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Lie algebras
Definition. A Lie algebra over a field F (R and C our setting) is an
algebra g (vector space over F and an F-bilinear product g× g→ g)
which satisfies

♥ Skewsymmetry: [x , y ] = −[y , x ];

♥ Jacobi identity: [[x , y ], z ] + [[y , z ], x ] + [[z , x ], y ] = 0.

Examples

? g = (F3,×),

(
x1
x2
x3

)
×
(

y1
y2
y3

)
=

(
x2y3 − x3y2
x3y1 − x1y3
x1y2 − x2y1

)
? Matn(F) = {A = (aij) : i , j ∈ F} is not Lie for (A,B) 7→ AB

? But for (A,B) 7→ [A,B] := AB − BA it is:

gl(n,F) = (Matn(F), [ , ]) general linear algebra

? sl(n,F) = {A ∈ gl(n,F) : tr(A) = 0} special linear algebra

? so(n,F) = {A ∈ gl(n,F) : A + AT = 0} orthogonal algebra



The founder of Lie group theory

Sophus Lie

Sophus Lie (1842-1899) discovered that

continuous transformation groups (now called, after him, Lie groups)
could be better understood by “linearizing”them,

and studying the corresponding generating vector fields
(called infinitesimal generators at that time).

The generators are subject to a linearized version of the group law,
now called the commutator bracket,

and have the structure of what is today called a Lie algebra.



The origins - I

Felix Klein

First inspiration: Klein (1849-1925)

After the appearance of the noneuclidean geometries, the following
question was in the air:

what is really the geometry?

Erlangen programme: each geometry is the study of the invariants
under the action of a group (group of symmetries):

Examples

• Euclidean Geometry → Rigid movements O(n) n Rn (symm., rot., trans.)

• Projective Geometry → Projective group PGL(n + 1) ∼= GL(n+1)

R×



The origins - II

Evariste Galois

Algebraic inspiration: Galois (1811-1832)

Each algebraic equation is related to a group (Galois group, which
permutes the roots) in such a way that

The equation can be solved by radicals when the group is solvable!

Can we relate to any differential equation a differential Galois group
such that both solvabilities are equivalent?



Example of Lie’s idea

�



�
	dy

dx = y+x(x2+y 2)
x−y(x2+y 2) = g2(x ,y)

g1(x ,y)

 x2 + y 2 =
dy
dx−

y
x

1+ dy
dx

y
x

=
tangent of angle at P = (x , y)

between the solution through P
and the radius from (0, 0) to P

 invariant by rotations

Easy to check:

If α(s) =

(
x(s)
y(s)

)
is a solution,

and φt =
(

cos t − sin t
sin t cos t

)
rotation of angle t

⇒ φt

(
x(s)
y(s)

)
is another solution!

⇒ φ : R→ SO(2), t 7→ φt , leaves the equation stable

Take

Xφ(p) := ∂
∂t

∣∣∣
t=0

φt(p) =
(

0 −1
1 0

)
 Xφ = −y ∂

∂x
+ x ∂

∂y

Z = g1
∂
∂x

+ g2
∂
∂y
 Z =

(
x − y(x2 + y2)

)
∂
∂x

+
(
y + x(x2 + y2)

)
∂
∂y

⇒ [Xφ,Z ] = 0

⇒ (x2 + y2)−1 integrating factor ⇒ x2+y2

2 + arctan x
y = C solutions



The origins - III, Lie 1873, Analytic viewpoint

How can the knowledge of a stability group for a differential equation be
utilized towards its integration?�



�
	dy

dx = g2(x ,y)
g1(x ,y)  g2dx − g1dy = 0

Def. A one-parameter subgroup φ : R→ Diff (R2), 0 7→ id, t 7→ φt (group
hom.) leaves the equation stable if it permutes the solutions:

α(s) = (x(s), y(s)) solution ⇒ φt(α(s)) solution ∀t

• Each one-parameter subgroup of diffeomorphisms of R2 has an induced
vector field Xφ : R2 → TR2, Xφ(p) = ∂

∂t

∣∣
t=0

φt(p)

Lie Theorem:

φ leaves the equation stable ⇐⇒[Xφ,Z ] = λZ for Z = g1
∂
∂x + g2

∂
∂y ,

λ ∈ C∞(R2)

In this situation we can find an integrating factor (µ such that µ(g2dx − g1dy) exact):
If Xφ(p) = P∂x |p + Q∂y |p ⇒ µ = (g1Q − g2P)−1



Notion which has evolved to the notion of Lie group

Def: A group of continuous transformations in Rn:

• The elements are mappings which transform a point
M = (x1, . . . , xn) of a vector space into another point
M ′ = (x ′1, . . . , x

′
n) of the same space

• These transformations are (usually linear) invertible, including the
identity, and the composition of two of them is another one

• The transformation depend upon r continuous parameters
x ′i = fi (x1, . . . , xn, t1, . . . , tr )

Above example SO(2):

{
x ′1 = x1 cos t − x2 sin t = f1(x1, x2, t)
x ′2 = x1 sin t + x2 cos t = f2(x1, x2, t)

Then dφt

dt

∣∣∣
t=0

=
(
− sin t − cos t
− cos t sin t

)∣∣∣
t=0

=
(

0 −1
1 0

)
is an infinitesimal generator (a basis of so(2))



Complicating the example: SO(3)
SO(3) = {A ∈ Mat3×3(R) : AAt = I3}, the special orthogonal group,

acts isometrically on R3 (‖v‖ =
√
v tv =

√
v tAtAv = ‖Av‖)

Most of its elements can be written as

φt1,t2,t3 := Re1,t1Re2,t2Re3,t3

=

 1 0 0
0 cos(t1) − sin(t1)
0 sin(t1) cos(t1)

 cos(t2) 0 − sin(t2)
0 1 0

sin(t2) 0 cos(t2)

 cos(t3) sin(t3) 0
− sin(t3) cos(t3) 0

0 0 1



=

 cos(t2) cos(t3) cos(t2) sin(t3) − sin(t2)
− cos(t3) sin(t1) sin(t2)− cos(t1) sin(t3) cos(t1) cos(t3)− sin(t1) sin(t2) sin(t3) − cos(t2) sin(t1)

cos(t1) cos(t3) sin(t2)− sin(t1) sin(t3) cos(t3) sin(t1) + cos(t1) sin(t2) sin(t3) cos(t1) cos(t2)


(parametrization -not global- with 3 parameters: Euler angles)

The infinitesimal generators are
∂φt1,t2,t3

∂ti
|t1=t2=t3=0:

i = 1 :

0 0 0
0 0 −1
0 1 0

 i = 2 :

0 0 −1
0 0 0
1 0 0

 i = 3 :

 0 1 0
−1 0 0
0 0 0


the generators of so(3) = {A ∈ Mat3×3(R) : A + At = 0}

the algebra of skewsymmetric matrices which is the tangent algebra to SO(3)



Lie algebras

These infinitesimal generators span a Lie algebra (the tangent algebra to the Lie

group):

Definition. A Lie algebra over a field F (R and C our setting) is an
algebra g which satisfies

♥ Skewsymmetry: [x , y ] = −[y , x ];

♥ Jacobi identity: [[x , y ], z ] + [[y , z ], x ] + [[z , x ], y ] = 0.

Some natural questions

Q1 - What are all the possible Lie algebras?

Q2 - How can they appear as Lie algebras of vector fields?



Towards a classification of the algebraic structure

� Lie (1873-1876) did the classification for 2 complex variables

� Two families of complex simple Lie algebras were well-known at
that time:

• so(n,C) = skew-symmetric complex matrices ↔ orthogonal group
• sl(n,C) = trace-free matrices ↔ groups preserving a volume form

THE ONLY ONES?

• sp(n,C) ↔ symplectic groups preserving a nondegenerate 2-form

� An astonishing discovery:

|00001||
|00007||



Killing 1887: Classification of f-d.simple Lie C-alg.

Wilhelm Killing

“The greatest mathematical paper of all time”

? so(n,C), sl(n,C), sp(n,C)

? A SURPRISE: of dimension 14, called g2

? Four additional exceptional examples:

f4 (52), e6 (78), e7 (133), e8 (248).

An

Bn

Cn

Dn

G2

F4

E6

E7

E8



What is G2?

Killing found the structure constants of g2, but this is not very useful!

Even Killing was tired of proving the Jacobi identity for G2!



What is G2?
First models as a local transformation group in Rn  n = 5!

Engel (1893) & Cartan (1893) G2 is the stability group of the Pfaffian
system:

dx3 + x1dx2 − x2dx1 = 0
dx4 + x3dx1 − x1dx3 = 0
dx5 + x2dx3 − x3dx2 = 0


Cartan (1893) Symmetries of the solution space of

fxx = 4
3 (fyy )3

fxy = (fyy )2

}

Elie Cartan Friedrich Engel



The WHOLE 1893
Cartan’s paper...



Hasta aqui fue la sesión 1, junto con algo de cuaternios.

Incluyo ahora un poquito de la sesión 3-4. El indice al final no se
corresponde con el curso como fue



The supporting character, O

The octonion R-algebra is O =
∑7

i=0 Rei , with e0 = 1O and

e2

e1

e5 e7

e6

e4

e3

Fano plane

eiei+1 = ei+3 = −ei+1ei (mod 7); e2
i = −1

(each of the 7 lines behaves as {i, j, k} in H)



A little bit of (well-known) history

Rotation of angle α in R2 ↔ Multiplication by e iα in C = R⊕ Ri.
⇒ SO(2) ∼= {z ∈ C : |z | = 1} = S1

Fascinated by the key role of C for describing rotations of the plane R2, W. Hamilton

tried to find a multiplication in R3 for describing rotations of the space R3, no success!

Hamilton, 1843

Quaternion algebra:
H = R1⊕ Ri⊕ Rj⊕ Rk

i2 = j2 = k2 = −1



Key properties of the Quaternion algebra

∗ Constructed by doubling C: H = C⊕ Cj with

(z1 + z2j)(w1 + w2j) = (z1w1 − w̄2z2) + (w2z1 + z2w̄1)j.

∗ Conjugation of q = a01 + a1i + a2j + a3k is q̄ = a01− a1i− a2j− a3k.

∗ Trace is q + q̄ = 2a0 ∈ R and norm is

n(q) = |q|2 = qq̄ = a2
0 + a2

1 + a2
2 + a2

3,

which satisfies n(q1q2) = n(q1)n(q2).

∗ So q−1 = q̄
n(q) , it is a noncommutative division algebra!

∗ Relationship with cross-product: if u, v ∈ H0 = 〈i, j, k〉 ≡ R3,

uv = −u · v + u × v



From Quaternions to Octonions (1843-1845)

Hamilton, 1843

Quaternion algebra:
H = R1⊕ Ri⊕ Rj⊕ Rk

i2 = j2 = k2 = −1

Letter from John Graves to Hamilton (1843):
There is still something in the system which gravels me.
I have not yet any clear views as to the extent to which
are at liberty to create imaginaries, and to endow them
with supernatural properties. If with your alchemy you can
make three pounds of gold, why should you stop there?

Graves, 1843

Cayley, 1845

Doubling again we get the octonions:

O = H⊕H` with

(p1 + p2`)(q1 + q2`) = (p1q1 − q̄2p2) + (q2p1 + p2q̄1)`

(Cayley-Dickson doubling process)



Key properties of the Octonion algebra O
∗ Constructed by doubling H:

{e0, e1, e2, e3, e4, e5, e6, e7} ↔ {1, i, j, `, k, j`,−k`, i`}

∗ It is noncommutative and NONASSOCIATIVE: (ij)` = k` 6= −k` = i(j`)

∗ But alternative: (xx)y = x(xy)...

∗ Conjugation of x = a01 +
∑7

i=1 aiei is x̄ := a01−
∑7

i=1 aiei .

∗ Trace is t(x) := x + x̄ = 2a0 ≡ 2Re(x) ∈ R and norm is

n(x) = ‖x‖2 = xx̄ = a2
0 + a2

1 + a2
2 + a2

3 + a2
4 + a2

5 + a2
6 + a2

7,

which satisfies n(x1x2) = n(x1)n(x2).

∗ It is a division algebra!: x−1 = x̄
n(x)

∗ Relationship with cross-product in R7: if u, v ∈ O0 ≡ R7 ≡ Im(O),

uv = −u · v︸ ︷︷ ︸
∈R1

+ u × v︸ ︷︷ ︸
∈O0

which satisfies Lagrange identity: (u × v)× v = (u · v)v − (v · v)u.



Derivation algebras are Lie algebras

E. Cartan (1914):

der(O) = g2

∗ If A associative algebra ⇒ A−:= (A, [ , ]) is a Lie algebra
[a, b] := ab − ba

Example. If V is a F-vector space ⇒ EndFV associative algebra

⇒ gl(V ) := (EndFV )− is a Lie algebra called general linear algebra

(the tangent Lie algebra to the general linear group GL(V ))

∗ If A alg. ⇒ der(A)= {d : A→ A : d(xy) = d(x)y + xd(y)}≤ gl(A)

Proof: [d , d ′] ∈ der(A):

[d , d ′](xy)= (dd ′ − d ′d)(xy) = d(d ′(x)y + xd ′(y))− d ′(d(x)y + xd(y)) =

dd ′(x)y+��
��d ′(x)d(y)+

XXXXd(x)d ′(y)+xdd ′(y)−d ′d(x)y−XXXXd(x)d ′(y)−���
�

d ′(x)d(y)−xd ′d(y)

= [d , d ′](x)y + x[d , d ′](y)



How to find concrete derivations
For any algebra A,

• Lx : A→ A, y 7→ xy left multiplication operator,

• Rx : A→ A, y 7→ yx right multiplication operator

If d : A 7→ A,
d∈ der(A)⇐⇒ [d , Lx ] = Ld(x) ∀x ∈ A

Examples.

• If L = A− is Lie, ad(x) = Lx − Rx ∈ der(L),

(ad(x) always a derivation on L Lie)

• If J is Jordan, [Lx , Ly ] ∈ der(J)

• If A is alternative,

Dx,y : = [Lx , Ly ] + [Lx ,Ry ] + [Rx ,Ry ]∈ der(A)

Dx,y (z) = [[x , y ], z ]− 3(x , y , z)

g2
∼= der(O) = {

∑
i Dxi ,yi : xi , yi ∈ O}



The Lie algebra der(O) - I Remarkable elements.
A alg, Lx : A→ A, y 7→ xy , Rx : A→ A, y 7→ yx .

d : A 7→ A derivation ⇔ [d , Lx ] = Ld(x) ∀x ∈ A⇔ [d ,Rx ] = Rd(x) ∀x ∈ A
Example.

• If L is Lie, Rx − Lx ∈ der(L),

• If J is Jordan, [Rx ,Ry ] ∈ der(J)

Lemma 1. A alternative ⇔
Rxz−RzRx = RxRz−Rzx = Lzx−LzLx = LxLz−Lxz = [Rz , Lx ] = [Lz ,Rx ].

Moreover,

a) RxRz + RzRx = Rxz+zx

b) [Rx ,Rz ] = −R[x,z] − 2[Lx ,Rz ]

c) [Lx , Lz ] = L[x,z] − 2[Lx ,Rz ]

d) [Ry , [Rx ,Rz ]] = R[y ,[x,z]]−2(x,y ,z)

e) Dx,y : = [Lx , Ly ] + [Lx ,Ry ] + [Rx ,Ry ]∈ der(A) and acts

Dx,y (z) = [[x , y ], z ]− 3(x , y , z)



The Lie algebra der(O) - II Basis and dimension.

I dim g2 ≤ dim gl(O) = 64

I If d ∈ der(O), then d(1) = 0, d(O0) ⊂ O0. dim g2 ≤ dim gl(O0) = 49

I If d ∈ der(O), then d |O0 ∈ so(O0, n). dim g2 ≤ dim so(O0, n) = 21

I ad(O0) ⊂ so(O0, n) and ad(O0) ∩ der(O) = 0. dim g2 ≤ 21− 7 = 14

I There are 14 linearly independent elements in
D = {

∑
i Dxi ,yi : xi , yi ∈ O} ≤ der(O). dim g2 = 14 and D = der(O)

Proof. (Dx,y = −Dy ,x){
Di,j Di,` Di,k Di,i` D`,k Di,k` Dj,k

D`,k` Dj,k` D`,j` Dj,j` Di,j` Dj,` D`,i`

}



Exercises

1. An algebra A is said G -graded if A = ⊕g∈GAg vector subspaces s.t. AgAh ⊂ Ag+h.

I In that case E = gl(A) is G -graded, for Eg = {f ∈ E : f (Ah) ⊂ Ag+h}
I And also D = der(A) is G -graded, for Dg = D ∩ Eg .

I Check that O has a Z3
2-grading, determined by

O(1̄,0̄,0̄) = Ri , O(0̄,1̄,0̄) = Rj , O(0̄,0̄,1̄) = R`.

I Take the Z3
2-grading induced in D = der(O), and check that, for

x ∈ (O0)g , y ∈ (O0)h, then Dx,y ∈ (der(O))g+h

I Check that the elements Dx,y in the 7 columns in the previous slide belong to
different homogeneous components.

I So, the linear independence of the fourteen elements will be clear when checking
that 2 elements in the same column are linearly independent. All the columns
are undistinguishable. For instance, it is enough to check

Di,i`(i) = 4i`, Di,i`(`) = 2j`, Dj,j`(i) = 2i`, Dj,j`(`) = 4j`



More exercises

2.
I If A is an alternative algebra, and d ∈ der(A), then [d ,Dx,y ] = Dd(x),y + Dx,d(y).

I Hence the map O0 × O0 → der(O); (x , y) 7→ Dx,y is der(O)-invariant.
(For teachers, prove also that it is the only one up to isomorphism.)

3. If (V , n,×) is a cross product (field F), prove that A := F⊕ V ,

I with product: 1 is the unit and uv = −n(u, v)1 + u × v if u, v ∈ A,

I and norm ñ : A→ R: ñ(1) = 1, ñ|V = n,

is a composition algebra (i.e. ñ is multiplicative).

4. Prove that der(O)→ der(O0,×), d 7→ d |O0
, is a monomorphism of Lie algebras (in

fact, it is an isomorphism).

5. Prove that
der(O)→ {f : O0 → O0 lin : n(f (u), v ,w) + n(u, f (v),w) + n(u, v , f (w)) = 0},
d 7→ d |O0

, is a monomorphism of Lie algebras (in fact, it is an isomorphism).



From derivations to roots?

der(OC) = gC2 has to admit a root decomposition...

-�
�
�7

S
S
So

�
S
S
Sw

�
�
�/

α1 + α2

−α1 − α2

α1−α1

2α1 + α2

−2α1 − α2

6

3α1 + 2α2

?
−3α1 − 2α2

��
�
��
�* 3α1 + α2

���
����−3α1 − α2

HHH
HHHj −α2

HH
H

HH
HYα2

ΦG2 = ±{α1, α2, α1 + α2, 2α1 + α2, 3α1 + α2, 3α1 + 2α2}.

... but take care: der(O) has not!



Its cousin: Split octonion algebra Os

Recall that we apply a doubling process O = H⊕H` with

(p1 + p2`)(q1 + q2`) = (p1q1 − q̄2p2) + (q2p1 + p2q̄1)`,

and n(p1 + p2`) = n(p1) + n(p2) positive definite multiplicative norm.

And if we ask for `2 = 1 instead of `2 = −1?

Take Os = H⊕H` with

(p1 + p2`)(q1 + q2`) = (p1q1+q2p̄2) + (q2p1 + p2q̄1)`,

Then the norm n(p1 + p2`) = n(p1)−n(p2) is also multiplicative

but no longer positive definite (with isotropic vectors = split).

Extended to C-algebras, there is no difference between O and Os :

OC ∼= OC
s (complex octonion algebra)



basis of Split Octonions for roots

The basis of isotropic vectors

Bgood = {e1, e2, u1, u2, u3, v1, v2, v3} of Os :

e1 := 1
2 (1 + `) v1 := 1

2 i(1 + `) u1 := 1
2 i(1− `)

e2 := 1
2 (1− `) v2 := 1

2 j(1 + `) u2 := 1
2 j(1− `)

v3 := 1
2k(1 + `) u3 := 1

2k(1− `)

has all their products are 0 except for:

e2
i = ei e1ui = uie2 = ui uivi = −e1 uiuj = εijkvk

e2vi = vie1 = vi viui = −e2 vivj = εijkuk

and the matrix [n]Bgood
=

(
0 1 0 0
1 0 0 0
0 0 0 I3
0 0 I3 0

)



Zorn matrices

Zorn matrices are isomorphic to split octonions

Os
∼=
{(

α u
v β

)
: α, β ∈ R; u, v ∈ R3

}
with product:(

α u
v β

)(
α′ u′

v ′ β′

)
=

(
αα′ + u · v ′ αu′ + β′u − v × v ′

α′v + βv ′ + u × u′ ββ′ + v · u′
)

Proof:

e1 7→
(

1 (0, 0, 0)
(0, 0, 0) 0

)
e2 7→

(
0 (0, 0, 0)

(0, 0, 0) 1

)
v1 7→

(
0 (0, 0, 0)

(1, 0, 0) 0

)
u1 7→ −

(
0 (1, 0, 0)

(0, 0, 0) 0

)
v2 7→

(
0 (0, 0, 0)

(0, 1, 0) 0

)
u2 7→ −

(
0 (0, 1, 0)

(0, 0, 0) 0

)
v3 7→

(
0 (0, 0, 0)

(0, 0, 1) 0

)
u3 7→ −

(
0 (0, 0, 1)

(0, 0, 0) 0

)



Root decomposition of der(Os)= {
∑

i Dxi ,yi : xi , yi ∈ Os}

h = 〈Du1,v1 ,Du2,v2 ,Du3,v3〉 Cartan subalgebra and

the simultaneous diagonalization is:

gα1 = 〈Dv2,v3〉

g2α2+3α1 = 〈Du2,v3〉

gα2+2α1 = 〈Du1,u2〉

g−α2−α1 = 〈Du1,u3〉

g−α2 = 〈Du1,v2〉

gα2+3α1 = 〈Du1,v3〉

g−α1 = 〈Du2,u3〉 g−α2−2α1 = 〈Dv1,v2〉 gα2+α1 = 〈Dv1,v3〉
gα2 = 〈Dv1,u2〉 g−α2−3α1 = 〈Dv1,u3〉 g−2α2−3α1 = 〈Dv2,u3〉


