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1. Introduction

The notion of a Lie group contraction (i.e. Lie algebra contraction) comes from 
Physics, being introduced by Segal in 1951 [26] and by Inönü and Wigner in 1953 [16]. 
Segal considers a sequence of groups whose structure constants converge to the structure 
constants of a non-isomorphic group. As explained in [16], the fact that classical mechan-
ics is a limiting case of relativistic mechanics means that the Galilei group must in some 
sense be a limiting case of the relativistic mechanics group. Similarly the Lorentz group 
must be in some sense a limiting case of the de Sitter group. So the general purpose 
is to try to formalize what can be the limit or contraction of groups. In Fialowski and 
de Montigny’s words [10] it was the need to relate the symmetries underlying Einstein’s 
mechanics and Newtonian mechanics which motivated the concept of a contraction. This 
consists of multiplying the generators of the symmetry by certain “contraction param-
eters”, such that when these parameters reach some singularity point, one obtains a 
non-isomorphic Lie algebra of the same dimension. More precisely, take L either a real 
or complex Lie algebra and U : (0, 1] → GL(L) a continuous map. For ε ∈ (0, 1], define 
[x, y]ε := Uε

−1([Uε(x), Uε(y)]), for all x, y ∈ L. Then Lε =
(
L, [·, ·]ε

)
is a Lie algebra iso-

morphic to L. Write [x, y]0 to denote the limit of [x, y]ε when ε → 0+; if [x, y]0 exists for 
all x, y ∈ L, then L0 =

(
L, [·, ·]0

)
becomes a Lie algebra, which is called a one-parametric 

continuous contraction of L, or simply, a contraction of L.
Degenerations, contractions and deformations of many algebraic structures have 

turned out to be very useful in both Mathematics and Physics. Looking at the literature, 
it seems that physicists have been more interested in degenerations and contractions, 
while most of the results about deformations can be found in Mathematics journals. 
These three notions have been introduced in many different ways, depending on the 
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approach taken; here we present a very brief introduction within the framework of Lie 
algebras. In [10] deformations and contractions procedures are used to construct and 
classify new Lie algebras; see also [3] for a nice exposition for Lie algebras and algebraic 
groups, and [22, Chapter 7] for a more complete review for Lie algebras and Lie groups.

A contraction can be viewed as a special case of degeneration. Let V be an n-
dimensional vector space over a field F and Ln(F ) the variety of Lie algebra laws, that 
is, the alternating bilinear maps μ : V ×V → V such that the pair (V, μ) is a Lie algebra. 
The general linear group Gl(V ) acts on Ln(F ) by (g · μ)(x, y) = g

(
μ(g−1x, g−1y)

)
, for 

g ∈ Gl(V ) and x, y ∈ V . If O(μ) denotes the orbit of μ ∈ Ln(F ) under the previous action 
and O(μ) the closure of the orbit with respect to the Zariski topology, then λ ∈ Ln(F )
degenerates to μ ∈ Ln(F ) if μ ∈ O(λ).

Contractions and deformations are opposite procedures. Roughly speaking, both 
contractions and deformations of Lie algebras are modifications of their structure con-
stants; but contractions transform a Lie algebra into a “more Abelian” Lie algebra, 
while deformations produce a Lie algebra with a more complicated Lie bracket. A 
one-parameter deformation of a Lie algebra L = (V, μ) as before is a continuous 
curve over Ln(F ). A formal one-parameter deformation is defined by the Lie brack-
ets [a, b]t = F0(a, b) + tF1(a, b) + . . .+ tmFm(a, b) + . . . where F0 denotes the original Lie 
bracket.

The type of contractions we will be working with, known as graded contractions, 
appeared first in the early 90s in some Physics journals, as a generalization of the Wigner-
Inönü contractions. Since their introduction, graded contractions have been investigated 
in other algebraic structures; see, for instance, [20] for affine algebras, [17] for Jordan 
algebras and [18] for Virasoro algebras. The idea behind graded contractions consists 
essentially in preserving Lie gradings through the contraction process. Their name might 
confuse the reader at first since a graded contraction is not a contraction that is graded. 
As we will see, graded contractions are defined algebraically and not by a limiting process.

The first work on the subject of graded contractions of Lie algebras is [21]. In it, 
de Montigny and Patera studied the grading-preserving contractions of complex Lie 
algebras and superalgebras of any type; appearing a new type of discrete contractions 
which are not Wigner-Inönü-like continuous contractions. The first examples including 
gradings other than Z2 appear in [4], which applies the new defined formalism to the 
toral Z2-grading of the classical simple Lie algebra sl(3, C) of dimension 8, that is, the 
root decomposition. This Lie algebra of A2-type admits exactly 3 fine non-toral gradings, 
with universal groups Z2

3, Z3
2 and Z × Z2. In 2004, a group of physicists studied in [12]

the Pauli grading of sl(3, C) over Z2
3. The Pauli grading has the advantage that all the 

non-zero homogeneous components are 1-dimensional, so the Jacobi identity associated 
to a graded contraction produces a system of quadratic equations for the contraction 
parameters, which can be reduced using the group of symmetries of the grading to find 
a non-trivial solution. Two years later, in 2006, the Pauli grading of sl(3, C) over Z2

3 is 
investigated further in [15], and this time the system of 48 contraction equations involving 
24 contraction parameters is completely solved. A list of all the equivalence classes of 
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solutions is provided (there are 188 inequivalent solutions, 13 of them depending or one 
or two continuous parameters); the algorithms developed in [24] were used to identify 
a Lie algebra starting from its structure constants. Graded contractions of the Gell-
Mann grading of sl(3, C) over the group Z3

2 were studied by Hrivnák and Novotný [14]
in 2013. The difficulty now is that this grading has one homogeneous component of 
dimension 2; the authors restricted their study to the graded contractions preserving the 
2-dimensional homogeneous component. Using the group of symmetries of the Gell-Mann 
grading, the system of contraction equations is reduced and solved, and 53 types of Lie 
algebras were found. Despite the fact that the results in [15,14] are a contribution to 
the classification problem of solvable Lie algebras, the mathematical community seems 
not to have continued this line of work. This might be due to the long calculations that 
require the use of computer systems, which suggests, perhaps, that a different approach 
to investigate graded contractions may revive interest in the topic. The works containing 
the most general results on the subject of graded contractions are [29,30]; in [29] the 
contraction matrix is studied provided that the abelian grading group has finite order, 
introducing invariants as pseudobasis, higher-order identities, and sign invariants; while 
[30] focusses on how the distribution of zero entries in the contraction matrix affects the 
structure of the associated contracted algebra.

Our manuscript is inspired in all the above works on concrete simple Lie algebras, but 
tries to go a few steps further in some aspects. We focus our attention on the beautiful 
exceptional Lie algebra of type g2, a step further not only for the dimension, 14, but also 
for the least size of a matrix algebra containing g2, 7. It is worth mentioning here that 
this is the first time graded contractions on an exceptional Lie algebra are investigated. 
Gradings on the octonion algebra O were studied by Elduque in [8]; his paper inspired 
other authors [7,1] to investigate gradings on the Lie algebra of derivations of O, that 
is, the Lie algebra g2. It turns out that any grading on g2 is induced by a grading on O, 
although there is not a one-to-one correspondence between non-equivalent gradings on 
O and on g2. Amongst the 25 non-equivalent gradings on g2, there is only one non-toral, 
which is precisely the Z3

2-grading we are interested in (defined in Equation (3)). The 
challenge of trying to classify its graded contractions is that its nonzero homogeneous 
components have all of them dimension 2, and that the grading is non-toral (i.e., the 
homogeneous spaces are not sums of root spaces). An additional motivation for choosing 
this grading is its high symmetry, since the greater the symmetry, the easier it is to 
classify the graded contractions; and some particularities such as, for example, the fact 
that all the pieces are Cartan subalgebras, which makes the choice of a basis of g2 formed 
by semisimple elements trivial.

Our calculations and techniques are innovative, in the sense that we do not require 
the use of a computer system. Our main goal is to introduce new tools and procedures to 
classify all graded-contractions of the Z3

2-grading on g2 up to isomorphism of the related 
contracted graded algebras. These tools permit, in particular, to investigate Weimar-
Woods’ Conjecture [29, Conjecture 2.15], which turns out to be true for our grading, but 
false in general (see Example 2.12).
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Our second goal consists of exploring a new family of 14-dimensional solvable and 
nilpotent Lie algebras. Although complex semisimple Lie algebras were classified by 
Killing at the end of the XIX century, the situation with solvable algebras is completely 
different and we are still far from obtaining a full classification. This classification prob-
lem has attracted the attention of several researchers, and some solvable Lie algebras of 
small dimensions have been classified; for instance, see [11] for the classification of solv-
able Lie algebras up to dimension 4 over an arbitrary field, and [28] for a classification up 
to dimension 6. Some other classifications have been obtained by adding extra hypothe-
ses onto the solvable Lie algebras; see, for example, [27] for a classification of solvable 
Lie algebras with an n-dimensional (nilpotent of nilindex n − 3) nilradical, and [19] for 
a classification of finite-dimensional complex solvable Lie algebras with nondegenerate 
symmetric invariant bilinear form. See [2] and the references therein for a nice review of 
the classifications of Lie algebras.

The paper is structured as follows: in §2 we gather together the required background 
on graded contractions of Lie algebras and their equivalence relations, we introduce the 
Z3

2-grading Γg2 on g2 that we will be working with, and provide some results on this 
grading (Lemmas 2.1 and 2.2), which will allow in §3 to restrict our attention to graded 
contractions adapted in some way to Γg2 , the admissible graded contractions. Thus, §3
deals with graded contractions of Γg2 ; considering admissible graded contraction allows 
us to view our classification problem from a combinatorial point of view in the projective 
plane P 2(F2) = PG(2, 2). Besides, collineations of this plane read the action of the Weyl 
group of the grading (Proposition 3.15). The main tool is to consider certain sets, called 
nice sets, that are defined via a certain absorbing property (see Definition 3.9), which 
are the supports of the admissible graded contractions. Important examples of nice sets 
are presented in Definition 3.18 and Proposition 3.20, and a full classification (up to 
collineations) is achieved in Theorem 3.27.

§4.1 is devoted to the classification of admissible graded contractions up to normal-
ization. Using our combinatorial approach, we are able to avoid the use of the computer, 
as mentioned earlier. We found (see Theorem 4.1) 21 non-isomorphic (up to normaliza-
tion) graded algebras obtained by graded contraction of g2, jointly with three families 
parametrized by C×, C×/Z2 and (C×)2/Z2

2. As we will see in §4.2, strongly equivalent 
graded contractions and equivalent graded contractions up to normalization turn out to 
be the same thing for our grading (Theorem 4.7). Then §4.3 addresses the relationship 
between equivalence and strong equivalence, studying in Proposition 4.11 when two ad-
missible equivalent graded contractions η and η′ admit a collineation σ such that ησ ≈ η′. 
This happens frequently, but not always. The result allows us to obtain the equivalence 
classes in Theorem 4.13, namely: 20 classes jointly with 3 parametrized families. Thus, 
our main classification results are Theorem 4.1, Theorem 4.7 and Theorem 4.13.

We finish by investigating in §5 the properties that these new Lie algebras satisfy. 
Besides the trivial cases (a simple and an abelian Lie algebra), an algebra which is the 
sum of a semisimple Lie algebra and its center, and another one not reductive, we obtain: 
12 nilpotent Lie algebras (11 of them with nilindex 2, and the other one with nilindex 
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3), 4 solvable (not nilpotent) Lie algebras (3 of them with solvability index 2, and the 
other one with solvability index 3) and 3 infinite parametrized families of 2-step solvable 
but not nilpotent Lie algebras (see Theorem 5.1 for more details).

2. Preliminaries

In order to make this paper self-contained and suitable for a broader audience, we 
recall here the necessary background and introduce some notation.

2.1. The Lie algebra g2 and its fine Z3
2-grading

The complex octonion algebra O, also known as the bioctonions, is the only eight-
dimensional unital composition algebra over C. The set 

{
1, i, j, k, l, il, jl, kl

}
consti-

tutes a basis for O with product given by the figure below, where 1 denotes the identity 
element, and all the squares of basic elements equal −1.

i

-il

k

-klj

-jl

l

The treatment on the octonions based on the Fano plane can be consulted, for instance, 
in the book [23], which deals with both real and complex octonion algebra and its use 
in the field of mathematical physics. The map x̄ := −x, for any x �= 1 in the basis and 
1̄ := 1, is an involution on O satisfying that n(x) := xx̄ ∈ C and t(x) := x + x̄ ∈ C. 
(We identify here C and C1.) The map t : O → C is linear, while the map n : O → C

is a norm admitting composition, that is, n(xy) = n(x)n(y), for all x, y ∈ O. Moreover, 
x2 − t(x)x + n(x)1 = 0, for all x ∈ O, which makes O a quadratic algebra.

The Lie algebra of derivations of O is the complex exceptional simple Lie algebra of 
dimension 14 of type G2; we denote as

g2 = Der(O) = {d ∈ gl(O) | d(xy) = d(x)y + xd(y), ∀x, y ∈ O} .

The derivations of the alternative algebra O are well known (see, for instance, [25, Chap-
ter III, §8]). Namely, the left Lx and right Rx multiplication operators on O, Lx(y) = xy

and Rxy = yx, give rise to a concrete derivation Dx,y:

Dx,y := [Lx, Ly] + [Lx, Ry] + [Rx, Ry] ∈ Der(O).
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Notice that Dx,y(z) = [[x, y], z] − 3(x, y, z) for all z ∈ O, where [·, ·] and (·, ·, ·) refer 
to the commutator and associator of O, respectively. The skew-symmetric bilinear map 
D : O × O → Der(O) given by (x, y) �→ Dx,y is Der(O)-invariant: [d, Dx,y] = Dd(x),y +
Dx,d(y), for all d ∈ Der(O), and, although it is not surjective, the derivation algebra is 
spanned by its image,

g2 = Der(O) =
{∑

i

Dxi,yi
| xi, yi ∈ O, i ∈ N

}
.

Moreover, for all x, y, z ∈ O,

Dx,yz + Dy,zx + Dz,xy = 0. (1)

In this paper we are interested in studying the fine Z3
2-grading on the Lie algebra 

g2. Many details on this grading can be found in the AMS-monograph [9], devoted to 
gradings on simple Lie algebras over algebraically closed fields without restrictions on 
the characteristic; which also encloses the description of gradings on simple associative 
algebras and on the octonion algebra O.

First, we review some general facts about gradings. Let G be an abelian group. 
A G-grading Γ on an arbitrary algebra A is a vector space decomposition Γ : A =
⊕g∈GAg satisfying that AgAh ⊆ Ag+h, for all g, h in G. The support of Γ is the set 
given by Supp(Γ) := {g ∈ G : Ag �= 0}; it is usually assumed that Supp(Γ) generates 
the whole grading group G.

Gradings on A and on its algebra of derivations Der(A) (which is always a Lie sub-
algebra of the general linear algebra gl(A)) are closely related. In fact, any G-grading 
Γ: A =

⊕
g∈G Ag on A induces a G-grading on gl(A) and on Der(A), respectively, as:

gl(A) =
⊕
g∈G

gl(A)g, where gl(A)g := {f ∈ gl(A) : f(Ah) ⊆ Ag+h, ∀h ∈ G},

Der(A) =
⊕
g∈G

Der(A)g, whereDer(A)g := Der(A) ∩ gl(A)g. (2)

Let Γ be a G-grading on A; the automorphism group Aut(Γ) of Γ consists of all self-
equivalences: Aut(Γ) = {f ∈ Aut(A) : for any g ∈ G there exists g′ with f(Ag) ⊆ Ag′}; 
the stabilizer Stab(Γ) of Γ consists of all graded automorphisms of A, that is, Stab(Γ) =
{f ∈ Aut(A) : f(Ag) ⊆ Ag, ∀ g ∈ A}; the diagonal group Diag(Γ) of Γ consists of 
all automorphisms of A such that each Ag is contained in some eigenspace, that is, 
Diag(Γ) = {f ∈ Aut(A) : for all g ∈ G there exists αg ∈ C such that f |Ag

= αgidAg
}. 

The Weyl group of Γ is the factor group W(Γ) = Aut(Γ)/ Stab(Γ), which is a subgroup 
of Sym

(
Supp(Γ)

)
.

Second, we focus on describing the mentioned grading Γg2, which will be the main 
character of this paper. Let G = Z3

2. The decomposition ΓO : O = ⊕g∈Z3Og given by

2
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O(1,0,0) = Ci, O(0,1,0) = Cj,

O(0,0,1) = Cl, O(1,1,0) = Ck,

O(1,0,1) = Cil, O(0,1,1) = Cjl,

O(1,1,1) = Ckl, O(0,0,0) = C1,

is a G-grading on O. It is said to be a division grading, since every homogeneous element 
is invertible. We write Γg2 to denote the G-grading on g2 obtained from ΓO via (2). For 
any x ∈ Ok and y ∈ Oh, the multiplication operators Lx and Ry are homogeneous maps, 
which imply that Dx,y ∈ (g2)k+h, and so the homogeneous components of the grading 
become

Γg2 : g2 =
⊕

g∈Z3
2
(g2)g,

(g2)g =
∑

k+h=g DOk,Oh
.

(3)

In particular, (g2)e =
∑

k∈G DOk,Ok
= 0, since Ok is 1-dimensional and Dx,x = 0 for all 

x ∈ O.
The Weyl groups of these gradings Γg2 and ΓO are known to be isomorphic to the 

whole set of automorphisms of the group G = Z3
2, which is relatively big, with 7 ·6 ·4 = 168

elements. Indeed, note that any f ∈ Aut(O) induces f̃ ∈ Aut(g2) defined by f̃(d) =
fdf−1, for all d ∈ g2. This automorphism satisfies f̃(Dx,y) = Df(x),f(y), for all x, y ∈ O. 
In particular, if f ∈ Aut(ΓO), there is a group homomorphism α : G → G such that 
f(Og) = Oα(g) and the related map f̃ ∈ Aut(Γg2) also satisfies f̃((g2)g) = (g2)α(g). Now, 
given any triplet of elements g, h, k generating G, there exists an algebra automorphism 
f : O → O such that

f(Og) = Ci, f(Oh) = Cj, f(Ok) = Cl; (4)

since any pair of Cayley triples are connected by an automorphism of O (see, for instance, 
[5, Remark 5.13]). The related map f̃ satisfies f̃((g2)g) = (g2)(1,0,0), f̃((g2)h) = (g2)(0,1,0)
and f̃((g2)k) = (g2)(0,0,1), which implies

W(Γg2) ∼= Aut(Z3
2). (5)

Many facts of the grading Γg2 were investigated in [7,9]. In the next two results, we 
collect the main properties needed for our purposes.

Lemma 2.1. The following assertions hold for any distinct g1 and g2 in Z3
2 \ {e}.

(i) The subalgebra generated by Og1 and Og2 is a quaternion subalgebra.
(ii) The homogeneous component (g2)g1

is a 2-dimensional Cartan subalgebra. In par-
ticular any homogeneous basis is formed entirely by semisimple elements.
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(iii) The subalgebra (g2)g1 ⊕ (g2)g2 ⊕ (g2)g3 , for g3 := g1 + g2, is a semisimple Lie 
algebra isomorphic to sl(2, C) ⊕ sl(2, C). Moreover, for k ∈ {1, 2, 3} there exists a 
basis Bgk = {xk, yk} of (g2)gk such that

[xk, xk+1] = xk+2, [yk, yk+1] = yk+2, [xk, yk′ ] = 0, (6)

for any k′ ∈ {1, 2, 3} and the sum of subscripts taken modulo 3. In particular:

[(g2)g1 , (g2)g2 ] = (g2)g1+g2 .

Proof. It is enough to prove the result for g1 := (1, 0, 0), g2 := (0, 1, 0) by Equation (5).
(i) is clear, since the subalgebra generated by Og1 = Ci and Og2 = Cj is just the algebra 
of the complex quaternions H = 〈1, i, j, k〉.
(ii) follows from (iii) since (g2)g1 = Cx1 ⊕Cy1 is abelian.
(iii) For k ∈ {1, 2, 3}, consider the derivation xk ∈ g2 of O mapping H onto 0 and

x1(ql) = 1
2(iq)l, x2(ql) = 1

2(jq)l, x3(ql) = 1
2(kq)l,

for any q ∈ H; and the following elements of g2:

y1 = 1
4Dj,k, y2 = 1

4Dk,i, y3 = 1
4Di,j.

Checking that Equation (6) holds is a straightforward calculation and we leave it to the 
reader. On the other hand, it is not difficult to see that xk, yk ∈ (g2)gk are linearly 
independent derivations, so dim(g2)gk ≥ 2 and (iii) follows, since dim g2 = 14. �

We provide a short proof of the next result due to the lack of a suitable reference.

Lemma 2.2. If the subgroup generated by g, h, k ∈ Z3
2 is the entire group, then there exist 

x ∈ (g2)g, y ∈ (g2)h, z ∈ (g2)k such that [x, [y, z]], [y, [z, x]] are linearly independent.

Proof. We can assume without loss of generality that g = (1, 1, 0), k = (0, 1, 0) and 
h = (0, 1, 1), since by Equation (5) there is an automorphism of the Lie algebra g2
sending (g2)g, (g2)h and (g2)k onto (g2)(1,1,0), (g2)(0,1,0) and (g2)(0,1,1), respectively. 
Recall that i ∈ Og+k, j ∈ Ok, k ∈ Og, and l ∈ Ok+h, and let x := Di,j ∈ (g2)g, 
y := Dj,l ∈ (g2)h, and z := Di,k ∈ (g2)k. Taking into account that any three elements in 
a quaternion subalgebra associate with each other, and that O is an alternative algebra 
so that three elements associate if two of them are repeated, we get:

Di,k(i) = [[i,k], i] − 3(i,k, i) = [−2j, i] − 0 = 4k,

Di,k(j) = [[i,k], j] − 3(i,k, j) = −2[j, j] = 0,
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Dj,l(j) = [[j, l], j] − 3(j, l, j) = [2jl, j] − 0 = 4l,

Dj,l(k) = 4(jl)k − 3((jl)k − j(lk)) = −4il − 3(−il − il) = 2il.

From the invariance of D, we derive that

[z, x] = [Di,k, Di,j] = DDi,k(i),j + Di,Di,k(j) = 4Dk,j = −4Dj,k,

[y, [z, x]] = −4[Dj,l, Dj,k] = −4(DDj,l(j),k + Dj,Dj,l(k)) = −16Dl,k − 8Dj,il. (7)

Similarly, (1) implies Di,jl = Dj,il −Dl,k and we get

[x, [y, z]] = −4Dl,k + 8Dj,il + 4Di,jl = −8Dl,k + 12Dj,il. (8)

The required independence follows from Equations (7) and (8), since it is easy to check 
that Dl,k and Dj,il are linearly independent. �
2.2. Graded contractions of Lie algebras

Throughout this section all vector spaces are assumed to be finite-dimensional over 
the field C of complex numbers, G denotes an abelian group, L a Lie algebra and C×

the nonzero complex numbers. The results collected here are an adaptation from [15,21]
to our needs.

Definition 2.3. Let Γ : L =
⊕

g∈G Lg be a G-grading on L. A graded contraction of Γ
is a map ε : G × G → C such that the vector space L endowed with product [x, y]ε :=
ε(g, h)[x, y], for x ∈ Lg, y ∈ Lh, is a Lie algebra. We write Lε to refer to (L, [·, ·]ε). Note 
that Lε is indeed a G-graded Lie algebra with (Lε)g := Lg.

Trivial examples of graded contractions are the constant maps ε = 1 and ε = 0, which 
produce the original algebra Lε = L and an abelian Lie algebra, respectively.

Here, we are interested in how many graded Lie algebras arise from a fixed graded 
algebra by considering its graded contractions; we begin by introducing some notation.

Definition 2.4. Two graded contractions ε and ε′ of a G-grading Γ on L are called equiv-
alent, written ε ∼ ε′, if the graded Lie algebras Lε and Lε′ are isomorphic; that is, there 
exists an algebra isomorphism ϕ : Lε → Lε′ satisfying that for any g ∈ G there is h ∈ G

such that ϕ((Lε)g) = (Lε′)h.

Notice that, although Lε and Lε′ are isomorphic as (ungraded) Lie algebras, it could 
happen that ε �∼ ε′. An example of this situation follows.

Example 2.5. Consider the Lie algebra L = so(3, C) ⊕ 〈z〉, where z denotes a central 
element and {x1, x2, x3} a basis of the skew-symmetric matrices so(3, C) with bracket 
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given by [xi, xi+1] = xi+2, where the subscripts are taken modulo 3. (The field C is not 
very relevant here.) Let H = Z2

2 and consider the H-grading on L given by

Lh0 = {0}, Lh1 = 〈x1, z〉, Lh2 = 〈x2〉, Lh3 = 〈x3〉,

where h0 = (0, 0), h1 = (1, 0), h2 = (1, 1) and h3 = (0, 1) are all the elements of H. 
Given a map ε : H ×H → C, we write εij = ε(hi, hj). It is straightforward to check that 
the following maps ε and ε′ are both graded contractions:

ε12 = ε21 = 1, ε′23 = ε′32 = 1,

where εij = 0 = ε′ij for the pairs of indices which are yet to be assigned a value. The Lie 
algebra Lε = 〈x1, x2, x3, z〉 is 2-step nilpotent: it satisfies [x1, x2]ε = −[x2, x1]ε = x3 and 
all the remaining brackets among basic elements are equal to 0. Similarly, in Lε′ we have 
[x2, x3]ε

′ = −[x3, x2]ε
′ = x1, and x1 and z are central. Then, Lε is isomorphic to Lε′ via

x1 �→ x2, x2 �→ x3, x3 �→ x1, z �→ z. (9)

We claim that Lε and Lε′ are not isomorphic as graded algebras, that is, ε �∼ ε′; in 
fact, suppose that ϕ : Lε → Lε′ is an isomorphism of Lie algebras satisfying that for any 
g ∈ H there exists h ∈ H with ϕ((Lε)g) = (Lε′)h. But then ϕ((Lε)h1) = (Lε′)h1 , since 
these are the only 2-dimensional homogeneous components; which is impossible since 
(Lε′)h1 ⊆ z(Lε′) and x1 ∈ (Lε)h1 is not a central element.

Definition 2.4 can be confusing at first, since in the literature the relation ∼ sometimes 
refers to isomorphic Lie algebras. However it makes sense to impose that the pieces of 
the grading are preserved without breaking. In fact, it is very much in line with the 
philosophy of the definition of graded contraction.

Sometimes is important that the isomorphism is a graded algebra isomorphism too. 
The next equivalence relation will be very valuable in our study.

Definition 2.6. Two graded contractions ε and ε′ of a G-grading Γ on L are called strongly 
equivalent, written ε ≈ ε′, if the graded Lie algebras Lε and Lε′ are isomorphic as graded 
algebras; that is, there exists an isomorphism of Lie algebras ϕ : Lε → Lε′ such that 
ϕ((Lε)g) = (Lε′)g for any g ∈ G, also called a graded isomorphism.

Clearly, ε ≈ ε′ implies ε ∼ ε′. Notice that the converse does not need to be true as 
shown in the next example.

Example 2.7. Consider the Lie algebra L = so(3, C) of skew-symmetric matrices with 
basis {x1, x2, x3} as in Example 2.5. Let H = Z2

2 and write its elements as in Example 2.5; 
consider the H-grading given by



C. Draper et al. / Journal of Algebra 658 (2024) 592–643 603
Lh0 = {0}, Lh1 = 〈x1〉, Lh2 = 〈x2〉, Lh3 = 〈x3〉.

Let ε, ε′ : H ×H → C be the graded contractions defined as in Example 2.5.
One can easily see that the Lie algebra Lε = 〈x1, x2, x3〉 is again 2-step nilpotent with 

[x1, x2] = −[x2, x1] = x3 ∈ z(Lε). Now ε ∼ ε′ since

x1
ϕ�→ x2, x2

ϕ�→ x3, x3
ϕ�→ x1, (10)

is a Lie algebra isomorphism satisfying that ϕ((Lε)h1) = (Lε′)h2 , ϕ((Lε)h2) = (Lε′)h3 , 
and ϕ((Lε)h3) = (Lε′)h1 . But ε �≈ ε′, since (Lε)h3 = z(Lε), while (Lε′)h3 �= z(Lε′).

Remark 2.8. At this point it is worth noticing that the maps given in (9) and (10)
are automorphisms of the original L, although this is just a coincidence. For instance, 
consider the H-graded Lie algebra L = so(3, C) as in the previous example. Then the 
graded contractions defined by ε12 = ε21 = 1, ε′12 = ε′21 = 4, and zero elsewhere, are 
strongly equivalent, but the graded isomorphism ϕ : Lε → Lε′ given by ϕ(x1) = 1

2x1, 
ϕ(x2) = 1

2x2 and ϕ(x3) = x3 is not, of course, an automorphism of so(3, C).

Given an arbitrary map ε : G ×G → C, it is natural asking under what conditions ε
is a graded contraction of Γ. Such a question is not as easy as it seems since it relies on 
the properties of Γ.

Remark 2.9. Let ε : G ×G → C be an arbitrary map.
(i) We define a ternary map ε : G ×G ×G → C by

ε(g, h, k) := ε(g, h + k)ε(h, k).

It is straightforward to check that ε is a graded contraction of Γ if and only if (a1) and 
(a2) below hold for all g, h, k ∈ G and x ∈ Lg, y ∈ Lh, z ∈ Lk:

(a1)
(
ε(g, h) − ε(h, g)

)
[x, y] = 0,

(a2)
(
ε(g, h, k) − ε(k, g, h)

)
[x, [y, z]] +

(
ε(h, k, g) − ε(k, g, h)

)
[y, [z, x]] = 0.

(ii) Condition (a1) is equivalent to ε being nearly symmetric: ε(g, h) = ε(h, g), for all 
g, h ∈ G with [Lg, Lh] �= 0. A sufficient condition (not necessary, in general) for ε to 
satisfy (a2) is ε(g, h, k) = ε(h, k, g), for all g, h, k ∈ G.

The following example will be very important for our purposes.

Example 2.10. Let ε be a graded contraction of Γ and α : G → C× an arbitrary map. 
The map εα : G ×G → C× defined as

εα(g, h) := ε(g, h)α(g)α(h)
, ∀ g, h ∈ G,
α(g + h)
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is always a graded contraction (since it satisfies (a1) and (a2)). If α is a group homo-
morphism, then εα = ε, but in general εα is different from ε.

This inspires another equivalence relation.

Definition 2.11. Two graded contractions ε and ε′ of a G-grading Γ on L are called 
equivalent via normalization, written ε ∼n ε′, if there exists a map α : G → C× such 
that ε′ = εα (as per in Example 2.10).

Notice that ε ∼n ε′ implies that ε ≈ ε′, since the map ϕ : Lεα → Lε given by

ϕ(x) = α(g)x, ∀x ∈ Lg,

is a graded algebra isomorphism in the sense of Definition 2.6. Some authors have conjec-
tured (see [29, Conjecture 2.15]) that the converse is also true, that is, ε ≈ ε′ ⇒ ε ∼n ε′. 
Although, this is in general false as shown in the next example, we will prove in §4.2
that this result is true for Γg2 .

Example 2.12. Let L = sl(2, C) ⊕sl(2, C) be the Lie algebra consisting on the direct sum 
of two simple ideals, both copies of traceless matrices. For i = 1, 2, consider

{
xi =

(
1 0
0 −1

)
, ei =

(
0 1
0 0

)
, fi =

(
0 0
1 0

)}

the standard basis of sl(2, C). Let H = Z2
2 and use the same notation as in Example 2.5. 

Then L becomes an H-graded algebra with

Lh0 = 〈x1, x2〉, Lh1 = 〈e1, f1〉, Lh2 = 〈e2, f2〉, Lh3 = {0}.

Let ε, ε′ : H ×H → C be the graded contractions given by ε ≡ 1 (constant map) and

ε′01 = ε′10 = −1, ε′ij = 1, elsewhere.

Then Lε = L, while the products in Lε′ are given by [a1, a2]ε
′ = 0 if ai ∈ {xi, ei, fi},

[x1, e1]ε
′ = −2e1, [x1, f1]ε

′ = 2f1, [e1, f1]ε
′ = x1,

[x2, e2]ε
′ = 2e2, [x2, f2]ε

′ = −2f2, [e2, f2]ε
′ = x2.

It is straightforward to check that the map ϕ : Lε → Lε′ given by

ϕ(x1) = −x1, ϕ(x2) = x2, ϕ(e1) = −e1, ϕ(f1) = f1, ϕ(e2) = e2, ϕ(f2) = f2,

is a graded isomorphism, which implies that Lε′ is a Lie algebra, ε′ is a graded con-
traction, and ε ≈ ε′. On the other hand, we claim ε �∼n ε′. In fact, assume there exist 
α, β, γ ∈ C× such that the map φ : Lε → Lε′ given below is a Lie algebra isomorphism,
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φ(x1) = αx1, φ(x2) = αx2, φ(e1) = βe1, φ(f1) = βf1, φ(e2) = γe2, φ(f2) = γf2.

In such a case, we obtain that

2βe1 = φ([x1, e1]ε) = αβ[x1, e1]ε
′ = −2αβe1 ⇒ α = −1,

2γe2 = φ([x2, e2]ε) = αγ[x2, e2]ε
′ = 2αγe2 ⇒ α = 1,

a contradiction.

Remark 2.13. At this point the reader might have noticed the respective similarities 
between the equivalence relations ∼, ≈ and ∼n and the automorphism group Aut(Γ), 
the stabilizer Stab(Γ) and the diagonal group Diag(Γ) of Γ. To be more precise, one can 
easily show that ε ∼n ε′ if and only if there exist a graded isomorphism ϕ : Lε → Lε′

and a collection of nonzero scalars {αg : g ∈ G} ⊆ C× with ϕ|Lg
= αgidLg

.

The classification problem consists in determining the equivalence classes of graded 
contractions of Γ via ∼. This problem turns out to be closely related to determining 
the equivalence classes via ≈, provided that the Weyl group of Γ is known (see Propo-
sition 3.15). Now, finding the equivalence classes via ∼n is much easier than finding the 
equivalence classes via ≈, since the first ones can be computed in an algorithmic way; 
while one may describe the task of finding graded isomorphisms (i.e. equivalence class via 
≈) as a wild jungle, hard to be approached algorithmically, at least if the homogeneous 
components are not 1-dimensional.

3. Graded contractions of Γg2

This section is devoted to the study of the graded contractions of Γg2 , the fine Z3
2-

grading on g2 introduced in (3). We develop here the machinery needed to classify such 
graded contractions up to equivalence via normalization in §4.1, up to strong equivalence 
in §4.2, and up to equivalence in §4.3.

3.1. Admissible maps

Throughout this section, to ease the notation, we will write G to refer to Z3
2, e to 

denote its identity element and L to denote the Lie algebra g2.

Definition 3.1. We call ε : G ×G → C an admissible map if ε(g, g) = ε(e, g) = ε(g, e) = 0, 
for all g ∈ G.

Given a graded contraction of Γg2 , we first prove that there is always an equivalent 
admissible graded contraction.

Lemma 3.2. Let ε be a graded contraction of Γg2. Then there exists an admissible graded 
contraction ε′ of Γg2 equivalent to ε.
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Proof. For g, h ∈ G we let ε′(g, h) := ε(g, h) if g �= h, g, h �= e, and 0 otherwise. Notice 
that ε′ is clearly admissible and satisfies [·, ·]ε = [·, ·]ε′ . In fact, for x ∈ Lg and y ∈ Lh

we distinguish two cases:

- If g �= h and g, h �= e, then [x, y]ε′ = ε′(g, h)[x, y] = ε(g, h)[x, y] = [x, y]ε.
- If either g = h (so g + h = e) or g = e or h = e, then [Lg, Lh] = 0, since Le = 0. In 

particular, we have [x, y] = 0, which implies [x, y]ε′ = [x, y]ε = 0.

Thus [·, ·]ε = [·, ·]ε′ , and so the identity is a Lie algebra isomorphism between Lε′ and 
Lε. �

Consider G the set of all admissible graded contractions of Γg2, and G̃ the set of all 
graded contractions of Γg2 ; clearly, G ⊆ G̃. Lemma 3.2 allows us to shift from classifying 
graded contractions of Γg2 up to equivalence (i.e., Lie algebras obtained by graded con-
tractions of g2 up to isomorphism) to classifying the orbits in the quotient set G/ ∼. In 
other words, there is a bijection from G/ ∼ onto G̃/ ∼.

Admissible graded contractions of Γg2 have many symmetry-type properties:

Lemma 3.3. Let ε be an admissible graded contraction of Γg2 and g, h, k ∈ G. Then:

(i) ε(g, h) = ε(h, g);
(ii) ε(e, ·, ·) = ε(·, e, ·) = ε(·, ·, e) = 0;
(iii) ε(g, k, k) = 0;
(iv) ε(g, h, k) = ε(g, k, h);
(v) ε(h + k, h, k) = 0.

Proof. (i) If e ∈ {g, h, g + h}, then ε(g, h) = ε(h, g) = 0, since we are assuming that ε is 
admissible. Suppose now that e /∈ {g, h, g+h}. Then [Lg, Lh] = Lg+h �= 0 by Lemma 2.1
(iii). The result now follows from Remark 2.9 (ii).

The proofs of (ii)–(v) are straightforward, and therefore omitted. �
Not every admissible map is an admissible graded contraction of Γg2, but a necessary 

and sufficient condition is given in the next result. The advantage of admissible graded 
contractions is just that this condition does not explicitly refer to the elements in g2.

Proposition 3.4. An admissible map ε : G ×G → C is a graded contraction of Γg2 if and 
only if the following conditions hold for all g, h, k ∈ G:

(b1) ε(g, h) = ε(h, g),
(b2) ε(g, h, k) = ε(k, g, h), provided that G = 〈g, h, k〉.
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Proof. Let ε : G ×G → C be admissible. Suppose first that ε satisfies (b1) and (b2). We 
prove that (a1) and (a2) from Remark 2.9 are satisfied. Notice that (a1) clearly follows 
from (b1). Take g, h, k ∈ G and x ∈ Lg, y ∈ Lh and z ∈ Lk homogeneous elements. 
If G = 〈g, h, k〉, then (a2) follows from (b2). Otherwise, we can assume without loss of 
generality that k ∈ 〈g, h〉 = {e, g, h, g + h}. We distinguish a few cases:

- k = e: then Lk = 0 and (a2) follows.
- k = g: this implies k + g = e and so Lk+g = 0. From here, we obtain that [z, x] = 0, 

and (a2) now follows from ε(g, h, g) = ε(g, g, h) by (b1).
- k = h: proceed like in the previous case.
- k = g + h: then [x, [y, z]] ∈ Lg+(h+(g+h)) = Le = 0 and similarly [y, [z, x]] ∈ Le = 0. 

Thus, (a2) holds.

Conversely, suppose that ε is an admissible graded contraction. Then (b1) holds by 
Lemma 3.3 (i). It remains to show the validity of (b2). We know that ε satisfies (a1) and 
(a2) from Remark 2.9. Suppose that G = 〈g, h, k〉, then we can find x ∈ Lg, y ∈ Lh and 
z ∈ Lk such that [x, [y, z]] and [y, [z, x]] are linearly independent by Lemma 2.2. From 
here, an application of (a2) yields (b2). �
3.2. A combinatorial approach: supports and nice sets

The results in §3.1 allow us to focus our attention on admissible maps satisfying 
conditions (b1) and (b2) from Proposition 3.4; this simplifies our classification problem 
considerably since we can forget about the grading itself and deal with the grading group.

In this section, we reformulate the problem of classifying (up to equivalence) admissi-
ble maps satisfying (b1) and (b2) onto a combinatorial problem. We begin by introducing 
some notation. As before, we write G to denote Z3

2, and we write its elements as follows:

g0 := (0, 0, 0), g1 := (1, 0, 0), g2 := (0, 1, 0), g3 := (0, 0, 1),
g4 := (1, 1, 1), g5 := (1, 1, 0), g6 := (1, 0, 1), g7 := (0, 1, 1).

We let I := {1, 2, . . . , 7}, I0 := I ∪{0}, and introduce a commutative binary operation ∗
on I0 as follows: for i, j ∈ I0 we let i ∗ j to be the element in I0 such that gi + gj = gi∗j . 
Restricted to I, this operation can be pictured as:

2

7

4

56

1

3
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More precisely, for i �= j in I, the element i ∗ j ∈ I is the third element in the unique line 
containing i and j. This means that {i, j, i ∗ j} is one of the lines of the so called Fano 
plane P 2(F2) (pictured above). Recall that the Fano plane is a finite projective plane 
with the smallest possible number of points and lines: 7 points and 7 lines, with 3 points 
on every line and 3 lines through every point.

Definitions 3.5. Pairwise distinct elements i, j, k ∈ I are called generative if k �= i ∗ j; 
this is equivalent to saying that G = 〈gi, gj , gk〉. We also say that {i, j, k} is a generating 
triplet, since the definition does not depend on the order of the elements i, j and k.

Consider the set of 21 edges of the Fano plane:

X := {{i, j} | i, j ∈ I, i �= j}.

Notation 3.6. For a map η : X → C, we write ηij := η({i, j}) and ηijk := ηi j∗k ηjk, 
provided i, j, k are generative. (It is well defined, since {i, j ∗ k} ∈ X.) We consider the 
set

A := {η : X → C such that ηijk = ηjki, for all i, j, k ∈ I generative}. (11)

Working with A is more convenient than dealing with G; likely, we will be able to do 
so, since there is a natural bijective correspondence between these two sets.

Proposition 3.7. The map Φ: G → A given by Φ(ε)({i, j}) := ε(gi, gj) is bijective, with 
inverse defined as Φ−1(η)(gi, gj) = η({i, j}) if {i, j} ∈ X, and 0 otherwise.

Proof. To ease the notation, for ε ∈ G and η ∈ A, we write ηε ≡ Φ(ε) and εη ≡ Φ−1(η). 
We first check that ηε ∈ A provided ε ∈ G. Notice that ηε is well defined since ε(gi, gj) =
ε(gj , gi). For i, j, k ∈ I generative, we have that

ηεijk = ηεi j∗k η
ε
jk = ε(gi, gj∗k)ε(gj , gk) = ε(gi, gj + gk)ε(gj , gk) = ε(gi, gj , gk),

ηεjki = ηεj k∗i η
ε
ki = ε(gj , gk∗i)ε(gk, gi) = ε(gj , gk + gi)ε(gk, gi) = ε(gj , gk, gi),

and ηεijk = ηεjki by Proposition 3.4 (b2). Second, we check that εη ∈ G provided η ∈ A. 
Notice that εη is admissible by definition, and satisfies Proposition 3.4 (b1). If i, j, k are 
generative, then εη(gi, gj , gk) = ηijk = ηjki = ηkij = εη(gk, gi, gj), and (b2) follows.
Lastly, notice that the maps G → A, ε �→ ηε and A → G, η �→ εη, are inverses. �

In what follows, we will refer to admissible graded contractions and maps in A in-
terchangeably. In particular, two maps η, η′ ∈ A are equivalent (respectively, strongly 
equivalent) if εη and εη′ are so; in such a case, we will use the same notation η ∼ η′

(respectively, η ≈ η′).
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An invariant in the classification of strong equivalence classes in A is their support, 
defined in the usual way: the support Sη of η ∈ A is given by

Sη := {t ∈ X | η(t) �= 0}.

Lemma 3.8. Let η, η′ ∈ A. If η ≈ η′, then Sη = Sη′ .

Proof. We denote L = g2 and Li = (g2)gi . Let ϕ : Lεη → Lεη′ be an isomorphism such 
that ϕ(Li) = Li for all i ∈ I. Note, for {i, j} ∈ X, any x ∈ Li and y ∈ Lj , that

ηijϕ([x, y]) = ϕ
(
[x, y]εη

)
= [ϕ(x), ϕ(y)]εη′ = η′ij [ϕ(x), ϕ(y)].

This gives ηij �= 0 if and only if η′ij �= 0, taking Lemma 2.1 (iii) into consideration. In 
other words, Sη = Sη′ . �

In order to determine the possible supports of the admissible graded contractions, we 
will prove that these satisfy the absorbing-type property defined below.

Definitions 3.9. For i, j, k ∈ I generative, we let P{i,j,k} to be the subset of X:

P{i,j,k} := {{i, j}, {j, k}, {k, i}, {i, j ∗ k}, {j, k ∗ i}, {k, i ∗ j}}.

A subset T ⊆ X is called nice if {i, j}, {i ∗ j, k} ∈ T implies P{i,j,k} ⊆ T , for all i, j, k ∈ I

generative.
It is clear that the trivial subsets X and ∅ are both nice sets. Non-trivial nice sets 

and some pictures are shown in Definition 3.18.

As mentioned, nice sets and supports of admissible graded contractions are closely 
related.

Proposition 3.10. If η ∈ A, then the support Sη is a nice set.

Proof. Let η ∈ A and i, j, k ∈ I generative such that {i, j} and {k, i ∗ j} are in Sη. We 
need to prove that P{i,j,k} ⊆ Sη. From {i, j}, {k, i ∗ j} ∈ Sη we have that ηij �= 0 and 
ηk i∗j �= 0. Then ηkij �= 0, which implies that ηijk = ηjki �= 0, since η ∈ A. These yield 
that ηi j∗k, ηjk, ηj k∗i and ηki are all nonzero. That is to say that {i, j ∗k}, {j, k}, {j, k∗ i}
and {k, i} are all in Sη, proving that Sη is nice. �
Proposition 3.11. Every non-trivial nice subset T of X gives rise to an element of A with 
support T and image {0, 1}.

Proof. Let T be a nice subset of X and ηT : X → C given by

ηT (t) :=
{

1, if t ∈ T,

0, if t /∈ T.
(12)
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Clearly, SηT = T . Suppose that i, j, k ∈ I are generative, and let us show that ηTijk = ηTjki. 
We distinguish two cases:

- P{i,j,k} ⊆ T . In this case, one can easily check that ηTijk = 1 = ηTjki.
- P{i,j,k} � T . We claim that ηTijk = 0 = ηTjki. Suppose on the contrary that either 
ηTijk �= 0 or ηTjki �= 0. If 0 �= ηTijk = ηTi j∗kη

T
jk, then {i, j ∗ k}, {j, k} ∈ T , which implies 

P{j,k,i} ⊆ T since T is nice. If ηTjki �= 0, one can reach a contradiction in a similar 
way. Thus, necessarily ηTijk = ηTjki = 0.

In any case, we have proved that ηTijk = ηTjki, which tells us that ηT ∈ A. �
In what follows, we make the group Aut(Z3

2) act on the set of admissible maps A in 
(11).

Definition 3.12. A bijective map σ : I → I is called a collineation of I if σ(i ∗ j) =
σ(i) ∗ σ(j), for all i, j ∈ I, i �= j. Any collineation sends lines to lines, where, for i, j ∈ I

distinct, we denote the set Lij := {i, j, i ∗ j} as the line in I containing i and j. Notice 
that Lij = Li i∗j = Lj i∗j and that three pairwise distinct elements i, j, k ∈ I form a line 
if and only if they are not generative.

We write S∗(I) for the set consisting on all the collineations of I, which is a subgroup 
of the symmetric group on I. By the Fundamental Theorem of Projective Geometry, the 
full collineation group of the Fano plane (also called automorphism group, or symmetry 
group) is the projective linear group S∗(I) ∼= Aut(Z3

2) ∼= PGL(3, 2), which is a simple 
group of order 168 [13].

Remark 3.13. Collineations preserve generating triplets: if i, j, k ∈ I are generative, then 
σ(i), σ(j), σ(k) are generative for all σ ∈ S∗(I). Moreover, and this is important, for any 
two generating triplets {i, j, k} and {i′, j′, k′}, there is a unique σ ∈ S∗(I) such that 
σ(i) = i′, σ(j) = j′, σ(k) = k′.

Definition 3.14. For σ ∈ S∗(I) and η ∈ A, we define

ησ : X → C by ησij := ησ(i)σ(j),

for all {i, j} ∈ X. Note that ησ ∈ A, consequence of ησijk = ησ(i)σ(j)σ(k) and Remark 3.13. 
This gives an action S∗(I) ×A → A, (σ, η) �→ σ · η := ησ.

This action preserves equivalence classes, since it translates the action of the Weyl 
group of Γg2 .

Proposition 3.15. For σ ∈ S∗(I) and η ∈ A, ησ ∼ η.

Proof. Write L for g2 and Li for the homogeneous component (g2)gi . The map σ̂ : G → G

defined by σ̂(gi) = gσ(i) for i ∈ I and σ̂(g0) = g0 is a group automorphism since 



C. Draper et al. / Journal of Algebra 658 (2024) 592–643 611
σ ∈ S∗(I). Proceeding like in (4), we can find an automorphism fσ : O → O such 
that fσ(Og) = Oσ̂(g) for all g ∈ G. Consider the induced map f̃σ : g2 → g2 given by 
f̃σ(d) = fσdf

−1
σ , which is an automorphism of Lie algebras satisfying that f̃σ(Li) = Lσ(i)

for all i ∈ I. We claim that f̃σ : Lεησ → Lεη is an isomorphism. In fact, for i, j ∈ I, i �= j, 
x ∈ Li and y ∈ Lj , we have that

f̃σ([x, y]εησ ) = f̃σ(ησij [x, y]) = ησij f̃σ([x, y]) = ησ(i)σ(j)[f̃σ(x), f̃σ(y)] = [f̃σ(x), f̃σ(y)]εη ,

since f̃σ(x) ∈ Lσ(i) and f̃σ(y) ∈ Lσ(j). This shows that εησ ∼ εη, and so ησ ∼ η. �
When a collineation σ moves an admissible map, it moves its support accordingly. 

More precisely:

Definition 3.16. Extend the action of the group of collineations S∗(I) to the set P(X)
by defining σ̃({i, j}) := {σ(i), σ(j)}, for all σ ∈ S∗(I) and {i, j} ∈ X. We say that two 
subsets T and T ′ of X are collinear, and we write T ∼c T

′, if there exists σ ∈ S∗(I) such 
that σ̃(T ) = T ′.

Notice that ∼c is also an equivalence relation on the family of nice sets, since 
σ̃(P{i,j,k}) = P{σ(i),σ(j),σ(k)}, which implies that σ̃(T ) is a nice subset of X provided 
T is so. As mentioned, the natural action of S∗(I) on A is compatible with the action 
on the supports.

Lemma 3.17. For σ ∈ S∗(I) and η ∈ A, Sησ ∼c S
η.

Proof. This is quite clear. From Definition 3.14, {i, j} ∈ Sησ if and only if σ̃({i, j}) :=
{σ(i), σ(j)} ∈ Sη. That is, σ̃(Sησ) = Sη. �

From all the above, given η ∈ A with support T , for any T ′ collinear to T , there 
is η′ ∈ A with support T ′ in the equivalence class of η. This makes the problem of 
classifying all the nice subsets of X up to collineations crucial for our goal of classifying 
the graded contractions of Γg2 .

3.3. Classification of nice sets up to collineations

The results from §3.2 indicate that our classification problem involves determining 
all the nice subsets of X up to collineations. We begin by introducing certain “special” 
types of subsets of X, which, as we will see, happen to be nice.

Definition 3.18. Let i, j, k ∈ I be generative.

(1) XLij
:=

{
{i, j}, {i, i ∗ j}, {j, i ∗ j}

}
(2) XLC :=

{
{i′, j′} | i′, j′ ∈ I, i′ �= j′, i′, j′ /∈ Lij

}

ij
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(3) X(i) := {{i, �} | � ∈ I, � �= i}
(4) X(i) := {{i′, j′} ∈ X | i′ ∗ j′ = i}
(5) T{i,j,k} := P{i,j,k} ∪ P{i,j, i∗k} ∪ P{i,k, i∗j} ∪ P{i, i∗j, i∗k}

Notice that T{i,j,k} is well defined, since all the triplets involved are generating triplets.

The reader might find the pictures below very helpful to retain these definitions.

XL24 X(3) X(1)

XLC
24 T{2,3,4} X \XLC

24

The following result will be very useful when proving the classification theorem (see 
Theorem 3.27).

Lemma 3.19. The following assertions hold for i, j, k ∈ I generative:

(i) X(i) ∼c X(1);
(ii) X(i) ∼c X

(1);
(iii) XLij

∼c XL12 ;
(iv) XLC

ij
∼c XLC

12
;

(v) X \XLC
ij
∼c X \XLC

12
;

(vi) P{i,j,k} ∼c P{1,2,3};
(vii) T{i,j,k} ∼c T{1,2,3}.

Proof. Define a collineation σ ∈ S∗(I) as

σ(1) = i, σ(2) = j, σ(3) = k, σ(4) = i ∗ j ∗ k, σ(5) = i ∗ j, σ(6) = i ∗ k, σ(7) = j ∗ k.

In each case, σ̃ maps the set associated to 1, 2, 3 to the corresponding set associated to 
i, j, k, which finishes the proof. �
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We next prove that the subsets from Definition 3.18 are all nice.

Proposition 3.20. Let i, j, k ∈ I be generative. The following subsets of X are nice:

(i) X;
(ii) XLij

, XLC
ij
, X(i), X(i), and any of their subsets;

(iii) X \XLC
ij
;

(iv) P{i,j,k};
(v) T{i,j,k}.

Proof. (i) trivially holds.
(ii) For Y ∈ {XLij

, XLC
ij
, X(i)}, there is no generating triplet {i′, j′, k′} satisfying that 

{i′, j′}, {k′, i′ ∗j′} ∈ Y , and so Y is nice. The same happens for X(i); in fact, assume that 
i′, j′, k′ ∈ I is a generating triplet such that {i′, j′}, {k′, i′∗j′} ∈ X(i). From {i′, j′} ∈ X(i)
we get that either i′ = i or j′ = i; suppose, for example, that i′ = i (a similar argument 
works for j′ = i). Now, from {k′, i′ ∗ j′} ∈ X(i) we get that either k′ = i or i′ ∗ j′ = i. 
But both of these cases contradict the fact that i′, j′, k′ are generative, so X(i) is nice. 
The last assertion in (ii) trivially holds.
(iii) Notice that X \ XLC

ij
=

{
{m, n} ∈ X | either m ∈ Lij or n ∈ Lij

}
. Suppose 

that {i′, j′, k′} is a generating triplet such that {i′, j′}, {k′, i′ ∗ j′} ∈ X \ XLC
ij

. From 
{i′, j′} ∈ X \ XLC

ij
we obtain that either i′ ∈ Lij or j′ ∈ Lij . Assume, for instance, 

that i′ ∈ Lij . This implies that {i′, k′}, {i′, j′ ∗ k′} ∈ X \XLC
ij

. It remains to show that 
{j′, k′} and {j′, i′ ∗ k′} belong to X \XLC

ij
. From {k′, i′ ∗ j′} ∈ X \XLC

ij
, we have that 

either k′ ∈ Lij or i′ ∗ j′ ∈ Lij . If k′ ∈ Lij , then Lij = Li′k′ , since i′, k′ ∈ Lij , and so 
{j′, i′ ∗ k′} ∈ X \ XLC

ij
. Lastly, if i′ ∗ j′ ∈ Lij , since we are assuming that i′ ∈ Lij , we 

obtain that Lij = Li′j′ . Thus j′ ∈ Lij , and so {j′, k′}, {j′, i′ ∗k′} ∈ X \XLC
ij

. This shows 
that P{i′,j′,k′} ⊆ X \XLC

ij
, and so X \XLC

ij
is nice.

(iv) We claim that the only generating triplet {i′, j′, k′} with {i′, j′}, {k′, i′∗j′} ∈ P{i,j,k}
is precisely {i, j, k}. In fact, suppose that {i′, j′, k′} is one of such generating triplets; 
then one of the three cases below occur.

- {i′, j′} = {i, j}, so i′ ∗ j′ = i ∗ j and k′ ∈ {k, k ∗ i, k ∗ j, k ∗ i ∗ j}, since i′, j′, k′ are 
generative. But {k′, i ∗ j} ∈ P{i,j,k} implies k′ = k.

- {i′, j′} = {i, k}, so i′∗j′ = i ∗k and k′ ∈ {j, j∗i, j∗k, j∗i ∗k}. Again {k′, i ∗k} ∈ P{i,j,k}
forces k′ = j.

- {i′, j′} = {j, k} similarly leads to {k′, i′ ∗ j′} = {i, j ∗ k}.

To finish, notice that {i′, j′} /∈ {{k, i ∗ j}, {j, i ∗ k}, {i, j ∗ k}}, since i′ ∗ j′ = i ∗ j ∗ k is 
not one of the components in a pair in P{i,j,k}.
(v) Suppose that i′, j′, k′ are generative such that {i′, j′}, {k′, i′ ∗ j′} ∈ T{i,j,k}. Then 
{i′, j′, k′} ∈

{
{i, j, k}, {i, j, i ∗ k}, {i, k, i ∗ j}, {i, i ∗ j, i ∗ k}

}
and (v) follows. �
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The above collection of examples contains many of the nice sets, but not all of them. 
Next we study the “big” nice sets; big in the sense that they contain P{1,2,3}.

Lemma 3.21. Let T be a nice subset of X such that P{1,2,3} � T . Then:

(i) T contains some P{i,j,k}, for {i, j, k} a generating triplet different from {1, 2, 3}.
(ii) There exists σ ∈ S∗(I) such that P{1,2,3} ∪ P{1,2,i} ⊆ σ̃(T ) for either i = 4 or i = 6.

Proof. (i) The proof relies on examining all the possible {i1, i2} that are in T but not 
in P{1,2,3} and proving that in every case, there exists a generating triplet satisfying 
the required condition. For instance, if {i, 5} ∈ T for i ∈ {4, 6, 7}, since {1, 2} and 
{i, 1 ∗ 2} = {i, 5} are both in T , which is nice, we get that P{1,2,i} ⊆ T . Similarly, if 
{1, 5} ∈ T , as {1, 5}, {6, 1 ∗ 5} = {6, 2} ∈ T , we get that P{1,5,6} ⊆ T ; and if {2, 5} ∈ T , 
we get that P{2,5,7} ⊆ T . The case {i, 6} (respectively, {i, 7}) belonging to T \ {1, 2, 3}
can be reduced to the above considered {i, 5} ∈ T , since there exists a collineation 
σ such that σ̃({1, 2, 3}) = {1, 2, 3} with σ(5) = 6 (respectively, σ(5) = 7). Finally, if 
{i, 4} ∈ T \ {1, 2, 3} with i �= 5, 6, 7, then, if i = 1, we get P{1,2,6} ⊆ T and if i ∈ {2, 3}, 
then P{i,1,7} ⊆ T .

(ii) Let {i, j, k} be the generating triplet that exists by (i), and U = {1, 2, 3} ∩{i, j, k}. If 
U = ∅, then either P{4,5,6} ⊆ T or P{4,6,7} ⊆ T . In any case, we have that {1, 2}, {4, 1 ∗
2} = {4, 5} ∈ T , and so P{1,2,4} ⊆ T . If |U | = 1, we can assume without loss of generality 
that U = {1}, since there is σ ∈ S∗(I) such that σ̃({1, 2, 3}) = {1, 2, 3} and σ̃(U) = {1}. 
From here we obtain that {i, j, k} ∈

{
{1, 4, 5}, {1, 4, 6}, {1, 5, 6}, {1, 5, 7}, {1, 6, 7}

}
. If 

{i, j, k} = {1, 4, 5}, then {1, 2} and {4, 1 ∗ 2} = {4, 5} are both in T , and so P{1,2,4} ⊆ T . 
The other 4 possibilities for {i, j, k} similarly lead to either P{1,2,4} ⊆ T or P{1,2,6} ⊆ T . 
Lastly, if |U | = 2, then U ∈

{
{1, 2}, {1, 3}, {2, 3}

}
. We can assume that U = {1, 2} by 

using a convenient σ ∈ S∗(I) as above. Then, since 1 ∗ 2 = 5 and {i, j, k} is a generating 
triplet, we have that k ∈ {4, 6, 7}. For k ∈ {4, 6} we are done, so let k = 7; then 
P{1,2,3} ∪ P{1,2,6} ⊆ σ̃(T ) for σ = (1 2)(6 7) ∈ S∗(I), since σ fixes P{1,2,3} and sends 
P{1,2,7} to P{1,2,6}. �
Lemma 3.22. If T is a nice subset of X such that X \XLC

12
� T , then T = X.

Proof. Let T be nice such that X \ XLC
12

� T . We will prove that XLC
12

⊆ T . Recall 
that XLC

12
= {{3, 4}, {3, 6}, {3, 7}, {4, 6}, {4, 7}, {6, 7}} and suppose, for example, that 

{3, 4} ∈ T . Then from {1, 5} ∈ X \ XLC
12

, 3 ∗ 4 = 5, we have that P{1,3,4} ⊆ T . In 
particular, {3, 1 ∗ 4} = {3, 7} and {4, 1 ∗ 3} = {4, 6} are in T . Now, using that {4, 6}
and {7, 4 ∗ 6} = {7, 2} are both in T , we get that P{4,6,7} ⊆ T . Thus, {4, 7}, {6, 7} ∈ T . 
It remains to show that {3, 6} ∈ T , which follows from the fact that P{3,6,7} ⊆ T since 
{6, 7}, {3, 5} ∈ T . This shows that T = X, as desired. �
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Proposition 3.23. Let T be a nice subset of X containing P{1,2,3}. Then there exists a 
collineation σ ∈ S∗(I) such that σ̃(T ) ∈

{
X, X \XLC

12
, T{1,2,3}, P{1,2,3}

}
.

Proof. If either T = X or T = P{1,2,3}, then we are done. Otherwise let P{1,2,3} � T � X. 
Replace T with σ̃(T ) for σ ∈ S∗(I) chosen as in Lemma 3.21 (ii). We distinguish two 
cases:

Case 1. P{1,2,3} ∪ P{1,2,4} ⊆ T .
We begin by proving that X\XLC

12
= P{1,2,3}∪P{1,2,4}∪X(5) ⊆ T . To do so, we need to 

check that {i, 5} ∈ T for all i = 1, 2, 6, 7. Using that {1, 4} ∈ P{1,2,4} and {3, 5} ∈ P{1,2,3}
are both in T , which is nice, we get that P{3,5,1} ⊆ T . From here, we obtain that {1, 5}
and {5, 6} are in T . Using now that {1, 5} and {7, 2} ∈ P{1,2,4} are in T , we get that 
P{1,5,7} ⊆ T , and so {5, 7} ∈ T . Lastly, {2, 6} ∈ P{1,2,3} ⊆ T and so P{5,7,2} ⊆ T , which 
yields {2, 5} ∈ T . This shows that X \ XLC

12
⊆ T . If T = X \ XLC

12
, then we are done; 

otherwise, X \XLC
12

� T and Lemma 3.22 yields T = X.
Case 2. P{1,2,3} ∪ P{1,2,6} ⊆ T .

We first prove that T{1,2,3} ⊆ T . Using that {3, 1 ∗ 2} = {3, 5} ∈ P{1,2,3} and 
{1, 2 ∗ 6} = {1, 4} ∈ P{1,2,6} are in T , which is nice, the fact that {3, 5}, {1, 3 ∗ 5} ∈ T

gives P{1,3,5} ⊆ T . In particular, we get that {1, 5} ∈ T , proving that T{1,2,3} =
P{1,2,3} ∪ P{1,2,6} ∪ {{1, 5}} ⊆ T . If T = T{1,2,3}, then there is nothing to prove; other-
wise, T{1,2,3} � T , which yields that T contains an element from the set X \ T{1,2,3} ={
{2, 4}, {2, 5}, {2, 7}, {3, 4}, {3, 6}, {3, 7}, {4, 5}, {4, 6}, {4, 7}, {5, 7}, {6, 7}

}
.

If {2, 4} ∈ T , then from {2, 4}, {1, 2 ∗ 4} = {1, 6} ∈ T we get that P{1,2,4} ⊆ T , and 
X \XLC

12
⊆ T by Case 1. Similarly, if {3, 4} ∈ T , then using that T is nice,

P{1,3,4} ⊆T ⇒ {3, 7} ∈ T
{1,6}∈T=⇒ P{1,6,7} ⊆ T ⇒ {4, 6} ∈ T

{3,5}∈T=⇒ P{3,5,6} ⊆ T.

From here, we obtain that X \XLC
13

= T{1,2,3} ∪P{1,3,4} ∪P{1,6,7} ∪P{3,5,6} ⊆ T . Taking 
now α ∈ S∗(I) such that α̃(X \ XLC

13
) = X \ XLC

12
as in Lemma 3.19, we get that 

X \ XLC
12

⊆ α̃(T ); and we can proceed like in the proof of Case 1. Lastly, if any other 
element of X \ T{1,2,3} is in T , using that T is nice, one can show that either {2, 4} ∈ T

or {3, 4} ∈ T . �
Now, we investigate the “smaller” nice sets. We begin with a trivial but useful result.

Lemma 3.24. Let T be a nice subset of X not containing any P{i′,j′,k′}, for i′, j′, k′ ∈ I

generative. If i, j, k ∈ I satisfy {i, j}, {i ∗ j, k} are both in T , then either k = i or k = j.

Proof. Let i, j, k ∈ I such that {i, j}, {i ∗ j, k} ∈ T . In particular, i �= j, k �= i ∗ j. If i, j, k
are generative, then P{i,j,k} ⊆ T since T is nice. But this contradicts our hypothesis, so 
i, j, k are not generative and k ∈ {i, j, i ∗ j}. We finish since k �= i ∗ j. �
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In the following proof, we use this observation: if i, j ∈ I, i �= j, and L is a line, if 
either {i, j} ⊆ L or {i, j} ⊆ I \L, then i ∗j ∈ L (since any two lines intersect); otherwise, 
i ∗ j /∈ L.

Proposition 3.25. Let T be a non-empty nice set not containing P{i,j,k} for i, j, k ∈ I

generative.

(i) If XL ⊆ T for some line L, then T = XL.
(ii) If T �⊆ XL for any line L and T �⊆ X(i) for any i ∈ I, then

(1) {i, j} ∈ T implies {i ∗ j, k} /∈ T for all k ∈ I;
(2) Either T ⊆ XLC for some line L or T = X(i) for some i ∈ I.

In particular, |T | is at most 6.

Proof. (i) Let i, j ∈ I be such that i �= j and XLij
⊆ T . Suppose on the contrary that 

XLij
� T . Then there exists {k, �} ∈ T such that k /∈ Lij = {i, j, i ∗ j}. In particular 

{i, j, k} is a generating triplet. We distinguish a few cases:

- � ∈ {i, j}. If � = i, then {j, i ∗j}, {k, i} ∈ T and so P{k,j,i∗j} ⊆ T , which is impossible. 
A similar argument works for � = j.

- � = i ∗j. In this case, from {k, i ∗j} and {i, j} ∈ T we get P{k,i,j} ⊆ T , a contradiction.
- � /∈ Lij . Then k ∗ � ∈ Lij . If k ∗ � = i, then {k, �}, {j, k ∗ �} ∈ T implies P{j,k,�} ⊆ T , 

a contradiction; k ∗ � = j leads us to a contradiction, as well. Lastly, if k ∗ � = i ∗ j, 
then {k, �}, {i, k ∗ �} = {i, i ∗ j} ∈ T implies that P{i,k,�} ⊆ T , a contradiction.

In any case, we have reached a contradiction, which implies that T = XLij
.

(ii) Suppose that T �⊆ XL for any line L and T �⊆ X(i) for any i ∈ I.
(1) Let i, j ∈ I be such that {i, j} ∈ T . Suppose on the contrary that {i ∗ j, k} ∈ T for 
some k ∈ I. Then k ∈ {i, j} by Lemma 3.24. If {i ∗ j, i}, {i ∗ j, j} ∈ T , then XLij

⊆ T

and T = XLij
by (1), which contradicts our hypothesis on T . Thus, we can assume that 

{i ∗ j, i} ∈ T and {i ∗ j, j} /∈ T . From T �⊆ XLij
, we can find {k, �} ∈ T such that � /∈ Lij . 

We consider two cases:

- k ∈ Lij . If k = i, then {i, �}, {i, j}, {i, i ∗ j} ∈ T and since T �⊆ X(i) there are a, b in 
I \ {i} with {a, b} ∈ T . If a = j, then {b, j}, {i, i ∗ j} ∈ T implies P{b,i,i∗j} ⊆ T , a 
contradiction; if a = i ∗j, then {i, j}, {i ∗j, b} ∈ T yields P{i,j,b} ⊆ T , a contradiction. 
Hence, a, b /∈ Lij , which implies a ∗b ∈ Lij . From here we obtain that P{a,b,m} ⊆ T , for 
some m in Lij (that depends on a ∗ b), a contradiction. Lastly, if k = j (respectively, 
if k = i ∗ j), then we can easily derive that P{i,i∗j,�} ⊆ T (respectively, P{i,j,�} ⊆ T ), 
a contradiction.

- k /∈ Lij . Then k ∗ � ∈ Lij , as observed before the proposition. If k ∗ � ∈ {j, i ∗ j}, then 
P{i,k,�} ⊆ T ; and if k ∗ � = i, then P{j,k,�} ⊆ T .
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In any case, we have reached a contradiction, and so (1) follows.
(2) We can always assume that {1, 2} ∈ T . From (1) we have that {5, k} /∈ T for all 
k. First, assume we can find �1, �2 �= 1, 2 such that {�1, �2} ∈ T . Keeping in mind that 
{1, 2, �1} is a generating triplet, we can find σ ∈ S∗(I) fixing 1 and 2 and sending �1 onto 
3; this allows us to take �1 = 3, and so �2 ∈ {4, 6, 7}. From (1) we obtain that 3 ∗�2 �= 1, 2, 
which yields �2 /∈ {6, 7} and so �2 = 4. In addition, using that T does not contain 
any subset of the form P{i,j,k}, from {1, 2} ∈ T we get {4, 7}, {3, 6}, {4, 6}, {3, 7} �∈ T ; 
similarly, from {3, 4} ∈ T we obtain {1, 6}, {2, 7}, {2, 6}, {1, 7} �∈ T . Altogether we are 
left with:

{1, 2}, {3, 4} ∈ T ⊆ {{1, 2}, {3, 4}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {6, 7}}.

If {6, 7} /∈ T , then T ⊆ XLC
67

; otherwise X(5) = {{1, 2}, {3, 4}, {6, 7}} ⊆ T . From (1) 
there is no {i, j} ∈ T with i ∗ j ∈ {1, 2, 3, 4, 6, 7}, and then we get X(5) = T . Second, 
consider the possibility T ⊆ X(1) ∪ X(2). From T �⊆ X(1) and T �⊆ X(2), we can find 
�1, �2 �= 1, 2 with {1, 2}, {1, �1}, {2, �2} ∈ T . As above, a convenient collineation allows 
us to take �1 = 3. If T �⊆ XLC

67
, this means that there is �3 ∈ {1, 2} such that {7, �3} ∈ T . 

The only possibility is {1, 7} ∈ T , since 2 ∗ 7 = 3. Now 1 ∗ 7 = 4 forces �2 to be 3. But 
2 ∗ 3 = 7, which contradicts (1). Hence, the possibility T ⊆ X(1) ∪X(2) does not lead to 
any solution. �
Corollary 3.26. Any subset T of X different from P{i,j,k} is nice with cardinal ≤ 6 if and 
only if either T ⊆ XL or T ⊆ XLc for some line L, or T ⊆ X(�) or T ⊆ X(�) for some 
� ∈ I.

Proof. Apply Propositions 3.20 and 3.25. �
We are now in a position to classify the nice subsets of X.

Theorem 3.27. Every nontrivial nice set T is collinear to one and only one of the fol-
lowing subsets:

- if |T | = 0, then T = T1 := ∅;
- if |T | = 1, then T ∼c T2 := {{1, 2}};
- for |T | = 2, there are three possibilities:

T3 := {{1, 2}, {1, 3}}, T4 := {{1, 2}, {1, 5}}, T5 := {{1, 2}, {6, 7}};

- if |T | = 3, then T is collinear to one of the following sets:

T6 := XL12 , T7 := X(1), T8 := {{1, 2}, {1, 3}, {1, 4}},
T9 := {{1, 2}, {1, 3}, {1, 5}}, T10 := {{1, 2}, {1, 3}, {1, 7}},
T11 := {{1, 2}, {1, 6}, {2, 6}}, T12 := {{1, 2}, {1, 6}, {6, 7}};
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- for |T | = 4, we have four possibilities:

T13 := {{1, 2}, {1, 3}, {1, 4}, {1, 5}}, T14 := {{1, 2}, {1, 3}, {1, 5}, {1, 6}},
T15 := {{1, 2}, {1, 6}, {1, 7}, {2, 6}}, T16 := {{1, 2}, {1, 6}, {2, 7}, {6, 7}};

- for |T | = 5, we have two options:

T17 := {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}},
T18 := {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}};

- if |T | = 6, then T is collinear to one of the following:

T19 := XLC
12
, T20 := X(1), T21 := P{1,2,3};

- if |T | = 10, then T ∼c T22 := T{1,2,3};
- if |T | = 15, then T ∼c T23 := X \XLC

12
;

- if |T | = 21, then T ∼c T24 := X.

Proof. The result trivially holds for |T | = 1.
Suppose that |T | = 2 and notice that T does not contain any P{i,j,k}, for i, j, k ∈ I

generative. If T ⊆ XL for some line L, then Lemma 3.19 applies to get that σ̃(XL) = XL12

for some σ ∈ S∗(I). Thus σ̃(T ) ⊆ XL12 , and so T ∼c {{1, 2}, {1, 5}}, since {{1, 2}, {2, 5}}
becomes {{1, 2}, {1, 5}} via (1 2)(6 7) and {{1, 2}, {2, 5}} becomes {{1, 5}, {2, 5}} via 
any collineation sending {1, 2, 3} into {1, 5, i}, for any i /∈ L12 (see Remark 3.13). If T ⊆
X(i) for some i, then Lemma 3.19 allows us to take i = 1. From here we obtain one new 
possibility for T (up to collineations), namely, {{1, 2}, {1, 3}}; since {{1, 2}, {1, 3}} ∼c

{{1, 2}, {1, i}} for i = 3, 4, 6, 7, by Remark 3.13 ({1, 2, i} is a generating triplet). Suppose 
now that T �⊆ XL and T �⊆ X(�) for any line L and any � ∈ I. Then T ⊆ XLC

12
(up 

to collineations) by Proposition 3.25 and Lemma 3.19. There are two nice sets (up to 
collineations) contained in XLC

12
: {{3, 4}, {3, 6}}, which is contained in X(3) so nothing 

new here; and {{3, 4}, {6, 7}} ∼c {{1, 2}, {6, 7}} via (1 3)(2 4).
Assume that |T | = 3; from Proposition 3.25 and Lemma 3.19 we get that T is either 

collinear to XL12 or X(1), or one of the following holds:
- T ⊆ X(1). There exists i, j, k in I such that T = {{1, i}, {1, j}, {1, k}}. If two 

of the elements in T belong to XL for some line L, then we can assume that i = 2, 
j = 5. Then σ̃(T ) = {{1, 2}, {1, 5}, {1, 3}}, for σ the collineation sending the generating 
triplet {1, 2, k} to the generating triplet {1, 2, 3}. Otherwise, {1, i, j} is a generating 
triplet and we may assume it to be {1, 2, 3}. From here we obtain that T is either 
{{1, 2}, {1, 3}, {1, 4}} or {{1, 2}, {1, 3}, {1, 7}}, since k = 5, 6 leads us to the previous 
case.

- T ⊆ XLC
12

and T �⊆ X(�) for all � ∈ I. Then T is of the form T =
{{i1, j1}, {i2, j2}, {i3, j3}}, for is, js ∈ LC

12 = {3, 4, 6, 7} such that none of the elements of 
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LC
12 appears three times in {i1, j1, i2, j2, i3, j3}. If three of the elements of LC

12 (we can take 
3, 4 and 6) appear twice each, then T = {{3, 4}, {3, 6}, {4, 6}} ∼c {{1, 2}, {1, 6}, {2, 6}}. 
Otherwise, two elements must appear twice and the remaining other two must ap-
pear once, for instance let 3, 4 appearing twice; then T = {{3, 4}, {3, 6}, {4, 7}} ∼c

{{1, 2}, {1, 6}, {6, 7}} via (3 1 5)(6 2 4).
Suppose that |T | = 4 and let T = {{1, i}, {1, j}, {1, k}, {1, �}} ⊆ X(1). Keeping in 

mind that i, j, k, � are pairwise distinct and i, j, k, � ∈ I \{1} = (L12 \{1}) ∪ (L13 \{1}) ∪
(L14 \ {1}), we have two possibilities:
- i, j ∈ L1m \ {1} and k, � ∈ L1n \ {1}, for m �= n.

In this case, T ∼c {{1, 2}, {1, 5}, {1, 3}, {1, 6}}.

- i, j ∈ L1m \ {1}, k ∈ L1n \ {1} and � ∈ L1p \ {1}, for m, n, p pairwise distinct.
Without loss of generality we can assume i = 2, j = 5, k = 3 and � = 4 or 7. Notice that 

{{1, 2}, {1, 5}, {1, 3}, {1, 4}} ∼c {{1, 2}, {1, 5}, {1, 3}, {1, 7}} via the collineation sending 
the generating triplet {1, 2, 3} onto the generating triplet {1, 5, 3}. Lastly, notice that 
this set is nice by Corollary 3.26.

Assume now that T �⊆ X(�) for all � ∈ I. Then, up to collineation, T ⊆ XLC
34

by Propo-
sition 3.25. Let T =

{
{i1, j1}, {i2, j2}, {i3, j3}, {i4, j4}

}
, where is, js ∈ LC

34 = {1, 2, 6, 7}, 
for s = 1, . . . , 4. Notice that each element of LC

34 appears at most three times in the 
pairs belonging to T . Suppose that, for instance, 1 appears exactly three times, then 
{1, 2}, {1, 6}, {1, 7} ∈ T and all the possible options for the fourth element give rise to 
collinear sets to {{1, 2}, {1, 6}, {1, 7}, {2, 6}}. The remaining case is all the elements of 
LC

34 appearing twice; in such a case, T ∼c {{1, 2}, {1, 6}, {2, 7}, {6, 7}}.
Assume that |T | = 5; if T ⊆ X(�) for some �, then it is straightforward to check that 

T ∼c {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}}; otherwise Proposition 3.25 applies to get that 
T = {{i1, j1}, {i2, j2}, {i3, j3}, {i4, j4}, {i5, j5}} ⊆ XLC

34
. Then the Pigeonhole principle 

yields that one of the elements of LC
34 appears more than twice in {i1, j1, . . . , i5, j5}; 

the number of such occurrences is exactly three, since |LC
34| = 4. Thus, we can as-

sume {1, 2}, {1, 6}, {1, 7} ∈ T and i4, j4, i5, j5 ∈ {2, 6, 7}. In any case, we get that 
T ∼c {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}.

Suppose that |T | = 6; if T ⊆ X(�) for some �, then T ∼c X(1). If T contains some 
P{i,j,k} (for i, j, k generative), then T ∼c P{1,2,3}. Otherwise, T = XLC (for some line L) 
by Proposition 3.25.

To finish, if |T | > 6, then T must contain strictly some P{i,j,k} (for i, j, k generative) 
by Proposition 3.25. From here, Proposition 3.23 allows us to conclude that T is collinear 
to either X \XLC

12
, T{1,2,3} or T = X, finishing the proof. �

Conclusion 3.28. At the moment, we have found 24 nice sets and hence 24 Lie algebras 
obtained by graded contractions of Γg2 , these ones obtained as Lε

ηTi for i = 1, . . . , 24. 
In the next section we will prove that 23 of them are non-isomorphic, the exception will 
be the algebras related to T8 and T10 which are isomorphic, as checked in Example 4.10. 
We will also prove that the only cases in which there are more than one equivalence class 
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with the same support will be those with support collinear to T14, T17 and T20. Fixed 
any such nice set, there will be an infinite number of non-isomorphic algebras that have 
it as their support.

Remark 3.29. To be more precise, there are 779 nice sets. To compute this number, we 
have to compute how many nice sets are there in the orbit S∗(I) ·Ti = {σ̃(Ti) | σ ∈ S∗(I)}, 
for different values of 1 ≤ i ≤ 24. Recall that, if S∗(I)Ti

:= {σ ∈ S∗(I) | σ̃(Ti) = Ti}
denotes the subgroup of collineations which leave Ti invariant, its cardinal is related with 
the cardinal of the orbit by |S∗(I) · Ti| = 168

|S∗(I)Ti
| . Now we compute these cardinals case 

by case:

i 1, 24 2, 4, 5, 14, 16, 22 3, 9, 12, 13, 15 6, 7, 19, 20, 23 8, 10, 11, 21 17, 18
|S∗(I)Ti

| 168 8 2 24 6 4
|S∗(I) · Ti| 1 21 84 7 28 42

For instance, the orbit of T1 is S∗(I) · T1 = {∅}, which contains only one nice set. The 
orbit of T2 = {{1, 2}} has 21 elements, namely, S∗(I) · T2 = {{t} | t ∈ X}. For T3 =
{{1, 2}, {1, 3}}, if a collineation σ satisfies σ̃(T3) = T3, then σ(1) = 1 and σ({2, 3}) =
{2, 3}. Besides the identity map, there is only one such collineation, so that the subgroup 
of collineations fixing T3 has 2 elements and the orbit of T3 has 84 elements. Look at 
T4 = {{1, 2}, {1, 5}}. A collineation σ leaving T4 invariant is determined by σ(1) = 1, 
σ(2) ∈ {2, 5}, σ(3) ∈ {3, 4, 6, 7}, so that there are 8 elements in the stabilizer. There are 
also 8 collineations leaving T5 = {{1, 2}, {6, 7}} invariant: σ(1) ∈ {1, 2, 6, 7}, this forces 
σ(2) = 2, 1, 7, 6 respectively, and the possibilities for σ(6) are two (6/7 in each of the 
first two cases, and 1/2 in the other two). The orbit of T6 = XL12 has 7 elements, since 
there are 7 lines. Similarly, S∗(I) · T7 = {X(i) | i ∈ I} has cardinal 7 too, just like I. 
Now, the stabilizer of T8 = {{1, 2}, {1, 3}, {1, 4}} has 6 elements, since a collineation such 
that σ̃(T8) = T8 satisfies σ(1) = 1 and is determined by σ(2) and σ(3) arbitrary distinct 
elements in {2, 3, 4}, since 4 = 1 ∗2 ∗3. Also, there are two possibilities for σ leaving T9 =
{{1, 2}, {1, 3}, {1, 5}} invariant, since necessarily σ(1) = 1, σ(3) = 3 and σ(2) ∈ {2, 5}. 
We can proceed similarly for the remaining values i ≥ 10. Thus the total number of nice 
sets is the sum of the cardinal of the orbits, (1 +42) ·2 +21 ·6 +(7 +84) ·5 +28 ·4 = 779. Thus 
we have 779 Lie algebras {Lε

ησ̃(Ti) | σ ∈ S∗(I), i ≤ 24} which are not graded-isomorphic, 
since they have different support. Of course, this is not relevant for classifying graded 
contractions up to equivalence, which is our main objective.

4. Classification of graded contractions of g2

Next, we explore how many non-isomorphic Lie algebras can be obtained by graded 
contractions of Γg2 with a fixed support, in Sections 4.1 and 4.2. For most of the nice 
sets, there is only one isomorphism class of Lie algebras attached. This assertion can 
be concluded only from the study of the equivalence classes via normalization, which 
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will be the first aim in §4.1. We will need more specific arguments in §4.2 for dealing 
with several nice sets contained in some X(i). With some extra work, this will give the 
classification of the graded contractions of Γg2 up to equivalence in §4.3.

4.1. Equivalent graded contractions via normalization

Recall that a first step towards the classification of all the equivalence classes G̃/ ∼
of graded contractions consists in classifying all the equivalence classes G̃/ ∼n of graded 
contractions via normalization; this turns out to be equivalent to describing the equiv-
alence classes G/ ∼n of admissible graded contractions via normalization, since the sets 
G̃/ ∼ and G/ ∼ are bijective (by Lemma 3.2) and ∼n trivially restricts to G (that is, εα
is an admissible graded contraction provided ε is so).

On the other hand, Proposition 3.7 allows us to work in the set A in (11), by defining 
η ∼n η′ if εη ∼n εη′ for any η, η′ ∈ A. Note that η ∼n η′ if there exists α : I → C×

(written as α(i) = αi) such that η′ = ηα, where ηij = η({i, j}) for all {i, j} ∈ X, and

ηαij := ηijαij , αij := αiαj

αi∗j
. (13)

Our goal here is to determine the equivalence classes in A/ ∼n. Given η ∈ A
with support T = {{i1, j1}, . . . , {is, js}}, lexicographically ordered, that is, ik < jk, 
i1 ≤ i2 ≤ . . . ≤ is, and if ik = ik+1 then jk < jk+1; to ease the notation, we 
write η = (ηi1j1 , . . . , ηisjs). For instance, for T = {{1, 2}, {1, 6}, {2, 7}, {6, 7}}, we write 
η = (η12, η16, η27, η67). If ηikjk = 1 for all k, then we write 1T = (1, 1, . . .(s , 1).

Theorem 4.1. Any η ∈ A with nontrivial support T from Theorem 3.27 is equivalent via 
normalization to 1T except in the following three cases:

(i) If T = T14 = {{1, 2}, {1, 3}, {1, 5}, {1, 6}}, then η ∼n (1, 1, 1, λ), for λ = η13η16
η12η15

.
Moreover, (1, 1, 1, λ) ∼n (1, 1, 1, λ′) if and only if λ = λ′.

(ii) If T = T17 = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}}, then η ∼n (1, λ, 1, 1, λ), for λ2 =
η13η16
η12η15

.
Moreover, (1, λ, 1, 1, λ) ∼n (1, λ′, 1, 1, λ′) if and only if λ = ±λ′.

(iii) If T = T20 = X(1), then η ∼n (1, λ, μ, 1, λ, μ), for λ2 = η13η16
η12η15

and μ2 = η14η17
η12η15

.
Moreover, (1, λ, μ, 1, λ, μ) ∼n (1, λ′, μ′, 1, λ′, μ′) if and only if λ = ±λ′, μ = ±μ′.

For the proof, it is convenient to establish notation, since any nonzero complex number 
admits two square roots. In order to choose one of them, for any α ∈ C×, we may uniquely 
express α = |α|eiθα , for some θα ∈ [0, 2π), and then we denote by 

√
α :=

√
|α|eiθα/2. 

Here we use i for the imaginary unit in the underlying field of complex numbers, to 
distinguish it from i ∈ O, used through the manuscript for an octonion. Note that we 
do not have the property that 

√
αα′ =

√
α
√
α′ for any α, α′ ∈ C×.
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Proof. First, note that for any T with T14 ⊆ T ⊆ X(1), any |T |-tuple in (C×)|T | does 
provide a map in A (an admissible graded contraction, with a minor abuse of language) 
with support T ; because, as there is no generating triplet {i, j, k} such that {i, j}, {i ∗
j, k} ∈ T , then the condition ηijk = ηjki necessary to assure η ∈ A is satisfied trivially, 
since ηijk = 0 for any generating triplet. This implies that all the tuples used in (i), (ii) 
and (iii) really provide equivalence classes up to normalization related to those supports.

(i) Suppose that T = {{1, 2}, {1, 3}, {1, 5}, {1, 6}}. Taking α1 = 1√
η12

√
η15

, α2 = √
η15, 

α3 =
√
η12

√
η15

η13
, α5 = √

η12, and α4 = α6 = α7 = 1, we obtain that ηα = (1, 1, 1, λ), 
where λ = η13η16

η12η15
; which shows that η ∼n (1, 1, 1, λ).

Now, if (1, 1, 1, λ′) is another admissible graded contraction with support T satisfying 
that (1, 1, 1, λ′) ∼n (1, 1, 1, λ), then there exists a map β : I → C× such that β12 = β13 =
β15 = 1 and λ′β16 = λ (notation as in (13)). From here we get 1 = β12β15 = (β1)2 =
β13β16 = β16 so that λ = λ′, concluding the proof of (i).

(ii) Suppose that T = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}}. Then taking α1 = α7 =
1√

η12
√
η15

, α2 = √
η15, α3 =

√
η16√
η13

, α4 = 1
η14

, α5 = √
η12 and α6 = 1, we obtain that 

ηα = (1, λ, 1, 1, λ), for λ =
√
η13

√
η16√

η12
√
η15

; which means that η ∼n (1, λ, 1, 1, λ).
Now, if (1, λ′, 1, 1, λ′) is another admissible graded contraction with support T such 

that (1, λ′, 1, 1, λ′) ∼n (1, λ, 1, 1, λ), then there exists a map β : I → C× satisfying that 
(1, λ′, 1, 1, λ′)β = (1, λ, 1, 1, λ). This means β12 = β14 = β15 = 1, λ′β13 = λ′β16 = λ. 
From here we get (β1)2 = β12β15 = 1, which implies β1 = ±1, and so

(
β6

β3

)2

= β16

β13
= 1 ⇒ λ

λ′ = β16 = β1
β6

β3
= ±1 ⇒ λ′ = ±λ.

In order to finish the proof of (ii) we only need to find β : I → C× such that β12 =
β14 = β15 = 1, β13 = β16 = −1, so that (1, λ, 1, 1, λ)β = (1, −λ, 1, 1, −λ). For instance, 
β = (1, 1, −1, 1, 1, 1, 1) is such a map.

(iii) Let T = X(1), λ =
√
η13

√
η16√

η12
√
η15

and μ =
√
η14

√
η17√

η12
√
η15

. Notice that η ∼n (1, λ, μ, 1, λ, μ); 
in fact, take α1 = 1√

η12
√
η15

, α2 = √
η15, α3 =

√
η16√
η13

, α4 =
√
η17√
η14

, α5 = √
η12 and 

α6 = α7 = 1.
Next, suppose that (1, λ′, μ′, 1, λ′, μ′) is an admissible graded contraction with support 

T such that (1, λ′, μ′, 1, λ′, μ′) ∼n (1, λ, μ, 1, λ, μ). Then there exists a map β : I → C×

satisfying that (1, λ′, μ′, 1, λ′, μ′)β = (1, λ, μ, 1, λ, μ). This means

β12 = 1 = β15, β13 = λ

λ′ = β16, β14 = μ

μ′ = β17.

As above (β1)2 = β12β15 = 1 and 
(

β6
β3

)2
= 1, so that λ

λ′ = β1
β6
β3

= ±1. Similarly,

(
β7

)2

= β17 = 1 ⇒ μ
′ = β17 = β1

β7 = ±1 ⇒ μ′ = ±μ.

β4 β14 μ β4
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To finish the proof of (iii), note that (1, λ, μ, 1, λ, μ)δ = (1, −λ, μ, 1, −λ, μ) and 
(1, λ, μ, 1, λ, μ)γ = (1, λ, −μ, 1, λ, −μ) for δ = (1, 1, −1, 1, 1, 1, 1) and γ = (1, 1, 1, −1, 1, 1,
1).

It remains to show that η ∼n 1T , for the remaining T in Theorem 3.27; to do so it is 
enough to find a map α : I → C× such that ηα = 1T , or equivalently, ηij = αi∗j

αiαj
for all 

{i, j} ∈ T .
- T = {{1, 2}}: let α5 = η12, and αi = 1 for all i �= 5.
- T = {{1, 2}, {1, 5}}: let α1 = α2 = 1√

η12
√
η15

, α5 = 1
η15

and αi = 1 for all i �= 1, 2, 5.
- T = {{1, 2}, {1, 3}}: let α5 = η12, α6 = η13 and αi = 1 for all i �= 5, 6.
- T = {{1, 2}, {6, 7}}: let α1 = 1

η12
, α6 = 1

η67
and αi = 1 for all i �= 1, 6.

- T = XL12 : let α1 = 1√
η12

√
η15

, α2 = 1√
η12

√
η25

, α5 = 1√
η15

√
η25

, αi = 1 for all i �= 1, 2, 5.

- T = X(1): let α2 = 1
η25

, α3 = 1
η36

, α4 = 1
η47

and α1 = α5 = α6 = α7 = 1.
- T = {{1, 2}, {1, 3}, {1, 4}}: let α5 = η12, α6 = η13, α7 = η14, α1 = α2 = α3 = α4 = 1.
- T = {{1, 2}, {1, 3}, {1, 5}}: let α1 = 1√

η12
√
η15

, α2 = √
η15, α3 = √

η12
√
η15, α5 = √

η12,
α6 = η13 and α4 = α7 = 1.

- T = {{1, 2}, {1, 3}, {1, 7}}: let α5 = η12, α6 = η13, α4 = η17 and αi = 1 for all i �= 4, 5, 6.
- T = {{1, 2}, {1, 6}, {2, 6}}: let α3 = η16, α4 = η26, α5 = η12, αi = 1 for all i �= 3, 4, 5.
- T = {{1, 2}, {1, 6}, {6, 7}}: let α2 = 1

η12
, α3 = η16, α7 = 1

η67
, αi = 1 for all i �= 2, 3, 7.

- T = {{1, 2}, {1, 3}, {1, 4}, {1, 5}}: let α1 = 1√
η12

√
η15

, α2 = √
η15, α3 = α4 = √

η12
√
η15,

α5 = √
η12, α6 = η13, and α7 = η14.

- T = {{1, 2}, {1, 6}, {1, 7}, {2, 6}}: let α3 = η16, α4 = η26, α5 = η12, α7 = η26
η17

and
α1 = α2 = α6 = 1.

- T = {{1, 2}, {1, 6}, {2, 7}, {6, 7}}: let α1 =
√
η67√

η12
√
η16

√
η27

, α2 = α3 = η16, α4 = 1,

α5 =
√
η12

√
η16

√
η67√

η27
, α6 =

√
η12

√
η16

√
η27√

η67
, α7 = 1

η27
.

- T = {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}: let α1 = √
η26

√
η27, α2 = √

η16
√
η17, α6 = 1,

α3 = η16
√
η26

√
η27, α4 = η26

√
η16

√
η17,

α7 =
√
η16

√
η26√

η17
√
η27

, α5 = η12
√
η16

√
η17

√
η26

√
η27.

- T = XLC
12

: let α1 = 1√
η34

√
η37

√
η46

√
η67

, α2 = 1√
η34

√
η36

√
η47

√
η67

, α3 = 1√
η34

√
η36

√
η37

,
α4 = 1√

η34
√
η46

√
η47

, α5 = 1√
η36

√
η37

√
η46

√
η47

,
α6 = 1√

η36
√
η46

√
η67

, α7 = 1√
η37

√
η47

√
η67

.

- T = P{1,2,3}: let α1 = α4 = α6 = 1
η12

, α2 = α5 = 1
η26

, α3 = 1
η13

, α7 = 1
η17

. Note that 
α23η23 = 1 and α35η35 = 1 follows from η132 = η321 = η213, since we are assuming η
belongs to A.

- T = T{1,2,3}: Take β1 = 1√
η12

√
η15

, β2 = √
η15, β3 = 1√

η13
, β4 = 1√

η14
, β5 = √

η12, 
β6 = 1√ , β7 = 1√ , to get that ηβ = η′ = (1, λ1, λ2, 1, λ1, λ2, λ3, λ4, λ5, λ6), 
η16 η17
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where λ1 =
√
η13

√
η16√

η12
√
η15

, λ2 =
√
η14

√
η17√

η12
√
η15

, λ3 =
√
η15

√
η17√

η13
η23, λ4 =

√
η15

√
η14√

η16
η26, λ5 =

√
η12

√
η14√

η13
η35 and λ6 =

√
η12

√
η17√

η16
η56. Now, using that η′ ∈ A we derive

η′123 = η′312 = η′231 ⇐⇒ λ2λ3 = λ5 = λ4λ1,

η′126 = η′612 = η′261 ⇐⇒ λ2λ4 = λ6 = λ3λ1,

η′135 = η′513 = η′351 ⇐⇒ λ2λ5 = λ6λ1 = λ3,

η′156 = η′615 = η′561 ⇐⇒ λ2λ6 = λ4 = λ5λ1.

From here we obtain that

λ5 = λ1λ4 = (λ1)2λ5 ⇒ λ1 = ±1,

λ6 = λ2λ4 = (λ2)2λ6 ⇒ λ2 = ±1.

Hence, η′ = (1, λ1, λ2, 1, λ1, λ2, μ, λ1λ2μ, λ2μ, λ1μ) for some μ ∈ C×, λ1, λ2 ∈ {±1}. 
Defining γ : I → C× by γ3 = γ6 = 1

μ and γi = 1 for all i �= 3, 6, we get that

(η′)γ = (1, λ1, λ2, 1, λ1, λ2, 1, λ1λ2, λ2, λ1).

But (1, −1, 1, 1, −1, 1, 1, −1, 1, −1)δ = 1T and (1, 1, −1, 1, 1, −1, 1, −1, −1, 1)δ′ =
1T , for δ = (1, 1, −1, −1, 1, 1, −1) and δ′ = (1, 1, 1, −1, 1, 1, 1).

- Let T = X \XLC
12

. Since X(1) ⊆ T , we can take β : I → C× the same map as in case 
T{1,2,3} to get ηβ = η′ = (1, λ1, λ2, 1, λ1, λ2, λ3, . . . , λ11), for some λi ∈ C×. On the 
other hand, using that η′ijk = η′jki for all i, j, k generative, we obtain that λ1, λ2 ∈ {±1}
and η′ = (1, λ1, λ2, 1, λ1, λ2, λ, μ, λμλ1λ2, λλ1λ2, μλ1λ2, λλ2, μλ1, λλ1, μλ2), for some 
λ, μ ∈ C×. To finish, take γ1 = λ1λ2, γ2 = 1√

λ1
√
λ2

√
λ
√
μ
, γ3 = 1√

λ1
√
λ
, γ4 = 1√

λ2
√
μ
, 

γ5 = λ1λ2γ2, γ6 = λ2γ3, γ7 = λ1γ4 to get that (η′)γ = 1T . �
This finishes the equivalence classes via normalization attached to the possible non-

trivial supports up to collineation. Lastly, in case T = X it is also true that any η ∈ A
with support X is equivalent via normalization to 1X . The proof is similar to the one 
in case X \XLC ; it can also be seen as a consequence of [29, Theorem 3.1], which deals 
with graded contractions without zeroes and states (in our notation) the following:

“If ε is a complex G-graded contraction without zeroes, then there exist some nonzero 
complex numbers {αg : g ∈ G} such that ε(g, h) = αgαh

αg+h
”.

Here in [29], G denotes an arbitrary finite abelian group and there are no restrictions on 
the G-graded Lie algebra.

Conclusion 4.2. The set G/ ∼n consists of one isolated equivalence class related to each 
of the 21 nice sets in {Ti : i �= 14, 17, 20} (and to those ones collinear to them); together 
with three infinite families related to T14, T17, and T20, parametrized by C×, C×/Z2
and (C×)2/Z2

2, respectively (and those ones collinear to them).
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(More precisely, as in Remark 3.29, we have 70 parametrized families jointly with 709
isolated equivalence classes by normalization, whose related Lie algebras can be obtained 
from Lε

ηTi by applying the Weyl group of the grading as in Proposition 3.15.)

The next aim is to prove if the corresponding Lie algebras are non-isomorphic. At the 
moment we know that there is no an isomorphism between two of these algebras which 
is a scalar multiple of the identity on each homogeneous component.

4.2. Classification up to strong equivalence

Our goal here is to prove that any two strongly equivalent admissible graded con-
tractions of Γg2 are also equivalent by normalization. That is, we have to prove that, if 
ϕ : Lεη → Lεη′ denotes a graded isomorphism, then there exists a graded isomorphism 
ϕ′ : Lεη → Lεη′ such that ϕ′|Li

is a scalar multiple of the identity for all i ∈ I. (We are 
using the notation Li ≡ (g2)gi as in Lemma 3.8.) This is not a trivial problem by any 
means, and it seems to rely heavily on the properties of the grading.

There is no precedent in dealing with this problem, so we will try to explain where 
our ideas for addressing it come from. First, our results in the previous sections allow 
us to restrict our attention to admissible graded contractions with support contained 
in X(1), since we proved in Lemma 3.8 that two strongly equivalent admissible graded 
contractions have the same support and, for the remaining (non-collinear) supports, 
Theorem 4.1 tells us that there is only one equivalence class up to normalization, so that 
in particular only one class up to strong equivalence. The difficulty in dealing with a nice 
set T ⊆ X(1) lies in the fact that we do not have much information about the nonzero 
values of an admissible map η ∈ A with support T , since any map η : X → C× with 
support T belongs to A (there is no {i, j}, {i ∗j, k} ∈ T with {i, j, k} a generating triplet, 
so ηijk = 0). We will obtain valuable information on the values of η in Corollary 4.5; the 
main tool being thinking of ϕ|Li

as an endomorphism of a 2-dimensional vector space 
and to take advantage of our knowledge of the products among the subspaces Li’s as 
in Lemma 2.1. We begin by adapting the notation used in the basis (6) in order to 
handle several basis of the same homogeneous component simultaneously. (The notation 
in (6), less precise but much simpler, has been used through the remaining sections of 
this paper.)

Remark 4.3. We denote our basis of the space of zero trace octonions as

e1 = i, e2 = j, e3 = l, e4 = kl, e5 = k, e6 = il, e7 = −jl.

Then eiej = ei∗j if either the ordered line (i, j, i ∗ j) or some of its cyclic permutations 
belong to the set L = {(1, 2, 5), (5, 6, 7), (7, 4, 1), (1, 3, 6), (6, 4, 2), (2, 7, 3), (3, 4, 5)}, 
and eiej = −ei∗j , otherwise. (Note we have used brackets instead of braces because the 
order in the lines is relevant for describing the signs of the products. Also, we use here 
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�, �′ . . . for ordered lines instead of indices, due to the necessity of adopting a very precise 
notation.)

Take � ∈ L and fix i ∈ �, k /∈ �. If j ∈ � \ {i}, then i, j, k are generative, Q :=
〈1, ei, ej , ei∗j〉 is a quaternion subalgebra (isomorphic to H) and ek is orthogonal to Q
with respect to the norm n. So O = Q ⊕ Qek. Consider the derivations of O given by, 
for any q ∈ Q,

E�,k
i : q �→ 0, qek �→ 1

2 (eiq)ek,
F �
i : q �→ 1

2 [ei, q], qek �→ −1
2 (qei)ek.

(14)

The definition of F �
i does not depend on k since F �

i = 1
4Dej ,eiej for the two options of 

j ∈ � \ {i}. For the other derivation, the choice of k /∈ � is not very relevant either, since

E�,k
i = E�,i∗k

i = −E�,j∗k
i = −E�,i∗j∗k

i .

The set B�,k
i := {E�,k

i , F �
i } is a basis of Li and each homogeneous component Li has six 

of such bases since each index belongs exactly to three different lines in L and there are 
two possible signs for “E”. Now, as in (6), for any r, r′ ∈ �, the elements in the basis 
multiply as follows,

[E�,k
i , E�,k

j ] = E�,k
i∗j , [F �

i , F
�
j ] = F �

i∗j , [E�,k
r , F �

r′ ] = 0,

if � is any cyclic permutation of (i, j, i ∗ j) ∈ L. As a consequence, for any a, b ∈ C, and 
any i �= j ∈ �,

Spec(ad2(aE�,k
i + bF �

i )|Lj
) = {−a2,−b2}, (15)

where E�,k
j and F �

j are eigenvectors related to −a2 and −b2, respectively. Here, Spec
refers to the spectrum of an endomorphism, that is, the set of eigenvalues.

Proposition 4.4. Let T be a nice set and ϕ : Lε → L
εηT a graded isomorphism, with 

ηT ∈ A defined in Equation (12). If 
{
{i, j}, {i, i ∗ j}

}
⊆ T , then the following assertions 

hold:
(i) For any z ∈ Li, Spec(ad2 ϕ(z)|Lj

) = {εijεi i∗jλ | λ ∈ Spec(ad2 z|Lj
)}.

(ii) The matrix of ϕ|Li
with respect to the basis B�,k

i , for i, j ∈ � and k /∈ �, is one of the 
following

±α

(
1 0
0 1

)
, ±α

(
1 0
0 −1

)
, ±α

(
0 1
1 0

)
, ±α

(
0 1
−1 0

)
,

for α2 = εijεi i∗j.
(iii) det(ϕ|Li

) = ±εijεi i∗j.
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Proof. Recall that εηT (i, j) = εηT (i, i ∗ j) = 1.

(i) For z ∈ Li and w ∈ Lj , we have [ϕ(z), [ϕ(z), ϕ(w)]] = ϕ([z, [z, w]ε]ε) =
εijεi i∗jϕ([z, [z, w]]), which implies ad2(ϕ(z))|Lj

= εijεi i∗jϕ ◦ ad2 z ◦ ϕ−1|Lj
.

(ii) and (iii). Let P =
(
a b
c d

)
be the matrix of ϕ|Li

with respect to the basis B�,k
i given 

in Remark 4.3. To ease the notation, write E = E�,k
i , F = F �

i ; notice that ϕ(E) = aE+cF

and ϕ(F ) = bE + dF . From (i) we get that Spec(ad2 ϕ(E)|Lj
) = {−εijεi i∗j , 0}, since 

Spec(ad2 E|Lj
) = {−1, 0}. As Spec(ad2 ϕ(E)|Lj

) = {−a2, −c2} by Equation (15), thus, 
either a = 0 and c2 = εijεi i∗j , or c = 0 and a2 = εijεi i∗j . Arguing with F , we get in a 
similar way that either b = 0 and d2 = εijεi i∗j , or d = 0 and b2 = εijεi i∗j . Therefore,

• either P =
(
a 0
0 d

)
with a = ±d and det(P ) = ad ∈ {±εijεi i∗j};

• or P =
(

0 b
c 0

)
with b = ±c and det(P ) = −bc ∈ {±εijεi i∗j}. �

Corollary 4.5. Let T be a nice set such that 
{
{i, j}, {i, i ∗ j}, {i, k}, {i, i ∗ k}

}
⊆ T . If 

η ∈ A is strongly equivalent to ηT , then ηijηi,i∗j = ±ηikηi,i∗k.

Proof. Let ϕ : Lεη → L
εηT be the corresponding graded isomorphism. Applying the 

previous proposition to the two lines � and �′ in L which are reorderings of {i, j, i ∗ j}
and {i, k, i ∗ k} respectively, we get det(ϕ|Li

) = ±ηijηi i∗j = ±ηikηi i∗k, and the result 
follows. �

At the moment it is not yet immediate whether there could be an admissible map 
η ∈ A satisfying η ≈ ηT but η �∼n ηT , but a lot of information on the possibili-
ties for T and η can be extracted from Corollary 4.5. Of course we can assume that 
{{1, 2}, {1, 3}, {1, 5}, {1, 6}} ⊆ T ⊆ X(1), by an application of Theorem 4.1. Let us prove 
that:

- If T = {{1, 2}, {1, 3}, {1, 5}, {1, 6}}, then η ∼n (1, 1, 1, −1).
- If T = X(1)\{{1, 7}}, then η ∼n (1, i, 1, 1, i). (Recall we use i to denote the imaginary 

unit in the complex numbers.)
- If T = X(1), then η ∼n (1, λ, μ, 1, λ, μ), for λ, μ ∈ {±1, ±i} no both in {±1}.

For the first case, we can assume that η12 = η13 = η15 = 1 by Theorem 4.1. Now, 
η16 = η16η13 = ±η12η15 = ±1, due to Corollary 4.5. But η16 �= 1 since η �∼n ηT . If 
T = X(1) \ {{1, 7}}, then η ∼n (1, λ, 1, 1, λ), for some λ ∈ C such that λ2 = η16η13 =
±η12η15 = ±1. Now λ2 �= 1, since η �∼n ηT ; the result clearly follows since (1, i, 1, 1, i) ∼n

(1, −i, 1, 1, −i). The last case follows similarly, since λ2 = ±1 and μ2 = ±1. Now the 
question is whether these situations can really occur: is (1, 1, 1, −1) strongly equivalent 



628 C. Draper et al. / Journal of Algebra 658 (2024) 592–643
to 1T ? It will be easy to give a negative answer once we know the relation among the 3 
different bases of the same homogeneous component.

Lemma 4.6. Let � = (1, 2, 5), �′ = (1, 3, 6) and B�,3
1 , B�′,2

1 be the bases of L1 defined in 
Equation (14). Denote E = E�,3

1 , F = F �
1 , E′ = E�′,2

1 , F ′ = F �′
1 . Then

E′ = 1
2(E + F ), F ′ = 1

2(3E − F ).

Proof. Straightforward computations permit to check that for any derivation d ∈
{E, F, E′, F ′}, then d(ei) = αd,ieσ(i), for the permutation σ = (2 5)(3 6)(4 7) and 
the scalar αd,i given by the next table:

d/i 1 2 3 4 5 6 7
E 0 0 1 1 0 −1 −1
F 0 2 −1 1 −2 1 −1
E′ 0 1 0 1 −1 0 −1
F ′ 0 −1 2 1 1 −2 −1

�

Theorem 4.7. Strong equivalence and equivalence via normalization coincide for Γg2.

Proof. The result will follow by proving that 1T is not strongly equivalent to (1, 1, 1, −1), 
(1, i, 1, 1, i) and (1, λ, μ, 1, λ, μ); notice that there is no ambiguity in the support (T =
T14, T17, T20 respectively). We prove here for T = {{1, 2}, {1, 3}, {1, 5}, {1, 6}}. Suppose, 
on the contrary, that ϕ : Lε → Lε′ is a graded isomorphism for ηε = (1, 1, 1, −1) and 
ηε

′ = 1T . Applying Proposition 4.4 (ii) twice with � = (1, 2, 5) and �′ = (1, 3, 6), we 
obtain that the matrices P , P ′ of the endomorphism ϕ|L1 relative to the bases B�,3

1 and 
B�′,2

1 , respectively, must be ±αPs and ±α′Pr for some s, r ∈ {0, 1, 2, 3}, where

P0 =
(

1 0
0 1

)
, P1 =

(
1 0
0 −1

)
, P2 =

(
0 1
1 0

)
, P3 =

(
0 1
−1 0

)
,

with α2 = ε12ε15 = 1 and (α′)2 = ε13ε16 = −1. Notice that Q = 1
2

(
1 3
1 −1

)
is 

the order 2 matrix of the change of bases, by Lemma 4.6. Now observe that no scalar 
multiple of QPiQ belongs to {P0, P1, P2, P3} if i �= 0. This forces r = s = 0 and then 
α2 = det(ϕ|L1) = (α′)2, a contradiction. �
4.3. Classification up to equivalence

We would like to take advantage of all the above information to solve the problem 
of how many classes of Lie algebras can be obtained up to equivalence (in the sense of 
Definition 2.4). For now, we can be sure that there are at the most 21 classes along 
with 3 infinite families. In fact, if η ∈ A, then there are σ ∈ S∗(I) and i ≤ 24 such that 
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σ̃(Sη) = Ti (Proposition 3.10 and Theorem 3.27). Now Lemma 3.17 says that the support 
of η′ = ησ

−1 is just Ti, and η′ ∼ η by Proposition 3.15. If i �= 14, 17, 20, we know that 
η′ ∼n ηTi by Theorem 4.1, and then η ∼ ηTi . Similarly for i = 14, 17, 20, η is equivalent 
to one of the graded contractions exhibited in Theorem 4.1. But all this gives an upper 
bound for the number of equivalence classes. A priori it could happen that ηTi ∼ ηTj for 
i �= j. Even that, for a fixed i = 14, 17, 20, two admissible maps with support Ti could 
be equivalent although not strongly equivalent. We have to discuss carefully all these 
possibilities for getting the classification up to equivalence.

Our next goal will be to prove that equivalent graded contractions will have collinear 
supports with only one exception. This is not an easy task and we need some preparation: 
first we need to observe the relation between support of an admissible graded contraction 
and center of the related Lie algebra; and second, we will find some very convenient 
collection of isomorphisms of some of the algebras obtained by graded contractions of 
Γg2 .

The support gives immediate information about the center of the algebra. Here z(g) =
{x ∈ g : [x, g] = 0} denotes the center of a Lie algebra g.

Proposition 4.8. Let ε : G × G → C be an admissible graded contraction. The center 
z(Lε) is the direct sum of the homogeneous components Li = (g2)gi such that i does 
not appear in any of the elements of T = Sηε . In other words, z(Lε) =

⊕
i∈IT

Li, where 

IT = {i ∈ I | i /∈ t, ∀ t ∈ T}. In particular, dim z(Lε) = 2|IT |.

Proof. Notice that if i ∈ IT , then {i, j} /∈ T for all j �= i. Thus ηεij = 0 and so [Li, Lj ]ε = 0
for all j �= i, which implies that 

[
Li,

∑
j �=i Lj

]ε
= 0. On the other hand, [Li, Li]ε = 0, 

since Li is abelian. This shows that Li ⊆ z(Lε).
Conversely, take z ∈ z(Lε) and write z =

∑
i∈I zi, where zi ∈ Li for i ∈ I. We claim 

that z̃ = z −
∑

i∈IT
zi =

∑
s/∈IT

zs ∈ z(Lε) is zero. In fact, if z̃ �= 0, then zi �= 0 for 
some i /∈ IT ; then there exists j ∈ I such that {i, j} ∈ T , so ηεij �= 0. On the other hand, 
ad zi|Lj

: Lj → Li∗j is surjective by Lemma 2.1 (iii), so there exists w ∈ Lj such that 
0 �= [zi, w] ∈ Li∗j . Using that z̃ ∈ z(Lε), we obtain that

0 = [z̃, w]ε =
∑
s/∈IT

[zs, w]ε =
∑
s/∈IT

ηεsj [zs, w],

where [zs, w] ∈ Ls∗j . This implies that ηεsj [zs, w] = 0 for all s /∈ IT , since the map I → I, 
s �→ s ∗ j, is injective. In particular, ηεij [zi, w] = 0; but this is impossible since ηεij �= 0
and [zi, w] �= 0. Thus z̃ = 0 and so z ∈

⊕
i∈IT

Li. �
Now we will look for suitable auxiliar linear maps. We begin by observing, for the Lie 

algebra so(3, C) of skew-symmetric matrices with basis {x1, x2, x3} as in Example 2.5, 
that the map given by x1 �→ x1, xi �→ −xj and xj �→ xi is an automorphism, for 
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(i, j) = (2, 3) or (3, 2). This gives, for any i, j ∈ I distinct, an automorphism ϕij of the 
semisimple Lie algebra Li ⊕ Lj ⊕ Li∗j ≤ L = g2 (two copies of so(3, C)):

ϕij |Li∗j = id, ϕij(xi) = −xj , ϕij(yi) = −yj , ϕij(xj) = xi, ϕij(yj) = yi,

where now xi, yi, xj , yj are as in (6). (Both are compatible notations.) This can be 
extended to the bijective linear map θij : L → L by

θij :=
{
θij |Lt

= ϕij , if t ∈ {i, j, i ∗ j},
θij |Lt

= id, otherwise.
(16)

As in Remark 2.8, θij is not an automorphism of L, but it is an automorphism of some of 
the Lie algebras obtained by graded contractions from L. For instance, take T = X(i∗j), 
that is, T = {{r, s}, {i, j}, {k, l}} ⊆ X with different indices such that i ∗ j = k ∗ l = r ∗ s
and note that θij ∈ Aut(Lε), for ε = Φ−1(ηT ). Simply note that θij coincides with ϕij

in Li⊕Lj ⊕Li∗j , and with the identity map in Lr⊕Ls⊕Lr∗s and in Lk⊕Ll⊕Lk∗l. The 
same arguments can be used to check how ε has to be for θij to be an automorphism:

Lemma 4.9. If ε is an admissible graded contraction of Γg2 , and T = Sηε is the support, 
then, θij is an automorphism of Lε if and only if:

(i) For any {t1, t2} ∈ T , either t1, t2, t1 ∗ t2 ∈ I \ {i, j} or t1, t2, t1 ∗ t2 ∈ {i, j, i ∗ j};
(ii) εit = εjt for all t �= i, j.

This is consistent with the above: θij /∈ Aut(L) since T = X does not satisfies (i). 
However, θij ∈ Aut(Lε) if Sηε = X(i∗j). Another relevant example is T ⊆ X(i∗j), where 
(i) is always satisfied, although (ii) could be false: for instance, for θij ∈ Aut(Lε) it is 
necessary the condition that {i, i ∗ j} ∈ T if and only if {j, i ∗ j} ∈ T .

Example 4.10. Let {i, j, k} a generating triplet. Take T = {{i, j}, {i, k}, {i, j ∗ k}} and 
T ′ = {{i, j}, {i, k}, {i, i ∗ j ∗ k}}. Note that T and T ′ are not collinear: T ∼c T10 and 
T ′ ∼c T8. However, we claim that ηT and ηT

′ defined by Equation (12) are equivalent. In 
fact, it is easy to check that the map θ = θj∗k,i∗j∗k in Equation (16) is an isomorphism 
of graded algebras θ : LΦ−1(T ) → LΦ−1(T ′).

This is a surprising example, because one could think that equivalent admissible 
graded contractions have collinear supports, but, at least in this example is not true. 
The following technical result proves in particular that this is the only case in which 
ηT ∼ ηT

′ but T �∼c T
′:

Proposition 4.11. Let η, η′ ∈ A, η ∼ η′. Denote by T = Sη and T ′ = Sη′ . Then the 
following assertions are true.
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(i) Either there are an isomorphism ψ : Lεη → Lεη′ and a collineation σ : I → I such 
that ψ

(
Li

)
= Lσ(i) for all i ∈ I; or T ⊆ X(i) has between 3 and 5 elements.

(ii) If T �∼c {T8, T10}, then there exists σ ∈ S∗(I) such that ησ ≈ η′.
(iii) If T �∼c T

′, then either T ∼c T8, T ′ ∼c T10, or viceversa, and there are an isomor-
phism ψ : Lεη → Lεη′ , a collineation σ : I → I and two distinct indices r, s ∈ I such 
that ψθrs

(
Li

)
= Lσ(i) for all i ∈ I.

(iv) If T ∼c T
′, then there exists σ ∈ S∗(I) such that ησ ≈ η′.

Proof. To ease the notation, write ε = εη and ε′ = εη′ . Take an isomorphism of graded 
algebras ϕ : Lε → Lε′ and a bijection μ : I → I defined by ϕ

(
Li

)
= Lμ(i). Note that 

the determined map μ might not be a collineation. For i, j ∈ I distinct and x ∈ Li and 
y ∈ Lj , we have that εijϕ([x, y]) = ε′μ(i),μ(j)[ϕ(x), ϕ(y)]. Thus μ satisfies the following 
property:

{i, j} ∈ T ⇒ {μ(i), μ(j)} ∈ T ′, μ(i) ∗ μ(j) = μ(i ∗ j). (P)

In particular, μ(T ) = T ′. Also, μ(IT ) = IT ′ with the notations in Proposition 4.8, because 
ϕ maps the center onto the center and z(Lε) =

⊕
i∈IT

Li.

Clearly, μ is a collineation provided that T = X. Our first goal will be to prove that, 
except for the case T ⊆ X(i), 3 ≤ |T | ≤ 5, we can replace μ with a collineation σ and 
the isomorphism ϕ with another isomorphism ψ : Lε → Lε′ that satisfies the property

ψ
(
Li

)
= Lσ(i), ∀ i ∈ I. (Q)

Ir order to prove it, we distinguish some cases according to the indices involved in the 
support.

• If T = ∅, we have that ε = 0 and Lε is abelian. Thus, Lε′ is also abelian (and μ
can be any bijection). Take σ any collineation, and for each i ∈ I choose any bijective 
linear map fi,σ : Li → Lσ(i). Then we can define ψ : Lε → Lε′ by ψ|Li

= fi,σ for all i ∈ I, 
which so satisfies (Q). As both algebras are abelian, ψ is an isomorphism.

• If {i, j} ∈ T ⊆
{
{i, j}, {i, i ∗ j}, {j, i ∗ j}

}
, then choose k ∈ I \ {i, j, i ∗ j} and 

� ∈ I \{μ(i), μ(j), μ(i) ∗μ(j)}. Notice that {i, j, k} and {μ(i), μ(j), �} are both generating 
triplets; hence, there exists a collineation σ : I → I such that σ(i) = μ(i), σ(j) = μ(j) and 

σ(k) = �. Moreover, σ(i ∗ j) = μ(i ∗ j), since σ(i ∗ j) = σ(i) ∗σ(j) = μ(i) ∗μ(j) (P)= μ(i ∗ j). 
Now define ψ : Lε → Lε′ by

ψ|Li⊕Lj⊕Li∗j = ϕ, ψ|Lt
= ft,σ for any t ∈ {k, k ∗ i, k ∗ j, k ∗ i ∗ j},

(the bijective linear maps ft,σ chosen as in the previous item). Notice that ψ is an 
isomorphism, since Lt ⊆ z(Lε), for any t ∈ {k, k ∗ i, k ∗ j, k ∗ i ∗ j} and similarly, 
Lr ⊆ z(Lε′), for any r ∈ σ

(
{k, k ∗ i, k ∗ j, k ∗ i ∗ j}

)
= I \ {μ(i), μ(j), μ(i ∗ j)} ⊆ IT ′ .
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• If T does not satisfy any of the conditions covered in the two previous cases, there 
exists a generating triplet {i, j, k} such that {i, j}, {k, �} ∈ T for some � ∈ I with 
� �= k. Consider the collineation σ ∈ S∗(I) determined by σ(i) = μ(i), σ(j) = μ(j) and 
σ(k) = μ(k). Notice that σ is well defined since {μ(i), μ(j), μ(k)} is also a generating 
triplet (we can apply (P) to μ−1 since this is related to the isomorphism ϕ−1). For 
K := {t ∈ I | σ(t) = μ(t)}, note that

t1, t2 ∈ K, {{t1, t2}, {t1, t1 ∗ t2}, {t2, t1 ∗ t2}} ∩ T �= ∅ ⇒ t1 ∗ t2 ∈ K. (U)

In fact, if {t1, t2} ∈ T , then σ(t1 ∗ t2) = σ(t1) ∗ σ(t2) = μ(t1) ∗ μ(t2) 
(P)= μ(t1 ∗ t2). Also, 

if {t1, t1 ∗ t2} ∈ T , then σ(t2 ∗ t1) = μ(t2 ∗ t1) since:

σ(t2 ∗ t1) ∗ μ(t1) = σ(t2 ∗ t1) ∗ σ(t1) = σ(t2) = μ(t2)
(P)= μ(t2 ∗ t1) ∗ μ(t1).

Now, as i, j, k ∈ K, then (U) implies i ∗ j ∈ K. Also, either � or � ∗ k belongs to 
{i, j, i ∗ j} ⊆ K since any two lines in the Fano plane always intersect, so that both 
�, � ∗ k ∈ K. As both σ and μ are bijections, either K = I or {i, j, i ∗ j, k, �, � ∗ k} = K

(just 5 elements). In the first case, σ = μ and there is nothing to prove, since μ would 
be a collineation and ϕ the required isomorphism. Then, assume σ �= μ. Labeling the 
remaining two elements of I as r and s, we know that σ(r) = μ(s), and σ(s) = μ(r).

If r, s ∈ IT , then the next map

ψ :=
{
ψ|Lt

= ϕ, if t ∈ K,

ψ|Lt
= ft,σ, t = r, s,

is an isomorphism satisfying (Q): We only have to note that, if {t1, t2} ∈ T , then t1, t2 ∈
K and hence t1 ∗ t2 ∈ K by (U); so that ψ|Lt1⊕Lt2⊕Lt1∗t2

coincides with the restriction 
of ϕ.

Now assume r /∈ IT and let us prove that either T = X(i∗j) or T ⊆ X(i) (interchanging 
i and j if necessary). To argue easily, note the following facts.

(a) If {r, t} ∈ T , then either t = s or t = r ∗ s. (Similarly, if {s, t} ∈ T , then either t = r

or t = r ∗ s.)
(b) If {t1, t2} ∈ T , t1, t2 �= r, s, then t1 ∗ t2 �= r, s.

Indeed, if (a) is not true, t, r ∗ t �= r, s implies that t, r ∗ t ∈ K and by (U), also r ∈ K, 
a contradiction. And (b) says that t1, t2 ∈ K implies t1 ∗ t2 ∈ K, which is a trivial fact 
from (U). Now we can discuss the possible supports according to the values of the index 
� �= k.
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(1) If � = i ∗ j, then K = {i, j, k, i ∗ j, i ∗ j ∗ k} and {r, s} = {j ∗ k, i ∗ k}. As T is nice, 
Pijk ⊆ T . As {i, j ∗ k} ∈ Pijk ⊆ T and i, i ∗ j ∗ k ∈ K, (U) implies j ∗ k ∈ K, a 
contradiction.

(2) If � = i ∗ k, then K = {i, j, k, i ∗ k, i ∗ j} and {r, s} = {j ∗ k, i ∗ j ∗ k}. As T is 
nice, Pk,i∗k,j ⊆ T . In particular {k, i ∗ j ∗ k} ∈ T , and, as k, i ∗ j ∈ K, (U) implies 
i ∗ j ∗ k ∈ K, a contradiction. (This argument works similarly for � = j ∗ k.)

(3) If � = i ∗ j ∗ k, then K = {i, j, k, i ∗ j ∗ k, i ∗ j} and {r, s} = {j ∗ k, i ∗ k}. In this case 
i ∗ j = k ∗ � = r ∗ s and we claim that X(i∗j) = T .
In fact, if {r, r ∗ s} or {s, r ∗ s} are in T , then either Pi,j,j∗k ⊆ T or Pi,j,i∗k ⊆ T , 
since T is nice. This gives {i ∗ j, j ∗ k} or {i ∗ j, i ∗ k} belongs to T , respectively, 
which contradicts (a). As r /∈ IT , the only option is {r, s} ∈ T so that X(i∗j) =
{{i, j}, {k.l}, {r, s}} ⊆ T . If the containment is strict, then there is {t1, t2} ∈ T

(both t1, t2 ∈ K) which is not in X(i∗j) (so t1 ∗ t2 �= r ∗ s). By (b), t1 ∗ t2 �= r, s. 
Thus we can assume that t1 ∗ t2 = i (i, j, k and l play the same role here). As 
j /∈ {t1, t2, t1 ∗ t2 = i} (since {i ∗ j, t} /∈ T for all t ∈ K), then t1, t2, j are generative 
and Pt1,t2,j ⊆ T . But {i ∗ k, k} belongs to Pt1,t2,j and hence to T , which again 
contradicts (a).

(4) If � = i, then K = {i, j, k, i ∗k, i ∗ j} and {r, s} = {j ∗k, i ∗ j ∗k}. In this case r ∗s = i

and let us check that T ⊆ X(i). (Of course T ⊆ X(j) if � = j.)
On one hand, if {r, s} ∈ T , then {j, s} ∈ Pr,s,j ⊆ T , a contradiction with (a). So, if 
{t1, t2} ∈ T with t1 = r, s, then t2 = i, and, in any case, {r, i} ∈ T . On the other 
hand assume we have {t1, t2} ∈ T with t1, t2 �= i, r, s. There are only 6 possibilities 
for {t1, t2}: if this element is one of {j, k}, {j, i ∗ k}, {k, i ∗ j}, or {i ∗ k, i ∗ j}, then 
t1 ∗ t2 is either r or s, a contradiction with (b). If {t1, t2} = {j, i ∗ j}, then {i ∗ j, r} ∈
Pj,i∗j,r ⊆ T , a contradiction. The same argument says that {t1, t2} �= {k, i ∗ k}. So 
we have proved {{i, j}, {i, k}, {i, r}} ⊆ T ⊆ X(i).

Let us return to our search for a convenient isomorphism according to the possible 
supports.

� T = X(i∗j) = {{r, s}, {i, j}, {k, l}} with i ∗ j = k ∗ l = r ∗ s. Now θrs ∈ Aut(Lε)
by Lemma 4.9. Hence ϕθrs : Lε → Lε′ is isomorphism (composition of isomorphisms). 
Moreover, ϕθrs satisfies (Q). In fact, if t ∈ K, ϕθrs(Lt) = ϕ(Lt) = Lμ(t) = Lσ(t). And 
ϕθrs(Lr) = ϕ(Ls) = Lμ(s) = Lσ(r) (and similarly for s).

� {{i, r}, {i, s}} ⊆ T ⊆ X(i). According to Lemma 4.9, the map θrs is an automorphism 
of Lε if and only if εir = εis. In any case, as both εir, εis �= 0, we can slightly modify the 
map in Eq. (16) to define θ′ by, if t ∈ K,

θ′|Lt
= id, θ′(xr) = −εir

εis
xs, θ′(yr) = −εir

εis
ys, θ′(xs) = xr, θ′(ys) = yr.

It is easy to prove that θ′ ∈ Aut(Lε) and that ϕθ′ : Lε → Lε′ is the required isomorphism 
satisfying (Q).
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This finishes the proof of (i). Besides, the existence of the map ψ : Lε → Lε′ satisfying 
(Q) also says that η ≈ (η′)σ, by composing ψ with the map f̃σ in Proposition 3.15: 
f̃σψ : Lε → Lσ·ε′ is a graded isomorphism.

� {{i, j}, {i, k}, {i, r}} � T ⊆ X(i), {i, s} /∈ T . We can assume without loss of gener-
ality that {i, i ∗ j} ∈ T . Again we modify the map θj,i∗j in Lemma 4.9, by considering

θ̂|Lt
= id, θ̂(xj) = −εij

εii∗j
xi∗j , θ̂(yj) = −εij

εii∗j
yi∗j , θ̂(xi∗j) = xj , θ̂(yi∗j) = yj ,

if t �= i, j. The same argument as above says that θ̂ ∈ Aut(Lε). Now take the collineation 
ν ∈ S∗(I) determined by ν(i) = i, ν(j) = i ∗ j and ν(k) = k. This induces, as in 
the proof of Proposition 3.15, the isomorphism f̃νσ−1 : Lε′ → Lσν−1·ε′ . The composition 
of these maps gives the isomorphism Ψ = f̃νσ−1ϕθ̂ : Lε → Lσν−1·ε′ . Note that Ψ is a 
graded isomorphism: writing t1 �→ t2 �→ t3 �→ t4 for shorten θ̂(Lt1) = Lt2 , ϕ(Lt2) = Lt3 , 
f̃νσ−1(Lt3) = Lt4 , we have to check that t1 = t4 for any choice of t1 ∈ I. Indeed, 
t �→ t �→ σ(t) �→ ν(t) = t for any t = i, k, i ∗ k, and

r �→ r �→ σ(s) �→ ν(s) = r, i ∗ j �→ j �→ σ(j) �→ ν(j) = i ∗ j,
s �→ s �→ σ(r) �→ ν(r) = s, j �→ i ∗ j �→ σ(i ∗ j) �→ ν(i ∗ j) = j.

That is, ε ≈ σν−1 · ε′ and, by Lemma 3.8, T and T ′ are collinear. This finishes the proof 
of (ii).

� Finally, consider T = {{i, j}, {i, k}, {i, r}}. If r = j ∗k, then T ∼c T10 and T ′ ∼c T8, 
otherwise r = i ∗ j ∗ k, T ∼c T8 and T ′ ∼c T10. In both cases T �∼c T

′ = μ(T ). Trivially, 
for the isomorphism ϕ : Lε → Lε′ , ϕθrs

(
Li

)
= Lσ(i) holds for any i ∈ I. (iii) and (iv) 

follow. �
At the moment, we know there are 3 infinite families and 21 strong equivalence classes 

of graded contractions, and that, among those 21, there are only 20 equivalence classes 
of graded contractions. Let’s find out what happens to the parametrized families. Again 
there will be less equivalence classes of graded contractions than strongly equivalence 
classes.

Remark 4.12. Observe that, for each conflictive nice set T ⊆ X(1), there are also admis-
sible maps with support T which are equivalent but not strongly equivalent:

• If η has support T14 and we take σ ∈ S∗(I) with σ̃(T14) = T14, then, with the 
notation as in Theorem 4.1, ησ = (ησ12, ησ13, ησ15, ησ16). It is clear that σ(1) = 1 and so ησ =
(η1σ(2), η1σ(3), η1σ(5), η1σ(6)). For instance take σ0 the collineation determined by σ0(1) =
1, σ0(2) = 3 and σ0(3) = 2. Then we have (1, 1, 1, λ)σ0 = (1, 1, λ, 1) ∼n (1, 1, 1, 1λ ). In 
this last step we have applied Theorem 4.1 (i). So, for λ �= 1, (1, 1, 1, λ) ∼ (1, 1, 1, 1λ ), 
though we know that they are not strongly equivalent.

• If η has support T17, again ησ = (η1σ(2), η1σ(3), η1σ(4), η1σ(5), η1σ(6)) for each 
collineation σ such that σ̃(T17) = T17. Note that we have used that σ(1) = 1 for 
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any such collineation. For σ0 as in the above item, (1, λ, 1, 1, λ)σ0 = (λ, 1, 1, λ, 1) ∼n

(1, 1√
λ2 , 1, 1, 1√

λ2 ) ∼n (1, 1λ , 1, 1, 
1
λ ). Here we have used the proof of Theorem 4.1 (ii). If 

λ �= ±1, then (1, 1λ , 1, 1, 
1
λ ) and (1, λ, 1, 1, λ) are equivalent but not strongly equivalent.

• If η has support T20, and σ1 is the collineation determined by σ1(1) = 1, σ1(2) = 2
and σ1(3) = 4, then (1, λ, μ, 1, λ, μ)σ1 = (1, μ, λ, 1, μ, λ). Also, (1, λ, μ, 1, λ, μ)σ0 =
(λ, 1, μ, λ, 1, μ) ∼n (1, 1λ , 

μ
λ , 1, 

1
λ , 

μ
λ ), by Theorem 4.1 (iii) and taking into account 

possible changes of signs. By composing these collineations, (1, λ, μ, 1, λ, μ)σ0σ1 =
(μ, 1, λ, μ, 1, λ) ∼n (1, 1μ , 

λ
μ , 1, 

1
μ , 

λ
μ ). But recall that (1, λ, μ, 1, λ, μ) ∼n (1, λ′, μ′, 1, λ′, μ′)

if and only if λ = ±λ′, μ = ±μ′. Thus, there are less equivalence classes than strong 
equivalence classes.

Next we will prove that we have essentially found all the possible η, η′ which are 
equivalent but not strongly equivalent.

Theorem 4.13. Representatives of all the classes up to equivalence of the graded contrac-
tions of Γg2 are:

(i) {ηTi | i �= 8, 14, 17, 20};
(ii) {(1, 1, 1, λ) | λ ∈ C×} related to T14, where (1, 1, 1, λ) ∼ (1, 1, 1, λ′) if and only if 

λ′ ∈ {λ, 1λ};
(iii) {(1, λ, 1, 1, λ) | λ ∈ C×} related to T17, where (1, λ, 1, 1, λ) ∼ (1, λ′, 1, 1, λ′) if and 

only if λ′ ∈ {±λ, ± 1
λ};

(iv) {(1, λ, μ, 1, λ, μ) | λ, μ ∈ C×} related to T20, where two maps (1, λ, μ, 1, λ, μ) ∼
(1, λ′, μ′, 1, λ′, μ′) if and only if the set {±λ′, ±μ′} coincides with either {±λ, ±μ}
or {± 1

λ , ±
μ
λ} or {±λ

μ , ±
1
μ}.

Proof. We know that ηT8 ∼ ηT10 as in Example 4.10, but the maps in {ηTi | 1 ≤
i ≤ 24, i �= 10} are all of them not equivalent by Proposition 4.11 (ii). (If η, η′ ∈ A
were equivalent and Sη �∼c T8, T10, then their supports would be collinear.) Of course 
the number of equivalence classes with support Ti is at most the number of strong 
equivalence classes with support Ti, and we know that this number is 1 if i �= 14, 17, 20, 
so that we have to think only of the supports collinear to T14, T17 and T20. Besides, by 
Proposition 3.15, we only have to find the classes of maps in A with supports equal to 
T14, T17 and T20.

If η = (1, 1, 1, λ) ∼ η′ = (1, 1, 1, λ′) for Sη = Sη′ = T14, let us prove that λ′ =
λ±1. Proposition 4.11 (ii) implies that there is a collineation σ such that ησ ≈ η′. By 
Theorem 4.7, (1, 1, 1, λ)σ = ησ ∼n η′ = (1, 1, 1, λ′). As ησij = ησ(i)σ(j), observe that 
(1, 1, 1, λ)σ has to be one of the next four possibilities according to the value of σ−1(6)
(respectively 6, 5, 3, 2): (1, 1, 1, λ), (1, 1, λ, 1), (1, λ, 1, 1) or (λ, 1, 1, 1). The first and third 
admissible maps are ∼n (1, 1, 1, λ), so that λ = λ′ by Theorem 4.1. In a similar way, the 
second and fourth cases are ∼n (1, 1, 1, 1λ ), so that 1

λ = λ′. Conversely, if λ′ ∈ {λ, 1λ}, 
then (1, 1, 1, λ) ∼ (1, 1, 1, λ′) by Remark 4.12.
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Second, assume that both η = (1, λ, 1, 1, λ) ∼ η′ = (1, λ′, 1, 1, λ′) have support equal 
to T17. Again there is a collineation σ such that σ̃(T17) = T17 and (1, λ, 1, 1, λ)σ ≈
(1, λ′, 1, 1, λ′) by Proposition 4.11 (ii). Observe that σ(1) = 1, σ(4) = 4, and σ(2) can take 
any value in {2, 3, 5, 6}. This leads to two possibilities: ησ ∈ {(1, λ, 1, 1, λ), (λ, 1, 1, λ, 1)}. 
In the first case λ = ±λ′, and, in the second one, ησ = (λ, 1, 1, λ, 1) ∼n (1, 1λ , 1, 1, 

1
λ ). As 

this is equivalent by normalization to (1, λ′, 1, 1, λ′), hence 1
λ ∈ {±λ′}. The converse is 

an immediate consequence of Remark 4.12.
Third, if (1, λ, μ, 1, λ, μ) and (1, λ′, μ′, 1, λ′, μ′) are two equivalent admissible maps 

with supports equal to T20, then there exists a collineation σ such that σ̃(T20) = T20 and 
(1, λ, μ, 1, λ, μ)σ ≈ (1, λ′, μ′, 1, λ′, μ′), applying Proposition 4.11 as in the above cases. 
Note that σ(1) = 1, and σ sends lines to lines, so (1, λ, μ, 1, λ, μ)σ is necessarily one of 
the next maps with support T20:

(1, λ, μ, 1, λ, μ), (λ, 1, μ, λ, 1, μ) ∼n (1, 1
λ
,
μ

λ
, 1, 1

λ
,
μ

λ
),

(λ, μ, 1, λ, μ, 1) ∼n (1, μ
λ
,
1
λ
, 1, μ

λ
,
1
λ

),

(1, μ, λ, 1, μ, λ), (μ, 1, λ, μ, 1, λ) ∼n (1, 1
μ
,
λ

μ
, 1, 1

μ
,
λ

μ
),

(μ, λ, 1, μ, λ, 1) ∼n (1, λ
μ
,
1
μ
, 1, λ

μ
,
1
μ

).

By looking at the second components of these 6-tuples, Theorem 4.1 says ±λ′ ∈
{λ, μ, 1λ , 

1
μ ,

μ
λ , 

λ
μ}, and looking at the third ones, we know that, respectively, ±μ′ ∈

{μ, λ, μλ , 
λ
μ ,

1
λ , 

1
μ}. This leads to the three possibilities for the set {±λ′, ±μ′} described 

in (iv). The converse is a consequence of a suitable choice of collineations, as in Re-
mark 4.12. �
Remark 4.14. Observe that Theorem 4.13 tells that, if η, η′ ∈ A are such that η ∼ η′

and Sη = Sη′ , then η ≈ η′ except at most if Sη ∼c T14, T17, T20.

5. Properties of the Lie algebras obtained as graded contractions of g2

Finally, we study the properties of the Lie algebras obtained in Theorem 4.13. We 
begin by revisiting some notions from Lie theory. In what follows, g denotes a finite-
dimensional complex Lie algebra, and g′ its derived algebra [g, g].

The lower central series of g is the sequence of subalgebras g0 = g, g1 = g′ and 
gn = [g, gn−1], for all n ≥ 2; while the derived series of g is the sequence of subalgebras 
g(1) = g′ and g(n) = [g(n−1), g(n−1)], for all n ≥ 2. We say that g is nilpotent (respectively, 
solvable) if its lower central series (respectively, its derived series) terminates in the zero 
subalgebra; in other words, there exists n such that gn = 0 (respectively, g(n) = 0). If m
is the least natural number such that gm = 0 (respectively, g(m) = 0), then g is called m-
step nilpotent (respectively, m-step solvable) and m is called the nilindex of g. As usual, 
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r(g) denotes the radical of g (its largest solvable ideal), and z(g) = {x ∈ g : [x, g] = 0}
refers to its center ; clearly, z(g) ⊆ r(g). We say that g is semisimple if r(g) = 0, or 
equivalently, if g is the direct sum of simple ideals; g is reductive if r(g) = z(g), or 
equivalently, if g can be decomposed as the direct sum of a semisimple Lie algebra and 
an abelian Lie algebra. Furthermore, any g can be written as a semidirect sum of r(g)
and a semisimple subalgebra called a Levi subalgebra. This decomposition is called the 
Levi decomposition of g.

In what follows, ε : G × G → C denotes an admissible graded contraction and T
denotes the support Sηε of the associated admissible map ηε ∈ A. Our goal here is to 
investigate which properties the 14-dimensional Lie algebra Lε = (g2)ε satisfies. Many 
properties are determined by the support. For instance, we saw in Proposition 4.8 that 
this is the situation of the center: z(Lε) =

⊕
i∈IT

Li, for IT = {i ∈ I | i /∈ t, ∀ t ∈ T}.

Thus, for each of the supports of admissible graded contractions (given up to 
collineation in Theorem 3.27), we describe the properties of the related Lie algebra or 
family of Lie algebras (when appropriated). The proof becomes a straightforward calcu-
lation (and we leave it to the reader) by using Proposition 4.8 and Lemma 2.1, keeping 
in mind how the Lie bracket [·, ·]εT works (see Definition 2.3).

Theorem 5.1. Let ε : G × G → C be an admissible graded contraction such that T =
Sηε = Ti for some 1 ≤ i ≤ 24.

(1) If T = T1 = ∅, then Lε is abelian.

(2) If T = T2 = {{1, 2}}, then

- z(Lε) = L3 ⊕ L4 ⊕ L5 ⊕ L6 ⊕ L7 and dim z(Lε) = 10,
- (Lε)′ = L5 and dim(Lε)′ = 2,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(3) If T = T3 = {{1, 2}, {1, 3}}, then

- z(Lε) = L4 ⊕ L5 ⊕ L6 ⊕ L7 and dim z(Lε) = 8,
- (Lε)′ = L5 ⊕ L6 and dim(Lε)′ = 4,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(4) If T = T4 = {{1, 2}, {1, 5}}, then

- z(Lε) = L3 ⊕ L4 ⊕ L6 ⊕ L7 and dim z(Lε) = 8,
- (Lε)′ = (Lε)n = L2 ⊕ L5 for all n ≥ 1, dim(Lε)′ = 4 and Lε is not nilpotent,
- (Lε)(2) = 0, that is, Lε is 2-step solvable.

(5) If T = T5 = {{1, 2}, {6, 7}}, then
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- z(Lε) = L3 ⊕ L4 ⊕ L5 and dim z(Lε) = 6,
- (Lε)′ = L5 and dim(Lε)′ = 2,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(6) If T = T6 = XL12 = {{1, 2}, {1, 5}, {2, 5}}, then

- z(Lε) = r(Lε) = L3 ⊕ L4 ⊕ L6 ⊕ L7, dim z(Lε) = 8 and Lε is reductive,
- (Lε)′ = (Lε)(n) = (Lε)n = L1 ⊕ L2 ⊕ L5 for all n ≥ 1, and Lε is neither nilpotent 

nor solvable,
- (Lε)′ ∼= sl(2, C) ⊕ sl(2, C) is a Levi subalgebra of Lε,
- Lε = z(Lε) ⊕ (Lε)′ is the Levi decomposition of Lε.

(7) If T = T7 = X(1) = {{2, 5}, {3, 6}, {4, 7}}, then

- z(Lε) = L1 = (Lε)′ and dim z(Lε) = 2,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(8) If T = T8 = {{1, 2}, {1, 3}, {1, 4}}, then

- z(Lε) = (Lε)′ = L5 ⊕ L6 ⊕ L7 and dim z(Lε) = 6,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(9) If T = T9 = {{1, 2}, {1, 3}, {1, 5}}, then

- z(Lε) = L4 ⊕ L6 ⊕ L7 and dim z(Lε) = 6,
- (Lε)′ = L2 ⊕ L5 ⊕ L6 and dim(Lε)′ = 6,
- (Lε)(2) = 0, that is, Lε is 2-step solvable,
- (Lε)n = L2 ⊕ L5 for all n ≥ 2, and Lε is not nilpotent.

(11) If T = T11 = {{1, 2}, {1, 6}, {2, 6}}, then

- z(Lε) = L3 ⊕ L4 ⊕ L5 ⊕ L7 and dim z(Lε) = 8,
- (Lε)′ = L3 ⊕ L4 ⊕ L5 and dim(Lε)′ = 6,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(12) If T = T12 = {{1, 2}, {1, 6}, {6, 7}}, then

- z(Lε) = L3 ⊕ L4 ⊕ L5 and dim z(Lε) = 6,
- (Lε)′ = L3 ⊕ L5 and dim(Lε)′ = 4,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(13) If T = T13 = {{1, 2}, {1, 3}, {1, 4}, {1, 5}}, then
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- z(Lε) = L6 ⊕ L7 and dim z(Lε) = 4,
- (Lε)′ = L2 ⊕ L5 ⊕ L6 ⊕ L7 and dim(Lε)′ = 8,
- (Lε)(2) = 0, that is, Lε is 2-step solvable,
- (Lε)n = L2 ⊕ L5 for all n ≥ 2, and Lε is not nilpotent.

(14) If T = T14 = {{1, 2}, {1, 3}, {1, 5}, {1, 6}}, then

- z(Lε) = L4 ⊕ L7 and dim z(Lε) = 4.
- (Lε)′ = L2 ⊕ L3 ⊕ L5 ⊕ L6 = (Lε)n, for all n ≥ 1, dim(Lε)′ = 8 and Lε is not 

nilpotent,
- (Lε)(2) = 0, that is, Lε is 2-step solvable,

(15) If T = T15 = {{1, 2}, {1, 6}, {1, 7}, {2, 6}}, then

- z(Lε) = (Lε)′ = L3 ⊕ L4 ⊕ L5 and dim(Lε)′ = dim z(Lε) = 6,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(16) If T = T16 = {{1, 2}, {1, 6}, {2, 7}, {6, 7}}, then

- z(Lε) = L3 ⊕ L4 ⊕ L5 and dim z(Lε) = 6,
- (Lε)′ = L3 ⊕ L5 and dim(Lε)′ = 4,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(17) If T = T17 = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}}, then

- z(Lε) = L7 and dim z(Lε) = 2,
- (Lε)′ = L2 ⊕ L3 ⊕ L5 ⊕ L6 ⊕ L7 and dim(Lε)′ = 10,
- (Lε)(2) = 0, that is, 2-step solvable,
- (Lε)n = L2 ⊕ L3 ⊕ L5 ⊕ L6 for all n ≥ 2, and Lε is not nilpotent.

(18) If T = T18 = {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}, then

- z(Lε) = (Lε)′ = L3 ⊕ L4 ⊕ L5 and dim(Lε)′ = dim z(Lε) = 6,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(19) If T = T19 = XLC
12

= {{3, 4}, {3, 6}, {3, 7}, {4, 6}, {4, 7}, {6, 7}}, then

- z(Lε) = (Lε)′ = L1 ⊕ L2 ⊕ L5 and dim(Lε)′ = dim z(Lε) = 6,
- (Lε)(2) = (Lε)2 = 0, that is, Lε is 2-step nilpotent.

(20) If T = T20 = X(1) = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7}}, then
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- z(Lε) = 0,
- (Lε)′ = L2 ⊕ L3 ⊕ L4 ⊕ L5 ⊕ L6 ⊕ L7 and dim(Lε)′ = 12,
- (Lε)(2) = 0, that is, Lε is 2-step solvable,
- (Lε)n = L′ for all n ≥ 2 and Lε is not nilpotent.

(21) If T = T21 = P{1,2,3} = {{1, 2}, {1, 3}, {1, 7}, {2, 3}, {2, 6}, {3, 5}}, then

- z(Lε) = L4 and dim z(Lε) = 2,
- (Lε)′ = L4 ⊕ L5 ⊕ L6 ⊕ L7 and dim(Lε)′ = 8,
- (Lε)(2) = 0, that is, Lε is 2-step solvable,
- (Lε)2 = z(Lε) and Lε is 3-step nilpotent.

(22) If T = T22 = T{1,2,3}, then

- z(Lε) = 0,
- (Lε)n = L2 ⊕ L3 ⊕ L4 ⊕ L5 ⊕ L6 ⊕ L7 for all n ≥ 1, dim(Lε)′ = 12 and Lε is not 

nilpotent,
- (Lε)(2) = L4 ⊕ L7, (Lε)(3) = 0 and Lε is 3-step solvable.

(23) If T = T23 = X \XLC
12

, then

- z(Lε) = 0,
- (Lε)n = (Lε)(n) = Lε for all n ≥ 1, and Lε is neither nilpotent nor solvable,
- r(Lε) = L3 ⊕L4 ⊕L6 ⊕L7 is an abelian ideal, dim r(Lε) = 8 and Lε is not reductive,
- h = L1 ⊕ L2 ⊕ L5 ∼= sl(2, C) ⊕ sl(2, C) is a Levi subalgebra of Lε,
- Lε = r(Lε) ⊕ h is the Levi decomposition of Lε.

(24) If T = T24 = X, then Lε is simple.

Of course the algebras related to T8 and T10 share the main properties, since they are 
isomorphic.

We close the section by summarizing the information obtained in the previous theo-
rem. We order the algebras so that they appear progressively “less and less abelian”. The 
pair d(i) :=

(
dim z(Lε), dim(Lε)′

)
, for ε an admissible graded contraction with support 

Ti, gives a key invariant.

Corollary 5.2. The Lie algebras obtained by graded contractions of Γg2 are,

- 1 abelian: d(1) = (14, 0);
- 12 nilpotent not abelian:

– 1 with nilindex 3: d(21) = (2, 8),
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– 11 with nilindex 2: d(2) = (10, 2), d(3) = (8, 4), d(5) = (6, 2), d(7) = (2, 2), d(8) =
d(15) = d(18) = d(19) = (6, 6), d(11) = (8, 6) and d(12) = d(16) = (6, 4);

- solvable not nilpotent:
– 1 with solvability index 3: d(22) = (0, 12),
– 3 isolated cases with solvability index 2: d(4) = (8, 4), d(9) = (6, 6) and d(13) =

(4, 8),
– 3 infinite families depending on parameters with solvability index 2: d(14) = (4, 8), 

d(17) = (2, 10) and d(20) = (0, 12);
- 1 which is sum of a semisimple Lie algebra and a non-trivial center: d(6) = (8, 6);
- 1 not reductive: d(23) = (0, 14);
- 1 simple: d(24) = (0, 14).

Thus the invariant d(i) jointly with the nilpotency and solvability indices allow to 
distinguish the equivalence class of two graded contractions of Γg2 , except in the case 
both related Lie algebras are 2-step nilpotent (with dim z(Lε) = 6), and except in the 
case where both algebras are 2-step solvable not nilpotent (with dim z(Lε) ≤ 4).

6. Conclusions and further work

In this paper we have tackled the problem of the classification of the graded contrac-
tions of Γg2 up to equivalence ∼, that is, where the isomorphism between the related Lie 
algebras permutes the homogeneous components of the grading. Some other equivalence 
relations have been considered to help to our study, namely, ∼n and ≈. If ε and ε′ are 
graded contractions of a grading Γ on a Lie algebra L, then ε ∼n ε′ ⇒ ε ≈ ε′ ⇒ ε ∼
ε′ ⇒ Lε and Lε′ are isomorphic, although none of the converses is true in general.

Our approach to the case of g2 and its Z3
2-grading can be summarized as follows. First, 

each equivalence class contains an admissible representative. The supports of the admis-
sible graded contractions are nice sets, and each nice set is related to at least one graded 
contraction. The Weyl group of Γg2 allows us to obtain equivalent graded contractions 
from collinear nice sets (see Proposition 3.15). There are 24 nice sets up to collineation 
according to the purely combinatorial classification achieved in Theorem 3.27. For 21 of 
these nice sets, all the admissible graded contractions with just that support are equiv-
alent by normalization (Theorem 4.1), in particular equivalent. This is not the case for 
the remaining 3 nice sets, which give families of graded contractions parametrized by 
C×, C×/Z2 and (C×)2/Z2

2, not equivalent by normalization. The problem of whether 
these graded contractions could be strong equivalent, even though they are not equiva-
lent by normalization, is a difficult task. Theorem 4.7 gives a negative answer in our case: 
strong equivalence and equivalence by normalization coincides for Γg2 . Putting together 
the above results, we have found a representative of each equivalence class of graded 
contractions of Γg2 . More precisely: if ε is such graded contraction, there is η ∈ A with 
ε ∼ εη, there is a collineation σ such that σ̃−1(Sη) = T is one of the 24 nice sets shown in 
Theorem 3.27, and hence ε ∼ εη ∼ εη

σ ≈ εη
T except for T one the three nice sets, subsets 
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of X(i), mentioned in Theorem 4.1. In this situation, ε ∼ εη
′ for η′ of the form (1, 1, 1, λ), 

(1, λ, 1, 1, λ) or (1, λ, μ, 1, λ, μ), with the notations used there. But not all these classes 
are not equivalent, Theorem 4.13 deals with this issue in order to distinguish when two 
equivalent graded contractions with the same support are strongly equivalent. A point 
to be careful with is that η ∼ η′ does not imply that there exists a collineation σ such 
that ησ ≈ η′, according to Proposition 4.11. Thus Theorem 4.13 gives the collection of 
representatives of the possible graded Lie algebras, up to isomorphism, obtained from 
Γg2 . Finally, we study some properties of these Lie algebras in Theorem 5.1. It remains 
to be studied whether two of these algebras are non-isomorphic in the standard sense. 
Some invariants have been considered, but this issue needs further research in order 
to conclusively demonstrate when two graded contractions with nilindex 2 are indeed 
non-isomorphic as a Lie algebras, and similarly for two algebras within the parametric 
continua. We leave this study pending for the near future. One idea for tackling this 
task is to first give precise models of all the algebras studied in Theorem 5.1, taking 
into account the recent work [6]. There, a Z3

2-graded Lie algebra over the reals isomor-
phic to the compact Lie algebra gc2 is explicitly constructed without using octonions or 
derivations, which makes such algebra extremely easy to use.

Additionally, we would also like to study the real case. Many of our results are still valid 
for the real field and the compact Lie algebra of derivations of the octonion division alge-
bra gc2 = Der(O), but Theorem 4.1 is no longer true (using the field C was relevant there). 
The real Lie algebras obtained by using the admissible maps in Theorem 4.13 are not iso-
morphic and satisfy the properties described in Theorem 5.1, although these real algebras 
do not cover all the Lie algebras that could be obtained by graded contractions of gc2.

Another question to study is how a Z3
2-grading on an algebra has to be in order to 

apply the results obtained in this paper to it. At first glance it might seem that none, 
because throughout this work we have used many properties that are specific to g2. We 
have begun to investigate this line of work and we can announce that there are some 
suitable graded Lie algebras. This will allow to take advantage of the (very technical) 
classification of the nice sets to obtain more new Lie algebras.

Funding

Funding for open access charge: Universidad de Málaga / CBUA.

Data availability

No data was used for the research described in the article.

Acknowledgment

The authors are indebted to the anonymous referee for their careful reading and 
valuable suggestions which have improved significantly the manuscript.



C. Draper et al. / Journal of Algebra 658 (2024) 592–643 643
References

[1] Y.A. Bahturin, M.V. Tvalavadze, Group gradings on G2, Commun. Algebra 37 (3) (2009) 885–893.
[2] L. Boza, E.M. Fedriani, J. Núñez, A.F. Tenorio, A historical review of the classifications of Lie 

algebras, Rev. Unión Mat. Argent. 54 (2) (2013) 75–99.
[3] D. Burde, Contractions of Lie algebras and algebraic groups, Arch. Math. 43 (5) (2007) 321–332.
[4] M. Couture, J. Patera, R.T. Sharp, P. Winternitz, Graded contractions of sl(3, C), J. Math. Phys. 

32 (9) (1991) 2310–2318.
[5] C. Draper Fontanals, Notes on G2: the Lie algebra and the Lie group, Differ. Geom. Appl. 57 (2018) 

23–74.
[6] C. Draper Fontanals, The compact exceptional Lie algebra gc2 as a twisted ring group, Proc. Am. 

Math. Soc. (2024), in press.
[7] C. Draper, C. Martín, Gradings on g2, Linear Algebra Appl. 418 (1) (2006) 85–111.
[8] A. Elduque, Gradings on octonions, J. Algebra 207 (1) (1998) 342–354.
[9] A. Elduque, M. Kochetov, Gradings on Simple Lie Algebras, Mathematical Surveys and Mono-

graphs, vol. 189, American Mathematical Society/Atlantic Association for Research in the 
Mathematical Sciences (AARMS), Providence, RI/Halifax, NS, ISBN 978-0-8218-9846-8, 2013, 
xiv+336 pp.

[10] A. Fialowski, M. de Montigny, Deformations and contractions of Lie algebras, J. Phys. A 38 (28) 
(2005) 6335–6349.

[11] W.A. de Graaf, Classification of solvable Lie algebras, Exp. Math. 14 (1) (2005) 15–25.
[12] M. Havlíček, J. Patera, E. Pelantová, J. Tolar, On Pauli graded contractions of sl(3, C), J. Nonlinear 

Math. Phys. 11 (suppl) (2004) 37–42.
[13] J.W.P. Hirschfeld, Projective Geometries over Finite Fields, Oxford Math. Monogr., The Clarendon 

Press, Oxford University Press, New York, ISBN 0-19-853526-0, 1979, xii+474 pp.
[14] J. Hrivnák, P. Novotný, Graded contractions of the Gell-Mann graded sl(3, C), J. Math. Phys. 54 (8) 

(2013) 081702.
[15] J. Hrivnák, P. Novotný, J. Patera, J. Tolar, Graded contractions of the Pauli graded sl(3, C), Linear 

Algebra Appl. 418 (2–3) (2006) 498–550.
[16] E. Inönü, E.P. Wigner, On the contraction of groups and their representations, Proc. Natl. Acad. 

Sci. USA 39 (1953) 510–524.
[17] I. Kashuba, J. Patera, Graded contractions of Jordan algebras and of their representations, J. Phys. 

A 36 (2003) 12453–12473.
[18] I.V. Kostyakov, N.A. Gromov, V.V. Kuratov, Modules of graded contracted Virasoro algebras, Nucl. 

Phys. B, Proc. Suppl. 102–103 (2001) 316–321.
[19] C. Lu, Classification of finite-dimensional solvable Lie algebras with nondegenerate invariant bilinear 

forms, J. Algebra 311 (1) (2007) 178–201.
[20] M. de Montigny, Graded contractions of affine Lie algebras, J. Phys. A 29 (1996) 4019–4034.
[21] M. de Montigny, J. Patera, Discrete and continuous graded contractions of Lie algebras and super-

algebras, J. Phys. A 24 (3) (1991) 525–547.
[22] A.L. Onishchik, E.B. Vinberg, Lie Groups, Lie Algebras, Encyclopaedia Math. Sci. 41 (1991).
[23] S. Okubo, Introduction to Octonion and Other Non-associative Algebras in Physics, Montroll Memo-

rial Lecture Ser. Math. Phys., vol. 2, Cambridge University Press, Cambridge, ISBN 0-521-47215-6, 
1995, xii+136 pp.

[24] D. Rand, P. Winternitz, H. Zassenhaus, On the identification of a Lie algebra given by its structure 
constants. I. Direct decompositions, Levi decompositions, and nilradicals, Linear Algebra Appl. 109 
(1988) 197–246.

[25] R.D. Schafer, An Introduction to Nonassociative Algebras, Pure and Applied Mathematics, vol. 22, 
Academic Press, New York-London, 1966, x+166 pp.

[26] I.E. Segal, A class of operator algebras which are determined by groups, Duke Math. J. 18 (1951) 
221–265.

[27] L. Šnobl, D. Karásek, Classification of solvable Lie algebras with a given nilradical by means of 
solvable extensions of its subalgebras, Linear Algebra Appl. 432 (7) (2010) 1836–1850.

[28] L. Šnobl, P. Winternitz, Classification and Identification of Lie Algebras, CRM Monograph Series, 
vol. 33, American Mathematical Society, Providence, RI, ISBN 978-0-8218-4355-0, 2014, xii+306 pp.

[29] E. Weimar-Woods, The general structure of G-graded contractions of Lie algebras, I: the classifica-
tion, Can. J. Math. 58 (6) (2006) 1291–1340.

[30] E. Weimar-Woods, The general structure of G-graded contractions of Lie algebras, II: the contracted 
Lie algebra, Rev. Math. Phys. 18 (6) (2006) 655–711.

http://refhub.elsevier.com/S0021-8693(24)00331-4/bib88B7F865E8336ABD6015834CB4726862s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib1C67665285FB6A7D761414E12578E574s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib1C67665285FB6A7D761414E12578E574s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib82BEDB8BFE372E38CB2ADCCF3C30E97Fs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibEDC5620E155344ACC748CFF86134BB0As1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibEDC5620E155344ACC748CFF86134BB0As1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibD34CC8236EA197DDCE5F69A7A4B9FD19s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibD34CC8236EA197DDCE5F69A7A4B9FD19s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibACAE41CCAB36A545A6C58B2F50FE025Cs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibACAE41CCAB36A545A6C58B2F50FE025Cs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib09EBBAA42A1BFF8A8A9AE86685380643s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib9E2BD1829384781766D5221A7699CB03s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibE9F082EC65F8314EB7B8CA82895600E3s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibE9F082EC65F8314EB7B8CA82895600E3s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibE9F082EC65F8314EB7B8CA82895600E3s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibE9F082EC65F8314EB7B8CA82895600E3s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib02DE9A97542B7EDF94149C8406DD7525s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib02DE9A97542B7EDF94149C8406DD7525s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibD2F343E2B05C44DA447C435E754B1885s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibF46F8E5683ECB35C6F001A52B7F2C904s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibF46F8E5683ECB35C6F001A52B7F2C904s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib073E59EF5A8F41D11B40B6CD75CD82CFs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib073E59EF5A8F41D11B40B6CD75CD82CFs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibB81C12D2A3266DB989A47C006D0B0FC3s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibB81C12D2A3266DB989A47C006D0B0FC3s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib2A638FFBC5AE1B598F2AC76D676670E7s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib2A638FFBC5AE1B598F2AC76D676670E7s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib21251CCF751A5B3441F7F5BA663F061As1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib21251CCF751A5B3441F7F5BA663F061As1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibFDA1FCF9288ED383313AD29AEB6FCBBBs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibFDA1FCF9288ED383313AD29AEB6FCBBBs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib5608A7535A22F802ABE2EEDB70A2B5EEs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib5608A7535A22F802ABE2EEDB70A2B5EEs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibB3A17F7C339AAAAD2C632E168123C7BCs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibB3A17F7C339AAAAD2C632E168123C7BCs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib2F96438152DB5A26BB7D4B1103E329A2s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib8CD56968A06585EF02601E5D3E6ED33Es1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib8CD56968A06585EF02601E5D3E6ED33Es1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibCDDE038CA54491ECC0A241C0995A20DCs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibA200F53A6B192995D44B205261FC00E0s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibA200F53A6B192995D44B205261FC00E0s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibA200F53A6B192995D44B205261FC00E0s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib17BAA58F59079CF7BD3EF3659D426BFBs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib17BAA58F59079CF7BD3EF3659D426BFBs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib17BAA58F59079CF7BD3EF3659D426BFBs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib412E2DBE0DA99D179783062FC00A4E7Fs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib412E2DBE0DA99D179783062FC00A4E7Fs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibBCDE7DE7F76EACD72BCFBB3D684D953Bs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibBCDE7DE7F76EACD72BCFBB3D684D953Bs1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibD07ED5949D1F1E4964618813875BD111s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibD07ED5949D1F1E4964618813875BD111s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib821F03288846297C2CF43C34766A38F7s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib821F03288846297C2CF43C34766A38F7s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib77535AED34D8A7C1DF9356CC810E1100s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bib77535AED34D8A7C1DF9356CC810E1100s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibBDD97C2F6F372E8C35D83D9D0DE45365s1
http://refhub.elsevier.com/S0021-8693(24)00331-4/bibBDD97C2F6F372E8C35D83D9D0DE45365s1

	Graded contractions of the Z32-grading on g2
	1 Introduction
	2 Preliminaries
	2.1 The Lie algebra g2 and its fine Z32-grading
	2.2 Graded contractions of Lie algebras

	3 Graded contractions of Γg2
	3.1 Admissible maps
	3.2 A combinatorial approach: supports and nice sets
	3.3 Classification of nice sets up to collineations

	4 Classification of graded contractions of g2
	4.1 Equivalent graded contractions via normalization
	4.2 Classification up to strong equivalence
	4.3 Classification up to equivalence

	5 Properties of the Lie algebras obtained as graded contractions of g2
	6 Conclusions and further work
	Funding
	Data availability
	Acknowledgment
	References


