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Abstract

This study theoretically predicted the response of superimposed squeeze and rotational flows (SSRF) of fluids with different viscous behav-
iors (i.e., Newtonian, shear-thinning, and shear-thickening fluids). The theoretical predictions were verified using the plate-plate geometry for
the SSRF measurements with the Newtonian and power-law fluids. In all the cases, the squeeze force increased as the gap decreased, but the
response was very different for each rheological behavior. The variation in the squeeze force with the gap was not affected by the superim-
posed rotational shear stress value, owing to the nondependency of the viscosity on the shear for Newtonian fluids. However, for the power-
law fluids, the squeeze force variation with the gap value was based on the value of the superimposed shear stress value. The decrease and
increase in the viscosity with the shear stress for the shear-thinning and shear-thickening fluids, respectively, resulted in opposite trends of
the squeeze force with the gap value variation. For the shear-thinning fluids, the squeeze force for each gap value decreased with increasing
superimposed rotational shear stress. The opposite trend was observed for the shear-thickening fluid. In the absence of wall slip, the theoreti-
cal predictions well agreed with the experimental results. © 2024 Author(s). All article content, except where otherwise noted, is
licensed under a Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).
https://doi.org/10.1122/8.0000887

I. INTRODUCTION

When two coaxial parallel plates with a fluid between
them approach each other, a squeeze flow is afforded.
Squeeze flows assist in the rheological characterization of
matter and can be very useful in material processing.
Although the squeeze flows of Newtonian and shear-thinning
fluids have been extensively analyzed theoretically [1–3] and
experimentally [4–8], those of shear-thickening fluids have
not been comprehensively analyzed [9].

Squeeze flows are unavoidably intermixed with shear
flows; hence, flow conditions that are more complex than the
conventional simple shear flow conditions should be
included in the rheological characterization of fluids. For
example, a device capable of superimposing oscillatory
squeeze and oscillatory rotational flows has been proposed
for characterizing the viscoelastic response of fluids [10].
This study focused on the response of superimposed squeeze
and rotational flows (SSRF) of fluids with different viscous
behaviors (Newtonian, shear-thinning, and shear-thickening
fluids). SSRF were realized with a plate-plate geometry
because this geometry is representative of different practical
situations, such as those appearing in damping, antivibration,
or absorbing impact devices. Using the SSRF rheological
test, a first-order approximation for the three-dimensional
(3D) description of the viscous flow behavior of fluids can
be obtained [11]. Since a wall slip influences the recorded

squeeze force [12,13], nonslip conditions should be checked.
Under steady-state conditions, two independent components
of the rate-of-strain tensor ( _γ) develop during the SSFR rheo-
logical test: the rotation of the upper plate around the
common axis induces a shear rate _γθz, and the squeeze flow
of the upper plate toward the down plate induces a radial
shear rate _γrz.

First, the theoretical SSRF problem was analytically
solved for Newtonian and power-law fluids assuming the
absence of wall slip. Then, the theoretical predictions for the
dependence of the squeeze force on the gap between plates
were verified. Honey and the Newtonian plateaus of a shear-
thinning ophthalmic ointment and a shear-thickening fumed
silica suspension were employed as the Newtonian fluids. A
foot cream and an ophthalmic ointment were utilized as the
shear-thinning fluids. Finally, a fumed silica suspension was
employed as the shear-thickening fluid. This study aimed to
present and test an analytical solution for the SSRF problem
that can be used for analyzing and predicting the behavior of
the three most representative fluid viscous behaviors (i.e.,
Newtonian, shear-thinning, and shear-thickening) in 3D-flow
situations.

II. EXPERIMENTAL

Rheological experiments were conducted on a controlled
stress rheometer MARS III (Haake Thermo Electron
Corporation GmbH, Karlsruhe, Germany). The sample was
maintained at 20 �C using a Peltier system.

Steady flow curves were obtained using a cone-plate
system with a 1� cone angle, 20mm diameter, and 52 μm
gap. The correlation between the apparent viscosity and
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shear rate was recorded. The steady flow condition was
assumed when the relative variation of the response, that is,
shear stress, to each step by step applied shear rate was less
than 1% for 10 s. This condition was easily achieved for the
considered shear rate intervals. The liquid media used in this
study were Newtonian eucalyptus honey (Apisol S.A.,
Valencia, Spain), two non-Newtonian shear-thinning fluids,
that is, a moisturizing foot cream (Babaria, Berioska S.L.,
Valencia, Spain) and an ophthalmic ointment (Recugel®,
Bausch + Lomb Inc., New Jersey, USA), and a shear-
thickening suspension. The shear-thickening suspension was
prepared by adding polypropylene glycol (PPG400, from
Sigma-Aldrich, Spain) with an average molar mass of
400 g/mol to hydrophilic fumed silica particles
(Aerosil®200, from Evonik, Germany) and then mixing at
800 rpm for 10min with an RZR1 stirrer (Heidolph
Instruments, Germany) using a PR30 pitched-blade impeller.
The amount of the solid phase (A200® particles) in the
liquid phase (PPG400) was 20%w/w, and a constant tempera-
ture of 20 �C was maintained during the experiment; thus,
the shear-thickening suspension was labelled as
20A200PPG40020. The absence of wall slip in the rotational
shear tests was verified by comparing the cone-plate results
with the results of a plate-plate system with 20mm (Fig. 1)
and two different gaps (1 and 0:5mm) [14]. Although the
results do not prove the absence of wall slip for the SSFR
rheological tests, they indicate the realization of such a condi-
tion, at least as a first approximation. Moreover, the nonde-
pendence of the results on the cone angle was validated for
the cone-plate system with a 2� cone angle, 35mm diameter,
and 105 μm gap (Fig. 1).

The Newtonian behavior of the employed honey was
confirmed (Fig. 2), with a constant viscosity value of ηN
¼ (22:0+ 0:5)Pa s at 20 �C. Furthermore, the dependence of
the foot cream viscosity (Fig. 2) on the shear rate was
obtained under isothermal conditions (20 �C), and the
results fitted very well to the power law (R2 ¼ 0:9985) in
the full shear rate interval considered herein

(η( _γ) ¼ (87:5+ 1:4) _γ�(0:62+0:01)). The ophthalmic ointment
exhibited Newtonian behavior with a constant viscosity of
ηN ¼ (4400+ 100)Pa s at shear rates lower than 0:006 s�1

and well fitted the power law (R2 ¼ 0:9993) in the interval
(0:006�100s�1)(η( _γ)¼ (43:1+0:7) _γ�(0:86+0:01)). Moreover,
the shear-thinning behavior of the ophthalmic ointment was
more abrupt (n¼ 0:14) than that of the foot cream (n¼ 0:38).
In principle, the consistencies of the two materials cannot be
compared because their units are very different (Pas0:14 for
the ophthalmic ointment and Pas0:38 for the foot cream).
Nevertheless, as the numerical value of the consistency index
coincided with the viscosity value when the shear rate was
1s�1, the foot cream was inferred to be more consistent than
the ophthalmic ointment. Finally, the 20A200PPG40020 sus-
pension displayed Newtonian behavior with a constant viscos-
ity of ηN ¼ (1:31+0:05)Pas at shear rates lower than 20s�1

and exhibited discontinuous shear-thickening behavior (Fig. 2)
in a very narrow shear rate interval (20�40s�1). Additionally,
the results in this shear rate interval were fitted to a power
law (R2¼ 0:9532), depicting the dependence η( _γ)
¼ (10�23+10�25) _γ(16+1) of the viscosity with the shear rate.

The fluids were squeezed out using the axial test included
in the rheometer’s Rheowin 4.60 software. A previous study
[15] found that better reproducible results were obtained with
the rheometer MARS III when the squeeze velocity was con-
trolled than when the squeeze force was monitored.
Therefore, this study controlled the squeeze velocity using
the constant area method between two parallel coaxial plates
(Fig. 3), that is, while the lower plate was maintained station-
ary, the upper plate was displaced toward the lower plate
under constant velocity. Prior to the SSRF test, a rotational
shear stress was applied, which was maintained during the
SSRF test until a steady state was achieved. This was done to
develop the microstructure before the start of the SSRF test
and maintain it during the SSRF test. The plate diameter was
2R0 ¼ 20mm and the initial gap was h0 ¼ 1:5mm.
Consequently, the geometric parameter ζ ¼ h

R0
related to the

FIG. 1. Steady viscosity curves of 20A200PPG40020 suspension obtained
using different geometries and gaps. The coincidence of the results indicates
the nonslip condition at the walls and nondependence on the cone angle.
Lines are included for guidance.

FIG. 2. Steady viscosity curves of the honey (Newtonian fluid), foot cream
(shear-thinning fluid), Recugel® (Newtonian and shear-thinning fluids), and
20A200PPG400 suspension (Newtonian and shear-thickening fluids),
T ¼ 20 �C. Power law very well fitted the non-Newtonian behaviors in all
cases.
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variable gap during the squeeze and the plate radius was
always sufficiently small; therefore, the terms of O(ζ2) in the
movement equation could be neglected.

III. RESULTS AND DISCUSSION

A. Newtonian fluids

For Newtonian fluids, η(II _γ) ¼ ηc ¼ ηN and the move-
ment Eqs. (A22) and (A23) (see Appendix) are

0 ¼ � d p̂
dr̂

þ @2v̂r
@ẑ2

, (1)

0 ¼ @2v̂θ
@ẑ2

: (2)

Integrating Eq. (1) with respect to ẑ and considering that
p̂ ¼ p̂(r̂),

@v̂r
@ẑ

¼ d p̂
dr̂

ẑþ C(r̂, θ̂), (3)

where C(r̂, θ̂) is an integration constant. To determine the
value of the constant, the symmetry condition @v̂r

@ẑ

��
ẑ¼1

2
¼ 0 was

used. Therefore,

@v̂r
@ẑ

¼ d p̂
dr̂

ẑ� 1
2

� �
: (4)

Substitution of Eq. (4) in Eq. (A29) yielded

d p̂
dr̂

¼ 6r̂: (5)

Once steady state was achieved, rotational shear stress τθz
was generated and maintained. The microstructure developed
in the material opposes the rotor plate with a normal stress
τzz ¼ �pþ 2ηN

@vz
@z . The second term was assumed to be neg-

ligible compared to the first term [16]; thus, the total normal

force exerted by the liquid on the upper plate was dominated
by the gauge hydrostatic pressure. Therefore,

Fz ¼
ðRo

0

pjz¼h2πrdr: (6)

Integrating Eq. (6) by parts and using the boundary condi-
tion pjz¼h, r¼Ro

¼ 0, the following was obtained:

Fz ¼ �π
ðRo

0

r2
dp
dr

dr: (7)

In terms of nondimensional variables with ηc ¼ ηN ,
Eq. (7) transformed to

Fz ¼ � πηN _h

h3
R4
o

ð1
0

r̂2
d p̂
dr̂

dr̂: (8)

Substitution of Eq. (5) in Eq. (8) yielded the well-known
Stefan equation [1],

Fz ¼ � 3
2
πηN _h

h3
R4
o: (9)

The results are justified as follows. The increase in the
shear rate with decreasing gap did not influence the viscosity
value simply because the fluid is Newtonian. Therefore, the
superimposed rotational shear does not have any additional
influence on the relationship between the squeeze force and
velocity compared to squeeze test results in the absence of the
superimposed rotational flow (Stefan equation). Figure 4 illus-
trates that the superimposed rotational shear does not modify
the quantitative dependence of Fz with h, even when different
shear stress values are applied. Linear plots [Fig. 4(a)] and
log-log plots [Fig. 4(b)] are also presented to highlight the
good fit of the model predictions [Eq. (9)] with the experimen-
tal results. Specifically, the slope of the logF � logh plot
dlogFz

dlogh ¼ �3
� �

well agreed with the predictions of Eq. (9).

B. Power-law fluid

For power-law fluids, η( _γ) ¼ K _γn�1, where K is the
consistency and n is the power-law index. Substitution of
Eqs. (A22) and (A23) into the motion equation yielded

d p̂
dr̂

¼ K

ηc

@

@ẑ
_γn�1 @v̂r

@ẑ

� �
, (10)

0 ¼ @

@ẑ
_γn�1 @v̂θ

@ẑ

� �
: (11)

Within the lubrication approximation, the following can
be assumed [17]:

_γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_γ2rz þ _γ2θz

q
: (12)

FIG. 3. Scheme of the squeeze flow between two axisymmetric circular flat
plates. The sample radius (R0) maintains constant being the gap between
plates [h(t)], the independent variable, and the normal force [F(t)] exerted on
the upper surface by the sample, the independent variable. For the selected
coordinate system, the squeeze velocity _h is negative.
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Substitution of vθ ¼ rΩh(z) in Eq. (11) afforded

0 ¼ @

@z
_γn�1 @Ωh

@z

� �
: (13)

Assuming the simple shear condition, @Ωh
@z ¼ Ωh

h = f (z).
Equation (11) states that _γ is not a function of z. Therefore,
Eq. (10) was transformed to the simplest form,

d p̂
dr̂

¼ K

ηc
_γn�1 @

2v̂r
@ẑ2

: (14)

Integrating Eq. (14) with respect to ẑ provided

@v̂r
@ẑ

¼ ηc
K _γn�1

d p̂
dr̂

ẑþ C(r̂, θ̂), (15)

where C(r̂, θ̂) is the integration constant. To determine this
constant, the symmetry condition @v̂r

@ẑ

��
ẑ¼1

2
¼ 0 was employed.

Therefore,

@v̂r
@ẑ

¼ ηc
K _γn�1

d p̂
dr̂

ẑ� 1
2

� �
: (16)

Substituting Eq. (16) in Eq. (A29), the following was
obtained:

d p̂
dr̂

¼ K _γn�1

ηc
6r̂: (17)

Note that _γn�1 is a function of r to be determined. Since

_γrz ¼ @vr
@z ¼ � r

2
d2vz
dz2 and _γθz ¼ @vθ

@z ¼ r Ωh
h , the generalized shear

rate was

_γ ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

d2vz
dz2

� �2

þ Ωh

h

� �2
s

: (18)

Therefore,

d p̂
dr̂

¼ 6
K

ηc
Rn�1
0

1
4

d2vz
dz2

� �2

þ Ωh

h

� �2
" #n�1

2

r̂n ¼ Ar̂n, (19)

where A ¼ 6 K
ηc
Rn�1
0

1
4

d2vz
dz2

� �2
þ Ωh

h

� 	2
 �n�1
2

does not depend on

r. Equation (7) in terms of nondimensional variables is

Fz ¼ � πηc _h

h3
R4
o

ð1
0

r̂2
d p̂
dr̂

dr̂: (20)

The substitution of Eq. (19) in Eq. (20) afforded

Fz ¼ � πηc _h

h3
AR4

o

ð1
0

r̂nþ2dr̂: (21)

Solving the integral in Eq. (21), the following was
obtained:

Fz ¼ � π _h

h3(nþ 3)
6KRnþ3

0
1
4

d2vz
dz2

� �2

þ Ωh

h

� �2
" #n�1

2

: (22)

The derivative d2vz
dz2 needs to be determined to obtain a

useful expression for the force exerted by the fluid opposite
to the squeeze flow. Considering the Taylor expansion of vz
around z ¼ h

2 and h � R0, the dependence of d2vz
dz2 with z can

be neglected. Therefore,

d2vz
dz2

¼ C ) dvz
dz

¼ Czþ D, (23)

where C and D are constants. As vr(r, 0) ¼ � r
2
dvz
dz ¼ 0,

D ¼ 0. Integration of Eq. (23) using the boundary conditions

FIG. 4. Validation of Eq. (9) for the Newtonian behavior, _h ¼ �100 μm/s,
T ¼ 20 �C. (a) Linear and (b) log-log plots.
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Eq. (A19) yielded

vz ¼
_h

h2
z2: (24)

Therefore, the substitution of Eq. (24) in Eq. (22) afforded

Fz ¼ � π _h

h3(nþ 3)
6KRnþ3

0
1
4

_h

h2

� �2

þ Ωh

h

� �2
" #n�1

2

: (25)

Equation (25) reduces to the Newtonian prediction
[Eq. (9)] when n ¼ 1 and K ¼ ηN , indicating that the super-
imposed rotation does not influence the squeeze flow behav-
ior of Newtonian fluids.

The experimental results and theoretical predictions
[Eq. (25)] for the dependence of the squeeze force on the
gap for the SSRF of power-law fluids were compared. The
predictions for both shear-thinning and shear-thickening
behaviors were analyzed. Figure 5 displays the shear stress
intervals where the shear-thinning and shear-thickening behav-
iors were observed. The shear-thinning behaviors of the foot
cream and ophthalmic ointment were observed in the shear
stress intervals (15� 500 Pa) and (20� 100 Pa), respectively,
while the shear-thickening behavior of the 20A200PPG40020
suspension was observed in the shear stress interval
(30� 5000 Pa). Note that the superimposition of the shear
stress instead of the shear rate to the squeeze flow was pre-
ferred as the employed rheometer in a stress-controlled device,
which ensures that the squeezed microstructure was the same
during all the SSRF tests.

The rotational term Ωh
h

� 	
in Eq. (25) was calculated from

the experimental raw data (Table I). As shown in Fig. 6, this
term slightly increased as the gap decreased for the shear-
thinning fluids, and regardless of the superimposed rotational
shear stress value, it was practically independent of the rota-
tional shear stress and gap value for the shear-thickening
fluid. These two significantly different variations can be

justified as follows. When the rotational superimposed shear
stress increased, the microstructure in the shear-thinning
fluids weakened. Moreover, for a given gap value, the corre-
sponding viscosity value decreased and the angular velocity
increased. When the gap value decreased, the rotational term
Ωh
h increased. The observations for the shear-thickening fluid
were very different. The 20A200PPG40020 suspension
exhibited discontinuous shear-thickening behavior (Fig. 1).
As shown in Fig. 7, for the interval of shear stress values
where the 20A200PPG40020 suspension exhibited shear-
thickening behavior in accordance with the power-law
equation (30� 2500 )Pa, the shear rate variation range
was extremely short (25� 35 s�1). Thus, despite the high
variation in the superimposed shear stress values in the
shear-thickening region, the variation in the corresponding
rotational term was comparatively low.

The experimental results well qualitatively agreed the
theoretical predictions obtained using Eq. (25) for the

FIG. 5. Steady apparent viscosity vs shear stress curves displaying
Newtonian and non-Newtonian behaviors, T ¼ 20 �C. Lines are included for
guidance.

TABLE I. Dependence of the rotational term on the gap.

σ

(Pa) Ωh
h (rad/s �m) r2

Shear-thinning fluid (foot cream)
50 (26:7+ 0:6)þ (315+ 8)exp(�h/((2:66+ 0:06) � 10�4)) 0.9962
75 (52:3+ 0:6)þ (508+ 8)exp(�h/((2:62+ 0:04) � 10�4)) 0.9985
100 (138:3+ 0:7)þ (830+ 8)exp(�h/((2:74+ 0:03) � 10�4)) 0.9994
250 (1322+ 9)þ (6700+ 1400)exp(�h/((1:3+ 0:1) � 10�4)) 0.9124
500 (7290+ 40)þ (12100+ 700)exp(�h/((2:4+ 0:1) � 10�4)) 0.9836
Shear-thinning fluid (ophthalmic ointment)
40 (68+ 2)þ (1280+ 40)exp(�h/((2:0+ 0:1) � 10�4)) 0.9971
50 (97+ 2)þ (1790+ 50)exp(�h/((1:8+ 0:1) � 10�4)) 0.9983
60 (124+ 3)þ (2180+ 70)exp(�h/((1:9+ 0:1) � 10�4)) 0.9982
Shear-thickening fluid (20A200PPG40020)
100 3600 ± 300 —

500 3800 ± 200 —

1000 3900 ± 400 —

2500 4100 ± 600 —

FIG. 6. Rotational term Ωh
h

� 	
vs the plate gap. This term decreases with the

gap for shear-thinning fluids but stays practically constant with decreasing
gap for the shear-thickening fluid (see the text for a possible justification of
this behavior), T ¼ 20 �C. The lines correspond to exponential decay fits.
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shear-thinning (Figs. 8 and 9) and shear-thickening (Fig. 10)
fluids. For the shear-thinning fluids, the viscosity decreased
with increasing superimposed rotational shear stress, result-
ing in a less pronounced increases in the normal force with

decreasing gap value. In contrast, for the shear-thickening
fluid, the viscosity increased with the superimposed rotational
shear stress, resulting in the increase in the normal force based
on the squeeze flow corresponding to the gap value. This
denotes that the energy dissipation in hydraulic dumpers using
shear-thickening fluids will be more effective when the super-
imposed rotational shear stress is higher. Certainly, the super-
position of the rotational shear stress will incur some costs,
which could make a device based on this idea unviable. In
other words, expending energy (superimposed rotation) to dis-
sipate energy (squeeze flow) sounds absurd. Therefore, super-
imposed rotation without an additional energetic spending
needs to be realized, but this is matter for inventors.

However, the quantitative agreement between experimen-
tal results and theoretical prediction [Eq. (25)] was not so
good for Recugel® probably due to typical wall slip
observed in gels [18] but not considered in the theoretical
development here presented. The existence of wall slip in
Recugel® results was determined following Yoshimura and
Prud’homme analysis [19] comparing the results of steady
flow curves obtained using plate-plate geometry of 20mm
diameter and two different gaps (1 and 0:5mm). According

FIG. 7. Steady flow curves of the 20A200PPG400 suspension, foot cream,
Recugel®, and honey (T ¼ 20 �C).

FIG. 8. Experimental results and theoretical predictions [Eq. (25)] of the
dependence of the normal force on the gap value for superimposed rotational
and squeeze flow of the shear-thinning foot cream. _h ¼ �100 μm/s;
T ¼ 20 �C. (a) Linear and (b) log-log plots.

FIG. 9. Experimental results and theoretical predictions [Eq. (25)] of the
dependence of the normal force on the gap value for superimposed rotational
and squeeze flow of the shear-thinning Recugel®. _h ¼ �100 μm/s;
T ¼ 20 �C. (a) Linear and (b) log-log plots.
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to these authors, the actual shear rate ( _γR) at the rim of a
plate-plate of radius R is related to two apparent shear rate
values corresponding to different gaps between plates,

_γR(σR) ¼ H1 _γR1(σR)� H2 _γR2(σR)
H1 � H2

, (26)

where _γR1 and _γR2 are the apparent shear rates at the rim of
plates separated distances H1 and H2, respectively. The coin-
cidence of _γR1 and _γR2 for a given shear stress value σR will
imply the absence of wall slip for the plate-plate geometry.
As can be seen in Fig. 11, steady flow curves obtained with
two PP configurations (1 and 0:5mm gap) clearly coincide
in the case of the foot cream, but some discrepancies are
evident in the case of Recugel®. These results suggest the
existence of wall slip in the last case, justifying the lack of
quantitative agreement observed in Fig. 9.

IV. CONCLUSIONS

The theoretical predictions for SSRF were verified using a
plate-plate system with Newtonian and power-law fluids. The
response of the Newtonian fluids was independent of the
superimposed rotational shear stress values. In contrast, for
the power-law fluids, the superimposed stress influenced the
variation in the squeeze force with the gap value. These very
different behaviors stem from the viscosity dependence with
shear characterizing each time-independent viscous behavior
(Newtonian, shear-thinning, and shear-thickening).
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APPENDIX: NONDIMENSIONAL GOVERNING
EQUATIONS

When the upper plate simultaneously rotates and moves
downward, the response against the squeezing deformation
of the microstructure generated by the shear stress can be
studied. According to the cylindrical polar coordinate system

FIG. 10. Experimental results and theoretical predictions [Eq. (25)] of the
dependence of the normal force on the gap value for superimposed rotational
and squeeze flow of the shear-thickening 20A200PPG400 suspension.
_h ¼ �100 μm/s; T ¼ 20 �C. (a) Linear and (b) log-log plots.

FIG. 11. Steady flow curves of Recugel® and the foot cream obtained
using plate-plate geometry with two different gaps. The coincidence of the
results indicates that no slip at the wall condition is accomplished. Note the
difference in the shear rate values corresponding to the same applied shear
stress value with different plate-plate gaps. Error bars, lower than 5%, were
omitted for clarity.
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(r, θ, z), the SSRF velocity vector is (Fig. 3)

~v(r, z) ¼
vr
vθ
vz

0@ 1A: (A1)

Therefore, the conservation of mass of an incompressible
fluid in terms of the continuity equation is as follows:

∇ �~v ¼ 1
r

@(rvr)
@r

þ 1
r

@vθ
@θ

þ @vz
@z

¼ 0: (A2)

Moreover, neglecting the gravitational forces and inertia,
the conservation of momentum equation is

0 ¼ ∇ � τ, (A3)

where τ ¼ �pI þ σ is the stress tensor, with p representing
the hydrostatic pressure and σ representing the deviatoric or
viscous stress tensor. The three components of Eq. (A3) are
relevant for SSRF [20],

0 ¼ � @p

@r
þ 1

r

@(rσrr)
@r

þ 1
r

@σrθ

@θ
þ @σrz

@z
� σθθ

r
, (A4)

0 ¼ � 1
r

@p

@θ
þ 1
r2
@(r2σrθ)

@r
þ 1

r

@σθθ

@θ
þ @σθz

@z
, (A5)

0 ¼ � @p

@z
þ 1

r

@(rσrz)
@r

þ 1
r

@σθz

@θ
þ @σzz

@z
: (A6)

Equations (A2) and (A4)–(A6) can be adequately scaled
to obtain useful nondimensional equations. Based on
Muravleva’s analysis [21], the lengths are scaled with the

disk radius R0 in the r direction r̂ ¼ r
R0

� �
and with the dis-

tance between disks h in the z direction ẑ ¼ z
h

� 	
.

Additionally, the angle is scaled with
_γRo
_h
h, where _γRo

¼ Ro
Ωh
h is the rotational shear rate at the disk rim and Ωh is

the angular velocity of the rotor when the gap is h, that is,

θ̂ ¼ θ _h
_γRo h

� �
. Velocities are scaled with the squeeze velocity _h

in the z direction v̂z ¼ vz
_h

� �
, with the compression rate

_ε ¼ _h
h

� �
times the disk radius R0( _hR0/h) in the r direction

v̂r ¼ vr h
R0

_h

� �
, and with the shear rate at the rim times the

disk radius ( _γRo
R0) in the θ direction v̂θ ¼ vθ

R0 _γRo

� �
. The pres-

sure is scaled with ηc _hR
2
0/h

3, that is, p̂ ¼ ph3

ηc _hR
2
0

� �
, where ηc is

some fluid characteristic viscosity value. Finally, the shear
stress σrz is scaled with ηc _hR0/h2, but shear stresses σrθ and
σzθ are scaled with ηc _γRo

R0/h and normal stresses are scaled

with ηc _h/h. Consequently, the nondimensional continuity and

movement equations are

1
r̂

@(r̂v̂r)
@r̂

þ 1
r̂

@v̂θ
@θ̂

þ @v̂z
@ẑ

¼ 0, (A7)

0 ¼ � @ p̂

@r̂
þ ζ2

1
r̂

@(r̂σ̂rr)
@r̂

þ ζ
1
r̂

@σ̂rθ

@θ̂
þ @σ̂rz

@ẑ
� ζ2

σ̂θθ

r̂
, (A8)

0 ¼ � 1
r̂

@ p̂

@θ̂
þ ζξ2

1

r̂2
@(r̂2σ̂rθ)

@r̂
þ ζ2

1
r̂

@σ̂θθ

@θ̂
þ ξ2

@σ̂θz

@ẑ
, (A9)

0 ¼ � @ p̂

@ẑ
þ ζ2

1
r̂

@(r̂σ̂rz)
@r̂

þ ζ2
1
r̂

@σ̂θz

@θ̂
þ ζ2

@σ̂zz

@ẑ
: (A10)

As previously indicated, ζ ¼ h
R0

is a geometric factor

that associates the gap with the disk radius. Moreover,

ξ ¼ _γRo
_ε is a velocity factor that associates the rotational

shear rate at the disk rim with the compression rate _ε. As
ζ is always lower than 0:15, the O(ζ2) terms in
Eqs. (A8)–(A10) can be neglected, resulting in the fol-
lowing simplified expressions:

0 ¼ � @ p̂

@r̂
þ ζ

1
r̂

@σ̂rθ

@θ̂
þ @σ̂rz

@ẑ
, (A11)

0 ¼ � 1
r̂

@ p̂

@θ̂
þ ζξ2

1

r̂2
@(r̂2σ̂rθ)

@r̂
þ ξ2

@σ̂θz

@ẑ
, (A12)

0 ¼ � @ p̂

@ẑ
: (A13)

Equation (A13) yields that p̂ = p̂(̂z). Furthermore, the

condition @ p̂
@θ̂

¼ 0 is realized because the rotational superim-

posed flow is a drag flow. Therefore, p̂ ¼ p̂(r̂), and
Eq. (A12) reads

0 ¼ ζ
1

r̂2
@(r̂2σ̂rθ)

@r̂
þ @σ̂θz

@ẑ
: (A14)

To continue with this analysis, the constitutive equation of
the fluid needs to be determined. Considering the study
scope, the fluid is assumed to be inelastic and assumed to
obey the generalized Newtonian fluid constitutive equation,

σ ¼ η(II _γ) _γ, (A15)

where II _γ is the second invariant of the strain rate tensor. In
the absence of slip, vr ¼ vr(r, z), vθ ¼ vθ(r, z), and
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vz ¼ vz(z). Therefore, the strain rate tensor is [20]

_γ ¼

2
@vr
@r

@vθ
@r

� vθ
r

@vr
@z

@vθ
@r

� vθ
r

2
vr
r

@vθ
@z

@vr
@z

@vθ
@z

2
@vz
@z

0BBBBBB@

1CCCCCCA: (A16)

Additionally, some assumptions about the vr(r, z),
vθ(r, z), and vz(z) functions must be imposed to continue
with this analysis. Specifically, the following is reasonable to
assume:

vθ(r, z) ¼ rΩh(z): (A17)

Note that the Ωh(z) dependence denotes that the angular
velocity at each z plane is different due to the friction
between the fluid layers. Moreover, the maximum angular
velocity is generally a function of h. In other words, the
angular velocity of the rotor varies as the gap decreases due
to the eventual variation in the fluid viscosity. Substitution of
Eq. (A17) into the continuity Eq. (A2) yields the radial com-
ponent of the velocity,

vr(r, z) ¼ � r

2
dvz
dz

: (A18)

The following boundary conditions are also included in
the analysis:

vr(z¼ 0)¼ vθ(z¼ 0)¼ vz(z¼ 0)¼ vr(z¼ h)¼Ωh(z¼ 0)¼ 0
vz(z¼ h)¼ _h

�
:

(A19)

As vθ(r, z)/ r, @vθ
@r ¼ vθ

r . Furthermore, the complete
absence of slip at the solid-liquid interfaces implies that the
shear deformation appears in the r and θ directions, with z
being the gradient direction in both cases, that is,

_γ ¼

2
@vr
@r

0
@vr
@z

0 2
vr
r

@vθ
@z

@vr
@z

@vθ
@z

2
@vz
@z

0BBBBBB@

1CCCCCCA: (A20)

Here, @v̂r
@ẑ ¼ b_γrz ¼ h2

_hRo
_γrz ¼ h2

_hRo

@vr
@z is the nondimensional

squeeze shear rate and @v̂θ
@ẑ ¼ b_γθz ¼ h2

ΩR2
o
_γθz ¼ h2

ΩR2
o

@vθ
@z is the

nondimensional rotational shear rate. Substitution of Eq.
(A20) into Eq. (A15) yields the deviatoric stress tensor

components,

σrr ¼ η(II _γ)2
@vr
@r

σθθ ¼ η(II _γ)2
vr
r

σzz ¼ η(II _γ)2
@vz
@z

σrz ¼ η(II _γ)
@vr
@z

σθz ¼ η(II _γ)
@vθ
@z

σrθ ¼ 0

: (A21)

The nondimensional stress components are substituted
into Eqs. (A11) and (A14), yielding

0 ¼ � d p̂

dr̂
þ @

@ẑ

η(II _γ)
ηc

@v̂r
@ẑ

� �
, (A22)

0 ¼ @

@ẑ

η(II _γ)
ηc

@v̂θ
@ẑ

� �
: (A23)

The nondimensional continuity equation is

1
r̂

@(r̂v̂r)
@r̂

þ dv̂z
dẑ

¼ 0: (A24)

Equation (A24) is integrated with respect to ẑ from
0 (z ¼ 0) to 1 (z ¼ h) [22] using the boundary conditions,
v̂z (̂z ¼ 0) ¼ 0 and v̂z(̂z ¼ 1) ¼ 1,

ð1
0

1
r̂

@(r̂v̂r)
@r̂

@ẑþ
ð1
0

dv̂z
dẑ

dẑ ¼ 0: (A25)

Therefore,

@

@r̂
r̂
ð1
0

v̂r@ẑ

 !
¼ �r̂: (A26)

Integration of Eq. (A26) with respect to r̂ from the sym-
metry axis (r̂ ¼ 0) yields

ð1
0

v̂r@ẑ ¼ � r̂

2
: (A27)

The partial integration of Eq. (A27) affords

v̂r (̂z ¼ 1)�
ð1
0

ẑ
@v̂r
@ẑ

@ẑ ¼ � r̂

2
: (A28)

No-slip conditions are assumed at the solid-liquid inter-
faces [Eq. (A19)]. Subsequently, the boundary condition
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v̂r (̂z ¼ 1) ¼ 0 is used to obtain

ð1
0

ẑ
@v̂r
@ẑ

@ẑ ¼ r̂

2
: (A29)
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