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ABSTRACT

Classic two-dimensional aerodynamic results for a heaving and pitching airfoil are normally used for finite flapping wings, taking a reference
amplitude at 1/3 of the wingspan from the wingtip. However, for the wings of actual flapping wing robots, flexibility also plays a significant
role due to their light weight. For that reason, an analysis of the chordwise stiffness is provided with an experimental testbench, performing
low-amplitude pitching motions in the absence of incoming airflow; this allows to obtain the resonance frequency of the structure, enabling
the development of an analogy with the theoretical formulation for a deformable heaving airfoil. The beam stiffness term of the airfoil is
substituted by that one derived from the resonance frequency. This analogy, which includes the effect of wing inertia through the mass ratio
computed from the total mass of the wing, is compared with actual flapping wing experimental results in the wind tunnel. Experiments are
performed with two wings of different stiffness characteristics to adequately validate the analysis. Results show excellent agreement with the
proposed formulation with similar trends for the evolution of forces at different frequencies and airspeeds. As expected from previous results,
the analogy fails when the stiffness term becomes too small (S < 1). Results show how the amplitude of the lift oscillations decreases with
flexibility, whereas the effects on the average thrust force depend on the reduced frequency, with a critical value around k ~ 0.6 beyond which
the thrust increases with flexibility.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0283561

I. INTRODUCTION

The research interest in flapping wing technology has increased
rapidly nowadays, with the development of new aerial robots pro-
pelled by this method, looking for safer and more energy efficient

high (St — 00), the aerodynamic forces are usually formulated by
experimental identification or quasi-steady approximations. On the
other hand, aerodynamic forces of the flapping wing in forward flight
can be formulated with linear potential theory when the Strouhal

designs.”” These flapping wing aerial vehicles (FWAVs) rely solely
on their wings to generate the necessary lift and thrust to maintain
flight. The development of these aerial platforms has also led to a
renewed focus on flapping wing aerodynamics, including the analy-
sis of aeroelastic phenomena.”” Two different cases of flapping wing
aerodynamics must be considered, hovering and forward flight.
Hovering, which defines the maneuver of flying in a static position, is
a typical behavior of insects and small birds. Therefore, FWAVs with
hovering capabilities are usually small.”” Larger prototypes”” need to
fly forward to obtain the lift force from the incoming aerodynamic
velocity, as most birds do. The Strouhal number St = 2mufhy/U,
which relates the flapping movement (defined by the frequency fand
the amplitude hy) and the forward velocity U, is used to identify the
flapping flight case. For hovering, when the Strouhal number is very

number is around 0.3-0.6. This article is focused only on the aerody-
namics of flapping wings in forward flight.

The first formulation for the lift force of a heaving and pitching
airfoil in forward flight was provided by Theodorsen.'” The problem
was formulated within the linear potential theory framework for a very
thin two-dimensional airfoil considering a small amplitude and a har-
monic motion. Later, von Kdrman and Sears'’ generalized the lift for-
mulation for a heaving and pitching airfoil, although the explicit
solution is only provided for the same case of Theodorsen. The thrust
of a heaving and pitching airfoil was first formulated by Garrick.'* The
vortical impulse theory, already used by von Karmdn and Sears'' and
generalized for an incompressible flow by Wu,'” was used to improve
Garrick’s linear inviscid formulation for the thrust force, considering
the complete unsteady vorticity distribution on the airfoil.'* Note that
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those results were formulated for a two-dimensional airfoil, not con-
sidering the wingspan.

These works were based on a rigid airfoil with prescribed pitching
and heaving movements. However, flexibility plays an important role
in real prototypes because of the relatively low weight of the wings in
FWAUVs. Therefore, different formulations have been proposed for the
thrust and lift generated by an oscillating airfoil with flexural chord-
wise deformation. Some works™'” consider just a hovering wing, with-
out incoming velocity, which is not the case considered here. The
problem has been addressed using numerical'® and experimental'’
approaches, yielding significant results that facilitate comparison with
theoretical models. In the work by Kodali and Kang,"® Theodorsen for-
mulation is applied for an airfoil with a rigid section around the lead-
ing edge and a flexural deformation for the trailing edge. However,
their formulation only considers the deformation of the airfoil as a
pitching movement, not taking into account the specific pressure dis-
tribution. Then, in the work by Du and Wu,'"” the pressure distribution
over the deformable airfoil is considered, but the analysis is reduced to
a pitching airfoil. With a more general approach, linear potential the-
ory has been used to obtain forces over a heaving and pitching airfoil
with a prescribed quadratic deformation.”” The quadratic deformation
serves as a good approximation of the real deformation of a beam up
to its first resonance frequency. Then, those results are considered with
the beam structural equation, formulating the lift and thrust on a heav-
ing and pitching deformable airfoil.”" This work showed how passive
deformation produces enhancement of the thrust force near the reso-
nance frequency of the airfoil. Propulsion enhancement can also be
achieved by active deformation. For instance, by active flexibility with
dynamic trailing edge flap, as proposed in Ref. 22. However, active
deformation is not considered in this work due to its higher mechani-
cal complexity; so, that case should be addressed in future works.

To go from two-dimensional oscillating airfoils to actual flapping
wings, finite wing effects also have to be considered. For that purpose,
Theodorsen’s formulation was used”’ to model flapping-wing flight,
also considering large amplitude wing motion to develop the Modified
Strip Theory (MST), based on blade elements. Then, Kim et al”™ fur-
ther improved this model to include relatively large angles of attack
and dynamic stall effects. The blade element method has been used in
several works to predict the force of a finite wing, both for hover-
ing””® and for forward flight.””** Recently, it has been used to model
bat flight, where wings are highly articulated and have large inertial
forces and variable camber, comparing the results with actual flights of
these animals.”” Other works””’" have approached the finite wing for-
mulation for pitching wings, obtaining results based on linear potential
aerodynamics corrected with the aspect ratio for the definition of
forces with different formulations for circulation and added mass
effects. For a flapping wing, the common approach is to consider the
results of the linear potential theory for a representative amplitude
taken at 1/3 of the wingspan.””

Those methods approximate the forces on finite flapping wings
with results from 2D aerodynamics. However, they do not analyze the
3D flow over the finite wing, and therefore the effects of vorticity in
the direction of the chord (e.g., tip vortices) on the flapping wing aero-
dynamics. Here, we use this approximation to adapt the two-
dimensional results of linear potential aerodynamics to finite flapping
wings, as done in previous works ™ for rigid wings. However, flapping
wings from actual prototypes are normally very lightweight, and

pubs.aip.org/aip/pof

therefore the non-dimensional stiffness is reduced, in particular in the
chordwise direction. Therefore, flexural effects should also be taken
into account. For that purpose, we shall use the results for a heaving
and pitching deformable airfoil,” adapted for a finite wing.

The main contribution of this article is to provide a comparative
analysis between the results of linear potential aerodynamics for an
oscillating airfoil and the measured results for a finite flapping wing in
wind tunnel experiments. To take into account the flexibility effects,
two different wings based on that of the E-Flap prototype” are used in
the experiments, as these effects are important in the region near the
resonance frequency of the wing. To perform the comparison, we use
the previously mentioned analogy of the flapping wing as a uniform
plunging flat plate with the characteristic amplitude at 1/3 of the wing-
span. Then, an analysis of the wing structure is included to estimate
the order of magnitude chordwise stiffness of the wing based on its
design parameters. The first resonance frequency of the structure is
obtained using an experimental testbench designed for this purpose.
With the resonance frequency and the mass of the wing, the character-
istic parameters used in the theoretical model”' for the deformable air-
foil are identified. Then, the experimental analysis shows the precision
of the proposed analogy by comparing the theoretical results with the
forces in flapping wings measured in a wind tunnel.

The article is structured as follows. Section II describes the wing,
defining its design parameters and structural elements, including a pre-
liminary analysis of the stiffness based on the chordwise structural rods,
and an experimental identification of the resonance frequency. Then,
the aerodynamic analysis is presented in Sec. III, defining the character-
istic parameters needed to develop the aerodynamic analogy, taking into
account the chordwise flexural deformation. The formulation of the
inertia forces is included in Sec. IV, as they may be important in wind
tunnel experiments. The results of the experiments for both wings are
presented in Sec. V, including a comparison with the analytical formula-
tion. Finally, some concluding remarks are given in Sec. V1.

Il. STRUCTURAL CHARACTERIZATION

The wing is composed of a spanwise carbon fiber bar, five chord-
wise carbon fiber rods with their five joints 3D printed in PLA (poly-
lactic acid), and the fabric which acts as the aerodynamic surface. The
bar is 0.71 m long, with a circular ring section whose outer diameter is
6 mm and inner diameter is 4 mm. This bar is placed at a quarter of
the chord from the leading edge for all the wingspan. The hinge pro-
vides the rest of the wingspan to the 0.75m presented in Fig. 1. The
rods have a separation of 15cm. The material and thickness of the
rods determine the stiffness of the wing. The aerodynamic surface is
made of fabric, attached to the rods with tape, and glued to the end of
the spanwise bar. The total surface of the pair of wings is 0.432 m?, but
for the analysis developed here, the surface is reduced to S,, = 0.20 m?
for a single wing, without the section from the first rod to the flapping
axis, which is not strengthened by any element. The schematic design
is shown in Fig. 1 with its characteristic measures.

In the original prototype,” the diameter of the rods was 1.5 mm.
However, the wings were later modified. For example, validation experi-
ments for dynamic models” were performed with a wing with 2 mm
rods. The flight performance of the prototype with both wings in those
past works was similar, and the replacement was mainly due to ensuring
the robustness of the wings during a higher number of flights.

The wing weighs 43.2 g in total. The contributions of the four dif-
ferent parts to the total weight are as follows:
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* Carbon fiber spanwise bar: The density of carbon fiber is mea-
sured from an original bar with a length of 2 m, providing a den-
sity of p = 1400kg/m?>. Then, the mass is computed for a bar of
0.72 m, resulting in my, =15.6 g.

* Plastic joining parts: The five pieces weigh 2 g in total, resulting
in an individual mass of m;p = 0.4 g per part.

* Carbon fiber rods: As with the spanwise bar, the density is mea-
sured from an original rod with a length of 2m, providing a
density of p = 1640 kg/m?>. The resulting masses of the five rods
are Myoqcr = [1.85,1.85,1.70,1.39,0.93] g, giving a total mass
of7.7g.

* Fabric: The original surface density of the fabric is 42 g/m?, lead-
ing to a total mass of 8.22 g. However, the weight of the tape and
the glue has to be added, resulting in a total mass of mg =17.9g
for the aerodynamic surface, more than the double of the original
density. For computing the inertia, we will consider the mass to
be equally distributed on the surface, providing a density of
91.3g/m?.

The original design resulted in a rather rigid wing. To analyze the
effect of flexibility, experiments were also performed with a more flexi-
ble wing, so the differences related to different stiffnesses could be
properly identified. For this wing, the chordwise carbon fiber rods with
2 mm diameter were replaced by steel rods with a diameter of 1 mm.
Steel is a less rigid material when compared with carbon fiber, with a
slightly lower elastic modulus and a higher density, and the diameter
of the rods also plays an important role in the wing stiffness, as it
will be discussed in Sec. II A. The masses of these five rods are
Mg s = [2.18,2.18,2.00,1.63,1.09] g, giving a total mass of 9.1g.
Therefore, the total mass of the wing increases by 1.4 g.

To characterize the chordwise flexibility of the wing as a function
of the material and thickness of the wing rods, a simplified theoretical
analysis is performed in Sec. ITA for estimating the resonance fre-
quency. Then, an experimental testbench is defined in Sec. I1 B, provid-
ing validation for the estimation and greater precision for the
measurement of the resonance frequency.

A. Theoretical analysis of the wing chordwise stiffness

In this section, we provide a theoretical analysis of the resonance
frequency of the wing in the chordwise direction. To do so, the charac-
teristics of the specific material and joints have to be considered. The

ARTICLE pubs.aip.org/aip/pof

FIG. 1. Schematic design of the wing with
measurements for the rods and spanwise
bar. Chordwise stiffness is provided by the
five rods that hold the fabric.

elements along the chord direction are the rods and the fabric, while
the PLA joints fix the movement at one quarter length of the chord.
The stiffness provided by the fabric is negligible, so the wing chordwise
stiffness is completely defined by the five rods distributed along the
wingspan. Then, the structural resonance frequency provided by the

beam equation is
1.875% | EI
= \/—=, 1
fo 21 mL3’ M

with m being the mass and L the length. Note that this length and
mass are considered from the joining point, so only the section
between the joints and the trailing edge is considered, which is 3/4 of
the chord length. Note that the wing can be considered to be clamped
at the joints, so the equation for obtaining the resonance frequency has
to include only the section from the clamping point, in this case 3 /4 of
the chord. Then, the stiffness characteristics are given by the elastic
modulus E and the second moment of area of the cross section L.

For carbon fiber, the elastic modulus is E = 220 GPa. For steel,
the modulus is similar, around E = 200 GPa. All the rods have a circu-
lar section, so the second moment of area is the same regardless of the
direction. It is provided by

1==, @

with r the radius of the rod cross section. For the initial carbon fiber
rods of diameter 2 mm we have I ~ 0.79 mm?*, and for the steel rods
of diameter 1 mm, I ~ 0.05 mm?.

Then, the additional difference in flexibility is provided
by the material density: the density of carbon fiber rods is pcp
= 1700 Kg/m® and the steel density is pg = 7700 Kg/m>. The reso-
nance frequency of the isolated rods is given by

1.875%r E
fro = o : (3)
4nl* \| pcrys

computing the mass as a function of the density, cross section area,
and length, m = pcp/sAL with A = 7r®. By this formula, the reso-
nance frequencies of the carbon fiber rods are f,o cr = [44.4,52.9,
79.0, 177.8] Hz for the four lengths (longer to shorter), and those of
the steel rods are f,o5 = [9.8,11.6,17.4,39.1] Hz. These resonance
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frequencies are higher than the usual flapping frequencies of the orni-
thopter. However, the effect of the fabric must be considered.

As mentioned above, the fabric does not provide any additional
stiffness to the wing. However, the added mass of the material substan-
tially modifies the resonance frequency. Note that a higher mass leads
to a reduction of the resonance frequency as the inertia of the system
increases. Therefore, an estimation of the resonance frequency can be
provided considering the sum of the stiffness provided by the five rods,

1.8752

f _ S(El)rod,CF/S o 18752 1080 (EI)rod,CF/S
r0 —
27

- = 4
3m, (35)3 2n 81  mycd @

4 4

where 3/4 of the mean chord length are used as reference length and
the mass of the wing is comprised of the mass of the fabric and the
rods m,, = (ms + Y Myqcr/s). This formula provides a resonance
frequency of f,o = 33.9Hz for the wing with carbon fiber rods and
fro = 7.8 Hz for the wing with steel rods. Although these values may
provide a reasonable estimate for the resonance frequency, the real value
may differ due to the structural complexity of the system with the com-
bination of different materials and the effects of the fabric. To obtain the
actual value analytically, a complex analysis would be required to take
into account the influence of all the different parameters, which is not
the purpose of this work. For that reason, a testbench is proposed to
identify the resonance frequency in the chordwise direction experimen-
tally and evaluate the precision of the estimation in Eq. (4).

B. Experimental identification of the resonance
frequency

The purpose of the experiments described here is to identify the
structural resonance frequency of the wing in the chordwise direction
in vacuo. Therefore, identification must be performed without aerody-
namic effects, with no inflow velocity, in a specific testbench created
for this purpose. Instead of the usual flapping movement, the designed
mechanism performs a low-amplitude pitching movement from the
span bar. The pitching movement allows an easier identification of the
chordwise deformation by recording a video from the wingspan direc-
tion [see Fig. 2 (Multimedia view)], at the same time that reduces the
forces and spanwise deformation with respect to the flapping move-
ment. Chordwise deformation can be seen in the camber of the wing,
easily observed in the rods. Experiments are carried out at different fre-
quencies to look for the maximum deformation of the trailing edge.
The design is shown in Fig. 2.

The choice of a continuous rotation motor is optimal for reaching
high frequencies over a positioned controlled servomotor. However, a
transmission system is needed to transform the rotation of the motor
into the desired pitching movement. There are two sections, the gears
and the transmission bars, presented in blue and red, respectively, in
Fig. 2(a). The motor used for the test bench is an 1130 Kv brushless
motor similar to that used in the E-Flap prototype.” The gears have
8 and 48 teeth, resulting in a reduction of 6:1. Therefore, the maximum
theoretical pitching frequency would be 50 Hz. However, the structural
limits of the mechanism provide a lower limit for the frequency. The
gears are 3D printed in resin to obtain a higher precision, avoiding
transmission loss. The transmission from the second gear to the wing
is achieved by a three-bar mechanism. The first bar is in the same gear,
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where a joint is included at a radius of 5 m from the rotation axis. The
second bar then acts as a lever, moving the third bar. This third bar is
directly connected to the wing, rotating together.

To perform the analysis, the frequency is increased progressively,
and the movement is recorded from an overhead view, to see the
deformation of the rods. A support had to be added to avoid move-
ment of the wingtip and spanwise deformation. The testbench is fixed
with an aluminum structure attached to a table to avoid additional
movement as seen in Fig. 2(b).

The experiments with the wing incorporating carbon fiber rods
did not show significant chordwise deformation, even at frequencies
higher than 10Hz. Beyond that frequency, torsional deformations
started to appear on the spanwise bar, making the results unreliable.
Furthermore, 10Hz is a significantly higher frequency than the fre-
quencies typically observed during flight. Therefore, the original wing
operates far below the resonance frequency during flight, so the aero-
elastic effects will be almost negligible. On the other hand, the wing
with steel rods showed a different experimental behavior. Chordwise
deformation of rods was observed even at low frequencies, around
3 Hz. These results show how this wing can be considered flexible
chordwise at normal flight flapping frequencies. The maximum defor-
mation was obtained for 8 Hz, very close to the predicted 7.8 Hz reso-
nance from Sec. IT A, showing that the theoretical estimation proposed
is precise enough in this case, so no further structural analysis is
esteemed necessary.

The resonance frequency of the wing will serve to define the char-
acteristic stiffness in Sec. I1I with the theoretical aeroelastic formulation
for an airfoil.”' For the wing with steel rods, we shall use the experi-
mentally identified frequency, while for the wing with carbon fiber
rods the theoretical value computed in Sec. IT A will be used instead.

lll. THEORETICAL AEROELASTIC ANALYSIS

The aerodynamic formulation of a pitching and heaving airfoil
including chordwise deformation was obtained for a prescribed defor-
mation.”’ Later, the deformation was obtained through the beam
bending equation, thus presenting the performance of an airfoil with
passive flexibility.”" In these works, the proposed chordwise deforma-
tion is modeled by quadratic and quartic flexural deformations. This
type of deformation is the one obtained in the experiments in Sec. II B,
and produces passive changes in the wing camber. We take this formu-
lation for the aeroelastic analysis, considering just the heaving motion.
However, we need to go from the aerodynamic formulation of a flexi-
ble heaving airfoil to an actual flapping wing like the one used here.
This section proposes an analogy to define the characteristic parame-
ters used for the airfoil formulation in our finite flapping wing. The
analogy does not consider the effects of 3D deformations and vorticity
over the wing, but just intends to serve as an approximation for apply-
ing known results from 2D linear potential aecrodynamics to finite flap-
ping wing, as done in previous works for rigid wings.”***

The first aspect to consider is that the amplitude of the flapping
motion varies along the wingspan. If the formulation is developed with
the results of previous works, a reference amplitude is needed.
Therefore, we take this reference amplitude at 1/3 the wingspan from
the wingtip, as done in previous works.” Then, the dimensionless
amplitude is given by

b .
ho = 5-sin(4), ©
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the transmission mechanism of the test bench for the

resonance frequency.
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(b) Image of the testbench
(a) CAD design. In blue the reduction gears and in red with the wing fixed to an

aluminum structure to
avoid vibrations.

FIG. 2. Experimental testbench for the resonance frequency. Multimedia available online.

with ¢ being the angular amplitude of the flapping movement, b the
wingspan of the ornithopter, and ¢ the mean chord. The reduced
dimensionless frequency is defined as™

wc
with @ = 27nf the angular flapping frequency and U the airspeed. The
reduced frequency and flapping amplitude are the two parameters that
define the flapping motion.
Then, to analyze the structural deformation of the airfoil as a
beam, the two ruling parameters are the mass ratio R and the dimen-
sionless stiffiiess S provided in previous works" as follows:

_ pi(x)e(x) S(x) = E(x)e’ (x)

pC - pU2C3 ) (7)

where p, and p are the densities of both the airfoil and the air, and ¢ is
the thickness of the airfoil. As also done in previous works,”" we con-
sider the density, the elastic modulus, and the thickness to be constant
along the chord, since both the rods and the fabric have constant den-
sity and thickness, and the elastic modulus should also be constant.
This approximation was also made in Sec. II A to estimate the reso-
nance frequency of the structure. For the finite flapping wing, the mass
ratio can be computed with the mass of the wing,
mW

R=- (8)

However, dimensionless stiffness includes the velocity, which is modi-
fied in each experiment. Therefore, the analogous parameter to be
determined is the term E¢* /. To that end, the resonance frequencies

experimentally identified in Sec. II B will be used to obtain the stiffness.
The reduced resonance frequency in vacuo of an airfoil was obtained
in Ref. 21 as

ke = \/FT.‘)\/g
:\/ 280(1 + 3a?) S

141 + 168a + 1281a% — 112043 + 1015a* + 31545 R

» (9

where a is the non-dimensional pivot point of the airfoil, in which the
airfoil is fixed to the prescribed flapping movement. Note that the
function of the pivot point F(a) can be considered constant in our
case, since the pivot point is fixed in ¢/4, where a = —0.5. If the
dimensional terms are included, from Egs. (6)-(9), we have

T _ RG] | (10)

m,, U2c?’
and the term for the analogous stiffness can be isolated,

Eé? _ T f2m,c

3 S,Fla) (1)

This equation directly relates the stiffness term with the resonance fre-
quency. For the wing with steel rods, using the identified frequency in
Sec. 11 B, we obtain E¢*/c® = 31.6 Pa. Meanwhile, for the wing with
carbon fiber rods this term is computed with the estimated frequency
of Sec. I1 A, obtaining E¢* /> = 536.8 Pa.

With this novel analogy proposed, the characteristic parameters
of the wing are obtained. Then, we apply the previous formulation for
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a heaving airfoil.””" This formulation is written here explicitly as it is
used for the comparison between theoretical and numerical results in
Sec. V. The amplitude and the reduced frequency define the flapping
movement,

h(t) = R[hoe™ . (12)

Then, the flexural quartic approximation of the deflection is defined
with the same frequency and a certain phase shift i ;,

d(t) = R[deVe™]. (13)

Note that, as commented in previous works,”' the quartic approxima-
tion is the minimal model that allows the beam equations to be applied
for the chordwise deformation. Furthermore, the approximation works
quite accurately for the first natural frequency of the system. However,
both the amplitude d,, and the phase i; of the deflection are unknown.
Those terms were obtained in Ref. 21 for a harmonic motion,

FI(R7 k7 h(),(l)
= —_— 14
) lpd arg(Fz(R,S,k,a))7 ( )

Fl (R7 k7 h07 11)

dy = |2t d
FZ(R7 87 k7 a)

where the complex functions F; and F, are

1 1
F; = —hok? {4R (a2 +§> +n<a2 +Z) +2n(a® +a+ 1) (k)ikhy,
(15)
16 1 S na Ek?
F,=4 2 a?4= —(BZZD' —2')
2 =4Rss(a)k 3 (a +3) (1—a)2+ 2 k*+2Dik+ > +2Jik

na, . N 1 . 2, 1

+7(D1k73E+]1k)+Z (3a+5> (7E1k+4])+7t(a +Z)

x (Ak? + Bik) +g (a2 J%) (Dk*4-3Eik)+n <a+i) (2D— Bik)
2

+n<a2+§)%fn<az+a+%>‘€(k){(ZAfBJrD)ik

—ZB+2D—3E+Z[(]—E)ik+4]]}, (16)

with the functions of the pivot point21 sf(a), A, B, D, E and J, and the
Theodorsen’s function C(k)'” are provided in Appendix A. Note that,
as described in Ref. 21, the resonance frequency considering the fluid-
structure interaction is obtained by minimizing the function F,.

Once the deflection amplitude and phase are defined, we can for-
mulate the lift and the thrust. For simplicity, here an updated formula-
tion™ is used instead of the first preliminary results for a deformable
airfoil.” The lift coefficient is given by

Cra(t) = n[—h + Ap(a)d + An(a)d] + €(K)To(t),  (17)
where the quasi-steady circulation is
To(t) = ~2alh + Agi (a)d + Ago(a)d], (18)

and the four functions of the pivot point}1 Ap, A, Agr, and Ay are
provided in Appendix A for easy reference. For the thrust, just the
mean term is computed, given by

Cr = tw(kho)* + thakhody, + tad?,, (19)

pubs.aip.org/aip/pof

where the functions t,, tn4, and ¢, provided in previous works,””! are

also reproduced in Appendix A. The results of these analytical equa-
tions, which have been validated against high fidelity numerical simu-
lations,” are compared with the experimental results of the forces
generated in a wind tunnel in Sec. V.

IV. INERTIA FORCES DURING FLAPPING MOVEMENT

During the flapping movement, additional forces appear in the
wing due to its inertia. Those forces have to be considered for the
experimental validation as they may significantly affect the results.
This section approaches the inertia forces in the wing, considering the
spanwise mass distribution.

The coordinates over the wing are provided by the following posi-
tion vector:

X =x2, + rsin(¢)é, + rcos(P)é.. (20)

Note that x corresponds to the chordwise variable of the wing and r to
the spanwise variable, as shown in Fig. 3. ¢ is the flapping angle, pro-
vided by the known movement of the wing. The second derivative
(acceleration) of this function is given by

-

Sz = rlb cos() — & sin(¢)]E, — r{ sin() — § cos($) .
@1

As expected, the acceleration does not include any term in the chord-
wise direction, affecting only to the lift forces, not to the thrust. The

FIG. 3. Coordinates used for inertia computation.
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inertia force is provided by the integral of the acceleration and the
mass for the entire wing,

. 1y (xe(r) 2%
Fr = J J o.(r,x)e(r, x)d—zdx dr. (22)
i Jx(r) dt

We can include here Eq. (21) and consider only the lift term, as the
forces in the other direction do not affect the aerodynamics,

LR = ﬁR . Ey
. .2 12 (1)
— [§ cos() — & sin(¢)] J J e s, 23

where the integral term defines the center of inertial lift r, as

2 x(r)
J rJ p(r,x)e(r, x)dx dr
=0 : (24)

considering the mass distribution of the wing on the surface. Note that
this mass term m,, ; includes all the masses of the different elements of
the wing defined in Sec. II, not only the fabric and the rods as in Eqs.
(4)and (8). 7, = 7.5cm and r, = 75 cm are the initial and final points
of the wingspan from the flapping axis, and x; and x; are the leading
and trailing edge chordwise coordinates.

The mass parameter includes contributions from four parts, as
commented in Sec. II. The plastic pieces and the rods can be included
as five point masses along the wingspan, computed as

5

(fom)}7 = Z 1i(Myoai + myp), (25)
=1

where the positions of the rods are [7.522.537.552.567.5] cm, as
shown in Fig. 1, and the masses of the rods and the joining parts are
provided in Sec. II for both wings. Note that the specific centers of
inertial lift are calculated together with the mass for each element to
simplify the formulation. The results of the punctual mass parameter
for both wings are (rom),, o, = 3.3gm and (rom), s = 3.7gm.

The distributed mass parameter is expressed then as

72 xe (1)
(rom), = J p bar_ + rJ ™ x| dr. (26)
r r—n x(r) N

This distributed mass parameter is the same for both wings, as the bar
and the surface masses do not change. In this case, this mass term is
more significant, with its value (rom) ; = 12.4 gm.

Note that the inertia moment has not been considered, as the
results of the experiments are focused on the lift and thrust forces, not
computing the aerodynamic moment.

V. EXPERIMENTAL VALIDATION

The experiments are carried out with both wings in the wind tun-
nel at the aero-hydrodynamics laboratory of the University of Malaga
(a description of the wind tunnel characteristics and the force and tor-
que sensor can be found in Ref. 36). This section describes the experi-
mental details and the results obtained.

ARTICLE pubs.aip.org/aip/pof

A. Experimental setup

To analyze the forces acting on the flapping wing, an experimen-
tal setup was designed for use inside the wind tunnel. The flapping
mechanism [see Fig. 4 (Multimedia view)] is similar to that of the
E-Flap prototype.” However, some changes are made to obtain more
accurate results. Instead of the carbon fiber plates that composed the
body of the ornithopter, we use aluminum plates with a thickness of
3 cm. This modification is made to avoid flexural deformations in the
plates during the flapping oscillations thanks to the increased thick-
ness, considering also that the weight is less restricted than in the orni-
thopter. The structure is shown in Fig. 4. Gears, motor and electronic
speed controller (ESC) are the same as in the original prototype,” with
a reduction of 42:1. The crank is selected for a flapping amplitude of
15°, which corresponds to a dimensionless amplitude of hy = 0.43.
Note that this amplitude is relatively high but within the limits for
which the unsteady aerodynamic forces from the linear potential flow
theory for a rigid foil have been validated.”” >

The flapping structure is fixed in a force and torque sensor with 6
degrees of freedom, placed parallel to the floor of the wind tunnel, in a
circular hole. The structure that holds the sensor is fixed to the wind
tunnel structure and the floor to eliminate any possible vibrations.
Force measurements are transmitted to the wind tunnel control com-
puter and stored to be post-processed later. The flapping motor is con-
trolled by an RC transmitter. The experiments are performed with a
fixed control signal for 10, after having previously left a certain time
for the stabilization of the system. The four possible control signals

FIG. 4. Flapping mechanism fixed in the wind tunnel. Multimedia available online.
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correspond approximately to 1.1, 2.3, 3.4, and 4 Hz, although the exact
values may vary due to battery discharge.

In addition, an ELP high-speed USB camera is placed above the
wind tunnel to capture top-view recordings of the experiments. The
videos are processed by a Python script from the wind tunnel control
computer simultaneously with the force measurements from the
experiments. The simultaneous recording allows comparing the forces
during the flapping cycle by knowing the position of the wing relative
to the measurements.

B. Aerodynamic characterization

The experiments are performed with both wings: with carbon
fiber rods and with steel rods. Their characteristic parameters are sum-
marized in Table I, where the air density used is p = 1.225kg/m?.
The mass terms are very similar for both wings. However, the stiffness
term E¢®/c® is more than ten times higher for the wing with carbon
fiber rods. The center of inertial lift is in a similar position for both
wings.

The dimensionless chordwise stiffness S is not included in Table I
as it varies with velocity. This parameter is shown in Fig. 5 for both
wings. The trend is the same for both cases, decaying as U? according
to Eq. (7). Note that S is about ten times higher for the wing with car-
bon fiber rods in Fig. 5(a). The wing with steel rods has a reduced stiff-
ness that becomes of order unit for an airspeed around 5 m/s, as seen
in Fig. 5(b), which is the limit for the present aerodynamic analysis.”'

Due to the different stiffness values, the aerodynamic resonance
frequency curve with the velocity has a different shape for both wings,
as seen in Fig. 6. The resonance frequency is obtained as defined in
previous works, ! minimizing F, [defined in Eq. (16)] as a function of

TABLE |. Characteristic parameters of both wings.

Rods fro m,, (g) R E&/J (Pa) 7o (cm)
CF 33.9 25.6 0.35 536.8 36.3
Steel 8 27.0 0.37 31.6 36.1

U (m/s)
(a) Wing with CF rods.

ARTICLE pubs.aip.org/aip/pof

the reduced frequency. We see in Fig. 6(a) how the range of the reso-
nance frequency for the wing with carbon fiber rods is much higher
than the normal flight frequencies for the range of flight velocities of
the ornithopter (2-6 Hz). On the other hand, for the wing with steel
rods, the resonance frequency takes values in the actual flight range, as
shown in Fig. 6(b).

Two different sets of results are analyzed as functions of the fre-
quency, velocity, and stiffness: the amplitude of the oscillations in the
lift coefficients Cr4 and the mean thrust coefficient Cr. Logarithmic
scale is used for the representation of forces due to the exponential
nature of the results with reduced frequency, which leads to a best
comparison of the trend of the experiments compared to the analytical
solution. Therefore, errors at high reduced frequencies may seem
smaller than their real value. In this case, the comparison is more
focused on the trend for both analytical and experimental results. The
experimental results are compared with the analytical expressions Eqs.
(17) and (19), respectively. Note that the mean lift coefficient is zero,
according to the unsteady aerodynamic formulation, if the mean angle
of attack is also zero. The oscillations in the thrust force are harder to
measure precisely because of the added effect of the drag forces.

The analytical results corresponding to both wings are first ana-
lyzed in Figs. 7 and 8. The amplitude of the lift coefficient for the wing
with carbon fiber rods is very similar to that of a rigid wing. The
chordwise flexibility causes the amplitude of the oscillation to decrease,
this effect being more important as the velocity increases, but for this
wing the effect is almost unnoticeable. We see in Fig. 7(a) how the dif-
ferent curves are almost identical. Then, for the thrust, the effect is
important for k > 1, for which flexibility provides an increase, as
observed in Fig. 7(b), although those frequencies are difficult to reach
in actual flights. There is a critical frequency, around k = 0.65, under
which the flexibility reduces the thrust, although this effect is very
small for this wing. Above that frequency, the thrust increases with
flexibility. The constancy of this threshold frequency, above which the
thrust of the flexible airfoil is larger than that of the rigid airfoil coun-
terpart, for a wide range of stiffnesses was already observed in the anal-
ysis of Ref. 21, being related to the approach to the first resonance
frequency of the flexible airfoil.

10*

10° H

102 ¢

0

10" ¢

100 ¢

107 ‘ . : :

0 2 4 6 8 10
U (m/s)

(b) Wing with steel rods.

FIG. 5. Non-dimensional chordwise stiffness of the wing as a function of airspeed. The stiffness parameter decreases with the velocity. For the wing with steel rods, S becomes

smaller than 1 at around 5 m/s.

Phys. Fluids 37, 091905 (2025); doi: 10.1063/5.0283561
© Author(s) 2025

37, 091905-8

81:6€:60 G20z Joquiaydes z|


pubs.aip.org/aip/phf

Physics of Fluids

23
2251
~ 22
g
“<215
21
20.5 ' '
0 2 4 6 8 10
U (m/s)
(a) Wing with CF rods.
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3 ‘
0 2 4 6 8 10
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(b) Wing with steel rods.

FIG. 6. Resonance frequency as a function of the airspeed for the characteristics of wings defined in Table |. The minimum value for the wing with steel rods is reached when

S<1.

Figure 8 shows the analytical forces for the wing with steel rods.
The flexibility effects are more visible here, since the stiffness is lower.
Note in Fig. 8(a) how the amplitude of the lift coefficient oscillations
decreases with the velocity, as the flexibility effects become greater, due
to the passive changes in the wing camber. For U =6 m/s there is a
critical point where the first resonance is reached and the oscillations
increase. See also in Fig. 8(b) how the behavior for the thrust coeffi-
cient is qualitatively the same as commented for the other wing, with a
region where flexibility reduces the mean thrust. The critical k from
which the thrust increases with flexibility is slightly modified with the
velocity, but is still around k = 0.6. However, another aspect that we
can see here is that, over certain frequencies, the wing is too flexible
and the thrust becomes higher for lower velocities, for which the flexi-
bility effect is smaller.

C. Experimental results

The experiments are performed for three wind tunnel operating
conditions. The first provides an airspeed around 2m/s, the second
around 3 m/s, and the third around 6 m/s. The airspeed is affected by

101 n
100 -
<
=
©)
107" —U=2m/s|:
—U=4m/s
—U=6m/s
......... Rigid
102 : : :
0 0.5 1 15 2

k
(a) Amplitude of the lift force.

the wing movement, slightly increasing with the flapping frequency.
For that reason, the velocity is measured for all the experiments inde-
pendently. As commented on before, the frequencies of the experi-
ments are approximately 1.1, 2.3, 3.4, and 4Hz, but they are also
measured accurately for all the experiments. Additionally, the temper-
ature is also measured in all the experiments, providing the density
and viscosity of the air, as well as the Reynolds and Strouhal number,
given by

nfchy Uc

Re =—, (27)

St:kh(): 5
U v

where v is the kinematic viscosity.

An example of the outcome of the experimental force measure-
ment can be seen in Fig. 9. Note how the thrust force oscillates with a
higher frequency, exactly double, as predicted by the unsteady aerody-
namic analysis."* This experiment was carried out with the third
operative condition of the wind tunnel and the maximum value of
the flapping frequency. The lift coefficient is centered at zero and the
mean thrust has a positive value. The friction drag, obtained with the

100 L
107
%S 1072

1073 —U=2m/s
—U=4m/s
—U=6m/s

10—4 ......... Rigid

0 0.5 1 1.5 2

k
(b) Mean thrust coefficient.

FIG. 7. Analytical results for the wing with carbon fiber rods. The flexibility effects are almost negligible, except for the thrust at high reduced frequencies.
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(a) Amplitude of the lift force.
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(b) Mean thrust coefficient.

FIG. 8. Analytical results for the wing with steel rods. Flexibility effects at different velocities are significant compared to Fig. 7.

1.5 T T T !/
S 0
15 | ! L | | | I | |
0 1 2 3 4 5 6 v 8 9 10
Time (s)
0.6 T T T T
S o
-06 1 1 | | 1 | 1 | |
0 1 2 3 4 5 6 7 8 9 10
Time (s)

FIG. 9. Experimental results for the lift and thrust coefficient (f =4 Hz, U = 6.1m/s, k = 0.62, S = 12.26, Re = 1.13 x 10°). Inertial forces are not subtracted.

static wing, has to be subtracted from the thrust coefficient value to
compare with the aerodynamic thrust given by the potential theory.
The temporal evolution of the lift obtained experimentally is
compared with the analytical curve in Fig. 10. To do so, both the aero-
dynamics from Sec. 11T and the inertia from Sec. I'V are considered,

Cr=Cra— Cpr. (28)

Inertia is subtracted as the reaction force opposes movement, as it has
been formulated in Sec. IV. The coefficients are calculated with Egs.
(17) and (23) respectively, the last one in non-dimensional form divid-
ing by 1 pSU2.

Note the strong agreement between the theoretical and analytical
results presented in Fig. 10. Both the amplitude and the phase show
good alignment. However, the experimental result for the lift coeffi-
cient is not exactly sinusoidal. There are several possible explanations
for this asymmetry. For example, the transmission mechanism does
not generate an exact sinusoidal movement. Furthermore, the wing
surface is not continuous as the span bar, as well as the joining parts
and the rods, is on the downside of the wing, perturbing the flow.

15 -
— Experimental
17 ‘Analytical ]
— Inertia
——Aerodynamics
0.5 ;
S o
-0.5
-1
15 L L 1 L L
15 15.5 16 16.5 17 17.5 18
Time (t/T)

FIG. 10. Comparison between analytical and experimental results for the temporal
evolution of the lift coefficient (f =4Hz, U=06.1m/s, k =0.62, S=12.26,
Re = 1.13 x 10°). Contributions from aerodynamics and inertia are considered in
the analytical solution. Non-dimensional time scaled with the flapping period is
used.
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(a) Amplitude of the lift force.
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FIG. 11. Comparison of the experimental results for the wing with carbon fiber rods (stars) and the theoretical curves at the first operating condition of the wind tunnel

(U ~2m/s).

Additionally, wing manufacturing process is manual, which introduces
uncertainty in its behavior.

A total of 41 experiments were performed with the two wings for
different velocities and frequencies. All the characteristics and main
results of each experiment are listed in Tables II and III in Appendix
B. For the wing with carbon fiber rods, experiments 1-6 are performed
at the first operating condition of the wind tunnel, 7-13 at the second
condition, and 14-21 at the third condition. As the performance is
expected to change with velocity, the experiments are compared with
the corresponding theoretical curve separately for clarity.

Figure 11 shows the results for the experiment with the lower
velocity. The results are close to the reference analytical curve but with
slight differences. For the lift oscillations, the analytical prediction
underestimates the lift amplitude. The relatively high heaving ampli-
tude (hy > 0.3) and a certain spanwise flexibility may explain this
small difference. Then, the thrust results are lower than the analytical
prediction under the critical frequency and higher for higher frequen-
cies, in a similar way as if the flexibility effects were higher than origi-
nally predicted. The increase in lift forces may generate an additional

0 0.5 1 15
k
(a) Amplitude of the lift force.

flexural effect, leading to this behavior. However, other aspects such as
nonlinear effects due to the relatively high Strouhal number (see St
experimental values in Appendix B) may also affect the results at high
reduced frequencies, as the 2D linearized theory for a rigid airfoil
underpredicts the thrust and lift when the Strouhal number is not
small enough,” in particular for the more rigid wing with carbon fiber
rods.

The agreement is better as the velocity increases. Figure 12 shows
the forces for the second operating condition. See in Fig. 12(a) how the
experimental results for the lift amplitude are again slightly higher, but
the values are near the analytical prediction following a similar trend.
The agreement is better at low flapping frequencies for both the lift
and the thrust, when the Strouhal number is lower, St < 0.5. Again,
beyond the critical value of k, the wing acts as if it were more flexible
than predicted, producing a higher thrust, the same effect as in
Fig. 11(b).

For the third operating condition, the velocity is significantly
higher, between 5 and 6m/s approximately (see Table II). The lift
amplitude is accurately estimated with the theoretical values, as shown

0 0.5 1 15
k
(b) Mean thrust coefficient.
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FIG. 12. Comparison of the experimental results for the wing with carbon fiber rods (stars) and the theoretical curves at the second operating condition of the wind tunnel
(U ~3m/s).
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FIG. 13. Comparison of the experimental results for the wing with carbon fiber rods (stars) and the theoretical curves at the third operating condition of the wind tunnel

(U ~6m/s).

in Fig. 13(a). For the thrust, in Fig. 13(b), the estimate is also quite
accurate. The logarithmic scale exaggerates the error for the results at
low frequencies, which is around ACr ~ 0.005. However, the results
around the critical k are almost identical.

In general, these results showed a rather rigid behavior of the
wing with a slight underestimate of the lift amplitude and the flexibility
effects on the thrust. Results for the wing with steel rods are expected
to show a different behavior according to an increased flexibility (see
Fig. 8), with a reduction of the lift amplitude for all the cases, while the
thrust will depend on the frequency. For this wing, experiments 1-6
have been carried out with the first operating condition of the wind
tunnel, 7-12 with the second, and 13-20 with the third (see Table IIT
in Appendix B).

Figure 14 shows the results of the experiments at the lower veloc-
ity. As observed with the wing incorporating carbon fiber rods, the lift
oscillations have a larger amplitude than predicted. However, the flexi-
bility effect can be seen at higher frequencies, as the experiments follow
the decrease in the slope for the lift amplitude predicted by the

10
x
R

100 L
3
)

107 ¢

1072 : : :

0 0.5 1 15 2

k
(a) Amplitude of the lift force.

theoretical curve. The thrust estimation is very precise for this wing,
even at higher frequencies. Very similar results are obtained for the
second operative condition (Fig. 15). Again, the lift oscillations are
slightly underestimated, but the behavior is similar, and the thrust
force is accurately estimated for all the range of frequencies.

However, the analytical curve fails to predict the experimental
results at the highest velocities. We see in Fig. 16(a) that the theoretical
results underestimate the lift amplitude, not following now the same
trend with the reduced frequency. The values for the thrust are closer to
the analytical prediction, but the experimental trend is quite different
than expected. As mentioned above, the dimensionless stiffness becomes
too small for this velocity (S < 1, see Table III). When the stiffness is so
low, both the assumption of small deformation and the approximation
of the deformation model lose validity, as more natural modes of chord-
wise deformation appear,”’ with an undulatory behavior of the wing.”’

Compared now with the previous results for the wing incorporat-
ing carbon fiber rods, we see that the amplitude of the lift oscillations
is significantly lower when the wing is more flexible. For the thrust

10
100 L
& 1071
102
1078 : : :
0 05 1 15 2
k

(b) Mean thrust coefficient.

FIG. 14. Comparison of the experimental results for the wing with steel rods (stars) and the theoretical curves at the first operating condition of the wind tunnel (U ~ 2 mIs).

The shaded area represents the uncertainty associated with the velocity (= 0.5 m/s).
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FIG. 15. Comparison of the experimental results for the wing with steel rods (stars) and the theoretical curves at the second operating condition of the wind tunnel (U ~ 3 m/s).

The shaded area represents the uncertainty associated with the velocity (= 0.5 m/s).

forces, the behavior depends on the values of the reduced frequency.
For values below the critical k, the mean thrust decreases with flexibil-
ity. Then, for higher frequencies, the behavior is the opposite and the
thrust increases with the flexibility. However, as the frequency
increases even further, the slope of the thrust curve starts to reduce.
Then, at high frequency and low stiffness, the thrust becomes smaller
with a more flexible behavior.

In summary, it is observed that the lift forces are generally under-
estimated and, therefore, the flexural deformations were higher than
expected, causing the results to show a more flexible behavior, leading
to an increase in the thrust for the wing with carbon fiber rods and a
reduction for the wing with steel rods, in particular at high frequencies
and velocities.

VI. CONCLUSION

This work presents an analysis of the forces on a flapping wing,
comparing analytical expressions for a flexible heaving foil”' with wind
tunnel force measurements. To go from the 2D formulation to the case

Cra

102 : ; : :
0 0.2 0.4 0.6 0.8 1

k
(a) Amplitude of the lift force.

of a finite flapping wing, an analogy based on the equivalent stiffness,
mass, and amplitude is proposed. The experiments are performed with
two wings with the same construction but different chordwise stiffness,
to analyze the effects of flexibility on the thrust and lift forces. The
wing design is based on the E-Flap ornithopter,”” where the chord-
wise rods, originally of carbon fiber and 2 mm of diameter, are the
structural elements that provide stiffness to the wing surface. An alter-
native more flexible wing with steel rods of diameter 1 mm is also
used. The chordwise resonance frequency is approximated by a theo-
retical analysis and then validated for the more flexible wing with an
experimental testbed designed for this purpose.

The resonance frequency and the wing mass are the only terms of
the wing design needed to formulate the analogy, leading to the defini-
tion of mass ratio and dimensionless stiffness.”’ The characteristic
amplitude is taken at 1/3 of the wingspan from the wingtip. Even
though inertial forces do not contribute to the time-averaged forces,
they have to be considered for comparison of the temporal evolution
of forces, as well as the amplitude of oscillations. However, the

103 ; : :
0 0.2 0.4 0.6 0.8 1

k

(b) Mean thrust coefficient.

FIG. 16. Comparison of the experimental results for the wing with steel rods (stars) and the theoretical curves at the third operating condition of the wind tunnel (U ~ 6 m/s).

The shaded area represents the uncertainty associated with the velocity (= 0.5 m/s).
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proposed analogy does not consider the 3D effects on wing deforma-
tion or the vorticity of the air flow, since the analysis focuses on esti-
mating the trends and magnitudes of the forces, and not on the
accuracy of the results, for which one has to resort to complex numeri-
cal simulations or ad hoc models based on experimental results.

A comparison of the analogy and the wind tunnel experiments
shows good alignment of the theoretical results with the actual mea-
surements for both wings. Although the amplitude of the lift oscilla-
tions is slightly underestimated by the theory, possibly because of the
large amplitude of the flapping movement, the experimental results
showed a trend similar to that predicted by the analytical results. The
source of underestimation of the lift oscillations and in the thrust coef-
ficient may be mainly due to the approximation of the flapping ampli-
tude, taken at 1/3 of the wingspan from the wingtip, and to nonlinear
effects when the Strouhal number is not small enough. However, other
aspects such as 3D flexibility effects and tip vortices would lead to
overestimated lift oscillations, as both flexibility and finite wing effects
reduce the wing lift. A more detailed analysis of finite wing effects and
vorticity distribution for flapping wing is necessary to fully understand
the aerodynamic phenomena.

The temporal evolutions along the flapping cycle agree quite well
between theoretical and experimental results, and the lift amplitude and
the mean thrust are correctly predicted for a wide set of conditions.
Specific errors at certain velocities and reduced frequencies cannot be
due to general aspects of the experiments, such as the non-ideal sinusoi-
dal input, the manual manufacturing of the wing or the non-
continuous wing surface due to the structural elements in the lower
surface, as they would affect experiments at different frequencies and
velocities. Thus, the theoretical analysis works for all ranges of velocities
and flapping frequencies in which the FWAV usually flies, except when
the characteristic dimensionless stiffness becomes too small for the the-
ory to be valid (stiffness parameter S < 1). For those cases with very
small stiffness, analysis considering bat wings are more appropriate.””
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APPENDIX A: FUNCTIONS OF THE PIVOT POINT AND
THRUST TERMS FOR THE ANALOGY OF THE FLAPPING
WING

The functions of the pivot point for Egs. (15) and (16) are the
following:

(@ 141 + 168a + 1281a®> — 1120a> + 1015a* — 840a° + 315a°
Sf a) =

630(1 —a)’ ’
(A1)
R 2a a*
A=a 1+3(1a)+6(1_a)2}, (A2)
Bedalip- 4 (A3)
B l1—a 3(1-a)|
2a a?
D:1+17a a—a?’ (A4)
2 a
E:3(1—a)(1+1—a)7 (A5)
1
]—m7 (A6)
H(Z)(k)
(k) ! =7 (k) +i9(k). (A7)

iHP (k) + HY (k)
The functions of the pivot point for Eqgs. (17) and (18) are given by
134 48a° — 64a® + 24a*

Ap = , A8
2 48(1 — (,1)2 ( )
3+ 12a — 12a® + 44°
All - 2 ) (A9)
6(1 —a)
15 — 48a + 96a*> — 80a> + 24a’
Agl = 2 5 (AIO)
48(1 —a)
3 — 24 24a®> — 84°
Ag = a2 — 8 (A11)
12(1 — a)
The functions for the thrust coefficient in Eq. (19) are
th = =29(k), (A12)
1 F1(k)k
tha = 4(61 - *) (%(k) _Hk ) sin(y4)
2 2
1 , 3 3
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Phys. Fluids 37, 091905 (2025); doi: 10.1063/5.0283561
© Author(s) 2025

37, 091905-14

81:6€:60 G20z Joquiaydes z|


pubs.aip.org/aip/phf

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

TABLE Il Series of experiments performed with the wing incorporating carbon fiber rods.

n f(Hz) U (m/s) T (°C) S k St Re Cra Cr

1 1.10 1.7 27.5 157.8 0.61 0.26 3.2 x 10* 1.80 0.059
2 2.34 1.8 27.5 140.8 1.19 0.51 3.4 x 10* 7.77 0.361
3 3.45 1.8 27.5 140.8 1.76 0.76 3.4 x 10* 15.32 1.454
4 1.11 1.7 27.5 157.8 0.60 0.26 3.2 x 10* 2.10 0.058
5 2.30 1.9 27.5 126.3 1.12 0.48 3.6 x 10* 6.86 0.293
6 3.40 2.3 27.5 86.2 1.37 0.59 4.3 x 10* 9.27 0.845
7 1.03 2.8 27.5 58.2 0.35 0.15 52 x 10* 0.76 0.027
8 2.25 3.0 27.5 50.7 0.70 0.30 5.6 x 10* 2.56 0.109
9 3.34 3.3 27.5 41.9 0.96 0.41 6.1 x 10* 4.35 0.342
10 1.03 2.8 19.8 57.1 0.35 0.15 5.4 % 10* 0.74 0.030
11 2.28 3.0 19.8 49.7 0.71 0.30 5.9 x 10* 2.47 0.098
12 3.34 3.2 19.8 43.7 0.98 0.42 6.2 x 10* 4.15 0.329
13 3.75 3.3 19.8 41.1 1.07 0.46 6.4 x 10* 4.78 0.428
14 1.02 5.5 28.2 15.1 0.17 0.07 1.0 x 10° 0.31 0.005
15 2.33 5.8 28.2 13.6 0.38 0.16 1.1 x 10° 0.75 0.022
16 3.33 6.1 28.2 12.3 0.51 0.22 1.1 x 10° 1.15 0.056
17 4.01 6.1 28.2 12.3 0.62 0.26 1.1 x 10° 1.42 0.090
18 1.10 5.6 19.6 14.3 0.18 0.08 1.1 x 10° 0.33 0.003
19 2.28 5.6 19.6 14.3 0.40 0.17 1.1 x 10° 0.76 0.021
20 3.49 5.8 19.6 13.3 0.56 0.24 1.1 x 10° 1.18 0.074
21 391 5.9 19.6 12.9 0.62 0.26 1.2 x 10° 1.27 0.092

TABLE lll. Series of experiments performed with the wing incorporating steel rods.

81:6€:60 GZ0Z Joquiaydas |

n f(Hz) U (m/s) T(°C) S k St Re Cra Cr

1 1.11 1.8 20.4 8.13 0.58 0.25 3.2 x 10 1.58 0.037
2 242 2.0 20.4 6.46 1.12 0.48 3.4 x 10* 5.15 0.478
3 3.27 2.2 20.4 533 1.37 0.59 3.4 x 10* 6.34 0.845
4 1.05 1.8 20.4 8.27 0.55 0.24 3.2 x 10* 1.46 0.035
5 242 2.0 20.4 6.46 1.12 0.48 3.6 x 10* 5.14 0.475
6 3.22 2.2 20.4 5.26 1.34 0.58 4.3 x 10* 6.16 0.697
7 1.06 2.7 20.4 3.56 0.36 0.16 5.2 x 10* 0.75 0.017
8 2.13 2.9 20.4 3.08 0.68 0.29 5.6 x 10* 1.84 0.093
9 3.17 3.1 20.4 2.71 0.95 0.41 6.1 x 10* 3.03 0.252
10 1.04 2.7 20.4 3.52 0.36 0.15 5.4 x 10* 0.72 0.014
11 2.10 2.9 20.4 2.89 0.68 0.29 5.9 x 10* 1.85 0.083
12 3.16 3.1 20.4 2.69 0.94 0.40 6.2 x 10* 2.99 0.242
13 1.10 55 20.4 0.87 0.19 0.08 1.0 x 10° 0.29 0.005
14 2.23 5.6 20.4 0.83 0.37 0.16 1.1 x 10° 0.55 0.019
15 3.30 5.6 20.4 0.83 0.55 0.24 1.1 x 10° 0.98 0.046
16 4.02 5.8 20.4 0.79 0.65 0.28 1.1 x 10° 1.28 0.060
17 1.08 5.5 20.4 0.87 0.18 0.08 1.1 x 10° 0.29 0.004
18 2.18 5.6 20.4 0.83 0.36 0.16 1.1 x 10° 0.54 0.016
19 3.26 5.6 20.4 0.83 0.54 0.23 1.1 x 10° 0.97 0.040
20 3.92 59 20.4 0.75 0.62 0.27 1.2 x 10° 1.18 0.053
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tg = k(1 — a)2{4fil(k) (— - a) — 1 (k)k[1 4 2(a — 1)54}.

2
(A14)

APPENDIX B: PARAMETERS OF THE WIND TUNNEL
EXPERIMENTS

Table II shows the characteristic parameters of the experiments
conducted with the wing incorporating carbon fiber rods.

Table IIT shows the characteristic parameters of the experi-
ments conducted with the wing incorporating steel rods.
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