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Abstract

This paper addresses the building of stochastic models that adequately describe
dynamic phenomena and, in particular, those that occur in the Biosciences. In this
context, the empirical fitting of a Gaussian diffusion process from sample data of
a dynamic growth phenomenon is considered. In order to do this, a methodology
based on approximations to its mean and variance functions is presented. Finally,
several applications based on simulated and real data have been carried out.
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1 Introduction

One of the main goals of research in several fields of scientific knowledge is
establishing models to explain the dynamic phenomena under study. Such
models are often determined from theoretical considerations, by assuming hy-
potheses which allow for the development of manageable models suitable for
applying them to real-life situations.
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Dealing with real phenomena usually involves random influences affecting the
system under consideration, and several stochastic models have been devised
to deal with this randomness. Of the variety of existing models, diffusion
stochastic processes related to certain growth curves have been applied to a
wide range of fields and particularly to the Biosciences. For example, in re-
lation with the exponential curve, the lognormal diffusion process has been
applied to the study of population growth (see Capocelli and Ricciardi, 1974a
and Ricciardi, 1979); in relation with the logistic curve, Capocelli and Riccia-
rdi (1974) introduced a logistic diffusion process that has beeen subsequently
used in Biology. More recently, Roman-Romén and Torres-Ruiz (2012) have
introduced a new diffusion process for modeling logistic-type behaviour pat-
terns and applied it to the growth of a microorganic culture. On the matter
of the Gompertz curve, Ricciardi et al. (1983) used a homogeneous Gompertz
diffusion process to model population growth and neuronal activity, whereas
Gutiérrez et al. (2007) introduced a Gompertz-type diffusion process and ap-
plied it to the growth of rabbits. Regarding the Bertalanffy curve, the diffusion
process studied by Romén-Romén et al. (2010) was applied to studying the
growth of fish.

Models need to be fitted to real observations of the phenomenon, and proce-
dures must be put in place so that this fitting serves as a basis for further
study. In addition, this approach usually allows to develop simulation proce-
dures that are very useful in the first stages of new research initiatives.

In the applications mentioned before, the choice of a particular model was
made taking into account that the trend of the diffusion process must fit the
observed trend. This requires identifying the trend of the dynamic growth
phenomenon with that of a known growth curve. Unfortunately, this is not
possible in every case and, even when it is, there could be more than one
applicable stochastic process. In fact, the development of these processes is
based on the introduction of a noise term in the ordinary differential equation
of the corresponding deterministic model. This results in a stochastic differ-
ential equation. Such process leads to an infinitesimal variance of the process
proportional to the square of the variable under analysis (that is, of the type
o?z?), which may not fit the available data.

In that case, despite the fact that such models are especially useful to make
predictions from the estimated mean function of the process, results might not
be good when other characteristics of interest are under analysis, such as the
first-passage time (where the variability of sample paths may be of paramount
importance).

For the previous reasons, it becomes necessary to build stochastic models using
all observed information to determine, in the most approximate way, the form
of the infinitesimal moments that define the diffusion.



The aim of the present paper is to build a Gaussian diffusion process from the
observations in several instants of the dynamic phenomenon under study. Such
process must adequately fit the sample mean and variance. Explicit knowledge
of such model would enable solving problems related with fitting, forecasting
and first-passage times, among others.

In Section 2 the stochastic model is considered, and its main relevant char-
acteristics are described. The methodology for building the model based on
approaches of its mean and variance functions is presented in Section 3. Fi-
nally, in Section 4 two applications are performed: to the growth of some
microorganic cultures (based on simulated data), and to the growth of rabbits
(based on real data).

2 The model

The dynamic model that we will consider is defined by the following stochastic
differential equation

dX(t) = A(D)X (t) dt + B(t) dW (1), (1)

where A and B are continuous functions defined on an interval [to, 7], with
B(t) > 0, to, T € RT, W(t) the standard Wiener process, and initial condition
X (to) = zo € R (in the sense of P[X (ty) = z¢] = 1) or X (ty) ~ N(pg, d).

The solution of (1)

t

X(t) = exp ( / A(s) ds) (X(to) + / B(s) exp (— / Aw) du) dW(s)) 2)

to

is a Gaussian diffusion process { X (t); to <t < T'} characterized by infinites-
imal moments

Ai(z,t) = A(t)x

(3)
Ay(t) = B3(t).

Note that the case of a degenerate initial distribution corresponds to the sit-
uation in which all the sample paths of the process start from the same value
Zg.



2.1 Some interesting characteristics

In order to fit the model to the data we must focus on two key functions:
the mean and the variance functions of the process. Moreover, obtaining the
covariance function is necessary for the expression of the finite dimensional
distributions of the process and, from these, of its transition probability den-
sity.

The mean function of the process (2), m(t) = E[X(t)], verifies the ordinary
differential equation

dm(t) B
W) Aym(t) =0, (@)

with initial condition m(tg) = E[X(ty)] and, therefore, has the following ex-
pression

m(t) = E[X(to)] eho 1%, (5)

The variance function, o2(t) = Var[X(t)], verifies the ordinary differential
equation

do?(t)

Frah 2A(t)o?(t) = B*(t), (6)

with initial condition o?(tq) = Var[X(ty)] and, therefore, has the following
expression

2(t) = 2 A0V (Var[X(to)] + / B(s) e 2 AW ds) . (7)

to

For any values of s,t € [tg, T|, the covariance function is given by

: SNt w
O, 1) = o AL Aty Alw) du (Var[X(to)] + / B (u)e M A0 du) (8)
to

where s At = min(s,t).

Moreover, since the process is Gaussian, given n time instants, t1,%s, ..., t,,



the vector (X (1), X(t2),..., X (t,)) has a normal multivariate distribution

mt) | [ Clti,th) ... Clti,t,)
N, | . .
m(ty) | \ Cltatr) ... Cltn,ty)

Finally, from the unidimensional and bidimensional marginal distributions,
the transition density function can be obtained

1
t ¢ u 2
[z tly,7)= (27? lefo A0 de/e_tho A0 deBQ(U) du) X

(33 B yef:A(e)d0>2

exp | — : = , T <t.
262 fm A(0) do th 6—2 fto A(6) dGBZ(u) du

3 Methodology and fitting

3.1 The problem

Let us suppose that we have data representing the evolution of a dynamic
phenomenon, that is, the evolution in time of a characteristic of interest (it
could be the weight of an animal, the volume of a tumor, the number of
tumor cells, etc) for a sample of individuals in a population. Concretely, let
xij, © = 1,...,d, j = 1,...,n, be the observed values of the characteristic
under study in time instants ¢y,...,t,, for d specific individuals.

Our problem is how to build a Gaussian diffusion process to explain a phe-
nomenon under study from the information provided by the data sample with-
out resorting to a predetermined model or making overly restrictive assump-
tions about the model.

Since a diffusion process is completely characterized by its infinitesimal mo-
ments and initial distribution, we will focus on the description of the obtention
of functions A and B in (3). Obviously, the initial distribution is determined
by the initial data of the sample paths available.



3.2 Aproximation of the function A

From (4) the function A can be expressed in terms of the mean function as

A(t) = 7253 (9)

and therefore it is required that function m is differentiable.

In order to calculate function A we must find a differentiable approximation to
the mean function of the process. In order to find such approximation several
choices are available:

e Selecting, if it exists, a known growth curve or, more generally, a p-parametric
function

mp : [to,T] — R,

that adequately describes the growth pattern of the phenomenon under
study. Some examples are: the exponential curve for rapid boundless growth,
and the logistic, Gompertz or Bertalanfty curves for growth patterns that
are sigmoidal, bounded and with an inflection point.

Parameter p (which can be uni- or multidimensional) of the selected function
can be estimated, for instance, through least squares regression from the
available sample paths, resulting in an approximation m;(t).

e From the mean sample path

d ..
mj:ZZC;%j?j:l"“’n’ (10)

finding and approximation, m.(t), of function m(t) through interpolation.

From the resulting approximation, the approximation to function A(¢) can be
found through

(1)

m5(t)’

A(t) = (11)

in the first case or

in the second case.



3.3  Approzimation of the function B

Once we have an approximation of the function A (and included in (6)), in
order to find the function B we must calculate a differentiable approximation
to the variance function of the process. To this end, it seems logical that we
should use the information provided by the sample variance® throughout the
observed time instants, i.e.,

?l:1(93ij - mj)2

d

vj = J=1,...,n. (12)

However, unlike the smooth behavior often showed by the mean of sample
paths, sample variance may exhibit a high degree of fluctuation, thus condi-
tioning the choice for the approximation procedure of o2(t). In fact, choosing
to approximate o2(t) for function o2(t) through interpolation techniques from
values (12) may lead to inadequate results if the sample variability is high.
This is because the interpolation procedure must yield a differentiable func-
tion, which may clash with finding an optimal approximation due to the nature
of the data.

For the previous reasons, we recommend selecting a known 6-parametric func-
tion

sg : [to, T] — RT,

differentiable in [ty,T], and whose functional form is suggested by the data.
As in the case of the mean function, the parameters of the selected function

must be estimated in order to find an approximation s4(t).

Given that the approximation of the function B will be obtained from

B.(t) = \/sia(t) — 2A,(t)s5(t), (13)

the selected function must also verify that

So(t) > 24, ()s5(0). (14)

This condition may restrict the application of the proposed methodology to
the type of data available. In fact, the condition described above may restrict
the choice of the type of function sy (for example, in the case of a process with

1 Note that, for this case more than one sample path is required, whereas calculating
m; in (10) would only require one.



positive trend, this function must be increasing) or the range of variation of
the parameters involved. In the applications of Section 4 we will address this
problem for cases in which the condition is not met in some subinterval of
the time interval. We propose a modification for the obtention of B, from the
function sy (after fitting it to the data based only on the shape suggested for
the sample variability of each case).

Finally, if we are to consider preset parametric functions for the mean and
the variance function, or only for the variance function, we must address the
maximum likelihood estimation of the parameters of the resulting process. In
order to do this, the likelihood function

d n

L(p,0) = [T 11 f(wij, tijlij—1, tij—1)

i=1j=2

must be found. After some algebra, we have

1
n m’\(tl ) T2
Lip.0)=1111 (27T (Sa(tz‘j) - ng(tij—ﬁ))
i=1j=2 p\lij—1
(i) 2
Tij — xij—lim/\(tij_l)
X exrp £

m~(tiz)
2 (Sé\(tz‘j) - m/pftijl)s’e\(tij—l))

Note that this procedure is not advisable, as it adds, to the restrictive hy-
pothesis of preset functions for its mean and variance, that its application
can become overly difficult due to the number of parameters involved and the
complexity of the equation system to be solved.

4 Applications

In this section two applications are performed: one to the growth of some
microorganic cultures (based on simulated data), and another to the growth
of rabbits (based on real data). In the first application, the validity of the
model is proven, and in the second one we show the improvement provided by
fitting the process through our model.



4.1 Application 1: Growth of microorganic cultures

The data considered for this application are originated in a simulation of the
logistic process proposed by Romén-Romén et al. (2012) for the study of the
growth of microorganic cultures (measured in density, or number of individuals
per millilitre) by considering that the intrinsic growth rate is 0.25 per day and
the equilibrium density is 1000 individuals per mililitre. We consider a total
of 50 containers (that is, 50 sample paths), in which cultures are placed at the
beginning of the study (o = 0) with a density of five individuals per mililitre
(i.e. a degenerate distribution on zy = 5 for ¢ty = 0).

The graphics on Figure 1 show the simulated sample paths and their observed
mean and variance for a choice of o = 0.01

The observed mean suggests that we must consider a logistic function as the
best candidate to approximate the mean function of the process. Therefore,
we propose

k

Mipell) = T pema

and the least square estimation of its parameters from the simulated sample
paths leads to

~

k=981.5475, b=195.3095, &= 0.2506.

Figure 2 shows the observed mean together with the mean function of the
Gaussian process.

Using (11), we find

- be
®) et +b

For the approximation of 0%(t), s5(t), we have considered the type-exponential
function

3 3
se(t) = exp (Z «91-75") —exp <Z Oit6>
i=1 i=1

and the least square estimation of its parameters from the simulated sample
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Figure 1. For the logistic process in application 1: Simulated sample paths (a),
observed mean function (b) and observed variance function (c).

paths leads to
0; = 0.4477, 6, = —0.0076, 65 = 3.9924 x 1075,

At this point, we must check that the condition (14) is verified. Figure 3 shows
the function s;(t) — 2A.(t)s;(t) in the interval [to, T1.

As it can be observed, condition (14) is not verified in some parts of the
interval, and therefore function B, can not be directly found from (13). A
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Figure 2. Observed and fitted mean functions for application 1.
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Figure 3. s3(t) — 2A.(t)s,(?) in the interval [to, T for the application 1.

A
9
preliminary suggestyion to deal with this is to consider

BY(t) = |s5(t) — 24.(t)s5(t)]- (15)

This would, however, cause an increase in the variance of the Gaussian process,
since the variance function can be expressed, from (7), as

2y o (VarlX(o) | Bs)
7 =) ((E[X(%)])Q e ds) ’

to




and

t t
B? B?
JED g ),
to *

J mis) m(s)

Such increase can be quantified as

so that a constant may be defined to compensate for the increase:

A ( / s(u) = 2A.(u)s5(u) du) ( / |s5(u) = 2A.(u)s5(u)] du)

-1

mi(u) m(u)

to to

thus approximating the function B of the Gaussian process through A|s4(t) —

24, (t)sé\(t)ﬁ. In this case, the value found for A is 1/0.0998. Finally, Figure 4
shows the variance function obtained for the Gaussian process, together with
the observed variance.
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Figure 4. Observed and fitted variance functions for application 1.

In order to check the suitability of the Gaussian process obtained we have
simulated sample paths for this process (see Figure 5). It can be observed
that they exhibit a similar behavior pattern to that of the simulated paths of

12



the original logistic process (see Figure 1 a)). This leads to conclude that the
process generates a very approximate model of the growth pattern exhibited
by the original phenomenon.
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Figure 5. Simulated sample paths of the fitted process in application 1.

4.2 Application 2: Growth of rabbits

The following example is based on research developed by A. Blasco et al. (2003)
on some aspects related to the growth of rabbits. In Gutiérrez et al. (2007), a
Gompertz-type process was fitted to data according to the observed sigmoidal
behavior of paths and to their bounds being dependent on the initial values.
Figure 6 displays the evolution of weight (in grams) of 29 rabbits through 30
weeks, as well as their observed mean and variance.

The sample paths begin at different initial values and therefore a non-degenerate
initial distribution must be considered. The observed sigmoidal behavior sug-
gests that a Gompertz-like function would be adequate to model the trend.
Nevertheless, the variance observed does not show a growing trend, a condi-
tion that precludes the use of the methodology described in the present paper
(given that a mean positive function is considered). This condition appears
momentarily around week 15, when three of the rabbits display an anoma-
lous behavior. For the purposes of this application, the information provided
by these three rabbits has not been included. Figure 7 shows the evolution
of weight (in grams) of the 26 selected rabbits through 30 weeks, along with
their observed mean and variance

In this case, the initial distribution estimated is N(178.24,17.237). For the

13
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Figure 6. Weights of 29 rabbits along the first 30 weeks (a), observed mean (b) and
observed variance (c).

approximation of the mean function we propose a Gompertz-type function

ze—bt

Myrp(t) = ke e (16)

and the least square estimation of parameters from the simulated paths leads
to

~

k= 4824.569, 7 =0.8255, b= 0.2047.

Figure 8 shows the observed mean together with the mean function of the
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Figure 7. Weights of the 26 selected rabbits along the first 30 weeks (a), observed
mean (b) and observed variance (c).

Gaussian process.

From the estimation of the mean function A by through mz -+ an approxima-
tion to the function results as

AL(t) = Fe it

In order to approximate the variance function we propose the parametric
function

15
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Figure 8. Observed and fitted mean functions for application 2.

sg(t) = exp(O1t + Ogt* + O5t°)

and the least square estimation of parameters from the simulated paths leads
to

0, = 1.7135, 0, = —0.0788, 65 = 0.0012.

Again, as can be appreciated in Figure 9, condition (14) is not verified for
a part of the time interval in this case. For this reason, the strategy used in
application 1 has been employed, resulting in a value of A = 1/0.73. Figure 10
shows the obtained variance function of the Gaussian process together with
the observed variance.

In order to compare the Gaussian process built in this application to the one
proposed by Gutiérrez et al (2007), a new estimation of the latter has been
made taking into account only the information provided by the 26 selected
rabbits. The estimated Gompertz-type process has infinitesimal

Aj(z,t) = 0.7486e 1823t
Ay(z,t) = (0.062)%z?

and initial distribution A(5.1911,0.0937).

Figures 11 and 12 show the simulated paths for both processes. These clearly
display how the model suggested in the present paper exhibits a more similar
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Figure 9. sé(t) — 2A,(t)sy(t) in the interval [tg, T for the application 2.
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Figure 10. Observed and fitted variance functions for application 2.
behavior to the growth observed in rabbits that the Gompertz-type process
proposed in Gutiérrez et al. (2007).
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