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SUMMARY

In this paper, the optimal control problem for the Helmholtz equation with non-local boundary
conditions is considered. The necessary and sufficient conditions of optimality in a maximum principle
form have been obtained. We note that this problem is basically different from classical type problems
because it is impossible to use the Green’s formula and we cannot rewrite it in the variational form
widely used in the literature. So it is impossible to use all the theory that has been developed for
optimal control problems with classical boundary conditions.
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1. Introduction

The first basic study of non-local boundary problem arises in connection with the mathematical
modelling of plasma physics processes [1], where non-local problems were posed and analysed
for a certain class of elliptic functions. In [2, 3] several results concerning the investigation of
non-local boundary problems of the Bitsadze-Samarski type and its generalisations for some
equations of mathematical physics, mainly elasticity and shell theory are presented.
Iterative methods were also suggested for solving such problems in the case of quite general

elliptic equations.
The approximate solution of various optimisation problems takes an important place in the

investigation of control processes with distributed parameters [4, 5, 6]. Part of these works
are based on the use of nets. One of the actual problems of the nets method theory is to
establish the coordinated estimations, where the order of the convergence is agreed with the
smoothness of the differential problem solution. The investigation of the difference schemes
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convergence for elliptic equations in the space of distribution solutions have been done in the
works [7, 8, 9, 10].
The analysis of non-local boundary problems is motivated by theoretical interest as well as

practical needs, and numerous interesting papers deals with these issues [11, 12, 13, 14, 15].
This paper scrutinises an unconstrained (i.e., without control constraints) optimal control

problem governed by a two-dimensional linear PDEs with a smooth cost functional. The results
of this paper may be of great interest for physical applications since control constraints are
usually a reflection of physical limitations as well as to impose severe complications on the
theoretical derivation of necessary and sufficient conditions.

As to analytical framework of this paper, it is assumed that each control function is a
distribution defined on an open set D and ranging in an open interval V contained in IR.
Hence the set of control function Vad is not complete, in any reasonable topology. This is
not compatible with conventional existence theories of the optimal control. Other peculiarities
of this paper is in the non-local boundary conditions for the PDEs involved, since by non-
local boundary condition some general integral operator involved on the boundary is usually
considered and the adjoint equation is an elliptic equation with a non-local transmission, this
is to say, the solving of the adjoint system does not require the boundary condition, as well the
non-convexity of “performance function” F (x, y, u, v), which minimise a performance criterion
assessed by an integral under certain conditions and is a given real function of the control
variables and the corresponding solutions (state functions) to the PDE’s governing the control
problem. Therefore, these conditions make the topic slightly distinct to the existing literature
on the control of elliptic PDEs.

2. Statement of the problem and main results

Let D̄ be a rectangle, D̄ = [0, l1] × [0, l2], ∂D the boundary of the rectangular domain,

γ = {(l1, y) : 0 ≤ y ≤ l2}, γ0 = {(
◦

x, y) : 0 ≤ y ≤ l2},
◦

x the fixed point of the interval
]0, l1[, Vad the set of control functions Vad = {v : D → V, v ∈ L2(D)}, V being an open
interval contained in IR.
By Vad = L2({D}, V ) we denote the space of control functions v : D → V such that

‖v‖2 =

∫∫

D

|v(x, y)|2 dx dy <∞

We identify each function v ∈ L2({D}, V ) with a distribution defined on D and ranging in V .
Let us consider the non-local boundary problem for Helmholtz’s equation for each fixed

v ∈ Vad in the domain D [1]:

∂2u

∂x2
+
∂2u

∂y2
− q(x, y)u = a(x, y)v + b(x, y), (x, y) ∈ D, (1)

u(x, y) = 0, (x, y) ∈ ∂D\γ,

u(l1, y) = σu(
◦

x, y), 0 ≤ y ≤ l2
(2)

where a ∈ L∞(D), b ∈ L2(D), 0 ≤ q ∈ L∞(D), 0 < σ < 1, σ = const.
As in [16], it can been shown that the solution of problem (1)-(2) exists, is unique and

belongs to Sobolev’s space H2(D) [17].
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Let us consider the following functional:

I(v) =

∫∫

D

F (x, y, u, v) dx dy (3)

where F : D × IR2 → IR, u and v being functions defined on D. We assume that function F
has continuous derivatives F ′

u and F ′

v for all (x, y) ∈ D and is to be measurable on D for all
(u, v) ∈ IR2.
Let us formulate the following control problem: finding the function v0 ∈ Vad, whose

corresponding solution u0 to the boundary value problem (1)-(2), together with v0, results
in minimal functional value (3).
Let us assume that a solution to the optimal control problem exists and investigate the

necessary and sufficient conditions of optimality.
To obtain the necessary condition of optimality we follow the following scheme developed

next.
Let us consider an arbitrary permissible control, vǫ ∈ Vad and uǫ the corresponding solution

to problem (1)-(2). Let us introduce the notation δv = vǫ − v0, δu = uǫ − u0; where (u0, v0) is
assumed to be an optimal pair. From here one obtains the following problem:

∂2δu

∂x2
+
∂2δu

∂y2
− q(x, y)δu = a(x, y)δv, (x, y) ∈ D

δu(x, y) = 0, (x, y) ∈ ∂D\γ,

δu(l1, y) = σδu(
◦

x, y), 0 ≤ y ≤ l2

(4)

Let function ψ 6= 0, ψ ∈ H2(D\γ0) ∩ H
1(D) [17]. By multiplying equation (4) by ψ and

integrating over domain D, one gets:
∫∫

D

ψ(x, y)

[

∂2δu

∂x2
+
∂2δu

∂y2
− q(x, y)δu

]

dx dy =

∫∫

D

a(x, y)ψ(x, y) δv dx dy (5)

The increment of functional (3) with fixed v0, vǫ is

δI = I(vǫ)− I(v0) =

∫∫

D

[F (x, y, uǫ, vǫ)− F (x, y, u0, v0)] dx dy =

=

∫∫

D

[

∂ F (η1)

∂u
δu+

∂ F (η2)

∂v
δv

]

dx dy (6)

where η1 = (x, y, uǫ + θ1δu, vǫ), 0 ≤ θ1 ≤ 1, η2 = (x, y, u0, vǫ + θ2δv), 0 ≤ θ2 ≤ 1.
Taking into account (5) and (6), one obtains the following expression:

δI =

∫∫

D

ψ(x, y)

[

∂2δu

∂x2
+
∂2δu

∂y2
− q(x, y)δu

]

dx dy−

−

∫∫

D

a(x, y)ψ(x, y)δv dx dy +

∫∫

D

[

∂ F

∂u
(η1)δu+

∂ F

∂v
(η2)δv

]

dx dy (7)

To obtain the adjoint equation, let us make the following transformations:

∫ l1

0

∫ l2

0

ψ(x, y)
∂2δu

∂x2
dx dy =

∫ l2

0





∫

◦

x
−

0

ψ(x, y)
∂2δu

∂x2
dx+

∫ l1

◦

x
+
ψ(x, y)

∂2δu

∂x2
dx



 dy

Copyright © 2000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2000; 00:1–5
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Integrating partially the above equation one obtains:

∫ l2

0

(

ψ(l1, y)δux(l1, y)− ψ(0, y)δux(0, y) + (ψ(
◦

x
−

, y)− ψ(
◦

x
+
, y))δux(

◦

x, y)+

+ (ψx(
◦

x
+
, y)− ψx(

◦

x
−

, y)− σψx(l1, y))δux(
◦

x, y) +

∫ l1

0

∂2ψ

∂x2
δu(x, y) dx

)

dy (8)

In a similar way one obtains

∫ l1

0

∫ l2

0

ψ(x, y)
∂2δu

∂y2
dx dy =

=

∫ l1

0

[

ψ(x, l2)δuy(x, l2)− ψ(x, 0)δuy(x, 0) +

∫ l2

0

∂2ψ

∂y2
δu(x, y) dy

]

dx (9)

therefore, by grouping terms, the increment of the functional in (7) can be written in the
following way:

δI =

∫∫

D

ψ(x, y)

[

∂2δu

∂x2
+
∂2δu

∂y2
− q(x, y)δu

]

−

−

∫∫

D

a(x, y)ψ(x, y)δv dx dy +

∫∫

D

[

∂ F

∂u
(η1)δu+

∂ F

∂v
(η2)δv

]

dx dy =

=

∫ l2

0

[

ψ(l1, y)δux(l1, y)− ψ(0, y)δux(0, y) +
(

ψ(
◦

x
−

, y)− ψ(
◦

x
+
, y)

)

δux(
◦

x, y)+

+
(

ψx(
◦

x
−

, y)− ψx(
◦

x
+
, y)− σψx(l1, y)

)

δu(
◦

x, y) +

∫ l1

0

∂2ψ

∂x2
δu(x, y) dx

]

dy+

+

∫ l1

0

[

ψ(x, l2)δuy(x, l2)− ψ(x, 0)δuy(x, 0) +

∫ l2

0

∂2ψ

∂y2
δu(x, y) dy

]

dx+

+

∫∫

D

[

∂ F

∂u
(η1)− q(x, y)ψ

]

δu dx dy +

∫∫

D

[

∂ F

∂v
(η2)− a(x, y)ψ(x, y)

]

δv dx dy (10)

As function F is continuously differentiable with respect to u, v then for δu, δv → 0 one gets:
∥

∥

∥

∥

∂ F

∂u
(η1)−

∂ F

∂u
(x, y, u0, v0)

∥

∥

∥

∥

L2(D)

→ 0

∥

∥

∥

∥

∂ F

∂v
(η2)−

∂ F

∂v
(x, y, u0, v0)

∥

∥

∥

∥

L2(D)

→ 0

On the other hand, since ψ ∈ H2(D\γ0) ∩ H1(D), and taking into account the embedding

Theorem [18] one has that ψ(
◦

x, y) ∈ C. Therefore, proceeding from (10), one can conclude
that, if ψ is the solution to problem

∂2ψ

∂x2
+
∂2ψ

∂y2
− q(x, y)ψ = −

∂ F

∂u
(x, y, u0, v0), (x, y) ∈ D\γ0,

ψ(x, y) = 0 (x, y) ∈ ∂D

ψx(
◦

x
+
, y)− ψx(

◦

x
−

, y) = σψx(l1, y), 0 ≤ y ≤ l2

(11)
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then the increment of the functional δI will take the form

δI =

∫∫

D

[

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ

]

δv dx dy (12)

Theorem 1. Let ψ0 be a solution of the adjoint problem (11). Then the necessary condition
for (u0, v0) to be optimal is that the following relation is true almost everywhere† on D:

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 = 0 (13)

Proof

Let (u0, v0) be the optimal pair. Let us show that condition (13) holds and then let us
assume the contrary.
Let us suppose that ∂ F

∂v
(x, y, u0, v0)−a(x, y)ψ0 6= 0 on a set of positive Lebesgue’s measure.

Consequently,

0 < µ

[{

(x, y) ∈ D|
∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 6= 0

}]

=

= µ

[{

(x, y) ∈ D

∣

∣

∣

∣

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 > 0

}

∪

{

(x, y) ∈ D |
∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 < 0

}]

=

= µ

[{

(x, y) ∈ D

∣

∣

∣

∣

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 > 0

}]

+

+ µ

[{

(x, y) ∈ D

∣

∣

∣

∣

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 < 0

}]

where µ is Lebesgue’s measure on D.
Let us introduce the notation

D+ =

{

(x, y) ∈ D

∣

∣

∣

∣

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 > 0

}

D− =

{

(x, y) ∈ D

∣

∣

∣

∣

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0 < 0

}

According to our assumption: µ(D+) + µ(D−) > 0.

Let us consider two cases: µ(D+) > 0 and µ(D−) > 0.

†We consider that two control functions v, w are equal almost everywhere if

{(x, y) ∈ D : v(x, y) 6= w(x, y)}

is a null set.
According to Lebesgue’s theory, if v and w are equal almost everywhere then integral of |v−w|2 is zero and

we must regard v and w as equal. Strictly speaking we should define the elements in L2(D) to be not functions
but equivalent classes of function almost everywhere. Conventionally, however, one speaks as if the elements
were functions, with equality interpreted as equality almost everywhere.

Copyright © 2000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2000; 00:1–5
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Let µ(D+) > 0 be. As V is open, then there exists k0 > 0 so that vǫ(x, y) = v0(x, y)+kξD+
∈

V with |k| ≤ k0, where ξD+
denotes the characteristic function of the set D+.

Let us denote

T =
∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0

then there exists ǫ > 0 so that
∫∫

D
T dx dy > ǫ.

Taking into account that δv = kξD+
and formula (12), one gets:

∫∫

D

[

∂ F

∂v
(x, y, u0, v0)− a(x, y)ψ0

]

δv dx dy =

∫∫

D

TkξD+
dx dy = k

∫∫

D+

T dx dy (14)

Since v0 is optimal, then for a sufficiently small increment δv

I(vǫ)− I(v0) = I(v0 + δv)− I(v0) ≥ 0.

On the other hand, for δv = kξD+
and taking into account (14) we can choose δ > 0 so that

for −δ ≤ k < 0 we obtain

k

∫∫

D+

T dx dy < 0

that is for −δ ≤ k < 0 one obtains I(v0 + kξD+
) − I(v0) < 0, this contradicts the optimality

of v0. Hence µ(D+) = 0.

µ(D−) = 0 can be proved in a similar way.
Thus, the necessary condition of optimality is proved. �

The upshot of optimal control problems is that under obtain conditions a problem of optimal
control must satisfy the Maximum Principle of Pontrjagin [19].
Let us assume

1. V is an open interval as it has previously been supposed.
2. ∂F

∂v
(x, y, u0(x, y), v0(x, y)) > 0, ∀x, y ∈ D.

Returning to the increment of the function δI obtained in (10) and supposing that ψ is the
solution to the adjoin problem (11), then the increment of the function δI can be written in
the following way:

δI =

∫∫

D

[

∂F

∂v
(η2)− a(x, y)ψ(x, y)

]

δv dx dy 0 ≤ θ2 ≤ 1,

η2 = (x, y, u0(x, y), vǫ + θ2δv) δv = vǫ − v0.

Taking into account the Mean Value Theorem, the above equation can be written as follows:

δI =

∫∫

D

[F (x, y, u0, vǫ)− F (x, y, u0, v0)− a(x, y)ψ(x, y)δv] dx dy

Let us show that the two following relationships are equivalent:

1. F (x, y, u0, vǫ)− a(x, y)ψ(x, y)vǫ ≥ F (x, y, u0, v0)− a(x, y)ψ(x, y)v0, ∀vǫ ∈ Vad
2. infvǫ∈Vad

[F (x, y, u0, vǫ)− a(x, y)ψ(x, y)vǫ] = F (x, y, u0, v0)− a(x, y)ψ(x, y)v0

Proof

Copyright © 2000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2000; 00:1–5
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1⇒2 This implication stems from our hypothesis, that is to say, V open and
∂F
∂v

(x, y, u0(x, y), v0(x, y)) > 0, which implies that function F (x, y, u0, v0) is increasing on V .

2⇒1 If 2 holds, then

F (x, y, u, v)− a(x, y)ψ(x, y)v ≥ inf
vǫ∈Vad

[F (x, y, u0, vǫ)− a(x, y)ψ(x, y)vǫ] =

= F (x, y, u0, v0)− a(x, y)ψ(x, y)v0, ∀v ∈ Vad

Therefore,
δI = I(v)− I(v0) ≥ 0, ∀v ∈ Vad

i.e., (u0, v0) is the optimal pair. �
The maximum principle is obtained, which can be formulated as the following theorem:

Theorem 2 (Maximum Principle) Let the “cost functional” or “index of performance” I
be given by formula (3) and ψ be solution to the adjoint problem (11), then for optimality of pair
(u0, v0) it is necessary and sufficient that the following relationship is true almost everywhere
on D:

inf
v∈Vad

F (x, y, u0, v)− a(x, y)ψ0(x, y)v = F (x, y, u0, v0)− a(x, y)ψ(x, y)v0

Remark 1. For brevity’s sake we have considered one fixed point of interval (0, l1).
In the case of several fixed points, this is to say, when considering the following non-local

problem:

∂2u

∂x2
+
∂2u

∂y2
− q(x, y)u = a(x, y)v + b(x, y), (x, y) ∈ D, (15)

u(x, y) = 0, (x, y) ∈ ∂D\γ,

u(l1, y) =

mn
∑

m=m1

σmu(
m
x, y), 0 ≤ y ≤ l2

(16)

where
m
x, m = m1, . . . ,mn, are fixed points of interval (0, l1).

∑

σm < 1, σm = const > 0, ∀m.

The adjoint problem has the following form:

∂2ψ

∂x2
+
∂2ψ

∂y2
− q(x, y)ψ = −

∂F

∂u
(x, y, u0, v0), ∀(x, y) ∈ D\γ0

ψ(x, y) = 0 (x, y) ∈ ∂D

ψx(
m
x
+
, y)− ψx(

m
x
−

, y) = σmψx(l1, y) 0 ≤ y ≤ l2, m = m1, . . . ,mn.

The scheme developed in this paper together with all the considerations above mentioned
allow us to obtain the same result for this problem.

Remark 2. Taking into account the Maximum Principle one has that for any neighbourhood
sufficiently small of control v0, that is to say, for any v such that δv = v − v0 → 0, one can
write the increment of the functional δI in the following way:

δI =

∫∫

D

[

∂F

∂v
(x, y, u0, v0)− a(x, y)ψ

]

δv dx dy ≥ 0

Copyright © 2000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2000; 00:1–5
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8 F. CRIADO-ALDEANUEA ET AL

and since that V is open, one has:

∂F

∂v
(x, y, u0, v0)a(x, y)ψ = 0.

Again, we have obtained the necessary condition of optimality.

3. Conclusion

The methodology used in this paper can be used for solving optimal control problems connected
with elastic equilibrium of bodies under its pure shift (anti-plane strain) where mass force
is taken as a control function, which minimises the potential energy of the body under
consideration.
In the case of homogeneous bodies, this problem may be reduced to Poisson’s equation with

non-local boundary conditions.
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