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NEW ANALYTICAL METHOD TO ANALYZE THE FSI OF FLEXIBLE PLATES

Based on the moments of the Euler-Bernoulli equation:

o o’ a [.or] 8% (. d°r
"1 ps - — T EI— = f(5,1) + F,0 6'(s)| d =0,1,2,3,...
[s,- s lp 86f2 Y 85] 552 ( 7o (s,1) (s)—gd'(s)]| ds. n
N\ Fluid forces:
Ne(s)
. f=7"-n"+7"-n, T=—p|+,u(Vu+(Vu)T)
n
(s, 1)
; oo Actuating point forces and moments at pivot
(including e.g. springs and dampers):
Fp(1)
r(s,1)
Mp(t) = —Mp(t)ey = ex(t) A g(t)
T J. Fluid Mech. 910, A43 (2021)

J. Fluids Structures, 120, 103907 (2023)
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LINEAR APPROXIMATION

82z N 92
or2  0x?

ps€
’ 0x2

MOMENTS

« Transversal momentum conservation equation

/2 g2
[ psg_édszz‘FFz
—c/2 ot

c/2
Fp= f /2(Ap)dx (Lift)

0%z,
El =Ap+ Fp;0(x —

Small-amplitude pitching, heaving and flexural deformation
P1ivot axis close to the leading edge

Inextensible plate (Es/(pU?%c) > 1)

Potential flow

xp) — g8 (x —xp) Ap=p~ —p
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MOMENTS (CONT.)

« Moment about the leading edge conservation (torsional balance equation)

c/2 ¢ 927,
X+ = —dx=M+M
[cﬁ (Y + 2) P32 My

* Flexural moments conservation equations

c/2 A2 82Z?d c/2 ) 1822?(:1
v - —_— v E - - :D s
fc/z (““2) P “Lf ox2

c/2

M =

—C

/2

c/2 c
D :f (x + —
—e)2 2

c/2
Dy = [ (
—c/2

+2
x J—
2

(x + %) (Ap)dx  (Fluid moment)

)2 (Ap)dx

(Fluid flexural moments)

)3 (Ap)dx
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FOIL MOTION AND DEFORMATION APPROXIMATION TO OBTAIN
ANALYTICAL EXPRESSIONS FOR THE FLUID FORCE AND MOMENTS

Non-dimensional (scaled with ¢/2 and U)

Fifth-order polynomial approximation for flexible pitching and heaving foil with two dregrees of freedom for
the flexural deformation (passive — unknown):

Zs(x, 1) =h(t) —a@t)(x + 1) +di(H)[24(x + 1)* =8(x + 1) 4+ (x + 1)*]

+dr(O[160(x + D* —40(x + 1’ + x+1)’], =1<x<1
Leading edge: zo = h(t)  0z,/0x = —a(t) at x=-1 (heave and pitch)
Trailing edge: 32z, /0x> =33z, /0x =0 at x =1 (free trailing edge)

Captures accurately up to the first two natural bending modes J. Fluid Mech. 1015, A35 (2025)
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MOMENTS
R (h—a + 2 d +$32) — (T AT,

(1 . 2 208 .. 704 ..
R

“h—Zé e || =@ 4
AR TR 2) n LT

R 4h’ o 45440,’ 9445:? + S 32a’ +80d> | =C
T AT st 3R g 2) =~

( 16 496 .. 32512..
R

2h — ?a = ——di + a’z) + § (16d; + 128d>) = Cp,,

mass ratio

Non-dimensional parameters:

and

) Ap
C; = (AP)(LY with AP:—Q,
2,0U2 oU
M 1 1!
Cy=T—s= / (x + 1)(AP)dx = =C) + — [ x(AP)dx,
1pU2e2 2 2/
D : P : 2
Crp=—— =/ (x + DAAP)dx = —C; +4Cy +/ x2(AP)dx
pUZ(5)" /-1 -1
D 1
Cp, = / (x + 13 (AP)dx =Cp — 6Cy +3Ch, +/ Y (AP)dx
pU? (% -1
. Point force and moment
stiffness :
(forced or/and passive)
F}:’ M;
Cp, =—L—, Cy =—2=L—
p %,()Uz(f P %pU2C2
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HARMONIC MOTION

. , . Reduced frequency:
ht)=hoe™ |  a(t) =ape’™  with  ag=ape'?,
p— wc  mfc
dy (1) =dpe™,  do(t) =drne™,  with dig=dineVt,  dro=doye'"? U v

Analytical expressions for the fluid force and moments using von Karman and Sears decomposition of
vorticity density distribution @s(x, ) =ut —u”

w(x, 1) =wo(x, t) + (X, 1) added-mass and wake contributions

Pressure 1 terms of vorticity distribution:

9 X I n d ] l—x”+] : n
_ b x (AP)dx = — — w, x,tdx+[ x wg(x, t)dx
For mstance, quasisteady bound circulation
. . 263 . 3831 . 1755
Iv(t)=m|—-2h+3a + 2« —le — 59d, —sz—sz

R. Fernandez-Feria (ramon.fernandez@uma.es) 7



Alll the fluid force and moment coefficientes contain a added-mass and a circulatory contributions

LIFT = [ ot [ 275004
Y= 1 o 1 x*—1 - ke

d 1
Non-circulatory or added mass contirbution Cpry() = 3 f | xep(x, 1)dx
. 4G — i —25d 1495 1465d 10735
=7 |a+«a >di — —=di g - ——d
. . . o0 X
Circulatory contribution Cp.(1)=— f T 7 (x,1)dx =TIp(1)C(k)  Theodorsen’s function
I x2 —
(2)
H; 7 (k
Ch) =—7; L )(2)
H® (k) + i HP (k)
MOMENT Cp (1) = Cpy(t) + Cpr, ()
Added mass contirbution Circulatory contribution
Cat (1) = 2”76 (192¢ + 144d — 1285 — 576d; — 5248d; — 2800,

. . Cu, (1) = T (H)C (k)
—4640d, — 38680d> — 20213d2),
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FLEXURAL MOMENTS

Cr, (1) = Cr (1) + Cr,, (1) Cry(t) = 13;—2 (384 + 2885 — 240/ — 1056d; — 10848d; — 5745
—8640d, — 80190d, — 415404 ),
Cr, (t) = $10)C (k).
Cp,(t) = Cpy(t) + Cpy (1) Crag (1) = — (368 +2806 — 224h — 912d) — 10580 — 5680d

~7530d, — 78350d> — 41117d>),

5
szc(t)=§Fo(t)C(k)
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VALIDATION OF THE FLEXURAL DEFORMATION

Passive flexural deformation by solving the system of two linear equations for the flexural deformation amplitudes
(two las moment equations)  A.d, =5,

32 4544 . 044 . . . .
8- Wsz — Dy 80S— Tsz — D D... are the fluid contributions
A= )
165 — 2O R2_py 1285 2222 p
Tyt T T ey T2 Resonant frequencies with FSI:
4 | .
d1o §Rk2h0 — 2Rk2a0 + Dpi1ho+ Daiag by minimizing | det(A)|
dO - ’ b =
dro 16

\ 2Rk2h0 — ?szao + Dpoho + Do }

= 7 S
kri0 = \/— (629 — 2+/88 189) — ~0.50752
953 R

In vacuum (D... = 0) recovers almos exactly

the first two resonant bending frequencies: — 9

~2.99711

02
R

g./2
R

-
koo = \/ 553 (629 +2+/88 189)

> | e
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VALIDATION OF THE FLEXURAL DEFORMATION

Comparison with experimental results by Paraz, Eloy and Schouvelier (2014) for pure heave:

. . . 0.20 T T T T —
Correction with nonlinear o =
. . ST — 37,2
fluid damping | | | | | | | | | 0.0 | =
L " — 774
O ] (LR M— —— ]
-- (=0 Present I
l C dZs | 0Zs ' — Cp=0JFM2021 [ ' z 0 =
2 P ot | ar ' L e A 005 =" ]
) — Cp=10 J;‘ ‘\\ ~0.10 |
Eﬂ 10 E — CD: 12 I"‘ \\ 5/ _015 r
3 [ / ,' <] 020 S E—
E A o -1.0 0.8 06 —-04 02 0 02 04 06 08 1.0
0.20 i i T T i i i i
— 40 _ ~
0.15 —: %{Zﬂ g
010 = ] Foil motion at the second
0.05 . - . : resonant frequency
g 0 1 [ ]
005 - 0 1 2 3 4 5 6 7 8 9
—0.10 - i
o] \ f(HZ)
—0.20

"0 05 06 04 02 0 02 01 o os 1o Foil motion at the first
resonant frequency
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PROPULSION PERFORMANCE

THRU ST from vortical impulse theory

d
@ f%(x A ©)dV

d [} d [®
Cr(t)=—— [ Zs(x, Hog(x, H)dy — — [ Ze(x, D (x, t)dx
dr J_4 dr Jq _

. d [ d [
(Lift : CL(t)_—d—t[_I xw‘g(x,t)dx—d—t[l xwe(x, t)dx )

Cr(t)=Cro(t) + Cre(t),
) . d
Added mass contribution: Cro= —3 eIy +di Tog1 + daTha2],

. . . . 163 . 1183 .
Circulatory contribution: Cyz. = (h —a+ ?dl + Ta’g) [10Ch] + [ T0Ca1] 4+ a[THCu0]

+ d1[T0Ca11 ]+ di[1T9Ca10] + do[ToCun11 + da[ T0Cano],

R. Fernandez-Feria (ramon.fernandez@uma.es)
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CYCLE-AVERAGED THRUSTE -

T Cr(t)dt

:Z R tha taatdlatdz cee

- — ) ) ) ) functions of the reduced frequency
Cr =Cre=1thhy+ taag + tady,, +ta,d5,, + thahoao + tha1hodim and the phase shifts

+ tha2hodom + taaraodim + taa2a0d2m + tara2dimdom

Only circulatory contributions

POWER

Cp(1) =h()Cp, (1) = 2(1)Ch, (1)

Inertia and fluid contributions: Cp=Cpy +Cpr=Cpr+Cp, +Cp,

. (e . 96. 416.. (1. 2. 208. 704.
Inertia: Cop=R|h|h—d+—d+—-d) =2 |h—38+—=di+—d

Cpy=—hCpry +2&Cyy,
Fluid contr1but1oqs: Cpy =—hCp +2aCy
added-mass and circulatory:

. .1
Cp.=—hCp +2aCy, = (—h + 505) [T0C (k)]

R. Fernandez-Feria (ramon.fernandez@uma.es) 13



EFFICIENCY ‘

COMPARISON WITH EXPERIMENTAL RESULTS

Quinn, Lauder and Smits (2014)

@5 ® Paraz, Schouveiler and Eloy (2016) for U=0
200 79 337 : 45 . .
. 30| = 3
. 2 —S5=5%10
< 15] . |2 st i
3{2 / . T if) 4.0 . —S=104
T O 1S 35k . » Exp. Paraz et al. |
051 | ny
05 / 30¢F
‘ aa
0 1 2 3 4 5 6 0 L 551
=
@ 20 = 20r
0
0.15 ¢ L5+
| 1.0F
7 010+ [ e
: 05F
0.05 | ™
0 1 > 3 4 5 6 0 0
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Elastic support with torsional flexibility

(modeled with a point torsional spring and damper)

Flexible foil

Torque= A,, cos(wt) |

AN

APPLICATION TO AN ELASTICALLY MOUNTED FLEXIBLE PITCHING
FOILACTUATED BY A GIVEN TORQUE AT THE LEADING EDGE

R. Fernandez-Feria (ramon.fernandez@uma.es) J. Fluids Structures (2025, under I'CViCW) 15



PASSIVE HEAVE, PITCH, AND DEFORMATION

Resulting from the linear equations:

A-d{}E(AU+Af)-dU=b —_—  do = dio

Forced
{ A / \ ( 0 \ l\ dzﬂ ) oscillating torque

] 0 Am i
@ b=1" or b=l CME:AHé

\ 0 \ 0

Actuating force or torque  at the leading edge

R. Fernandez-Feria (ramon.fernandez@uma.es) 16



Inertia of the foil and its elastic support (linear and torsional springs and dampers)

—kZR K2R _96k2R/5 _416k2R/3
2 2 2 2
_k°R 2k2R/3 _208k2R/15 _704k2R/7

>
S
I

—4k2R/3 2k? 32S/3 — 4544k2R/105  80S — 944k>R/3
—2k>*R 16k*R/5 16S —496k*R/7 1288 — 32512k*R/63
CLP =Cri—kph— bhfi CMP = CMi + kg + by
Iy = n[k* — C(k)2ik],
FSI I, = n[ik — k* + C(k)(3ik + 2)],
I, = n[-25ik + 149k>/8 — C(k)(263ik /4 + 59)],
I [, [ [» \ b = n[-1465ik /8 + 1073k>/8 = C(k)(3831ik/8 + 1755/4)]
A = — m, m, nmy N my, = n[k* — C(k)ik]/2,
S~ fin fia fil 2 ma = n[3ik /4 — 9k2/16 + C(k)3ik +2)/4],
ch h fz . fz ! fzz ) my = 7| (=576 — 5248ik + 2800k>)/256 — C(k)(263ik /4 + 59)/4],

my = m|(— — ik + 3k°)/256 - C 3 [ +
[(—4640 — 38680ik 2021’%k°)/256 (k)(3831ik/8 + 1755/4)/4]

R. Fernandez-Feria (ramon.fernandez@uma.es)
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Springs modes
Two bending modes

/Sk,ﬂ
kr a =
0 R
| det(Ao)| = O S S
flexible plate krop = 0.501/5, k0o =~ 3.0 7

Partially taking into account the F'SI (only k? terms) for a rigid foil

RESONANT FREQUENCIES by minimizing | det(A)] | -

In vacuum by minimizing | det(Ap)| p
rigid plate (S — o)  kyop = 4/ %,

\j +\[48ka(R + 1) + kn(32R + 2770012 — 192k ok (R + 7)(8R + 370) + 48k (R + 70) + kp(32R + 27x)
krlah =
2(R + m)(8R + 3m)

L kg
Pitchmg only k), — oo kg > 1 kria = (Coincide with Moore (2014))

R. Fernandez-Feria (ramon.fernandez@uma.es) 18



Passive pitch and deformation (no passive heave) kj; — oo

Pitch amplitude
(a): o0 — 0.07
— /V
102 10.06 . 10
Bending modes
S —
1005
101 {1004 101
i
_________ 10.03
o 008 e 8 —— 2 . .
100 b N oo Torsional spring
e A 5 mode
e 3 { 1001
--------- ..rl ../.I / nnnoninalhd lal
107

S=103.R=1.b, =0.05

A, =001

Trailing edge flexural
deformation amplitude

(a): di

002

10018

10016

10014

10012

001

0.008

0.006

0.004

0.002

R. Fernandez-Feria (ramon.fernandez@uma.es)
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PROPULSION PERFORMANCE (same case)

Thrust Power Efficiency

(a): Cr (c):

001

+10.009

+10.008

10.007

+10.006

40.005

R. Fernandez-Feria (ramon.fernandez@uma.es) 20




AQUATIC PROPULSION Mass ratio Thrust

Efficiency ), (b): T

Spring mode

ka kp — 00,8 =2000, R = 0.2, bg =0.05,and A,y = 0.1.

10016
10014
10012

1001

Bending mode
(too high frequency)

10008
== 10!

10°

kp — 00,8 =500, R = 0.2, bq = 0.05, and Ay, = 0.1 107 10° 10! 10°

ka



AQUATIC PROPULSION  Mass ratio

Nondimensional frequency and spring constant for maximum efficiency at the SPRING MODE
remain almost constant as the stiffness is varied.

JUST ABOVE THE SPRING MODE

Case study: R= 4’;" ~ 0.37 steel (E = 2% 10'! Pa, p; = 7700 kg m~3)
pPC=s
512 __ Y _ 2 = fok, ka=Kak
= = ﬁ‘_0.31416’ K;,=165U f=fek, a aka
U (in m/s) u 5 "Tmax f ka k ka [ f ka k ka
0.1 | 5120 || 0.400 || 0.432 0.0426 1.358 2.582 | 0.111 0.398 0.029 1.250 1.758
f (in Hz) , kg (in Nm) 0.2 | 1280 || 0.387 || 0.860 0.170 1.350 2.576 || 0.107 || 0.738 0.105 1.160 1.591
04 ] 320 || 0.339 |[ 1.729 0.619 1.358 2.345 | 0.091 1.354 0.287 1.064 1.087
Optimal propulsion: kopt 1.4 and  ka,,, ~2.5

R. Fernandez-Feria (ramon.fernandez@uma.es)
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AERIAL PROPULSION Mass ratio Thrust

Efficiency (a): - | T .
10% | | | . ‘ R =20 10018
104 10016
J . 10014
N Bending mode loon

1 1 . !
L I — (not too high frequency) 001
02 0.008
. 0006
o Spring mode o004
0.002

kp — 0.5 = 2000, R = 20, by = 0.05, and Ay, = 0.1 . . i,

107 10° 10" 10° ;
ko
(a): n . .

*  Optimal propulsion:
; 10018
kopt = kaom ~ 10 10016
10014
10012
Bending mode o1
(not too high frequency) 0008
0.006
0.004
" e 0 0 o 0002

kp — 00,8 =500,.R =20,by =0.05,and A,;;, = 0.1 . -7 ‘ [

10! 10° 10! 10°




CONCLUSION

 The FSI of a flexible pitching foil elastically supported at its leading edge and
actuated by a given torque is analyzed, characterizing analytically its propulsion
performance for small-amplitude of the oscillation and deformation

* Values of the nondimensional parameters for optimal propulsion are obtained for
both aquatic and aerial propulsion

The optimal dimensional parameters have to be tuned with the freestream speed. For instance, for

aquatic propulsion L4 U ) )5 i

2772
opt = , aopt ¥ ——pc U
f ToC ! 2

* Can serve as a guide for the design of efficient aquatic and aerial thrusters.
Experimental validation as a future work

R. Fernandez-Feria (ramon.fernandez@uma.es) 24
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