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1. Introduction

The notion of a Lie group contraction (i.e. Lie algebra contraction) comes from
Physics, being introduced by Segal in 1951 [26] and by In6nii and Wigner in 1953 [16].
Segal considers a sequence of groups whose structure constants converge to the structure
constants of a non-isomorphic group. As explained in [16], the fact that classical mechan-
ics is a limiting case of relativistic mechanics means that the Galilei group must in some
sense be a limiting case of the relativistic mechanics group. Similarly the Lorentz group
must be in some sense a limiting case of the de Sitter group. So the general purpose
is to try to formalize what can be the limit or contraction of groups. In Fialowski and
de Montigny’s words [10] it was the need to relate the symmetries underlying Einstein’s
mechanics and Newtonian mechanics which motivated the concept of a contraction. This
consists of multiplying the generators of the symmetry by certain “contraction param-
eters”, such that when these parameters reach some singularity point, one obtains a
non-isomorphic Lie algebra of the same dimension. More precisely, take L either a real
or complex Lie algebra and U: (0,1] — GL(L) a continuous map. For ¢ € (0, 1], define
[,y == U." " ([U:(2), U:(y)]), for all 2,y € L. Then L. = (L, [-,"].) is a Lie algebra iso-
morphic to L. Write [z, y]o to denote the limit of [z, y]. when ¢ — 0 if [z, yo exists for
allz,y € L, then Ly = (L, [, ]0) becomes a Lie algebra, which is called a one-parametric
continuous contraction of L, or simply, a contraction of L.

Degenerations, contractions and deformations of many algebraic structures have
turned out to be very useful in both Mathematics and Physics. Looking at the literature,
it seems that physicists have been more interested in degenerations and contractions,
while most of the results about deformations can be found in Mathematics journals.
These three notions have been introduced in many different ways, depending on the



594 C. Draper et al. / Journal of Algebra 658 (2024) 592—643

approach taken; here we present a very brief introduction within the framework of Lie
algebras. In [10] deformations and contractions procedures are used to construct and
classify new Lie algebras; see also [3] for a nice exposition for Lie algebras and algebraic
groups, and [22, Chapter 7] for a more complete review for Lie algebras and Lie groups.

A contraction can be viewed as a special case of degeneration. Let V be an n-
dimensional vector space over a field F' and L, (F') the variety of Lie algebra laws, that
is, the alternating bilinear maps p: V' x V' — V such that the pair (V, i) is a Lie algebra.
The general linear group GlI(V) acts on £, (F) by (g - u)(z,y) = g(u(g’lx,gfly)), for
g € GI(V)and z,y € V. If O(u) denotes the orbit of € £,,(F') under the previous action

and O(u) the closure of the orbit with respect to the Zariski topology, then A € £,,(F)
degenerates to pu € L, (F) if p € O(N).

Contractions and deformations are opposite procedures. Roughly speaking, both
contractions and deformations of Lie algebras are modifications of their structure con-

“more Abelian” Lie algebra,

stants; but contractions transform a Lie algebra into a
while deformations produce a Lie algebra with a more complicated Lie bracket. A
one-parameter deformation of a Lie algebra L = (V,u) as before is a continuous
curve over L,(F). A formal one-parameter deformation is defined by the Lie brack-
ets [a,b]: = Fo(a,b) +tFi(a,b)+...+t"™F(a,b) + ... where Fy denotes the original Lie
bracket.

The type of contractions we will be working with, known as graded contractions,
appeared first in the early 90s in some Physics journals, as a generalization of the Wigner-
Inénii contractions. Since their introduction, graded contractions have been investigated
in other algebraic structures; see, for instance, [20] for affine algebras, [17] for Jordan
algebras and [18] for Virasoro algebras. The idea behind graded contractions consists
essentially in preserving Lie gradings through the contraction process. Their name might
confuse the reader at first since a graded contraction is not a contraction that is graded.
As we will see, graded contractions are defined algebraically and not by a limiting process.

The first work on the subject of graded contractions of Lie algebras is [21]. In it,
de Montigny and Patera studied the grading-preserving contractions of complex Lie
algebras and superalgebras of any type; appearing a new type of discrete contractions
which are not Wigner-Inénii-like continuous contractions. The first examples including
gradings other than Z, appear in [4], which applies the new defined formalism to the
toral Z2-grading of the classical simple Lie algebra sl(3,C) of dimension 8, that is, the
root decomposition. This Lie algebra of As-type admits exactly 3 fine non-toral gradings,
with universal groups Z3, Z3 and Z x Zs. In 2004, a group of physicists studied in [12]
the Pauli grading of sl(3,C) over Z2. The Pauli grading has the advantage that all the
non-zero homogeneous components are 1-dimensional, so the Jacobi identity associated
to a graded contraction produces a system of quadratic equations for the contraction
parameters, which can be reduced using the group of symmetries of the grading to find
a non-trivial solution. Two years later, in 2006, the Pauli grading of s[(3,C) over Z32 is
investigated further in [15], and this time the system of 48 contraction equations involving
24 contraction parameters is completely solved. A list of all the equivalence classes of
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solutions is provided (there are 188 inequivalent solutions, 13 of them depending or one
or two continuous parameters); the algorithms developed in [24] were used to identify
a Lie algebra starting from its structure constants. Graded contractions of the Gell-
Mann grading of sl(3,C) over the group Z3 were studied by Hrivndk and Novotny [14]
in 2013. The difficulty now is that this grading has one homogeneous component of
dimension 2; the authors restricted their study to the graded contractions preserving the
2-dimensional homogeneous component. Using the group of symmetries of the Gell-Mann
grading, the system of contraction equations is reduced and solved, and 53 types of Lie
algebras were found. Despite the fact that the results in [15,14] are a contribution to
the classification problem of solvable Lie algebras, the mathematical community seems
not to have continued this line of work. This might be due to the long calculations that
require the use of computer systems, which suggests, perhaps, that a different approach
to investigate graded contractions may revive interest in the topic. The works containing
the most general results on the subject of graded contractions are [29,30]; in [29] the
contraction matrix is studied provided that the abelian grading group has finite order,
introducing invariants as pseudobasis, higher-order identities, and sign invariants; while
[30] focusses on how the distribution of zero entries in the contraction matrix affects the
structure of the associated contracted algebra.

Our manuscript is inspired in all the above works on concrete simple Lie algebras, but
tries to go a few steps further in some aspects. We focus our attention on the beautiful
exceptional Lie algebra of type go, a step further not only for the dimension, 14, but also
for the least size of a matrix algebra containing go, 7. It is worth mentioning here that
this is the first time graded contractions on an exceptional Lie algebra are investigated.
Gradings on the octonion algebra O were studied by Elduque in [8]; his paper inspired
other authors [7,1] to investigate gradings on the Lie algebra of derivations of O, that
is, the Lie algebra go. It turns out that any grading on g is induced by a grading on O,
although there is not a one-to-one correspondence between non-equivalent gradings on
O and on gs. Amongst the 25 non-equivalent gradings on gs, there is only one non-toral,
which is precisely the Z3-grading we are interested in (defined in Equation (3)). The
challenge of trying to classify its graded contractions is that its nonzero homogeneous
components have all of them dimension 2, and that the grading is non-toral (i.e., the
homogeneous spaces are not sums of root spaces). An additional motivation for choosing
this grading is its high symmetry, since the greater the symmetry, the easier it is to
classify the graded contractions; and some particularities such as, for example, the fact
that all the pieces are Cartan subalgebras, which makes the choice of a basis of gs formed
by semisimple elements trivial.

Our calculations and techniques are innovative, in the sense that we do not require
the use of a computer system. Our main goal is to introduce new tools and procedures to
classify all graded-contractions of the Z3-grading on go up to isomorphism of the related
contracted graded algebras. These tools permit, in particular, to investigate Weimar-
Woods’ Conjecture [29, Conjecture 2.15], which turns out to be true for our grading, but
false in general (see Example 2.12).
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Our second goal consists of exploring a new family of 14-dimensional solvable and
nilpotent Lie algebras. Although complex semisimple Lie algebras were classified by
Killing at the end of the XIX century, the situation with solvable algebras is completely
different and we are still far from obtaining a full classification. This classification prob-
lem has attracted the attention of several researchers, and some solvable Lie algebras of
small dimensions have been classified; for instance, see [11] for the classification of solv-
able Lie algebras up to dimension 4 over an arbitrary field, and [28] for a classification up
to dimension 6. Some other classifications have been obtained by adding extra hypothe-
ses onto the solvable Lie algebras; see, for example, [27] for a classification of solvable
Lie algebras with an n-dimensional (nilpotent of nilindex n — 3) nilradical, and [19] for
a classification of finite-dimensional complex solvable Lie algebras with nondegenerate
symmetric invariant bilinear form. See [2] and the references therein for a nice review of
the classifications of Lie algebras.

The paper is structured as follows: in §2 we gather together the required background
on graded contractions of Lie algebras and their equivalence relations, we introduce the
Z3-grading I'y, on go that we will be working with, and provide some results on this
grading (Lemmas 2.1 and 2.2), which will allow in §3 to restrict our attention to graded
contractions adapted in some way to I'y,, the admissible graded contractions. Thus, §3
deals with graded contractions of I'y,; considering admissible graded contraction allows
us to view our classification problem from a combinatorial point of view in the projective
plane P?(F2) = PG(2,2). Besides, collineations of this plane read the action of the Weyl
group of the grading (Proposition 3.15). The main tool is to consider certain sets, called
nice sets, that are defined via a certain absorbing property (see Definition 3.9), which
are the supports of the admissible graded contractions. Important examples of nice sets
are presented in Definition 3.18 and Proposition 3.20, and a full classification (up to
collineations) is achieved in Theorem 3.27.

§4.1 is devoted to the classification of admissible graded contractions up to normal-
ization. Using our combinatorial approach, we are able to avoid the use of the computer,
as mentioned earlier. We found (see Theorem 4.1) 21 non-isomorphic (up to normaliza-
tion) graded algebras obtained by graded contraction of gs, jointly with three families
parametrized by C*, C*/Zo and (C*)2/Z32. As we will see in §4.2, strongly equivalent
graded contractions and equivalent graded contractions up to normalization turn out to
be the same thing for our grading (Theorem 4.7). Then §4.3 addresses the relationship
between equivalence and strong equivalence, studying in Proposition 4.11 when two ad-
missible equivalent graded contractions 77 and 1’ admit a collineation ¢ such that n7 =~ 7’.
This happens frequently, but not always. The result allows us to obtain the equivalence
classes in Theorem 4.13, namely: 20 classes jointly with 3 parametrized families. Thus,
our main classification results are Theorem 4.1, Theorem 4.7 and Theorem 4.13.

We finish by investigating in §5 the properties that these new Lie algebras satisfy.
Besides the trivial cases (a simple and an abelian Lie algebra), an algebra which is the
sum of a semisimple Lie algebra and its center, and another one not reductive, we obtain:
12 nilpotent Lie algebras (11 of them with nilindex 2, and the other one with nilindex
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3), 4 solvable (not nilpotent) Lie algebras (3 of them with solvability index 2, and the
other one with solvability index 3) and 3 infinite parametrized families of 2-step solvable
but not nilpotent Lie algebras (see Theorem 5.1 for more details).

2. Preliminaries

In order to make this paper self-contained and suitable for a broader audience, we
recall here the necessary background and introduce some notation.

2.1. The Lie algebra g and its fine Z3-grading

The complex octonion algebra O, also known as the bioctonions, is the only eight-
dimensional unital composition algebra over C. The set {1, i, j, k, L, il, jl, kl} consti-
tutes a basis for O with product given by the figure below, where 1 denotes the identity
element, and all the squares of basic elements equal —1.

The treatment on the octonions based on the Fano plane can be consulted, for instance,
in the book [23], which deals with both real and complex octonion algebra and its use
in the field of mathematical physics. The map x := —x, for any x # 1 in the basis and
1 := 1, is an involution on O satisfying that n(z) := 2z € C and t(z) := z+ 7 € C.
(We identify here C and C1.) The map ¢ : O — C is linear, while the map n: O — C
is a norm admitting composition, that is, n(zy) = n(z)n(y), for all x,y € O. Moreover,
2% —t(x)x +n(z)l = 0, for all x € O, which makes O a quadratic algebra.

The Lie algebra of derivations of O is the complex exceptional simple Lie algebra of
dimension 14 of type G2; we denote as

g2 = Der(0) = {d € gl(O) | d(zy) = d(z)y + zd(y), Yz,y € O}.
The derivations of the alternative algebra O are well known (see, for instance, [25, Chap-

ter II1, §8]). Namely, the left L, and right R, multiplication operators on O, L,(y) = zy
and R,y = yz, give rise to a concrete derivation D, ,:

D,y :=[Ly, Ly] + Ly, Ry] + [Rs, Ry] € Der(O).
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Notice that Dy, (2) = [[z,y], 2] — 3(z,y,2) for all z € O, where [,-] and (-,-,-) refer
to the commutator and associator of O, respectively. The skew-symmetric bilinear map
D: O x O — Der(0O) given by (x,y) — D, , is Der(O)-invariant: [d, D, ]| = D),y +
Dy a(y), for all d € Der(O), and, although it is not surjective, the derivation algebra is
spanned by its image,

g2 = Der(0) = {Z Da; i

xi7yi60,i€N}.

Moreover, for all x,y,z € O,
Dy yz+ Dy 2o+ Dzay = 0. (1)

In this paper we are interested in studying the fine Z3-grading on the Lie algebra
g2. Many details on this grading can be found in the AMS-monograph [9], devoted to
gradings on simple Lie algebras over algebraically closed fields without restrictions on
the characteristic; which also encloses the description of gradings on simple associative
algebras and on the octonion algebra O.

First, we review some general facts about gradings. Let G be an abelian group.
A G-grading T on an arbitrary algebra A is a vector space decomposition I" : A =
DgeaAy satisfying that AgA, C Agip, for all g, h in G. The support of I' is the set
given by Supp(I') := {g € G : A, # 0}; it is usually assumed that Supp(I') generates
the whole grading group G.

Gradings on A and on its algebra of derivations Der(A) (which is always a Lie sub-
algebra of the general linear algebra gl(A)) are closely related. In fact, any G-grading
't A=@,cq Ay on A induces a G-grading on gl(A4) and on Der(A), respectively, as:

gl(A) = @D gl(A)y, where gl(A)y == {f € gl(A) : f(An) C Agun, Yh € G},
geG
Der(A) = €D Der(A),, where Der(A), := Der(A) N gl(A),. (2)
geG

Let T' be a G-grading on A; the automorphism group Aut(I') of T' consists of all self-
equivalences: Aut(I') = {f € Aut(A): for any g € G there exists ¢’ with f(A4y) C Ay };
the stabilizer Stab(T") of T' consists of all graded automorphisms of A, that is, Stab(T") =
{f € Aut(A): f(Ay) C Ay, Vg € A}; the diagonal group Diag(I") of I' consists of
all automorphisms of A such that each A, is contained in some eigenspace, that is,
Diag(I') = {f € Aut(A) : for all g € G there exists ay € C such that f|a, = ayida, }.
The Weyl group of T" is the factor group W(I') = Aut(I")/ Stab(I"), which is a subgroup
of Sym (Supp(I)).

Second, we focus on describing the mentioned grading I'g,, which will be the main
character of this paper. Let G = Z3. The decomposition I'p : O = @yez3Oy given by
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O(1,0,0) = Ci, O(0,1,0) = Cj,
O0,0,1) = Cl, O(1,1,0) = Ck,
O,0,1) = Cil, O,1,1) = Cjl,

O@,1,1) = Ckl, O(0,0,0) = C1,

is a G-grading on O. It is said to be a division grading, since every homogeneous element
is invertible. We write I'g, to denote the G-grading on gs obtained from I'p via (2). For
any € Oy and y € Oy, the multiplication operators L, and R, are homogeneous maps,
which imply that D, , € (g2)k+n, and so the homogeneous components of the grading
become

Tay: 02 = Byezs(92)g,

(3)
(92)g = Zk:+h:g Do, 0,-

In particular, (g2), = > _pcq Pow,0, = 0, since Oy, is 1-dimensional and D, , = 0 for all
xzeO.

The Weyl groups of these gradings I'g, and I'o are known to be isomorphic to the
whole set of automorphisms of the group G = Z3, which is relatively big, with 7-6-4 = 168
elements. Indeed, note that any f € Aut(O) induces f € Aut(gy) defined by f(d) =
fdf =1, for all d € go. This automorphism satisfies f(ny) = Dy(a),f(y), forall z,y € O.
In particular, if f € Aut(T'p), there is a group homomorphism «a: G — G such that
J(Oy) = Oq(g) and the related map f € Aut(T'y,) also satisfies f((g2)y) = (92)a(g)- Now,
given any triplet of elements g, h, k generating GG, there exists an algebra automorphism
f: O — O such that

f(Og) =Ci, f(On) =Cj,  f(Ok) =Cl (4)

since any pair of Cayley triples are connected by an automorphism of O (see, for instance,

[5, Re~mark 5.13]). The related map f satisfies f((gg)g) = (92)(1,0,0)» f((92)h) = (92)(0,1,0)
and f((g2)x) = (82)(0,0,1), Which implies

W(Ty,) = Aut(Z3). ()

Many facts of the grading I'y, were investigated in [7,9]. In the next two results, we
collect the main properties needed for our purposes.

Lemma 2.1. The following assertions hold for any distinct g1 and go in Z3 \ {e}.
(i) The subalgebra generated by O4, and Oy, is a quaternion subalgebra.

(ii) The homogeneous component (g2),, is a 2-dimensional Cartan subalgebra. In par-
ticular any homogeneous basis is formed entirely by semisimple elements.
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(iii) The subalgebra (g2)g, ® (92)g. ® (92)gs, for g3 := g1 + g2, is a semisimple Lie
algebra isomorphic to s1(2,C) & sl(2,C). Moreover, for k € {1,2,3} there exists a
basis By, = {xk,yr} of (92)q, such that

[Tk, Trg1] = Tha2s  [Yks Ykt1] = Y2, [T, yn] =0, (6)

for any k' € {1,2,3} and the sum of subscripts taken modulo 3. In particular:

[(92)91’ (92)92] = (92)914-92'

Proof. It is enough to prove the result for g; := (1,0,0), g2 := (0,1,0) by Equation (5).
(i) is clear, since the subalgebra generated by O, = Ciand Oy, = Cj is just the algebra
of the complex quaternions H = (1,1, j, k).

(ii) follows from (iii) since (g2)q, = Cx1 @ Cyy is abelian.

(iii) For k € {1,2, 3}, consider the derivation zj € g2 of © mapping H onto 0 and

1, 1. 1
zi(gl) = Sl w2(q) = 5G9, zs(dl) = 5(kg)l,
for any ¢ € H; and the following elements of go:

1 1 1
= -Dj = — Dy, =—-D;j;.
Y1 4 AR 3 Y2 4 k, Ys 4 5J
Checking that Equation (6) holds is a straightforward calculation and we leave it to the
reader. On the other hand, it is not difficult to see that xy, yx € (g2)g, are linearly

independent derivations, so dim(gz),, > 2 and (iii) follows, since dimgs = 14. O
We provide a short proof of the next result due to the lack of a suitable reference.

Lemma 2.2. If the subgroup generated by g, h,k € Z3 is the entire group, then there exist
z € (92)g, ¥ € (82)n, 2 € (82)k such that [z, [y, 2], [y, [z, x]] are linearly independent.

Proof. We can assume without loss of generality that ¢ = (1,1,0), k¥ = (0,1,0) and
h = (0,1,1), since by Equation (5) there is an automorphism of the Lie algebra go
sending (g2)g, (92)n and (g2)r onto (92)(1,1,0), (82)(0,1,0) and (g2)(0,1,1), respectively.
Recall that i € Ogyk, j € O, k € Oy, and 1 € Oy, and let  := Dij € (g2)4,
y:= Dj1 € (g2)n, and z := D; x € (g2)x. Taking into account that any three elements in
a quaternion subalgebra associate with each other, and that O is an alternative algebra
so that three elements associate if two of them are repeated, we get:

e
—~
—t
S~—"
Il
=
Ko
e
|
w

(i,k,i) = [-2j,i] — 0 = 4k,
(ivkvj) = _Q[jaj] = 07

=
[
S—

I
=
=
o

|
W
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Dja() = [3:1,3] = 3G, 1,J) = [2j1,j] — 0 =41,
Dji(k) = 4(jDk — 3((j1k — j(Ik)) = —4il — 3(—il — il) = 2il.

From the invariance of D, we derive that

[2,#] = [Dix, Dyl = Dpy ()3 + Dipis(s) = 4D = —4Djx,
[y, [2,7]] = —4[Dj1, Ds ] = —4(Dp, ).k + Dj,0;,)) = —16D1x — 8D . (7)

Similarly, (1) implies D; 51 = Dju — Dy x and we get
[z, [y, 2]] = —4D\x + 8Dj 1 + 4D; 1 = —8Dyx + 12Dj 51. (8)

The required independence follows from Equations (7) and (8), since it is easy to check
that Dyx and Dj; are linearly independent. O

2.2. Graded contractions of Lie algebras

Throughout this section all vector spaces are assumed to be finite-dimensional over
the field C of complex numbers, G denotes an abelian group, £ a Lie algebra and C*
the nonzero complex numbers. The results collected here are an adaptation from [15,21]
to our needs.

Definition 2.3. Let I' : £ = P, £y be a G-grading on £. A graded contraction of I
is a map ¢: G x G — C such that the vector space £ endowed with product [z, y]® :=
e(g, h)[z,y], for z € £4,y € £, is a Lie algebra. We write £° to refer to (£, [-,-]¢). Note

that £° is indeed a G-graded Lie algebra with (£°), := £,.

Trivial examples of graded contractions are the constant maps € = 1 and ¢ = 0, which
produce the original algebra £° = £ and an abelian Lie algebra, respectively.

Here, we are interested in how many graded Lie algebras arise from a fixed graded
algebra by considering its graded contractions; we begin by introducing some notation.

Definition 2.4. Two graded contractions € and &’ of a G-grading I" on £ are called equiv-
alent, written € ~ ¢’, if the graded Lie algebras £¢ and £ are isomorphic; that is, there
exists an algebra isomorphism ¢: £° — ge' satisfying that for any g € G there is h € G
such that ((£°),) = (£ ).

Notice that, although £° and £ are isomorphic as (ungraded) Lie algebras, it could
happen that € % /. An example of this situation follows.

Example 2.5. Consider the Lie algebra £ = s0(3,C) @ (z), where z denotes a central
element and {1, 22,23} a basis of the skew-symmetric matrices so(3,C) with bracket
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given by [x;, Z;+1] = Ti12, where the subscripts are taken modulo 3. (The field C is not
very relevant here.) Let H = Z3 and consider the H-grading on £ given by

Lhy = {0}’ Lhy = <$1,Z>, Lhy, = <I2>’ Lhy = <‘T3>7
where hg = (0,0), hy = (1,0), ho = (1,1) and hz = (0,1) are all the elements of H.

Given a map ¢: H x H — C, we write €;; = £(h;, h;). It is straightforward to check that
the following maps € and €’ are both graded contractions:

! /
g2 =¢en =1, ey3=¢3=1,

where €;; = 0 = ¢/ j for the pairs of indices which are yet to be assigned a value. The Lie

algebra £° = (x1,x2, 3, z) is 2-step nilpotent: it satisfies [x1, x2)® = —[x2,21]° = z3 and
all the remaining brackets among basic elements are equal to 0. Similarly, in £5" we have
[2, 1’3]5/ = —[x3, xQ]EI = 21, and z1 and z are central. Then, £° is isomorphic to £ via

T1 > To, To T3, T3> T, 2> 2. (9)

We claim that £5 and £ are not isomorphic as graded algebras, that is, ¢ % ¢’; in
fact, suppose that ¢: £5 — £¢° is an isomorphism of Lie algebras satisfying that for any
g € H there exists h € H with p((£5),) = (£5)5. But then ¢((£5)5,) = (£ )s,, since
these are the only 2-dimensional homogeneous components; which is impossible since
(£5)n, C3(£°) and 2, € (£9)y, is not a central element.

Definition 2.4 can be confusing at first, since in the literature the relation ~ sometimes
refers to isomorphic Lie algebras. However it makes sense to impose that the pieces of
the grading are preserved without breaking. In fact, it is very much in line with the
philosophy of the definition of graded contraction.

Sometimes is important that the isomorphism is a graded algebra isomorphism too.
The next equivalence relation will be very valuable in our study.

Definition 2.6. Two graded contractions € and ¢’ of a G-grading I" on £ are called strongly
equivalent, written € = ¢’ if the graded Lie algebras £° and £ are isomorphic as graded
algebras; that is, there exists an isomorphism of Lie algebras ¢: £° — £¢" such that
o((£9),) = (&), for any g € G, also called a graded isomorphism.

Clearly, € ~ &' implies € ~ €’. Notice that the converse does not need to be true as
shown in the next example.

Example 2.7. Consider the Lie algebra £ = s0(3,C) of skew-symmetric matrices with
basis {x1, 22, 23} as in Example 2.5. Let H = Z2 and write its elements as in Example 2.5;
consider the H-grading given by
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Lno = {0},  Lh, =(71), Lh, = (72), Lhy = (73).

Let €, : H x H — C be the graded contractions defined as in Example 2.5.
One can easily see that the Lie algebra £° = (x1, x9, x3) is again 2-step nilpotent with
[z1, 22] = —[x2,21] = x5 € 3(£7). Now ¢ ~ & since

X1 l£> ZTo, i) l£> s, I3 l£> T, (10)

is a Lie algebra isomorphism satisfying that ¢((£5)n,) = (£ )n,, ©((£)n,) = (£ )ns,
and p((£)4,) = (£ ), But € % ¢/, since (£5)5,, = 3(£°), while (£)5, # 3(£).

Remark 2.8. At this point it is worth noticing that the maps given in (9) and (10)
are automorphisms of the original £, although this is just a coincidence. For instance,
consider the H-graded Lie algebra £ = s0(3,C) as in the previous example. Then the
graded contractions defined by 13 = €91 = 1, €], = €5, = 4, and zero elsewhere, are
strongly equivalent, but the graded isomorphism ¢: £° — g given by ¢(z1) = %xl,
¢(x2) = 25 and p(x3) = 3 is not, of course, an automorphism of so(3,C).

Given an arbitrary map €: G x G — C, it is natural asking under what conditions ¢
is a graded contraction of I'. Such a question is not as easy as it seems since it relies on
the properties of T'.

Remark 2.9. Let ¢: G x G — C be an arbitrary map.
(i) We define a ternary map ¢: G x G x G — C by

e(g,h, k) :=¢e(g,h+ k)e(h, k).

It is straightforward to check that € is a graded contraction of I' if and only if (al) and
(a2) below hold for all g,h,k € G and « € £4, y € £, 2z € Ly:

(al) (5(9, h) - E(h7g))[$,y} =0,
(32) (5(97 h7 k) - E(k,g, h))[CE7 [yv Z” + (€(h7 kvg) - E(khg? h))[y7 [27{,6]] =0.

(ii) Condition (al) is equivalent to e being nearly symmetric: €(g,h) = e(h,g), for all
g,h € G with [£4, £,] # 0. A sufficient condition (not necessary, in general) for ¢ to
satisfy (a2) is e(g, h, k) = e(h, k,g), for all g,h, k € G.

The following example will be very important for our purposes.

Example 2.10. Let ¢ be a graded contraction of I' and a: G — C* an arbitrary map.
The map €“: G x G — C* defined as

e*(g,h) == s(g,h)w Yg,heG,



604 C. Draper et al. / Journal of Algebra 658 (2024) 592—643

is always a graded contraction (since it satisfies (al) and (a2)). If « is a group homo-
morphism, then €* = ¢, but in general €® is different from e.

This inspires another equivalence relation.

Definition 2.11. Two graded contractions € and ¢’ of a G-grading I" on £ are called
equivalent via normalization, written € ~,, ¢, if there exists a map a: G — C* such
that ¢’ = &® (as per in Example 2.10).

Notice that € ~, ¢’ implies that ¢ ~ ¢’, since the map ¢: £5° — £ given by
p(r) = alg)z, Vo e Ly,

is a graded algebra isomorphism in the sense of Definition 2.6. Some authors have conjec-
tured (see [29, Conjecture 2.15]) that the converse is also true, that is, e & &/ = ¢ ~,, €.
Although, this is in general false as shown in the next example, we will prove in §4.2
that this result is true for I'g,.

Example 2.12. Let £ = sl(2,C) ©sl(2,C) be the Lie algebra consisting on the direct sum
of two simple ideals, both copies of traceless matrices. For ¢ = 1,2, consider

e(6 2= D=0 9)

the standard basis of sl(2,C). Let H = Z3 and use the same notation as in Example 2.5.
Then £ becomes an H-graded algebra with

Lho = (T1,72), Ly = (e1, f1), Ln, = (€2, f2), Lny = {0}.
Let e,¢': H x H — C be the graded contractions given by ¢ = 1 (constant map) and

/ / /
€01 = €10 = —1, ¢&; =1, elsewhere.

Then £° = £, while the products in £ are given by [a1,as]® = 0 if a; € {z;, €5, f;},

[v1,e1) = —2e1, [z1, f1] =2f1, le1, A1) = a1,
[w2,€2]" =2e2,  [x2, fo]" = —2f2, [e2, fo]" = aa.

It is straightforward to check that the map ¢: £° — v given by

p(r1) = =21, P(r2) =22, (e1) = —e1, p(f1) = f1, le2) = ea, @(f2) = fo,

is a graded isomorphism, which implies that £ is a Lie algebra, €' is a graded con-
traction, and € ~ &’. On the other hand, we claim & #,, €. In fact, assume there exist
a, 8,7 € C* such that the map ¢: £° — v given below is a Lie algebra isomorphism,
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d(r1) = axy, ¢(x2) = axe, o(er) = Per, o(f1) = Bf1,  dle2) = ez, o(f2) =7 fo.

In such a case, we obtain that

2pe1 = ¢([x1,e1]®) = aﬁ[xl,el]sl = 2afle;, = a=-—1,
2veq = @([x2, €2]°) = ay[ze, e2]® = 2ayes = a=1,

a contradiction.

Remark 2.13. At this point the reader might have noticed the respective similarities
between the equivalence relations ~, ~ and ~, and the automorphism group Aut(T),
the stabilizer Stab(T") and the diagonal group Diag(T") of T'. To be more precise, one can
easily show that ¢ ~,, & if and only if there exist a graded isomorphism ¢: £5 — v
and a collection of nonzero scalars {a, : g € G} € C* with ¢[e, = ayide,.

The classification problem consists in determining the equivalence classes of graded
contractions of I" via ~. This problem turns out to be closely related to determining
the equivalence classes via =, provided that the Weyl group of I" is known (see Propo-
sition 3.15). Now, finding the equivalence classes via ~,, is much easier than finding the
equivalence classes via =2, since the first ones can be computed in an algorithmic way;
while one may describe the task of finding graded isomorphisms (i.e. equivalence class via
~) as a wild jungle, hard to be approached algorithmically, at least if the homogeneous
components are not 1-dimensional.

3. Graded contractions of 'y,

This section is devoted to the study of the graded contractions of I'y,, the fine Z3-
grading on gy introduced in (3). We develop here the machinery needed to classify such
graded contractions up to equivalence via normalization in §4.1, up to strong equivalence
in §4.2, and up to equivalence in §4.3.

3.1. Admissible maps

Throughout this section, to ease the notation, we will write G to refer to Z3, e to
denote its identity element and £ to denote the Lie algebra gs.

Definition 3.1. We call e: G x G — C an admissible map if (g, g) = (e, g) = £(g,€e) = 0,
for all g € G.

Given a graded contraction of I'y,, we first prove that there is always an equivalent
admissible graded contraction.

Lemma 3.2. Let € be a graded contraction of I'g,. Then there exists an admissible graded
contraction €' of 'y, equivalent to .
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Proof. For g,h € G we let £'(g,h) := (g, h) if g # h, g,h # e, and 0 otherwise. Notice
that ¢’ is clearly admissible and satisfies [-,-]° = [+, ~]€'. In fact, for z € £, and y € £,
we distinguish two cases:

- If g h and g,h # e, then [&y]e/ =¢e'(g,h)|z,y] = e(g, h)[z,y] = [z, y]°.
- If either g =h (so g+ h =e) or g =e or h = e, then [£4, £4] = 0, since £, = 0. In
particular, we have [z,y] = 0, which implies [z, y]sl =[x,y =

Thus [-,-]* = [-,-], and so the identity is a Lie algebra isomorphism between £ and
£, O

Consider G the set of all admissible graded contractions of I'y,, and G the set of all
graded contractions of I'g,; clearly, G C G. Lemma 3.2 allows us to shift from classifying
graded contractions of I'g, up to equivalence (i.e., Lie algebras obtained by graded con-
tractions of go up to isomorphism) to classifying the orbits in the quotient set G/ ~. In
other words, there is a bijection from G/ ~ onto Q/ ~.

Admissible graded contractions of I'g, have many symmetry-type properties:

Lemma 3.3. Let € be an admissible graded contraction of I'y, and g,h,k € G. Then:

(i) e(g.h) =e(h,9);

(11) 6(6, ) ‘5( ) = 5(" '76) =0;
(iii) e(g,k,k) =0;

(iv) (g, h, k) = 5(97k h);

(v) e(h+k,hk

Proof. (i) If e € {g,h,g + h}, then e(g, h) = e(h, g) = 0, since we are assuming that ¢ is
admissible. Suppose now that e ¢ {g, h, g+ h}. Then [£4, £,] = L4415 # 0 by Lemma 2.1
(iii). The result now follows from Remark 2.9 (ii).

The proofs of (ii)—(v) are straightforward, and therefore omitted. O

Not every admissible map is an admissible graded contraction of I'g,, but a necessary
and sufficient condition is given in the next result. The advantage of admissible graded
contractions is just that this condition does not explicitly refer to the elements in go.

Proposition 3.4. An admissible map ¢: G x G — C is a graded contraction of Iy, if and
only if the following conditions hold for all g,h,k € G:

(b1) e(g,h) =e(h,9),
(b2) e(g,h, k) =e(k, g, h), provided that G = (g, h, k).
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Proof. Let ¢: G x G — C be admissible. Suppose first that ¢ satisfies (b1) and (b2). We
prove that (al) and (a2) from Remark 2.9 are satisfied. Notice that (al) clearly follows
from (bl). Take g,h,k € G and = € £4, y € £, and z € £, homogeneous elements.
If G = (g, h, k), then (a2) follows from (b2). Otherwise, we can assume without loss of
generality that k € (g,h) = {e, g, h,g+ h}. We distinguish a few cases:

- k =e: then £; =0 and (a2) follows.

- k = g: this implies k + g = e and so £444 = 0. From here, we obtain that [z,z] = 0,
and (a2) now follows from €(g, h,g) = (g, g, h) by (bl).

- k = h: proceed like in the previous case.

k= g+ h: then [z, [y, 2]] € £44 (ht(g+h)) = Le = 0 and similarly [y, [z, z]] € £ = 0.

Thus, (a2) holds.

Conversely, suppose that ¢ is an admissible graded contraction. Then (b1) holds by
Lemma 3.3 (i). It remains to show the validity of (b2). We know that ¢ satisfies (al) and
(a2) from Remark 2.9. Suppose that G = (g, h, k), then we can find z € £4, y € £}, and
z € £ such that [z, [y, 2]] and [y, [z, z]] are linearly independent by Lemma 2.2. From
here, an application of (a2) yields (b2). O

3.2. A combinatorial approach: supports and nice sets

The results in §3.1 allow us to focus our attention on admissible maps satisfying
conditions (bl) and (b2) from Proposition 3.4; this simplifies our classification problem
considerably since we can forget about the grading itself and deal with the grading group.

In this section, we reformulate the problem of classifying (up to equivalence) admissi-
ble maps satisfying (b1) and (b2) onto a combinatorial problem. We begin by introducing
some notation. As before, we write G' to denote Z3, and we write its elements as follows:

Welet I:={1,2,...,7}, Ip := TU{0}, and introduce a commutative binary operation x
on Iy as follows: for 4,7 € Ip we let i x j to be the element in Iy such that g; + g; = gixj-
Restricted to I, this operation can be pictured as:




608 C. Draper et al. / Journal of Algebra 658 (2024) 592—643

More precisely, for i # j in I, the element i j € I is the third element in the unique line
containing ¢ and j. This means that {7, j,i * j} is one of the lines of the so called Fano
plane P?(FFy) (pictured above). Recall that the Fano plane is a finite projective plane
with the smallest possible number of points and lines: 7 points and 7 lines, with 3 points
on every line and 3 lines through every point.

Definitions 3.5. Pairwise distinct elements i, j, k € I are called generative if k # i * j;
this is equivalent to saying that G = (g;, g;, gr). We also say that {4, j, k} is a generating
triplet, since the definition does not depend on the order of the elements 4, j and k.

Consider the set of 21 edges of the Fano plane:

X ={{i,j}|i,j €I, i+#j}.

Notation 3.6. For a map n: X — C, we write n;; = n({3,j}) and nijx = M jsk Mjks
provided i, j, k are generative. (It is well defined, since {i,j * k} € X.) We consider the
set

A:={n: X — C such that n;ji = njk:, for all ¢, j, k € I generative}. (11)

Working with A is more convenient than dealing with G; likely, we will be able to do
so, since there is a natural bijective correspondence between these two sets.

Proposition 3.7. The map ®: G — A given by ®(¢)({i,7}) = (gi, g5) is bijective, with
inverse defined as ®1(n)(gi,9;) =n({i,3}) if {i,j} € X, and 0 otherwise.

Proof. To ease the notation, for £ € G and n € A, we write n° = ®(¢) and &, = &~ (n).
We first check that n° € A provided € € G. Notice that n° is well defined since (g;, ;) =
(95, 9i)- For i,j,k € I generative, we have that

mejk = nfj*k U?k = &(9i, 9=k )95 9x) = €(9i> 95 + 9r)e(95, gr) = (93, 95> gr.),
Miki = 105 ki Mei = €(9js G )E(Ghes 9i) = €(9j5 G + 9i)e (G, 9i) = €(95 I, 9i)

and 75, = 15, by Proposition 3.4 (b2). Second, we check that €, € G provided n € A.
Notice that ¢, is admissible by definition, and satisfies Proposition 3.4 (b1). If ¢, j, k are
generative, then e,(9:, 95, k) = Mijk = Njki = Mkij = €n(Yk, 9i» g5), and (b2) follows.
Lastly, notice that the maps G = A, e = n® and A — G, n — ¢,,, are inverses. O

In what follows, we will refer to admissible graded contractions and maps in A in-
terchangeably. In particular, two maps 1,7 € A are equivalent (respectively, strongly
equivalent) if ¢, and e,/ are so; in such a case, we will use the same notation n ~ 7’
(respectively, n ~ 7).
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An invariant in the classification of strong equivalence classes in A is their support,
defined in the usual way: the support S" of € A is given by

ST.={te X |n(t) #£0}.
Lemma 3.8. Let .0/ € A. If n~ 1/, then S7 = S

Proof. We denote £ = go and £; = (g2)y,. Let ¢: £57 — £ be an isomorphism such
that ¢(£;) = £; for all ¢ € I. Note, for {7,j} € X, any € £; and y € £;, that

nize([2,y]) = @([x,y]7) = [e(@), o) = ni;le(x), o(y)]-

This gives 7;; # 0 if and only if 7}, # 0, taking Lemma 2.1 (iii) into consideration. In
other words, S = s7. o

In order to determine the possible supports of the admissible graded contractions, we
will prove that these satisfy the absorbing-type property defined below.

Definitions 3.9. For i, j, k € I generative, we let P(; ;1) to be the subset of X:

P{i,j,k} = {{17]}7 {jv k}v {k, i}v {7'7] * k}7 {]7 k * 7;}7 {kﬂ; *]}}

A subset T' C X is called nice if {7, j},{i*j,k} € T implies Py, j 5y €T, foralli,j, k€1
generative.

It is clear that the trivial subsets X and () are both nice sets. Non-trivial nice sets
and some pictures are shown in Definition 3.18.

As mentioned, nice sets and supports of admissible graded contractions are closely
related.

Proposition 3.10. If n € A, then the support S" is a nice set.

Proof. Let n € A and 4, j, k € I generative such that {i,j} and {k,i* j} are in S". We
need to prove that Py .y € S”. From {i,5},{k,i*j} € S” we have that n;; # 0 and
N ixj 7 0. Then n;; # 0, which implies that n;;x = njr; # 0, since n € A. These yield
that 1; juk, Mk, Mj ki and Ny, are all nonzero. That is to say that {7, j*k}, {j, k}, {J, k =i}
and {k,i} are all in S”, proving that S7 is nice. O

Proposition 3.11. Every non-trivial nice subset T' of X gives rise to an element of A with
support T and image {0,1}.

Proof. Let T be a nice subset of X and n”: X — C given by

n'(t) ==

1, ifteT,
0, ifte¢ T
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Clearly, sn" =T. Suppose that 7, j, k € I are generative, and let us show that n;‘gk = n]T,ﬂ
We distinguish two cases:

- Pyijxy ©T. In this case, one can easily check that 773;1@ =1= njj;ﬂ

- Pk Q T. We claim that ngk =0= anki. Suppose on the contrary that either
r]iTjk #0 or an,ﬂ- £0.If 0 # 77¢Tjk = niTj*kank, then {i,j * k}, {4, k} € T, which implies
P{j7k,i} C T since T is nice. If 7731;@1 # 0, one can reach a contradiction in a similar
way. Thus, necessarily 77;"; = 77;‘,’;“, =0.

In any case, we have proved that 7}, = n},;, which tells us that " € A. O

In what follows, we make the group Aut(Z3) act on the set of admissible maps A in

(11).

Definition 3.12. A bijective map o: I — I is called a collineation of I if o(i x j) =
o(i) xo(j), for all 4,5 € I, i # j. Any collineation sends lines to lines, where, for ¢,j € I
distinct, we denote the set L;; := {7,7,7 % j} as the line in I containing ¢ and j. Notice
that L;; = L;«; = Lji; and that three pairwise distinct elements ¢, 7,k € I form a line
if and only if they are not generative.

We write S, (I) for the set consisting on all the collineations of I, which is a subgroup
of the symmetric group on I. By the Fundamental Theorem of Projective Geometry, the
full collineation group of the Fano plane (also called automorphism group, or symmetry
group) is the projective linear group S.(I) = Aut(Z3) = PGL(3,2), which is a simple
group of order 168 [13].

Remark 3.13. Collineations preserve generating triplets: if 4, j, k € I are generative, then
o(i),0(j),0(k) are generative for all o € S, (I). Moreover, and this is important, for any
two generating triplets {7, j, k} and {¢/,j’,k’}, there is a unique o € S,(I) such that
o(i)y=14,0()=7,0(k)=FkK.

Definition 3.14. For o € S.(I) and n € A, we define
n7: X = C by 07 =)o)

for all {4, j} € X. Note that n” € A, consequence of 17}, = 7o(s)o (j)o (k) and Remark 3.13.
This gives an action S,(I) x A = A, (0,n) — o -n:=n°.

This action preserves equivalence classes, since it translates the action of the Weyl
group of I'y,.

Proposition 3.15. For o € S.(I) andn € A, n° ~ 1.

Proof. Write £ for g, and £; for the homogeneous component (g2),,. Themap 6: G — G
defined by 6(g;) = go@y for i € I and 6(g0) = go is a group automorphism since
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o € Si(I). Proceeding like in (4), we can find an automorphism f,: O — O such
that f,(O,) = Oy for all g € G. Consider the induced map fo: g2 — g2 given by
fo(d) = fydf;', which is an automorphism of Lie algebras satisfying that f,(£;) = L)
for all i € I. We claim that f,: £57° — £57 is an isomorphism. In fact, for i, j € I, i # 7,
z € £; and y € £;, we have that

Fo(le,y)™7) = Jo iz, 9]) = nf fo ([, 9]) = Notiyo Lo (@), fo(9)] = [fo (@), fo ()],
since f,(z) € Loy and fo(y) € £5(;)- This shows that e,- ~ &,, and so n” ~ 7. O

When a collineation o moves an admissible map, it moves its support accordingly.
More precisely:

Definition 3.16. Extend the action of the group of collineations S.(I) to the set P(X)
by defining 6({i,7}) := {o(i),0(j)}, for all o € S,(I) and {i,j} € X. We say that two
subsets T and T” of X are collinear, and we write T ~. T”, if there exists o € S,(I) such
that 5(T) = T".

Notice that ~. is also an equivalence relation on the family of nice sets, since
7(Pri i) = Ploi),o(j),o(k)}, Which implies that &(T") is a nice subset of X provided
T is so. As mentioned, the natural action of S,(I) on A is compatible with the action
on the supports.

Lemma 3.17. For o € S.(I) andn € A, S"° ~. S".

Proof. This is quite clear. From Definition 3.14, {i,5} € S"° if and only if 5({i,5}) :=
{o(i),0(j)} € S". That is, 5(S"") = S". O

From all the above, given n € A with support T, for any T’ collinear to T', there
is ' € A with support T’ in the equivalence class of 1. This makes the problem of
classifying all the nice subsets of X up to collineations crucial for our goal of classifying
the graded contractions of I'g,.

3.8. Classification of nice sets up to collineations

The results from §3.2 indicate that our classification problem involves determining
all the nice subsets of X up to collineations. We begin by introducing certain “special”
types of subsets of X, which, as we will see, happen to be nice.

Definition 3.18. Let ¢, j, k € I be generative.

(1) XLij = {{Z,j},{Z,Z*]},{j,Z*]}}
(2) Xpe = {55 e li' #5415 ¢ Lij}
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(3) Xy = {{i.0} | €€ 1, £#7)

(4) XO .= {{i",j'} € X |i' xj' =i}

(5) Ttijry = Ppijry U Ppi,isky U Ppik,isgy U P, ing, isk}

Notice that Ty; ; xy is well defined, since all the triplets involved are generating triplets.

The reader might find the pictures below very helpful to retain these definitions.

XL24 X(3) X(l)

The following result will be very useful when proving the classification theorem (see
Theorem 3.27).

Lemma 3.19. The following assertions hold for i, j, k € I generative:

(1) Xy ~e Xy

(i) X@ ~. X1,

(iif) Xp,, ~ ¢ XLyp:

(IV) ‘X#Lc ~ XLH;

v) X X o~ X\X o
(v) X\ XL \ Xpg
(vi) Ppijky ~e Praa 3};
(Vll) T{,Jk} ~e T{l

Proof. Define a collineation o € S, (I) as
oc(l)=1i,0(2) =7, c(3) =k, c(d)=ixjxk, o(5)=ix*xj, c(6)=ixk, o(7)=7xk.

In each case, & maps the set associated to 1,2, 3 to the corresponding set associated to
i, 7, k, which finishes the proof. 0O
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We next prove that the subsets from Definition 3.18 are all nice.

Proposition 3.20. Let i, 5,k € I be generative. The following subsets of X are nice:

(i) X;

(i) Xr,;, Xpe, X, Xy, and any of their subsets;
(iif) X\ Xpe;
(iv) Ppijrysi
(V) Tiijky-

Proof. (i) trivially holds.
(ii) For Y € {XLU,XL%,X(“}, there is no generating triplet {i’,j’, k’'} satisfying that
{i',5'},{k',i"xj'} € Y, and so Y is nice. The same happens for X ;y; in fact, assume that
i',j', k" € I is a generating triplet such that {i’, j'}, {k',i"+j'} € X(;). From {i’,j'} € X;
we get that either ' = ¢ or j/ = i; suppose, for example, that i = i (a similar argument
works for j° = ). Now, from {&',i" x j'} € X(;) we get that either &’ =i or i’ x j' = 1.
But both of these cases contradict the fact that i’,j’, k" are generative, so X; is nice.
The last assertion in (ii) trivially holds.
(iii) Notice that X \ Xpe = {{m,n} € X | either m € L;j orn € L;;}. Suppose
that {i',j',k'} is a generating triplet such that {¢’,j'}, {k',i' x 7'} € X\ XL?]-' From
{t,j'} € X\ X c we obtain that either ¢’ € L;; or j/ € L;;. Assume, for instance,
ij
that ¢ € L;;. This implies that {¢', &'}, {i',j' * ¥’} € X \ X c. It remains to show that
1]
{j/,K'} and {j’,7 * k’'} belong to X\XLEJ.- From {k',i' x j'} € X\XL%, we have that
either k' € Lij or 7 *j/ S Lz_] If & e Lij, then L'L'j = L, since i,,k/ S Lij: and so
{j,i «k'} € X\ XL%. Lastly, if i’ * j* € L;;, since we are assuming that i’ € L;;, we
obtain that L;; = Ly ;. Thus j' € L;j, and so {j’,k'},{j’,i' *k'} € X\ X c. This shows
ij
that Py ;s 1y € X \ Xzc, and so X \ X c is nice.
ij ij
(iv) We claim that the only generating triplet {7’, j, &'} with {¢', 5}, {K', 7' *j'} € P j iy
is precisely {i,j, k}. In fact, suppose that {i’,j',k’} is one of such generating triplets;
then one of the three cases below occur.

-,y ={i,j},s0i x5 =ixjand K € {k,k*i,kxj kxixj}, since ¢, 5 k" are
generative. But {k',i x j} € Py; ;) implies &' = k.

- {dj'} =ik}, s0i'xj" =ixk and k' € {j, j*i,j*k, jxixk}. Again {k',ixk} € P j 1y
forces k' = j.

- {4, j'} = {j, k} similarly leads to {k',4' x j'} = {i,j x k}.

To finish, notice that {i',j'} ¢ {{k,ixj},{j,ixk},{i,j xk}}, since ¢/ x j/ =i« j*k is
not one of the components in a pair in Py ; x}-

(v) Suppose that ', j', k" are generative such that {i',j'}, {k’,i" * j'} € Ty; jxy. Then
{i, 5" K'Yy € {{i, 4, k}, {i.j, ik}, {i,k, i* 5}, {i, ixj, ixk}} and (v) follows. O
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The above collection of examples contains many of the nice sets, but not all of them.
Next we study the “big” nice sets; big in the sense that they contain Py 3 33.

Lemma 3.21. Let T be a nice subset of X such that Py o3y CT. Then:

(i) T contains some Py j iy, for {i,j,k} a generating triplet different from {1,2,3}.
(ii) There exists o € Si(I) such that Pgy 23y U P24y € 6(T) for either i =4 ori=6.

Proof. (i) The proof relies on examining all the possible {i1,i2} that are in T' but not
in Pp 23y and proving that in every case, there exists a generating triplet satisfying
the required condition. For instance, if {i,5} € T for i € {4,6,7}, since {1,2} and
{i,1 %2} = {4,5} are both in T, which is nice, we get that P(;5; C T. Similarly, if
{1,5} € T, as {1,5},{6,1 %5} = {6,2} € T, we get that Py 56 C T; and if {2,5} € T,
we get that Ppp 571 C T. The case {i,6} (respectively, {4,7}) belonging to 7"\ {1,2,3}
can be reduced to the above considered {i,5} € T, since there exists a collineation
o such that 5({1,2,3}) = {1,2,3} with o(5) = 6 (respectively, o(5) = 7). Finally, if
{i,4} € T\ {1,2,3} with i # 5,6,7, then, if i = 1, we get Pp; 26 C T and if i € {2,3},
then P{i,l,?} CcT.

(ii) Let {i, 7, k} be the generating triplet that exists by (i), and U = {1,2,3}N {4, j, k}. If
U = 0, then either Py 56y €T or Ppys7 € T. In any case, we have that {1,2},{4,1 %
2} ={4,5} € T, and so P(y 24y C T. If [U| = 1, we can assume without loss of generality
that U = {1}, since there is o € S,(I) such that 6({1,2,3}) = {1,2,3} and 5(U) = {1}.
From here we obtain that {i,j,k} € {{1,4,5},{1,4,6},{1,5,6},{1,5,7},{1,6,7}}. If
{i,5,k} = {1,4,5}, then {1,2} and {4,1%2} = {4,5} are both in T', and so Pf; 24} C T.
The other 4 possibilities for {i, 7, k} similarly lead to either Prio4y CTor Prygey CT.
Lastly, if |U| = 2, then U € {{1,2},{1,3},{2,3}}. We can assume that U = {1,2} by
using a convenient o € S,(I) as above. Then, since 1% 2 =5 and {i, j, k} is a generating
triplet, we have that k € {4,6,7}. For k € {4,6} we are done, so let & = 7; then
P23 U P06y Co(T) foro= (1 2)(6 7)€ S.(I), since o fixes Py 23y and sends
Pria7y to Py O

Lemma 3.22. If T is a nice subset of X such that X \ Xpe CT, thenT = X.

Proof. Let T be nice such that X \ X rg, & T. We will prove that X c C T. Recall
that X, c = {{3,4},{3,6},{3,7},{4,6},{4,7},{6,7}} and suppose, for example, that
{3,4} € T. Then from {1,5} € X \ Xy ¢, 34 = 5, we have that P;;34 C 7. In
particular, {3,1 x4} = {3,7} and {4,1 « 3} = {4,6} are in T. Now, using that {4,6}
and {7,4 6} = {7,2} are both in T', we get that Ppy67y C T. Thus, {4,7},{6,7} €T
It remains to show that {3,6} € T', which follows from the fact that P37y C T since
{6,7},{3,5} € T. This shows that T'= X, as desired. O
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Proposition 3.23. Let T' be a nice subset of X containing Ppy 2 3y. Then there exists a
collineation o € Sy(I) such that &(T) € {X, X \ Xpe, T2,3) P13}

Proof. Ifeither T'= X or T' = Py 5 33, then we are done. Otherwise let Py 53y T C X.
Replace T with 6(T) for 0 € S.(I) chosen as in Lemma 3.21 (ii). We distinguish two
cases:

Case 1. P{1’273} U P{1’274} - T.

We begin by proving that X\XL% = Py1231UP1 2.4UX(5) € T'. To do so, we need to
check that {i,5} € T for all i = 1,2,6,7. Using that {1,4} € P(y 24y and {3,5} € Pf; 23
are both in T, which is nice, we get that P35} € T. From here, we obtain that {1,5}
and {5,6} are in 7. Using now that {1,5} and {7,2} € Ppy 4} are in T, we get that
P57y €T, and so {5,7} € T. Lastly, {2,6} € Py 23y €T and so Py5 72y C T, which
yields {2,5} € T This shows that X \ X;o CT.If T'= X \ X, ¢, then we are done;
otherwise, X \ Xre, €T and Lemma 3.22 yields T' = X.

Case 2. P{1$273} U P{I,Q,G} g T.

We first prove that Ty 233 C T. Using that {3,1 x 2} = {3,5} € P23 and
{1,2 %6} = {1,4} € Pfy 26y are in T, which is nice, the fact that {3,5},{1,3+5} € T
gives Pp1 35 € T. In particular, we get that {1,5} € T, proving that Ty, 23, =
Pr123y U Pp1g6y U{{1,5}} CT. If T = Ty 3y, then there is nothing to prove; other-
wise, T(1,2,33 € T, which yields that 7' contains an element from the set X \ Ty 23) =

{024 (2,5}, {2.7). (3.4). (3.6}, (3.7}, (4.5}, {4.6), (4.7} (5.7}, (6.7} }.
If {2,4} € T, then from {2,4},{1,2 x4} = {1,6} € T we get that Pf; 54 C T, and
X\ Xpg, €T by Case 1. Similarly, if {3,4} € T, then using that T is nice,

1,6}€T 3,5}eT
{1,6} {3,5}

Pusayy CT = {3,7} €T Puen CT = {4,6} €T Pizs6y CT.

From here, we obtain that X \ Xpo =T 23y U Pp1343 U P67 UPs 56 CT. Taking
now a € S.(I) such that &(X \ X;c) = X \ X;¢ as in Lemma 3.19, we get that
X\ Xpe € a(T); and we can proceed like in the proof of Case 1. Lastly, if any other
element of X \ Ty 23y is in T', using that T is nice, one can show that either {2,4} € T

or{3,4} €T. O
Now, we investigate the “smaller” nice sets. We begin with a trivial but useful result.

Lemma 3.24. Let T' be a nice subset of X not containing any Py ji pry, ford',j' k' € 1
generative. If i, 5,k € T satisfy {i,5},{i* j,k} are both in T, then either k =1 or k = j.

Proof. Let i,j,k € I such that {i,j},{i*j,k} € T. In particular, i # j, k £ i*j. If i, j, k
are generative, then Py; ;) C 7T since T' is nice. But this contradicts our hypothesis, so
i, 7,k are not generative and k € {i,4,7 % j}. We finish since k #i*j. O
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In the following proof, we use this observation: if i,5 € I, i # j, and L is a line, if
either {i,j} C Lor {i,j} C T\ L, then ixj € L (since any two lines intersect); otherwise,
ixjé¢ L.

Proposition 3.25. Let T' be a non-empty nice set not containing Py; j iy for i,j,k € I
generative.

(i) If X, C T for some line L, then T = X|,.
(ii) If T € X, for any line L and T'Z Xy for any i € I, then
(1) {i,4} € T implies {ixj,k} ¢ T for allk € I;
(2) Either T C Xpc for some line L or T = X@ for somei € I.

In particular, |T| is at most 6.

Proof. (i) Let 4,5 € I be such that ¢ # j and X,; C T. Suppose on the contrary that
Xr,, € T. Then there exists {k,¢} € T such that k ¢ L;; = {4,,4 % j}. In particular
{i,J,k} is a generating triplet. We distinguish a few cases:

- Le{i,j}. If £ =i, then {j,ixj}, {k,i} € T and so P j,.;3 € T, which is impossible.
A similar argument works for £ = j.

- £ =i*j. In this case, from {k,i*j} and {7, j} € T we get Py ; ;3 € T, a contradiction.

- £ ¢ Lij. Then k£ € L. If k* £ =1, then {k, £}, {j, k*(} € T implies Py; ;. C T,
a contradiction; k * £ = j leads us to a contradiction, as well. Lastly, if k * £ = i * j,
then {k, £}, {i,k*{} = {i,i*j} € T implies that Pf;; , C T, a contradiction.

In any case, we have reached a contradiction, which implies that T'= X7, ,.

(ii) Suppose that T"Z X, for any line L and T'Z X ;) for any i € I.

(1) Let 4,5 € I be such that {i,j} € T. Suppose on the contrary that {i * j, k} € T for
some k € I. Then k € {i,j} by Lemma 3.24. If {i* j,i},{i % j,j} € T, then Xr,, C T
and T'= X, by (1), which contradicts our hypothesis on T". Thus, we can assume that
{ixj,i} €T and {i*j,j} ¢ T. From T ¢ Xy, , we can find {k,¢} € T such that £ ¢ L;;.
We consider two cases:

57

- k€ L. If k=14, then {4,£},{i,j},{i,i*j} € T and since T Z X(;) there are a,b in
I'\ {i} with {a,b} € T. If a = j, then {b,j},{4,i* j} € T implies Py ; .y C T, a
contradiction; if a = ixj, then {i, j}, {i*j, b} € T yields Py; ;33 € T, a contradiction.
Hence, a,b ¢ Li;, which implies axb € L;;. From here we obtain that Py, 4 my € T, for
some m in L;; (that depends on a *b), a contradiction. Lastly, if k£ = j (respectively,
if k =ixj), then we can easily derive that P(; ;. C T (respectively, Pg; ;0 € T),
a contradiction.

- k¢ L;j. Then kx{ € L;j, as observed before the proposition. If k+ ¢ € {j,i%j}, then
P{i,k,l} - T; and if kx (= i, then P{j,k,é} - T.
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In any case, we have reached a contradiction, and so (1) follows.

(2) We can always assume that {1,2} € T. From (1) we have that {5,k} ¢ T for all
k. First, assume we can find ¢1, ¢ # 1,2 such that {{1,¢>} € T. Keeping in mind that
{1,2, 41} is a generating triplet, we can find o € S,(I) fixing 1 and 2 and sending ¢; onto
3; this allows us to take ¢1 = 3, and so {5 € {4,6,7}. From (1) we obtain that 3x¢y # 1,2,
which yields ¢ ¢ {6,7} and so ¢5 = 4. In addition, using that T" does not contain
any subset of the form Py j 1y, from {1,2} € T we get {4,7},{3,6},{4,6},{3,7} ¢ T}
similarly, from {3,4} € T we obtain {1,6},{2,7},{2,6},{1,7} & T. Altogether we are
left with:

{1,2},{3,4} e T C {{1,2},{3,4},{1,3},{1,4},{2,3},{2,4},{6,7}}.

If {6,7} ¢ T, then T C X,¢; otherwise X®) = {{1,2},{3,4},{6,7}} C T. From (1)
there is no {i,j} € T with i % j € {1,2,3,4,6,7}, and then we get X(®) = T. Second,
consider the possibility ' C X (1) U X(2). From T' Z X4y and T" € X(3), we can find
l1,00 # 1,2 with {1,2},{1,¢1},{2,€2} € T. As above, a convenient collineation allows
us to take £1 = 3. If T Z X ¢ , this means that there is {3 € {1,2} such that {7,435} € T.
The only possibility is {1,7} € T, since 2% 7 = 3. Now 1 % 7 = 4 forces {3 to be 3. But
2% 3 =7, which contradicts (1). Hence, the possibility 7' C X1y U X(2) does not lead to
any solution. O

Corollary 3.26. Any subset T' of X different from Py; j xy is nice with cardinal < 6 if and
only if either T C X1 or T C Xpe for some line L, or T C Xy or T C X© for some
tel.

Proof. Apply Propositions 3.20 and 3.25. 0O
We are now in a position to classify the nice subsets of X.

Theorem 3.27. Fvery nontrivial nice set T is collinear to one and only one of the fol-
lowing subsets:

- if |T) =0, then T =Ty :=0;
if |T| =1, then T ~. Ty := {{1,2}};
- for |T| = 2, there are three possibilities:

13 := {{172}7{1v3}}a Ty := {{172}7{1v5}}a T5 = {{172}a{657}}5
- if |T| = 3, then T is collinear to one of the following sets:
Ts = Xp,, Tr:=XWU  Tg:={{1,2},{1,3},{1,4}},

To :={{1,2},{1,3},{1,5}}, Tio:={{1,2},{1,3},{1,7}},
Thyoi={{1,2},{1,6},{2,6}}, Ti2:={{1,2},{1,6},{6,7}};
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- for |T| = 4, we have four possibilities:

Tz = {{1,2},{1,3},{1,4},{1,5}}, Twa:= {{1,2},{1,3},{1,5},{1,6}},
Ti5 = {{172}a {176}5 {177}7 {2’6}}7 Ti6 == {{1,2}7 {1’6}7 {25 7}7 {677}};

for |T| =5, we have two options:

Ti7 = {{la 2}7 {173}’ {174}) {175}’ {1v6}}7
Tig := {{L 2}7 {176}a {L 7}7 {276}7 {23 7}}7

- if |T| =6, then T is collinear to one of the following:
Ty = Xpg, Too:=Xqa), Tor:=Puasy;

- Zf |T‘ == 10, then T ~e T22 = T{17273},'
- Zf |T‘ = 15, then T ~e T23 =X \ XL‘{’; 5
- if [T =21, then T ~, Toy := X.

Proof. The result trivially holds for |T'| = 1.

Suppose that |T| = 2 and notice that T does not contain any Prijry, for i g,k € 1
generative. If T C X, for some line L, then Lemma 3.19 applies to get that (X)) = X1,
for some o € S, (I). Thus 6(T') C Xp,,,and so T ~. {{1,2},{1,5}}, since {{1,2},{2,5}}
becomes {{1,2},{1,5}} via (1 2)(6 7)and {{1,2},{2,5}} becomes {{1,5},{2,5}} via
any collineation sending {1, 2,3} into {1, 5,4}, for any i ¢ L1 (see Remark 3.13). If T' C
X (4) for some i, then Lemma 3.19 allows us to take ¢ = 1. From here we obtain one new
possibility for T (up to collineations), namely, {{1,2},{1,3}}; since {{1,2},{1,3}} ~.
{{1,2},{1,i}} for i = 3,4,6,7, by Remark 3.13 ({1,2,¢} is a generating triplet). Suppose
now that 7' ¢ X, and T' & X, for any line L and any ¢ € I. Then ' C X;¢ (up
to collineations) by Proposition 3.25 and Lemma 3.19. There are two nice sets (up to
collineations) contained in Xy¢: {{3,4},{3,6}}, which is contained in X(3) so nothing
new here; and {{3,4},{6,7}} ~. {{1,2},{6,7}} via (1 3)(2 4).

Assume that |T| = 3; from Proposition 3.25 and Lemma 3.19 we get that T is either
collinear to X, or X1, or one of the following holds:

- T C X(). There exists 4, j, k in I such that T = {{1,4},{1,5},{1,k}}. If two
of the elements in T belong to X for some line L, then we can assume that ¢ = 2,
j =5. Then &(T) = {{1,2},{1,5},{1,3}}, for o the collineation sending the generating
triplet {1,2,k} to the generating triplet {1,2,3}. Otherwise, {1,4,j} is a generating
triplet and we may assume it to be {1,2,3}. From here we obtain that T is either
{{1,2},{1,3},{1,4}} or {{1,2},{1,3},{1,7}}, since k = 5,6 leads us to the previous
case.

-T C Xpe and T € X for all £ € I. Then T is of the form T =
{{i1, 51}, {i2, 32}, {i3, 43} }, for is, js € LS, = {3,4,6,7} such that none of the elements of
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L, appears three times in {iy, 71,2, j2, i3, 73 }. If three of the elements of L{, (we can take
3, 4 and 6) appear twice each, then T = {{3,4},{3,6},{4,6}} ~. {{1,2},{1,6},{2,6}}.
Otherwise, two elements must appear twice and the remaining other two must ap-
pear once, for instance let 3, 4 appearing twice; then T = {{3,4},{3,6},{4,7}} ~.
{{1,2},{1,6},{6,7}} via (3 1 5)(6 2 4).

Suppose that |T'| = 4 and let T = {{1,4},{1,5},{1,k},{1,£}} € X(1). Keeping in
mind that 4, j, k, £ are pairwise distinct and 4, j, k, ¢ € I\ {1} = (L12\{1})U(L13\{1}H U
(L14 \ {1}), we have two possibilities:

-4,j € L1y, \ {1} and k, ¢ € Ly, \ {1}, for m # n.

In this case, T' ~. {{1,2},{1,5},{1,3},{1,6}}.

-4, € L1y \ {1}, k € L1, \ {1} and ¢ € Ly, \ {1}, for m,n, p pairwise distinct.

Without loss of generality we can assume ¢ = 2, j = 5, k = 3 and £ = 4 or 7. Notice that
{{1,2},{1,5},{1,3},{1,4}} ~. {{1,2},{1,5},{1,3},{1,7}} via the collineation sending
the generating triplet {1,2,3} onto the generating triplet {1,5,3}. Lastly, notice that
this set is nice by Corollary 3.26.

Assume now that T Z X for all £ € I. Then, up to collineation, 7' C Xpg, by Propo-
sition 3.25. Let T' = {{i1,j1}, {42, j2}, {i3, js}, {ia, ja} }, where iy, j, € L§, = {1,2,6,7},
for s = 1,...,4. Notice that each element of Lgl appears at most three times in the
pairs belonging to T'. Suppose that, for instance, 1 appears exactly three times, then
{1,2},{1,6},{1,7} € T and all the possible options for the fourth element give rise to
collinear sets to {{1,2},{1,6},{1,7},{2,6}}. The remaining case is all the elements of
LS, appearing twice; in such a case, T ~. {{1,2},{1,6},{2,7},{6,7}}.

Assume that |T'| = 5; if T' C X4 for some £, then it is straightforward to check that
T ~. {{1,2},{1,3},{1,4},{1,5},{1,6}}; otherwise Proposition 3.25 applies to get that
T = {{i1, 11}, {i2, 792}, {43, 73}, {44, Ja}, {i5,45}} C Xpg . Then the Pigeonhole principle
yields that one of the elements of L?,C4 appears more than twice in {i1,j1,...,%5,75};
the number of such occurrences is exactly three, since |L3C4| = 4. Thus, we can as-
sume {1,2},{1,6},{1,7} € T and i4,j4,%5,55 € {2,6,7}. In any case, we get that
T e {{1,2), 41,6}, {1,7}, {2,6}, {2, T} }.

Suppose that |T| = 6; if T C X(y) for some /, then T' ~. X(y). If T' contains some
Py jky (for i, j, k generative), then T ~. Py 9 3y. Otherwise, T'= X c (for some line L)
by Proposition 3.25.

To finish, if |T| > 6, then T must contain strictly some Py; ; »y (for 4, j, k generative)
by Proposition 3.25. From here, Proposition 3.23 allows us to conclude that 7" is collinear
to either X \ Xpe,s Tri2,3y or T = X, finishing the proof. O

Conclusion 3.28. At the moment, we have found 24 nice sets and hence 24 Lie algebras
obtained by graded contractions of I'y,, these ones obtained as L5 for i =1,...,24.
In the next section we will prove that 23 of them are non-isomorphic, the exception will
be the algebras related to Tg and 779 which are isomorphic, as checked in Example 4.10.
We will also prove that the only cases in which there are more than one equivalence class
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with the same support will be those with support collinear to T14, T17 and Tso. Fixed
any such nice set, there will be an infinite number of non-isomorphic algebras that have
it as their support.

Remark 3.29. To be more precise, there are 779 nice sets. To compute this number, we
have to compute how many nice sets are there in the orbit S,(I)-T; = {6(T;) | o € S.(I)},
for different values of 1 < i < 24. Recall that, if S.(I)1, := {0 € S.(I) | 6(T3) = T;}
denotes the subgroup of collineations which leave T; invariant, its cardinal is related with
the cardinal of the orbit by |S.(I) - T;| = %. Now we compute these cardinals case
by case:

i[1,24]2,4,5,14,16,22[3,9,12,13,15]6,7,19,20,23[8, 10, 11,2117, 18
1S, (I)7, ||| 168 8 2 24 6 4
1S.(I)- T | 1 21 84 7 28 42

For instance, the orbit of Ty is S, (I) - Th = {0}, which contains only one nice set. The
orbit of Ty = {{1,2}} has 21 elements, namely, S.(I) -T2 = {{t} | t € X}. For T3 =
{{1,2},{1,3}}, if a collineation o satisfies (T3) = T3, then o(1) = 1 and o({2,3}) =
{2,3}. Besides the identity map, there is only one such collineation, so that the subgroup
of collineations fixing T3 has 2 elements and the orbit of T3 has 84 elements. Look at
Ty = {{1,2},{1,5}}. A collineation ¢ leaving T} invariant is determined by o(1) = 1,
o(2) € {2,5}, 0(3) € {3,4,6, 7}, so that there are 8 elements in the stabilizer. There are
also 8 collineations leaving T5 = {{1,2}, {6,7}} invariant: (1) € {1,2,6, 7}, this forces
0(2) = 2,1,7,6 respectively, and the possibilities for o(6) are two (6/7 in each of the
first two cases, and 1/2 in the other two). The orbit of Tg = X, has 7 elements, since
there are 7 lines. Similarly, S.(I)- Ty = {X® | i € I} has cardinal 7 too, just like I.
Now, the stabilizer of Ty = {{1, 2}, {1,3},{1,4}} has 6 elements, since a collineation such
that 6(Ts) = Ts satisfies 0(1) = 1 and is determined by ¢(2) and o(3) arbitrary distinct
elements in {2, 3,4}, since 4 = 1%2%3. Also, there are two possibilities for o leaving Ty =
{{1,2},{1,3},{1,5}} invariant, since necessarily o(1) = 1, ¢(3) = 3 and o(2) € {2,5}.
We can proceed similarly for the remaining values ¢ > 10. Thus the total number of nice
sets is the sum of the cardinal of the orbits, (1+42)-2+21-64(7+84)-5+28-4 = 779. Thus
we have 779 Lie algebras {£7°™) | ¢ € S,(I),i < 24} which are not graded-isomorphic,
since they have different support. Of course, this is not relevant for classifying graded
contractions up to equivalence, which is our main objective.

4. Classification of graded contractions of go

Next, we explore how many non-isomorphic Lie algebras can be obtained by graded
contractions of I'y, with a fixed support, in Sections 4.1 and 4.2. For most of the nice
sets, there is only one isomorphism class of Lie algebras attached. This assertion can
be concluded only from the study of the equivalence classes via normalization, which
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will be the first aim in §4.1. We will need more specific arguments in §4.2 for dealing
with several nice sets contained in some X(;). With some extra work, this will give the
classification of the graded contractions of I'g, up to equivalence in §4.3.

4.1. Equivalent graded contractions via normalization

Recall that a first step towards the classification of all the equivalence classes G / ~
of graded contractions consists in classifying all the equivalence classes G / ~y of graded
contractions via normalization; this turns out to be equivalent to describing the equiv-
alence classes G/ ~,, of admissible graded contractions via normalization, since the sets
G/ ~ and G/ ~ are bijective (by Lemma 3.2) and ~,, trivially restricts to G (that is, €*
is an admissible graded contraction provided ¢ is so).

On the other hand, Proposition 3.7 allows us to work in the set A in (11), by defining
n ~p 0 if €, ~, &y for any n,n" € A. Note that n ~,, 7' if there exists a: I — C*
(written as a(i) = a;) such that = n®, where n,; = n({¢,j}) for all {4, j} € X, and
;4

77% = 1ij Qg Q5 = (13)

Qi j
Our goal here is to determine the equivalence classes in A/ ~,. Given n € A
with support T' = {{i1,j1},.-.,{is,Js}}, lexicographically ordered, that is, ix < jg,
i1 < ig < ... < 4, and if iy = ix4q1 then jr < jry1; to ease the notation, we
write 7 = (1i,j,,- - -+ 7i.j.). For instance, for T' = {{1,2},{1,6},{2,7},{6,7}}, we write
n = (ma,me, N7, Ne7)- If iy j, = 1 for all k, then we write 17 = (1,1, .. (501,

Theorem 4.1. Any n € A with nontrivial support T from Theorem 3.27 is equivalent via
normalization to 17 except in the following three cases:

() If T =Tiys ={{1,2},{1,3},{1,5},{1,6}}, then n ~ (1,1,1,A), for A = B2Die.
Moreover, (1,1,1,A) ~, (1,1,1,X) if and only if X = X.
(i) If T = Thr = {{1,2},{1,3},{1,4},{1,5},{1,6}}, then n ~p (1,\,1,1,X), for \* =

msnie
Mm2ms
Moreover, (1, \,1,1,A) ~, (1, N, 1,1, X)) if and only if A = £N.
(iii) If T = Tog = X1y, then 1~y (1, A, 1,1, A\, ), for A* = et and p? = el

Moreover, (1, A\, i, 1, A\, ) ~pn (LN, (!, 1L, N 1) if and only if X =N, p=+4'.

For the proof, it is convenient to establish notation, since any nonzero complex number
admits two square roots. In order to choose one of them, for any o € C*, we may uniquely
express a = |alei? | for some 6, € [0,27), and then we denote by /a := \/[alei?/2.
Here we use i for the imaginary unit in the underlying field of complex numbers, to
distinguish it from i € O, used through the manuscript for an octonion. Note that we

do not have the property that vaa' = y/ava’ for any a,a’ € C*.
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Proof. First, note that for any T with T4 C T C X(1), any |T|-tuple in (C*)I7I does
provide a map in .4 (an admissible graded contraction, with a minor abuse of language)
with support T; because, as there is no generating triplet {¢, 7, k} such that {4, 5}, {i *
J.k} € T, then the condition 7;;, = n;k; necessary to assure 7 € A is satisfied trivially,
since 7;;, = 0 for any generating triplet. This implies that all the tuples used in (i), (ii)
and (iii) really provide equivalence classes up to normalization related to those supports.

(i) Suppose that T' = {{1,2},{1,3},{1,5},{1,6}}. Taking oy = ﬁ, az = /M5,
az = M, as = /N2, and oy = ag = ay = 1, we obtain that n* = (1,1,1,A),

M3

where A = 126 which shows that n ~, (1,1,1, A).

nNi2M1s’

Now, if (1,1,1,\) is another admissible graded contraction with support T satisfying
that (1,1,1,\) ~, (1,1,1, A), then there exists a map §: I — C* such that 512 = f13 =
B15 = 1 and X316 = A (notation as in (13)). From here we get 1 = B12815 = (81)? =
B13B16 = P16 so that A = N, concluding the proof of (i).

(ii) Suppose that T = {{1,2},{1,3},{1,4},{1,5},{1,6}}. Then taking oy = a7 =
ﬁ, ay = /M5, a3 = %v ay = n%’ as = /N2 and ag = 1, we obtain that
n®=(1,\1,1,A), for A = %; which means that 1 ~, (1, A, 1,1, A).

Now, if (1, A, 1,1, ) is another admissible graded contraction with support T such
that (1, N, 1,1, ) ~, (1,\, 1,1, A), then there exists a map 8: I — C* satisfying that
(1,)\’,1,1,)\/)’8 = (1,)\,1,1,)\). This means ﬁ12 = /814 = ﬂ15 = ].7 )\/513 = )\/516 =\
From here we get (31)% = 12615 = 1, which implies 8; = 41, and so

ﬁ6>2 Bie A Bs /
— ] ==——=1 = —= =01—=x1 = N =%\
(ﬁzz B3 N P1e = fi Bs

In order to finish the proof of (ii) we only need to find f: I — C* such that 515 =
Bra = Bis = 1, Biz = P = —1, so that (1,A,1,1,\)% = (1, =\, 1,1, —)\). For instance,
8=(1,1,-1,1,1,1,1) is such a map.

(iii) Let "= X(1), A = % and p = % Notice that n ~, (1, \, u, 1, A, p);

VT

: _ 1 _ _ VM6 _ _
in fact, take oy = v @2 = VN5, ag = Vi 4 = s 05 = v/M12 and

0462047:1.

Next, suppose that (1, X', p/, 1, N, ') is an admissible graded contraction with support
T such that (1, N, ¢/, 1, N, 1') ~n (1, A\, 1, 1, A, p). Then there exists a map §: [ — C*
satisfying that (1, N, p/, 1, X, p/)? = (1, A\, u, 1, A, ). This means

A
Brz=1= P15, P1z= =P, Pua= ﬂ, = 7.
A 7

2
As above (81)% = Bi2815 = 1 and (%) =1, so that % = B1% = +1. Similarly,

BN* B _ B B -
(54) _514_1:>M'_ﬂ17_5154_11:>u_i'u.
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To finish the proof of (iii), note that (1,\ u, 1,A\,u)° = (1,-\pu,1,—\ ) and
(LA LA, w)Y =0, A —pu, LA —p) ford=(1,1,-1,1,1,1,1) and v = (1, 1,1,-1,1,1,
1).

It remains to show that 1 ~, 17, for the remaining 7" in Theorem 3.27; to do so it is
Qjx g

ook for all
PO

enough to find a map a: I — C* such that n® = 17, or equivalently, 7;; =
{i,j} €T.

-T ={{1,2}}: let a5 = 112, and a; = 1 for all ¢ # 5.

-T={{1,2},{1,5}}: let o1 =z = ﬁ, as = 77? and a; = 1 for all i # 1,2, 5.
-T ={{1,2},{1,3}}: let a5 = 12, ¢ = m3 and o; = 1 for all i # 5,6.

T ={{1,2},{6,7}}: let a1 = -, ag = - and o; = 1 for all i # 1,6.

N1z’ ne7r
'T:XL12: let a1 = ﬁ, Qo — m, a5 = m, Q; = 1 fOI' allz;ﬁ 1,275.

7 = x(@). - 1 - 1 - 1 — — — —
T=XW:let as oy 38 = oy 4 = e and a1 = a5 = ag = ay = 1.

-T={{1,2},{1,3},{1,4}}: let a5 = m12, ag = M3, @7 = N1, 1 = a9 = a3 = g = 1.
-T={{1,2},{1,3} {1, 5}}: let a1 = —=— a2 = /15, @3 = \/M12/M15, 05 = /12,

ag =113 and ay = ay = 1.
-T = {{1,2},{1,3},{1,7}}: let a5 = M2, ¢ = M3, as = M7 and a; = 1foralli # 4,5,6.
-T ={{1,2},{1,6},{2,6}}: let a3 = n16, 4 = 126, a5 = M2, @; = 1 for all i # 3,4, 5.
-T ={{1,2},{1,6},{6,7}}: let ag = 77—12, Qg = Mg, Q7 = 17%’ a; =1foralli+#23,7.
ST ={{1,2},{1,3},{1,4},{1,5}}: let oy, = ﬁ a2 = /M5, a3 = a4 = \/T12:/T15,
as = /M2, ag = M3, and a7 = Ni4.

-T= {{172}7 {176}a {177}7 {276}} let a3 =116, X4 = 726, X5 = Th2, Q7 = % and
a1 = Qg = g = 1.

- T = {{1,2},{1,6},{2,7},{6, 7}}: let a1 = = — a3 = a3 = mg, s = 1,
g = VIEVIOVTET (o TEVTeVTE L
N Vier 5T T ey

-T= {{LQ}a {176}3 {177}7 {276}3 {23 7}} let oy = V126127, G2 = /T16+/T7, Cg = 17
Q3 = MN16+/7126/7127, C4 = 7126+/7116+/ 7117,
an = VM16+/M26 s =
7 VTir/T27 5 = T124/116 \/nl \/772 V127

-T=Xpg:let oy =

\/7734~/?737~/774 61/M67’ \/"734\/7736\/774 7/M67 \/"]34\/7]36\/7]37
o -
4= \/7734\/7]46\/774 \/7]30\/7]3 \/7]40\/7]4
1
\/7736 \/7746 VMe7’? VM37/Ma7/M67
— . S I — e = L — 1 _ L
-T =Pz let a1 = a4 = ap = T (2 = Q5 = oo, 3 = Lo, o = e Note that

o323 = 1 and assnss = 1 follows from 7130 = 1321 = 1213, since we are assuming 7
belongs to A.

-T = T{123}' Take 1 = ﬁ, B2 = /s, B3 = \/%, Ba = \/%, Bs = a2,

ﬁ6 - 7]16’ 57 = \/%a to get that 775 = 77/ = (17 >‘17 /\27 15 )‘1) A27 >‘3a A47)\55 A6)a
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_ VvM3v/Me _ oA/ MaN/Mv o VMMsvmT . _ A/M154/M14 _
where )\1 - VTiz2\/N1s5 )\2 - Viizy/mis )\3 - NG 723, )\4 - NG 726, )\5 =
7”’\1/2177 ;;’147735 and \g = 7”7\1/2777 ;6"”7756. Now, using that 1’ € A we derive

A2A3 = A5 = Mgy,
A2y = Ag = A3Aq,
A2As = AgA1 = As,
g = Mg = A5

/ W W
23 = Tls12 = T231
/ 7 7
26 = Me12 = T261

/ 7 o
M35 = Tls13 = 351

1117

77/156 = Tlé15 = 77361
From here we obtain that

M=M= = A\ ==+,
Mo =X = (M\2)?Xg = Ao =1

Hence, 0 = (1, A1, A2, 1, A1, A2y f, Apdap, Aop, Ajp) for some p € C*, Aj, Ay € {£1}.
Defining v: I — C* by v3 = v = % and v; = 1 for all 7 # 3,6, we get that

(M) = (1, A1, A2, 1, A, Aoy 1, Agdg, Ao, Aq).
But (1, -1,1,1,-1,1,1, 1,1, =1)° = 17 and (1,1, —-1,1,1, -1, 1, —1,-1, 1)?" =
17, for 6 = (1,1,-1,-1,1,1,—1) and ¢’ = (1,1,1,—1,1,1,1).

-Let T = X\XL%' Since X (1) € T', we can take 3: I — C* the same map as in case
T(1,2,3) to get n® =1 = (1, A1, Ao, 1, A1, Ao, A3, ..., A11), for some )\; € C*. On the
other hand, using that 7;;, = 1/, for all 4, j, k generative, we obtain that A;, A2 € {1}
and 77/ = (17>‘1a)\27 17)‘17A27 )‘7 My )‘MAI)\Qa )\)\1)‘27 /j/)\l)\Qa )\)\27 ,LL)\17 )‘)\17 MA2)7 for some

X e _ _ 1 _ 1 _ 1
)‘7/’[’ € C*. To ﬁnlbh? take = A1>\2a T2 = \/X\/E\/X\/I_A’ V3 = VavN Y4 = oYWk
V5 = MA2Y2, Y6 = A2vs, Y7 = A1ya to get that ()Y =17, O

This finishes the equivalence classes via normalization attached to the possible non-
trivial supports up to collineation. Lastly, in case T = X it is also true that any n € A
with support X is equivalent via normalization to 1%X. The proof is similar to the one
in case X \ Xpc; it can also be seen as a consequence of [29, Theorem 3.1], which deals
with graded contractions without zeroes and states (in our notation) the following;:

“If € is a complex G-graded contraction without zeroes, then there exist some nonzero
QgQp 5
Qgtn
Here in [29], G denotes an arbitrary finite abelian group and there are no restrictions on

the G-graded Lie algebra.

complex numbers {cog : g € G} such that e(g, h) =

Conclusion 4.2. The set G/ ~,, consists of one isolated equivalence class related to each
of the 21 nice sets in {7} : i # 14,17,20} (and to those ones collinear to them); together
with three infinite families related to Th4, Ti7, and Tbg, parametrized by C*, C*/Z,
and (C*)?/Z3, respectively (and those ones collinear to them).
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(More precisely, as in Remark 3.29, we have 70 parametrized families jointly with 709
isolated equivalence classes by normalization, whose related Lie algebras can be obtained
from £°7" by applying the Weyl group of the grading as in Proposition 3.15.)

The next aim is to prove if the corresponding Lie algebras are non-isomorphic. At the
moment we know that there is no an isomorphism between two of these algebras which
is a scalar multiple of the identity on each homogeneous component.

4.2. Classification up to strong equivalence

Our goal here is to prove that any two strongly equivalent admissible graded con-
tractions of I'y, are also equivalent by normalization. That is, we have to prove that, if
p: L8 — £57" denotes a graded isomorphism, then there exists a graded isomorphism
@' £ — £% such that ¢
using the notation £; = (g2)4, as in Lemma 3.8.) This is not a trivial problem by any

¢, is a scalar multiple of the identity for all i € I. (We are

means, and it seems to rely heavily on the properties of the grading.

There is no precedent in dealing with this problem, so we will try to explain where
our ideas for addressing it come from. First, our results in the previous sections allow
us to restrict our attention to admissible graded contractions with support contained
in Xy, since we proved in Lemma 3.8 that two strongly equivalent admissible graded
contractions have the same support and, for the remaining (non-collinear) supports,
Theorem 4.1 tells us that there is only one equivalence class up to normalization, so that
in particular only one class up to strong equivalence. The difficulty in dealing with a nice
set T'C X(y) lies in the fact that we do not have much information about the nonzero
values of an admissible map 1 € A with support 7', since any map n: X — C* with
support T belongs to A (there is no {i,j}, {i*j, k} € T with {i, j, k} a generating triplet,
so 1ijx = 0). We will obtain valuable information on the values of 7 in Corollary 4.5; the
main tool being thinking of ¢

¢, as an endomorphism of a 2-dimensional vector space
and to take advantage of our knowledge of the products among the subspaces £;’s as
in Lemma 2.1. We begin by adapting the notation used in the basis (6) in order to
handle several basis of the same homogeneous component simultaneously. (The notation
in (6), less precise but much simpler, has been used through the remaining sections of
this paper.)

Remark 4.3. We denote our basis of the space of zero trace octonions as

€1 = i, €9 :j, €3 = 1, €4 = kl, €5 = k, € — il, €7 = —jl
Then e;e; = e;y; if either the ordered line (4, j, i * j) or some of its cyclic permutations
belong to the set L = {(1,2,5), (5,6,7), (7,4,1), (1,3,6), (6,4,2), (2,7,3), (3,4,5)},

and e;je; = —e;yj, otherwise. (Note we have used brackets instead of braces because the
order in the lines is relevant for describing the signs of the products. Also, we use here
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£,¢ ... for ordered lines instead of indices, due to the necessity of adopting a very precise
notation.)

Take ¢ € L and fix i € ¢, k ¢ (. If j € £\ {i}, then 4,5,k are generative, Q :=
(1,€;,€5,€i4;) is a quaternion subalgebra (isomorphic to #) and e, is orthogonal to Q
with respect to the norm n. So O = Q @ Qey. Consider the derivations of O given by,
for any ¢ € Q,

Ef)k A 07 geg %(eiq>ek7 (14)
Ff: o g glend, gen— —3(geier.

The definition of Ff does not depend on k since Ff = %Dej,eiej for the two options of
j € £\ {i}. For the other derivation, the choice of k ¢ ¢ is not very relevant either, since
Ok plixk _ pbgkk _ polyikjxk
Ei *Eil* *7Ei]* *7Eil*j*-

The set Bf’k = {Ef s F!} is a basis of £; and each homogeneous component £; has six
of such bases since each index belongs exactly to three different lines in L and there are
two possible signs for “E”. Now, as in (6), for any r,7" € ¢, the elements in the basis

multiply as follows,

[ECF BN = BLE, (LY = F,

RV AR

[Ef’kv Ff’] =0,

if ¢ is any cyclic permutation of (i, 5,7 % j) € L. As a consequence, for any a,b € C, and
any i # j € £,

Spec(ad?(aEL " +bFY)|g,) = {—a?, —b}, (15)

where Efk and Ff are eigenvectors related to —a? and —b?, respectively. Here, Spec
refers to the spectrum of an endomorphism, that is, the set of eigenvalues.

Proposition 4.4. Let T be a nice set and p: £5 — £ a graded isomorphism, with
nT € A defined in Equation (12). If {{i,j}, {z,z*g}} C T, then the following assertions
hold:

(i) For any z € £;, Spec(ad® ¢(z)|e,) = {€ij€iixjA | A € Spec(ad® 2|, )}

(ii) The matriz of v|e, with respect to the basis Bf’k, fori,j €l and k ¢ ¢, is one of the

following
1 0 1 0 01 0 1
+a <0 1), +a (O 1), +a (1 O>’ +a (1 0),

2 _
for a® = g;j€i 445

(iii) det((p|gi) = :I:Eij&‘ii*j-



C. Draper et al. / Journal of Algebra 658 (2024) 592—643 627

Proof. Recall that €, (i, j) = ,7(i,3 % j) = 1.

(i) For z € £ and w € £;, we have [p(2),[p(2),p(W)]] = o([z,[2w]]?) =
eij€iinjp([2, [2,w]]), which implies ad2(¢(z))|£j = €ij€iixjP O ad?zo i

(ii) and (iii). Let P = ((cl Z) be the matrix of ¢

£+

¢, with respect to the basis Bf’k given

in Remark 4.3. To ease the notation, write £ = Ef’k, F = Ff; notice that ¢(E) = aE+cF
and ¢(F) = bE + dF. From (i) we get that Spec(ad? ©(E)|e;) = {—¢ij€iixj, 0}, since
Spec(ad? Elg;) = {-1,0}. As Spec(ad? ¢(E)|¢,) = {—a? —c*} by Equation (15), thus,
either @ = 0 and ¢ = €ij€iixj, OF ¢ = 0 and a? = €ij€iixj. Arguing with F', we get in a
similar way that either b = 0 and d? = €ij€iixj, OF d = 0 and b = €ij€iixj. Therefore,

o either P = (8 2) with a = £d and det(P) = ad € {£e;€iixj };

e or P= ((c) 8) with b = £¢ and det(P) = —bc € {£e;5€,445}. O
Corollary 4.5. Let T be a nice set such that {{i,j},{i,i * j},{i,k},{i,i«k}} C T. If
n € A is strongly equivalent to nT', then 1ini ixj = £0ikNiixk-

Proof. Let : £57 — £%7 be the corresponding graded isomorphism. Applying the
previous proposition to the two lines ¢ and ¢ in L which are reorderings of {i,7,i % j}
and {i,k,7 * k} respectively, we get det(p|e,) = £0iiix; = E£MikNiisk, and the result
follows. O

At the moment it is not yet immediate whether there could be an admissible map
n € A satisfying n ~ 0T but n 4, nT, but a lot of information on the possibili-
ties for T" and 7 can be extracted from Corollary 4.5. Of course we can assume that
{{1,2},{1,3},{1,5},{1,6}} C T C X(1), by an application of Theorem 4.1. Let us prove
that:

CIET = {{1,2},{1,3},{1,5}, {1,6}}, then 5 ~y, (1,1,1, —1).

- T = X)) \{{1,7}}, thenn ~, (1,i,1,1,i). (Recall we use i to denote the imaginary
unit in the complex numbers.)

- If T'= X, then  ~p, (1, A\, p, 1, A\, ), for A\, u € {£1, £i} no both in {£1}.

For the first case, we can assume that 17:25 = m3 = 1715 = 1 by Theorem 4.1. Now,
M6 = MeMa = £mams = 1, due to Corollary 4.5. But 116 # 1 since n %, n’. If
T = Xa) \ {{1,7}}, then 1 ~,, (1,X,1,1, ), for some X € C such that A\* = nigms =
+n19ms = £1. Now A2 # 1, since 1 £, nT'; the result clearly follows since (1,1, 1, 1,i) ~,
(1,—i,1,1,—i). The last case follows similarly, since A> = +1 and p? = +1. Now the
question is whether these situations can really occur: is (1,1,1,—1) strongly equivalent
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to 177 It will be easy to give a negative answer once we know the relation among the 3
different bases of the same homogeneous component.

Lemma 4.6. Let £ = (1,2,5), ¢’ = (1,3,6) and BY?, Bf/’Q be the bases of £1 defined in
Equation (14). Denote E = B3, F = F{, E' = EL*, F' = F!'. Then

1 1
E'=(E+F), F = 3E-F)

Proof. Straightforward computations permit to check that for any derivation d €
{E,F,E',F'}, then d(e;) = agi€y(;), for the permutation o = (2 5)(3 6)(4 7) and
the scalar ag; given by the next table:

dil1 2 4 5 6 T
EJ0o 0 1 1 0 -1 -1
Flo 2 -1 1 -2 1 -1| 0
El0 1 0 1 -1 0 -1
Frlo -1 2 1 1 -2 -1

Theorem 4.7. Strong equivalence and equivalence via normalization coincide for I'g,.

Proof. The result will follow by proving that 17 is not strongly equivalent to (1,1,1, —1),
(1,1,1,1,1) and (1, A, u, 1, A, 1); notice that there is no ambiguity in the support (T' =
T4, Ty7, Tog respectively). We prove here for T = {{1,2},{1,3},{1,5},{1,6}}. Suppose,
on the contrary, that ¢: £ — £ is a graded isomorphism for n* = (1,1,1,—1) and
n°" = 17. Applying Proposition 4.4 (i) twice with ¢ = (1,2,5) and ¢’ = (1,3,6), we
obtain that the matrices P, P’ of the endomorphism ¢|¢, relative to the bases Bf’?’ and
Bf/’Q, respectively, must be £aPs and +a' P, for some s,r € {0, 1, 2,3}, where

1 0 1 0 0 1 0 1
PO:(() 1>a PIZ(O _1), P2:<1 0)7 P3:<_1 O)a

with a? = e12615 = 1 and (o/)? = e13616 = —1. Notice that Q = % 1 _31 is

the order 2 matrix of the change of bases, by Lemma 4.6. Now observe that no scalar

multiple of QP;Q belongs to {Py, P1, Ps, P3} if i # 0. This forces r = s = 0 and then
a? = det(g|e,) = (’)?, a contradiction. O

4.3. Classification up to equivalence

We would like to take advantage of all the above information to solve the problem
of how many classes of Lie algebras can be obtained up to equivalence (in the sense of
Definition 2.4). For now, we can be sure that there are at the most 21 classes along
with 3 infinite families. In fact, if n € A, then there are o € S,(I) and ¢ < 24 such that
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(8™ = T; (Proposition 3.10 and Theorem 3.27). Now Lemma 3.17 says that the support
s just T;, and i’ ~ n by Proposition 3.15. If i # 14,17, 20, we know that
n' ~n n'% by Theorem 4.1, and then 5 ~ n%i. Similarly for i = 14,17, 20, 1 is equivalent

of n =n°

to one of the graded contractions exhibited in Theorem 4.1. But all this gives an upper
bound for the number of equivalence classes. A priori it could happen that % ~ nTi for
i # j. Even that, for a fixed i = 14, 17,20, two admissible maps with support T; could
be equivalent although not strongly equivalent. We have to discuss carefully all these
possibilities for getting the classification up to equivalence.

Our next goal will be to prove that equivalent graded contractions will have collinear
supports with only one exception. This is not an easy task and we need some preparation:
first we need to observe the relation between support of an admissible graded contraction
and center of the related Lie algebra; and second, we will find some very convenient
collection of isomorphisms of some of the algebras obtained by graded contractions of
T

g2
The support gives immediate information about the center of the algebra. Here 3(g) =
{z € g: [z, g] = 0} denotes the center of a Lie algebra g.

Proposition 4.8. Let ¢: G x G — C be an admissible graded contraction. The center
3(£°) is the direct sum of the homogeneous components £, = (g2)qg, such that i does

not appear in any of the elements of T = S" . In other words, 3(£5) = @ £;, where
i€lr
Ir={ielli¢t, VteT}. In particular, dim3(£%) = 2|Ip|.

Proof. Notice that ifi € Iz, then {i,j} ¢ T for all j # i. Thus n;; = O and so [£;, £;]* =0
for all j # 4, which implies that [Eh D i Ejr = 0. On the other hand, [£;, £;]° = 0,
since £; is abelian. This shows that £; C 3(£°).

Conversely, take z € 3(£°) and write z = ), _; z;, where 2z; € £; for i € I. We claim
that 2 =z — 3 ,cp, 2 = Dogr, 25 € 3(£°) is zero. In fact, if Z # 0, then z; # 0 for
some i ¢ Ir; then there exists j € I such that {i,5} € T, so n;; # 0. On the other hand,
ad zi|g,: £ — Lisj is surjective by Lemma 2.1 (iii), so there exists w € £; such that
0 # [z, w] € £;;. Using that Z € 3(£°), we obtain that

0=[zw] =Y [zw] =Y 05z ],

s¢lr s¢lr

where [25,w] € £4.j. This implies that 1S, [zs, w] = 0 for all s ¢ I, since the map I — I,
s > s j, Is injective. In particular, ng; [2;,w] = 0; but this is impossible since 5 #0
and [z, w] #0. Thus Z=0andso z € @ £;. O

i€l

Now we will look for suitable auxiliar linear maps. We begin by observing, for the Lie
algebra s0(3,C) of skew-symmetric matrices with basis {1, x2, 23} as in Example 2.5,
that the map given by z; — =z, ; — —z; and z; — z; is an automorphism, for
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(2,7) = (2,3) or (3,2). This gives, for any ¢,j € I distinct, an automorphism ¢;; of the
semisimple Lie algebra £, & £; & £i.; < £ = g2 (two copies of s0(3,C)):

%‘j|2¢*j =id, %‘j(xi) = —Zy, %‘j(yi) = —Yj %’j(l“j) = Ty, @ij(yj) = Yi,

where now x;,y;,x;,y; are as in (6). (Both are compatible notations.) This can be
extended to the bijective linear map 0;;: £ — £ by

9i'|£t = Pij, 1ft€{l7j,Z*J},
ij = { J J (16)

ijle, =id,  otherwise.

As in Remark 2.8, §;; is not an automorphism of £, but it is an automorphism of some of
the Lie algebras obtained by graded contractions from £. For instance, take 7' = X (#9)
that is, T' = {{r, s}, {7, 5}, {k,{}} C X with different indices such that ixj = k*l=1r=xs
and note that 6;; € Aut(£°), for e = @~ (7). Simply note that 6;; coincides with ¢;;
in £;® £; @ L;.;, and with the identity map in £, ® £, ® £,+s and in £, D L; D L. The
same arguments can be used to check how ¢ has to be for 6;; to be an automorphism:

Lemma 4.9. If ¢ is an admissible graded contraction of I'y,, and T = S is the support,
then, 0;; is an automorphism of £° if and only if:

(i) For any {t1,t2} € T, either ty,ta,t1 xta € I\ {i,j} orty1,to,t1 xta € {i,4,ixj};
(i) eyt =€t for allt #1,j.

This is consistent with the above: 6;; ¢ Aut(£) since T' = X does not satisfies (i).
However, 6,; € Aut(£°) if S = X (%) Another relevant example is T' C X(ixj), where
(i) is always satisfied, although (ii) could be false: for instance, for 6;; € Aut(£°) it is
necessary the condition that {3,7 * j} € T if and only if {j,i*j} € T.

Example 4.10. Let {7, j, k} a generating triplet. Take T' = {{4,j}, {4, k},{é,j * k}} and
T = {{i,j}, {i,k},{i,i = j = k}}. Note that T and T” are not collinear: T ~. T1p and
T’ ~. Ts. However, we claim that n7 and 7" defined by Equation (12) are equivalent. In
fact, it is easy to check that the map 6 = ;.4 i+« in Equation (16) is an isomorphism
of graded algebras §: £2 (1) — g® (1),

This is a surprising example, because one could think that equivalent admissible
graded contractions have collinear supports, but, at least in this example is not true.
The following technical result proves in particular that this is the only case in which
nT ~nT but T o, T":

Proposition 4.11. Let n,7 € A, n ~ 1. Denote by T = S" and T' = S". Then the
following assertions are true.
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(i) Fither there are an isomorphism v: £57 — £57 and a collineation o: I — I such
that w(ﬂi) = Loy for alli € I; or T C Xy has between 3 and 5 elements.

(ii) If T o {Ts,T10}, then there exists o € Si(I) such that n° ~n'.

(iii) If T . T', then either T ~. Ty, T' ~. Tho, or viceversa, and there are an isomor-
phism : L8 — £ a collineation o: I — I and two distinct indices r,s € I such
that 10,5 (£;) = L£,¢;) for alli € I.

(iv) If T ~. T, then there exists o € Syx(I) such that n° = n'.

Proof. To ease the notation, write € = ¢,, and ¢’ = ¢,. Take an isomorphism of graded
algebras ¢: £° — £ and a bijection p: I — I defined by cp(ili) = £,)- Note that
the determined map p might not be a collineation. For ¢, 5 € I distinct and « € £; and
y € £;, we have that e;;p([z,y]) = €' L),u) [2(7), ©(y)]. Thus u satisfies the following

property:
{i,j} €T = {u@),n()} €T, p(@)*p(j) = p(i*j). (P)

In particular, u(7T) = T". Also, p(I1) = I7s with the notations in Proposition 4.8, because

© maps the center onto the center and 3(£°) = @ £;.
i€l
Clearly, u is a collineation provided that T'= X. Our first goal will be to prove that,

except for the case T C X(;), 3 < |T| < 5, we can replace p with a collineation o and
the isomorphism ¢ with another isomorphism ¢ : £° — £ that satisfies the property

V(L) =Ly, Viel Q)

Ir order to prove it, we distinguish some cases according to the indices involved in the
support.

o If T = (), we have that ¢ = 0 and £° is abelian. Thus, £¢" is also abelian (and p
can be any bijection). Take o any collineation, and for each i € I choose any bijective
linear map f; o: £; — £5(;). Then we can define ¢: £5 — v by ¥|e, = fis foralli eI,
which so satisfies (Q). As both algebras are abelian, ¢ is an isomorphism.

o If {i,j} e T C {{i,j},{i,i * i+ {71 *j}}, then choose k € I\ {i,7,i* j} and
e I\{p(@), n(y), n(@)*pu(j)}. Notice that {7, 7, k} and {u(3), u(j), £} are both generating
triplets; hence, there exists a collineation o : I — I such that o (i) = u(i), o(j) = p(j) and
o(k) = L. Moreover, o(ixj) = u(ixj), since o(i*j) = o(i)xo(j) = p(i)*u(y) @ w(i*g).
Now define ¢: £ — £¢ by

(4

LiPL;®Li; — ¥ ¢|£t = ft,o’ for any t € {k,k * Z7k *]7k * 1 *.7}7

(the bijective linear maps f;, chosen as in the previous item). Notice that ¢ is an
isomorphism, since £, C 3(£°), for any t € {k, k x i, k x j, k x4 % 5} and similarly,
£, C3(8°), for any 1 € o ({k, ki, kxj, ki j}) = I\ {uli), (), i # )} € I
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e If T does not satisfy any of the conditions covered in the two previous cases, there
exists a generating triplet {i,j,k} such that {¢,j},{k, ¢} € T for some £ € I with
¢ # k. Consider the collineation o € S, (I) determined by o (i) = pu(i), o(j) = p(j) and
o(k) = (k). Notice that o is well defined since {u(2), u(j), u(k)} is also a generating
triplet (we can apply (P) to u~! since this is related to the isomorphism ¢~1!). For

K :={tel|o(t)=p(t)}, note that
ti,te € K, {{t1,ta}, {t1,t1 xta},{to,t1 xt2}} NT #0 = t;*t3 € K. (U)

In fact, if {t1,22} € T', then o (ty * t2) = o(t1) * o(t2) = p(ty) * p(t2) 2 p(ty * t2). Also,
if {tl,tl * tg} eT, then U(tz * tl) = ,U,(tg * tl) since:

o(ta % t1) % pu(t)) = o(ta % t1) % o (t1) = o(t2) = u(ts) © pults * t1) * pu(t1).

Now, as 4,7,k € K, then (U) implies i * 7 € K. Also, either ¢ or ¢ * k belongs to
{i,j,i* 7} C K since any two lines in the Fano plane always intersect, so that both
0,0+ k € K. As both o and pu are bijections, either K = I or {i,4,i % j, k,{,{+k} = K
(just 5 elements). In the first case, o = u and there is nothing to prove, since p would
be a collineation and ¢ the required isomorphism. Then, assume o # p. Labeling the
remaining two elements of I as r and s, we know that o(r) = pu(s), and o(s) = p(r).

If r,s € Iy, then the next map

poo [Ye=0 K,
. "/)|£t:ft,ov t=r,s,

is an isomorphism satisfying (Q)): We only have to note that, if {¢1,t2} € T, then t1,t5 €
K and hence t; *ty € K by (U); so that ¥|e, @s,,@s,, .., coincides with the restriction
of .

Now assume r ¢ I and let us prove that either 7 = X (/) or T'C X(;) (interchanging
1 and j if necessary). To argue easily, note the following facts.

(a) If {r,t} € T, then either t = s or t = r * s. (Similarly, if {s,t} € T, then either t = r
ort=rx%s.)
(b) If {t1,t2} € T, t1,t2 # 7, s, then ty xto £ 1, 5.

Indeed, if (a) is not true, t,r xt # r, s implies that t,r * ¢t € K and by (U), also r € K,
a contradiction. And (b) says that t1,t2 € K implies ¢ * t € K, which is a trivial fact
from (U). Now we can discuss the possible supports according to the values of the index

04k
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(1) It £ =ixj, then K = {i,5,k,i*j,ixjxk} and {r,s} = {j*k,ixk}. As T is nice,
Py CT.As {i,jxk} € Py, CT and i,i*xj*k € K, (U) implies j*xk € K, a
contradiction.

(2) If £ = ixk, then K = {i,j,k,ixk,i*j} and {r,s} = {jxk,ixj*xk}. As T is
nice, Py isk,; C T. In particular {k,i = j «k} € T, and, as k,i* j € K, (U) implies
i*j* k€ K, a contradiction. (This argument works similarly for £ = j * k.)

(3) fl=ixjxk, then K ={i,j,k,ixj*k,i*xj} and {r,s} = {j«xk,i*k}. In this case
i%j=kxl=rxsand we claim that X () = T
In fact, if {r,r % s} or {s,r * s} are in T, then either P, ; j.px € T or P; it C T,
since T is nice. This gives {i % j,j * k} or {i x j,i * k} belongs to T, respectively,
which contradicts (a). As r ¢ Ip, the only option is {r,s} € T so that X(*) =
{{i,5},{k.1},{r,s}} C T. If the containment is strict, then there is {¢;,t2} € T
(both t1,t, € K) which is not in X(*9) (so t; xto # 7% s). By (b), t; xta # 1,5.
Thus we can assume that t; xto = i (4, j, k and [ play the same role here). As
J & {t1,t2,t1 %o =i} (since {i*j,t} ¢ T for all t € K), then ¢, ta, j are generative
and Py, 4, ; € T. But {i x k,k} belongs to P, +, ; and hence to T, which again
contradicts (a).

(4) If ¢ =i, then K = {i,j, k,ixk,i*j} and {r,s} = {j*k,i*j«k}. In this case rxs =4

and let us check that 7" C X(;). (Of course T' C X ;) if £ = j.)
On one hand, if {r,s} € T, then {j,s} € P, s ; C T, a contradiction with (a). So, if
{t1,t2} € T with t; = r, s, then to = ¢, and, in any case, {r,i} € T. On the other
hand assume we have {t1,t2} € T with t1,ts # i,7, s. There are only 6 possibilities
for {t1,t2}: if this element is one of {j, k}, {j,i x k}, {k,i*j}, or {i xk,ixj}, then
t1 x g is either r or s, a contradiction with (b). If {¢1,t2} = {j,9%j}, then {ixj,r} €
Pjivjr €T, a contradiction. The same argument says that {t1,t2} # {k,i* k}. So
we have proved {{i, j},{i,k},{i,r}} CT C X(;).

Let us return to our search for a convenient isomorphism according to the possible
supports.

*x T = X0 = Ly s} {i,5},{k,1}} with ixj = k*1 = r 5. Now 0,, € Aut(£°)
by Lemma 4.9. Hence @,,: £ — £ is isomorphism (composition of isomorphisms).
Moreover, ¢f,, satisfies (Q). In fact, if ¢t € K, 00,5(L:) = 0(£¢) = L) = Lor)- And
00rs(£r) = ©(Ls) = £,4(5) = Lo(r) (and similarly for s).

*x{{i,r},{i,s}} €T C X(;). According to Lemma 4.9, the map 6,.; is an automorphism
of £ if and only if g;. = £;5. In any case, as both g;,.,€;5 # 0, we can slightly modify the
map in Eq. (16) to define ¢ by, if t € K,

Ve, =id, 0'(z,)=—""ay, 0(y) = ——"ys, 0'(xs) =20, 0(ys)=yr

It is easy to prove that 6’ € Aut(£) and that ¢f': £5 — £¢ is the required isomorphism
satisfying (Q).
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This finishes the proof of (i). Besides, the existence of the map ¢: £° — g satisfying
(Q) also says that n ~ ()7, by composing ¢ with the map f, in Proposition 3.15:
fotp: £5 — £7¢ is a graded isomorphism.

* {{i, g} {i, k}, {i,r}} €T C Xy, {i,s} ¢ T. We can assume without loss of gener-
ality that {7, * j} € T. Again we modify the map 6, ;.; in Lemma 4.9, by considering

5 - A —Eij 5 —Eij A )

Ole, =id, O(z;) = ;*sz‘*j, 0(y;) = T*;yi*ja 0(inj) = x5, O(Yinj) = Yj,
if t # 4, j. The same argument as above says that g e Aut(£°). Now take the collineation
v € S.(I) determined by v(i) = i, v(j) = i *j and v(k) = k. This induces, as in
the proof of Proposition 3.15, the isomorphism f,,—1: g5’ — gov "<’ The composition
of these maps gives the isomorphism ¥ = fya—1§0é1 gs — gov < Note that ¥ is a
graded isomorphism: writing ¢1 > to — t3 — t4 for shorten 0(£,) = £4,, ©(L£4,) = Lt
fuo-1(£4,) = £¢,, we have to check that ¢t; = t4 for any choice of t; € I. Indeed,
t—t—o(t)— v(t) =t forany t =i, k,ixk, and

= o(s) = v(s)

T, ixjrr g o(f) = v(j) =ixg
s s o(r) = u(r) =s,

jixjeo(ixg)—=v(ixg) =7

That is, e & ov~! - ¢’ and, by Lemma 3.8, T and T” are collinear. This finishes the proof
of (ii).

* Finally, consider T' = {{3, 5}, {¢, k}, {i,r}}. If r = jxk, then T ~. Ty and T" ~. T,
otherwise r =i * j* k, T ~. Ty and T" ~, Tio. In both cases T #. T’ = p(T). Trivially,
for the isomorphism ¢: £5 — £, ©f,. (£:) = £,(;) holds for any i € I. (iii) and (iv)
follow. O

At the moment, we know there are 3 infinite families and 21 strong equivalence classes
of graded contractions, and that, among those 21, there are only 20 equivalence classes
of graded contractions. Let’s find out what happens to the parametrized families. Again
there will be less equivalence classes of graded contractions than strongly equivalence
classes.

Remark 4.12. Observe that, for each conflictive nice set ' C X(1), there are also admis-
sible maps with support 7" which are equivalent but not strongly equivalent:

e If 1 has support T4 and we take o € S.(I) with 6(T14) = Ti4, then, with the
notation as in Theorem 4.1, n7 = (175, 17, 175, N7 )- It is clear that o(1) = 1 and so n7 =
(Me(2)s Mo (3)s Mo (5)s Me(6)). For instance take o the collineation determined by o(1) =
1, 09(2) = 3 and 0¢(3) = 2. Then we have (1,1,1,A)7 = (1,1,\,1) ~, (1,1,1,5). In
this last step we have applied Theorem 4.1 (i). So, for A # 1, (1,1,1,\) ~ (1,1,1, %),
though we know that they are not strongly equivalent.

e If n has support Ti7, again 177 = (N1s(2), Mo(3)> Mo(4), No(5), No(s)) for each
collineation o such that 6(7T17) = Ti7. Note that we have used that o(1) = 1 for
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any such collineation. For oy as in the above item, (1,A,1,1,\)7° = (A, 1,1,\,1) ~,
(1, \/%7 1,1, %) ~n (1,%,1,1, ). Here we have used the proof of Theorem 4.1 (ii). If
A # £1, then (1, %, 1,1, %) and (1, A, 1,1, \) are equivalent but not strongly equivalent.

e If  has support Tsg, and o7 is the collineation determined by o1(1) =1, 01(2) = 2
and 01(3) = 4, then (L, A pu, LA p) = (L, u, A L, A). Also, (1, A\ u, 1, )% =
AL A1 p) ~p (1,%,&‘,1,%,%), by Theorem 4.1 (iii) and taking into account
possible changes of signs. By composing these collineations, (1, A, p, 1, A, u)70% =
(s L, i, 1, )~y (1, i, %7 1, i, %) But recall that (1, A, s, 1, A, @) ~n (L, N, 1/, 1, N 1)
if and only if A = X, u = +/. Thus, there are less equivalence classes than strong
equivalence classes.

Next we will prove that we have essentially found all the possible 7,7’ which are
equivalent but not strongly equivalent.

Theorem 4.13. Representatives of all the classes up to equivalence of the graded contrac-
tions of I'y, are:

(1) {nT|i+#8,14,17,20};

(ii) {(1,1,1,A) | A € C*} related to Ti4, where (1,1,1,X) ~ (1,1,1,XN) if and only if
Ne{\s}

(iii) {(1,A,1,1,A) | A € C*} related to Ti7, where (1, A, 1,1,\) ~ (1, N, 1,1, ) if and
only if X' € {£X, £1};

iv) {(L, A, L, p) | A u € C*} related to Tog, where two maps (1, A\, pu, 1, \, ) ~
(L, W/, LN 1) if and only if the set {£N,£pu'} coincides with either {+\, £u}
or {£1,+4} or {:I:%, j:i}

Proof. We know that n”® ~ 7710 as in Example 4.10, but the maps in {n%* | 1 <
1 < 24,7 # 10} are all of them not equivalent by Proposition 4.11 (ii). (If n,n’ € A
were equivalent and S” £, Tg,Tho, then their supports would be collinear.) Of course

the number of equivalence classes with support 7; is at most the number of strong
equivalence classes with support T;, and we know that this number is 1 if ¢ # 14,17, 20,
so that we have to think only of the supports collinear to T4, T17 and T5g. Besides, by
Proposition 3.15, we only have to find the classes of maps in A with supports equal to
T14, T17 and TQ().

Ifn=(1,1,1,A) ~ o = (1,1,1,X) for §7 = §7 = Ty, let us prove that \' =
AL, Proposition 4.11 (ii) implies that there is a collineation ¢ such that n° ~ 7’. By
Theorem 4.7, (1,1,1,A\)7 = 17 ~, " = (1, 1,1,X). As nf; = 75(i)s(j), Observe that
(1,1,1,A)7 has to be one of the next four possibilities according to the value of o~1(6)
(respectively 6,5,3,2): (1,1,1,A), (1,1,A,1), (1, 1,1) or (A, 1,1,1). The first and third
admissible maps are ~,, (1,1,1, A), so that A = X by Theorem 4.1. In a similar way, the
second and fourth cases are ~, (1,1,1, %), so that % = N. Conversely, if X € {), %},
then (1,1,1,\) ~ (1,1,1,)) by Remark 4.12.
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Second, assume that both n = (1,A\,1,1,\) ~ o' = (1, X,1,1,\) have support equal
to Ty7. Again there is a collineation o such that 6(T17) = Tir and (1,A,1,1,1)7 =~
(1, M,1,1,\) by Proposition 4.11 (ii). Observe that o(1) = 1, 0(4) = 4, and ¢(2) can take
any value in {2, 3,5,6}. This leads to two possibilities: n7 € {(1, A, 1,1, A), (A, 1,1, A,1)}.
In the first case A = £\, and, in the second one, n7 = (X, 1,1,A,1) ~, (1, 1,1,1, /1\) As
this is equivalent by normalization to (1,\,1,1, ), hence % € {j:)\' }. The converse is
an immediate consequence of Remark 4.12.

Third, if (1, u, 1, p) and (1, N, ', 1, X, ') are two equivalent admissible maps
with supports equal to Thg, then there exists a collineation o such that &(Tao) = Th and
(LA ey 1, A, 1) =~ (1L, N, p/, 1, N, 1), applying Proposition 4.11 as in the above cases.
Note that o(1) = 1, and o sends lines to lines, so (1, A, u, 1, A, 1)? is necessarily one of
the next maps with support Thg:

(17)‘3,“713)‘3/1')7 (>‘717/L7>‘?17M) ~n (17

pl oopl
A, 1A 1 1, —
( y My Ly Ay [y ) ( )\ )\’ 7)\ )\)

1 A 1 A
17/1'7)‘71u,ua)‘a /1/117)‘7/1"17)\ ~n 17_7_717_7_7
( ) ( ) ~n ( PR u>
1 1

(M,)\,l,/ﬁ,)\,l) (1 i - év_)

o

By looking at the second components of these 6-tuples, Theorem 4.1 says +)\ €
A\, )\, - % )‘} and looking at the third ones, we know that, respectively, +u' €
{1, A, ’/{, , }\, 1} This leads to the three possibilities for the set {+\',+u'} described
in (iv). The converse is a consequence of a suitable choice of collineations, as in Re-
mark 4.12. O

Remark 4.14. Observe that Theorem 4.13 tells that, if ,7" € A are such that n ~
and S" = S’”/7 then n =~ 1’ except at most if S” ~ Th4, Ti7, Tog.

5. Properties of the Lie algebras obtained as graded contractions of g-

Finally, we study the properties of the Lie algebras obtained in Theorem 4.13. We
begin by revisiting some notions from Lie theory. In what follows, g denotes a finite-
dimensional complex Lie algebra, and g’ its derived algebra [g, g].

The lower central series of g is the sequence of subalgebras g° = g, g = ¢’ and
g" = [g,g" 1], for all n > 2; while the derived series of g is the sequence of subalgebras
g =g’ and g™ = [g(»=1), g(»=D] for all n > 2. We say that g is nilpotent (respectively,
solvable) if its lower central series (respectively, its derived series) terminates in the zero
subalgebra; in other words, there exists n such that g™ = 0 (respectively, g™ = 0). If m
is the least natural number such that g™ = 0 (respectively, g(™) = 0), then g is called m-
step nilpotent (respectively, m-step solvable) and m is called the nilindex of g. As usual,
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t(g) denotes the radical of g (its largest solvable ideal), and 3(g) = {z € g: [z,g] = 0}
refers to its center; clearly, 3(g) C t(g). We say that g is semisimple if t(g) = 0, or
equivalently, if g is the direct sum of simple ideals; g is reductive if v(g) = 3(g), or
equivalently, if g can be decomposed as the direct sum of a semisimple Lie algebra and
an abelian Lie algebra. Furthermore, any g can be written as a semidirect sum of t(g)
and a semisimple subalgebra called a Levi subalgebra. This decomposition is called the
Levi decomposition of g.

In what follows, e¢: G x G — C denotes an admissible graded contraction and T
denotes the support S of the associated admissible map 7° € A. Our goal here is to

S

investigate which properties the 14-dimensional Lie algebra £ = (g2)° satisfies. Many
properties are determined by the support. For instance, we saw in Proposition 4.8 that

this is the situation of the center: 3(£°) = @ &;,for Ir={ieI|i¢t, YVt T}.
i€lp
Thus, for each of the supports of admissible graded contractions (given up to
collineation in Theorem 3.27), we describe the properties of the related Lie algebra or
family of Lie algebras (when appropriated). The proof becomes a straightforward calcu-
lation (and we leave it to the reader) by using Proposition 4.8 and Lemma 2.1, keeping

in mind how the Lie bracket [-, ~]5T works (see Definition 2.3).

Theorem 5.1. Let ¢: G x G — C be an admissible graded contraction such that T =
ST =T, for some 1 <1 < 24.

(1) If T =T, =0, then £° is abelian.
(2) If T =Ty = {{1,2}}, then

5(26) L3DLLP LD LD Ly and d1m3(2€) =10,
- (£9) = &5 and dim(£°)" = 2,

- (£5)@) = (£°)2 = 0, that is, £° is 2-step nilpotent.
(3) If T =Ty = {{1,2}, {1,3}}, then
(£5) =L, L5 D Ls D Ly and dim3(L%) =8

) = L5 @ Le and dim(L°) =4,

£5)2) = (£5)2 = 0, that is, £° is 2-step nilpotent.
(4) IfT =Ty = {{1,2}, {1,5}}, then
- 3(L5) = L3P Ly D Ls D L7 and dim3(LF) =38,
- (£5)Y = (£5)" = LoD L5 for allm > 1, dim(£°) = 4 and £° is not nilpotent,
- (£5)@) =0, that is, £ is 2-step solvable.

(5) If T =Ts = {{1,2},{6,7}}, then
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(£5) = L3 L4 L5 and dim3(L£°) =6
) = £5 and dim(L%) =2
£5)@) = (£5)2 = 0, that is, £° is 2-step nilpotent.

6) If T =T = Xp,, = {{1a2}’{175}7{2a5}}; then

- 35(L£5) =1(L°) = L3P L4 B Ls D L7, dim3(L£°) = 8 and £° is reductive,

(£5) = (£ = (25" = £, ® Lo ® &5 for all n > 1, and £° is neither nilpotent
nor solvable,

- (£9) =sl(2,C) @ sl(2,C) is a Levi subalgebra of £°,

£5 = 3(£%) @ (L) is the Levi decomposition of £°.

() IfT =Ty = XU = {{2,5},{3,6},{4,7}}, then

= £ = (£%) and dim3(£°) = 2,
) = (£5)% =0, that is, £° is 2-step nilpotent.

- 3(£9)
- (g8 )(
(8) If T =Tg = {{1,2},{1,3},{1,4}}, then

- 3(£5) = (£°) = £5 @ L6 ® L7 and dim 3(£°) =6,
- (£9)®) = (£5)2 =0, that is, £° is 2-step nilpotent.

(9) If T =Ty = {{1,2},{1,3},{1,5}}, then

3(L%) = L4 L6 @ L7 and dim 3(£°) = 6,

(£5) = Lo L5 P L6 and dim(L£°) =6
- (£5)@) =0, that is, £ is 2-step solvable,

(£5)" = L9 @ L5 for allm > 2, and £° is not nilpotent.
(1) f T =T = {{L 2}, {17 6}7 {2a 6}}; then
(L) =L350L,0 L5 L7 and dim3(£°) =38

) =L350 L4 D L5 and dim(L£°)’ =6,
25)(2) (£5)2 =0, that is, £° is 2-step nilpotent.
(12) IfT =Ti2 = {{13 2}7 {17 6}a {63 7}}; then
(26) L3P L4 D L5 and dlm;,(ﬂs) =6

) = £3® L5 and dim(L°)" = 4,

25)(2) (£5)2 =0, that is, £° is 2-step nilpotent.

(13) If T = Ti3 = {{1,2},{1,3},{1,4},{1,5}}, then
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- 3(£°) = £6 ® L7 and dim 3(L°) =4,

- (£5) = £, 0 €5 @ L6 @ &7 and dim(£°) =8,

- (£5)@) =0, that is, £ is 2-step solvable,

- (L) =L@ L5 for alln > 2, and £° is not nilpotent.

(14) If T = Tyg = {{1,2},{1,3},{1,5},{1,6}}, then

- 3(L5) = L4 L7 and dim3(£°) = 4.

- (£5) = LB Ly D Ls D L = (£9)", for alln > 1, dim(L%) = 8 and £° is not
nilpotent,

- (£5)@) =0, that is, £ is 2-step solvable,

(15) IfT =Ti5 = {{172}7 {176}a {177}7 {276}}’ then

- 7

=L3® L4 B L5 and dim(L£°) = dim 3(£°)

- 5(L°) = (&)
= (£9)2 =0, that is, £° is 2-step nilpotent.

- (gs)@;
(16) If T = Ty = {{1,2},{1,6},{2,7},{6,7}}, then

(£5) = L3 L4 @ L5 and dim 3(L£°) = 6,
’

) = £3® L5 and dim(L°) =4,
£5)2) = (£5)2 = 0, that is, £° is 2-step nilpotent.

(17) If T = Tyy = {{1,2},{1,3}, {1,4},{1,5}, {1,6}}, then

- 3(£%) = £7 and dim 3(£°) = 2,

- (L) =L L3 L5 B L6 @ L7 and dim(£°)’ = 10,

- (£9)@ =0, that is, 2-step solvable,

- (£ =L28 L3 ® L5 @ L6 for allm > 2, and £° is not nilpotent.

(18) If T = Tys = {{1,2},{1,6},{1,7},{2,6},{2,7}}, then

- 3(£9)

=(£%) =L3® L4 ® L5 and dim(L°) = dim3(L°) =6
- (89 =

(£5)2 = 0, that is, £° is 2-step nilpotent.
(19) If T =Ty = XL102 ={{3,4},{3,6},{3,7},{4,6},{4,7},{6,7}}, then

- 5(2°) =
- (£9)@

- 7

(£5) = £1 ® L2 D L5 and dim (L) = dim 3(L£°)
= (£9)2 =0, that is, £° is 2-step nilpotent.

(20) If T' =Ty = X(1y = {{1,2}, {1, 3}, {1,4},{1,5},{1,6},{1,7}}, then
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3(£°) =0,
(L) =L L3D Ly D L5 D Ls D Ly and dim(L£°)" = 12,
- (£9)@) =0, that is, £ is 2-step solvable,

(£5)" = &' for all n > 2 and £° is not nilpotent.

(21) IfT =Ty = P{1,2,3} = {{1’2}7 {173}v {1a 7}’ {273}7 {2a6}» {375}}, then

3(£°%) = £4 and dim 3(£°) = 2,

(£) = 4@ L5 L6 ® L7 and dim(£°)' =8,

- (£9)@) =0, that is, £° is 2-step solvable,
(£5)% = 3(£°) and £° is 3-step nilpotent.

(22) IfT = T22 = T{1,273}, then

- 5(’86) = 07
(L) =L DL P LL DL D LD Ly foralln > 1, dim(LF) = 12 and £° is not
nilpotent,

- (29 =g, @ &7, (£5)B3) =0 and £° is 3-step solvable.
(23) If T = Tos = X \ X, then

- 3(£9) =0,
- (L5 = (£5)™ = £2 for allm > 1, and £° is neither nilpotent nor solvable,
t(L%) = L3 L4 P L6 ® L7 is an abelian ideal, dimv(L) = 8 and £° is not reductive,
-h=L10 LD L5 Zsl(2,C) @sl(2,C) is a Levi subalgebra of £°,
- £5 =t(L°%) @b is the Levi decomposition of £°.

(24) If T = Toy = X, then £° is simple.

Of course the algebras related to Tg and Ty share the main properties, since they are
isomorphic.

We close the section by summarizing the information obtained in the previous theo-
rem. We order the algebras so that they appear progressively “less and less abelian”. The
pair d;) = (dimg(,ﬂe), dim(L‘E)'), for e an admissible graded contraction with support
T;, gives a key invariant.

Corollary 5.2. The Lie algebras obtained by graded contractions of I'y, are,

- 1 abelian: d(1y = (14,0);
- 12 nilpotent not abelian:
= 1 with nilindex 3: d(21y = (2,8),
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— 11 with nilindex 2: dzy = (10,2), dg) = (8,4), d(s) = (6,2), dery = (2,2), d(s) =
dsy = dagy = d(19y = (6,6), d11) = (8,6) and d12) = d(16) = (6,4);
- solvable not nilpotent:
— 1 with solvability index 3: d(29) = (0,12),
— & isolated cases with solvability index 2: dyy = (8,4), dy = (6,6) and d(13) =
(4,9),
— 3 infinite families depending on parameters with solvability index 2: d14) = (4,8),
d(17) = (2, 10) and d(20) = (0, 12),’
- 1 which is sum of a semisimple Lie algebra and a non-trivial center: d ) = (8,6);
- 1 not reductive: d(a3) = (0, 14);
1 simple: da4y = (0,14).

Thus the invariant d(; jointly with the nilpotency and solvability indices allow to
distinguish the equivalence class of two graded contractions of I'g,, except in the case
both related Lie algebras are 2-step nilpotent (with dim 3(£°) = 6), and except in the
case where both algebras are 2-step solvable not nilpotent (with dim 3(£%) < 4).

6. Conclusions and further work

In this paper we have tackled the problem of the classification of the graded contrac-
tions of I'g, up to equivalence ~, that is, where the isomorphism between the related Lie
algebras permutes the homogeneous components of the grading. Some other equivalence
relations have been considered to help to our study, namely, ~,, and ~. If ¢ and ¢’ are
graded contractions of a grading I" on a Lie algebra £, then ¢ ~, &/ = e~ = ¢ ~
g = £° and £° are isomorphic, although none of the converses is true in general.

Our approach to the case of go and its Z3-grading can be summarized as follows. First,
each equivalence class contains an admissible representative. The supports of the admis-
sible graded contractions are nice sets, and each nice set is related to at least one graded
contraction. The Weyl group of I'g, allows us to obtain equivalent graded contractions
from collinear nice sets (see Proposition 3.15). There are 24 nice sets up to collineation
according to the purely combinatorial classification achieved in Theorem 3.27. For 21 of
these nice sets, all the admissible graded contractions with just that support are equiv-
alent by normalization (Theorem 4.1), in particular equivalent. This is not the case for
the remaining 3 nice sets, which give families of graded contractions parametrized by
C*, C*/Zqy and (C*)%/Z3, not equivalent by normalization. The problem of whether
these graded contractions could be strong equivalent, even though they are not equiva-
lent by normalization, is a difficult task. Theorem 4.7 gives a negative answer in our case:
strong equivalence and equivalence by normalization coincides for I'g,. Putting together
the above results, we have found a representative of each equivalence class of graded
contractions of I'y,. More precisely: if ¢ is such graded contraction, there is n € A with
g ~ g, there is a collineation o such that G=1(S") = T is one of the 24 nice sets shown in
Theorem 3.27, and hence € ~ " ~ e"” & en’ except for T one the three nice sets, subsets
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of X(;), mentioned in Theorem 4.1. In this situation, & ~ "’ for 7’ of the form (1,1, 1, A),
(I, \,1,1,X) or (1, p, 1, A\, i), with the notations used there. But not all these classes
are not equivalent, Theorem 4.13 deals with this issue in order to distinguish when two
equivalent graded contractions with the same support are strongly equivalent. A point
to be careful with is that  ~ n’ does not imply that there exists a collineation o such
that n° ~ 7, according to Proposition 4.11. Thus Theorem 4.13 gives the collection of
representatives of the possible graded Lie algebras, up to isomorphism, obtained from
I'g,. Finally, we study some properties of these Lie algebras in Theorem 5.1. It remains
to be studied whether two of these algebras are non-isomorphic in the standard sense.
Some invariants have been considered, but this issue needs further research in order
to conclusively demonstrate when two graded contractions with nilindex 2 are indeed
non-isomorphic as a Lie algebras, and similarly for two algebras within the parametric
continua. We leave this study pending for the near future. One idea for tackling this
task is to first give precise models of all the algebras studied in Theorem 5.1, taking
into account the recent work [6]. There, a Z3-graded Lie algebra over the reals isomor-
phic to the compact Lie algebra g§ is explicitly constructed without using octonions or
derivations, which makes such algebra extremely easy to use.

Additionally, we would also like to study the real case. Many of our results are still valid
for the real field and the compact Lie algebra of derivations of the octonion division alge-
bra g5 = Der(QO), but Theorem 4.1 is no longer true (using the field C was relevant there).
The real Lie algebras obtained by using the admissible maps in Theorem 4.13 are not iso-
morphic and satisfy the properties described in Theorem 5.1, although these real algebras
do not cover all the Lie algebras that could be obtained by graded contractions of gs.

Another question to study is how a Z3-grading on an algebra has to be in order to
apply the results obtained in this paper to it. At first glance it might seem that none,
because throughout this work we have used many properties that are specific to go. We
have begun to investigate this line of work and we can announce that there are some
suitable graded Lie algebras. This will allow to take advantage of the (very technical)
classification of the nice sets to obtain more new Lie algebras.
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