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LIE ALGEBRAS

Definition. A Lie algebra over a field F (R and C our setting) is an
algebra g (vector space over F and an F-bilinear product g x g — g)
which satisfies

O Skewsymmetry: [x,y] = —[y, x];
' Jacobi identity: [[x, 1 2] + [ly. 2}, x] + [lz. x], ] = 0.

Examples

ca=o0 (3) < (3) = (3)
%3 2 xay2 — ey
+ Mat,(F) = {A=(aj):i,j € F} is not Lie for (A, B) — AB
+ But for (A, B) > [A,B] := AB — BA it is:
gl(n, ) = (Mat,(F),[ , ]) general linear algebra
* sl(n,F) = {A € gl(n,F) : tr(A) = 0} special linear algebra
% s0(n,F) ={A€gl(nF): A+ AT =0} orthogonal algebra



THE FOUNDER OF LIE GROUP THEORY

Sophus Lie

Sophus Lie (1842-1899) discovered that

continuous transformation groups (now called, after him, Lie groups)
could be better understood by “linearizing” them,
and studying the corresponding generating vector fields
(called infinitesimal generators at that time).
The generators are subject to a linearized version of the group law,
now called the commutator bracket,
and have the structure of what is today called a Lie algebra.



THE ORIGINS - [

Felix Klein

First inspiration: Klein (1849-1925)

After the appearance of the noneuclidean geometries, the following
question was in the air:

what is really the geometry?

Erlangen programme: each geometry is the study of the invariants
under the action of a group (group of symmetries):

Examples

o Euclidean Geometry — Rigid movements O(n) x R” (symm., rot., trans.)

GL(n+1)
X

o Projective Geometry — Projective group PGL(n + 1) & =



THE ORIGINS - [I

Evariste Galois

Algebraic inspiration: Galois (1811-1832)

Each algebraic equation is related to a group (Galois group, which
permutes the roots) in such a way that

The equation can be solved by radicals when the group is solvable!

Can we relate to any differential equation a differential Galois group
such that both solvabilities are equivalent?



EXAMPLE OF LIE’S IDEA

dy _ y+x(P+y?) _ ga(xy)
dx T x—y(x*+y?) T gi(xy)

dy y tangent of angle at P = (x,y)
2 2 & x : H : )
e XS4y = 4L = between the solution through P ~~ invariant by rotations
dx x and the radius from (0,0) to P

Easy to check:
x(s)) . .
If a(s) = is a solution,
() (y(S))

and ¢ = (COSt —sin t) rotation of angle t

sint cos t

= ¢ (;gg) is another solution!

= ¢: R — SO(2), t — ¢, leaves the equation stable

Take

. 0 _ (0 -1 _ o] o]
X¢(p) = Bt de(p) = (1 0 ) Xy = —Yax +X87y
Z=giftel ~Z=(x-y(C+y) &+ +x(x*+y)) 5

}i [X”,Z] — 0

2,2 )
= (x+y?)!integrating factor = XL 4 arctan$ = C solutions



THE ORIGINS - III, Lie 1873, Analytic viewpoint

How can the knowledge of a stability group for a differential equation be
utilized towards its integration?

dy _ g(xy)

a = a0y ~ godx — g1dy =0

A one-parameter subgroup ¢: R — Diff (R?),0 — id, t — ¢; (group
hom.) if it permutes the solutions:

a(s) = (x(s), y(s)) solution = ¢+((s)) solution Vt

Each one-parameter subgroup of diffeomorphisms of R? has an
Xo: B2 = TR, X,(p) = i, @2(p)
Lie Theorem:
¢ leaves the equation stable <=-[X,, Z] = A\Z for Z = g1% + gza%,
A € C*(R?)

In this situation we can find an (p such that p(g2dx — g1dy) exact):
If Xs(p) = Pxlp + Q0ylp = p= (210~ 22P) "



NOTION which has evolved to the notion of Lie group

Def: A
The elements are mappings which transform a point
M = (xq,...,x,) of a vector space into another point
M = (x{,...,x}) of the same space

These transformations are (usually linear) invertible, including the
identity, and the composition of two of them is another one

The transformation depend upon r continuous parameters
X! =fi(X1, oy Xny b1y ooy tr)

! X| = xjcost —xpsint = fi(xg, x, t
Above example SO(2): ! e 2 120,00, 1)
Xy = xgsint + xpcost = fh(x, xa, t)

do
Then 5

_ (—sint —cost _ (0 -1
t—p \—cost sint J|. o \1 0

is an (a basis of s0(2))




COMPLICATING THE EXAMPLE: SO(3)
SO(3) = {A € Matz«3(R) : AA* = k}, the special orthogonal group,
acts isometrically on R?®  (||v|]| = V/viv = VVtAtAv = ||Av]|)
Most of its elements can be written as

Gt1,t,t3 = Rep,ty Rey 1y Res 13

1 0 0 cos(tz) 0  —sin(to) cos(t3) sin(t3) 0
= 0 cos(t;) —sin(ty) 0 1 0 —sin(t3)  cos(t3) O

0 sin(ty) cos(t1) sin(t) 0 cos(tp) 0 0 1
cos(tp) cos(t3) cos(tp) sin(t3) — sin(tp)
= — cos(t3) sin(ty) sin(t2) — cos(ty)sin(t3)  cos(ty)cos(t3) — sin(ty)sin(tp)sin(t3)  — cos(tp)sin(ty)
cos(t1) cos(t3) sin(tp) — sin(ty) sin(t3) cos(t3) sin(ty) + cos(t1) sin(t2) sin(t3) cos(t1) cos(t2)

(parametrization -not global- with 3 parameters: Euler angles)

¢t1 t2

t3
‘tlftz t3=0"

0 0 0 0o 0 -1 0 1 0
i=1:({0 0 -1 i=2: |10 0 0 i=3: -1 0
0o 1 0 1 0 0 0 0 o0

the generators of s0(3) = {A € Mats«3(R) : A+ A* =0}

The infinitesimal generators are

o

the algebra of skewsymmetric matrices which is the tangent algebra to SO(3)



LIE ALGEBRAS

These infinitesimal generators span a Lie algebra (the to the Lie
group):

A over a field F (R and C our setting) is an
algebra g which satisfies

Skewsymmetry: [x, y] = —[y, x];
Jacobi identity: [[x, y], z] + [y, z], x] + [[z, x], ¥] = 0.

Some natural questions

Q1 - What are all the possible Lie algebras?

Q2 - How can they appear as Lie algebras of vector fields?



TOWARDS A CLASSIFICATION  of the algebraic structure

© Lie (1873-1876) did the classification for 2 complex variables
® Two families of complex simple Lie algebras were well-known at
that time:

e 50(n,C) = skew-symmetric complex matrices <> orthogonal group
e s5l(n, C) = trace-free matrices <> groups preserving a volume form

THE ONLY ONES?
e sp(n,C) <+ symplectic groups preserving a nondegenerate 2-form

® An astonishing discovery:

MATHEMATISCHE ANNALEN.




KIiLLING 1887: Classification of f-d.simple Lie C-alg.

“The greatest mathematical paper of all time’
* so(n, C), sl(n,C), sp(n,C)
* A SURPRISE: of dimension 14, called g»

* Four additional exceptional examples:
f4 (52), ¢6 (78), ¢7 (133), ¢g (248)

Wilhelm Killing

A, @ 06—0—0—0—0

0 00008
E6H—I—H

(o]
c O 0 o O
o



WHAT 18 G27

Killing found the structure constants of go, but this is not very useful!

€1 €2 €3 €4 € €6 h £ fs fa fs fs h ha
€ 0 2e; N 0 0 3ey —hy | —fs —2f; —3f; 0 0 —2e | €
ey | —2e3 0 —es5 0 0 0 €6 —hy 2f1 0 3fs —3e; ey —2e;
e3 | —ey es 0 0 0 0 2ey | —2€; | —hy — hy 3f1 —3f2 0 —e3 | —e3
ey 0 0 0 0 0 —3es 3es 0 —3e1 —6hy — 3hy 3fe 0 —3ey 0
es| 0 0 0 0 0 0 0 | —3es 3es —3es —3hy — 6hy 3ey 0 | —3e
eg | —3ez 0 0 3es 0 0 0 3fi 0 0 —3fs 3hy —3hy | 3es | —3eg
Hi| —es | —2es —3e3 0 0 0 2f3 fi 0 0 3f 2fi | =h
| fs ha 2e; 0 3es =3fi =2f3| 0 —f5 0 0 0 —f2 | 2f
fs| 2f2 | =2fi | ha+he 3e; —3ez 0 ~fi| f5 0 0 0 0 fs fs
ful 3fs | 0 | —3f |6hy+3hy| 3es 0 0 0 0 0 0 —3fs | 3] 0
Ll oo | =35 3h —3f6 | 3hy +6hy ETA 0 0 0 0 0 0 0 | 3
fo| O 3er 0 0 —3ey —3h1+3ha | =3fa | 0 0 3fs 0 0 =3fs | 3f6
hy 2¢, —€2 €3 3ey 0 —3es —2fi f —fs =3fs 0 3fs 0 0
hy | —e1 | 2e; €3 0 3es 3eg f | =2 —fs 0 =3fs —3fs 0 0

Even Killing was tired of proving the Jacobi identity for Gy!




WHAT 158 G27

First models as a local transformation group in R”  ~~ n = 5!

Engel (1893) & Cartan (1893) Gy is the stability group of the Pfaffian
system:

dxz + x1dxo — xodxqy =0

dxq + x3dx; — x3dx3 =0

dxs + xodxz — x3dxo = 0

Cartan (1893) Symmetries of the solution space of

e

Elie Cartan Friedrich Engel



ANALYSE MATHEMATIQUE. — Sur la structure des groupes simples finis et
continus. Note de M. Canrax, présentée par M. Picard.

The WHOLE 1893
Cartowvy paper...

« Dans la résolution des équations algébriques, Galois détermine le
ct la nature des équations auxiliaires au moyen de la structure

(785)

des groupes qui leur correspondent. 'une fagon analogue, M. Lic a mon-
ré (Ae. des Se., Christiania, 1882) que, tontes les fois quu'n problame d'inté-
gration dépend d'un groupe fini et continu, le nombre, le degré et la nature
des équations auxiliaires sont déterminés par Ia stracture de co groupe.
Les groupes de ces équations auxiliaires sont toujours, de méme que chez
Galois, des groupes simples.

» Les beaux travaux de MM.
équations différenticlles linéaires

card et Vessiot raménent la théorie des
i Pétude de la structure d'un groupe.
» En conséquence, toutes les recherches sur la structure des groupes
simples, continus ou discontinus, ont une extréme importance.

M. Lie a donné, entre autres (Mat. Ann., B. XXV), une détermination
compléte de tous les groupes simples d'ordre r dont les plus grands sous-
groupes sont d'ordre r—1, 7 — 2 ou r—3. 1l a de plus indiqué guatre

des classos d les  le groupe projectif Li nvariables,
le groupe d'un complexe linéaire & 27 +1 variables, et enfin le groupo
projectif d'une surface du deuxiéme ordre i 27 et 2n -+ 1 variables.

» Dans une série do Notes parues dans les Mathematische Annalen,
B. XXXI, XXXIIL, XXXIV, XXXVI, M. Killing a publié des recherches
étendues sur la stracture des groupes. 11 est arrivé, en particulior, au
résultat extrémement important que, & part les quatre grandes classes de
groupes simples dont nous avons parlé plus haut, il n'y a que cing groupes
simples, qui ont respectivement 14, 52, 78, 133, 248 paramétres.

» Malheureusement, les considérations qui conduisent M. Killing i ces
résultats manquent de rigueur. I1 était, par suite, désirable de refaire ces
recherches, d'indiquer ses théorémes inexacts et de démontrer ses théo-
rbmes justes. Je me permettrai d'indiquer rapidement les résultats anx-
quels je suis arrivé i cet égard.

» Dans la partie du Mémoire de M. Killing relative aux groupes simples
se trouvent surtout deux lacunes importantes. En premier lieu, il no con-
sidere que lo cas ot ce qu'il appelle 'éguation caracteristique du groupe
'admel que des racines simples; il tente, il est viai, de s'affranchir de
cette restriction dans la troisiéme partie de son Mémoire, mais il s'appuic
pour cela sur un théoréme qu'il ne démontre que dans un cas particulier
et qui, en général, est faux : & savoir que si wn groupe est son propre groupe
dérivé, chaque transformation générale fait partie d’un sous-groupe formé
dautant de transformations échangeables entre elles, que U'équation caracté-
ristique admet de racines identiguement nulles. En second lieu, il raméne la

détermination d. pes simples i la détermi de cortains systémes

(786)
de nombres entiers, mais il ne prouve pas du tout que toutes les racines
de Iéquation caractéristique ne dépendent que d’un seul de ces systemes

» Je suis parvenu & démontrer tous les résultats de M. Killing relatifs
aux groupes simples. Tai, e plus, déterminé complotement la structare
des cing groupes spéciaux cités plus haut (M. Killing en indique deww &
5ap wais ils sont identiques). Yai trouve, en particulier, pour
le groupe & 14 paramétres, deux représentants dans un espace & cing
dimensions. )

» Le premier est le plus grand groupe continu de transformations de
contact de I'espace ordinaire, qui laisse invariant le systéme des deux
équations aux dérivées partielles du deuxieme ordre :

Ses fonctions caractéristiques sont
1, @y, poq s+ap, 35—yq 93p—4g’s 3yp—4g*
Vi Gag, 3yip+123q—8ygl, ¥y — 123 +a'p -+ xyq,
3ys = Bayp — y*q + hag’
363 — 3(12@3 +y*)p — 36 3¢ + 12y*¢* + 162¢°.

» Ce groupe laisse en méme temps invariante une équation aux déri
vées partielles du deuxiéme ordre, qui représente, dans Vespace (5, 1),
la développable dont le systeme défini plus haut représente Tardte de
rebroussement. ) ! ‘

» Lo douiéme groupe est le plus grand groupe continu de Pespace &
cing dimensions qui laisse invariant le systéme des équations de Pfaff

da day— @, dz,= 0.

o, dxy— xydx, =0,

— @, da,

» Je demanderai & I'Académie la permission d’exposer, dans une pro-
chaine Note, les résultats auxquels je suis arrivé, relativement & la struc-
ture des groupes en général. »



Hasta aqui fue la sesién 1, junto con algo de cuaternios.

Incluyo ahora un poquito de la sesién 3-4. El indice al final no se
corresponde con el curso como fue



THE SUPPORTING CHARACTER, O

The octonion R-algebra is O = Z,?:o Re;, with ¢g = 1 and

Fano plane

— — o 2 _
€i€i+1 = €43 = — €116 (mod 7), € = -1

(each of the 7 lines behaves as {i, ], k} in H)



A LITTLE BIT OF (WELL-KNOWN) HISTORY

Rotation of angle o in R? <+ Multiplication by € in C = R & Ri.
=S50(2)2{zeC:|z|=1}=¢§!

Fascinated by the key role of C for describing rotations of the plane R2, W. Hamilton
tried to find a multiplication in R3 for describing rotations of the space R3, no success!

Quaternion algebra:
H = R1 & Ri @ Rj & Rk
i2 :j2 — k2 =1

Hamilton, 1843



KEY PROPERTIES OF THE QUATERNION ALGEBRA

x Constructed by doubling C: H = C & Cj with

(21 + 22§) (w1 + woj) = (zzw1 — Wazo) + (W21 + ZoW1)j.

*

Conjugation of g = agl + a1i + axj + ask is § = agl — a1i — axj — ask.

x Traceis g+ g = 2ap € R and norm is
n(q) =lql” = q§ = a§ + ai + 3 + a3,

which satisfies n(q1g2) = n(qg1)n(q2).

x So gl = w(g) it is @ noncommutative division algebral

* Relationship with cross-product: if u, v € Hy = (i, j, k) = R3,

uv=—-u-v+uxyv



FROM QUATERNIONS TO OCTONIONS (1843-1845)

Quaternion algebra:
H = R1 & Ri ® Rj & Rk
P=P=k>=-1

Hamilton, 1843

Letter from John Graves to Hamilton (1843):

There is still something in the system which gravels me.

| have not yet any clear views as to the extent to which

are at liberty to create imaginaries, and to endow them

with supernatural properties. If with your alchemy you can

make three pounds of gold, why should you stop there? -
Graves, 1843

Doubling again we get the octonions:
O=He¢H/ with

(p1 + p2t)(q1 + q2) = (prgr — Gop2) + (Gop1 + P2Gu )¢

(Cayley-Dickson doubling process)
Cayley, 1845



KEY PROPERTIES OF THE OCTONION ALGEBRA O

x Constructed by doubling H:
{eo, €1, €2, €3, €4, €5, €5, €7} < {1,1i,], £, k, j¢, —kL,il}
% It is noncommutative and NONASSOCIATIVE: (ij)¢ = k¢ # —kt = i(j¢)
* But alternative: (xx)y = x(xy)...
x Conjugation of x = agl + ZLI ajej is X := agl — ZLl aje;.
* Trace is ‘= x4+ X = 2ap = 2Re(x) € R and norm is
= x> = xx = a3 +ai + a) + a3 + a + a5 + 3 + a7,

which satisfies n(x1x2) = n(x1)n(x2).
-1

* It is a division algebral: x=* = 6]
* Relationship with cross-product in R”: if u,v € Qg = R” = Im(0),

u =—u-v+uxyv
N N~
€R1 €0y

which satisfies Lagrange identity: (u x v) x v =(u-v)v — (v v)u.



DERIVATION ALGEBRAS ARE LIE ALGEBRAS

E. Cartan (1914):
oer(0) = g

« If A associative algebra = A := (A,[, |]) is a Lie algebra
|2, b] := ab — ba
Example. If V is a F-vector space = EndpV associative algebra
= gl(V) := (Endp V)~ is a Lie algebra called general linear algebra

(the tangent Lie algebra to the general linear group GL(V))

x If Aalg. = ver(A)={d: A= A:d(xy) = d(x)y + xd(y)}< gl(A)
Proof: [d, d'] € der(A):
[, d'|(xy)= (dd" — d'd)(xy) = d(d"(x)y + xd'(y)) — d'(d(x)y + xd(y)) =

de (x)y -+ d'CeeH(7Y + TCYey ) -xde () — ' d(x)y ~ TCYel) —d (7 —xddl(y)

= [d,d'](x)y + x[d, d"'](y)



HOw TO FIND CONCRETE DERIVATIONS
For any algebra A,
o L.: A— Ay — xy left multiplication operator,
o R.: A— A,y — yx right multiplication operator

Ifd: A A,
de der(A) <= [d, L] = Ly VX € A

Examples.

o If L=A"is Lie, ad(x) = Ly — Ry € der(L),

(ad(x) always a derivation on L Lie)
e If Jis Jordan, [Ly, L,] € der(J)

o If Ais alternative,

Doyt = [Lo L] + [be R+ [Re R € dex(4).
DX,y(Z) = [[X,y],Z] - 3(X,y,Z)

g2 = Det(@) = {Z, Dx,-,y; DX, Yi € @}




THE LIE ALGEBRA 0¢t(Q) - I Remarkable elements.
Aadlg, L.:A—= Ay xy, R.: A= Ay — yx.
d: A Aderivation < [d, L] = Ly) ¥x € A [d, Ry] = Ry(x) Vx € A

Example.
o If Lis Lie, R« — Lx € der(L),
o If Jis Jordan, [Ry, Ry] € der(J)

Lemma 1. A alternative <
RXZ_RZRX - Rsz_sz - sz_LzI-x - LxLz_sz - [R27 Lx] - [L27 Rx]
Moreover,

a) ReR, 4+ R.Re = Rzynx

b) [Re Rzl = =Rpx.z) — 2[Lx, Re]
) [Lx, L] = Lpe ) — 2[Lx, Re]

d) [Ry [RxaR]]—R[y [x.2l]~2(x.y.2)
) D

e = [L«, L,] + [Ls, Ry] + [Rx, Ry]€ det(A) and acts

DX,)’(Z) = [[XJ/]’Z] - 3(Xa)/az)



THE LIE ALGEBRA 0¢t(Q) - II Basis and dimension.

> dimgo < dim gl(0) = 64

> If d € der(0), then d(1) =0, d(Qp) C Og. dimgo < dimgl(0p) = 49
> If d € der(0), then d|g, € s0(Qy, n). dim gz < dimso(0p, n) = 21

> ad(Qg) C s0(Qy, n) and ad(Qg) Nder(0) = 0. dimg, <21 -7 = 14

> There are 14 linearly independent elements in
D= {Z, Dy.yi t Xi, ¥i € 0} < 0et(0). dimgs = 14 and D = ver(0)

Proof. (Dy,, = —D, )

Dij Diy Dix Diie Dex Dixe Djx
Dewe Dijke Dije Djje Dije Do D



EXERCISES

1. An algebra A is said if A= @gccAg vector subspaces s.t. AgA, C Agyp.
» In that case E = gl(A) is G-graded, for Eg = {f € E : f(Ap) C Ag+n}
> And also D = det(A) is G-graded, for Dy = DN Eg.
» Check that O has a Zg—grading, determined by

Oap5 =Ri, Opig =Ri, Oggi =RE

» Take the Zg—grading induced in D = det(0), and check that, for
x € (0o)g,y € (Qo)n, then Dy, € (ver(Q))gth

» Check that the elements Dy, in the 7 columns in the previous slide belong to
different homogeneous components.

» So, the linear independence of the fourteen elements will be clear when checking
that 2 elements in the same column are linearly independent. All the columns
are undistinguishable. For instance, it is enough to check

D ie(i) = 4it, Djje(€) =2j¢, Djje(i) =2il, Djje(£) =4jl



MORE EXERCISES

2.

> If Ais an alternative algebra, and d € der(A), then [d, Dx,y] = Dyy),y + Dy d(y)-

»> Hence the map Qg x Qg — der(Q); (x,y) — Dx,y is der(Q)-invariant.
(For teachers, prove also that it is the only one up to isomorphism.)

3. 1f (V,n, x) is a cross product (field F), prove that A:=F & V,
> with product: 1 is the unit and uv = —n(u,v)1 + u X v if u,v € A,
» and norm 7i: A — R: (1) =1, |y = n,

is a composition algebra (i.e. /i is multiplicative).

4. Prove that det(0Q) — der(Qg, x), d — d|g,. is a monomorphism of Lie algebras (in
fact, it is an isomorphism).

5. Prove that
oer(0Q) — {f: Qg — Qg lin : n(f(u), v, w) + n(u, f(v),w) + n(u, v, f(w)) = 0},
d — d|g,. is a monomorphism of Lie algebras (in fact, it is an isomorphism).



FROM DERIVATIONS TO ROOTS?

2et(0°) = g5 has to admit a root decomposition...

3a1 + 2an

'y
« as | 2a «
o 1+ o 1+ o2 30y + o
—Q* > (1
—3a;1 — «
1 27 2oy —an | —ag —ap 02

Y

—30&1 — 20[2

O, = {1, an, a1 + a2,2a1 + an, 3a1 + a2, 301 + 20}

... but take care: det(Q) has not!



ITS COUSIN: SPLIT OCTONION ALGEBRA O

Recall that we apply a doubling process O = H@® HI  with
(p1+ pP20)(q1 + q2£) = (P1G1 — Gop2) + (G2p1 + P21 )L,
and n(py + p2f) = n(p1) + n(p2) positive definite multiplicative norm.
And if we ask for /2 = 1 instead of /2 = —17

Take O, = H @ HI  with

‘ (P14 p20)(q1 + q20) = (P1q1+G2P2) + (G2p1 + p2G1)Y,

Then the norm ‘ n(p1 + p2t) = n(p1)—n(p2) ‘ is also multiplicative
but no longer positive definite (with isotropic vectors = split).

Extended to C-algebras, there is no difference between O and Q:

0° =~ @;C (complex octonion algebra)




BASIS OF SPLIT OCTONIONS FOR ROOTS

The basis of isotropic vectors

Bgood — {ela eQ-, Ul, U2, U3, V17 V25 V3} Of (O)S:

LR BRGNP C)
e=3(1-0 vw=31+ w:=3j1-1)
V3 = %k(l + f) us %k(l - )

has all their products are 0 except for:

€ =€ €U =ue =u Uujvi=—€ Uujluj=¢gjxVk
EVi = Vi€ =V, Vil = —€ ViVj = Ejjlk

S ooo
oF oo

o or o
[=N=N=

and the matrix [n]g,,,, = (



ZORN MATRICES
Zorn matrices are isomorphic to split octonions

@s%{(i g) :a,BGR;u,v€R3}

with product:

a u\ (o u\ ad +u-v au' +Bu—vxv
v B)\Vv B \adv+Bv +uxd

BB +v-u |
Proof:
. H((o,é,O) (ago)) . H((o,g,O) (0.0.0
v (won @07) w o= (o M07)
v (oo “07) o000 “0?)
s (o “07) w000 707)



ROOT DECOMPOSITION OF 0¢t(Qs)={X; Dy : xi,yi € O}
h = (Du;,vi» Dupvp» Dus,vy) Cartan subalgebra and

the simultaneous diagonalization is:

H20r4+3a; = <Du2,\/3>

VN
/7 | N

= <DU1,V3>

G-y = <DU2,U3> I—a,—20q = <DV1,V2> Gartay = <DV1,V3>
Ga, = <DV1,U2> O3 = <DV1,U3> g-—20,-3a; = <DV2,U3>



