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1 Introduction

The motivation of this paper is the implementation, in a efficient way, of a
class of high-order well-balanced numerical schemes for two-dimensional non-
conservative hyperbolic systems ([2]):

Wt + A1(W )Wx + A2(W )Wy = 0 (1)

with x = (x, y) ∈ D ⊂ R
2 and t ∈ (0, T ), where W (x, t) takes values on a

convex domain Ω of R
N and Ai, i = 1, 2, are smooth and locally bounded

matrix-valued functions from Ω to MN(R).

A fundamental point in the construction of such kind of high-order schemes
is the use of appropriate reconstructions operators ([3,7,9,11,19]). These op-
erators provide highly accurate approximations to the point values of the re-
constructed variables, using the cell values on some given stencil. We present
here a new kind of fully two-dimensional reconstruction operator, which is
based on nonlinear weighted combinations of appropriate polynomials. This
operator enjoys, among others, the desiderable property of having a compact
stencil, which results in a highly stable numerical scheme.

The shallow water equations that govern the flow of one layer or two super-
posed layers of immiscible homogeneous fluids can be written in the form (1).
Systems with similar characteristics also appear in other fluid models, as is
the case of two-phase flows. In this work we focus on the one-layer shallow
water implementation. The numerical solution of this model is useful for sev-
eral applications related to geophysical flows: simulation of rivers, channels,
dam-break problems, etc. These simulations require a great demand of com-
puting power due to the dimensions of the domain, both in space and time.
As a consequence, extremely efficient high-performance solvers are required to
solve and analyze these problems in reasonable execution times.

Currently, a cost-effective emerging architecture exists which is specially in-
dicated to considerably accelerate computational intensive tasks, like the one
considered in this paper. Modern Graphics Processing Units (GPUs) are not
only used to render 3D graphics, but can also be a cost-effective way to speedup
the numerical solution of several mathematical models in Science and Engi-
neering (see [17,18] for a revision on the topic). Modern GPUs offer over
100-200 processing units optimized for performing massively floating-point op-
erations in parallel [14]. As a consequence, for several algorithmic structures,
these architectures are able to obtain a substantially higher performance than
a powerful CPU.

In [4], an explicit central-upwind scheme is implemented on a NVIDIA GeForce
7800 GTX card to simulate the one-layer shallow water system, achieving a
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speedup from 15 to 30 with respect to an implementation on an Intel Xeon
processor. In [8,10], a first-order path-conservative ([16]) Roe type solver has
been implemented on several NVIDIA GeForce cards to simulate the one-layer
shallow water system. For medium-size problems, a speedup of two orders of
magnitude faster than a SSE-optimized CPU version of the solver is achieved.

In the present work, we follow the strategy described in [10] for designing an
efficient implementation of the numerical scheme presented in [2] using CUDA.

The structure of the paper is as follows. In Section 2, the high-order finite
volume scheme developed in [2] is reviewed. The new third-order reconstruc-
tion operator is presented in Section 3. Next, Section 4 is dedicated to explain
the details of the implementation of the numerical scheme in GPUs, for the
particular case of one-layer shallow water equations with bottom topography.
Moreover, several numerical experiments are presented. Finally, some conclu-
sions are drawn in Section 5.

2 High-order finite volume schemes

2.1 Roe methods

Consider the two-dimensional nonconservative hyperbolic system (1), that it is
assumed to be strictly hyperbolic, i.e., for each W ∈ Ω and η = (η1, η2) ∈ R

2,
the matrix

A(W, η) = A1(W )η1 + A2(W )η2

has N real and distinct eigenvalues

λ1(W, η) < · · · < λN(W, η).

Thus, A(W, η) is diagonalizable; it can be decomposed as

A(W, η) = K(W, η) · Λ(W, η) · K(W, η)−1

where Λ(W, η) is the diagonal matrix whose coefficients are the eigenvalues of
A(W, η) and K(W, η) is a matrix whose j-th column is an eigenvector Rj(W, η)
associated to the eigenvalue λj(W, η).

To discretize (1) the computational domain D is decomposed into subsets with
a simple geometry, called cells or finite volumes: Vi ⊂ R

2. It is assumed that
the cells are closed convex polygons whose intersections are either empty, a
complete edge or a vertex. Denote by T the mesh, i.e., the set of cells, and by
NV the number of cells.

3
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Given a finite volume Vi, |Vi| will represent its area; Ni ∈ R
2 its center; Ni the

set of indexes j such that Vj is a neighbor of Vi; Eij the common edge of two
neighboring cells Vi and Vj, and |Eij| its length; dij the distance from Ni to
Eij ; ηij = (ηij,1, ηij,2) the normal unit vector at the edge Eij pointing towards
the cell Vj (see figure 1); ∆ the maximum of the diameters of the cells; W n

i the
constant approximation to the average of the solution in the cell Vi at time tn

provided by the numerical scheme:

W n
i
∼= 1

|Vi|
∫

Vi

W (x, tn) dx.

Fig. 1. Finite volume discretization.

A family of paths in Ω ⊂ R
N is defined as a locally Lipschitz map

Ψ: [0, 1] × Ω × Ω × S1 → Ω

such that for any WL, WR ∈ Ω, η ∈ S1 (the unit sphere in R
2) and s ∈ [0, 1],

the following properties hold ([2]):

(1) Ψ(0; WL, WR, η) = WL and Ψ(1; WL, WR, η) = WR.
(2) Ψ(s; WL, WR, η) = Ψ(1 − s; WR, WL,−η).
(3) Ψ(s, W, W, η) = W .

Given a family of paths Ψ, a Roe linearization of system (1) is a function

AΨ : Ω × Ω × S1 → MN(R)

satisfying the following properties for each WL, WR ∈ Ω and η ∈ S1:

(1) AΨ(WL, WR, η) has N distinct real eigenvalues

λ1(WL, WR, η) < λ2(WL, WR, η) < · · · < λN(WL, WR, η).

(2) AΨ(W, W, η) = A(W, η).
(3) AΨ(WL, WR, η) · (WR − WL) =

4
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∫ 1

0
A(Ψ(s; WL, WR, η), η)

∂Ψ

∂s
(s; WL, WR, η) ds. (2)

Denote by ΛΨ(WL, WR, η) the diagonal matrix whose coefficients are the eigen-
values λj(WL, WR, η) and let KΨ(WL, WR, η) be the associated eigenvectors
matrix. Define the positive and negative parts of AΨ(WL, WR, η) as

A±
Ψ(WL, WR, η) = KΨ(WL, WR, η) · Λ±

Ψ(WL, WR, η) · KΨ(WL, WR, η)−1,

where Λ+
Ψ(WL, WR, η) (respectively, Λ−

Ψ(WL, WR, η)) is the diagonal matrix
whose coefficients are the positive (respectively, negative) parts of the eigen-
values λj(WL, WR, η).

In the particular case in which Ak(W ), k = 1, 2, is the Jacobian matrix of a
smooth flux function Fk(W ), property (2) does not depend on the family of
paths and reduces to the usual Roe property:

AΨ(WL, WR, η) · (WR − WL) = Fη(WR) − Fη(WL) (3)

for any η ∈ S1, where

Fη(W ) = η1F1(W ) + η2F2(W ) (4)

represents the flux along the η direction.

The general expression of a Roe scheme in upwind form for solving (1) is given
by ([2]):

W n+1
i = W n

i − ∆t

|Vi|
∑

j∈Ni

|Eij |A−
ij · (W n

j − W n
i ) (5)

where

A−
ij = A−

Ψ(W n
i , W n

j , ηij).

Additionally, a CFL condition must be imposed to ensure stability:

∆t · max

{

|λij,k|
dij

; i = 1, . . . , NV, j ∈ Ni, k = 1, . . . , N

}

= δ, (6)

with 0 < δ ≤ 1.

As in the case of systems of conservation laws, when sonic rarefaction waves
appear it is necessary to modify the numerical scheme in order to obtain
entropy-satisfying solutions. For instance, the Harten-Hyman entropy fix tech-
nique ([5]) can be easily adapted here.

Some general results concerning the consistency and well-balanced properties
of Roe schemes have been studied in [2].

5
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2.2 High-order extension

This section is devoted to the development of a high-order extension of scheme
(5).

To begin with, consider a reconstruction operator, i.e., an operator that asso-
ciates to a given family {Wi}NV

i=1 of cell values two families of functions defined
at the edges:

γ ∈ Eij 7→ W±
ij (γ)

in such a way that, whenever

Wi =
1

|Vi|
∫

Vi

W (x) dx (7)

for some smooth function W , then

W±
ij (γ) = W (γ) + O(∆p), γ ∈ Eij.

It will be assumed that the reconstructions are calculated in the following
way: given the family {Wi}NV

i=1 of cell values, an approximation function is
constructed at every cell Vi, based on the values Wj at some stencil of neigh-
boring cells to Vi:

Pi(x) = Pi (x; {Wj}j∈Bi
)

for some set of indexes Bi. These approximation functions are usually con-
structed by means of interpolation or approximation methods. The recon-
structions at γ ∈ Eij are defined as

W−
ij (γ) = lim

x→γ
Pi(x), W+

ij (γ) = lim
x→γ

Pj(x). (8)

Clearly, for any γ ∈ Eij the following equalities are satisfied:

W−
ij (γ) = W+

ji (γ), W+
ij (γ) = W−

ji (γ).

The reconstruction operator is assumed to satisfy the following properties:

(H1) It is conservative, i.e., the following equality holds for any cell Vi:

Wi =
1

|Vi|
∫

Vi

Pi(x)dx. (9)

(H2) It is of order p, in the sense that

W (γ) − W±
ij (γ) = ∆pgij(γ) + O(∆p+1), γ ∈ Eij

being gij a regular function.

6
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(H3) It is of order q in the interior of the cells, i.e., if the operator is applied
to a sequence {Wi} satisfying (7) for some smooth function W (x), then

Pi(x) = W (x) + O(∆q), x ∈ int(Vi). (10)

(H4) The gradient of Pi provides an approximation of order m to the gradient
of W :

∇Pi(x) = ∇W (x) + O(∆m), x ∈ int(Vi). (11)

The semidiscrete expression of the high-order extension of scheme (5), based
on a given reconstruction operator, is the following ([2]):

W ′
i (t) = − 1

|Vi|





∑

j∈Ni

∫

Eij

A−
ij(γ, t)

(

W+
ij (γ, t) − W−

ij (γ, t)
)

dγ

+
∫

Vi

(

A1(P
t
i (x))

∂P t
i

∂x
(x
)

+ A2(P
t
i (x))

∂P t
i

∂y
(x)

)

dx





(12)

where P t
i is the approximation function at time t:

P t
i (x) = Pi (x; {Wj(t)}j∈Bi

) ,

W±
ij (γ, t) are given by

W−
ij (γ, t) = lim

x→γ
P t

i (x), W+
ij (γ, t) = lim

x→γ
P t

j (x), (13)

and

Aij(γ, t) = AΨ

(

W−
ij (γ, t), W+

ij (γ, t), ηij

)

.

The following result can be proved (see [2]):

Theorem 2.1 Assume that A1 and A2 are of class C2 with bounded deriva-
tives and AΨ is bounded. Suppose also that the reconstruction operator sat-
isfies hypotheses (H1)–(H4). Then (12) is an approximation of order at least
α = min(p, q, m).

Remark 1 The conclusion of theorem 2.1 is rather pessimistic: the observed
order in experiments is usually α = min(p, q, m + 1); see [2] for more details.

In practice, the integral terms in (12) must be approximated numerically. A
one-dimensional quadrature formula of order r̄ is applied to calculate the line
integrals:

∫ b

a
f(s)ds = (b − a)

( n(r̄)
∑

l=1

ωlf(xl)

)

+ O(∆r̄), (14)

7
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while a two-dimensional quadrature formula of order s̄ is used to compute the
volume integrals:

∫

Vi

f(x) dx = |Vi|
n(s̄)
∑

l=1

αlf(xi
l) + O(|Vi|s̄). (15)

To preserve the order of the numerical scheme, it is necessary to have r̄ ≥ α
and s̄ ≥ α.

Finally, the numerical scheme is written as follows:

W ′
i (t) = − 1

|Vi|





∑

j∈Ni

|Eij|
n(r̄)
∑

l=1

wlA−
ij,l(t)

(

W+
ij,l(t) − W−

ij,l(t)
)

+ |Vi|
n(s̄)
∑

l=1

αl

(

A1(P
t
i (x

i
l))

∂P t
i

∂x
(xi

l

)

+ A2(P
t
i (x

i
l))

∂P t
i

∂y
(xi

l)

)





(16)

where
W±

ij,l(t) = W±
ij (aij + sl(bij − aij), t)

and
Aij,l(t) = AΨ(W−

ij,l(t), W
+
ij,l(t), ηij).

Remark 2 A technique that avoids the explicit computation of ∇Pi(x) has
been introduced in [13] in the one-dimensional case. The use of this technique,
that is based on the trapezoidal rule and Romberg extrapolation, makes the
expected order of accuracy to be min(p, q). The extension to two-dimensional
problems is straightforward for structured meshes, while for unstructured
meshes a Romberg extrapolation formula for triangles can be used (see [22]).

For time stepping, high-order TVD Runge-Kutta methods like those described
in [21] are applied. In particular, in this work we use a third-order reconstruc-
tion operator in space and a third-order TVD Runge-Kutta method to advance
in time.

The well-balancedness properties of schemes (12) and (16) have been analyzed
in [2].

3 Third-order reconstruction operator

The definition of reconstruction operators in two-dimensional domains is, in
general, a difficult task. For structured rectangular meshes, the problem can
be reduced to standard one-dimensional reconstructions in the coordinate di-
rections, such as ENO ([20]), WENO ([7], [9]), PHM ([11]), etc. However,

8



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

when unstructured meshes are considered the construction of such operators
becomes more difficult, and it may require a higher computational cost (see
[3,6] for example).

In this section we present a new kind of reconstruction operator of polynomial
type, that is third-order accurate on each computational cell. We will focus on
the simpler case of uniform rectangular meshes; however, the method can be
extended to general nonuniform quadrilateral meshes following similar guide-
lines. On the other hand, it is worth noting that uniform rectangular meshes
are specially well suited for the implementation of the method on GPUs, that
is the ultimate goal of the present work (see Section 4.1).

Assume that the computational domain is composed by rectangular uniform
cells of size ∆x×∆y. Given a cell V , consider the nine-point stencil of neigh-
boring cells {Vi; i = 0, . . . , 8} with V4 = V , and the middle points pN , pS, pE

and pW of each edge of V4: see figure 2.

Fig. 2. Stencil used to approximate the derivatives of F (x) at pE .

Let F (x) be a sufficiently smooth function to be reconstructed on V , and
denote x = (x, y). For each pR = (xR, yR), R ∈ {N, S, E, W}, consider a
second-order Taylor expansion of F (x) around pR:

F (x) =F (pR) + Fx(pR)(x − xR) + Fy(pR)(y − yR)

+
1

2
Fxx(pR)(x − xR)2 + Fxy(pR)(x − xR)(y − yR)

+
1

2
Fyy(pR)(y − yR)2 + O(∆3),

where ∆ is the diameter of V . To approximate the derivatives of F (x) at pR

we will apply the procedure presented in [19], that is briefly explained below.

Integrating the above expression in Vi and dividing it by the cell area |Vi|, we

9
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obtain an expression for the average F i:

F i =F (pR) + αiFx(pR) + βiFy(pR) + γi

1

2
Fxx(pR)

+ δiFxy(pR) + εi

1

2
Fyy(pR) + O(∆3).

For unstructured meshes, the coefficients αi, βi, γi, δi and εi only depend on the
geometry of the mesh, so they can be computed and stored in a preprocessing
step.

Next, the derivatives of F (x) at each pR can be approximated by appropriate
linear combinations of the averages F i. To fix ideas, we will focus on the point
pE . To approximate Fxx(pE), an equality of the form

∑

j

µjF j = Fxx(pE) +
∑

j

µjO(∆3)

is considered, where j is a local index to be specified later. This equality is
achieved if the condition

Aµ = b (17)

holds, where the j-th column of A ∈ M6(R) is (1, αj, βj, γj, δj, εj)
T and b =

(0, 0, 0, 2, 0, 0)T .

To fulfill (17) a six-point stencil is thus required. As pointed out in [19], the
more natural stencil {Vj; j = 1, 2, 4, 5, 7, 8} formed by the six nearest neigh-
bouring cells to pE is not adequate, as for uniform meshes the system (17) is
under-determined. This problem can be fixed by moving one of the cells; in
this case, if the stencil {Vj; j = 1, 2, 3, 4, 7, 8} is chosen (see figure 2) then (17)
has an unique solution, that leads to

F̃xx(pE) :=
−F 1 + F 2 + 2F 3 − 2F 4 − F 7 + F 8

2∆x2
≈ Fxx(pE) + O(∆). (18)

In a similar way, the following approximations are obtained:

F̃xy(pE) :=
F 1 − F 2 − F 7 + F 8

2∆x∆y
≈ Fxy(pE) + O(∆),

F̃yy(pE) :=
F 1 − 2F 4 + F 7

∆y2
≈ Fyy(pE) + O(∆).

(19)

The same procedure can be applied to obtain approximations to the first-order
derivatives:

F̃x(pE) :=
−F 1 + F 2 − F 7 + F 8

2∆x
≈ Fx(pE) + O(∆2),

F̃y(pE) :=
−F 1 − F 2 + F 7 + F 8

4∆y
≈ Fy(pE) + O(∆2),

(20)
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and also to the point value:

F̃ (pE) :=
1

24
(−5F 1 + 4F 2 − 4F 3 + 30F 4 − 5F 7 + 4F 8)

≈F (pE) + O(∆3).
(21)

The above technique can be adapted in a straightforward way to obtain ap-
proximations at each point pR, R ∈ {N, S, W}.

Next, define the four second-order polynomials

PR(x) =F̃ (pR) + F̃x(pR)(x − xR) + F̃y(pR)(y − yR)

+
1

2
F̃xx(pR)(x − xR)2 + F̃xy(pR)(x − xR)(y − yR)

+
1

2
F̃yy(pR)(y − yR)2, R ∈ {N, S, E, W},

(22)

that provide third-order approximations to F (x) on the whole cell V . It can be
easily checked that these reconstructions are conservative, i.e., they conserve
the average value F 4.

In the presence of shocks, the approximations to the second-order derivatives
in (22) involve stencils having cells at both sides of the discontinuity: this
produces small but undesiderable numerical disturbances. To avoid this be-
haviour and obtain a sharp resolution of shocks, first-order truncations of
(22) are instead considered. To maintain conservation and get a second-order
reconstruction on V , the coefficients of the first-order polynomials must be
recalculated; for example, the following approximations are considered for the
point pE :

F̃x(pE) :=
F 2 − 2F 4 + F 8

2∆x
≈ Fx(pE) + O(∆),

F̃y(pE) :=
−F 2 + F 8

2∆y
≈ Fy(pE) + O(∆),

F̃ (pE) :=
F 2 + 2F 4 + F 8

4
≈ F (pE) + O(∆2).

(23)

The following step consist in combining the polynomials PR(x) in a WENO-
like manner (see [20] for details). First, we build the smoothness indicators

βR =
∫∫

V
∆x∆y

(

F̃x(pR)2 + F̃y(pR)2
)

dx

= ∆x2∆yF̃x(pR)2 + ∆x∆y2F̃y(pR)2,
(24)

that are used to detect possible discontinuities in the stencil. Notice that
second-order derivatives are not involved in (24), as the stencils used to cal-

11
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culate them always leave cells at both sides of a discontinuity; this would lead
to terms of the same order for each βR.

The nonlinear weights ωR are then defined as

ωR =
αR

αN + αS + αE + αW

where

αR =
λR

(ε + βR)r
.

All the linear weights λR take the value 1/4, as they are not chosen to improve
accuracy as in the one-dimensional WENO method. Typically, the values ε =
10−6 and r = 4 give good results in the applications.

Finally, the reconstruction operator P (x) on V is defined as

P (x) = ωNPN(x) + ωSPS(x) + ωEPE(x) + ωWPW (x), x ∈ V. (25)

Let us resume the full procedure of the reconstruction:

(1) For each R ∈ {N, S, E, W}, construct the approximations F̃x(pR) and
F̃y(pR) as in (20).

(2) Build the smoothness indicators βR using formula (24).
(3) If every βR is under the tolerance tol = ∆2, calculate F̃xx(pR), F̃xy(pR),

F̃yy(pR) and F̃ (pR) as in (18), (19) and (21). Then use (22) to define the
second-order polynomials PR(x).

(4) If βR > tol for some R, compute F̃ (pR), F̃x(pR) and F̃y(pR) as in (23),
for each index R. Then build the corresponding first-order polynomials
PR(x) by truncation of the second-order terms in (22).

(5) Finally, define the reconstruction operator P (x) using formula (25).

For smooth functions, the reconstruction operator P (x) verifies hypotheses
(H1)–(H4) in section 2.2 with p = q = 3 and m = 2. Taking into account
Remark 2, the expected order of the high-order method (16) is then equal to
min(p, q) = 3.

4 Implementation and numerical tests

To test the properties of the high-order scheme (16) and the benefits of its
implementation using CUDA, we will focus on the one-layer shallow water

12
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equations with topography:



















































∂h

∂t
+

∂qx

∂x
+

∂qy

∂y
= 0,

∂qx

∂t
+

∂

∂x

(

q2
x

h
+

g

2
h2

)

+
∂

∂y

(

qxqy

h

)

= gh
∂H

∂x
,

∂qy

∂t
+

∂

∂x

(

qxqy

h

)

+
∂

∂y

(

q2
y

h
+

g

2
h2

)

= gh
∂H

∂y
.

(26)

Here h(x, t) denotes the thickness of the water layer, qα(x, t), α = x, y, are the
mass-flows in the coordinate directions, H(x) represents the depth function
(bathymetry) and g is the gravity constant.

Let us denote U = [h, qx, qy]
T and

F1(U) =

[

qx,
q2
x

h
+

1

2
gh2,

qxqy

h

]T

, F2(U) =

[

qy,
qxqy

h
,
q2
y

h
+

1

2
gh2

]T

,

S1(U) = [0, gh, 0]T , S2(U) = [0, 0, gh]T .

Let Ji(U) =
∂Fi

∂U
(U) be the Jacobian of the flux Fi, for i = 1, 2. Given an unit

vector η = (ηx, ηy) ∈ R
2, we define the matrix A(U, η) = J1(U)ηx + J2(U)ηy,

and the vectors Fη(U) = F1(U)ηx +F2(U)ηy and Sη(U) = ηxS1(U)+ηyS2(U).

In the particular case of the one-layer shallow water system, the numerical
scheme (16) reads as follows (see [2] for more details):

U ′
i(t) = − 1

|Vi|





∑

j∈Ni

|Eij |
n(r̄)
∑

l=1

wlD−(U−
ij,l(γ, t), U+

ij,l(γ, t), H−
ij,l(γ), H+

ij,l(γ), ηij)

− |Vi|
n(s̄)
∑

l=1

αl

(

S1(P
t
i (x

i
l))

∂P H
i

∂x
(xi

l

)

+ S2(P
t
i (x

i
l))

∂P H
i

∂y
(xi

l)

)



. (27)

Next, the notation used in (27) is detailed. P t
i is the reconstruction function

corresponding to the cell value Ui(t), while P H
i is the reconstruction function

associated to the cell averages of the given bathymetry. U±
ij (γ, t) and H±

ij (γ)
are given, respectively, by

U−
ij (γ, t) = lim

x→γ
P t

i (x), U+
ij (γ, t) = lim

x→γ
P t

j (x)

and

H−
ij (γ) = lim

x→γ
P H

i (x), H+
ij (γ) = lim

x→γ
P H

j (x).

U±
ij,l (respectively H±

ij,l) corresponds to U±
ij (·) (respectively H±

ij (·)) evaluated

13
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at the quadrature points of the edge Eij . Moreover,

D±(UL, UR, HL, HR, η) =

Fη(UL) + P±
LR (ALR(UR − UL) − SLR(HR − HL)) . (28)

In the particular case of system (26),

ALR =



















0 ηx ηy

(−ū2
x + c̄2)ηx − ūxūyηy 2ūxηx + ūyηy ūxηy

−ūxūyηx + (−ū2
y + c̄2)ηy ūyηx ūxηx + 2ūyηy



















and
SLR =

[

0, c̄2ηx, c̄2ηy

]T

with

h̄ =
hL + hR

2
, c̄ =

√

gh̄, ūα =

√
hLuL,α +

√
hRuR,α√

hL +
√

hR

, α = x, y, (29)

and the usual definitions of the velocity u = q/h and the elevation η = h−H .
Finally,

P±
LR =

1

2
KLR(I ± sgn(ΛLR))K−1

LR, (30)

where ΛLR is the diagonal matrix whose coefficients are the eigenvalues of ALR,
KLR is a matrix whose columns are associated eigenvectors, and sgn(LLR) is
the diagonal matrix whose coefficients are the signs of the eigenvalues of the
matrix ALR.

4.1 CUDA Implementation

In this section we describe the potential data parallelism of the numerical
scheme and its implementation in CUDA.

4.1.1 Parallelism sources

Initially, the finite volume mesh must be constructed from the input data
with the appropriate setting of initial and boundary conditions. Then the time
stepping is performed by applying a third-order Runge-Kutta TVD method,
consisting on three steps. At each step, the spatial discretization (27) must be
performed as follows:

(1) Reconstruction and volume integral computation: First a recon-
struction procedure at each cell and for each variable must be performed

14
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to define the functions Pi(x) given by (25). Next, the numerical approx-
imation of the volume integral is computed using a third-order Gaussian
quadrature formula

Σi = −|Vi|
n(s̄)
∑

l=1

αl

(

S1(Pi(x
i
l))

∂P H
i

∂x
(xi

l

)

+ S2(Pi(x
i
l))

∂P H
i

∂y
(xi

l)

)

.

Next, the reconstructed values Uij,l at the quadrature points of each edge
of the cell Vi are also computed. Again, a third-order Gaussian quadrature
formula is used. Therefore, two values must be computed at each edge of
Vi.

(2) Edge-based calculations: The following computations must be per-
formed at each edge Eij common to cells Vi and Vj, using the recon-
structed values U−

ij,l and U+
ij,l previously calculated:

Σ±
ij = |Eij |

n(r̄)
∑

l=1

wlD±(U−
ij,l(γ, t), U+

ij,l(γ, t), H−
ij,l(γ), H+

ij,l(γ), ηij).

(3) Volume-based calculations: At each cell Vi, the following computa-
tions must be performed:

a) Computation of the local ∆ti for each volume.
b) Computation of Un+1,s

i : The n + 1, s-th state of each volume must be
approximated from the n-th and the n + 1, s − 1-th states using the
data computed at the previous steps.

Several remarks can be made related to the description of the parallel algo-
rithm. The computation steps required by the problem addressed here can be
classified into two groups: computations associated to edges and computations
associated to volumes. The scheme exhibits a high degree of data parallelism
because the computation at each edge/volume is independent with respect
to the computation performed at the rest of edges/volumes. Moreover, the
scheme presents a high arithmetic intensity and the computation exhibits a
high degree of locality. These remarks indicate that this problem is suitable
for being implemented on GPUs using CUDA.

4.1.2 Implementation details

We consider problems consisting in a bidimensional regular finite volume mesh.
Each processing step executed on the GPU is assigned to a CUDA kernel. A
kernel is a function executed on the GPU, which is executed forming a grid
of thread blocks that run logically in parallel (see [15] for more details). Next,
we describe each step.

• Build the data structure: For each volume, we store its state (h, qx

and qy) and its depth H . We define an array of float4 elements, where

15
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each element represents a volume and contains the former parameters. This
array is stored as a 2D texture since each edge (thread) only needs the
data of its two adjacent volumes, and texture memory is especially suited
for each thread to access its closer environment in texture memory. The
per-block shared memory, on the other hand, is more suitable when each
thread needs to access many elements located in global memory, and each
thread of a block loads a small part of these elements into shared memory.
We first implemented a CUDA program using shared memory instead of
a texture, where each thread of a block loaded the data of a volume into
shared memory, but later we got better execution times by using a texture.

The area of the volumes and the length of the vertical and horizontal
edges are precalculated and passed to the CUDA kernels that need them.

We can know at runtime if an edge or volume is frontier or not and the
value of ηij at an edge by checking the position of the thread in the grid.

• Reconstruction and integral computation: In this step, the reconstruc-
tion values U±

ij,l, l = 1, 2, are computed and stored in four arrays located in
global memory, each one being an array of float3 elements. The size of each
array is twice the number of volumes and they are associated to the four
edges of a cell (south, north, east and west). Moreover, the integral term
Σi is also computed and stored in an accumulator placed in global memory.
This accumulator is an array of float4 elements and its size is the number
of volumes. This accumulator is also used to store the contributions of the
vertical edges. In this process, each thread represents a finite volume cell.

• Process vertical and horizontal edges: We divide the edge processing
into vertical and horizontal edge processing. For vertical edges ηij,y = 0,
and for horizontal edges ηij,x = 0. Therefore, all the operations where these
terms take part can be avoided, thus increasing efficiency.

Here, each thread represents a vertical or a horizontal edge, and computes
the contribution to their adjacent volumes as described in section 4.1.1.

The edges (i.e., threads) synchronize each other when contributing to a
particular volume by means of two accumulators stored in global memory,
each one being an array of float4 elements. Note that one of them has
been previously used to store the integral cell computation. The size of each
accumulator is the number of volumes. Each element of the accumulators
stores the edge contributions to the volume (a 3×1 vector, Σ±

ij , and a float

value storing ‖Λij‖∞). In the processing of vertical edges, each edge writes
the contribution to its right-side volume in the first accumulator, and the
contribution to its left-side volume in the second accumulator. Next, the
processing of horizontal edges is performed in an analogous way, with the
difference that the contribution is added to the accumulators.

• Compute ∆ti for each volume: In this step, each thread represents a
volume and the local ∆ti of the volume Vi is computed using the CFL
condition (6).

• Get the minimum ∆t: This step finds the minimum of the local ∆ti of
the volumes by applying a reduction algorithm on the GPU. The reduction

16
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algorithm applied is the kernel 7 (the most optimized one) of the reduction
sample included in the CUDA Software Development Kit [15].

• Compute Un+1,s
i for each volume: In this step, each thread represents

a volume and the state Ui of the volume Vi is updated. The final value is
obtained by adding up the two 3 × 1 vectors stored in the positions cor-
responding to the volume Vi in both accumulators. Since a CUDA kernel
cannot directly write into textures, the texture is initially updated by writ-
ing the results into a temporal array, which is then copied to the CUDA
array bound to the texture.

4.2 Numerical experiments

In this section, the reconstructions in space are performed using the third-
order operator introduced in Section 3, while for time stepping an optimal
TVD Runge-Kutta scheme is applied (see [20]). Also, a Gaussian quadrature
of order three is used to approximate the integral terms.

Two different codings of the scheme have been implemented: the CPU code
was written in C++, while the GPU code was programmed in CUDA, fol-
lowing the guidelines stated in Section 4.1. The CPU was an Intel Xeon
E5430 (2.66 GHz 12MB L2 Cache), while two different GPUs have been used:
a NVIDIA GeForce 9800GTX (128 stream processors with 512MB) and a
NVIDIA GeForce GTX260 (192 stream processors with 869MB).

4.2.1 Verification of the C-property

In this test the C-property (see [1], for example) of the scheme is numerically
verified. Consider a depth function of the form

H(x) = 2 − (x − 0.5)2 − (y − 0.5)2, x ∈ [0, 1] × [0, 1]

with a random perturbation (see figure 3). The initial conditions are given
by h(x, 0) = H(x) and qx(x, 0) = qy(x, 0) = 0. A rectangular mesh with
∆x = ∆y = 0.01 has been considered, and CFL=0.9. As it can be seen in
table 1, the stationary solution is exactly preserved up to machine accuracy.

Table 1
Test case 4.2.1. Verification of the C-property. L1 errors.

Precision Error h Error qx Error qy

Single 1.35E–08 2.63E–07 3.28E–07

Double 5.56E–17 6.48E–18 6.43E–18
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Fig. 3. Finite volume discretization.

4.2.2 Subcritical stationary solution

The depth function for this experiment is taken as

H(x) = 2 − 0.2 exp(−0.16(x − 10)2), x ∈ [0, 20] × [0, 20].

The initial conditions correspond to the two-dimensional extension of a one-
dimensional subcritical stationary solution (see [2] for the details). As bound-
ary conditions, qx(0, y, t) = 0.15 is fixed at x = 0, and h(20, y, t) = 0.5 is
imposed at x = 20. Solid walls are considered at y = 0 and y = 20. The CFL
is set to 0.9.

The L1 errors obtained with several meshes are shown in table 2. As expected,
the scheme achieves third order of accuracy.

Table 2
Test case 4.2.2. L1 errors and orders.

N. cells Error h Order h Error qx Order qx

10 × 10 1.22E–02 – 7.76E–02 –

20 × 20 3.93E–03 1.63 1.04E–02 2.90

40 × 40 5.71E–04 2.78 8.42E–04 3.63

80 × 80 4.87E–05 3.55 3.89E–05 4.44

160 × 160 3.32E–06 3.87 1.86E–06 4.39
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4.2.3 Circular dam-break problem

This experiment concerning a circular dam-break problem has been taken from
[2]. The bottom is defined by the function

H(x) =







0.6 − b(x) if (x − 1.5)2 + (y − 1)2 ≤ 0.52,

0.6 otherwise,

where b(x) = 1
8
(cos(2π(x − 0.5)) + 1)(cos(2πy) + 1), on the computational

domain [0, 2] × [0, 2].

The initial conditions are given by

h(x) =







H(x) + 0.5 if (x − 1.25)2 + (y − 1)2 ≤ 0.12,

H(x) otherwise,

and qx(x, 0) = qy(x, 0) = 0. Boundary conditions of absorbing type at x = 0
and x = 2, and solid walls at y = 0 and y = 2, have been considered. The
CFL is set to 0.9.

The computed solutions at different times are represented in figure 4, where
the reference solution has been calculated on a mesh of 800 × 800 cells. The
results obtained are comparable to those found in [2], where third-order bi-
hyperbolic reconstructions were applied.

A comparison between the CPU and GPUs times is presented in table 3.
Finally, figure 5 shows the speedup curves obtained with both GPUs.

Table 3
Test case 4.2.3. CPU versus GPU times (in seconds).

N. cells CPU 9800GTX GTX260

50 × 50 2.23 0.0858 0.046

100 × 100 18.21 0.461 0.20

200 × 200 147.78 3.362 1.38

400 × 400 1175.28 25.596 10.54

800 × 800 9414 201.896 84.08

1200 × 1200 31405 673.30 279.20
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Fig. 4. Circular dam-break problem: results obtained at times t = 0.05, 0.1 and 0.15
(top to bottom) at the longitudinal section y = 1, with ∆x = 0.02 and ∆x = 0.01.
Free surface (left) and discharge qx (right).

5 Conclusions

A new kind of reconstruction operator of polynomial type, that is third-order
accurate on each computational cell, has been developed. The method can
be extended to general nonuniform quadrilateral meshes. An efficient high or-
der well-balanced finite volume solver for one-layer shallow water systems has
been derived and implemented using the CUDA framework. This solver imple-
ments optimization techniques to efficiently parallelize the numerical scheme
on the CUDA architecture. Simulations carried out on GeForce 9800GTX and
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Fig. 5. Test case 4.2.3. GPUs speedup curves.

GeForce GTX260 cards using single precision were found to be up to two or-
ders of magnitude faster than a monocore version of the solver for big-size
uniform problems. These simulations also show that the numerical solutions
obtained with the solver are accurate enough for practical applications. As
further work, we propose to extend the strategy to enable efficient simulations
on non-structured meshes and to extend the CUDA implementation to other
models like two-layer shallow water systems.
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