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ABSTRACT. We classify three dimensional evolution algebras over a field having characteristic
different from 2 and in which there are roots of orders 2, 3 and 7.

1. INTRODUCTION

The use of non-associative algebras to formulate Mendel’s laws was started by Ethering-
ton in his papers [5, 6]. Other genetic algebras (those that model inheritance in genetics)
called evolution algebras emerged to study non-Mendelian genetics. Its theory in the finite-
dimensional case was introduced by Tian in [7]. The systematic study of evolution algebras of
arbitrary dimension and of their algebraic properties was started in [1], where the authors an-
alyze evolution subalgebras, ideals, non-degeneracy, simple evolution algebras and irreducible
evolution algebras. The aim of this paper is to obtain the classification of three-dimensional
evolution algebras having in mind to apply this classification in a near future in a biological
setting and to detect possible tools to implement in wider classifications.

Two-dimensional evolution algebras over the complex numbers were determined in [2],
although we have found that this classification is incomplete: the algebra A with natural
basis {ej,es} such that €2 = e, and €3 = e; is a two-dimensional evolution algebra not
isomorphic to any of the six types in [2]. We realized of this fact when classifying the three-
dimensional evolution algebras A such that dim(A?) = 2 and having annihilator' of dimension
1 (see Tables 14-16).

The three dimensional case is much more complicated, as can be seen in this work, were
it is proved that there are 117 types of three-dimensional evolution algebras. All of them
are classified in Tables 1-24. The matrices appearing in different tables are not isomorphic
(in the meaning that they do not generate the same evolution algebra). Matrices in different
rows of a same table neither are isomorphic. In general, different values of the parameter for
matrices in the same row give non-isomorphic evolution algebras, but in some case this is not
true. These cases are displayed in Tables 1’-23'.

Just after finishing this paper we found the article [4], where one of the aims of the authors
is to classify indecomposable? nilpotent evolution algebras up to dimension five over alge-
braically closed fields of characteristic not two. The three-dimensional ones can be localized
in our classification and for these, it is not necessary to consider algebraically closed fields.

2010 Mathematics Subject Classification. Primary 17D92, 17A60.
Key words and phrases. Genetic algebra, evolution algebra, annihilator, extension property.
IThe annihilator of A, ann(A), is defined as the set of those elements z in A such that zA = 0.
2Irreducible following [1].
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In this paper we deal with evolution algebras over a field K of characteristic different from
2 and in which every polynomial of the form 2" — «a, for n = 2,3,7 and « € K has a root in
the field. We denote by ¢ a seventh root of the unit and by ¢ a third root of the unit.

In Section 2 we introduce the essential definitions. For every arbitrary finite dimensional
algebra, fix a basis B = {e; | i = 1,...,n}. The product of this algebra, relative to the
basis B is determined by the matrices of the multiplication operators, Mpg(X.,) (see (1)).
The relationship under change of basis is also established. In the particular case of evolution
algebras Theorem 2.2 shows this connection.

We start Section 3 by analyzing the action of the group S3 x (K*)3 on Mj3(K). The
orbits of this action will completely determine the non-isomorphic evolution algebras A when
dim(A?) = 3 and in some cases when dim(A?) = 2.

We have divided our study into four cases depending on the dimension of A2, which can
be 0, 1, 2 or 3. The first case is trivial. The study of the third and of the fourth ones is
made by taking into account which are the possible matrices P that appear as change of basis
matrices. It happens that for dimension 3, as we have said, the only matrices are those in
83 X (KX)S.

When the dimension of A% is 2, there exists three groups of cases (four in fact, but two of
them are essentially the same). Let B = {ey, €2, €3} be a natural basis of A such that {e?, 3}
is a basis of A% and €2 = ¢je?+cye3 for some ¢;, c; € K. The first case happens when ¢;cy # 0.
Then, P € S3 x (K*)3. The second group of cases arises when ¢; = 0 and ¢y # 0. Then, the
matrix P is ids, (2,3),® or the matrix @ given in Case 2 (when dim(A? = 2)). The third one
appears when case happens when ¢, co = 0. In this case the matrix P is id3 or the matrices
Q' and Q" given in Case 4 (when dim(A? = 2)).

For P € S3 x (K*)3, we classify taking into account: the dimension of the annihilator of
A, the number of non-zero entries in the structure matrix (which remains invariant, as it is
proved in Proposition 3.2), and if the algebra A satisfies Property (2LI)%

For P € {ids, (2,3),Q}, we obtain a first classification, given in the different Figures. Then
we compare which matrices produce isomorphic algebras and eliminating redundancies we
get the matrices given in the set S that appears in Theorem 3.5. Again, some of these
matrices give isomorphic evolution algebras. In order to classify them, we take into account
that the number of non-zero entries of the matrices in S remains invariant under the action
of the matrix P (see Remark 3.7). Note that the resulting matrices correspond to evolution
algebras with zero annihilator and do not satisfy Property (2LI).

For P € {ids, @', Q"} we classify taking into account that the third column of the structure
matrix has three zero entries (the dimension of the annihilator is one and, consequently, they
do not satisfy Property (2LI)) and the number of zeros in the first and the second row remains
invariant under change of basis matrices (see Remark 3.8).

For dim(A?) = 3 we classify by the number of non-zero entries in the structure matrix.

In the case dim(A?%) = 1 it is not efficient to tackle the problem of the classification by
obtaining the possible change of basis matrices, although for completeness we have determined
them in Appendix A. This is because we follow a different pattern. The key point for this

3The matrix obtained from the identity matrix, ids, when exchanging the second and the third rows
4For any basis {e1, €2, e3} the ideal A2 has dimension two and it is generated by {e2, €2}, for every i,j €
{1,2,3} with i # ;.
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study will be the extension property ° (EP for short). We have classified taking into account
the following properties: whether or not A? has the extension property, the dimension of the
annhilator of A, and whether or not the evolution algebra A has a principal® two-dimensional
evolution ideal which is degenerate” as an evolution algebra (PD2EI for short).

The classification of three-dimensional evolution algebras is achieved in Theorem 3.5. We
summarize the cases in the tables that follow.

A? has EP | dim(ann(A)) | A has a PD2EI | Number
No 0 Yes 1
No 1 Yes 1
Yes 2 No 1
Yes 1 No 1
Yes 0 No 1
Yes 2 Yes 1
Yes 1 Yes 1
dim(A?) = 1
Non-zero entries
dim(ann(A)) * Non-zero entries in S A has Property (2LI) | Number
** Non-zero entries in rows 1 and 2
1 1%* No 2
1 2%* No 4
1 3¥* No 2
1 4F* No 3
0 4% No 3
0 5% No 6
0 6* No 3
0 * No 6
0 8* No 3
0 9* No 3
0 4 Yes 4
0 5 Yes 3
0 6 Yes 7
0 7 Yes 6
0 8 Yes 2
0 9 Yes 1
dim(A?) =2
Non-zero entries | Number
3 3
4 6
5 16
6 15
7 8
8 2
9 1
dim(A4%) =3

5There is a natural basis of A2 that can be enlarged to a natural basis of A

6Principal means that it is generated as an ideal by one element.

"An evolution algebra is non-degenerate if €2 # 0 for any element e in any basis (see [1, Definition 2.16
and Corollary 2.19]). Otherwise we say that it is degenerate.
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2. PRODUCT AND CHANGE OF BASIS

In this section we study the product in an arbitrary algebra by considering the matrices
associated to the product by any element in a fixed basis. We specialize to the case of evolution
algebras and obtain the relationship for two structure matrices of the same evolution algebra
relative to different basis.

2.1. The product of an algebra. Let A be a K-algebra. Assume that B = {e; | i € A} isa

basis of A, and let {wy;;}ijkea € K be the structure constants, i.e. e;e; = Zwkijek and wy;

keA
is zero for almost all k. Since in this paper we will deal only with finite dimensional evolution

algebras, we will assume that A is finite and has cardinal n.
For any element a € A the following map defines the left multiplication operator by a,
denoted as A,:

Aa: A — A
T —ar
Then, for every ¢ € A we have
Wit 0 Wiin
Mp(Ae,) = . )
Wnilt  **° Whin

where for any linear map 7' : A — A we write Mp(T) to denote the matrix in M, (K)
associated to T relative to the basis B.

Let A be an algebra and let B = {e; | i € A} be a basis of A. For arbitrary elements
r =7 aoe and y =3 ., Bie; in A the product zy is as follows:

Ty = (Z Oéif%) (Z @'ej) =) e, =) (O‘iﬁj Zwkiﬂ'ek> = D abwger

i€A JEA ijEA ijEA keA kyijEA

Denote by £g(z) the coordinates of an element z in A relative to the basis B, written by
columns. Then:

Wiir r Wiln a1/

p(zy) =& ( > aiﬁjwlm‘j@k) = Do :
ki jEA Wpil o Wain/ \a1B,

_|_

Winl " Winn a1

+ : : :
Wonl **° Wonn QB

That is,

a;
(1) Eplzy) = Mp(h,) |

€A aiﬂn
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An evolution algebra over a field K is a K-algebra A provided with a basis B = {e; | i € A}
such that e;e; = 0 whenever ¢ # j. Such a basis B is called a natural basis. Now, the structure

constants of A relative to B are the scalars wy; € K such that e? := e;e; = > wpier. The
keA

matrix Mp := (wy;) is said to be the structure matriz of A relative to B.

For any finite dimensional evolution algebra A with a natural basis B we have
Mp = Mpg(X.,).
ieA
In case of A being an evolution algebra and B = {¢; | i € A} a natural basis of A, the

structure constants satisfy that wy;; = 0 for every 7,5,k € A with ¢ # j. If we denote
Wi = Wg; We obtain that:

wip 0 -+ 0 a1 0 - 0 win B
{p(ay) = ST S I :

Wn1 O e O alﬁn O e O Wnn anﬁn

w11 o Wi a1

Wp1 - Wnn anﬁn

because for every i € A the matrix Mp(A.,) has zero entries except at most in its ith column.
Summarizing,

a1/
(2) {p(ry) = Mp |
0 B,
Definition 2.1. Let A be an algebra and B = {¢; | i € A} a basis of A. For arbitrary
elements © = Z a;e; and y = Z Bie; in A, we define

€A ieA
repy = (E Oéi€i> op (E 5i€i> = E a; 3;e;.
ieA ieA ieA

Now, in the case of an evolution algebra we may write (2) as follows.

(3) {p(ry) = Mp (Ep(v) o5 Ep(Y)) ,

where, by abuse of notation, we write ez to multiply two matrices, by identifying the matrices
with the corresponding vectors and multiplying them as in Definition 2.1.

2.2. Change of basis. First, we study the matrix of the product of a finite dimensional
arbitrary algebra under change of basis. Then we fix our attention in evolution algebras.

Let B ={e; | i € A} and B’ = {f; | 7 € A} be two bases of an algebra A. Suppose that
the relation between these bases is given by

e =Y qufs and fi= prex,

keA keA
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where {pri }rien and {qi; }rien are subsets of K such that Pgp := (q;) and Ppp = (py;) are
the change of basis matrices. Assume that the structure constants of A relative to B and to
B’ are, respectively, {wwy;;}ijken and {wiij}ijkea. Then, for every i,j € A:

fifj = (ZPM%) (Zptjet) = Z PriPtj€rer = Z PrkiPtj WmktCm

keA teA kiteA kt,meA

= Z Priltj Pmkedim ft = Z < Z (pkiptjwmkt(ﬂm)> Ji= Zwm’fz-

E,t,m,leA leA \k,tmeA leA

Therefore, 3, , cn (PriP@mkedim) = Wiij-
Our next aim is to express every wy; in terms of certain matrices. To find such matrices,
write:

Wiij = PLiP1j@i1qn + - - - + P1iP1j@n11qin
+ P1iPnj@11nqi1 + - - - + P1iPrjTninlin
+ PniP1@1n1qi1 + - - - + PniP1i@nn1Qin

+ PniPnjWinndil +... .+ PniPnjWnnnqin-

In terms of matrices,

w111 " Wiln plzplj
Wiig = (QZl C]ln) : : : (
Wnpil1 °° TWaln P1iPnj
+
Winl1 *°° Winn mplj
Wonl °  ann mpny

This is equivalent to:
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qir " qin w1 . Win Puip1r - P1iPin
MB’()\fi) = : :
n1 " Qnn Wpi1  **° Waln 1iPn1  **°  PliPnn
_|_
Qi1 0 Qin Winl " Winn PriP11 - PniPin
+ . . . . . :
dn1 " Qnn Wpnl ' Wonn niPnl  *°°  PniPnn

= Ppp (Z MB(&QPM) Ppip.
2

We finish the section by asserting the relationship among two structure matrices associated
to the same evolution algebra relative to different bases. We include the proof of Theorem
2.2 for completeness. The ideas we have used can be found in [7, Section 3.2.2.].

Theorem 2.2. Let A be an evolution algebra and let B = {ey,...,e,} be a natural basis of
A with structure matric Mp = (w;j). Then:
(i) If B ={f1,..., fu} is a natural basis of A and P = (p;;) is the change of basis matriz
Ppig, i.e., fi = ijiej, for every i, then |P| # 0 and

J

wip ot Wip D1 P1j 0
(4) ST e | =|: for every i # j.
Wp1 *°° Wnn DPni nj 0
Moreover,
1 2 2
P11 Pin w11 Win Pi1 - Pin
(5) Mp=|: - ST L | =P MPY,
nl "' DPnn Wp1 - Wnn ?Ll e p?m

where P® = (p;).

(i) Assume that P = (p;;) € M,(K) has non-zero determinant and satisfies the relations
in (4). Define B'={f1,..., fu}, where f; =3 . pjie;, for everyi. Then, B’ is a natural
basis and (5) is satisfied.

Proof. (i). Clearly, since B and B’ are two bases of A then |P| # 0. Besides, since B and B’
are natural bases, by (2) we have:

w1 - Wi D1i P1j 0
Es(fifi) = oo e | : =
Wn1 - Wnn ni Pnj 0

and
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2
Wil Wi P1;

2

Wpl1 *°° Wnn ni

for every i, 7, being i # 7.
On the other hand, if Mp = (w;,;), for every i # j we obtain:

-1

2
P11 - DPin wip - Wi D1; W1
2\ . . ) . . . ) o
fB’(fi ) = : .. : : .. : : =
2
Prn1 " DPnn Wp1 *°° Wnn ni Wni
and consequently
-1 2 2
pll PP pln wll PP wln pll PO pln
Mg = : - SV Do 1| =P MpPW.
2 2
Prn1 " DPnn Wp1 *°° Wnn w1 " DPnn

(ii). Assume that P = (p;;) has non zero determinant. Then B’, defined as in the statement,
is a basis of A. Moreover, if (4) is satisfied, then B’ is a natural basis as follows by (2). O

The formula (4) can be rewritten in a more condensed way. Concretely,

(6) Mpg(P % P) =0,

where P P = (¢ ) € M, ne-1 (K), being ¢y jy = pripr; for every pair (i,j) with i < j
2
and 7,5 € {1,...,n}.

3. THREE-DIMENSIONAL EVOLUTION ALGEBRAS

The aim of this section is to determine the three-dimensional evolution algebras over a field
K having characteristic different from two and such that for any a € K and n = 2,3,7, the
equation ™ = « has a solution. For our purposes, we divide our study in different cases,
depending on the dimension of A2

3.1. Action of S5 x (K*)* on M;3(K).
Let K be a field. By K* we denote K\ {0}. For every a, 8,7 € K*, we define the matrices:

a 0 0 1 00 100
Mi(a):=({0 1 0], I(B):=10 B Of, I3(y):=(0 1 0
0 01 0 0 1 0 0 v

It is easy to prove that they commute each other. This implies that

(o)

o 0
G:{Hl(a)n2(ﬁ)n3(7) |a7ﬁ77€KX}: 0 0 |a7ﬁ77€KX
00~
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a 0 0

is an abelian subgroup of GL3(K). We will denote the diagonal matrix { 0 8 0] by
0 0 v

(e, B,7). With this notation in mind, it is immediate to see that G = K* x K* x K* with

product given by (a, B,7)(/, B',7) = (ad/, 55, v7).
Now, consider the symmetric group Ss of all permutations of the set {1,2,3}. The standard
notation for Ss is:
Sy ={id, (1,2),(1,3),(2,3),(1,2,3),(1,3,2)},
where id is the identity map, (4, j) is the permutation that sends the element i into the element
j and (i, 7, k) is the permutation sending i to j, j to k and k to 4, for {i,j,k} = {1,2,3}.
We may identify S3 with the set

010 00 1 1 00 010 0 01
(7) ids, {1 0 Of),{0 1 0,10 O 1],{0 0O 1},(1 0 O
0 01 100 010 100 010
in the following way: id is identified with the identity matrix ids, (1,2) with the matrix
010
1 00
00 1

because this matrix appears when permuting the first and the second columns of id3, etc.
The matrices in (7) are called 3 x 3 permutation matrices.

From now on, we will consider that S; consists of the permutation matrices. This allows
to see S3 as a subgroup of GL3(K). Denote by H the subgroup of GL3(K) generated by Ss
and (K*)3.

It is not difficult to verify that for every o € Sz and every (A1, Ag, A3) € (K*)? its product
is as follows:

(/\17 A2, /\3)0 = 0<)\a(1)7 >‘a(2)7 )\0(3))-
Therefore, we may write
H = {U(a,ﬁ,’}/) ’ (OiS S37 (Oé,ﬁ,’}/) € (KX)?)}
The multiplication in H is given by
(8) 0(041, A, 043)7'(517527 53) = 07'(047(1)7 Qr(2), Oér(3))(51; Ba, 53)
= O—T(aT(l)ﬁ].? aT(?)ﬁQa 057(3)53)'

The semidirect product of Sz and (K*)? is defined as S3 x (K*)* with product as in (8). It
is denoted by
Sz % (K*)3.
Notice that S3 x (K*)3 coincides with

a 0 0 0 a O 0 0 « a 0 0 0 a 0 0 0 «
(9) 0 B8 0],{B 0 0),{0 B 0),{0 0 B],{0 0 B|,|B 0 O |a,B,7y€K™
0 0 v 0 0 v v 0 O 0 ~ O v 0 O 0 ~ O
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ThIlS, S3 A (KX)3 = {(047577)0 ‘ Oé,ﬂ,’}/ € KXu o€ 53}

We define the action of S3 x (K*)3 on the set M3(K) given by:

W1 Wiz Wig Wo(1)o(1) Wo(l)o(2) Wo(l)a(3)
(10) O | W21 Wo2 W23 | (= | We(2)a(1) Wo(2)0(2) Wo(2)o(3)
W31 W32 Ws3 Wo(3)o(1) Wo(3)o(2) Wo(3)o(3)

52 ,72
Qwyy  FWi2 SWi3

W11 Wiz Wiz ) ,
(11) (a,,7) - | war waz w3 | = [ Fwa Puwao %WQS

W31 Ws2 Ws3
2

a? B
w E=w w
S W31 T Ws2 W33

for every o € S and every (a, 8,7) € (K*)3.

For arbitrary P € S3 x (K*)? and A € M3(K), the action of P on A can be formulated as
follows:

(12) P-A:=PAP®,

Remark 3.1. The action given in (12) has been inspired by Condition (5) in Theorem 2.2.
Notice that any matrix P in S3 x (K*)3 is a change of basis matrix from a natural basis B
into another natural basis B’ and the relationship among the structure matrices Mg and Mp/
and the matrix P is as given in Condition (5), that is, P"'MpP® = M},. This is the reason
because we define the action of P on Mp by:

P-Mp =P 'MzP®?.
The result that follows will be very useful in Theorem 3.5.

Proposition 3.2. For any P € S3 x (K*)? and any M € M3(K) we have:

(1) The number of zero entries in M coincides with the number of zero entries in P - M.
(ii) The number of zero entries in the main diagonal of M coincides with the number of zero
entries in the main diagonal of P - M.
(iii) The rank of M and the rank of P - M coincide.
(iv) Assume that M is the structure matriz of an evolution algebra A relative to a natural
basis B. Assume that A> = A. If N is the structure matriz of A relative to a natural
basis B’ then there exists ) € S3 x (K*)3 such that N = Q - M.

Proof. Fix an element P in S3 x (K*)3. Then there exist o € S5 and («, 3,7) € (K*)3 such
that P = o(«, 8,7). Therefore P- M = (o(«, 5,7)) - M = o - ((a, B,7) - M). Item (i) and
(ii) follows by (10) and (11). Item (iii) is easy to show because P- M = P"'MP® and P is
an invertible matrix. Finally, (iv) follows from the definition of the action and [3, Theorem
4.4). O
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3.2. Main theorem. Here we prove the main result of the paper: the classification of three-
dimensional evolution algebras over a field of characteristic different from two in which there
are roots of orders two, three and seven.

Definitions 3.3. (See [1, Definitions 2.4]). An evolution subalgebra of an evolution algebra
A is a subalgebra A’ C A such that A’ is an evolution algebra, i.e. A’ has a natural basis.

We say that A" has the extension property if there exists a natural basis B" of A’ which can
be extended to a natural basis of A.

An evolution algebra is non-degenerate if €* # 0 for any element e in any basis (see [1,
Definition 2.16 and Corollary 2.19]). Otherwise we say that it is degenerate. Note that this
definition does not depend on the basis.

Definition 3.4. A three dimensional evolution algebra A is said to have Property (2LI) if
for any basis {e1, e, e} of A, the ideal A* has dimension two and it is generated by {e7, €7},
for i, j € {1,2,3} with i # j.

Theorem 3.5. Let A be a three-dimensional evolution K-algebra.

(i) If dim(A?) = 0 then Mp = 0 for any natural basis B of A.

(ii) If dim(A?%) = 1 then there exists a natural basis B such that Mp is one of the seven
matrices given in Table 1. All of them produce mutually non-isomorphic evolution al-
gebras. The algebras in this case are completely classified by the following properties:
having A? the extension property, dim(ann(A)), and whether or not A has a principal
1deal of dimension two which is degenerate.

(iii) If dim(A?) = 2, then then there exists a natural basis B such that Mp is one of
the matrices given in the first column of Tables 2 to 17. They are all mutually non-
isomorphic except in the cases shown in Tables 2’ to 17°. There are 58 possible cases.
Let B = {e1,eq,e3} be such that {e3,e3} is a basis of A? and €3 = cie3 + cq€3, for
c1, 0 € K.

(a) If cica # 0, then the evolution algebras have dim(ann(A)) = 0; the algebra A has
Property (2LI) and the number of non-zero entries in Mpg can be 4 to 9.

(b) If 4 = 0 and ¢y # 0 (the case co = 0 and ¢y # 0 is analogous), then the evolution
algebras appearing have dim(ann(A)) = 0; the algebra A has not Property (2L1) and
the number of non-zero entries in the set that follows can be from 4 to 9.

1 00 011 a 1 1 0 0 0 1 11 1 0 0 0 1 1 a 1 1
S—{011,1007011,111,&007(1117(1'117311}.
0 a « a 00 0 p B a B B 8 00 B v v B v v YA A

(c) Ifci,co =0, then the evolution algebras appearing have dim(ann(A)) = 1; the algebra
A has not Property (2L1) and the number of non-zero entries in rows one and two
can be from 1 to 4.

(iv) If dim(A?) = 3 then there exists a natural basis B such that Mg is one of the matrices
gwen in the first column of Tables 18 to 24. They are all mutually non-isomorphic
except in the cases shown in Tables 19’ to 23°. They are completely determined by the
number of non-zero entries in Mpg. There are 51 possible cases.

Proof.



12 Y. CABRERA, M. SILES, AND M. V. VELASCO

Fix a three-dimensional evolution algebra A and a natural basis B = {ej, e, e3}. Let Mp
be the structure matrix of A relative to B:

W11 Wiz W13
Mp = [ wa1 w2 wos
W31 W32 Ws3g

In order to classify all the three dimensional evolution algebras we try to find a basis of A
for which its structure matrix has an expression as easy as possible, where by ‘easy’ we mean
with the maximum number of 0, 1 and -1 in the entries.

Case dim(A?) = 0.

Then Mp = 0 and there is a unique evolution algebra.

Case dim(A4?%) = 1.

Without loss in generality we may assume e? # 0. Write e? = wie; + woes + wses, where

w; € K and w; # 0 for some i. Note that {e?} is a basis of A%
Since €3, e2 € A%, there exist ¢, ¢y € K such that

2 2
e5 = cre] = c1(wreg + woes + wses),

2 2
e5 = cge] = ca(wreq + woes + wses).

Then
wr Wi Gy
Mp = | w2 ciws Cowo
W3 Ciw3 CaWs
We start the study of this case by paying attention to the algebraic properties of the
evolution algebras that we consider. To see which are the matrices that appear as change of
basis matrices, we refer the reader to Appendix A.
We analyze when A? has the extension property. That is, if there exists a natural basis

B' = {e€}, ¢}, e} of A with

(13) e = €2 =uwie; +wyey + waes
ey = aey+ fBey +yes

es = oej +vey + nes,

for some a, 8,7,0,v,n € K that we may choose satisfying v(8 — 7v) # 0. Being B’ a basis
implies

w o 0
(14) |PB’B‘: W2 ﬁ V?éo
ws 7 N
By Theorem 2.2, B’ is a natural basis if and only if the following conditions are satisfied.
(15) aw + Bwacy +ywses = 0
(16) dwy + vwacy + nwszco = 0

ad + Preg +yneg = 0
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In these conditions, the structure matrix of A relative to B’ is:

W% + w%cl + (JJ§CQ Oé2 + 6201 + ")/262 (52 + 1/261 + 77262
Mg = 0 0 0
0 0 0

For the computations, we will take into account (11). On the other hand, to find the
different mutually non-isomorphic evolution algebras it will be very useful to study if they
have a two-dimensional evolution ideal generated by one element which is degenerate as an
evolution algebra.

Now, we start with the analysis of the different cases.

Case 1. Suppose that w; # 0.

By changing the basis, we may consider €? = e; + wyey + wses. Using (15) we get a =
—(Bwacy +ywsce) and by (16), § = —(vwacr +nwsca). If we replace o and 6 in (14) we obtain
that:

| Pprp | = (14 wicr + wic)v(B — 7).
Now we distinguish if | Pg/p | is zero or not. This happens depending on 1 + wic; + wcy
being zero or not.

Case 1.1 Assume 1 + wic; + wicy = 0.
In this case A2 has not the extension property since | Pg/g| = 0. We will analyze what happens
when 14 wjcs # 0 and when 1 + wics = 0.

Case 1.1.1 If 1 + w3cy # 0.
—1 —wicy

2
wa

Note that w2ec; # 0 since otherwise we get a contradiction. Then ¢; = . In this

case, the structure matrix is:

1 —_— Co

2

w3
—1—wicy
Mg = | ws — = Cows

w2

2

(=1 — w3co)ws

Case 1.1.1.1 Suppose that w3 # 0.
If we take the natural basis B” = {e1,wseq,wses}, then

1 —1—w§cQ (A)%CQ
(17) Mpr = |1 —1-wica wico

1 —1-—wicy wico

We are going to distinguish two cases: ¢; = 0 and ¢y # 0.
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1 -1 0
Assume first ¢ = 0. Then Mg = |1 —1 0| . By considering another change of basis
1 -1 0

we find a structure matrix with more zeros. Concretely, let B” = {es, e; + e3,e3}. Then

1 -1 0
MB/// = 1 —1 O
0 0 O

In what follows we will assume that co # 0. We recall that we are considering the structure
matrix given in (17). Take I :=< (14 w3cy)e; + €3 >. Then [ is a two-dimensional evolution
ideal which is degenerate as an evolution algebra.

Now, for B” the natural basis given by

1+ (wica)® +2(w3ee)® + (Wica)  —14 (wica)® +2(wieg)® + (wica)

2
2(1 + wics) 2(1 4 wics) (wiez)
—1+ (wie2)® + 2(wie2)® + (wiea) 1+ (wicz)® +2(wiea)® + (wico) 0
PB’”B” = 2(1 + CU%CQ) 2(1 + w§CQ)
1+ (wiea)® +2(wie2)® + (wWiea)  —1+ (wicz)® +2(wiea)® + (wico) 1
2(1 + w3es) 2(1 + w3ca)

we obtain:

1 -1 1

Mgn=11 -1 1

0 0 O
Note that |Pgmpr| = —2(wies)(1 + wicz)? # 0 because wicy # 0 and wicy # —1.
Case 1.1.1.2 Suppose that w3z = 0.
Then 1+ w3c; = 0 and necessarily w3c; # 0. In this case,

-1

1 ?% Co

(18) Mg = o -1 o

w2

0 0 0
Again we will distinguish two cases depending on cs.
1 -1 1
Assume c; # 0. Take B” = {e;,wqen, %63}. Then Mpr = |1 —1 1], which has
” 0 0 0

already appeared.
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1 -1 0
Suppose ¢a = 0. Then, for B” = {e1,wses,e3} we have Mg = |1 —1 0 |, matrix that
0 0 O

has already appeared.

Case 1.1.2 Suppose that 1 + w2cy = 0.
This implies that wicy # 0 and wic; = 0.

Case 1.1.2.1 Assume c¢; # 0.
This implies that ws = 0. Moreover, as w3 # 0, necessarily ¢y = ;—21 If we take the natural
3

-1

1 c1

wj
basis B" = {ey, e, e}, then Mpy = | .~ =1 | and we are as in Case 1.1.1.2.
w3
0o 0 0
Case 1.1.2.2 Suppose ¢; = 0 and wy = 0.
1 -1 0
Take B"” = {61,W3€3, 62}. Then MB” = 1 -1 0 again.
0 0 0

Case 1.1.2.3 Assume ¢; = 0 and wy # 0.
Taking B” = {ej, €3, €2}, we are in the same conditions as in Case 1.1.1.1 with ¢y = 0.

Case 1.2 Assume 1 + wic; + wicy # 0.
We will prove that A? has the extension property. In any subcase we will provide with a
natural basis for A one of which elements constitutes a natural basis of AZ.

Case 1.2.1 Suppose that ¢; = c3 = 0.
Consider the natural basis B’ = {e2, e + e3,2e5 + e3}. Then

Mp =

O O =
o OO
o OO

We claim that this evolution algebra does not have a two-dimensional evolution ideal gener-
ated by one element. To prove this, consider f = me; + nes + pes. Then the ideal I that it
generates is the linear span of {f} U {m'e; }sen. In order for I to have a natural basis with
two elements, necessarily m = 0, implying that the dimension of I is one, a contradiction.

Case 1.2.2 Assume that ¢; = 0 and ¢y # 0.
Then 1+ cow? # 0. For B’ = {e] + waeq + wses, €3, —w3ca€; + €5 + €3} the structure matrix is

1+ cw? 0 (1 + cow?)
MB/ — 0 0 0
0 0 0

Note that A? has the extension property because the first element in B’ is €2, which is a
natural basis of A2
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Consider B” = { 63}. Then

1+cow? 1, €2 V2 (1+cow?)

MBH —

SO
o O O
SO

We claim that this evolution algebra does not have a degenerate two-dimensional evolution
ideal generated by one element. Let f = ae; + fes + ves. Then the ideal generated by f, say
I, is the linear span of {f,ver, ae1} U {(a® +v?)a’e; Fienvgoy U {(a® +7%)%a’er Fienugoy- After
some computations, in order for I to have dimension 2 and to be degenerated implies o = 0
or v = 0, a contradiction.

Case 1.2.3 If ¢; # 0 and ¢y # 0.

Case 1.2.3.1 Assume 1 + w3c; # 0.

—w3cC2
1 —wacy

1+ clwg
For B’ the natural basis such that Pgp = o 1 —wswecz | we obtain that Mp =
1+ clwg
w3 0 1

co (1 + wgq + w%cz)

1+ w%cl + LA}%CQ c1 (1 + clwg)

(1 + clwg)
0 0 0
0 0 0

Now, consider the natural basis B” = { f1, fo, f3} such that

1

P T —— 0 0
1+ w%cl + w%cz

1
0 0

PB”B’ - \/cl (1 +clw§) (1 +w§cl +w§CQ)

,/1+clw§
0 0

Ve (1 + clwg + czwg)

and the structure matrix is:

Mpn =

O O =
O O =
O O =

It is not difficult to show that this evolution algebra does not have a degenerate two-
dimensional evolution ideal generated by one element.

Case 1.2.3.2 Assume 1 + wic; = 0.
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Then wowscicy # 0 and so ¢ = —1/w3. For B’ such that Ppig = | w2
w3
W§C2 % 7&)32)02
have Mp = 0 03 0
0 0 0
1
wgq
Now, we consider the natural basis B” for which Pgip = 0
0
111
structure matrix is Mg = | 0 0 0 ]|, which has already appeared.
000
Case 1.2.4 Suppose that ¢; # 0 and ¢; = 0.
1
Considering the natural basis B” = {ej, e3, €2} we obtain Mp» = (wg
w2

in the same conditions as in Case 1.2.1.2.

Case 2 Suppose that w; = 0.
The structure matrix of the evolution algebra is

0 0 0
MB = Wy WaC1 WoCo
W3z W3l WsC2

o o

2 — w%@
2

wa(l+ %CQW:%) we

w3

. Then, the

ﬁo o
_

a1
wser |, and we are
w2l

Necessarily there exists ¢ € {2,3} such that w; # 0. Without loss in generality we assume

[03)) 7é 0.
Case 2.1 Assume c¢; # 0.

w2C1  W2C2
Consider the natural basis B” = {es,e3,e1}. Then Mpr = | wser  wseo
0 0

the same conditions as in Case 1.

Case 2.2 If ¢; = 0.
Case 2.2.1 Assume cows # 0.

w3 C2 0 w3

1

w3) and we are in
0

Taking the natural basis B” = {es, 3, €1}, then Mp» = <w202 0 m) and we are in the same

0 0 O
conditions as in Case 1.

Case 2.2.2 Suppose that cows = 0.
Case 2.2.2.1 Assume ¢y = 0.
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Take the natural basis B’ = {wqes + wses, w%eg, e1}. Then

001
Mg =10 0 0
0 0 0
Note that A2 has the extension property.

Case 2.2.2.2 Assume ¢y # 0.

Then ws = 0. For B’ = {wseq, €1, \/—1563} we have
011
Mg =10 0 0
0 00

In this case, A% has also the extension property.

We have completed the study of all the cases and will list them in a table. All of them
produces evolution algebras A such that dim(A) = 3 and dim(A?) = 1. They are mutually
non-isomorphic, as will be clear from the table. We specify the following properties that
are invariant under isomorphisms of evolution algebras: Whether or not A? has the exten-
sion property, the dimension of the annihilator of A, and whether or not A has a principal
degenerate two-dimensional evolution ideal.

In every of the cases listed below we have analyzed when A2 has the extension property. To
compute the dimension of the annihilator we have used [1, Proposition 2.18]. We also specify
in the table if the evolution algebra has or not a two-dimensional evolution ideal, which is
degenerate as an evolution algebra, and which is generated by one element.

Recall that for a commutative algebra A the annihilator of A, denoted by ann(A) is defined
to be ann(A) ={r € A | zA = 0}.
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Type A? has the extension || dimension of || A has a principal degenerate
property ann(A) two-dimensional evolution ideal

1 -1 1

1 -1 1 No 0 I =<e3>
0 0 O

1 -1 0

1 -1 0 No 1 I=<e;+ex+ez>
0 0 O

1 1 1

0 0 O Yes 0 No

0 0 O

1 0 1

0 0 Yes 1 No

0 0 O

100

0 0 O Yes 2 No

0 0 0

0 1 1

0 0 O Yes 1 I =<e3>

0 0 O

0 0 1

0 0 Yes 2 I =<e3>

0 0 O

TABLE 1. dim(A42) = 1.
Case dim(A4?%) = 2.
The first step is to compute the possible matrices Pg/ g for natural basis B and B’. Without
loss in generality, we may assume that there exists a natural basis B = {ej, €2, €3} such that

w11 Wiz Ciwii + CoWi2
(19) MB = Wao1 Waoa ClWay + Cowao
W31 W3z C1lwszl + CoWsg

for some C1,Co € K with W11W22 — W12W21 % 0.

Let B’ be another natural basis and let Pg/g be the change of basis matrix. Write

P11 P12 D13
Ppp = | D21 pa2 D23
P31 P32 P33
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Since B’ is a natural basis, by (6) it verifies:
Wi1P11P12 + WigPaiPaz + (Wir1c1 + wizca)psips2 = 0

(20) W21P11P12 + WazPa1 P2 + (w11 + waece)Ps1Pss =
w31P11P12 + WseP21Paz + (ws1¢1 + waaCa)psipse = 0

)

Wi1P11P13 + WiePa1Pes + (wi1c1 + wizce)psipss = 0
(21) Wo1P11P13 + WaaPa1 P23 + (WarC1 4 wWaaca)pgipss = 0
W31 1113 + W21 P23 + (Wa1€1 + WaaCa)pgipss = 0
Wi1P12P1s + WigPaaPes + (Wir1c1 + wiaca)psapss = 0
(22) W21P12P13 + WaoPaaPas + (warc1 + wasca)psepss = 0
W31P12P13 + WsaPaaPas + (W31C1 + wsaCa)paapss = 0

We consider the homogeneous system (20) in the three variables pi1p1a, p21pe2 and psipss.
Taking into account that the rank of this system is 2, we may compute its solutions as follows:

— (w1161 + W12C2)P31P32 Wia

—(wa1€1 + WaaCa)P31P32 Wao

(23) P11P12 = = —C1P31P32
Wi1Wa2 — Wa1Wi2

wir —(wi1e1 + wi2c2)P31Ps2

war  —(wa161 4 wa2ca)P31Ps2

(24) P21P22 = = —C2P31P32
W11Woo — Wa1W12

In an analogous way, we may consider the systems given in (21) and (22). Their solutions
can be computed as follows:

(25) P11P13 = —Ci1P31P33;, P21P23 = —C2P31P33;
and
(26) P12P13 = —Ci1P32P33;, P22P23 — —C2P32P33-

Case 1 cicy # 0.

In this case the annihilator is zero because there cannot be a column of zeros (apply [1,
Proposition 2.18]). All the evolution algebras appearing in this case will have Property (2LI),
that we define.

Definition 3.6. A three-dimensional evolution algebra A is said to have Property (2LI) if

for any basis {e, €2, e3} the set {€?, 2} is linearly independent, for every 7,5 € {1,2,3} with
i .

R
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In what follows we prove, by way of contradiction, that Pz p € S3 x (K*)3. Note that (see
(9)) elements in Ppp € S3 x (K*)? are those invertible matrices in M3(K) having two zeros
in every row and every column.

Then, let Pgip ¢ S3x (K*)?. Assume, for example, that ps;psepsz # 0. By (25) and (26) we
—C1P31P32 and py; = —C2P31P32

have that pipiapis # 0 and paipaopas # 0. If we replace py = v v
12 22

in (25) we obtain p;3 = P3sP12- ond Pz = P3sp22. Finally, if we replace these two values in
P32 P32
(26), we get piy, = —c1p3y and p3y = —cop3y. Therefore,

D12 = TV —C1 P32
D22 = £/ —C2 D32

and
p1s = £vV—c1 pss
pas = £/ —¢2 P33
par = v/ —c2 P31
pu = £V—c1 pa
Now,

| Ppg| = p11p2aPss + P12P23Ps1 + P13P21Ps2 — P13P2ePs1 — Da1Pi2Pss — PiiPs2p2s = 0.

This is a contradiction. Therefore p3;psapss = 0, hence, there exists at least one i € {1,2,3}
such that ps; = 0. We may suppose without loss in generality that ps; = 0. This means that
p1ip12 = 0, paipae = 0, p1ipiz = 0, parpes = 0 and, obviously, pz1ps2 = 0 and p31pz3 = 0.

We claim that Pg/p has two zero entries in every row and column. In other words, that
Ppg € 53 % (KX)S.

Assume py; = 0. Since |Pg | # 0, necessarily ps; # 0. So, peg = pao = 0 and consequently,
using (26), psapss = 0 and piap13 = 0. We have pay = 0 and poz = 0.

In p3apss = 0 we distinguish two cases. First, assume p3s = 0. Then p;s # 0 (because
|Ppip| # 0). Since piapi3 = 0 we get p13 = 0. Use again |Pp/p| # 0 to obtain ps3 # 0 and we
have proved that, in this case, Pgig € S5 x (K*)3. Second, assume pss # 0. Then ps3 = 0
and pi3 # 0 because |Pg/g| # 0. Use p1ap13 = 0 to get, reasoning as before, that p;o = 0 and
p3z # 0. This proves again Ppig € S5 x (K*)3.

Now, assume py; # 0. Then, by (23) and (25), we get p1a = p13 = 0. So, p1ap1z = 0,
P32ps3 = 0 and paopes = 0. Now we use (23), (25) and (26) to obtain p3i;pze = 0, psipss = 0
and psopss = 0. Taking into account this identities and 0 # | Pg/g| = p11p — 22ps3 — p11P32P23
we prove Pgig € S3 x (K*)? as claimed.

Now that we know the possible matrices for Pg g, we may look for all the possible Mg. By
Proposition 3.2 (i) all the structure matrices representing the same evolution algebra have
the same number of zero entries. This is the reason for studying the classification depending
on the number of non-zero entries in Mp (recall that Mp is the matrix given in (19)).

We claim that the first case to be considered is the one for which Mg has four non-zero
entries. Indeed, fix our attention in the first and second columns in Mp as given in (19). The
maximum number of zero entries in that columns is four. Now, the third column can have
only one zero because ¢; and ¢y are non-zero and we have two non-zero entries in the first
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and second columns, which are neither in the same row nor in the second column as the rank
of Mp is two. Taking into account (11), we may assume that two of non-zero entries are 1.
In some cases, we will be able to place one or two more 1 in a third and fourth entries. The
remaining non-zero entries will be parameters.

We explain now two types of tables we include, called “Table m” and “Table m’”. For
“Table m”, we list in the first row (starting by the second column) the five permutation
matrices different from the identity. As for the second row we start with an arbitrary structure
matrix under the case we are considering. Then we apply the action of an element in S3 (listed
at the beginning of each column) and write in the corresponding row the obtaining matrix.
We start the third row with a matrix under the case we are considering and not included in
the second row, and continue in this way until we reach all the possibilities for this case. In
order to make easier the understanding of the reader, we distinguish in color the different
possibilities that we have. As for the second type of tables we include, the reason is the
following: For given parameters (those appearing in the listed matrices), matrices in the
same row of a concrete table produce isomorphic evolution algebras. Matrices appearing
in different rows correspond to non-isomorphic evolution algebras. Now the question is:
For matrices in the same row having different parameters, are the corresponding evolution
algebras isomorphic? To answer this question we include the second type of tables, “Table
m'”.

Case 1.1 Mp has four non-zero entries.

Note that there is, necessarily, a row with all its entries equal zero, because there is no a
column with all its entries equal zero (as ¢ijco # 0). For each possible row with three zeros,
there are (g) = 15 possible places where to put two zeros in the remaining rows. Because
of A has Property (2LI) a row can not have two zeros. This happens 6 times. We have to
eliminate the cases in which there is a zero column (three cases). Then we have 15—6—3 = 6
cases for each possible row with three zeros. Therefore we obtain 18 cases.

There are only four families of mutually non-isomorphic evolution algebras: those whose
structure matrix is in the first column of the table below.

(1.2) (1.3) (2.3) (1.2.3) (13.2)
000 110
1 e 0 0 ¢ 1
01 1 000
00 0 1 e 0

10 1 101

0 e 1 000

00 0 1

10 1

110 1o 0 0
0 o 01 00 0 1

0 0 11 1 ¢ 0 1

a 000 101 0

TABLE 2. dim(A4?%) = 2; ¢; # 0; dim(ann(A)) = 0; A has Property (2LI);

four non-zero entries.

ci 10
0

(
01

10 1
0 0
) 1 ¢

011
) 0
0 1

(

20
o)
(i1

Co
0
110

00 0

—_
—
o o0

cg 10
0 00
0 11

o =

(
)
)
(

—
[=R=
o2 o
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Now, we study if every resulting family of evolution algebras contains isomorphic evolu-
tion algebras. The procedure we have used is the following: we start with one Mp and
study if there are matrices Pg/g such that Mp: is in the same family. For the computations
we have used Mathematica. The program can be found in https://www.dropbox.com/s/
bgdz4bah3isakf j/isomorphismprogram.nb?dl=0. This explanation serves for all the cases.

]WB PB’B ]WB’
00 0 V=1 0 0 00 0
01 1 0 1 0 01 1
10 ¢ 0 0 —1 10 —¢

L
00 0 NG 00 0
(1 0 cl) 0 l 10 l
C C1
110 , 01 11 0
C1
1
— 0 0
00 0 Ver ) (1) (1) 8
110 0 = .
10 ¢ , @ 10 —
0 — 0 @
C1
TABLE 2'.

Case 1.2 M5 has five non-zero entries.

The structure matrix must have a zero column. So, for each possible zero row, there exist
(g) = 6 possible places where to write the remaining zero. Therefore, there are 6-3 = 18 cases.
They appear in the list that follows. The parametric families of mutually non-isomorphic

evolution algebras are three and appear in the first column of the table below.

(1,2) (1,3) (2,3) (1,2,3) (1,3,2)
1 0 1 a+a 1 « 1 1 0
0 0 0 0 0 0 a c+a l
a 1 ¢+a 1 0 1 0 0 0
00 0 01 c1 0 c 1
10 c 00 0 1 ci+ce 1
1 1 1406 11 qq+c 0 0 0
00 0 1 1 ci+ac c 0 0 0 0 c1 10 1 e+ 1
1 1 ¢q+oc 00 0 cp+ce 1 1 c 0 0 00 0 C 1
10 c 01 1 0 0 1 c1+c 1 cit+e 11 0 0 0

TABLE 3. dim(42%) = 2; a,¢1,¢1 + a, ¢1 + co # 0; dim(ann(A4)) = 0;
A has Property (2LI). Five non-zero entries.

cpt+a «
1 1

("
(

)

c 0

1
0
0
c1+cy 11
1
0 00

O = =

)

)
)
)

T
Sojr
S
=
S IS I



https://www.dropbox.com/s/bgdz4bah3isakfj/isomorphismprogram.nb?dl=0
https://www.dropbox.com/s/bgdz4bah3isakfj/isomorphismprogram.nb?dl=0
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Case 1.3 Mp has six non-zero entries.

There exists (g) = 84 possibilities to place three zeros. As the structure matrix has Property
(2LI), it can have neither two zeros in a row nor a zero column. So, for each place, we
eliminate the six cases where to write two zeros in a row. Then, we remove 9 -6 + 3 = 57

cases. Therefore, we have 27 cases. The mutually non-isomorphic parametric families of

Mp Ppp Mpg
0 0 0 v—=1 0 0 0 0 0
0 1 1 0 1 0 0 1 1
1 a g+« 0 0 —1 1 —a —¢—«a
TABLE 3.

evolution algebras are nine and are listed in the first column of the table below.
In some cases, the parameters a, 5 and ¢; must satisfy certain conditions:

In the fourth row: ciaff + 1 # 0. In the fifth row: c;a+ 5 # 0 and in the seventh row:

coax + ¢1 # 0.

(12) (13) 23) (123) (132)

00 0 1 1 ¢+e o +acy a1l 0 0 0 ctac 1 « 1 a+ce 1
11 ca+c 0 0 0 ci+te 11 1 cg+ac « 0 00 a ¢ +acy 1
1 a ¢ +ac a 1 ¢ +ac 0 0 0 1 ¢+c 1 c+e 11 0 0 0

0 1 1 1 0 1 acs 0 « 0 1 1 acy a 0 1 1 0

01 1 1 0 1 1 10 a acy 0 1 1 0 acy «a

a 0 acy 0 a ac 1 10 0 1 1 1 01 1 1 0

0 a ac 0 1 1 1 0 1 0 acy «a 1 10 0 1 1

1 0 1 a 0 acy 1 01 1 1 0 acs 0 a 0o 1 1

1 0 1 01 1 acy a 0 1 1 0 10 a acy 0

0 a 1 01 ¢ 01 8 01 « 0 81 0 ¢ 1

1 0 ¢ a 0 1 ¢ 01 8 0 1 1 0 « 1 0 g

g 1 0 1 5 0 1 a 0 1 ¢ 0 c 1 0 a 1 0

0 1 1 B oa 0 ¢ 01 0 1 1 ¢ 1 0 8 0 «

a B 0 101 08 a 1 a0 1 01 0 ¢ 1

1 0 ¢ 01 ¢ 1 10 a 0 8 0 a f 1 1 0

1 0 ¢ 1 0 ¢ c 10 1 ¢ 0 cy 01 1 ¢ 0O

01 c 01 ¢ cs 10 0 ¢ 1 cg 10 1 ¢ O

01 ¢ 1 0 ¢ c 01 0 ¢ 1 c 01 0 ¢ 1

1 0 ¢ a 1 0 c 10 1 ¢ 0 c 01 a 0 1

1 a 0 01 ¢ 0 a1 0 ¢ 1 cg 10 1 ¢ 0

01 ¢ 1 0 c 01 1 0 « 01 « 0 ¢ 1

TABLE 4. dim(A?) = 2; «, 3, ¢1 + aca, c1, c2,¢1 + co # 0; dim(ann(A)) = 0;
A has Property (2LI); six non-zero entries.
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O ==
g»—lH
S

S——

My Py My
L 0 0 0 0
0 0 0 ver e X X v
1 1 1+ ¢ 0 0 o + oo
a c + acy 1 1+ acy ¢+ 1
0 a+tcooa o+
c1 +
0 0 1 1
0 0 1 1

—a 0 —ca

0 —a —c«a

0 a o

1 0 1 0 10 1 0 1

1 0 1 0 01 1 0 1

0 a 1 - 0 0 0 —¢% 1
1 0 ¢ 0 ¢* 0 1 0 ¢%;
51 0 0 0 ¢* —¢°8 1 0
0 a 1 ®2 0 0 0 foatey 1
1 0 ¢ 0 ¢* 0 1 0 —¢°cy
B 1 0 0 0 —¢ -8 1 0
0 a1 —¢* 0 0 0 ¢ 1

1 0 ¢ 0 ¢% 0 1 0 ¢
81 0 0 0 —¢° -7 1 0
0 a1 #* 0 0 0 —¢’a 1
1 0 ¢ 0 —¢ 0 1 0 —¢icy
B 1 0 0o 0 ¢ o8 1 0
0 a1 - 0 0 0 —¢a 1

1 0 ¢ 0 —-¢* 0 1 0 ¢’
81 0 0 0 ¢ B 1 0

0 a1 0 0 0 d*a 1

1 0 ¢ 0 —¢° 0 1 0 —¢c
81 0 0 0 —¢° B 1 0

25



Y. CABRERA, M. SILES, AND M. V. VELASCO

Mg Py Mg

0 —¢ 0
0 0 ¢?
ot 0 0

C1
0

,_.
— o R

—
o
a

AR

0 «
1 0 ¢

0 «

6 1 0

—
o
o

AR

0 «
1 0 ¢

—
o
o

AR

10 ¢
B 10
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Mp Ppp Mp:
0 0 ! (
a 1 1 {/ciapt
1 0 ¢ 0 i 0 1
/cratp?
B 1 0 1 aatf
/A3 0 0 .| B
cia?p Sa? 0
; 2
¢ 0 ¢yl 1
0 o 0 0 TR abp33
—¢ . (YZ
1 0 ¢ 0 —— 0 1 0 —¢3 ([ =
7 432 Jﬂﬁ
B 1 0 P . “
—— 0 0 67 B
Vcta2B &y Eas 1 0
2
o .
0 0 0 -9 633 1
7/2 0 Bh abp
0 a 1 2 ciof e
1 0 ¢ 0 —_— 0 1 0 46 7| ——
' —© 0 0 5. B2
A1 _© Ao Tl _!
Vcta?B e 1 0
@b
1
0 0 T
0 a 1 & aaql 3
1 0 ¢ 0 [ 0 27 @
51 01 /cratp? ' c3 36
—¢P
0 0
/cla2B 0
_ .3
0 0 ¢ 0 o 55 1
1 Uciapt abf
a /
o o2
1 C. 0 T 0 _ A5 =
3 ? f ,  Vedls ! 0 G
[ 2
0 0 153
Ucta2B -6 \7 as 1 0
43 2
0 0 2 0 s 1
0 a 1 . Vctapt otp
) —¢° o’
1 0 c 0 e 0 1 0 _hi =
51 0 VP Ny
Y 2
b 0 0 £2 7 5
Vcta2B a3 1 0
0 0 7720/4 0
0 o 1 4 ciaf
1 0 ¢ 0 Yoy 0 1
PV
81 0 . eraltp
i 0 0 B?
G 7
Vcta?B —¢ $as 1 0
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Mp Ppip Mp
2
L 0 {5 1
0 a1 " Vam ° 45
( 1 7
- _— 0 0 K
1 0 (&) W 1 0 (1(1;(13
51 0 0 0 1 5
Jcta?B (i g 0
i b33
0 i 0 0
0o T
—¢
1 0 ¢ 0 0
! 0 0 o ¢
1,2, o 7)1
v cia?p b33 1 0
¢ 0 o 7] 2 1
0 7/c2 3 0 ¢ C?ﬁgﬁ
0 a1 . veraf 5
10 ¢ ¢ 0 0 1 0 e
510 Verals? ‘ o
| R )
aaf P\ avpe
36
0 — 0 1
0 a 1 ,  Veed!
10 ¢ i 0 0 @47ﬁ
Verat 32 bas
8 1 0 5 1
0 0 ¢
7041*023 0
0 —¢ 0 1
0 o 1 4 Verad!
2
1 0 TL“ 0 0 1 0 -3/ g 3
31 0 v eaaltf ) St
0 0 — ¢ 67 c?
/Ea?p P 1 0
—3 , a?
0 _(’7 0 0 *(ﬁﬁm 1
0 a 1 Veiap! e
: 5
— . 32
1 0 C —— 0 0 1 0 27‘7‘
° 0 0 . g A
/c1a?p @ asp3 0
*@5 47
0
0 7/:2+ R34 0 ¢
0 o 1 I, cief
0]
1 0 ¢ —— 0 0 1
3 1 01 V/crat3? )
: 0 0 9 0q B
V/cta?B 4 Ea 1 0
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JIB PB’B ]\JB/
32
1 £
0 0 0 (| 5 3 1
/203t qo
a 1 ciaf
v 1 2
0 0 —_— G
/13 [1) (01 1 Veratp? ! 0 abps

—_
o
1oy

AR

44 5 B2
\/2734 0 0 O o Ew
CTOf
(1) (g g : 0 _# s 4
C 0 4 1 0 —3 7 i
5 1 01 /eral 32 g 0633
' 0

—¢

Vcta2B

cratp?

14

/et B2

—_
o

(&)

— 3 . B
@ 0 0 0 @27 3 1
0 a 1\ || VR
] — 2
1 0 c 0 0 _ 1 0 a7 1
3 1 01 {eratp? "\ o853
6

&9
/cratp?

0 0

—
(el

6 1

_ 653

Vcta2B
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Mp Pyp Mp
2 0 o 0 1 2
01 ¢ a? o
G2 o 2

a1 0 0 0 - 21 0
1 0 ¢ 1 “ “ 9
0 — 0 1 o 2@
C1 Cl4
(&} 2
0o o =+ G
10 ¢ ) at 1 P
1 o 0 S 0 0 1 = 0
01 c 1 o cq
0 = 0 0 1 =
= . e
10 ¢ @ c2 ((,) ()7
a 0 0 0 - 1= 0
01 e ;@ 01 a
0 @ 0 ()(4

TABLE 4'.

Case 1.4 Mp has seven non-zero entries.

There are (g) = 36 possibilities to place two zeros. But we have to eliminate the cases in
which there are two zeros in the same row. So, there are 36 — 9 = 27 cases. The parameters
a, f and c; must satisfy certain conditions: in the third row ¢; + # # 0 and in the fifth row
coff + ¢ # 0. There are six mutually non-isomorphic evolution algebras, which are listed

below.
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~/

(12) (13) (23) (12.3) (13.2)
1 1 1 0 1 aa+p [ « 0 1 1 caa+p a § 1 1 0
1 10 1 1 10 a ca+p B 1 0 1 B caa+f «
3 o+ B a ca+p 1 1 0 0 1 1 1 0 1 1 1 0

~

o

ca+f
C1

1 1
0 1
B ca+

//

caa+p B «
“ 1
1 1 0

~—
I/~
=9 o
o
~__

0 G 1
B aa+p «a
1 0

—_

— Q2 ™
[ =
)

A

Q
S s
+¥ o
-2
v

v

ci+c 11 0 « B 0 1
0 g1 1 14+ 1 1 c1+ce 1
ca a0 1 0 8 a a0

a  eQ
15} 0
1 ¢ +e

e >

(=)

0 c 1 0 1 caa+p B «
1 1 1 1 1 1 0
B ca+f B8 a ca+p c1 0 1

SN—
7 o
S 0P =

&) 0
caa+p B / «
1 1 0 c1 1

@ =
—_
(=)
S——

—_
Q

ca+f
0 o « o 0 cp+e 11 15} 0 1
15} 0 1 ¢+ o v 0 1 c14+c 1
1 ¢ +c 1 0 B8 0 1 5 1 o «

0 1 1 a atce g 0 g 1 1 0 ) 5 0 1 at+ec «
1 a+c 0 1 1 a+e 1 « I} 5] 0 1 10 0 I3 15}
0 6] 0 g 3 1 0 1 a atcy 1 a+c a1l 0 1 1

TABLE 5. dim(A?) = 2; a, 8,c1a+ B, a + ¢2,¢1, ¢a,¢1 + co # 0; dim(ann(A)) =
A has Property (2LI); seven non-zero entries.
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Mp Ppip Mp:

0 1 1 1 0 0 0 1 1

0 1 1 01 0 0 1 1

a B caa+p 00 -1 —a —f —qa-—p

0 1 1 1 0 0 0 1 1

10 c1 01 0 1 0 c1

a B cqa+p 00 -1 —-a —f —cqa-—-p

01 1 <) 1

10 a 0 —C 0 ¢

a B aa+p 0 0 —¢ —(B —((cra + B)

0 1 1 2 0 0

10 a 0 —C 0 —gq

a B caa+f 0 0 ¢ -« Cﬁ C(era+ B)

01 1 ¢ 0 0 0 1 1

10 o 0 ¢ 0 10 Cey

a B caa+B 0 0 —¢? —a =B —C(ca+P)

01 1 —¢ 0 0 0 1 1

10 o 0 ¢ o0 10 Ca

a B cqa+p 0 0 ¢ a B8 aa+pP)

0 1 1 01 0 ! ! %
10 0 1 0 —

1 0 1 1 c 5

[ ( - 1o +

a B ca+p 0 0 e Jap Jaa 1\F
01 0 0 1 1

0 1 1 1
10 0 1 0 —

1 0 C1 -1 ( C1 )

8 +8 00 — aa+p
¢ naeT NG VAl —yee — =
0 1 1 0 < 0 " : —1<
0 0 1 0 =
1 0 C1 _C C1
a B cqa+p 0 \/—a JaB —C/Ea —((cra + B)

NG
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]\/]B PB/R A/[B’
0 —¢ 0 0 1 1
01 1 e 0 o ) 0 =
10 C1 C )
a B o+ 0 0 — (1a+ﬁ
£ 1 6 \/a \/*,3 C\/ﬁ \/7
) 0 1 1
01 1 0 ¢ 0 ¢
- 0 0 1 0
1 0 (&) 7<2
a [ ca+p 0 0 —= 9 (qa-i—B)
> - - o e
NG JaB (e 7=
0 1 1 0 ¢ 0 " : 412
¢ 0 0 1 0 >
10 &) CQ ( Cc1 )
a B ca+p 0 0 —— ca+f
| 1 / NG Vas C\/ﬁ T
10 1 10 0 1 0 1
0 1 1 01 0 0 1 1
a f ca+p 00 —1 —a —f —(cia+f)
01 0 1 0 !
10 o Lo o o
0 1 1 \/F 0 1
) va ca+pf
a B caa+p 00 . JaB Jaa 1ﬁ
01 0 1 0 !
10 o Lo o cr
0 1 1 Ja 0 1 1 )
a B ca+p 0 0 Y= _ 5 _ _(:1a+/3
(&) \/a \/aa \/Fl
a 0 o -1 0 0 a 0 o
1 8 0 0 10 1 8 0
1 1 01+C2 0 0 1 1 1 C1+CQ

—_

WO o
o = o
o ow|

1 0
a+ Co
2
! 0
B

=R =

TABLE 5'.
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Case 1.5 Mp has eight non-zero entries.
There are nine possibilities to place a zero in the structure matrix. Therefore, there are two

parametric families of evolution algebras listed in the following table.

(1,2) (1,3) (23) (1.2,3) (1.3,2)
0 1 1 « af+vy v B 0 1 1 af+y B v a c+a 1
I a ¢+« 1 a+a a1 B af+vy v 1 0 1 v af+y B
B v af+y 5 i rp’+‘ 1 1 0 1 aga+a « ag+a 1 « 1 1 0
1 0 1 1 o « + Co B+ecy v B 1 1 0 B+ecy B 7 1 a+c «
a1l a+te 0 a+c 1 «a B B4cy v 1 10 v B4y B
B v B4 coy 0 ; g + % 1 0 1 a atcy 1 a+c a1 0 1 1

TABLE 6. dim(A?) =

dim(ann(A)) = 0; A has Property (2LI); eight non-zero entries.
Mp Ppp Mp:

0 1 1 10 0 0 1 1
1 a ¢+« 01 0 1 « ¢+«
B v ab+y 00 —1 —B =y —(aBf+7)
0 1 1 ¢ 0 0 0 1 1
1 a g+ 0 —¢ 0 1 —Ca —((c1+a)
B v aB+y 0 0 —¢ B ¢y —ClaB+7)
01 1 ¢ 00 0 1 1
1 a ag+a 0 —¢C 0 1 —Ca —((a+a)
B v aB+y 0 0 ¢ -8 ¢v ((aB+7)
01 1 c 0 0 0 1 1
1 a oa+a 0 ¢ 0 1 Ca (e +a)
B v aB+ry 0 0 —¢ -8 =y —ClaB+7)
01 1 ¢ 0 0 0 1 1
1 a g+a 0 ¢ 0 1 Ca (e +a)
B v aB+y 0 0 ¢ B v GlaB+y)

1

— 0 0 o 11
01 1 B . L aBtyr o
1 o a+a 0 0 - VB /B
B v af+7y 1 VB 1 a+a o

0 0 k53 V3 B

2, 8,7, c1 +a, atca, 1S+, B+ cay, ¢, 2 # 0
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Mp Ppip Mp
1
5 0 0 0 1 1
PR | [ P 1 22T
C1 - Vi \
B v aB+y 1 VB -l —(ata) —o
0 75 0 3 /B VB
2
fﬁZ 0 0 0 1 1
0 1 1 \ —((aB+7) -
1 . 7( 1 ( l 7 ) 3 :
a a+a 0 0 — /B B
B v aBtry ¢ VB 1 =lata) —Co
0 75 0 B YB B
2
f/Q 0 0 1 1
01 1 B c L @B+ G
} « C1/+a 0 0 73 VB VB
B v af+y —¢ -1 ((a+a) Ca
0 7 0 B B B
:22 0 0 1 1
01 1 ‘ e L Cles+r) Gy
1 a c+a 0 0 B VB
By aB+r e VB -1 —¢@+a) —Ca
0 7 0 B /B /B
:42 0 0 0 1 1
01 1 A e L Cl@B+y) &y
1 a gq+a 0 0 - vié} VB
B v aBf+ry g VB 1 Glat+a) a
0 == 0 8 VB VB
10 1 10 0 1
a 1l a+c 01 0 « «@ + C2
B8 v B+cy 00 -1 -6 =y —(B+c)
TABLE 6/

Case 1.6 My has nine non-zero entries.
The parameters «, [ and v have to verify that the three of them cannot be equal in order

for Mp to have rank two. This produces only one parametric family of evolution algebras.

(1,2) (1,3) (2,3) (1,2,3) (1,3,2)
1 a ¢+ oo B 1 c+cef ci+cy v 1 1 g +wa «a cirtey 1 v B c1+ep 1
1 B8 1+ a 1 ¢+ oo atef B1 1 ao+cy v ctoa 1 « v oty 1
1 v ¢+ ey v 1 ¢ +coy c+oa a1 1 ei+ep cat+ef 1 8 a ¢ +cea 1

TABLE 7. dim(42%) = 2; , 8,7, ¢1 + cac, 1 + cof3, ¢1 + oy # 0; dim(ann(A)) = 0;
A has Property (2LI); nine non-zero entries.
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Case 2 ¢; =0 and ¢, # 0.

Note that if we consider the new natural basis {e}, €}, e5} with €] = ey, e5 = \/c2e5 — €3 and
ey = \/C2e2 + e3 we obtain that (e5)? = (e})?. By abusing of notation, we may assume that
the natural basis concerned is {ey, €2, e3} with €3 = €3.

Note that in this case the dimension of the annihilator of the evolution algebra is zero. We
will see that the possible change of basis matrices are precisely two elements in Sz x (K*)3
(we consider only those for which €2 = €3) and one more not in Sz x (K*)? that we will

specify.

In this case, the equations (23), (24), (25) and (26) are as follows:

pupiz = 0;  paipas =
pupiz = 0;  paipas =
p12p13 = 05 paopas

—P31P32;
—P31DP33;
—P32P33-

My Pus My
1 a g+ o« 1 00 1 ¢ +ma «
1 B a+ep 001 1 ci+cy v
1 v ¢ +cy 010 1 er4+ep B
0 0 o 1 Y (c1 + e2f) 072
52 33 33
1 a ¢+ e 1 ylep +ey)  a?
1 B8 a+epf 3 00 1 % 5
~ ¢ oy Y £ b=y
1 v a+ey 0 /2 0 1 ¥ (e1 + caax) a
B af? 32
b |2 o
Q2 3 3
1 a ¢+ o 1 p? i ,}/2((, b; c (1)
1 B a+ep B 0 0 1 5 #
1 v at+eay v Pe o ;
0 0 — 1 & y(c1 + c27)
B /327 32
0 0 C1 + cot 1 y(er + e2B)? ¥(e1 + era)?
2 33 3
1 (; il jrr(CQ(; 0 o1+ e (o +0('2W) 1 g?cjf@%) A/((Ccllicg;g)z
1 :/ 01 " cj“,/ ) (c1 4 c2v)? (c1 + (:Qv)22 (c1 + c2B)(c1 + co)?
0 0 a(er + ef) (e + ca)
c1+ ¢y (¢1 + c2a) (1 + c27)? (c1 + c27)?
0 c1 + oo 0 1 y(ep + cac)? y(er + e2B)?
2 )3 1 o)
1 a ca+aeoa (e1+cov) 1t 6B é((’lcltr(i;/?l) a(({éli(égﬁ
1 /3 ¢+ 02}3 0 0 —_— 1 - -
2 )2 NI, 1 o)2
1 v o+ ey 1 (c1+ ) (e1+ ) (a1 +/C2£Y)(C1 + ¢27)
0 0 (c1 + c20) Bler + )
€1ty (1 + cB)(c1 + 27)? (e1 + c2)?
TABLE 7'.




CLASSIFICATION OF THREE-DIMENSIONAL EVOLUTION ALGEBRAS 37
We may suppose that p;; = p12 = 0.

—D31pP32 — P33p22

Assume that P31P32P33 7é 0. This 1mphes that P21P22P23 7é 0. As P21 = poz ) D23 P32

Then pyy = £/ —1p3a, po3 = £/ —1p33 and pyy = ++/—1p3;. But, in these conditions
| Pgig| = 0. Therefore there exists at least one ¢ € {1,2,3} such that ps; = 0.

If ps; = 0, then pa;pre = 0 and po1peg = 0. Since pa; # 0, necessarily pag = pog = 0, implying
p3apsz = 0. Consequently, Pgg € S3 x (K*)3.

If p31 # 0 and p3s = 0, then poypos = 0 and paopesz = 0. This implies pa; = po3 = p33 = 0 and
again Ppp € S3 x (K*)?.

If P31P32 7£ 0 and P33 = 0, then P22P23 = 0 and DP21P23 = 0. Necessarily D23 = 0. On the other

hand, as p3ipss # 0, paip2e # 0. So, pag = —*p;;f’ﬂ and

0 0 P13
(27) Ppp = | pn —222 o |
P21

31 D32 0

with pi3paapsips2 # 0 and p2, + p3; # 0 in order to have |Pg/p| # 0.
If we suppose that p;; = p13 = 0, reasoning in the same way as before, we obtain that the
matrices Pgg are in Sz x (K*)3 or they are as follows:

0 pi2 0

(28) Pop—= | pn 0 LB
P21
31 0O D33

with propaipsipss # 0 and p3, + p3; # 0.
Finally, if p1o = p13 = 0, we obtain that the different matrices Pg/p that appear are in

Sy % (K*)3 or are of the form:

pii 0 0
( 29) Pop = 0 po P32P33
D22
0 p32 P33

with p11paapsapss # 0 and p3, + p3, # 0.

0 0 P13

If PB’B = P21 M 0 then

D21
31 D32 0
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2 2
P35 (w22p21 + w32p31 pi3(w21p21 + w31p31
w22p21 + W32P31 5 5 ) 15 > > )
P2 P31 + P31
Me — p21(wszp21 — w2eps1)  P32(ws2par — wazpst)  Prgp21(ws1p21 — wa1p3l)
B P32 D21 p32(p3, + p31)
‘*’12(?%1 +p§1) W12p§2(p31 +p§1)
—_— — w11P13
P13 P13P31
0 pi2 0
—P31P33
If Pggp=|pan 0 ————| then
P21
ps1 O P33
P2y (wa1p21 + w31p31) P25 (wa2p21 + w32p31)
w22p21 + W32P31 5 > )
P31 + P31 P21
2 2 2 (2 2
w12(p3; + P w12p33(P3; +P
MB’ _ (p3; 31) wi1p12 33 ( 212 31)
P12 P12P3
p21(ws2pa1 — w2ap31)  Prap21(wsip21 — w2ips1)  paz(wsopa1 — waopst)
P33 p3s(p2, +p3;) P21
pin 0 0
—P32P33
IfPpp=]0 pp ———| then
P22
0 p32 P33
w12(p§2 + pgz) W12p§3 (p§2 + p§2)
w11p11 5
P11 P11P39
P2 (w21p22 + w31p32) P33 (waz2p22 + w32p32)
MB’ = w22P22 + W32P32

2 2 2
Pag + D3y P33

p?p22(w31p22 — w21p32)  paz(wsepes — waapsa)  paz(wsopas — waops2)
p33(p3y + P3s) P33 P22
Taking into account that we were assuming e2 = €3, then the possible change of basis matrices
are the following:

pu 0 0 pu 0 0 b ! —p32p33
(30) 0 p2 O |, 1 0 0 pa|,| O p2 ——| |pi1,p22,p32,p33 € K*
0 0 ps33 0 p32 O p22

0 P32 P33

In what follows we will classify in three steps: we start by taking into account the first two
families of change of basis matrices of the set (30) which leave invariant the number of non-
zero entries in the first and second columns. Then, we will analyze if the resulting families of
evolution algebras are or not isomorphic under the action of one matrix of the third family
in (30), i.e., we will see if some families of evolution algebras are included into other families
when applying the change of basis matrices of the third type. Finally, we will analyze, for
each of the resulting parametric families, if their algebras are mutually isomorphic.

We list the different matrices into tables taking in account the number of zeros in the first
and second columns. Each of these tables will receive the name of “Figure m”. According
to (11) we will write as many 1 as possible and the others non-zero entries will be arbitrary
parameters «, 3, v and A under the restriction e3 = e3. We start by the first one and applying
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the action of the elements:

1 00 P11 0
0 01 , Q = 0 pa2
010 0 pa2

with P11, pea, P32, p3s € K* and p§2 + P§2 # 0.

0

—P32P33

P22
P33

Case 2.1 Mp has two non-zero entries in the first and second columns.

39

Mp has two non-zero entries in the first and second columns. There are (2) = 15 possible
places where to put four zeros. Since some of the resulting matrices have rank 1, they must
be removed from the 15 cases. This happens whenever the first or the second columns is zero
(2 cases) and the remaining zeros can be settled in three different places. This produces 6
cases. We also eliminate the cases in which two different rows are zero (3 options). Therefore
we have 15 — 6 — 3 = 6 different matrices written in 3 types. Their structure matrices appear

in the first column of the table that follows.

Type (2,3)

1 00 o
000
01 1 o —Peps2

p22

P33

0
2
P33
p22
—P32P33
P22

0

P+ 13 (PR +15)P3s

000
3 100
011

01 1 011 2 m Pup:
9 100 000 P, 0 0
000 100 \
e 0
P33(P32 + P32)
0 0 0

000 Ve
01 1 P3, +P3s
1 00 —p} p22D32

p33(P3s +P32)

2
P32p;
P32 Tas
P2

2
P22
P33

P33

FIGURE 1. dim(42) = 2; dim(ann(A)) = 0;

A has not Property (2LI); two non-zero entries in the first and second columns.
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Case 2.2 M5 has three non-zero entries in the first and second columns.
There exist (g) = 20 possible places where to write three zeros. We remove the matrices

which have rank 1. This happens 2 times: when the first or the second column is zero.
Therefore we have 20 — 2 = 18 cases. There are 10 types listed in the two tables below.

Type (2,3) Q
pi1 0 0
1 0 0 100 0 P.?;:;(Pzz-*-up:u)
4 0 1 1 0 a « P22 + ap32 e
0 a « 01 1 0 p22(apa2 — p32)  p3s(apaz — ps2)
P33 P22
P11 0 0
100 100 opi P2 - Py
2 2
5 a 11 000 P22 F P2 paz
0 00 a 1 1 —op} paopsa —paops2  —ps2ps3
P33 (P35 + p3s) P33 P22
0 Po+P3 P33Py +P3o)
01 1 011 . v
Piip22 ap32p3s
6 1 00 0 a «a S aps2 —
22 32 22
0 a « 1 0 0
—piip22p32 apl, opss
P33(P3y +P3y) P33 :
0 P +P3  P3(P3y +P3o)
P11 p11p§2
011 011 , )
« P e
7 a 11 000 pflf’;j pa ?
P22 32 22
000 a 1 1
—ap} paapsa —pa2p32 —p32p3s
p33(pdy + py) P33 P22
o P3y+ P8 PR3y +13p)
P11 pupéz
111 111 ,
8 000 a 00 PP 0 0
P33 t P32
a 0 0 000
“T’%1P32 0
Pa3(p3y + P3a)
P11 p§2+P§2 P§3(P§2+17§2)
111 111 " i
2 o
9 000 0 a a 0 apss 2P53Ps2
P2,
0 a a 000 =
2
(&5
0 P22 apss
P33

FIGURE 2. dim(A?) = 2; a # 0; dim(ann(A)) = 0;
A has not Property (2LI); three non-zero entries in the first and second columns.
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Type (2,3) Q
P11 0 0
100 100 api,p22 - Pazpl
10 @ 00 01 1 PRtrn T b
0 1 1 a 0 0 —np% 1P22P32 @

p33(P3 +P32) P33

0 P+ P8 PRs(p3, + i)

011 011 . s
1| {100 a 0 e tors) 0
a 00 100 #hat ety
p%1p22(ap2a — pa2) 0 0
p33(p3y + P3a)
0 0 0
12 (1] (1) (1) 8 oY pf%ff? Pa2 +apaz M
y o 22 32 22
0 a « 1 1 1 —p}ipozps2 paa(apaz —ps2)  pss(apaz —ps2)
p33(pdy + py) P33 P22
0 0 0
000 000 Pfl(lf’22+f¥P:52) o2 P3s
13 11 1 a 00 PR+ 7 P2z
a 0 0 1 11 pipaz(ape2 — ps2)  —pa2ps2 —ps2ps3
P33 (P35 + py) P33 P22

FIGURE 3. dim(A?) = 2; a # 0; dim(ann(A)) = 0;
A has not Property (2LI); three non-zero entries in the first and second columns.

Case 2.3 Mg has four non-zero entries in the first and second columns.
There exists (g) = 15 possible places where to write four zeros. The non-zero parameters «,

[ satisfy that a # 3 in the matrices appearing as types 14 and 20. This is because the rank
of those matrices has to be two. There are nine different types. They are listed below.
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Type (23) Q
opn Phytphy PRy, +pdy)
P11 P11P3y
a 1 1 a 1 1 , )
) 8 2,
14 g 11 000 P P2 o
a1 1 22 32 22
0 00 301 1
—Bp3,p22p32 —p22p32 —P32P33
p33(p3, + pdy) P33 P22
api1 Pho+ D3 P33(P3y +P3)
P11 P11P3y
a 11 a 1 1 , ,
15 011 B0 0 Surs. P22 L
. 22 T P32 22
g 0 0 011
Bt p3, —P22p32 —P32P33
D33 (P3y + 135) P33 D22
P11 0 0
1 00 1 00 P21 (ep22 + Bps2) o P35
- > 2 :
16 a 1 1 30 0 P2z P32 p22
00 a 11 Piip22(Bp22 — aps2)  —paspaz —ps2ps3
p33(p3y + p3y) P33 P22
Ién 0 , 0
apiy P33 p33(p22 + Bps2
1 0 0 1 () 0 21J1r 2 pas + Bpss 33 22 32)
17 0 1 1 a [ B Pay T P32 P22
a B B 0 11 ap? p3, p22(Bp22 —p32)  p3s(Bp22 — ps2)
P:ix(P%z + sz) P33 P22
ap P3o + D3y P35 (P35 +35)
P
P11 _ pupi,
a 1 1 a 1 1 . . D2, (poa 4 Bpaz)
18 0 1 1 0 5 B ; 3
0 g p 0 1 1
o 0 p22(Bp22 — p32)  p33(Bpaz — p32)
P33 P22
0 P+ Pis(P3y +p3y)
>
P11 P11P3y
0 11 (,) L1 P} (ap22 + Bps2) P32P33
19 a 0 0 701 1 P2y + P2y P32 P2,
g1 1 a 0 0
i PT1P22(Bp22 — apsa) P3a -
p33(p3y + P3y) P33 ’

A has not Property (2LI); four non-zero entries in the first and second columns.

FIGURE 4. dim(4?) = 2; a, 8 # 0; dim(ann(4)) = 0;
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Type (2:3) Q
0 0 0
2 2
+ ap; 2, (pas + ps
000 000 w P22 + Bps2 w
20 1 11 B B P2t P32 P2,
a B 111 Piipo2(apaz —p32)  p22(Bp22 —ps2)  ps3(Bpaz — ps2)
P33 (P2 + py) P33 P22
P11 Py +P3 PR35y +P35)
P11 P11P3y
1 11 1 11 , ;
ap22 + Bp:
21 a 00 B0 0 W 0 0
- . . 22 32
g 0 0 a 0 0
p31p22(Bpaz — aps2) 0 0
p33(P3a + P32)
0 P3y +P3p P33(P3s +P3o)
) P11 P11P3y
0 1 1 0 1 1 , , 5
apiPs: + Bp:
22 01 1 a BB S poa + s w
a B f 0 1 1 e 2
ap}ip3, p22(Bp22 — p32)  ps33(Bp2z — ps2)
p33(P3s + P3) P33 P22

A has not Property (2LI); four non-zero entries in the first and second columns.

FIGURE 5. dim(A?) = 2; a, 8 # 0; dim(ann(A)) = 0;

Case 2.4 Mp has five non-zero entries in the first and second columns.

43

There are only 6 possibilities: those for which we place only one zero in one place of the first

column or of the second column. There are four types which are listed below.

Type (2,3) Q
. P11 0 ) 0
1 0 0 1 0 0 P} (ap22 + Bp32) 22+ 1ps2 P33 (p22 + p32)
23 a 1 1 I5) ¥ P3y + P3s Py
By v a 1 1 piip22(Bp22 — aps2)  p2a(yp22 —ps2)  pas(ypez — pa2)
p33(p3, + pds) P33 pa2
apii p3y + 73, P33(P35 +P35)
>
! ) P11 _ pups,
@ L1 a 11 Bpaap} st pes Pia(P22 £7P2)
24 g 11 0 v v Pho + P P32
0 ~v v g1 1 _
b —Bp?ip2eps2 p22(yp22 — p32)  pas(yp2z — pa2)
p33(p35 + p3y) P33 P22
0 P3y + 3 P33(P35 +35)
>
P11 P11P3o
0 11 0 11 p}i (apa2 + Bpa2) s - Apsa P33 (p22 + ¥p32)
A~ b 1
25 a 11 B Y D3y + 13, D3y
B v 7 a 1 1
! ! —p31p22(Bp22 — aps2)  paz(ypaz2 — Bps2)  pas(yp22 — Bp3z)
p33(pdy + p3y) P33 P22
api1 P32+ P35 Pi3(03, Jg P3s)
. P11 P11P5o
a 11 a 11 P31 (Bp22 + p32) - P32p3,
26 700 7 11 sz + P§2 Péz
v 1 1 g0 0
! P31 p22(Yp22 — Bps2) P3s
PSR e — P33
p33(p32 +P32) P33

A has not Property (2LI); five non-zero entries in the first and second columns.

FIGURE 6. dim(A?) = 2; «, 3,7 # 0; dim(ann(A4)) = 0;
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Case 2.5 Mp has six non-zero entries in the first and second columns.

The condition that the entries of the matrix must satisfy is one of the following: « # (3, or
A # v or aX # (7. There is only one possibility.

Type (2,3) Q
2 2 2 (2 2
Rl
1] 22
P @ Phiops = fpe) L PRsOpse t )
27 g1 1 v A A ],‘52 + p§2 P32 + P22 p§2

7N A g1 1

' ‘ Piip22(yp22 — Bpaz)  p2a(Mp22 —p32)  p3z(Ap2z — p32)

p33(p3sy + Pdy) P33 P22

FIGURE 7. dim(A?) = 2; a, 3,7, A # 0; dim(ann(A)) = 0;
A has not Property (2LI); six non-zero entries in the first and second columns.
These tables give us a first classification, that can be redundant in some cases. Now we
study if algebras having different types are isomorphic or not. The last step will be to study
if algebras in the same type are isomorphic.

o The evolution algebra given in Type 1 is included in the parametric family of algebras of
Type 4.

o The evolution algebra given inType 2 is included in the parametric family of algebras of
Type 11.

o The evolution algebra given in Types 3, 12 and 13 are included in the parametric family of
algebras of Type 20.

o The parametric families of evolution algebras given in Types 5, 10, 16 and 17 are included
in the parametric family of algebras of Type 23.

o The parametric families of evolution algebras given in Types 6, 7, 19 and 22 are included
in the parametric family of algebras of Type 25.

o The parametric family of evolution algebras given in Type 8 is included in the parametric
family of algebras of Type 21.

o The parametric family of evolution algebras given in Type 9 is included in the parametric
family of algebras of Type 18.

o The parametric families of evolution algebras given in Types 14, 15, 24 and 26 are included
in the parametric family of algebras of Type 27.

Therefore, there are eight subtypes of parametric families of evolution algebras, which are
listed below.

100 011 a 11 000 111 100 01 1 a 11
S (o1 1), {roo0], {01 1], {11 1), {a00],{a1 1], |a11],[s11].
0 o «a a 00 08 B a B B g 00 B v v By 7A A

Remark 3.7. Note that these matrices are precisely those appearing in the Figures for which
the change of basis matrices of type Q leaves invariant the number of non-zero entries and
its place in the structure matrix. This does not mean that the number of non-zero entries
is preserved (see, for example, in Figure 2, that the first matrix of Type 5 has four non-zero
entries while the third matrix in the same line has seven).
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Now, we will analyze when the resulting parametric families of evolution algebras are
mutually isomorphic. In some cases, we will reduce the number of parameters and some of
these parametric families will be isomorphic to one of the known evolution algebras.

1 0 0
Every evolution algebra with structure matrix [0 1 1 | satifying o +1 # 0 is isomorphic
0 o «

to the evolution algebra given by the structure matrix

o O =
— = O

0
1]. Indeed, if « # —1, we
1

take the change of basis matrix

1 0 0
1+« 11—«

1+ a2 14 a2

-1+« l1+a
1+ a2 1+ a2

In case of @« = —1, we assume the change of basis matrix
1 0 0
(31) 01 0
00 -1

0 11
The evolution algebra with structure matrix [ 1 0 0 | satisfying a® + 1 # 0 is isomorphic
a 0 0

011
to the evolution algebra given by the structure matrix | 1 0 0 |. Indeed, if a # 1, —1, we
1 00
take the change of basis matrix
V= o 0
l1—« 1+«
V2l +a2)2 ¥/2(1+a2)?
14+« a—1

Y20 +a?)? Y21+ a?)?

If @« = —1, we consider again the change of basis matrix given in (31).

for some o € K. Indeed,

a 1 1
Every evolution algebra with structure matrix | 0 1 1) satisfying 3241 # 0 is isomorphic
o
to the evolution algebra given by the structure matrix | 0
0

—_ = =
—_ = =

if B # —1, we take the change of basis matrix
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2

v 0
1-8 148
0 -
1+ ﬁ2 1+ ﬁZ
0 1+8 B-1
1+ ﬁZ 1+ ﬁ2
In case of = —1, we can also consider the change of basis matrix given in (31).
0 0 0
The evolution algebra with structure matrix [ 1 1 1 | satisfying % + 1 # 0 is isomorphic
a B
0 0 0
to the evolution algebra given by the structure matrix [ 1 1 1] for some o/ € K. Indeed,
o 11
if B # —1, we take the change of basis matrix
V2 0
1+a+8(-14+a)
1-8 145
0
1+p8%  1+p2
0 1+8 B-1
1+52 1442
In case of f = —1, we take again the change of basis matrix given in (31).
1 11
Every evolution algebra with structure matrix | @ 0 0 | satisfying o® 4+ 3% # 0 and 32 # 1
g 0 0
1 11
is isomorphic to the evolution algebra having structure matrix { 1 0 0 ], for some ' € K.
g0 0

Indeed, if a # —1, we take the change of basis matrix

a—ps  —(B+oas)
a2+62 a2+52

B+ as a— (s
a2+62 a2+ﬁ2

where s=+/—1+ a? + (2.

For a = —1, consider the change of basis matrix: |0 —1 0
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1 11
On the other hand, every evolution algebra with structure matrix |a 0 0| (8 = 1)
1 00
1 11
and | @« 0 0] (8 = —1) is isomorphic to the evolution algebra with structure matrix
-1 0 0
1 11
1 0 0]. Indeed, take the new natural bases {ey, e3,es} and {e1, —es, e}, respectively.
B 0 0

The evolution algebra with structure matrix

0
1 with v2 41 # 0 is isomorphic to the
Y

2=k O
—_— O SN—e—

e e )

1
o
B

/

evolution algebra given by the structure matrix ( for certain o, 5" € K. Indeed,

1
o
6/
if v # —1, we take the change of basis matrix

1+~ 1—v
1_;’_,},2 1+'Y2

-1 1+~
1+72 1+'Y2

If v = —1, take again the change of basis matrix (31).

0 1 1
The evolution algebra with structure matrix [ @ 1 1 | with v241 # 0 is isomorphic to the
B vy
0 11
evolution algebra given by the structure matrix | o’ 1 1] for certain o/, 8" € K. Indeed,
811
if v # —1, we take the change of basis matrix
2 0
1442
0 + v 1—x
14++2 14+2
0 y—1  1+v
14++92 1442
If v = —1, also we take the change of basis matrix given in (31).
a 1 1
The evolution algebra with structure matrix | 3 1 1| with A2 4+ 1 # 0 is isomorphic to
YA A
o 1 1
the evolution algebra given by the structure matrix | 8/ 1 1| for certain o, 3,7 € K.
vl 1

Indeed, if A # —1, we take the change of basis matrix:
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2

0
14 A2
T+A  1-2X
0
1422 1+4A2
A—1 142
0 -
1422 1+4A2
If v = —1, we consider again the change of basis matrix determined in (31).

Sumarizing, whenever €3 = e2 we obtain the following mutually non-isomorphic families of

evolution algebras:
) 11 0 1 0 1
00 1 0 1 0
00 V=10 —/=1 0 0

TABLE 8. dim(A?) = 2; dim(ann(A)) = 0;
A has not Property (2LI); four non-zero entries of the matrices in S

=
S O =
O O =

100 1 0 0 1 0 0
011 0 1 1 0 1 1
011 0 v—1 -1 0 —v/—1 —/—1
111 1 11 1 11
1 00 av—1 0 0 —ay/—1 0 0
a 00 a 00 « 00

TABLE 9. dim(42%) = 2; a # 0; dim(ann(A4)) = 0;

A has not Property (2LI); five non-zero entries of the matrices in S.

Ppp Mp

o

a(pr — =1+ p3y) 00

o
(=]

1 11
(@\/T(Pzz —/=1+7p3) 0)

1 11
(a\/—l(pzz +4/—1+p%) 0 0
a(pa + -1+ pd)

o

1 11
—a/=1(p2 + /1 + pdy) 0
a(pas + /=1 +p3) 00

o o
(=]

1 11
(m/l(pm —V-1+pd) O)
a(pe2 — v/ —1+1dy)
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000
111
a 1 1

0 0 0
11 1
a V-1 V-1

0 0
(1 1
o —v1

0
1
~J=1

TABLE 10. dim(4?) = 2; a # 0; dim(ann(A4)) = 0;
A has not Property (2LI); six non-zero entries of the matrices in S.

J\JB PB’B AfB/
1 000
000 — 00
111 Vo 111
1 0 01 1
« 0 0 . 11
P11 0 0
0 0 0 0 V=1+api -1+p% 0 0 0
11 2T+ (—vV=T+a)pt, 2V/=1+ (=vV~1+a)p} 1 11
a -1 /-1 0 1—p% V=1+ap} V=1+(—/-1+a)p} V-1 V-1
2V=1+ (—V/-1+a)py 2vV-1+4 (—vV=-1+a)p?,
P11 0 0
0 0 0 0 —/ =1+ ap?, —1+p} 0 0 0
11 1 =21+ (V-1+a)pi;, —2vV-1+(/-1+a)p}, 1 1 1
o VT —v=1) ||, - VIt aph VT4 (VT+apl, V=T -1
—2v/-1+ (V=-1+a)p? —2v-1+H/-1+a)p}
TABLE 10'.
a 1 1 a 1 1 «
011 0 1 1 0
01 1 0 =1 =1 0

1 00
a 1 1
g 11

1 0 0
@ 1 1
(/3 VT ﬁ)

TABLE 11. dim(4?) = 2; af # 0; dim(ann(A)) = 0;
A has not Property (2LI); seven non-zero entries of the matrices in S.
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My Pus My
o 1 1 —1+ 2pa 0 0 a(—14 2pg) 1 1
0 1 1 0 P22 V—=1(1 = pa) 0 1 1
0 -1 \/*1 0 \/—1(—1+p22) P22 0 \/71 V-1
« 1 1 —1+2])22 0 0 (1(—1-’-21)12) 1 1
0o 1 1 0 P2 V=1(=1+p2) 0 1 1
0 —VIT —y 0 —Vltpm) 0 VT -V
1 0 0
1 0 0 1 0 0 VoIB(=1+pp) Fape L
a 1 1 0 D22 —V—=1(=1+p») —1+2pg
5 V=T =1 0 V=I(—1+p2) P —vola(lape) + 0 oy oy
—1 4 2pao
1 0 0
1 0 0 1 0 0 —\/—15(—1+p22)+ap22 1 1
a 1 1 0 P2 V=1(=1+p2) —1+ 2py
B —/—1 —/—1 0 —v/=1(—1+pan) P22 V—=1a(—14 ps) + Bpan e s
—1+ 2p9o
TABLE 11’
011 0 1 1 0 1 1
a 11 o 1 1 o 1 1
g 11 B V-1 -1 B —/—1 —/—1
TABLE 12. dim(42) = 2; af # 0; dim(ann(A)) = 0;
A has not Property (2LI); eight non-zero entries of the matrices in S.
Mp Py My
0 1 1 142y —1pos 0 0 0 1 1
a 1 1 0 1+ v/ —1pas P23 (V=1 —=2p23)(V—1Bpas + a(—v/—1+po3)) 1 1
B8 v-1 V-1 0 —Ppo3 1+ —1pas (14 2¢/=1pa3) (B + apaz + Bv/—1pa3) V=1 /-1
0 1 1 1 —2y/—1pos 0 0 0 1 1
a 1 1 0 1—v/—1po3 Do3 (=14 2¢/=1pa3)(Bpas + a(—1 + v/—1pa3)) 1 1
g —v-1 =/-1 0 —D23 1—V~=1Ips (1- 2\/jlp23)(ei3 + apaz — /3\/jlp23) —v-1 —v-1

TABLE 12'.

2 ™R

11
11
11

o 1 1
I3 1 1
v V-1 V-1

a 1 1
[
v —V=1 —V-1

TABLE 13. dim(A42?) = 2; a8y # 0; dim(ann(A)) = 0;
A has not Property (2LI); nine non-zero entries of the matrices in S.
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]\/IB PB’B Z\/[B’

o 1 1 —1+ 2pos 0 0 a(—1+ 2pe) 1 1

g1 1 0 P22 V=1(1 — ps2) (=14 2p22) (V=17(=1 + pa2) + fp22) 1 1

CERVAR NRVAS 0 —V=1(1 = p22) P22 (=1 4+ 2p20) (—V=1B8(=1 + pa2) +7p22) V-1 V-1
a 1 1 —1 4 2poo 0 0 a(—1+ 2pg) 1 1
B 1 1 0 Do V—=1(=1+ pa) (=14 2p22)(—v—=17(=1 + pa2) + Bpa2) 1 1
v —vV-1 —v-1 0 —V=1(=1+px) D22 (=14 2po)(V=18(=1 4 pa2) + p22) —V—-1 —v-1

TABLE 13'.

Case 3 Assume ¢, = 0,¢; # 0.
Considering the natural basis B’ = {eq, €1, e3} we obtain the following structure matrix:

W2
W12
W32

w21
W11
Ws1

C1W21
111 |
C1Ws31

Mg =
and now we are in the same conditions as in Case 2.

Case 4 Suppose ¢; = ¢3 = 0.
Recall by (19) that the structure matrix is

W12 0
W22 0
W32 0

W11
Wa1
w31

Mp =

Remark 3.8. In what follows we are going to prove that the number of zero entries in the
first and in the second rows in the structure matrix is preserved by any change of basis.

With the explained goal in mind, we study all the possible change of basis matrices. Let
B’ be another natural basis and consider the change of basis matrix Pg:g. The equations
(23), (24), (25) and (26) give:

pup12 =05 papar = 0;
pup13 = 0;  parpas = 0;
p12p1s = 05 paapas = 0.

It is easy to check that Pg/p has two zero entries in the first and the second rows. Moreover,
since |Pp | # 0, necessarily p1;pe; # 0 for i, € {1,2,3} with ¢ # j. We distinguish the six
different cases that appear in order to study the structure matrix Mp:.

pu 0 O
If Pgp=1 0 po 0 | with p1ipaapss # 0 then
P31 P32 P33
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w11p11 wLp%Z 0
5 P11
(32) Mp, = % w22pa2 0
p11(w31p11P22 — W11P31P22 — W21P11P32)  P22(ws32p11P22 — W12P31P22 — W22P11P32) 0
D22P33 P11P33
pu 0 0
If Peg=1 0 0 po3| for p1ipaps2 # 0 then
P31 P32 P33
w11p11 0 wLp%?’
P11
Mp = p11(wW31P11P23 — W11P31P23 — W21P11P33) 0 p23(w32p11P23 — W12P31P23 — W22DP11P33)
p23p32 P11p32
% 0 w22P23
0 p2 O
If PB/B = | P21 0 0 where P12P21P33 7é 0 then
P31 P32 P33
w22p21 WLP%Q 0
5 D21
(33) Mpr = % w11P12 0
p21(w32p12P21 — wi2p32ap21 — weap12p31)  P12(Ws1P12p21 — W11P32P21 — W21P12P31) 0
D12P33 D21P33
0 p2 O
fPpp=10 0 po| with piopaspsi # 0 then
P31 P32 P33
0 p12(ws31p12P23 — W11P32P23 — W21P12P33)  P23(W32p12P23 — W12P32P23 — W22P12P33)
p23pP31 Pp12p31
Mg = |0 w11P12 L12bas
5 P12
0 221Pyp w22P23
p23
0 0 pi3
If Ppp=|pa 0 0 | for pispaips2 # 0 then
P31 P32 P33
w22p21 0 WLP%?’
p21
Mp = p21(wW32p13P21 — W12P33P21 — W22P13P31) 0 P13(wW31P13P21 — W11P33P21 — W21P13P31)
51121;)%21 p21p32
PT 0 W11pP13
0 0 pi3
If Pp=1 0 pa 0 | where pigpsips2 # 0 then

P31 P32 P33
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0 p22(w32p13p22 — wWi12p33P22 — w22p13P32)  P13(W31P13P22 — W11P33P22 — W21P13P32)

P13p31 Pp22p31
MB/ =10 w22P22 L2113
5 P22
wi2p
0 —22 w11p13

P13

Note that we only have to take in to account the change of basis matrices which transform
a structure matrix having the third column equals zero into another one of the same type.
These are those Pg/p appearing in the first and in the third cases. We denote them by @’
and by @”, respectively. Looking at the different Mp that appear, we obtain the claim.

Then, if we omit the structure matrices which can be obtained from the permutation (1, 2),
the only possibilities are:

w11 0 0 0 w12 0 w11 0 0 0 w12 0 w11 W12 0
{( 0 wo 0) , (wzl 0 0) , (Wzl w22 0) , <W21 ) 0) , <w21 w22 0)} U
w31 wsz2 0 w31 ws2 0 w31 ws2 0 w31 wsz2 0 w31 ws2 O
w11 0 0 w11 W12 0 w11 0 0 0 w12 0
{(0 0 0),(0 0 0),(0.)21 0 0)(0 0 0)}
w31 ws2 0 w31 ws2 0 w31 ws2 0 w31 ws2 0

with w;; # 0 for 4, j € {1,2}.

According to (32) and (33), we claim that we can remove the third row of the structure
matrices of the first set and write 0 if and only if wyjwas — wisway # 0. For the matrix (32)
we consider p1; = pap = 1 and we have

W31P11P22 — W11P31P22 — W21P11P32 = W31 — Wi1P31 — waiPs2 = 0;

W3aP11P22 — W12P31P22 — WaaP11P32 = W31 — Wi2P31 — wWaapsz = 0.

So, this linear system has solution if wyjwaey — wiswoy # 0.
If we take (33), we reason in the same way and our claim has been proved.

Now we can place 0 instead of ws; in the first three matrices of the second set. Indeed,
as in these structure matrices wy; # 0 and supposing p;; = pee = 1 we have the equation
W31 —W11P31 —W21P32 = 0 if W1 7& 0 and W31 —Wi11P31 = 0 if Wao1 = 0. In any case, the equations
have always solution.

In the last structure matrix of the second set we can write 0 instead of wso. For this, it is
enough to take pys = p11 = 0 and p3; = z_ﬁ

Finally, we can obtain the maximum number of entries equal 1 by using (11). When
placing 1 is not possible we write the parameters «, § and . In the last row, if we apply

1 1 0
this procedure the structure matrix would be [a S 0| witha— 8 #0or 1 —~ # 0 or
1 ~ 0

ay — 8 # 0. Now, we will try to reduce the number of parameters. If (a — §)(ay — ) # 0
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we consider the change of basis matrix

1 0 0
0 1 0
P nnr =
Bre l—v ay-p
a—pf a—p
1 10
and we obtain the following structure matrix Mg, = [a S 0
1 10
If a = 8 then we just reduce the number of parameters and the resulting structure matrix
1 10
is Mpn = |a «a 0] with 1 —~ #0.
1 v 0

Therefore, there are eleven possibilities which are listed below.

(1,2)

010 000
000 100
100 010

TABLE 14. dim(A42) = 2; dim(ann(4)) = 1;
one non-zero entry in the first and second rows.

(12)
1 00 1 00
010 010
000 000
010 010
1 00 1 00
000 000
110 000
000 1 10
1 00 010
1 00 010
1 00 01
010 1 00

TABLE 15. dim(A?) = 2; dim(ann(A)) = 1;

two non-zero entries in the first and second rows.
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-~
S O =
oS Q
o O O
\/

0 a0
1 10
000

TABLE 16. dim(A?) = 2; dim(ann(A)) = 1;
three non-zero entries in the first and second rows.

~
S0
S =
o O O
N——————

0

Mp Ppip Mp:

-1 0 0
0 1 0
0 0 ps

-1 0 0
0 1 0
0 0 pss

1 0 0

0 -1 0

0 0 ps

TABLE 16'.

//
SR =
o oo
~

(1,2)

/
SR
o OO
v

10

—
—= 0 =
= R
o O O
~

(

TABLE 17. dim(4?) = 2; dim(ann(4)) = 1;

four non-zero entries in the first and second rows.

(S
—Q
oo

N——
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Mp Ppip Mp
1 10 1 0 0 1 1 0
a B0 0 -1 0 —a -8 0
000 0 0 pss 0 0 0
0 vapi 1 1 0
1 10 5 ,
a B0 1 ab 0‘7/5 Vap 0
000 3 00 %2 aoﬁ .
0 0 P33
0 _vaB 1 1 0
1 10 e
a B0 1 of o VaB 0
000 z 0 0 FooeB
0 0 P33
1 10 1 0 0 1 1 0
a B0 0 -1 0 —a =B 0
110 pai 0 1—ps 1 1 0
o Yo
110 ) aB alg Ls 0
a B0 = 0 0 /“{ V=2
110 B B2 af
af 1 1 0
P31 af —P31
0 — af
110 ) af 1 1 0
a B 0 - 0 0 _eBb Ve
110 B B2 " af
VapB 1 1 0
P31 —— P31
af
110 1 0 0 ja ja 8
a «a 0 0 -1 0
—1+4 B+ ps:
180 14+ apss —pss ps2 P33 R <
P33
110 1 0 0 é Cly 8
a «a 0 0 1 0 p
-1 o
L g0 1—apss—pss ps2 P33 w
P33
110 0 -0 11 11 0
a
1 _ - __
a a 0 - 0 0 o o 0
‘ a a’pss+1-8
1 80 B+ a(psy — apss) / fP3.32 L
2 P2 Ds aps3
Ci Y N
a
1 - il
a a 0 = 0 0 a , a 0
p a ) _ 5
1 40 B — a(ps2 — apss) 1 @pp+1-0 0
5 P32 D33 a?psz

a2

TABLE 17'.
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We remark that in all the tables “Table m” the elements p;; have to satisfy the necessary
conditions in order for Pg'p to have rank 3.

Case dim(A4?%) = 3.

In order to classify all the possible matrices corresponding to structure matrices of three-
dimensional evolution algebras A such that A% = A (equivalently dim(A?) = 3), we will use
Proposition 3.2. Notice that in this case the number of zeros in all the structure matrices
of a given evolution algebra is invariant (see Proposition 3.2 (i)). Equivalently, the number
of non-zero entries is invariant. This is the reason because of which we will classify taking
into account this last number. Note that the minimum number of non-zero entries in Mp is
exactly three.

Case 1. Mp has three non-zero elements.
We compute the determinant of Mp.
(34) ‘MB’ = W11W22W33 + W12Wo3W31 + W13Wo1Wse — W13WoaWsl — Wa1W12W33 — W11W32W23.

Since |Mp| # 0, only one of the six summands is non-zero. Assume, for example, wyawozws; 7#
0. Take @ = ——L——, 8 = a’wqsw?, and 7 = a’ws;. Then
\/ Wi2Wo3Wsy

0 W12 0 010
(Oé, ﬁ, ’7) : 0 0 Wa3 =10 0 1
W31 0 0 1 00

Reasoning in this way with wio(1)wae(2)wse(3) (Where o € S3) instead of with wiawagwsi, we
obtain a natural basis B’ such that Mp = (w;;), with w;s;) = 1 and w;; = 0 for any j # o (i).
This justifies that these are the only matrices we consider in order to get the classification.
Notice that there are are only six. Since we do not know which of them are in the same
orbit (considering the action described in Section 3.1), we start with one of them, say M,
and consider 7+ M for any 7 € S3. We display {7- M | 7 € S5} in a row. Then, we start with
another of these matrices, say M’, not appearing in this row, and display {7 - M’ | 7 € S3}
in a second row. We continue in this way until we get the six different matrices. We color
these six matrices to make easier the reader to find them.

(1,2) (1,3) (2,3) (1,2,3) (1,3,2)

100 100
010 0 0
001 001
100
001
010
010 010
001 001
100 100

TABLE 18. dim(A?) = 3; three non-zero entries.

—_
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Therefore, there are only three orbits and, consequently, only three non-isomorphic evolu-
tion algebras A in the case we are studying. Their structure matrices are:

100 010 010
(35) 010|,[{100]and |0 01
00 1 00 1 100

Case 2. Mp has four non-zero elements.

Reasoning as in Case 1, we arrive at a natural basis B’ of the evolution algebra A such that
Mp = (w;;), with wie) = 1, @;; # 0 for some j # o(i) and w;, = 0 for every k # o (i), j for
every permutation o € Ss.

In order to describe the matrices producing non-isomorphic evolution algebras, first, we
notice the following. Given a matrix as explained below, no matter where we put the four
non-zero elements (three 1 and one arbitrary parameter p which has to be non-zero) that
the resulting matrices correspond to isomorphic evolution algebras. This is because we will
not be worried about where to place the parameter. Then we explain which are the possible
cases.

We have to put five 0 into nine places (the nine entries of the matrix). This can be done

in (g) = 126 ways. But we must remove the cases in which |Mp/| = 0. This happens:

(a) When the entries of a row are zero.

(b) When the entries of a column are zero but there is no a row which consists of zeros.

(¢) When the matrix has a 2 X 2 minor with every entry equals zero and it has not a row or
a column of zeros.

These three cases are mutually exclusive.

(a) The cases in which there is a column of zeros are 3(3) = 45 (3 corresponds to the three
columns and (g) corresponds to the different ways in which two zeros can be distributed in
the six remaining places).

(b) For the rows the reasoning in similar: we have 45 cases. Now we have to take into
account that there are cases which have been considered twice (just when there is a row and
a column which are zero). This happens 9 times. Therefore, we have 45-9=36 options in this
case.

(c) Once the matrix has a 2 x 2 minor with every entry equals zero, the fifth zero must be
only in one place if we want to avoid the matrix having a row or column of zeros. There are 9
options to put a zero in a matrix. Once this happens, we remove the corresponding row and
the corresponding column and there are four places where to put four zeros. Hence, there are
9 possibilities in this case.

Taking into account (a), (b) and (c), there are 126 — (45 + 36 + 9) = 36 different matrices
we can consider.

As in Case 1, we list all the options in a table. The elements that appear in every row
correspond to the action of every element of S5 on the matrix placed first. There are six
mutually non-isomorphic parametric families of evolution algebras, which are listed below.



CLASSIFICATION OF THREE-DIMENSIONAL EVOLUTION ALGEBRAS

(1.2) (1,3) (2,3) (1,2,3) (1.3.2)

w0 1 00 1 00 1 0 n 100 1 00
010 w10 010 010 01 p 010
01 001 0 p 1 001 00 1 w01
w10 010 1 0 ( w01 1 00 001
10 1 0 00 1 10 0 p 1 010
001 001 01 p 1 00 010 10 p
01 p 010 1 00 0 p 1 1 00 0 01
100 10 n 001 010 w01 010
001 001 w10 1 00 010 1 p O
010 010 10 p 0 01 1 0 00 1
100 1 00 001 w10 001 01 p
w01 0 p 1 010 1 00 010 1 00
w0 010 010 w10 001 001
100 0 p 1 001 001 1 p 0O 100
01 1 00 10 p 1 00 010 01 p
0 p 1 010 010 01 p 0 0 001
1 00 w01 0 01 0 0 1 1 0 pu 1 00
010 1 00 1 n 0 100 010 w10

TABLE 19. dim(A?) = 3; four non-zero entries.
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Mp Ppip Mp

1
—5(1+V=3) 0 0
1

0 S(-1+v=3) 0

o
[\
o

1
0 —53(1+V=3) 0
0 0

I
|
—
—
+
ﬁ
w
=
=
=
o
—

TABLE 19'.

Case 3. Mp has five non-zero elements.

We proceed as in the cases above and obtain that in order to classify we need to consider
only matrices with four zero entries and five non-zero entries. By changing the basis, we may
assume that three of the elements are 1 and the other are arbitrary parameters A and pu, with
the only restriction of being non-zero and such that Au # 1 (this condition is needed because
the determinant must be non-zero).

The different matrices to be considered are those for which we place four zeros: (Z) = 126.
On the one hand, we must remove those for which there is a row or a column which are zero
(because these matrices have zero determinant). If one row or column consists of zeros, then
the fourth zero can be placed in six different positions. Since there are 3 rows and 3 columns,
this happens 6 times. On the other hand, we must remove those for which there is a 2 x 2
minor with every entry equals zero. Consequently, we have 126 — 6% — 9 = 81 cases that we
display in the table that follows. The number of mutually non-isomorphic parametric families
of evolution algebras is sixteen. We show them in two tables.



(1,3.2)

S — <

S O
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0
01 A
0
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o —H O

(1,2,3)

o —H O

0
1

0
01
A0

1

I

0

(2.3)

1
0

0
A1 0

1

0

1

IO -

(1,3)

(1,2)
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A
0
1

1 u
1
0

0
0
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TABLE 20. dim(A?) = 3; five non-zero entries.
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My Py My
—1(1+\/—3) 0 0 1 1
JU P 2 . 75(1+\/73)u 1 5(—1+\/73))\
L oo 0 ~(-14v=3) 0 1 0 0
00 1 2 0 0 1
0 0 1
1 /=5 1
w1 5(_1"' -3) . 0 0 (=1+vV=3)u 1 —=(1++/=3)A
0 0 1 0 0 1
1 1
b1 0 —51+V=3) 0 0 —51+ V=3 1 0
1 1
10X 0 S(=14v/=3) 0 1 0 —=(1+ V=3
00 1 2 2
0 0 1 0 0 1
w10 “(-1++/=3) 0 0 (14 V=3 1 0
1
(1) 8 ? 0 —5(+V=3) 0 1 0 =(—1+v=3)A
0 0 1 0 0 1
1 1
b10 —51+V=3) 0 0 —5+ V=3 10
100 0 ey o L1 0o
0 0 1 S(=1+V=3)A 01
1 1
b10 “(~1++/=3) 0 0 S(-14+vV=3)pu 10
100 1 1 00
Yo 0 —31+v=3) 0 1
0 0 1 —51+V=3)r 01
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My Pos My
1 : 1
b1 0 —5(1+Vv=3) 0 0 —5 0+ V=3 1 0
1 1 - 1
: 2 (1) 0 S(-1+V=3) 0 L 0
0 0 1 0 *5(14’\/*3))\ 1
1 1
po1o0 (-1 +v=d) ) 0 0 51V 1 =51+ V=
0 0 ) 0 0 1
1 1
L0 —51+v=3) 0 0 —5(1+v=3u 1 0
1 1
(1] 8 ? 0 S(-1+V=3) 0 1 0 —3(1+ V=3
0 0 1 0 0 1
W10 Z(-1+v=3) 0 0 (143 1 0
1
(1) 8 ? 0 —5(+V=3) 0 1 0 (=14 V=3
0 0 1 0 0 1
1 1
10 —51+v=3) 0 0 —5A+v=u 10
i 8 ‘ 0 S(-1+v/=3) 0 Lt 00
0 0 1 SFLHV=3)A 001
1 1
L1 0 S(=1+v=3) 0 0 S(=14+vV=B)p 1 0
100 1 1 00
y o 0 —51+V=3) 0 .
0 0 ) —5+V=3A 01
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My Pay My
1 1 -
w 0 ~3(1+v=3) 0 0 1 —5(1+ V=3
1 1
8 i S(-1+ V=) 0 0 0 S(-1+v=B)u
0 0 1 00 1
1 1 -
1 1 0 5(—1+\/—3) 0 01 5(—1+\/—5))\
1 1
8 ? —5(1+V=3) 0 0 10 —3(1+ V=B

0 0 1 00 1

> = O

> = O

. u) —%(1+\/TS) 0 0 01 %(—1+¢T3)u
A

1 1
8 ) 0 S(-1+v=3) 0 10 —5(1+ V=3
0 0 1 00 1
1 1
1 4 §(fl+\/73) 0 0 01 75(1+\/73);1
1 1
8 ? 0 —5(+V=3) 0 10 S(=1+ V73
0 0 1 00 1
1
Lo ) 0 0 0 L0
1 0 —=(1+V=3)u
0 y 0 (=14 v/=3) 0 . 3 )
0 0 1 (=L V=3)A 0 1
1
Lo S(=1+v=3) 0 0 0 b
! 1 0 (=14 V=3)u
8 y 0 —5A+v=3) 0 2

1
0 0 1 —5(L+ V=N 0 1
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Mp

PR’B

Mp

o

—%(1 +v/=3)

0
%(—1 +/=3)

0
%(1 +V=3)u
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0
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TABLE 20'.
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Case 4. Mp has six non-zero elements.

Once again we reason in the same way and we can fix our attention in those matrices with
three zeros and six non-zero entries.

The different possibilities are: (g) — 6 = 78. Note that (g) are the different ways of placing
3 zeros in a 3 X 3 matrix while 6 corresponds to the cases in which there is a row or a column
which is zero.

Making changes on the elements of the basis we may consider three entries equals 1. The
only restrictions on the other three elements, say A, u and p, which must be non-zero, are the
needed ones in order to not have zero determinant. This means up # 1, A\p # 1, uX # 1 and

ppA # —1.
There are fifteen mutually non-isomorphic parametric families of evolution algebras, which
are listed in the table follows.

—
=
o

=

—
-
=

=

—

o
o

=

—
=

o
o

=

—
=

»
o

=

—_
-
>
—_
)
o
—_
-

s
—_

=
—_
—_

o
]
—_
o
o
[

A
—_

—
=
>
—
=
>
=
=
S

=
—

—
=
—

—= >
o
—
=
o
—
=}

o
o
o
he
—
he
o
—
=
>
—

=
>
—
o

=
—

—
o
—
>
o

oD
—_
o
o
—

—

=
o
—_
— =
o=
)
—_
[en]

p 1

=
—
>
o
—

)

/O~ Y ~ ~ /Y~ P o~ /Y~
oOx =
= >
* T > o o o >
~ ~ ~__— ~—__— ~_ — ~_ ~__— ~

—_
S

—_
ox
—_ >

woA
0 1

> =

A

\
=
—

o >
o
—
o

—
=
o
o
—

—
=
=
—_

—

—
=

A
—_
o

S
—_
—
>

—
=

= [l
o = oo : o == > = T
O > —_ o o >
—
=
—_
—_

H
)
—
=
=
P
L O
—
-

—_
oD
S =
-
=

0 p

—_

-
S
o

=
>
o

=
—
>
o
—

—_
>
[e]
—
o
-
=
X
—
o
o
—
O

P
=] > > o= o =] >
o O - — o= =
N - N N ~ ~ ~ ~_
— T
oo
X >

=
—_

=
—_

—
=




71

CLASSIFICATION OF THREE-DIMENSIONAL EVOLUTION ALGEBRAS

— — o O — QL O — < O — < O — O 3 — QX — QL O
o~
o3 o~ X < — = o~ X o —o co - co- < o
—
~ < U~ oo - =S I QU QU < o — < (=R
~_ <~ ~__ ~_ ~__ ____ ~___
S PR -~ RS VRS /-~ R
— QU —~ < o — O AU~ O UL~ I — < X — < O — IO
2]
o oo - QLo —~ ~< o — ~< o — o 3 QU I~ QLo —~
—
~ — 3O — I < — IO — O O oS —H O O —H O o = <
~ ~ ~ ~_ — Nl < - <~
/_ PR / Y PR VRN /-~
— Q< — o o — QO — QX < — —< - o I— o
—~
%7 I~ O I — < I~ O (=1 N — o O — o O — O <
=
S O (=S S < A S < IO A = QL S LA
N ~_— ~_ ~__ = = ~__—
—~
Mv QU< S o QLo — SEE — Q< — o < —\ o 3
=
~ ~ — ~ — ~— N - ~
o 3~ < = o I~ oo - o~ o o — o < o
wv — O O — O U — O < — O < — 3O — 3 X — O X
=
~< =X o — o (=R S T QU< S < - S I
~__ ___— < = __ ~__ ~__ ~_
/ / /N ~ / / /.~
— < X — O O — O X — 2 X ~< L~ ~< o~ IO~
o = O S =X o — < o~ < I~ O SIS o~ Q
S———— S———— S~—— S~—— S~—— S——— S~——

TABLE 21. dim(A?) = 3; six non-zero entries.
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Pos My
\ —%(1+\/?3) 0 0 —%(1+VT3)M1 (-1+v=3)A
) 0 %(—1+¢j3) 0 1 0
0 0 1 0 0
N et 0 o STV 1~ VTR
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0 p 1 ¢ 0 0 0 ¢*u 1
10 A 0 —¢° 0 10 —¢x
p 10 0 0 —¢° ®*p 1 0
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Mp Py My

—
D > =

,_.
— OoOx
D > =

—
O > =

—
S > =

N ~ O
— ox
O > =

TABLE 21’.
Case 5. Mp has seven non-zero elements.

The different cases that we must consider are (g) = 36. Every matrix has three entries
which are 1 and four non-zero parameters 9, A, i, p, which must satisfy one of the following
conditions, depending on the case we are considering, in order for the matrix to not have zero
determinant: pp # 1; up + X £ 1; dpu £ 1; S+ Ap #£ 1; X £ 1; dp — 0 u # 1; dp # 1;
pp — 0Ap # 1.

The number of mutually non-isomorphic parametric families of evolution algebras is eight,
which are listed below.
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3; seven non-zero entries.

TABLE 22. dim(A2)
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Mg Ppp Mp
v1oA —%(1+\/T3) 0 0 —%(H\/—Ta)u 1 %(—1+¢?3)A
(1 g ?) 0 %(—H\/TS) 0 . 1 . 0 0
w1 A %(—1+¢T3) 0 0 %(—H\/?s)ﬂ 1 —%(1+\/T3))\
T T
b | [0V 0o S0V 1 (14 VN
1
(}5 8 T) 0 %<71+\/53) 0 ) 1 0 —5(1+V=3)p
0 0 1 5(—1+\/—7%)<5 0 1
72 %(*H\/TS) 0 0 %(—1+\/T3)H 1 —%(H\/:‘S)A
/ 1
((1) 8 f) 0 *%(lwﬂ/j?)) 0 ) 1 0 S(=1+v=3)p
0 0 1 —5(1+\/T3)5 0 1
1
01 4 0 514V 0 0 o LV
((15 g\ /1)) %(_14_\/_73) 0 0 1 5(—1+\/T3)A —5(1+\/j3)p
0 0 1 %(—H\/—T’s)é 0 1
1
01 4 0 L1V 0 0 o 51+
(i g‘ ’f) —%(1+\/T3) 0 0 1 —51FV=3A S+ V=3
1
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Case 6. There are eight non-zero elements in the matrix.
In this case there are only nine possibilities which appear in the table that follows. The
condition that the entries of the matrix must satisfy is one of the following: n\+pup—dnu # 1
or 0+ np — dnA # 1, just to be sure that the determinant of the corresponding matrix is

different from zero.

]\/IB PB’B AJB/

1
01| [0V 0 o 0 S S
(1 g ?) 0 %(71+\/j3) 0 1 0 —5(1+\/T3)A
g 0 0 1 %(—1+\/j3)p —%(1+\/T3)5 1

1
01 pu %(—1+¢j3) 0 0 0 1 I§(1+\/j3)#
(1 0 ?) 0 —%(1+\/j3) 0 1 0 5(—1+JT3)A
’ 0 0 Y |\ 0V L1V 1

1
01 4 0 —%(1+\/TS) 0 0 1 15(”\/?3)/”
(1 g i) %(—1+\/T3) 0 0 1 0 F(=1+V=3)A
, 0 0 1) |\ 504V L1+ VB 1

1
01 p 0 %(—1+¢j3) 0 0 ! 5(171“/?3)“
(1} g i\) _%(1+\/_73) 0 0 1 0 75(14»\/?3))\
! 0 0 1 %(71+\/53)5 %(H\/Tz)p 1

TABLE 22'.

(1,2)

(2,3)

(1,3,2)

1
I
0

p 0
1A
n 1

—_
[
\_/

1
A
Y

n

S =

p
I
1

)

1
p
1

TABLE 23. dim(A?) = 3; eight non-zero entries.
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Mg Py Mp
1 —1(1—0—\/—3)# l(—1+\/—73))\ 1
poAl —5(1+v=3) 0 0 .2 2 .
p 139 0 1 0 S(=1+V=3)p 1 —5 1+ V=3)5
1 70 1 — 1
0 0 5( 1++/-3) 0 1 —5(1+ /=3 0
1 L1+ VB 21+ VA |
noA 1 F(=1+v=3) 0 0 2 2 .
p 10 0 0 1 —5(1+v=3)p 1 S(-1+V=3)0
1 n 0 1 1
0 0 —50+v-3) 1 S(-1+v=3)n 0
1 1 pli 67,]2
0 7 0 36 2 2 1
noA 1 1 / Ui I
0 0 1) I3
P 19 3 (S 2 s/ 3 1 3 >
1 70 K 1 ny/o%n 5/0n
0 — &/0%n
/o 1 2 0
0 l 0 o ¢ 4752/735772 1
‘ H NLTE 12
l; ? (1; __¢ =0 0 " pA 1 _ du
170 or " n+/0%n OW
00— o3/
¢/52n 1 77 0
o L ¢ dpior
Iz Y/ on? 2
Al 02 ‘
Z 16 30‘ = 0 0 _ opA ) &u
1 70 Von n/0%n 63/ 62
0 0 - ¢ &*/6%n
&/5%n 1 T 0

Case 7 All the entries

TABLE 23'.

in the matrix are non-zero. In this case only one matrix appears.

(1,2) (1,3) (2,3) (1,2,3) (1,32)
1 o A 1 p 6 1 77 1 A u 1 n 7 1 0 p
p 14 w1l oA 6 1 p n 1 71 Al op T 1
n 1 1 T n 1 Al p o0 1 0 p 1 woA 1

TABLE 24. dim(A?) = 3; nine non-zero entries.

and the condition that the parameters must satisfy is np + I\ + ur — nAt — dup # 1.

APPENDIX A.

In this appendix we include the study of the different matrices that can appear as change
of basis matrices for an evolution algebra A such that dim(A) = 3 and dim(4?%) = 1.
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We have separated this piece from the proof of Theorem 3.5 in order to not enlarge it.
We think that it can be of interest as we did a similar study when dim(A?) = 2 and when
dim(A?) = 3. The notation we use is as in Case dim(A4?) = 1.

P11 P12 P13
Let B’ be an arbitrary natural basis of A and let Pgip = | po1 p22 po3 | be the change
P31 P32 P33
of basis matrix. By (6):
P11P12G11 + P21P22C1G11 + P31P32C2A11 =
(36) DP11P12A21 + P21P22C1A21 + P31P32C2a21 = 0
D11P12a31 + P21P22C1a31 + P31P3acaazr = 0
DP11P13A11 + P21P23ciarr + psipsscearn =0
(37) D11P13A21 + P21P23C1a21 + P31P33Caaor = 0
D11P13G31 + P21P23ciasi + p3ips3caazr = 0
P12P13G11 + P22P23Ci1G11 + P32P33Calil =
(38) D12P13A21 + P22P23Ciaar + P3aP3szCaaor = 0
D12P13031 + P22P23Ciaszi + p3apsszcaazr = 0

Since €2 # 0, there exists j € {1,2,3} such that a;; # 0. In any case, from (36), (37) and
(38) we have:

(39) P11P12 = —(P21P2201 + p31p3202)3
(40) PPz = —(P21p2sci + P31P33ca);
(41) P12p1s = —(P2aPasci + D3ap3sca).

Case 1 Assume pyipiop13 # 0.

This implies that pa1pasci+psipsace # 0, Pa1pasci1+psi1pssce # 0 and paopagcr+psapssca # 0. So,
- c c c c
P11 = (P21P22C1 + Psis2 2). Replacing this value in (40), we get p13 = (P21p23c1 + Psipss 2)p12'
D12 P21P22C1 + P31P32C2
. . — c1+ C c1 + c
Finally, we replace p3 in (41) and we have py = j:\/ (P21P22¢1 + Ps1Psaca) (PaP2sCs + PsaPssCs) )
DP21P23C1 + P31P33C2

Therefore:
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I (pa1p22c1 + P31P32c2) (P21P23C1 + P31P33C2)
1n = —}\/—
DP22P23C1 + P32P33C2
D = (Pa1p22c1 + P31P32C2) (P22P23C1 + P32P33C2)
12 = —
P21P23C1 + P31P33C2
Dy = (Pa1pasc1 + P31p3sca) (P2aP2sct + P32ps3ca)
13 = —
D21P22€C1 + P31P32C2
or
= (P21p22c1 + P31P32€2) (P21P2sc1 + P31P33Ca)
1 = -
D22P23C1 + P32P33C2
D = (P21p22c1 + P31P32€2) (P22P23C1 + P32p33C2)
12 = —(\/—
DP21P23C1 + P31P33C2
Dy = (P21p23c1 + P31p3sce)(Pazpascy + P3aPssca)
13 = —(\/—
D21P22€C1 + P31P32C2

Case 2 Suppose pi13 = 0 and pi1p12 # 0.

We have the following equations:

(42) puipie = —(paapaaci + P31psacs);
(43) DP21P23C1 = —P31P33C2;
(44) DP22P23C1 = —P32P33C2;

Case 2.1 P31C2 7é 0.

Necessarily po3 # 0, since otherwise p3s = 0 contradicting the fact to |Pgg| # 0. Moreover,
p32 # 0. Indeed, if p3o = 0 then or psy = 0 or ¢; = 0. But, on the other hand we have that
pa1paacy # 0. Contradiction. Now, we distinguish between ¢; = 0 or not.

Case 2.1.1 ¢; = 0.

As p31p33co = 0 necessarily pss = 0. Then, the change of basis matrix is

_ P31P32C2

pll p— O

B 11
Ppp = P21 P22 D23
P31 D32 0

with pr1piapaspsipsece # 0 and p?) + caphy # 0.
Case 2.1.2 ¢; # 0.

Case 2.1.2.1 py; = 0.
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As ps31p33co = 0 necessarily pss = 0. So paopeszc; = 0. Or equivalently pos = 0. Then

P31P32C2
D11 _p— 0
_ 11
Pee=1| o 0 p
P31 D32 0

with p11paspsipsacs # 0 and pf) + cop3; # 0.
Case 2.1.2.2 poy; # 0.

By (43) p3s = TPPBA it we remove ps3 in (44) we get that pay = P21 - pnq finally if
P31C2 ) ) P31
. c +c
we replace pye and ps3 in (42) we have p1p = —p32( P21 2p31). Then
P11P31

_ P32 (P3:c1 + P3ica)

P11 0
P11P31
P32P21
Ppp = | pa D23 ,
P31

—P21P23C1

P31 P32 EEE—

P31C2

where p;; # 0Vi, j € 1,2, 3 except p13. Furthermore, p3, ¢ +p3,ca # 0 and p3;c1 +pico+p3, #
0.

Case 2.2 ¢, # 0 and p3; = 0.
The equations (42), (43) and (44) are as follows:

P11P12 = —P21P22C1,
paipasci = O;
P22P23C1 = —P32P33C2.

As pa1pascy # 0 then necessarily pas = 0 and so p3a = 0 (p3s # 0 because otherwise |P| = 0).
Therefore

D21P22C1
pll _p— O
. 12
Ppp = P21 P22 0|
0 0 D33

with P11P12P21P22P33C1Co 75 0 and p%l "‘p%lcl 7é 0.
Case 2.3 ¢, = 0.

The equations (42), (43) and (44) turn out
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P1ipP12 = —P21P22C1
paipasci = 0
papasc: = 0

As P21P22C1 7é 0 then P23 = 0. Therefore,

D21P22C1
P11 _p— 0

. 11
Ppp = P21 P22 0

P31 P32 P33
with pripaipaspsser # 0 and pi) + p3yc1 # 0.
Case 3 p1o = 0 and py1p13 = 0.
Reasoning in the same way as Case 1.2, we obtain the following results:
Case 3.1 p31c0 # 0.
Necessarily paapss # 0.
Case 3.1.1 ¢; # 0.
Case 3.1.1.1 py; # 0.

The change of basis matrix is as follows:

_ P23 (pglcl + p§102)

D11 0

P11P21
P _ —P31P32C2
B'B — P21 —————— D23 ’
D21C1
P23P31

P31 D32

D21

where p;; # 0Vi, j € 1,2, 3 except p12. Furthermore, p3, ¢ +p3,ca # 0 and p3,c1 +pico+p3, #
0.

Case 3.1.1.2 py; = 0.
So p32 = 0 and pez = 0. And

P31P33C2
pi1 0 _p—
_ 11
Pz =1 ¢ D22 0
p3t 0 D33
with p11p2apsipssce # 0 and pfl +pi2’>102 # 0.
Case 3.1.2 ¢; = 0.
P31P33C2
pnu 0 ————
P11

Pprp = P21 P22 D23 ’

p31 0 D33
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where py1psipssce # 0 and pi; + p3,c # 0.
Case 3.2 p3; =0 and ¢y # 0.

Therefore pyops3 = 0 and

P21p23C1
pll 0 _p—
_ 11
Pprp = pai 0 D23
0 ps32 0
with pr1pispaipaspsece # 0 and pi; + p3,¢1 # 0.
Case 3.3 ¢; = 0.
Necessarily pss = 0 and
P21P23C1
pi1 0 _p—
. 11
Prp = pa 0 P23 ’

P31 P32 P32
where pi1pa1paspsact # 0 and pi; + ¢1p3; # 0.
Case 4 p;; = 0 and piapi3 = 0.

89

In the same way as in Case 1.2 and Case 1.3 we obtain the following change of basis matrices:

Case 4.1 p3aco # 0.

Then py1pss # 0.
Case 4.1.1 ¢; # 0.

Case 4.1.1.1 pyy # 0.

The change of basis matrix is as follows:

_ D33 (Phac1 + P3aca)

0 D12
32012
B thiths
Ppp = D21 D22 ;
D32
DP21P22C1
- P32 D33
D32C2

where p;; # 0Vi, j € 1,2, 3 except py;. Furthermore, piyci +p3aca # 0 and piycy + piyco +piy #

0.
Case 4.1.1.2 pyy = 0.
Then p3; = pa3 = 0. And

P32P33C2
O p12 _p—
. 12
PB/B - p21 0 0 )

0 p3 P33
where p1ap2ipsapssce # 0 and p%g + p§202 # 0.
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Case 4.1.2 ¢; = 0.

_ P32P33C2
D12

P21 P22 D23

0 p32 D33

0 pr2
Ppp =

with (prapsapssca) (ply + P3ac2) 7 0.
Case 4.2 p3; = 0 and ¢y # 0.

S0 paipss = 0 and

P22P23C1
0 pi2 _p—
_ 12
Pz =1 0 D22 D23 ’
p31 0 0
where prap13paopaspsiCa(pis + Paact) # 0.
Case 4.3 ¢, = 0.
Then py; = 0 and
P22p23C1
0 pro ————
P12

Ppp = 0 pa P23
P31 P32 P33
for propaapaspsici # 0 and pfy 4 c1p3, # 0.

Case 5 pi; = p1; =0 for some 4,5 € 1,2,3¢ # j.

The equations (42), (43) and (44) are as follows:

P21P22C1 = —P31P32C2;
P21P23C1 = —P31P33C2;
P22P23C1 = —P32P33C2.

Case 5.1 ¢; = ¢y, = 0.

If, for example, pi12 = p13 = 0, the change of basis matrix is

pin O 0
Ppp = | pa1 p22 D23
P31 P32 D33

with p11(pa2pss — pasps2) # 0.
In case of p1; = p12 = 0, the change of basis matrix is

0 0 pi3
Ppp = | P21 p22 D23
P31 P32 D33

for p13(pa1pse — p2aps1) # 0.
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For p11 = p13 =0

0 pi2 O
Ppp=|pa P2 Do |,

P31 P32 P33
where pia(p23ps1 — paipss) # 0.
Case 5.2 ¢; =0 and ¢; # 0 for ¢, 5 € {1,2}i # j.
Necessarily psp = psm = 0 for some k,m € {1,2,3}k # m and s € {2,3} depending on ¢; =0
or ¢; = 0 respectively. We have to take in account that |P| # 0 and so there are possibilities
that it can not be (those in which the structure matrix has a zero minor of order two). For
example p1; = p1o = p31 = p32 = 0 if ¢; = 0 is not available. Therefore there are nine possible

change of basis matrices are the following:
Forec; =0

0 p2 O
Ppp = | P21 p22 D23
0 0 ps3

with piapoipss # 0.

0 pi2 O
Ppip = | P21 P22 P23
pai 00O
with piapaspsr # 0.

0 0 pi3
Ppp = | p21 pa2 D23
0 p3» O

with pi3paipss # 0.
0 0 pi3
Ppp = [pa D22 D23
psi 0 O

with pi3paaps1 # 0.

pu 0 O
Ppp = | D21 pa2 D23
0 p3 O
with pi1pasps2 # 0.

0 ps3

piu 0 O
Ppp = | p21 pa2 D23
0

with pi1paapss # 0.
If Cy = 0
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0 0 pi3
Ppp = 0 p O )
P31 P32 P33

where pi3poaps1 # 0.

pa1 0 O
P31 P32 P33

PB’B:

with pigpo1pss2 # 0.

0 pi2 O

Ppp =
P31 P32 P33
with piopasps1 # 0.

for propaipss # 0.

pu 0 O
Ppp=10 p»n 0
P31 P32 P33

with p11paapss # 0.

o
o

0 pi2 O
Ppp=|pa 0 0
P31 P32 D33

b1
Ppp = 0 0 po3

P31 P32 P33
with pi1pasps2 # 0.
Case 5.3 cico # 0.
Fix 7,7 € {1,2,3} with ¢ # j and such that p;; = p1; = 0.
Case 5.3.1 py; = 0 (po; = 0).
Then as ps; (ps;) can not be zero, necessarily ps; = par, = 0 (ps; = par, = 0) with k € {1,2,3}
and k # i,j. Therefore we have that py, = 0 because py; (p2;) is not possible to be zero.

Therefore py;p2jpsr # 0 with 4, j, k € {1,2,3} and i # j # k. So, in this case the elements of
S5 x (K*)3 are the change of basis matrices.

Case 5.3.2 D2iP2; 7é 0.

We claim that pg, must be zero with k& € {1,2,3} and k # i # j. Indeed, if por # 0 then

iP3;C :
p3s # 0 for every s € {1,2,3}. Then as py; = _PaiP3jc we have that pg, = bakbsj And

P21 P2;
finally we obtain that p3;c; + p3;co = 0, contradicting |P| # 0.
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S0 por = 0. As paipej # 0 necessarily psp = 0. There are three possible change of basis
matrices.

0 » % c P13
31P32C2
Pppg=|pn —— 0
BB P21C1
D31 D32 0

with pi3paipsipse # 0 and p%101 + p§1€2 # 0.

Vb p31%3302
Pgp=|pa O _])21—01
2 P33
for propa1psipss # 0 and p3,¢1 + p3ico # 0.
o P32%3302
Pep=1 0 pa2 —m

0 p3 D33
where pr1paopsapss # 0 and pi.ci + piace # 0.
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