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ABSTRACT. Let 0 < o < 1 and let M} be the Cesaro maximal operator of order

« defined by
1 ()]
M(j (Z‘) = Supc>ﬂ') (C _ x)a / (C _ s)lfa dS,

In this work we characterize the pairs of measurable, positive and locally in-
tegrable functions (u,v) for which there exists a constant C' > 0 such that the
inequality

C
u(fr € R: MEf@) > M) < 5o [ a(r)e

holds for all A > 0 and every f in the Orlicz space Lg(v).
We also characterize the measurable, positive and locally integrable functions
w such that the integral inequality

AMMUM§CAQWM

holds for every f € Lg(w).

The discrete versions of this results allow, by techniques of transference, to
prove weighted inequalities for the Cesaro maximal ergodic operator

N—-1 ;
1 £ (T"z)|
+ _
My rf(@) = supnen 7o Z; W—pi—=

associated to an invertible measurable transformation, 7', which preserves the
measure.

Finally, we give sufficient conditions on w for the convergence of the sequence
of Cesaro-a ergodic averages for all functions in the weighted Orlicz space Lg(w).

1. INTRODUCTION.

In 1979 W. Jurkat and J. Troutman ([2]) introduced the operators M acting
on measurable functions defined by

1 © 1fGs)l
M7* = d 0<a<l
af(‘r) Supc>m (C—[E)a \/x (C-S)l_a 8, a >
If & = 1, the operator M} is the one-sided Hardy-Littlewood maximal operator
denoted usually by M™. The pairs of weights for which this operator is of weak or
strong type are well known. It can be seen in [5], [6] and [13].
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The weighted inequalities in L? spaces for the operators M have been studied
by F. J. Martin-Reyes and A. de la Torre ([8]). The results obtained there were the
following:

Theorem 1.1 ([8]). Let u and v be positive and locally integrable functions. Let
O0<a<l1. Letpe R withl <p < oo and let p' be its conjugate exponent. The
following statements are equivalent:

(i) There exists a constant C' > 0 such that for any f € LP(v) and any A > 0

u(fr € R MFf() >N < /R .

(ii) The pair (u,v) satisfies condition A}, ((u,v) € Af,); i.e., there exists a
constant C' > 0 such that for any three numbers a,b,c € R with a < b < ¢

In the case of equal weights it is proved that weak and strong type for the operator
M are equivalent. It is contained in the following result:

Theorem 1.2 ([8]). Let w be a positive and locally integrable function, o € (0, 1]
and 1 < p < oo. The following statements are equivalent:

(i) There exists a constant C' > 0 such that for every f € LP(w)

Joizpre<c [ ipw

(ii) The function w satisfies condition A}, (w e Al ).

Later, M.D. Sarrién characterized the weighted inequalities for the operator M
in LP? spaces, obtaining consequences in Ergodic Theory ([7], [11], [12]).

It is interesting to ask wether generalizations of these theorems to Orlicz spaces
are possible. The first purpose of this paper is to give affirmative answer to this
question and to characterize inequalities as

50
u < (| f)v
/{xeR;M;f(x)>A} (I)()\) R (| |)

/R DM fw < C /R (| ),

where @ is a N-function.

Before giving the statements of the theorems we recall the basic definitions and
results about N-functions and Orlicz spaces which will be used later. Detailed
treatments can be found in [3] and [9].

A function @ : [0,00) — R is a N-function if

o) = [ ()t

where ¢ : [0,00) — R is a right continuous nondeceasing function such that ¢(0) =
0, p(s) > 0if s > 0 and limg_,, ¢(s) = oo.
The function ¢ is called the density function of ®.

and
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Every N-function ® is continuous, positive, strictly increasing and convex in
(0, 00).

Let ® be a N-function with density function ¢. Associated with ¢ we have a
function ¢ defined by

W(t) =sup{s: ¢(s) <t}, t>0.

The function 1 has the same properties as ¢ and is called the generalized inverse
of ¢. The N-function ¥ defined by

U(t) = /Otw(s)ds, t>0

is called the complementary N-function of ®.
A pair of complementary N-functions ® and W satisfies the property

t< O HUTHt) <2t t>0.

A N-function @ satisfies condition Ay in [0,00) (® € Ay) if sup5>o% < 0o. We
can characterize that ® satisfies condition A, in terms of its density function or its
complementary N-function as follows: ® € A, if and only if there exists a > 1 such
that sp(s) < a®(s) for every s > 0; if ¥ is the complementary N-function of &,
then ® € A, if and only if there exists § > 1 such that fU(s) < sip(s) for all s > 0.
Condition As can also be expressed in the following equivalent way: for every A > 0
there exists B > 0 such that ®(As) < Bd(s) for all s > 0.

Let (X, M, i) be a o-finite measure space and let ® be a N-function. We define
the Orlicz class of @, Lg, as follows:

Ly ={f: X — C: f is measurable and / O(|f)dp < oo}
X

If ¥ is the complementary N-function of ® we define the Orlicz norm of a mea-
surable function f defined almost everywhere by

||f||q>:sup{/X|fgldu:g€f§/and /X\If(lnguﬁl}.

The Orlicz space Lg is defined as follows:

Lo = {f : f is measurable and || f||e < 0o}.

r|\f|\|¢=inf{A>o:/X¢(%) duﬁl}

is the Luxemburg norm of f.

The Luxemburg and Orlicz norms are equivalent and the Orlicz space Lg is a
Banach space with these norms.

Holder inequality in LP spaces has a natural extension to Orlicz spaces: if f € Lg
and g € Ly then fg € L' and

/ Fal < Il lglle.
X

The number
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If ® is a N-function we can define its upper and lower indices, respectively, as
follows:

—log ha (s)
log s

—log ha(s)

and iy = supy o

ap = 1Hfo<s<1 )

where hg(s) = supt>0§:1—1((st)). The numbers py = a;l and qp = 6;1 are called,
respectively, the lower and upper exponent of ®.
We will also need the following interpolation theorem (see [1]):

Theorem 1.3 ([1]). Let (X, M, ) and (Y,N,v) be two o-finite spaces. Let ® be
an N-function with complementary N-function V. Suppose that ® and V satisfy
condition Ay. Let p and q be, respectively, the lower and upper exponents of ®. Let
T be a sublinear operator which is of weak type (r,r) and of weak type (s,s), where
1<r<pandq<s<oo. ThenT maps Le(n) into Le(v) and there exists C' > 0
such that

LﬂmeSCL@WWM

for every f € Lo(p).

In the proofs of the theorems we will use arguments and techniques due to Martin-
Reyes and A. de la Torre ([8]) and also to P. Ortega ([10]).
Our results are the following:

Theorem 1.4. Let ® be an N-function with complementary N-function U such that
both of them satisfy condition As. Let 0 < a < 1 and let u, v be two positive and
locally integrable functions. The following statements are equivalent:

(i) The couple (u,v) satisfies Ag’a, i.e., there exists K > 0 such that the in-
equality

c (ev(s) "
f; EU(S)dS fb w ((C_S)l—a> (0_51)1_& ds <K
(c—a)* (c—a)® =

holds for any a,b,c € R with a < b < ¢ and every € > 0.
(ii) There exists a constant C' > 0 such that the inequality

umfR»Mnm>ADs§%Aéwm

holds for every A > 0 and all f € Lg(v).

Theorem 1.5. Let ® be an N-function with complementary N-function U such that
O U e A,. Let p be the lower exponent of ®. Let o € R with 0 < o < 1 and let w be
a positive and locally integrable function. The following statements are equivalent:

(i) There exists a constant C' > 0 such that the inequality

AyMwmscAwmm

holds for every f € Le(w).
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(i) There exists a constant C' > 0 such that the inequality

C
wlfr €R: M) > 0) < 5o [ @l
holds for all f € Le(w) and every A > 0.
(i) w € A,
(iv) w e Af,.

If we consider the function ®(¢t) =, p > 1, then the corresponding Orlicz space
is the LP space, condition Ag’a coincides with condition A;a and we obtain theorems
1.1 and 1.2.

The proofs of theorems 1.4 and 1.5 appear, respectively, in sections 2 and 3.

The techniques we will use in the proofs of theorems 1.4 and 1.5 also work in
discrete settings. Specifically, if m is the Cesaro maximal operator in the integers
defined by

U S o 10
af( ) S pj>s,]6Z (j_s)a ; (j—i)l_a

and (u,v) is a couple of positive functions on Z, the weighted weak type ®-inequality
for m7 is characterized by condition Ag ,(Z) which means that there exists a con-
stant C' > 0 such that for all e > 0 and any r, s,k € Z with r < s < k,

S R e a0 1

On the other hand, the weighted strong type ®-inequality with equal weights
for m} is characterized by A; , which coincides with Af , where p is the lower
exponent of ®.

The discrete versions of theorems 1.4 and 1.5 will be applied, together with tech-
niques of transference, to characterize the good weights for the Cesaro maximal
ergodic operator.

Let (X, M, ) be a o-finite measure space and let T : X — X be an invertible
measure preserving transformation. Let us suppose that T is ergodic, which means
that if A is a measurable set such that (T 'AAA) = 0, then u(A) = 0 or u(X\A) =
0. The Cesaro ergodic averages of order o, 0 < o < 1, and the Cesaro maximal
ergodic operator are defined, respectively, by

N-1

1 f(T'x)
T;:Nf(x) = Ne m

i=0
and
M;Tf(x) = SUPNeNT;N(UD(m)-
We will say that a pair of measurable functions (u,v) verifies condition Ag (T
if there exists C' > 0 such that

1 [ , TZ 1
() (8 () )<

for all e > 0, any two numbers r, k € Z with 0 < r < k and almost all y € X.
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If 1 < p < oo we will say that (u,v) verifies A (T) if (u,v) verifies Ag ,(T) with
D(t) = t7.

It is clear that to say that (u,v) € Ay ,(T) means that the couple (u¥,v¥), where
w!(i) = u(T'y) and v¥(i) = v(T"y), i € Z, satisfies condition A ,(Z) for almost
every y € X with constant independent of .

Then, the following theorems hold:

Theorem 1.6. Let u and v be two positive functions on X. Let ® and ¥ be two
complementary N-functions such that ® W € A,. The following statements are
equivalent:
(i) The pair (u,v) verifies condition Ag ,(T).
(ii) There exists a constant C' > 0 such that for all A > 0 and every measurable
functions f,

C

u({z e X : M;Tf(a:) >\ < W/){@(!f\)vdu.

Theorem 1.7. Let w be a positive function on X. Let ® and ¥ be two complemen-
tary N-functions that satisfy condition Ay. Let p be the lower exponent of ®. The
following statements are equivalent:

(i) There exists a constant C' > 0 such that for all measurable function f,

/X (M1 f (2)wl(w)dp(x) < C /X &(|f () () dpu(x).

(i) There exists a constant C' > 0 such that for all X\ > 0 and every measurable
function f,

wlfr € 2 M f(a) > A < g5 [ @i
(ili) w verifies Ag ,(T).
(iv) w verifies Ay (T').

The proofs of theorems 1.6 and 1.7 can be found, respectively, in sections 4 and
5.

As a corollary, we give sufficient conditions in order to get the a.e. convergence
of the sequence of Cesaro ergodic averages for all f € Lg(w).

Corollary 1.8. Let ®, W, w and p be as in theorem 1.7. If w € A}, (or equivalently

w e A;ﬁ,a), then the sequence of Cesaro ergodic averages {T,iaf} converges a. e. for
all f € Le(w).

The corollary follows by standard methods: by theorem 1.7, we have the maximal
inequality; on the other hand, the convergence in the dense class LP(du) N Lo (wdp)
was established in [7] and [11]. Then, Banach principle can be applied.

Throughout the paper, the letter C' will design a positive constant whose value
can change.
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2. PROOF OF THEOREM 1.4.

(1) = (ii). First we will prove that there exists a constant K > 0 such that for
every a < b and any f > 0 the following inequality holds:

1 b f(s) . .
(b—a)a/a (b_s)lfads < KON (M (2(f)vu)(a)),

where M is the operator defined by

N 1 x+h
M g(z) = suppsg— lg9u.

[

To prove this, we define a sequence zo =b > x; > x5 > --- > a by the identities

Tit1 T 1 Ti
/ u= / o / .
a Tit1 2 a
For every ¢ we have

L. et I (5= ) s eols)) s

The fact that the function - — (%)17& is decreasing and Holder inequality give

/ + (i__ 58) a ﬁw(s)(ev(s))lds

< (b_—;;?)la / + %5@(5)(5@(3))_1(18

< TiT Tit2 e If (ev)™!
=~ b— Tit2 X(@it1,2:) (371 _ _)1,(1 X(zi41,25)

P.ev

WU.ev

(ev) !

Let us estimate e X(@i1,2:) v

. According to the definition of the Lux-
EV

emburg norm,

(ev)~!

(@ — i Xl

WU.ev

_ inf{)\ 50 /Rxp (Ag:}(_—%x(xi+m(s)> co(s)ds < 1} |

Since U(t) < ti)(t) for all ¢t > 0, then for every A > 0

/R v ()\((Z(_—S)S))ll—ocx(wm,xi) (S)) ev(s)ds

S/R/ﬁf(_—%xmﬂ,m@) (% X(@israi) (8 )) ev(s)ds

- / + Az _1 8)1_a¢ ( /\((xi (_Sgl_a) ds.
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Since &, U € A,, their respective density functions ¢ and ¢ verify ¢ < 1p o p(t) <
Ct. Therefore from condition A;ﬁ’a we deduce

/::1 v (((2183(2;31) (z; —13)1(1 ds < (W) (25 — Tip2)™.

Tit2

[ e e

<\ (M) (2 — Tipo)™.

[ New
Tit2

Then we can write

We have obtained for all A > 0
(Aew(s)) ™
Lo (@) ot

K T, — X @ o
<Ay (ﬁ) (1, — mi42)".

Tit2

-1
Let A = K(x; — 24,0)%® 1 (51 <fmi+1 u) ) For this A the previous inequality

Ti+2
remains
Aev(s)) L
/R\Ij <%X(Ii+1,xi)(8)) 5v<3)d8
-1
Zit1
= Kil 1 z/) (f-'EH-Q 5”)

o (e () ) Ao (e (Ee))

—1 —1
) Ti+41 Ti41
_ K_1€ (/:u+1 u) <f$i+2 €U> ¢ <f55i+2 €U>
_ —1 N —1
v Lo (e () ) e (s () )

Since U € Ay, there exists S > 0 such that t(t) < So¥(¢) for all £ > 0. On the

other hand, as ® and ¥ are complementary N-functions, we have t < ®~1(¢)¥U~1(¢)

or, equivalently, ¥ <<I>+(t)) <t for all t > 0. Using these properties we can ensure
that (2.1) is less than

(2.1)

Tit1 -1
D)
ZTit2

K e ( / B u)\If - (61 e u>_1)

Ti+2

Ty Ti4+1 -1
< K7'p, <8/ u> (8/ u) = K1p,.
Ti4+2 Ti42
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If we take K > (5 from the beginning we get for the \ chosen

/R \1; (%X(W,xi)(s)) cv(s)ds < 1.

(x; — s

By the definition of the Luxemburg norm, we can affirm

EV -1 S B Tit1 -1

’ (x<_>.)1—ax(zi+1yfci) < K(2) — 2442)" @ ! (6 ! (/ u) ) .
v W,ev Tito

/xi f(S)—ds

Tit1 (b - 8)1706

Ty — Tjy2

11—« Ti41 -1
S <b—) ||fX(mi+1,x¢) @,avK(xi - $i+2)aq)_1 (5_1 (/ u) ) .
— Tit2 Tiqo

-1
The above inequality holds for every e > 0. Let ¢ = ( f;ﬂ O f)v) . For this ¢

Then

HfX(QTH—l,wi) dev — 1.
Then
/ IO g g TimTir g Jai O
Tit1 (b o S) - (b - xi+2) -« fxi+2 U

On the other hand, the choice of the sequence {z;} allows us to write

fa:i (I)(f)v f;;l (I)(f)vu_lu B 2]‘3% @(f)vu_lu

Ti+1 — = Tirt
o Qo e PP B(f)ou
e < ade PO g @ (fyou ) a).

f;i u fa u

We have obtained

[ s < T e @ ou ) @),

Summing up over %

/b—( /() dng@l(zLM;(@(f)uul)(a))i Ti T Tite

b— 8)1_a =0 (b — $i+2)1—o¢
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We have obtained

1 " fs) 1 1
(b—a)“/a (b_s)l—adSSKq) (AM (D (f)vu")(a)).

Therefore, for all a € R
M fa) < Ko™ (4My (®(f)vu")(a)).
This implies for every A > 0
u({r € R: M f(z) > A\}) <u({z € R: KO '4M(®(flou 1) (z)) > A})

u

=u({z € R: M (®(f)vu 1) (z) >
Using that M, is of weak type (1,1) we obtain

ulle € RS > M) < g [ (0

u({r € R: MFf(x) > A}) < % /R (K|S

and since ® € A,, this implies

u({z €R: M f(z) > A}) < % /R (1 f])v.

(11)) = (i). Let a,b,c be real numbers with a < b < ¢ and let ¢ > 0. Let us
consider the function
(ev(s)~!

1 =0 (E2 ) o o

For every = € (a,b) we have

s> o [ (1)

This implies that

(a,b) C {g; ER: M f(z)> (C_la)a /b (C_i)l_w (((i(?))l—la> ds} .

Using (ii) we obtain

/ab cu(s)ds

(o (c;i@w (29 ) [ o (o (5 ) oo

—s)

Since & € A, there exists §; > 1 such that sp(s) < f;P(s) for all s > 0. Then
the right hand side of the previous inequality is dominated by

Ch
1 c 1 (ev(s))~1 1 c 1 (ev(s))~?
(c—a)" Js ==Y ((ifs)l_o‘) dsyp ((cfa)a Iy C=nE=L ((ifs)l_o‘) ds)
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We have obtained >{AC¢(¢(5§§%¥%))E“Qd&

bt (o [y (£ ) o)

—— éiﬁ;?:)ds [ o (v () ) e

b (c—s)l-a

Since ® € Ay, ®(¢(s)) < Csi)(s) for all s > 0. Then the right hand side of the
last inequality is dominated by

< © (e0(s)( (ev(s)! -
I} e (25) ds [ () s —on =i

We have found a constant K such that
b c 1 (ev(s) !
d f c—s *a¢ < c—s *a> ds
Jo eu(s)ds [ Jo = (c=s)! K

(c—a)> v (c—a)™ -

for every a,b,c € R with a <b < c and all € > 0.

3. PROOF OF THEOREM 1.5.

In order to characterize the strong type inequality we will need the following
lemma, which generalizes lemma 3.1. in [§]

Lemma 3.1. Let ® be an N-function with complementary N-function ¥ such that
O U e Ay Let 0 < a < 1. For every ¢ € R let us consider the function g.(s) =
ﬁx(_wc)(s). Suppose that w € Ag . Then w € Af(g.) uniformly in c, i.e.,
there exists a constant C' > 0 independent of ¢ such that

[rew(s)ds [ 7 9:s)e (L) ds .
S 9e(s)ds ’ [ gc(s)ds =

forallz,y,z€e R withx <y <z <cand alle > 0.

Proof. Let usfix ce R, let z,y,2 € R with x < y < 2z < c and let € > 0. Define

the points z; by 2o = z and [7' w = f;ﬂ w, if i > 0. The sequence {x;} decreases

strictly and has limit . There exists one and only one N such that zy <y < xn_1.

This N satisfies
TN 1 ITN-1 1 ITN-—1 1 )
l/ w:_/ w:_/ w>_/UL
IN+1 2 TN 4 xX 4 x

T; Tiy1 Y 1 Y
/ w:/ w>/w>—/w.
Tit1 T T 4 T

Fori< N -1
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Therefore for all 7 < N — 1 we have

/ w > —/ w. (3.1)
Ti42 4 x

(Observe that the proof of ffjvv “tw > 1 [Yw is included in the first case).

Then
) Z / = (Eﬁlﬁ(iifi) *

/y el (
- Z /Il+1 ( c— 5 > (( cA_ s ) gw_( S)))l_la> (@ —13)1—ad8' (3.2)

Since the function - — (%= ) ~% is decreasing we have that (3.2) is dominated by

iy T, — Tiqo Lo pai T, — Tiqo Lo (811)(8))71 1
Z w -« -« ds
=\ C— Tita . C— Tiyo (x; — 3) (x; — 3)
-1
Py Ti — Tiyp e g c— T\ ° (w(s))™! 1
(5 R € — —ds.
— \ ¢ = Ty i1 Ti — Tiyo (zi — s) (zi —5)

Applying condition A;ﬁ’a in each sumand of the last term and besides &, ¥ € A,
(and then, t < (¢ o p)(t) < Ct), we obtain

[atom (L4 ) as

N-1 11—«
Ti — X K(x; — xi49)
< (—CZ = 122) (0 N (& fji) (2 — Tiqa)”
A - ) i+1 c—x;
S oo (s=) euls)ds

N-1 11—« .
1 (ZL‘Z — I'H_Q) I((l’Z — ZL‘H_Q)Q /xﬂrl
= — Y cw(s)ds
72 o ew(s)ds .,y

N-1
K 7 ) @ 1 it
Y (i ~ 7ero) = / cw(s)ds
[ (—Cﬂ”2> cw(s)ds K = Joi
Tj42 Ti—Tq42
K(x; — xi42)® K(x; — 2i42)"
i c—T; l—a Tit1 c—x; I—a
fx:_; <zi_$;f?> €w(8)d8 fwl-:; (:ci—ac:i) €w(s)d3
Since ¥ € A, there exists K7 > 1 such that ty(t) < K1V(t), for all t > 0. Then,
(3.3) is dominated by

N-1 :
1 Tit1 K P o
174 (/ 5w(s)d5) Ky (z xlfz)
P f;zf; (%) ew(s)ds

(3.3)
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l1—a

N-1 , oo, K (mmzie (25 — Tito)®

=— ew(s)ds | ¥ = : (3.4)
K — \Jeirs fxzf; cw(s)ds

If we apply now that the function ¢ — ¢ (2) decreases together with (3.1), then
the right hand side of (3.4) is less than

N-1 LTj—Ti42
T /y w(s)ds | W i
K —4\/, %fyew s)ds
_ &l / ’ cw(s mﬁ ®

K 4\/, i cw

—</>< il >
(o) e )

Since V() < ti(t), for all £ > 0, then the last term is less than

w1 ([ o) e ([ stas) ¢ <% [ ateras)
— i ([ atsias) v (ﬁ [ atoris).

We have obtained
J7 9ol (£ ) ds

Then

o 4 gC(f?i(w S)) - <y <Kﬂb (m /x gc(S)d8>) . (35)

Condition Ay on ® and ¥ implies that for every C > 0 there exists ¢’ > 0,
depending only on C| such that ¢(C's) < C'¢(s) for all s > 0. Then, from (3.5) we

obtain
) Iy gc?jc<96(s )ds <0 (w (W / gc(s)ds))
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K z K z
<(C—7"7——— (s)ds = —— (s)ds.
- ifxy&?w(s)ds/x 9e(s)ds fjaw(s)ds/z 9e(5)ds

We have proved

[ ew(s)ds S 9e(s)d (f;((?)> ds .
f; ge(8)ds ¥ f; go(s)ds S AL

O
Let us prove Theorem 1.5. Implication (i) = (%) is trivial and (i1) = (ii7) was
proved in theorem 1.4.
(iii)) = (iv). According to lemma 3.1, Ag , implies Ag(g.) for all ¢ € R with
constant independent of ¢. On the other hand, Ag(g.) implies Af(g.) (Theorem 2
of [10] ), which is equivalent to A, (Lemma 3.1. of [8]).

() = (i). A}, means:
)\ .
(/b (c— 5)0-a7 ds) < Ci(c—a)

([

for all a,b,c € R with a < b < ¢, where p’ is the conjugate exponent of p. This is
equivalent to say that there exists a constant C5, which depends only on C, such

that,
y v = w(s) » z 1
S < -
(/x w(s)ds) (/y (c— s)0-a ds) < C’g/m (c—s)e ds

for every z,y,2z,c € R with z < y < z < ¢, i.e, w verifies A7 (g.) for all c € R
uniformly. Then, we can ensure that there exists € > 0, depending only on C, such
that w € A} _(g.), or equivalently w € A _ . This means that M7 is of weak type
(p—ep—e).

On the other hand, it is well known that w € Af(g.) implies w € Af(g.) for all
s > p. In particular, w € Af(g.) for all s > ¢ with constant independent of ¢, where
q is the upper exponent of ®. This gives that M} is of weak type (s, s).

We have shown that M is of weak type (p — e, p — ¢) and of weak type (s, s) for
l<p—e<pand g <s < oco. Applying Theorem 1.3, we obtain that M maps
Le(w) into Le(w), i.e.,

RS

[ e@ugswsc [ o

4. PROOF OF THEOREM 1.6.
(1) = (ii). Let N € N and let us consider the truncated Cesaro maximal operator
n—1 ;
1 f(Tx
My f(z) = Mgy f(2) :Sup0<n§Nﬁz <| o)l

n —i)t-o’



INEQUALITIES FOR CESARO MAXIMAL OPERATORS 15

Let f be a positive function and let A > 0. Let us fix L € N. Since T is a measure
preserving transformation, we have

w({z € X M f(z) > A}) = %iu({x € X Mif(x)> A}

L—1
1
i=0
=
- I > /X X et fa)>ay (T y)u(Ty)dp(y)
i=0

L1
1 . .
> /X Xgwexaart f)>ap (T y)u (D) du(y). (4.1)
i=0
It is clear that
Tye{r e X:Mif(x) > N} eic{jcZ: m (Fxonsr1)() > A}

where fY, y € X, is the function on Z defined by f¥(j) = f(T7y) and m} is the
truncated operator of m.
Then (4.1) equals

L-1
1 . .
EZ/XX{J'EZmﬁ(fyX[O,NJrL1])(J')>)\}(Z)uy(z)du(y)
1=0

L-1
1 : .
=7 /X D Xezm (foxio wen ) @r> (D0 (D day). (4.2)
i=0
L-1
Observe that the sum Z X(jezm b (Fxonss—1)()>A) (7)u?(7) is nothing but the sum

=0
of the images by u¥ of the integers between 0 and L — 1 which are in the set
{7 €Z - m{(f'on+1-11)(J) > A}. Therefore,

L-1

2 Xpezmb o3 (D1 (0)

i=0

=u’({i € [0, L — 1] : my (f*Xo.nv+2-1)(i) > A})
< u!({i € Z:m{(f'Xo.n+-1)(i) > A}). (4.3)

To say that the couple (u¥,v¥) verifies condition Ay ,(Z) is equivalent to say that

the operator m_ verifies the weak type ®-inequality. Then, the truncated operator
is of weak type too. Therefore, the last term of (4.3) is less than or equal to

C y 'y'_LNJrL_I o
m;qﬂf Xo,04+8-1)(1))vY (i) = ) ; D(FY(i))vY(i) =

% S B(f(Ty)u(Ty).

1=0
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We have obtained
-1

. c & -
D Xpyezm oo o pr=x (D1 (1) < N ZE: T'y).
A L

By this inequality and the fact that the operator T is a measure preserving trans-
formation, we can affirm that (4.2) is dominated by

N+L—-1 N+L—-1

0/ % S Ui = paay 3 [ AUV DAG)

B 2 AU = NZL@E’;) [ @)

We have proved
u{o € X M) > ) < S s [ a()emn)

Since this inequality holds for all L, N € N, letting L to oo and then N to co we
obtain

C
Wl € X MEpf () > M) < g [ AU w)emuty)
(1i) = (i). We will use the following lemma due to F. J. Martin-Reyes:

Lemma 4.1 (Lemma 2.91in [4]). Let (X, M, p) be a o-finite space and letT : X — X
be an ergodic measure preserving transformation. Then, for every positive integer k
there exists a countable family of measurable sets {Bflk) :n=20,1,...}, such that
(i) For every n, "B nTiBY =0 ifi £ 4, 0<4,j <k.
(i) X = U, BY
The sets B are called basis of ergodic rectangles associated to k.
Let s,k be integers with 0 < s < k and let ¢ > 0. Let {B;} be the partition

of X in basis of rectangles associated to k£ provided by the lemma. Let us fix a
nonnegative integer ¢ and let m € Z. Let us define

k—1 —ly=1(Tig
S v (5E) b
ka

Hip={x€B;:2"< < omtt

Let A be a measurable subset of H;,,. Then the sets A, TA,T?A, ..., T* 1A are
pairwise disjoint. Let us consider the sets

s k—1
:UWAwd&:UWA
7=0 j

Let f be the function defined by

k—1 1 1
f(ZL‘) = ¢ (Z XTJA(x) (k’ _j)l_a EU(ZL‘)) :

J=s
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Let us see that
Ry C{x: M7 f(z) > 27}
If € Ry, there exists one and only one h € [0, s] such that z = T"y for some
y € A. For this z we have:

1 f(T?x
MT = i _JA
Tf( ) = SUpys Na < (N — j)i—e
k* .
1 Nl (Zr:: XTTA(T%)Wm>
iy 3 T
k—
1 N-14 (Zr—s XTTA(TJ—HZZJ) (k_rl)l—oz EU(TJlJrhy))
= SUPN>0 e _ Nl-«
Ne = (N =)
k—1
1 Nih-1 ¢ <Zr S XTTA(T y)st(Tﬂy)>
:SupN>0m Z (N—]+h)1 o

N T (02 xra(Ty >W—w<f}1y>>
—(k=h) = (k=)=

_ 1 1

, 151 (S v e ) 1 S (ch=sim) _ .

= 2 k= B R

where the last inequality follows from the fact that y € A and A C H, ..
Using this inclusion and the weak type inequality, we obtain:

/ wdpt < / wdp < —S / &(|f|)vdp.
Ry {z:MotTf(x)>2m} @(2771) X

Therefore,

s j C k—1 1 ]
/A;U(T x)dp < o (2m) /){‘D <w (; Xria(T) D w(x)>> v(z)dp(x)

/kz ( (XT“‘ >(k;—2')1—agvtx)>)U(l’)du(w)-

Applying that ®()(s)) ~ si(s), the definition of H;,, and ®(s) =~ sp(s), we can
ensure that the rlght hand side of the last inequality is less than

1 1 1 1
e 2 e a@ ((k e %v(z)) v(@)du(z)
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Z/ —alai‘”(w ) )
), Z =2 ()

k 1 w( 1 )
c | B (i),
€ Ja o (Zf_sldl( (llc_i)ll(T;Z)>(k—i)1a>

IN

ko

k— 1 1
Zj s 1 O‘¢ < k— ])1 O‘sv(Tﬂm))

C
S ;/ k=1, (e Llo—1(Ti2) 1 k=1, (e~ lv—1(Ti2) 1 dﬂ(‘r)
A Ei:s ¢< (k—i)l—o )(k,i)lfa (Zzs d’( (k,i)lfa )(ki)lo‘>
ko 90 ko
Cke 1
- £ / k=1, (e~ lo—1(T%2) 1 d'u(x)'
A (Zzs ¢< (k—i)l—« )(k,i)lfa >
()0 ko

Since this holds for every measurable subset A C H;,, we obtain:

- ; Cke 1

Z U(T l‘) S g k—1 e lo—1(Tiz) 1

=0 (Ezs w( (k—i)l— ) (h—i)l— )
@ Tk

for almost every z € H;,,. Then, since the union of H;,, is B;, the inequality holds
for almost all x € B;. Then

1 [ . 1 &8 e Y(Tia) 1
ke (;MT x>> 4 (kz_azl/} ( (k— i) ) (k — i)l—a) <G

for almost every x € X.

5. PROOF OF THEOREM 1.7.

Implication (i) = (i) is trivial, (i1) = (i7i) was proved in the previous theorem
and (i) < (iv) is an immediate consequence of the result in the integers.

(11i) = (i). Let f be a positive and measurable function and let L, N € N. Since
T is a measurable transformation which preserves the measure we have

[ o0ri @) Z/ (M3t £ () (@) dp()

_ %i /X (M, (T) (T ds (). (5.1)



INEQUALITIES FOR CESARO MAXIMAL OPERATORS 19

It is clear that My f(T'x) < mf(f“Xo.n+1-2))(i). Therefore, since @ is increasing,
the last term of (5.1) is dominated by

% /X Z D (my, (f*Xo.5+1-2)) () w” (D) dp(x). (5.2)

As we have pointed out previously, w € A;ﬁ’a(T ) is equivalent to say that w® €
A} o(Z) uniformly in . On the other hand, w* € A3 (Z) is equivalent to say that

m verifies the strong type inequality with weight w®. Applying this theorem to the
sum in (5.2) we can ensure that this expression is less than

L+N-2

T /X;@<fx><m,N+L-z]<z‘))ww<z’>du<x> -7 /X > U@ il

L+N-2 L+N-2

-7 > [ewriuridue = ¢ 3 [ T u(T s duta).

Using again that 7T is a measure preserving transformation we obtain that the
right hand side of the last equality is

T2 [ evEmEine = e [ et

We have proved

[ v0s @) u@dne) < = [ et

Letting L to co and then N to co we obtain

/X (M f () w()dp(z) < / O (f(2))w(z)dp(x).

X
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