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SUMMARY

In this paper, the optimal control problem for the Helmholtz equation with non-local boundary
conditions is considered. The necessary and sufficient conditions of optimality in a maximum principle
form have been obtained. We note that this problem is basically different from classical type problems
because it is impossible to use the Green’s formula and we cannot rewrite it in the variational form
widely used in the literature. So it is impossible to use all the theory that has been developed for
optimal control problems with classical boundary conditions.
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1. Introduction

The first basic study of non-local boundary problem arises in connection with the mathematical
modelling of plasma physics processes [1], where non-local problems were posed and analysed
for a certain class of elliptic functions. In [2, 3] several results concerning the investigation of
non-local boundary problems of the Bitsadze-Samarski type and its generalisations for some
equations of mathematical physics, mainly elasticity and shell theory are presented.

Iterative methods were also suggested for solving such problems in the case of quite general
elliptic equations.

The approximate solution of various optimisation problems takes an important place in the
investigation of control processes with distributed parameters [4, 5, 6]. Part of these works
are based on the use of nets. One of the actual problems of the nets method theory is to
establish the coordinated estimations, where the order of the convergence is agreed with the
smoothness of the differential problem solution. The investigation of the difference schemes

*Correspondence to: ! Department of Applied Physics. Polytechnic School. Campus El Ejido, s/n (29013).
Malaga University. Spain. Fax/Phone 434952132013. fcaldeanuevactima.uma.es

Copyright (©) 2000 John Wiley & Sons, Ltd.



2 F. CRIADO-ALDEANUEA ET AL

convergence for elliptic equations in the space of distribution solutions have been done in the
works [7, 8, 9, 10].

The analysis of non-local boundary problems is motivated by theoretical interest as well as
practical needs, and numerous interesting papers deals with these issues [11, 12, 13, 14, 15].

This paper scrutinises an unconstrained (i.e., without control constraints) optimal control
problem governed by a two-dimensional linear PDEs with a smooth cost functional. The results
of this paper may be of great interest for physical applications since control constraints are
usually a reflection of physical limitations as well as to impose severe complications on the
theoretical derivation of necessary and sufficient conditions.

As to analytical framework of this paper, it is assumed that each control function is a
distribution defined on an open set D and ranging in an open interval V contained in IR.
Hence the set of control function V,4 is not complete, in any reasonable topology. This is
not compatible with conventional existence theories of the optimal control. Other peculiarities
of this paper is in the non-local boundary conditions for the PDEs involved, since by non-
local boundary condition some general integral operator involved on the boundary is usually
considered and the adjoint equation is an elliptic equation with a non-local transmission, this
is to say, the solving of the adjoint system does not require the boundary condition, as well the
non-convexity of “performance function” F(z,y,u,v), which minimise a performance criterion
assessed by an integral under certain conditions and is a given real function of the control
variables and the corresponding solutions (state functions) to the PDE’s governing the control
problem. Therefore, these conditions make the topic slightly distinct to the existing literature
on the control of elliptic PDEs.

2. Statement of the problem and main results

Let D be a rectangle, D = [0,1;] x [0,l3], @D the boundary of the rectangular domain,
v =A{l1,y) : 0 <y <}, v = {(%,y) 0 <y < b}, # the fixed point of the interval
10,11[, Vaa the set of control functions Vg = {v : D — V,v € Ly(D)}, V being an open
interval contained in IR.

By Vaa = L2({D}, V) we denote the space of control functions v : D — V such that

lo]|* = //D lv(z,y)|* de dy < oo

We identify each function v € Lo({D}, V) with a distribution defined on D and ranging in V.
Let us consider the non-local boundary problem for Helmholtz’s equation for each fixed
v € Vaq in the domain D [1]:

9?u 0%

@—l—a—yQ—q(x,y)u—a(m,y)v+b(m,y), ($7y) €D7 (1)
u(z,y) =0, (z,y) € 9D\, )
u(ly,y) = ou(,y), 0<y<ly

where a € Lo (D), b€ La(D), 0 < g€ Loo(D), 0 < 0 <1, 0 = const.
As in [16], it can been shown that the solution of problem (1)-(2) exists, is unique and
belongs to Sobolev’s space H%(D) [17].
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Let us consider the following functional:
- [[ Py say 3)
D

where F : D x IR? — IR, u and v being functions defined on D. We assume that function F'
has continuous derivatives F), and F) for all (x,y) € D and is to be measurable on D for all
(u,v) € IR?.

Let us formulate the following control problem: finding the function vy € Vg4, whose
corresponding solution wuy to the boundary value problem (1)-(2), together with vy, results
in minimal functional value (3).

Let us assume that a solution to the optimal control problem exists and investigate the
necessary and sufficient conditions of optimality.

To obtain the necessary condition of optimality we follow the following scheme developed
next.

Let us consider an arbitrary permissible control, v, € V,4 and u, the corresponding solution
to problem (1)-(2). Let us introduce the notation dv = v, — vy, du = ue — ug; where (ug, vg) is
assumed to be an optimal pair. From here one obtains the following problem:

926 026

ol “ + 3y Qu —q(z,y)ou = a(z,y)dv, (x,y) €D
du(z,y) =0, (x,y) € 9D\, (4)
Su(ly,y) = odu(@,y), 0<y <l

Let function ¢ # 0, v € H?(D\y) N HY(D) [17]. By multiplying equation (4) by ¢ and
integrating over domain D, one gets:

J[ vten |55 + 55— ateasi] wway = [[ aapptensvasas )

The increment of functional (3) with fixed vg, v is

oI = I(UE UO // 3y7u€7vé) - F(I,y,UO,Uo)] dx dy =

// [GF m) 61;5)772)51)] dzdy (6)

where m= (x=y>ue + 91(5’&,’1}5), 0< 91 < 17 2 = ($7y7u07v6 + 926’[})7 0< 92 <1
Taking into account (5) and (6), one obtains the following expression:

825u 025u
o= // ,(/) |: o0x? a a2 q(xay)5u] dx dy—

// a(x,y)yp xyévd;vdy+// [aF (m) 5u+% (772)51}] dedy (7)

To obtain the adjoint equation, let us make the following transformations:

I pl 2 l z 2 l 2
o 04ou 2 0“ou 1 0“du
/0 ; @/}(x,y)w dx dy = /0 /0 zb(x,y)ﬁ dx + o+ ¢($ay)w dz | dy
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Integrating partially the above equation one obtains:

lo _
/O <¢(11, y)éuz (lla y) - 1/1(07 y)éuz(o’ y) + (1/1(906 ay) - 7/)(5%+7 y))éuz(:%’ y)+
1

+(¢I(:‘E+,y)—wgg(é’;*,y)—mpgc(zl,y))(suw(g%,y)Jr i g‘/’au(az,y)dm) dy (8)

In a similar way one obtains
Iy lo 2
/ Y(x,y) dx dy =
o

/ h o
= i W(z,l2)ouy(x,la) — ¥(z,0)duy,(x,0) + ; W(Su(m,y)dy dx  (9)

therefore, by grouping terms, the increment of the functional in (7) can be written in the
following way:

%6 %6
oI = //w [ s + 2y—q(x,y)&t]—

// U(z,y &)d:cdy—i—// {(’)F (m)ou + gF(ng)(Sv} dx dy =

- / (011,901, 9) = 60, )6 (0,9) + (0 ,9) — 0@ 1)) FualE,0)+

0

2

W(Su(m, y) dx

dy+

- o o h
+ (0 9) = 0@ 9) = o0ulr,n) uti) + [
la 52

Iy
+/ ; 825(my)dy

// [ (m) —q(z,y)v ]6udxdy+// [ a(a:,y)z/)(:n,y)} svdrdy (10)

As function F' is continuously differentiable with respect to u, v then for du, v — 0 one gets:

au 771 - au x7y?u07’U0

P(x, l2)duy(x,l2) — Y(x,0)0u,(z,0) + dz+

—0
L2(D)

—0
Ly(D)

On the other hand, since ¢ € H?(D\vy) N H'(D), and taking into account the embedding

Theorem [18] one has that ¢(z,y) € C. Therefore, proceeding from (10), one can conclude
that, if v is the solution to problem

H (SL’ y7u07UO)

0% 0% oF
w_kﬁ_q(m7y)w:_87(m7y7u07vo)’ ('Tvy) ED\’)/(),
bla,y) =0 (z.y) € OD (1)
O+ o
Vo(z ,y) —Yo(z ,y) = ota(ls,y), 0<y<l
Copyright (©) 2000 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2000; 00:1-5
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then the increment of the functional 61 will take the form
51 = / / [ (2, o, v0) — ala, y)| dv d dy (12)

Theorem 1. Let 1y be a solution of the adjoint problem (11). Then the necessary condition
for (ug,vo) to be optimal is that the following relation is true almost everywhere! on D:
oF
%(vaIhanvO) *Q(I,y)’l[}() =0 (13)

Proof
Let (ug,v9) be the optimal pair. Let us show that condition (13) holds and then let us
assume the contrary.
Let us suppose that 8 (2,9, u0,v0) —a(z,y)o # 0 on a set of positive Lebesgue’s measure.
Consequently,

0 < {@) € D15 (0. uovt0) ~ ate i # 0} =
— e[ {@ € [T (o)~ ateppun >0}
{ )€D |a—5(x,y,uo,vg) —a(z,y)o < ()H =
— H( )eD’aaF(a: Y10, %0) — a(z, ¥ >0H

—i—u[{( )ED‘Z (z,y,u0,v0) — alx,y) 0<0H

where p is Lebesgue’s measure on D.
Let us introduce the notation

D+_{ eD xy,uO,vo)—a(x y)¢o>0}

D—:{ ED .’Ey,’u,o,’Uo)_a(.’E y)¢0<0}

According to our assumption: u(Di) 4+ p(D-) > 0.

)
Let us consider two cases: u(D4) > 0 and pu(D_) > 0.

TWe consider that two control functions v, w are equal almost everywhere if

{(z,y) € D :o(z,y) # w(z,y)}

is a null set.

According to Lebesgue’s theory, if v and w are equal almost everywhere then integral of |v — w|? is zero and
we must regard v and w as equal. Strictly speaking we should define the elements in L?(D) to be not functions
but equivalent classes of function almost everywhere. Conventionally, however, one speaks as if the elements
were functions, with equality interpreted as equality almost everywhere.
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Let u(D4) > 0 be. As V is open, then there exists ko > 0 so that ve(x,y) = vo(x,y)+kép, €
V with |k| < ko, where {p, denotes the characteristic function of the set D_.
Let us denote 9 F

T = aT(x’zL anUO) - a’(xay)wo

then there exists € > 0 so that [[, T'dzdy > e.
Taking into account that év = k{p, and formula (12), one gets:

//D {gf(x,y,u(),vo)a(x,y)wo} csmzz;dy://DTng+ dxdy—k//jj+dedy (14)

Since vq is optimal, then for a sufficiently small increment dv
I(ve) — I(vg) = I(vg + dv) — I(vg) > 0.

On the other hand, for év = k{p, and taking into account (14) we can choose § > 0 so that

for =9 < k < 0 we obtain
k:// Tdxdy <0
Dy

that is for —6 < k < 0 one obtains I(vo + k{p, ) — I(vg) < 0, this contradicts the optimality
of vg. Hence pu(Dy) = 0.

u(D_) =0 can be proved in a similar way.

Thus, the necessary condition of optimality is proved. [J

The upshot of optimal control problems is that under obtain conditions a problem of optimal
control must satisfy the Maximum Principle of Pontrjagin [19].
Let us assume

1. V is an open interval as it has previously been supposed.

2. %(I7yvu0(x7y)700(xay)) > 07 Vx,y €D.

Returning to the increment of the function §I obtained in (10) and supposing that ¢ is the
solution to the adjoin problem (11), then the increment of the function 67 can be written in
the following way:

oF
o1 = [[ |G ) = atwipste| svazay 0<6 <1,
D a"U
N2 = (z,y, up(2,y), ve + O200) ov = ve — vg.
Taking into account the Mean Value Theorem, the above equation can be written as follows:
o = // [F(l’, Y, uo, ve) - F(l’, Y, uo, UO) - CL(I, y)z/;(a:, y)(SU] dx dy
D
Let us show that the two following relationships are equivalent:
1. F(Jf,y, anve) - CL(J?, Zl)¢($’y)ve > F(JZ, Y, uo, UO) - CL(J?, y)¢($ay)vo, vve € Vad
2. infUEEVad [F(Iv Y, vo, ve) - CL(.’,E, y)d}(l‘? y)ve] = F(I7 Y, Uo, UO) - CL(ZZ',’7 y)d’(l’; Z/)UO

Proof
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1=2 This implication stems from our hypothesis, that is to say, V open and

%—f(m, Y, uo(z,y),vo(x,y)) > 0, which implies that function F(z,y,ug,vo) is increasing on V.

2=1 If 2 holds, then

F(J)7 Y, u, U) - a’(xv y)w(x7 y)’U > ’Uei€n‘£ad [F(l‘7 Y, Uo, Ue) - CL(.’E, y)¢($, y)UE] =

= F(‘T7y7u07vo) - a(z,y)z/)(x, y)'U(), Vv € Vad

Therefore,
0I = I(v) — I(vg) > 0, Yo € Vaa

i.e., (ug,vp) is the optimal pair. O
The maximum principle is obtained, which can be formulated as the following theorem:

Theorem 2 (Maximum Principle) Let the “cost functional” or “index of performance” I
be given by formula (8) and 4 be solution to the adjoint problem (11), then for optimality of pair
(uo,v0) it is necessary and sufficient that the following relationship is true almost everywhere
on D:

IEI‘l/f F(‘T7y7u07v) - a(lﬁ,y)’l,[)o(.f,y)’l} = F(CC,y,Uo,’Uo) - a(‘ray)d}(xvy)vo
v ad

Remark 1. For brevity’s sake we have considered one fized point of interval (0,17).
In the case of several fized points, this is to say, when considering the following non-local
problem:

82 32
ga7 gy Ay =aleyu+bay), (e €D, (15)
u(a:,y) =0, (a:,y) € aD\'Ya
- m 16
u(llay): Z Umu(x,y), 0<y<liy ( )
m=mi
where T, m =maq, ..., mn, are fived points of interval (0,17).

Zom <1, om = const >0, Vm.

The adjoint problem has the following form:

8% 9% OF
w + 37y2 B (ajay),(/} - _%(mﬁyaanUO% V(a:,y) € D\,YO
U(e.) =0 (r.y) € 0D
m+ m—
/(/):L’('r 7y)_wz(x 7:(/):0_771’(/}:1:([1,:1/) OSySIQ, m=mi,...,Mn.

The scheme developed in this paper together with all the considerations above mentioned
allow us to obtain the same result for this problem.

Remark 2. Toking into account the Maximum Principle one has that for any neighbourhood
sufficiently small of control vy, that is to say, for any v such that v = v — vy — 0, one can
write the increment of the functional 61 in the following way:

oI = // |:8F‘(xay7u07v0) - a(%?/)d’ 6’dedy >0
D ov
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and since that V' 1is open, one has:

oOF
%(%y,uo,vo)a(l‘,y)w =0.

Again, we have obtained the necessary condition of optimality.

3. Conclusion

The methodology used in this paper can be used for solving optimal control problems connected
with elastic equilibrium of bodies under its pure shift (anti-plane strain) where mass force
is taken as a control function, which minimises the potential energy of the body under
consideration.

In the case of homogeneous bodies, this problem may be reduced to Poisson’s equation with
non-local boundary conditions.
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