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Abstract—Orthogonal frequency division multiplexing
(OFDM) is a widespread modulation but suffers from high
out-of-band emissions (OOBE). Spectral shaping strategies such
as precoding, active interference cancellation (AIC) and time-
domain methods are effective at reducing the OOBE but entail
optimization procedures and real-time implementation costs
which might be considerable. This paper proposes a modification
of the conventional OFDM waveform aimed at reducing the
cost associated to many of the state-of-the-art spectral shaping
techniques and sets a framework for future works that want
to benefit from the same reduction. This approach may reduce
both the number of coefficients involved in the optimization and
the number of products of its implementation by up to 50%.

Index Terms—OFDM, cognitive radio, out-of-band emission,
sidelobe suppression, spectral shaping, pulse-shaping, cancella-
tion carriers, precoding.

I. INTRODUCTION

THE need for an efficient use of the spectrum is forcing in-
creasingly stricter out-of-band emissions (OOBE) masks

that allow reducing the guard bands and a dynamic sharing
of the spectral resources [1][2]. While orthogonal frequency
division multiplexing (OFDM) is broadly used in wireless and
wired systems, it shows poor spectral confinement. This can
be mitigated by employing wide guard bands and by nulling
the data carriers located by the edges of the notched bands, to
the detriment of the system throughput. To avoid this, several
spectral shaping methods have been proposed. Most of them
can be classified into two groups according to the domain in
which they are applied: frequency-domain and time-domain.
Details of the main techniques in each category can be found
in [3][4] and references therein. The solutions yielded by
these techniques require costly optimization procedures and
high real-time implementation costs, which are sometimes
alleviated by means of method-specific strategies.

Motivated by the lack of complexity reduction techniques
of general validity that can be applied to all types of OFDM
spectral shaping methods, this work proposes a modification
of the conventional OFDM signal that allows diminishing
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the computational cost of state-of-the-art techniques by up to
50%. It also defines a design framework that guarantees that
future techniques designed according to it can benefit from this
reduction. In summary, the contributions of this paper are:

• The proposal of a modified pulse for OFDM systems
that allows reducing the complexity of existing spectral
shaping techniques originally designed for conventional
OFDM signals. The new pulse entails marginal modifica-
tions to the transmiter. Moreover, the resulting waveform
can be transparent to the receiver, as the change relative
to the conventional one can be absorbed by the frequency
equalizer (FEQ) typically used in OFDM receivers.

• The definition of a design framework for spectral shaping
techniques consisting in a cost function and a set of pos-
sible constraints. Designing according to this framework
and using the proposed pulse is a sufficient condition for
new techniques to take advantage of a notable complexity
reduction in the optimization and real-time implemen-
tation processes. However, some existing methods that
do not fit in the framework still might benefit from this
reduction just by modifying the proposed pulse.

• It provides a compilation of existing precoding, active
interference cancellation (AIC) and adaptive symbol tran-
sition (AST) spectral shaping methods that can exploit
our proposals and quantifies the attainable complexity
reduction, which can be up to 50%.

II. BACKGROUND: THE POWER SPECTRAL DENSITY OF
OFDM SIGNALS

The discrete-time low-pass equivalent expression of an
OFDM signal is

x(n) =

∞∑
u=−∞

xu(n− uNs), (1)

where Ns = N +NGI is the symbol period, N is the size of
the inverse discrete Fourier transform (IDFT) and NGI is the
length of the guard interval. The u-th symbol is given by

xu(n) =
∑
k∈D

pk(n)dk(u) (2)

where D =
{
d1, . . . , d|D|

}
denotes the set of carriers that

convey data in the OFDM system (data carriers) and dk(u)
and pk(n) are the u-th modulating symbol and the base pulse
employed in carrier k, respectively, with

pk(n) = w(n)ej
2π
N k(n−NGI), k ∈ D. (3)
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For generality, the pulse pk(n) is shaped by the discrete-time
window function w(n), which is non-zero only in the interval
n ∈ {0, . . . , L− 1} with L = Ns + β and can have smooth
transitions of β samples at both ends. The raised cosine (RC)
transition is typically used to this end. Note that using this
type of pulses reduces the effective length of the cyclic prefix
by β samples due to the tapered transitions at the beginning of
the pulse and the overlap with the preceding OFDM symbol.

Considering that the symbols dk(u) are white for a given k
and independent for different k, an analytical expression for
the power spectral density (PSD) of (1) can be obtained,

S(f) =
1

Ns

∑
k∈D

σ2
k|Pk(f)|2, (4)

where σ2
k is the variance of the sequence dk(u), and Pk(f) is

the Fourier transform of pk(n). The latter can be expressed as

Pk(f) = fH
L(f)pk, (5)

where pk is vector form of the basic pulse with L×1 samples,
fL(f) =

[
1, ej2πf , . . . , ej2πf(L−1)

]T
and f ∈ [−1/2, 1/2).

III. SPECTRAL SHAPING TECHNIQUES

The signals generated by the most common spectral shaping
methods can be expressed as particular cases of the general
formulation obtained by replacing pk(n) by the pulse

hk(n) = pk(n) +
∑

i∈K;i̸=k

gi,kpi(n) + tk(n), k ∈ D, (6)

where the set K contains the indexes of the active carriers,
i.e., with allocated power. In most spectral shaping methods,
K is the union of the set of data carriers, D, and the set
of redundant carriers, C =

{
c1, . . . , c|C|

}
. While carriers in

D may be exclusively used to convey data or may have
the dual functionality of conveying information and shaping
the spectrum, carriers in C are only used to achieve better
spectral confinement or to improve the receiver operation at
the expense of a lower spectral efficiency. To avoid the latter,
some methods do not employ redundant carriers [5].

The first term on the right hand side (RHS) of (6) is the base
pulse, followed by two terms aimed at reducing the OOBE
produced by the former. The second term achieves this end
by means of a weighted sum, with gi,k ∈ C, of the pulses
transmitted in the remaining carriers. Finally, the last term in
(6), tk(n), consists in a discrete-time sequence that is non-
zero only in the range n ∈ {0, . . . , β − 1, L− β, . . . , L− 1},
overlapping with the first and last β samples of the pulse. This
term reduces the OOBE by smoothing the symbol boundaries.

The following well-known OOBE reduction strategies can
be obtained by particularizing the pulse in (6) as follows:

1) Active interference cancellation (AIC): In these tech-
niques, the redundant carriers in C are referred to as cancella-
tion carriers (CC), and are used to reduce the OOBE produced
by the set of carriers that are exclusively used to convey data,
D. The resulting pulse is obtained by particularizing (6) as

hk(n) = pk(n) +
∑
i∈C

gi,kpi(n), k ∈ D, (7)

where the term tk(n) has been left out.
Note that K = D ∪ C and D ∩ C = ∅, so data carriers are

exclusively employed to convey data and cancellation carriers
are used to suppress the OOBE produced by the former.

2) Precoding: This spectral shaping strategy generalizes
AIC techniques by extending the set of carriers used to reduce
the OOBE to the whole set of active carriers, K. The employed
pulse can be generically written as

hk(n) =
∑
i∈K

gi,kpi(n), k ∈ D, (8)

where commonly gk,k = 1. In these circumstances, (8) can
be obtained from (6) by grouping the two first terms on the
RHS of (6) and leaving out tk(n). In matrix form, the pulse
hk = [hk(0), . . . , hk(L− 1)] is expressed as hk = PKgk,
for k ∈ D, where gk =

[
gi0,k, . . . , gi|K|−1,k

]T
and PK =[

pi0 , . . . ,pi|K|−1

]
. Accordingly, the u-th OFDM symbol in

(2) can be expressed in matrix form as

xu = HDd(u) = PKGd(u), (9)

where HD =
[
hk0

, . . . ,hk|D|−1

]
, d(u) =[

dk0
(u), . . . , dk|D|−1

(u)
]T

and G =
[
gk0

, . . . ,gk|D|−1

]
,

with (possibly) G [k, k] = 1, ∀k ∈ D.
3) Adaptive symbol transition (AST): The OOBE is reduced

by adaptively designing the transitions of the OFDM symbols.
They can be obtained by particularizing (6) as

hk(n) = pk(n) + tk(n), k ∈ D. (10)

The term tk(n), herein referred to as transition pulse,
overlaps with the cyclic prefix of the current and next OFDM
symbol, which is discarded by the receiver, so it does not
interfere with the regular reception of the symbols. As seen,
every data carrier has its own embedded transition pulse.

The coefficients of the cancellation terms in all the presented
strategies are obtained through an optimization procedure,
whose cost function and constraints differ in the numerous
works that can be found in the literature.

IV. MODIFIED OFDM PULSE AND PROPOSED
OPTIMIZATION FRAMEWORK

We propose the following novel pulse to replace the con-
ventional one, pk(n), used to generate the OFDM symbols,

p̃k(n) = w(n+ η)ej
2π
N kn, (11)

where η = (L−1)/2. Since w(n+η) has Hermitian symmetry,
so does p̃k(n). This pulse differs from the one used in actual
OFDM systems, given in (3), in a time advance by η, which
is irrelevant since the time origin is arbitrarily fixed, and in
that the phase origin for every carrier is now at the central
sample. This simple modification of the transmitted signal
makes the Fourier transform of p̃k(n), denoted by P̃k(f), to be
real valued. This has a direct impact on the optimization and
real-time implementation complexity of the spectral shaping
method solutions, as it will be demonstrated in section VI.

This new Hermitian-symmetric pulse can be used to replace
the conventional pk(n) in (6), leading to,

h̃k(n) = p̃k(n) +
∑

i∈K;i̸=k̃

gi,kp̃i(n) + t̃k(n), k ∈ D. (12)
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The PSD of the resulting OFDM signal when the data
carriers in D employ the pulse h̃k(n) can be expressed as

S(f) =
1

Ns

∑
k∈D

σ2
k|H̃k(f)|2, (13)

where H̃k(f) is the Fourier transform of h̃k(n).
Let’s consider the mask function M0(f), such that M0(f) =

1 for the frequencies where the OOBE needs to be reduced,
i.e., the frequencies in the notched band, and M0(f) = 0
for those inside the passband. However, values in between 0
and 1 can be used to custom weigh the OOBE reduction goal
in different subbands separately. The OOBE produced by the
OFDM signal is then given by

POOBE =

∫ 1/2

−1/2

M0(f)S(f)df =
1

Ns

∑
k∈D

σ2
k

∫ 1/2

−1/2

M0(f)
∣∣∣H̃k(f)

∣∣∣2df.
(14)

Now, we propose a general optimization problem that, along
with the pulse in (12), configures a spectral shaping framework
that allows reducing the complexity of both the optimization
and the real-time implementation cost. To this end, the matrix
H̃D =

[
h̃k0 , . . . , h̃k|D|−1

]
is defined, which contains the set of

discrete-time pulses used by the data carriers arranged column-
wise. The optimization problem is then stated as

ĤD = argmin
H̃D

{∑
k∈D

σ2
k

∫ 1/2

−1/2

M0(f)
∣∣∣H̃k(f)

∣∣∣2 df}
s.to.∑

k∈D

σ2
k

∫ 1/2

−1/2

Mj(f)
∣∣∣H̃k(f)

∣∣∣2 df ≤ δj , 1 ≤ j ≤ C

(15)

where Mj(f) is the j-th mask function, δj the value to which
the integral is bounded, and C is the number of constraints that
will be applied. Typically, Mj(f) will be defined such that they
equal 1 in the frequency subband where the energy emissions
have to be controlled and 0 elsewhere. Nonetheless, values in
between can be considered, as it was previously stated.

Note that both the cost function and the constraints refer
to the power of the OFDM signal that is emitted at the
frequencies indicated by the mask functions Mj(f) when the
pulse in (12) is used. In practice, the goal is to minimize the
power emitted in the notched band while the constraints are
set to, for instance, limit the total transmission power of the
signal (when M1(f) = 1 ∀f ∈ [−1/2, 1/2)), or avoid PSD
peaks in the passband, a recurring restriction when using AIC
techniques [4][6], among others.

It will be now shown that spectral shaping techniques in
which the pulse in (12) is optimized according to (15) yield

real-valued g̃i,k. To this end,
∣∣∣H̃k(f)

∣∣∣2 is expanded as∣∣∣H̃k(f)
∣∣∣2 =

(
H̃ℜ

k (f)
)2

+
(
H̃ℑ

k (f)
)2

, (16)

where, given that P̃k(f) is real-valued,

H̃ℜ
k (f) = P̃k(f) +

∑
i∈K;i ̸=k

g̃ℜi,kP̃i(f) + T̃ℜ
k (f),

H̃ℑ
k (f) =

∑
i∈K;i̸=k

g̃ℑi,kP̃i(f) + T̃ℑ
k (f).

(17)

Minimizing the value of (16) in the notched band minimizes
the OOBE in (15). To achieve the former, H̃ℑ

k (f) must be
zero, which can be accomplished by forcing g̃i,k and T̃k(f)
to be real-valued, with i ∈ K, k ∈ D. By means of the
Fourier transform properties, T̃k(f) being real-valued leads to
t̃k(n) having Hermitian symmetry. It can be proven that the
constraints in (15) do not interfere with this conclusion, as
they also benefit from disregarding H̃ℑ

k (f).
The previous demonstration can be summarized as follows:

when the pulse in (12) is used and an optimization problem
like the one in (15) is considered, the coefficients g̃i,k are real-
valued and the term t̃k(n) has Hermitian symmetry. This con-
siderably reduces the computational cost of the optimization
procedure, as the number of variables is halved. The real-time
implementation complexity is also notably diminished as well,
reducing the number of required real products by a half with
respect to the complex and non-symmetric case.

It must be noted that complying with the optimization
problem in (15) is a sufficient but not a necessary condition
for the complexity reduction to apply. Hence, proposals that
do not fit in (15) still can exploit this result when a Hermitian-
symmetric pulse like the one in (11) is employed. In particular,
many precoding-based methods which impose constraints on
the optimization problem aimed at preserving the receiver’s
correct operation can still take advantage of this reduction.
Existing methods that fulfill the latter are shown in Section
VI, along with others that also enjoy this perk despite being
non-compliant with the problem in (15).

V. COMPLEXITY REDUCTION SUMMARY

A. Practical aspects of the transmitter implementation

Using the pulse in (11) requires minor changes in the OFDM
transmitter. They are aimed at placing the phase origin of all
carriers at the central sample, since the time advance is not a
problem. It can be easily implemented by applying a circular
shift to the right on the samples obtained from the IDFT. This
shift, of magnitude (N−NGI+β−1)/2, reorders the samples
before the cyclic prefix is added without additional computa-
tional cost at the transmitter. This simple implementation is
only possible if the extension of the discrete-time pulse, L, is
an odd number. Otherwise, the phase origin of the Hermitian-
symmetric pulse would sit between samples, hindering the
possibility of achieving symmetry by reordering the IDFT’s
output samples. Nevertheless, the cases in which L is an even
number can be easily resolved by extending the pulse in just
one sample, forcing β to be odd. This has almost no impact
on the effectiveness of the cyclic prefix, which is reduced in
one additional sample.

Reordering the samples of the OFDM symbol provokes a
rotation of the data carriers’ constellations at the receiving end.
Strictly compensating this rotation (e.g., performing on the
samples of the received signal a circular shift to the left of the
same magnitude as in the transmitter) requires the receiver to
be aware of the spectral shaping. However, since this rotation
could be also estimated as part of the channel response and
absorbed by the FEQ typically employed in OFDM systems, in
practice, this modification might be transparent to the receiver.
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Finally, it must be highlighted that OFDM systems that do
not use the Hermitian-symmetric waveform in (12), but in
which the optimization can be expressed as in (15), can still
benefit from the presented results and get a notable reduction
in the complexity of the optimization process (yet not in the
real-time implementation one). The reason is that the solution
of (15) with the non-symmetric pulse in (6) can be computed
from the solution obtained with (6) as

gi,k = g̃i,ke
j 2π

N (k−i)(η−NGI) tk = t̃ke
j 2π

N k(η−NGI)

(18)
where tk and t̃k contain the samples of tk(n) and t̃k(n) in
matrix form, respectively. Proof of (18) can be easily obtained.

B. Real-time implementation complexity reduction

This subsection details the complexity reduction obtained
when precoding, AIC and AST methods use the pulse and the
optimization framework proposed in this work. The computa-
tional cost is given in terms of the number of real products
per OFDM symbol required to implement the considered
spectral shaping method. The key element is that, a product
with complex operands requires 4 real products, but only 2
real products when one operand is real-valued. Likewise, if a
complex value is to be multiplied by a complex conjugate pair
in two separate operations, just 4 real products are required.
This reduces the real-time implementation to:

1) AIC techniques: In [6] we designed a pulse that gener-
alized other AIC proposals. The implementation complexity
analysis yields that the number of additional real products is
reduced from 4|D||C| [6, table I] to 2|D||C|, a 50% reduction.

2) Precoding: It can be deduced from (9) that the amount
of additional real products required to implement the spectral
precoder is 4|K||D|, as a result of multiplying the |K| × |D|
precoding matrix, G, and the |D| × 1 vector of data d(u). If
matrix G is real-valued, this number is reduced by 50%.

3) AST techniques: The pulse in [6] generalizes many AST
techniques, for which three implementation alternatives are
given, two of them aimed at reducing the complexity. The
latter can benefit from the proposal in this work as follows:

• Regular transition pulse: the number of real products is
reduced from 8β|D| [6, table I] to 4β|D|, i.e., a 50%
reduction is achieved.

• Harmonically designed transition pulse: the complexity
reduction depends on the number of harmonics used to
compose the transition term, denoted as b. The number
of real products is reduced from 8|D|b + 2βlog2(β) to
4|D|b + 2βlog2(β), which is lower than 50% but still
relevant.

VI. APPLICATION TO EXISTING SPECTRAL SHAPING
METHODS

A great number of the OOBE methods in the literature
can benefit from using p̃k(n) in (11). A selection is listed
in Table I. Some of them approach the optimization problem
in a very similar way to the one in (15). However, since the
latter is a sufficient condition, other methods listed in Table I
do not comply with the proposed optimization framework but

still enjoy the complexity reduction as long as the Hermitian-
symmetric waveform in (11) is employed.

We now validate our proposal by computing the PSD of
several methods from Table I in two cases: using regular
OFDM pulses and p̃k(n) in (11). We have selected the methods
that combine AIC and AST proposed by Dı́ez et al. [6] and
by Hussain and López-Valcarce [4]; the spectral precoding
techniques by Zhou et al. [15] (particularized to the single-user
case), by van de Beek [5] and by Ma et al. [17]. Interestingly,
[15] and [5] yield different precoding matrices but lead to
the same PSD, although different bit error rate (BER) [15].
It must be emphasized that the aim of this assessment is not
to compare the performance of the referred techniques, but to
prove that their PSD remains unaltered when using (11).

The PSD of the different methods is obtained using the
analytical expressions in [6, eq. (8)], [4, eq. (10)], [15, eq.
(10)] and [5, eq. (6)], respectively. While [17] does not provide
an analytical expression for the PSD, it can be obtained using
[15, eq. (10)]. The considered system uses N = 4096, NGI =
1024. The methods that use AST employ β = 511. A scenario
where the OOBE is to be reduced in the bands corresponding
to carrier indexes B = {0, . . . , 1024} ∪ {3022, . . . , 3026} ∪
{3072, . . . , 4095} is assumed [6].

The method in [6] uses a shaping pulse w(n) with RC
transitions, 3 CC by each edge of the passband (2 inband and 1
out-of-band) and regular transition pulses. This same set of CC
is used with [4], whose solution is obtained after 16 iterations
with the regularization term configured to avoid PSD peaks in
the passband. The techniques in [15] and [17] are configured
with a coding rate of λ = 2026

2042 . The former uses the following
set of 16 normalized frequencies to notch the PSD, ϕ =
{−ϕ1, 0.2378, 0.2379, 0.2380, 0.2385, 0.2386, 0.2387, ϕ1},
with ϕ1 = {0.250, 0.2501, 0.2502, 0.2515, 0.2518}, which is
also used for [5]. For the method in [17], the notched band
B is evenly sampled with 10 samples per subcarrier spacing.

Results are displayed in Fig. 1, which shows that the
PSD of the assessed methods is unaffected when using the
proposed pulse. Similarly, their peak-to-average power ratio
(PAPR) remains unaltered, although results are not shown
for conciseness. On the other hand, employing the proposed
pulse allows implementing the 5 considered spectral shaping
techniques with just 50% of the number of real products per
symbol needed with the conventional OFDM pulse.

VII. CONCLUSION

This article has presented a novel pulse and a framework
for the design of the spectral shaping methods most typically
employed by OFDM systems (precoding, AIC and AST).
By exploiting the symmetry of the OFDM signal, it halves
the number of variables of the optimization procedure and
reduces the real-time implementation cost by up to 50%. The
proposal could be also of interest for the design of future
OFDM-based communication systems, as it can be easily
implemented by adding a circular shift to the right/left in
the transmitter/receiver of the conventional OFDM system
and, in return, the OOBE can be reduced with much lower
computational cost.
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TABLE I
SPECTRAL SHAPING METHODS FOR OFDM SIGNALS THAT WOULD BENEFIT FROM USING THE HERMITIAN-SYMMETRIC PULSE PROPOSED IN THIS WORK.

Reference(s) Proof

[6, eqs. (18)-(20)]
[7, eqs. (6)-(8)]
[8, eq. (3)]
[9, eqs. (12)-(13)]

The optimization in [6, eqs. (18)-(19)] and [9, eqs. (12)-(13) and (30)-(31)] are essentially identical to the one in (15). Hence,
when p̃k(n) in (11) is used, the optimal coefficients of the AIC terms must be real-valued and the optimal AST term must have
Hermitian-symmetry. Since [6] generalizes [7] and [8], as proven therein, the latter also benefit from this perk.

[10, eq. (9)]
[11, eq. (10)]
[12, eq. (27)]

Their optimization problems are very similar to the one in (15), plus the constraints imposed to preserve the correct operation
of the receiver. The problems are solved by means of iterative algorithms in which, given that all the terms are real-valued
(out-of-band radiation matrices; identity, selection and permutation matrices; etc.), lead to real-valued solutions.

[4, eqs. (17)-(18)]

It proposes two spectral shaping problems: [4, eq. (17)] for orthogonal precoding and [4, eq. (18)] for an AIC-based solution.
For the first one, the optimal precoding matrix is real-valued when p̃k(n) in (11) is used because it is made of the eigenvectors
of a matrix that will be real and symmetric. For the second, the optimal matrix is also computed out of the same real-valued
matrix, an identity matrix and a selection matrix, which are also real-valued. In both cases, a shaping window that can be proven
to have Hermitian symmetry when using p̃k(n) in (11) is employed.

[13, eq. (16)] The optimal precoding matrix is made up of the eigenvectors of the matrix in [13, eq. (16)], which can be easily proved to be
real-valued and symmetric, as it results from adding matrices that are real and symmetric when p̃k(n) in (11) is employed.

[14, eq. (12)] The closed-form expression for the optimal precoding matrix is obtained by inverting a matrix that can be easily proved to be
real-valued, as it results from the addition of matrices computed out of the Fourier transform of p̃k(n) in (11).

[15, eq. (15)] The closed-form expression of the optimal precoding matrix per user consists of a subset of the right-singular vectors of a
real-valued matrix. Hence, the optimal matrix is real-valued.

[16, below eq. (7)]
[5, eq. (12)]

The optimal precoding matrix in [16, below eq. (7)] is real-valued matrix because it is obtained as the product of real-valued
matrices (an identity matrix, a matrix of real weights and one that contains the Fourier transform of the pulses). In [5, eq. (12)]
only an identity matrix and the one containing the Fourier transform of the pulses appear, and both are real-valued.

[17, eq. (12)] The optimal precoding matrix is real-valued, as it is obtained out of the singular value decomposition (SVD) of a matrix that
contains the Fourier transform of p̃k(n) in (11), and an arbitrary matrix, which can be chosen to be real as well.
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Fig. 1. Normalized PSD given by several methods taken from Table I when
using the conventional OFDM pulse and p̃k(n) in (11). Since [15] and [5]
yield the same PSD, a single curve is depicted for both of them.
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