),

nkjo

(1.16) m] ,a(i) = sup
’ keN A

where a : Z — R is any function (any sequence of real numbers). In particular, we
shall need to study the boundedness of m7 , on weighted ¢” spaces. It is convenient
to observe that, by the properties of the Cesaro numbers,

1 I a1y .
(LI7) - Gmdna(d) < sup gy 2k =3+ D" ali+)| < (i)

where C' is independent of a and i. We notice that m+ has a continuous counter-
part, the lacunary Cesaro-a maximal function assomated to € = {e} }rez, defined
for functions on the real line by

T+egk

(1.18) Mct@f( x) 7supi (x4 ep — ) f(2)] dt,
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where € is a p-lacunary sequence of positive numbers, that is, 1 < p < ej.41/ex < p?
for all k € Z (it is not necessary to ask for ey = 1). The results for M;G and mf
are essentially the same, although the proofs may require different details.

The article is organized in the following way: The results for m} , (and M;e)
appear in §2. The proofs of Theorem 1.6 and Corollary 1.8 are in §3. Theorem 1.9
is proved in §4. In §5 we give examples that show that the condition in Theorem
1.6 holds while the condition in Corollary 1.8 is not satisfied; we also provide sim-
ilar examples related to Theorem 2.6 and Corollary 2.7. Finally, some properties
established in §2 are proved in §6.

Throughout this paper, a is a number such that 0 < o < 1, if 1 < p < oo then
p’ denotes its conjugate exponent, i.e., 1/p+ 1/p’ = 1, and the letter C means a
positive constant non necessarily the same at each occurrence.

2. THE BOUNDEDNESS OF mJ , AND MJF6 IN WEIGHTED SPACES

We are interested in the boundedness of the lacunary maximal operators defined
n (1.16) and in (1.18). Our starting points are the whole maximal operators defined
as follows: given a function a : Z — R and a measurable function on f: R — R we
define the Cesaro maximal functions m}ta and M} f by

2.1 mla(i) = su AS"a(i + tEZ
(2.1) (i) mgAQE: “Ha(i + ),
and
1 zte
(2.2) M7 f(x) = sup — (x+e—t)*" f(t)dy, z€R.
e>0 g x

When a = 1, the operators are denoted simply by m™* and M ™ and they are, respec-
tively, the discrete and the continuous version of the one-sided Hardy-Littlewood
maximal operator. The operators m,, m~, M, and M~ are defined in analogous
way, reversing the orientation in the integers and in the real line.

The operator m/ is bounded in ¢7 for p > 1/« and it is of weak type (1,1) for
«a = 1 with respect to the counting measure. For 0 < o < 1 it is of restricted weak
type (1/a,1/a) but it is not of weak type (1/c,1/c). Analogous results hold for
M in the setting of the real line with the Lebesgue measure (see [11]). Moreover,
the characterizations of the boundedness of m} and M} in weighted spaces are
known. To state the results we need to introduce some definitions.

Definition 2.1. Let 1 < p < co. Let w be a nonnegative function on the integers.
We shall say that w € A} (Z) if there exists a constant C' > 0 such that

(i) ifp=1,

%

(2.3) m,w(i) = sup — AT ! )w( ) < Cw(i), for all i€ Z;

—(i—n
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(i) if 1 < p < o0,

1 1/p’
s /p k /p

(2.4) > w() Yo w TP G)ARTP < CAL,,
j=r j=s
for all r, s,k € Z with r < s < k.
The continuous version of these definitions are the following.

Definition 2.2. Let 1 < p < oo. Let w be a nonnegative function on the real line.
We shall say that w € A, (R) if there exists a constant C' > 0 such that

(i) ifp=1,

1
(2.5) MJw(x)=sup = (y— (z —e)* tw(y)dy < Cw(z), ae zcR;
>0 r—e

(i) if 1 < p < o0,

(2.6) ( / " o) dt) v ( /b i (1) (c — 1)1 dt) " Clc—a)®,

for all a,b,c € R with a < b < c.

The classes A, are defined in analogous way, reversing the orientation in the
integers and in the real line. Notice that A;l(R) is the one-sided Muckenhoupt’s
class A} (R) (or Sawyer’s class [17]) which characterizes the boundedness of M+ in

weighted spaces.

The characterizations of the boundednes of m7 in weighted spaces are collected
in the following theorem.

Theorem 2.3. Let 0 < a < 1 and let w be a nonnegative function on the integers.
(a) Let p> L. There exists C >0 such that

Y Imfa@)Pw(i) < 0 la@)Pw(i),
i€Z i€L
for all functions a € €°(w) if and only if w € A (Z).
(b) mZ is of restricted weak type (1/c,1/c), that is, mT applies the Lorentz
space £y q,1(w) into the Lorentz-space €1/, o (w) if and only if w € AT (7).

The continuous version of this result, that is, the corresponding characterization
of the boundedness of M in R with the measure w(z)dz can be found in [15]
and it is easily stated changing the boundedness in ¢?(w) by the boundedness in
LP(w(x)dz) and the conditions A (Z) by the conditions A}  (R). The proofs
in [15] can be easily adapted to the discrete setting of the integers. A proof of
statement (a) in the discrete setting can be found in [16, see Lemma 2 and Theorem
3] as a particular case of the general results obtained in that paper.

All the results that we shall present in this section have its continuous counter-
part. We shall not state them explicitly or we shall not make any comment unless
it is necessary for some proof or because of some particular difference between the
discrete and the continuous case.
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It is well known that, as in the continuous case, A} (Z) has the following sym-
metric property: if 1 < p < oo then w € A;(Z) if and only if 0 = w'™? € A, (7),
where p’ is the conjugate exponent of p. There is no such a symmetric property
when a < 1. However, the classes A (Z) still have similarities to one-sided Muck-
enhoupt’s class A;‘(Z) but the proofs are more subtle, possibly due to the lack of
symmetry in the A;a (Z). Some of the properties of these classes are collected in
the next proposition.

Proposition 2.4. Let 0 < a <1, é < p < oo and let w be a nonnegative function
on the integers.

(a) Ifw e A} (Z) then there exists q such that ¢ < p and w € A} (Z) .

(b) If we A} (Z) then there exists v > 1, such that w" € A} (7).

(¢) Ifwe AJr o(Z) then there exists r > 1, such that w™ € Aia(Z) .

(d) Ifwl/aeA (Z) then w € AT ,(Z).

(e) If we Af(Z) then w € A}, ( ).

Properties (a) and (e) were proved in [15] in the continuous setting, in the real
line, and their proofs are easily adapted to the discrete setting. Property (d) is a
consequence of Holder’s inequality and the well-known property of Ai” (Z) weights:
if u € A (Z) then u” € A (Z) for some r > 1 (this is property (c) for a = 1). We
shall give a detailed proof of properties (b) and (c) in the last section. The same
results hold changing Af  (Z) and Af(Z) classes by A (R) and A, (R) classes.

Now we are ready to state the results that we need about the lacunary maximal
operator It follows from Theorem 2.3 and the obvious estimate mJr < m7 that

if p> L and w € Af ,(Z) then there exists C' > 0 such that
DI wa(d)Pw(i) < Y lali)Pw(i)
i€z i€z

for all functions a € ¢P(w). Our results give sufficient conditions to obtain the
dominated estimates in the bad range 1 < p < 1/« for the lacunary maximal
operator, showing that this operator behaves better than m. In order to state our
first result it is convenient to introduce a definition.

Definition 2.5. Let 0 < a@ < 1, n = {ny} a p-lacunary sequence and let w be
a nonnegative function on the integers. It is said that w satisfies Afa W(Z), or
we Af ‘a.nlZ), if there exists C' > 0 such that m ,w(i) < Cw(i), for all i € Z.

Notice that w € A} ‘a.n(Z) if and only if the lacunary averages

T:’l_ka ZA”k J Z+])

’ﬂk ] 0
are uniformly bounded in the space ¢! (w).

Theorem 2.6. Let 0 < a < 1, n = {ng} a p-lacunary sequence and let w be a
nonnegative function on the integers such that w™ € AT a, (Z) for some r > 1.
Then there exists C' > 0 such that

> w) < $ Y lahet),

{itm{ qa(i)>A} 1EZ
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for all A > 0 and all functions a on 7Z.

Using assertion (c¢) in Proposition 2.4 we have that if w € Afa (Z) then w" €

+
l,a,n

n since it is obvious that mg, , < m;. Therefore, by Theorem 2.6, we have the
following corollary.

AI o(Z) for some r > 1; consequently, w” € A (Z) for any p-lacunary sequence

Corollary 2.7. Let 0 < a < 1 and let w be a nonnegative function on the integers
such that w € Ata (Z). Then there exists C' > 0 such that

S w) < $ Y lahet),

{itm{ qa(i)>A} 1EZ

for all A > 0, all functions a on Z and all p-lacunary sequences. (In particular,
by Proposition 2.4, if w'/® € AJ(Z) then w € AT ,(Z) and, consequently, the
conclusion of the corollary holds.)

We can provide examples showing that the assumption on the weight in Theorem
2.6 for all p lacunary sequences is certainly weaker that the corresponding one in
Corollary 2.7. We may wonder whether the weak type inequality is true assuming
only that w satisfies A, (Z). That is an open question. Obviously, we do not

l,a,n
know either if for all weights w satisfying Afa’n(Z) there exists r > 1 such that
w" € Aiam(Z).

Theorem 2.8. Let 0 < a <1, n={ng} a p-lacunary sequence and 1 < g < p. Let
w be a nonnegative function on the integers and let o4 = w9, Assume that there
exist r > 1 and C > 0 such that

Z[m;nlalr(i)]%ﬂq(i) <Y la(d)|” oq(i)
€L 1€ZL

for all functions a € (9 (0,). Then there exists C > 0 such that

Y wl) < o3 e )

{izm{ qa(i)>\} €L

for all X\ > 0 and all functions a € ¢9(w). Consequently, there exists C > 0 such
that

Y Imga(@)Pw(i) < C7 Y la(i)Pw(i),
i€L i€Z
for all functions a € £P(w).
Using Proposition 2.4 and the above theorem we have the following corollary.
Corollary 2.9. Let 0 <a<1. Ifl<p< ﬁ and o = w7 € Alj,’a(Z), then
Y Imd wa(d)]Pw(i) < 7Y lal@)[Pw(i),
i€L i€Z

for all functions a € ¢P(w) and all p-lacunary sequences n. In particular the result
holds if o = w' " € A, o (Z) (see (e) in Proposition 2.4 ).
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2.1. Proof of Theorem 2.6. We are going to prove Theorem 2.6 deriving it from
its continuous version because the proof is clearer in this case. The continuous
version of Theorem 2.6 is the following result.

Theorem 2.10. Let € = {ei}rez a p-lacunary sequence and 0 < aw < 1. Let w be
a non-negative measurable function on the real line. If w"™ € Aia,@(R)7 that is,

1 xT
(2.7) M, sw"(z) =sup — (t—z+ep)* ' (t)dt < Cw"(2) a.e.,
keZ € T—Eg

for some r > 1. Then there exists a constant C such that

w{zr eR: M;ef(x) > A < %

C
s = 5 [ 1f@lota) da.

Jor all X >0 and all functions f € L'(w), where w(E) means [, w(x)dz.

(Notice that, as in the discrete case, the assumption on the weight is equivalent
to the uniform boundedness in L*(w"), for some r > 1, of the lacunary averages

defined by RY o f (@) = 2= [T (@ + e — )21 f(¢) dt )
Before proving this theorem, we see that Theorem 2.6 follows from Theorem
2.10.

Proof of Theorem 2.6. First, we see that the operator M;@ is related to m;n. On
the one hand, given the p-lacunary sequence n = {nj}ren of positive integers (we
recall that ny = 1) we build a p-lacunary sequence € = {ej}rez of positive real
numbers in the following way: e, = ny if k € N and ¢, = p*~! if £ < 0. On the
other hand, for any sequence a we consider the function A on the real line given
by A(z) = a([z]), where [z] is the integer part of x. It is not difficult to show that
there exist a constant C' such that

M, ¢A(x) < Cmg qa(i) for all i and all x € (i,i+ 1)
m7 qa(i) < OM(;GA(I) for all i and all 2 € (i + 1,i 4 3).

a,n

(2.8)

To prove (2.8), it is convenient to use (1.17). Taking into account the inequalities
in (2.8), Theorem 2.6 is an easy consequence of Theorem 2.10 as we see in the next
lines.

Using the first relation in (2.8), we see that if w” satisfies Aia,n (Z) then the function

Wr(z) =w"([z]) € AT’%@(R). By Theorem 2.10, we have

> Q

W({zreR: M(I@f(x) > A < < fllzrowys

for all A > 0 and all functions f € L'(W). Now take any sequence a and let A be
its associated function on the real line, A(z) = a([z]). It follows from the second
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inequality in (2.8) that

i+ 32

S wi=2 Y W) de
o 1
[i€Z:mE na(i)>A} (i€Z:mE pa(i)>a} " TA
< 2/ W(z) dx
{m:M] A(z)>)\/C}
C C
<5 [A@W@do=$ Y (),
A Jr A i€Z
as we wished to show. O

2.1.1. Proof of Theorem 2.10. First notice that it is enough to prove the theorem
for the operator

1 rteEgR L
sl [ a0 ) dy).
kezZ | € Ja

We also denote with M;@ the above operator. The proof of the theorem follows
the lines of the proof of Theorem 1.7 in [4]. Our hypothesis in the present paper
is weaker. We write the details of the proof to show clearly where the proof must
change.
In what follows, we shall use that w belongs also to AT (R). Moreover, observe that
w” € AT(R) since M~ w" < CM&@wT < Cuw" ae..

We begin studying the behavior of Mot@ on the functions of bounded support
and average zero.

Lemma 2.11. Let 0 < a < 1 and € = {ex}rez a p-lacunary sequence. Let a be
supported on I = (0,¢;) and such that fIa = 0. Assume that w is a weight such
that w" € ATQ ¢ for some r > 1. Then there exists C > 0, independent of a, such
that

+(LZ'[UZ z al\z)|lw z)az
[ Mt <o e

where 3 is the smallest positive integer such that 1/p+ (1/p)P < 1.

PROOF. Let us write

—€m

/z<—s,-+ﬁ M ealz)u(z) dz = i / M pa(z)w(z)dz

m=i+B "7 “Em+1

and

oo

M;@a(z) < Z

k=—o00

1
— /a(u)(ek +z— u)o‘_lx(,gk’o)(z —u)du.
€k T

Observe that if z € (—epm41, —€m) and u € I we have that z — u € (=42, —€m)-
Then z —u € (—¢4,0) for all kK > m+2 and z — u € (—&;,0) for all & < m.
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Therefore, for all z € (—epmt1, —€m),

-1

z) < ’ / (Emt1 + 2 —u)® et

Emt1
_ a—1
+‘/ (Eme2 —|—az v a(u) du
5m+2
a—1
b3 | [ ] = Ane) 4 Bl2) 4 G
€k

k=m+3

Now we have to change the proof in [4]. Let § € (1, p) to be chosen later. Then

/ A ()w(z) dz

—Em+1
—emi1+0m ey (E 4oz a—1
+1+2—u)
< / w(z) / m1t Xiomss oy (2 — w)la(w)| duda
—Em41 I Em-‘rl

_ a—1
/ (z+ Emj;l w a(u) du| dz.
I Em+1

0
+f ()
—Em41+H0m e

Now, doing a similar split with B, (z) we get

/ B ()wle) ds

—Em+1
a—1

—Empa i (5 _
mt2 +2—u)
/ wlz) / + Xionny( — Waw)] dudz

<

«
—Em+2 Em—+2

0
+f w(2)
—Em4a+omtl—ig;

_ a—1
/ (z+ EmJo:Z w a(u) du| dz.
I Em—+2

Consequently,
e
/ Motea( 2)dz < Z / ) + B (2) + Cr(2)) w(z) dz
<—€it+p m=i+8 €m+1
> —emt+1+H0™ e €; (5 42— u)afl
m—+1
<2 Z / w(z)/ - X(—ems1,0) (z —w)|a(u)| dudz
m=i+8 Em+1 0 €m+1
o 0 €5 _ o\a—1
+2 Z / w(z) / (2 + Emzl o) a(u) du| dz
m=itg” —Emt1+0m e 0 Em+1
—E&m € _ a—1
+ Z / / Extz =W (wydu|dz =T+ T+ 111
m=i+B "7 "Em+1 k: m—+3 0 gk

u)|w(u) du. By Fubini’s

Now we shall prove that each sum is dominated by C' f
theorem, Holder’s inequality and the hypothesis on the Welght w, we obtain for the
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first sum the following inequalities:

“ 1/r
1<2 Z / » (/ N w(2)(Emay1 + 2 —u)* ! dz)
m —Em4+1TU

m=i+0

N ’
—Em+1+0™ " e 1r
X / (Emi1 + 2 —u)* tdz du
—Emt1tu

<0 Y [l e ] (6 ) d

m=i+£ 5m+1
0 5 (m—i)a/r  Le; .
<C > (5 la(u)lw(u)du < C | |a(u)|w(u) du.
m=it+g NP 0 0

We shall estimate now the second sum. First we write 11 as

—emi1+0°t ey £; _ \a—1
/ a(u) (24 ems1 — ) du
0

«
€m+1

W(2)X (~00,0)(2) dz.

m—it B b=m—i* —Em+11+0%e;

Using that f01 a = 0, the mean value theorem and the fact that z € (—g,41 +
8i, —ema1 + 6T le;) we obtain that

/Ei a(u)(z + em1 — u)*" du
0

< C’/ )| (2 + emy1 — w)* 2udu

< C/ —1)&;)* %, du.

Therefore, since £ > m — i > 3 and 5 —L>1 - 5[,, I1 is bounded by

e (6')04—1 €5 e ta2) —ema1+0°T e
s 7/ a(w)|du S gt / W)X (2) d2.
m:zi;-ﬂ (Em+1)* Jo Z:zm:—i —em41+0e; (700)

By Holder’s inequality and using that w” € Al+ we get

—ems1+6 e 0 1r
/ w<z>><<-oo,o><z>dz<0< / wr> (80"

—Emt1+0%e; —Em41
1 . ’
< CEw{il ess infye (o, )w(w) (8%e)Y/m
and consequently

0o ) a—1+1/7" € S )
11 < Cs Z ( = > </ la(u)|w(w) du) Z stla—2+1/r")
0

3
m=i+p m+1 l=m—i

Observe that if 7 is such that w” € Ara ¢ then w® € A1 ¢ forall s € (1,7). Then
we can assume that o — 1+ 1/7 < 0. So that

€ oo 6(1—2-‘,—1/7‘/ m—i
1< C;s / O S e
0 m=i+8 \”

2(a—14+1/7r")

Then, taking § € (p =2/ p) C (1,p), we get that the above series converges
to a constant depending on «, p and r. So that II < Cf w)|w(u) du.
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In order to estimate the third sum, we use again that [;*a = 0 and the mean
value theorem. Then we have

—em ek +2z— u)O‘*Z
117 < AL S/
C Z / / = ula(u)| dudz

m=i+03 Em+41 k m+3
—€m e +2—u a—2
<C Z Z / gila(u)] %w(z) dz du
m=i+03 k=m+3 “Em+1 €k

Obvious inequalities, (1.7), (1.8) and w € A} give for almost every u € (0, ;)

—€m

/ (ex +2 —u)* 2w(z)dz < (e — Emyr — i) 2 / w(z)dz

Em+1 —E€m+1

< Clemsr &) (Emys — emyr — &) w(u) < Cephw(u)

Consequently,
€4 e e 1
a—1
mgc( / |a<u>|w<u>du) w ) e Y @
m=i+0 k=m+3

<o [Tatwa)e S <o [Tl

e
—— m+3

O

Corollary 2.12. Let 0 < a < 1, € = {ey }rez a p-lacunary sequence and let w be a
weight such that w” € Afa)@ for some r > 1. Let a be supported on I = (z*, z*+h)

and such that fl a=0.If A= p?>B+1) there exists C' independent of z*, h and a,

such that
/ M;’ea(z)w(z) dz < C/ la(2)|w(z) dz
z<x*—Ah I

ProOF. First notice that it is sufficient to prove the corollary for * = 0. Choose
i such that €,_1 < h < g;. Then a is supported on (0,¢;) and has integral zero.
Furthermore, by (1.7), —Ah < —¢;43 and by the lemma

h
/ M;ea(z)w(z) dz < / M;@a(z)w(z) dz < C’/
z<—Ah 2<—€iyp 0

Once we have Corollary 2.12 and Theorem 2.3 the proof of Theorem 2.10 is
straightforward (see for instance [4] with M;,e instead of the operator T*).

O

2.2. Proof of Theorem 2.8. We shall prove that
> < O3 lafi) o)
{i:mz,“au)»} i€Z

for all A > 0 and all functions a € ¢9(w). Then Marcinkiewicz’s interpolation
theorem gives the second part of the result. The proof of the above inequality will
follow the ideas of Rubio de Francia.



CONVERGENCE OF THE LACUNARY ERGODIC CESARO AVERAGES 15

The assumption on the weight can be written as
— (s o . 4 (g .
(2.9) > [mg wlal" (D)7 o (i) < CT ) a(i)|* 0q (i)
i€z =
for some constant C. We may assume that the set {i : a(i) # 0} is finite. Let
Ox = {i : m{ ,a(i) > A}. Then there exists u € 9 (0,) with |ullgar 5, = 1 such
that |[Xo, |lea,w = Y ez X0x (1)u(i). Notice that given 0 < u € 9 (0,), we can define
= [(mg )V ()]

UG = “’“(QC)j :

where C' is the constant in (2.9) and (ma’n)(j) is the j-th iteration of the maximal
operator. It is easy to see that u < U, ||Ull , < 2C|[ullpe ,, and mg U (i) <
20U (i), that is, U" € Afa,n. Now, applying Theorem 2.6 and the Holder inequal-
ity we have

Yo wld) =lxoullfa, < (Zxox(i)U(i)> = > UM

{imd wa(i)>A} {izmd na(i)>2}

C 4 C q/q’
<2 (Z Ia(i)IU(i)> <% > la(i)|"w(i) (Z[U(i)]q’aq(i)>

€L €L €L

q

c e
< o Y lali) ().

=Y/
2.3. Proof of Corollary 2.9. From Proposition 2.4 if ¢ = w!™* € A;/ﬂ then

there exists » > 1 such that w(—2)" ¢ A;, o~ Let g be a number such that
1—¢ =(1-7p")r, sothat ¢’ > p’. Since Ay o CA,, then w=r)r e A

, ie.
' g0 1O
o, =w'"% € A, . By Proposition 2.4, there exists 7 > 1 such that o, = w'~? €
Aq_,/na.
my 0 = (mga")Y/" applies (7 (o,) into 9 (c,). This implies the assumption in

Theorem 2.8 for all p-lacunary sequences n and the corollary follows.

Using Theorem 2.3 (with m,, instead of m;}) we have immediately that

2.4. Remark. Notice that the proofs of Theorem 2.8 and Corollary 2.9 in the
continuous case are exactly the same.

2.5. Example. Let 0 < o < 1 and let & = {e;} a p-lacunary sequence. For all r,
1 <r < 1/a, there exists a weight w on the real line such that w” € Afa,e(R) and

w'/* ¢ AT (R). We follow ideas of Rubio de Francia about factorization of weights.
Let us choose any p, 1 < p < i M, ¢ is bounded in LP(dx) since it is of

weak type (1,1) by Theorem 2.10 and it is obviously of strong type (oo, 00). Let
A be a constant such that [[M_ «(f)l|zr(de) < Allfl|Lraz) for all f. Let 0 <

f € LP(dz) such that f7e is not integrable in (—1,1) and consider the function
F =Y 70(24)7 (M, )@ f, where (M, ) is the i-th iteration of the maximal
operator. It is clear that F' € LP(dz), F > f and M, oF < 2AF, that is F' €

Af%@(R) . Let w = FY". Then w" € Ata7¢.(R). However w= is not in AT (R)

because it is not locally integrable since wa = Fra > f =
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3. PROOFS OF THEOREM 1.6 AND COROLLARY 1.8

The next proposition establishes the meaning of the assumption (1.10).

Proposition 3.1. Let (X, F,v) be a o-finite measure space, 0 < a < 1, n = {ng}
a p-lacunary sequence, T an invertible non-singular measurable transformation and

Tf(x) = f(rx). Let j“vf( ) = (Ji(x))"cf(rx) for some e > 0. Then (1.10) holds
if and only if for almost every x € X, the functions w,(i) = J;(x) on the integers
satisfy that wite € A1 an(Z) with a constant independent of x.

Proof. The assumption (1.10) for a function f, with f > 0, f € L'(v), can be
written as

TMZOAM J/ S (x) f(rx dz/<M1/ f(x

for all k € N, or, equivalently,

" San J/J = (r ) f(x) dV<M1/f

nkjo

That inequality holds if and only if — Y75 A%, J-'"*(77/x) < M a.e., namely,
M

—ZAM ]Ji';‘s x) < M; ae.

nkJO

Applying it to 7z for all i € Z, we get

—ZA JUE(riz) < My ae.

ng—jv—j
TLkJO

Multiplying by J;*¢(x) we have

ZA JIEE(r) < My (x)  ae,

nkJZ7
nkJO

as we wished to prove. O

Proof of Theorem 1.6. We start proving the weak type (1,1) inequality (1.11). It
suffices to consider nonnegative functions f. Let L € N, L > 0. Let us define

auf_ Sup Ank,af

0<k<L

Now, given N € N, by the property of .J; we get that

N
CORUNEEIVES =D RN

N+1/ ZX{Mg ox (78) Ji(@) dv(x).
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Notice that if 0 <1< N and X{Mé “f>)\}(7'i1‘) =1 then m(t’n(fo[o’N_FnL])(Z‘) > /\,
where f,(i) = f(r'x). Therefore,

1
v({z: ME, f(z) > A}) < N+1/ > Ji(@) ().
{l:mi,n(me[o,N+nL])(i)>>‘}

By Proposition 3.1 and Theorem 2.6 we have that there exists a constant C' such
that for a.e. x
N+nL
Z )< — Z f(rix)

{i:mi,n (f:CX[O,N+'rLL] )(7')>>‘}
Consequently,
N+np,

vo: MEWS@) > ) < S /me ) dv(z)

CN+7LL+
BEET /f Jdv(w

The proof of inequality (1.11) finishes letting N and then L tend to oco.

In order to finish the proof of the theorem, we only have to show the a.e. con-
vergence of Ay, of for f in a dense set of L'(v). We have already used that,
by Proposition 3.1, for almost every x € X, the functions w,(i) = J;(z) on the
integers satisfy that wite € Af ‘a.n(Z) with a constant independent of z. Since
Af . (Z) c AT, (Z) and Ai&n( ) = AT (Z) we have, for almost every = € X,

910+5 € Af(Z) and, consequently, w, € A (Z) with constant independent of z. As
it was pointed out in Remark 1.5, this condition is equivalent to (1.5) and, therefore,
by Theorem 1.4, the full sequence of averages A, of converges almost everywhere
for all f € Li/q,1(v) as n — oo. In particular, the subsequence of averages Ap, o.f
converges almost everywhere for all f € Ly,,1(v) N L' (v) which is dense in L'(v).
[

Proof of Corollary 1.8. We notice first that (1.12) implies (is equivalent to) that,
for almost every z € X, the functions w, (i) = J;(x) on the integers satisfy that
Wy € Afa with a constant independent of x. Then, by assertion (c) in Proposition
2.4, there exists € > 0 such that wltc € Aia(Z) C Afa o(Z) for all p-lacunary
sequences n and with constants independent of z. By Proposmion 3.1 we have that
(1.10) holds for all p-lacunary sequences n. The corollary follows from Theorem

1.6. (]

4. PROOF OF THEOREM 1.9

Applying Theorem 1.1 we see that assumption (1.13) holds if and only if w}c’p/ €
A, ,(Z) with a constant independent of z, where w (i) = g;(x) "?J;(x). Then, as
in the proof of Theorem 1.6, using transference arguments together with Corollary
2.9 we obtain the strong type inequality (1.14).

To finish the proof of the theorem, it will suffice to show that the sequence of
averages Ay, of converge a.e. First, we notice that Mo nf < Mqgnf and Mf <
CMonf. Since (1.14) holds, we have that there exists C' > 0 such that

(4.1) IMfllrewy < ClIfllLe)
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for all f € LP(v). Then (see [14]) the set of functions D = {h+ f —Tf : h, f €
LP(v),Th = h,} is dense in LP(v). It will suffice to obtain the a.e. convergence of
Ap,.of for f € D. Since the convergence is obvious for the invariant functions h,
we have only to prove that A, o(f —Tf) converges for every f € LP(v). It is not
difficult to see [13, p.599] that

Aol Tnk+1f<x) 1—a Nk Ae— 1 )
Nk _ nE—1 7
Anal] = T1@) = Zam (@) = == 4 e 3 oy T @)

Since Ij(z) = ﬁf(x), we have that limy_,o I;(z) = 0. In order to see that

k
I (z) and III;(x) converge also to 0 we have to work harder.
We know that, for a.e. z, wl ™ = g;(z)?'J 77 (x) € A, (Z) with a constant

independent of #. Then there exists s > 1 such that, for a.e. z, wi' * Ve A, (Z)
with a constant independent of z. If r = ps/(p+ s — 1), ¢ = p/r and ¢’ is the
conjugate exponent of g, our last assertion is equivalent to the following: for a.e.
z, (gi(x)")7 T (x) € A, ,(Z) with a constant independent of z. Since p’ < ¢’ we
have that A (Z) C A, (Z). So, finally,

(4.2) for a.e. z, (gi(x)’")q,Jil_q/(x) € A, (Z) with a constant independent of .

Let T, be the operator defined by T,¢(x) = ¢"(x)e(tz) and let My o 1. be the
ergodic lacunar maximal operator associated to 7,.. By (4.2), we can apply to the
operator 7T, the part of the theorem that we have already proved. Then we have
that there exists C' > 0 such that [|[Man 1, ¢llLa@w) < Cllol|La() for all ¢ € LI(v)
(notice that ¢ < p). In particular, Mgy n 1.¢(2) < 400 for a.e. z and ¢ € Li(v).
Observe that

(T |TfI)M

1 1-1/r )
(1 (z)| < ’ T = (a> (Mo, [T (@)
Ag Ag

Since f € LP(v) then T'f € LP(v) and, consequently, |Tf|" € L%(v). Therefore,
Mo, (Tf)(z) < +00 a.e.. Taking into account that limy oo 52— = 0 and r > 1
M

we have that limg_,o, IT;(x) = 0 for a.e. z. Finally, applying Holder’s inequality,

l—ags AL ; 1/r
III < ne—1 T’L T
I < = i (@)
1/r 1 ni 1 1/v'
A 1TTI Avt ———
nk; N —1t |f| )‘| [A%k; Nk l(nk+ll)r‘|

- 1/r

< (Mann 7@

1 o 1
A, Zo " (g + 1=
As before, the first term on the right-hand side is finite a.e.. A simple computation
(see [13, p. 600y 601]) shows that the limit of the second term is zero. Consequently,
limg— 0o [1I () = 0 for a.e. x and we are done.
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5. EXAMPLES

We start showing that the condition in Theorem 1.6 is weaker than the condition
in Corollary 1.8. In the statement of the result we use the notations in Theorem
1.6.

Theorem 5.1. Let (X, F,u) be a nonatomic finite measure space, 0 < o < 1 and
T an invertible ergodic measurable transformation which preserves the measure (.
Let T be the operator T'f(x) = f(rx). For all p-lacunary sequences n = {ny} there
exists a finite measure v equivalent to u such that

ng

1 ol
(5.1) igg ATZAM—lJ’TE f < 00,
=0 L)
and
1 n
(5.2) sup ||— ZA%:}CTk = +00.
n>0 || A7 k=0
= Ll(u)

Proof. The measure v will be of the form dv = wdu for some positive measurable
function w. We point out that such a measure satisfies (5.1) and (5.2) if and only
if there exists C' > 0 such that

(5.3) ./\/l;nw1+E < Cw(x)'™ ae.
and there is no C' > 0 such that
(5.4) Mjw < Cw(z) ae.,

where M, and M are the lacunary and the classical ergodic maximal operators
associated to the operator T~!f(x) = f(r~'z). Therefore, the theorem will be
proved if we find a function w with those properties.

Let 1 <r < 1/a. Let p € (1,1/ra) and let us choose g > 0 such that g € LP(u) and
g ¢ LY (p). Since g'/" ¢ LY*(u) we have that g'/" & Ly ,,1(p). It was proved
in [5] that there exists h > 0 equimeasurable with g*/” such that M7 h = +oc a.e.
Let us take F' = h". Obviously, F € LP(u), F ¢ L'/"(u) and M, F'/" = o0 a.e.
By using, for instance, Corollary 1.8, the lacunary ergodic maximal operator M ,
is bounded in LP(u). Let K > 0 such that

MG afllLew) < Kl fllLr
for all f € LP(u). Let u be the function

oo
1 - \G
U= Z W(Ma,n)( )F,
i=0

where (Mg )@ is the i-th iteration of M . Clearly 0 < F < u € LP(u) and
M wu <2Ku ae. Let w= u'/". Then we have that

(5.5) Mg w" <2Kw" ae. and Mjw > MIFY" = 400 ace..

Now take the measure v = wdy and € = r — 1 and the theorem is proved. O

Using the last theorem, we provide examples which show that the assumption
on the weight in Theorem 2.6 for all p lacunary sequences is certainly weaker than
the corresponding one in Corollary 2.7.
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Corollary 5.2. Let 0 < o < 1. For all p-lacunary sequences n = {ny} there exists
a nonnegative function w on the integers such that w” € Af_ (Z) for some r > 1

1,amn
and w ¢ Aia(Z).

Proof. Let w and r be as in the proof of Theorem 5.1 It follows from (5.5) that for
a.e. T

(5.6) Mg w (r'z) <2Kw'(r'z) and Mgw(r'z) =+oo for all i € Z.

Therefore, for a.e. z, the function on the integers w, (i) = w(r'z) satisfies w? €
Aimn(Z) for all p lacunary sequences and w,, ¢ AIQ(Z), and, consequently, for a.e.
x, w, is the function w we were looking for.

O

Finally, we are going to find an example satisfying the assumption in Theorem
2.8. As in Corollary 5.2, we have a positive function u on the integers such that
ut € A7 o n(Z) for some A > 1. By Theorem 2.6 (reversing the orientation of the
real line), we have that m_,  applies ¢! (w) into weak-¢' (w). Since it is also of strong
type (oo, 00) then it applies £°(w) into £°(w) for s > 1. Given ¢, 1 < ¢ < p, and r,
1 < r < ¢, there exists C such that

S lmalal” ) u(@) < €3 1a@)|7 u(i).

1€Z 1€Z

Let w = u!~9. Then, the last inequality can be written as

> lmalal" ()] 7w @) < O lai)|T w7 (i),

i€Z e’
which is the assumption in Theorem 2.8. We do not know whether or not the weight
w can be chosen such that w!'~*" ¢ Ay o(Z) (see Corollary 2.9).

6. PROOF OF ASSERTIONS (b) AND (c) IN PROPOSITION 2.4

The key to prove assertions (b) and (c) in Proposition 2.4 is a characterization
of A;r,a classes in terms of the one-sided A, classes associated to a measure v. We
dedicate the next subsection to these classes.

6.1. One-sided A, classes with respect to a measure on Z. We start with
the definition of these classes.

Definition 6.1. Let v = {v(j)}cz be a sequence of nonnegative numbers. We say
the sequence w € A (v) if there exists a constant C' such that

(i) fp=1
S, )
S 2 min V(9)

i) fl<p< oo

< Cw(i), for all i € Z such that v(i) > 0.

Up s 1/p’ X
(6.2) e | (e | ey ov),

for all ,s,k € Z with r < s < k.
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These classes are the good weights for the maximal operator
l+k
+ —
m; (f)(¢) = Sup flv(y
0= s Z“’“ PG
where if Zfilz v(j) = 0 we consider that the corresponding average is zero. It
follows from the results in [2] that, for p > 1, the maximal operator m} is bounded
on (P(wv) if and only if w € Af(v). The condition w € Af (v) characterizes
the weak type (1,1) inequality of m; with respect to the measure defined on the
integers by the sequence wv (see [2]).
We have analogous results for the maximal operator

m; f) =
D0 = J%:klf

and the classes A (v) which are defined in the obvious way. Notice that w € A, (v)
if and only if w € Af(7), where (i) = w(—i) and (i) = v(—i). It follows from this
fact that if we have a property for A;(l/) weights then we have the corresponding
one for A, (v) weights.

For general sequences v, it is not true that if w € AJ (v) then there exists r > 1
such that w™ € A} (v) (see [16] and [9]). However, we have the following result.

Proposition 6.2. Let v be a positive Borel measure on the integers.
(i) If w € Af (v) and there is C > 0 such that
(6.3) vin+1) < CY 0, v(j) for every m,n € Z with 37%_, v(j) >0,
then there exists r > 1 such that w" € AT (v).
(ii) If w € A7 (v) and there is C > 0 such that
(6.4) vin—1) < CZ] W v(7) for every n,k € Z with 375_, v(j) > 0,
then there exists r > 1 such that w™ € Ay (v).

This result was essentially stated in [9, Theorem 5.5] for sequences indexed in
N. We include a proof since in [9] there is only a sketch of the proof.

Proof. Since the proofs of (i) and (i7) are similar, we shall only prove (¢). In order
to do this, notice that it is enough to show that exists § > 0 such that

(6.5) Zwl”(j)v(j)sc Zw(j)v(j) w’(m),

for all m,n € Z with v(m) > 0 and where C depends on § and the A} () constant
of w. For fixed interval [n,m] in Z, let A > Cyw(m), where C; is the A () constant
of w. Let

O\={leZ: m;(wX[n,m})(ﬂ) > A}
It is known that Oy = U;enI;, where I; are (disjoint) maximal intervals on Z. Let
us see that I; = [n;, m;] C [n,m]. Obviously, n; > n. It is easy to show that

1 o )

= > W)X (V) > A
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Then, if m < m;, since A > Crw(m) we get that

sy 2 W) > Cuu(m)

which is a contradiction since w € A} (v). On the other hand, since v satisfies (6.3)
we get that

S, WX m V) 5, ()X m ()P G) S, 1)

DN B TSPV W)
<A (1 Z(ifl”; ?3) <A\1+0).

‘We also have that

Lo YN DD iy

2 i=n, ¥(J)

A<

for all k € I, with v(k) > 0. From these inequalities and since A has been chosen
bigger than Ciw(m), we have

Z w(jr(j) < Z w(f)v(j X[nm ZZ X[nm]( )

{7€ln.mlw(j)>A} JEON i j€I;
<CY AY (i) =Caw(UiL)
i Jjel;

<Cx({je[n,m]: w(y) >NCr}).

Therefore,

[ Y )

Crw(m) {j€[n,m]: w(j)>A}

< C/oo Nu({j € [n,m]: w(j) > N/C1}) dA

Crw(m)
oo m
=C NS Xgiysaven (G)v() dA
Crw(m) j=n
- O
:Ozx{jiw(jbw(M)}(J)V(])/ A% dA
j=n Crw(m)
COTM RN sy
< .
= 145 w0 (F)v ()

j=n
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On the other hand,

JATIE S SRR

Crw(m) {j€n,m]: w(j)>A}

m N L so1
= Z X{j:w(j)>Clw(m)}(])w(])y(])/ A dA
ji=n Ciw(m)
]. Ui 1+§ . Cis = )
S -5 e’
. 1 ceitt
Then Choosing § such that § — =715~ > 0, we have (6.5). O

Given a sequence w € A (v), we have that m,; is bounded on £”(wv) and m,;
is bounded on £’ (w'~?'v) [2]. Then, by using well-known factorizations argument
(see [8] and [6]) there exist u € A] (v) and v € A} (v) such that w = uv!~P. Using
this factorization we can extend the above result to 1 < p < oo.

Proposition 6.3. Let 1 < p < oo and let v be a positive Borel measure on the
integers such that v satisfies (6.3) and (6.4). If w € Af(v) then there exists v > 1
such that w" € At (v).

6.2. Proof of assertions (b) and (c) in Proposition 2.4. In order to prove
these assertions we need to give other characterizations of Ap classes. We start
with a first characterization.

(03

Proposition 6.4. w € AJQ(Z), 1 < p < oo, if and only if the inequality (2.4)
holds for s = “HE.

Proof. We have to prove that the A} (Z) condition with s = "5 implies (2.4)
with the only restriction r < s < k. It suffices to prove (2.4) in the case r < s < k.
First, let us assume that s < # Let 7 be such that s = fgk. Since k£ —r <
k—7 < 2(k—r), by the properties of the numbers AY, we have that AY . < CAY .
Therefore,

. Vp /o 1/p’
3 1—p' /. 1\’
w(j) > w TP (G) (AP
j=r j=s
s 1/p A 1/p
< (SwG)]  ([Se ey <oap,<cap,
Jj=T j=s
If s > T;k, let us choose the numbers ng =r < nj; <--- ,ny < nyy1 = s such that
Njp1 = ";‘k fori=0,...,N—1and s < "NTM Notice that the numbers n; are

not necessarily integers. Let I; = {j € Z :n; < j <nyy1} fori=0,...,N — 1 and
In={j€Z:ny <j<npys1} Letus denote by 7; = minI; and m; = maxI;.
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Then
. p/p’ - »/p’
Yow) [ Do w G A)” Z > wl Zw DAY
j=r j=s i=0 j=n;
N ™ p/p’
<y (Zw AP )
=0 | j=

Since m; < njyq < HT” < HTW we can apply the case we have already proved
(s < #) Using property (iii) of the numbers A}, we have A} ~ j for j # 0.

Then

Definition 6.5. For each N € Z we define the following two sequences vy and vy
on Z by

(1) wn(j) = 0,if j < N and vy (j) = Ay if j > N.

(2) on(j) =0,if j > N and oy (j) = Ay, if j < N.

The next proposition shows a useful characterization of the A} (Z) weights in
terms of € A (v) classes.

Proposition 6.6.
1) w e Af_(Z) if and only if w € AT (vy) uniformly on N.
1, 1
2) we Af (Z), 1 < p < oo, if and only if w(-)AN® € AX (V) uniformly on
P, N P
N.

The sentence uniformly on N means that it is possible to have in (6.1) (respectively
in (6.2)) the same constant C for all N.

Proof. The proof of (2) can be found in [16, Theorem 3] in this discrete setting and
in [15] in the continuous one. For that reason we shall only prove (1). It is easy to
see that w € AT (vx) uniformly on N implies that w € Afa(Z). Now we prove the
converse. Let ¢ € Z. Notice that, by the definition (6.1), we only need to consider
N<iIlfi—-n<N<i,

SN () wh) i AT w()
2j=ion VN (J) 2= AN \
= A; DALY w(f) < Cuwli),

N e
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where C is the constant in the condition Af . If N <i—n,

i VNG w(i) Yl AT w(j)
Z;:i—n VN(J) Z;’:i—n A?:]{f
1 LAY o
- AL ().
a—1 Z a—1 —(i—n)
Z] =i— nAj N j 71— nAjf(ifn) !

. a—1
Since g(j) = (%) is an increasing function, using property (iii) of the

Cesaro numbers, we get that

i vn(4) w(j) Ao .
J= C L AT
S e |a Z == 0

j=i—n

It is easy to see that

Then
AL , (n+ 1) (i— N 41)2!
Z;’:i—n A?:]{/'g(l) ~ (@ —=N+Dl(n+1) (n+1)>"t —

and, therefore,
SimimnNG) 0(G) _ i AT W)
Yimiinvn() T A3 a

with a constant independent of N and 4, as we wished to prove. [

Notice that the family of measures {vy } satisfies (6.3) and (6.4) uniformly on N.
Then from Propositions 6.6 and 6.2 we get the following result which is assertion
(¢) in Proposition 2.4.

Proposition 6.7. If w € Afa(Z) then there exists r > 1 such that w" € Aia(Z),

Next we prove the analogous of the above proposition for 1 < p < oo which is
assertion (b) in Proposition 2.4.

Proposition 6.8. Let 1 < p < co. If w € A} (Z) then there exists r > 1 such
that w" € At (Z).

Proof. From Proposition 6.6 we have that w € Af (Z) if and only if w(-) Ay €
Af(vn), with constants uniformly on N. On the other hand, since the measures
{Un} satisfy (6.3) and (6.4) uniformly in N, it follows from Proposition 6.3 that
there exists r > 1 such that w”(-)(AN*)" € Al (vy) uniformly on N. From this
fact, taking / < s <k, s = %, and N = k we get that

1/p 1/p'

Zw Al a TA@ 1 Zwr(l p’) Al a) (1fp’)A‘]::; < CA?—Z
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Since for every £ < j <s

(A5 ART) = (b= g+ 1)l
> (k — s+ 1)(0471)(177") ~ (k — 0+ 1)((171)(177")’

and for every s < j <k

we get

(Al oc) (1— p)Aa 1

| 2

j+1)r(1 p)(l—a)+a—1

—j+ 1)(a p’ Pk —j+ 1)(04—1)(1—1/)(1—7“)

(K
(k
(
(A%

> — i+ 1) a—1)p (k /41 )(afl)(lfp')(lfw)
~ )p (k — 04 1)le-D0=p)0-7)
1/p 1/p’

> w'() Zuﬂ(lp Az
G=¢

<Clk-0+ 1)*(a*1)(lfr)/p(k — {4+ 1)@ DA=PHA=N/P go < cA .

Then,

(1]
2]
(3]

(9
[10]
[11]
[12]
[13]

[14]

by Proposition 6.4, w” € Al (Z), as we wished to prove. O
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