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1. Introduction and basic facts

Throughout the current article, we denote by M, (F) the matrix ring consisting of all
square matrices of size n x n over an arbitrary field F.

The problem of completing a matrix, when some of its entries are fixed, such that the
resulting matrix satisfies a prescribed characteristic polynomial is classical and has been
studied by several authors; see, for more detailed information, the survey by G. Cravo
[2]. Back in 1958, H.K. Farahat and W. Ledermann showed that any matrix of the form

where C € M,,_1(F) is non-derogatory, can be modified by adding a matrix of the form

a U1 N Up—1

U1
N=| . € M, (F)

On—l,n—l

Un—1

such that the characteristic polynomial of A + N is any prescribed monic polynomial
of degree n (cf. [7, Theorem 3.4]). Furthermore, this problem was generalized by G.N.
Oliveira who raised the question of when a block matrix of the form

A | Apa
Aoy | Asp )’

where part of its blocks are known, can be completed to achieve any prescribed charac-
teristic polynomial, and addressed it in several of his works (see [8], [9], [10], [11]).
In particular, in his work [8], Oliveira proved that any matrix of the form

Orr | Opn—k
A= 2 1 e M, (IF),
(Onk,k Ao ) (F)

where Ags € M, (F) is fixed, can be completed by adding a matrix of the form

X1 X2
N = e M, (F
<X21 0nk,nk> (F)

such that the characteristic polynomial of A + N is any prescribed monic polynomial
q(z) of degree n if, and only if, the product of certain elementary divisors of the matrix
Ago divides g(x).
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The prescription of several entries of a matrix together with a fixed characteristic
polynomial has been recently used by S. Breaz and G. Calugareanu when showing that
every square matrix with nilpotent trace over a general ring can be expressed as the sum
of three nilpotent matrices; see [1].

With the aim of addressing decomposition problems involving square-zero matrices,
in this work we study the problem of modifying a matrix of the form

Orr | Opn—k
A= 2 > (S Mn F s
<On—l~c,k Ao ) ()

with fixed Agy € M,,_(F), by adding to it a square-zero matrix N such that the char-
acteristic polynomial of A+ N is any prescribed polynomial. Since square-zero matrices
always have zero trace, the trace of A + N equals the trace of A, and by this modifica-
tion of A we can only get characteristic polynomials having the same trace as A. We will
show in the sequel that, when k < n — k and Ass is invertible and non-derogatory, given
any monic degree n polynomial g(x) with the same trace as A there exists a square-zero
matrix N such that the characteristic polynomial of A + N is precisely ¢(x). The first
and last k& rows of such matrix N will be non-zero in general, so this is not exactly a
completion problem, because, in order to get the desired characteristic polynomial by
adding a square-zero matrix to A, we modify the last k rows of Ass.

We also illustrate that the restriction k& < n — k cannot be generally ignored in the
sense that, when the equality £ = n—k holds, not every characteristic polynomial having
the same trace as A can be obtained by adding a square-zero matrix.

Further, in the last section of this work, we will apply this result to the problem of
decomposing matrices into the sum of a square-zero matrix and a matrix satisfying some
“good” condition, where “good” stands for the properties of being either diagonalizable,
invertible, n-torsion or n-potent. This fits in our general project of decomposing square
matrices into the sum of a square-zero matrix and another matrix satisfying some prop-
erties such as been diagonalizable, potent, invertible, etc. (see, for instance, [3], [4], [5]
and [6]).

2. Main theorem
Recall that the trace of a monic polynomial
q(z) = 2" + an_12" "' +--- +ap € Fla]

is —an—1 € F. If such polynomial is the characteristic polynomial of a certain matrix,
the trace coincides with the trace (i.e., the sum of the diagonal elements) of such matrix.
Recall that a matrix N is nilpotent if there exists k € N with N* = 0, and it is called a
square-zero matrix when N2 = 0.
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Remark 2.1. Given a non-derogatory matrix A, there always exists a square-zero matrix
N such that the characteristic polynomial of A+ N is any given monic polynomial whose
trace coincides with the trace of A. In fact, we can suppose that A is the companion
matrix of a certain polynomial

p(x) =z" + un_1.’13n71 + U,n_QJj"72 + -+ ug

thus:
0 0 —Ug
1
A= 0
—Un—2
0 1 —Up—1

Given any polynomial
qz) = 2" +up 12" vy 0" g

(where the trace of g(x) coincides with the trace of A) it is enough to consider the
square-zero matrix

0 0 ug — Vo
N — 0 0
© Up—2 — Up—2
0 0 0
to get that
0 0 —Vo
Arn=|1 0
—Up—2
0 1 —Up—1

has characteristic polynomial equal to g(x).

The goal of this section is to generalize the previous result to any invertible non-
derogative matrix completed with k rows/columns of zeros. In order to do that, we
begin with a technical lemma.

Lemma 2.2. Let F be a field and let ay,...,an,usz,...,u, € F. Then the determinant of
the matriz
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ap+x az az -+ Gp—2 Qp—1 an

0 zx 0 .- 0 0 Uo

0 o z - 0 0 us

A= 0 o o . 0 0 Uy
0 o o0 --- 0 T Up—1
o 0 --- 0 0 T+ Uy

is |A| = 2" + w2t + (a1 — ap)2" "t + agun,a™ T2 4+ 2?2—21 a;u;x" 2.

Proof. By R(i) and C(i), we respectively denote the i**-row and the i*®-column of the
involved matrix. To perform the calculations, we will assume that our matrix is a matrix
with coefficients in the field of fractions of F[z].

For s =2,...,n—1, we add —%R(s) to row R(1) as follows:

ar+z 0 0 0 0 a,— 30, %t
0 z 0 0 0 Ug
0 0 0 0 us
|A| = 0 0 0 0 0 Uy
0 o0 -~ 0 =« Up—1
o o0 --- 0 O T+ Uy
By the expansion of the determinant using C(2), ..., C(n — 2), we get:
_sn1lasu,
] = g2 |G T T an = T 0
X+ Up
2 agu
=2""%(a1 +2)(x +up) — 2" Han — ‘; %)
s=2
n—1
=" 4w,z + (a1 — ap)z™ ' + aju,x" % + Z auz" 2. O
i=2

We are now prepared to establish the following chief result.

Theorem 2.3. Let F be a field, let n,k € N with k < n—k, and consider the block matrix

O,k | Opn—k
A= > . e M, (F
<0nk,k ‘ Ago > (F)
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consisting of k rows and columns of zeros and an invertible non-derogatory matriz Ass.
Then, for any monic polynomial q(x) of degree n whose trace coincides with the trace of
A, there exists a square-zero matriz N such that the characteristic polynomial of A+ N
coincides with q(x).

Proof. The case kK = 0 was treated in Remark 2.1, so we can suppose that £ > 0. Under
an appropriate change of the existing basis, we can also suppose that Ass is a companion
matrix C(p(z)) for a polynomial of the form p(z) = 2" % 4+ w, 12" F= 1 + ... 4 up.

Take arbitrary a;; € F, i =1,...,k, j =0,...,n — 2k, and define the matrix N :=
(cvij) € M, (F) like this:

—Q p—kt1 if i=1,...,kand j =k,
—a; if i=1,...;)kandj=k+1,...,n—k+1,
Op—it1,n—k+1 if i=n—k+1,...,nand j =k,
Qi j = Qp_it1,j if i=n—k+1,...,nand j=k+1,...,n—k+1,
-1 if i=1,....,k—1landj=1in—i+1,
if i=n—k+1,...,nand j=i,n—1i+1,
0 otherwise.

Let us first show that N2 = 0: in fact, if we denote by {e1,...,e,} the vectors of the
canonical basis of F", and by fy : F® — F™ the endomorphism whose matrix with
respect to the canonical basis is IV, one can check that

fN(ej) € Span{el —€n,€2 —€n_1,...,€ — en—k—‘rl}a j = ]-a RN L
and fy(e;i —en—it1) =0,i=1,...,k, s0o fx =0, i.e., N is really a square-zero matrix,
as claimed.

Let us calculate the characteristic polynomial of the matrix A+ IV, i.e., let us calculate
the determinant of the matrix M = x1d,, —(A+ N). We will perform several elementary
transformations on the rows and columns of M in order to obtain a matrix of the form
of Lemma 2.2, and then we will use the formula for the determinant of such matrix
proved in Lemma 2.2. To this purpose, we denote by R(i) and C(i) the respective i*"-
row and the i*"-column of the involved matrices. For our calculations, we will assume
that our matrix is a matrix with coefficients in the field of fractions of the polynomial
ring possessing coefficients in F.

Since it is not possible to explicitly write the generic matrix M, we will represent the
transformations on the example n = 10 and k = 4. In this concrete case, we have:
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—

[=NeNeNoNoNoNe e

|
—

8 OO0 o o0 o o o o +

0 00 0|0 O0O0OO0OO O
0 00 0|0 0 O0OO0OO O
0 00 0[O0 0 O0OO0OO O
0 00 0|0 0 O0OO0OO0O O
A 0 00 0|0 0 0 0 0 —u
000 0|1 0000 —u |’
0 00 0|0 1 0 0 0 —u
0 00 0|0 0 1 0 0 —us
0 00 0|0 0 0 1 0 —uy
0 00 0|0 0 O0O0 1 —us
-1 0 0 —a17 —ais —aie —airy 0 0 -1
0 -1 0 —a27 —Aa25 —G26 —a27 0 -1 0
0 0 —1 —asyy —azs —asze —asz;y —1 0 0
0 0 0 —Q4,7 —O045 —A46 Q47 0 0 0
0 0 0 0 0 0 0 0 0
, and
0 0 0 0 0 0 0 0 0
0 0 0 Q4,7 4.5 a4.6 Q4.7 0 0 0
0 0 1 as,7 as.s as.e as.7 1 0 0
0 1 0 as 7 as s az.e az,7 0 1 0
1 0 0 a7 ai,s ai.e 1,7 0 0 1
0 0 ai,r ai,s ai,6 ai,r 0 0 1
r+1 0 a7 a2 .5 az,6 az,7 0 1 0
0 rx+1 as,7 as,s as,e as,7 1 0 0
0 0 T+ as7  ass a4,6 a4,7 0 0 0
0 0 0 T 0 0 0 0 uQ
0 0 0 -1 T 0 0 0 U1
0 0 —a47 —G45 —Q46 T — Q4,7 0 0 U2
0 -1 —a3,7 —a3s —aze —az7—1 x—1 0 us
—1 0 —a2,7 —a25 —a26 —a2,7 —1 x—1 U4q
0 0 —ai,7  —ais  —aie —a1,7 0 -1 z—1+us
(1) For s = 1,2, ...k, we add row R(s) to row R(n — s+ 1):
1 0 0 a7 ai5 aie a1y 0 0 1
r+1 0 as 7 azs aze azr 0 1 0
0 r+1 as,7 as;5 ase a3z7 1 0 0
0 0 T+aqg7 Q45 G46 Q4,7 0 0 0
0 0 0 T 0 0 0 0 Ug
0 0 0 -1 T 0 0 0 Uy
0 0 T 0 -1 T 0 0 Uo
0 T 0 0 0 -1 =z 0 U3
T 0 0 0 0 0 -1 =z Uy
0 0 0 0 0 0 0 -1 z4wus
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(2) For s =2, ...k, we add — Y_;_, —45C(n — s+ i — 1) to column C(s):

z+1 0 0 0 ais aie aiy O 0 1
0 =z -1/ —1/2° ass aze az7 0 1 0
0 0 x —1/x ass ase as7 1 0 0
0 0 0 T 45 Q46 Q4,7 0 0 0
0 0 0 0 x 0 0 0 O Ug
0 0 0 0 -1 =z 0 0 O Uuq
0 0 0 0 0 -1 =z 0 O Ug
0 0 0 0 0 0 -1 =z O us
0 0 0 0 0 0 0 -1 =z Uy
x 1 1/z 1/2? 0 0 0 0 —1 z+us
(3) For s =2, ...k, we add ——;C(1) to column C(s):
t+1 —(z+1)/z —(z+1)/2? —(z+1)/2® a15 a1 arr O 0 1
0 x —1/z —1/2? azs5 az2e a7 O 1 0
0 0 T —1/x as;s  a3e G371 1 0 0
0 0 0 x a4,5 Qa6 Q4,7 0 0 0
0 0 0 0 T 0 0 0 0 o
0 0 0 0 -1 T 0 0 0 U1
0 0 0 0 0 -1 T 0 0 U2
0 0 0 0 0 -1 T 0 u3
0 0 0 0 0 0 0 -1 = U4
T 0 0 0 0 0 0 -1 x+us
(4) For s=k+1,...,n—1, we add LR(s) to row R(s+1):
z+1 —(z+1)/z —(z+1)/z®> —(z+1)/22 a15 a1 a7 0 0 1
0 T —1/z —1/22 a5 aze az7 O 1 0
0 0 T —1/z azs aze az7 1 0 0
0 0 0 x as5 a4 agr 0 O 0
0 0 0 0 T 0 0 0 0 uo
0 0 0 0 0 x 0 0 0 i ju/zti
0 0 0 0 0 0 x 0 0 Y2 ju /a2
0 0 0 0 0 0 0 =z 0 I jug/adi
0 0 0 0 0 0 0 0 =z I ju/xti
T 0 0 0 0 0 0 0 x4+ 30 jui/ad?
Letusdenotebyvs::z:foméL,S—O n—k—1.

(5) For s = 3,...,k, we add ZZ 9 o= 711 to column C(s):
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r+1 —(z+1)/z —(z+1)(1/2%>+1/2%) —(z+1)(1/2®+2/z* +1/2%) a15 a16 a1z O 0 1
0 €T 0 0 azs Q26 G277 0 1 0
0 0 xT 0 ass ase 37 1 0 0
0 0 0 z a45 age asy 0 O 0
0 0 0 0 x 0 0 0 0 Vg
0 0 0 0 0 x 0 0 0 1
0 0 0 0 0 0 z 0 0 Vg
0 0 0 0 0 0 0 =z O V3
0 0 0 0 0 0 0 0 =z on
z 0 0 0 0 0 0 0 0 z+uws

Let us now prove by induction on k that, for any ¢ < k, in the above matrix the
coefficient in position (1,t) is —z;, where

t—2 (t—2)
Indeed, for £ = 1 there is nothing to prove. Let us suppose that
1—2 (i—z)
zi=(z+1) Z(:) e

fori=1,...,t — 1, then one computes that

(x+ 1)/ /et bz o2 4z g 2P

1 J _ t—1 i
x—f—l +Z' ptti —(x+1) 1/1: +‘ Lo ptti
=0 5=0 =0 j=1
t—3 Zt—3—i (J) t—3 (t—2)
t—1 J=1t 4 _ t—1 i+1
(x+1)| /2™ + Z% I =(@+1)(1/z"" + o ptti

t—2 (t—‘2) t—2 (t 2)
i=1 r=0

(6) Fors=k+1,...,n—k+1, we add — Zf:_; “22C(4) to column C(s):

x+1 —z0 —z3 —z4 a5+ Zf:z a; 52/ aie+ Zf:z aigzi/T ai7+ Z?:g a;7zif/xr 0 0 1
0 T 0 0 0 0 0 0 1 0
0 0 T 0 0 0 0 1 0 0
0 0 0 T 0 0 0 0 0 0
0 0 0 0 T 0 0 0 0 v
0 0 0 0 0 T 0 0 0 U1
0 0 0 0 0 0 T 0 0 Vg
0 0 0 0 0 0 0 z 0 V3
0 0 0 0 0 0 0 0 x vy
T 0 0 0 0 0 0 0 0 x+4wvs
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Let us denote by

k
ws == a1,s + E ;%) T,

=2

s=k+1,....n—k+1.
(7) For s =2,...,k — 1, we add —2C(s) to column C(n — s+ 1):

x4+1 —zp —z3 —z4 ws wg wr z3/T 29/T 1
0 T 0 0 0O 0 0 0 0 0
0 0 x 0 0 0 0 0 0 0
0 0 0 x 0 0 0 0 0 0
0 0 0 0 z 0 0 0 0 Vg
0 0 0 0 0 = O 0 0 vy
0 0 0 0 0 0 = 0 0 vg
0 0 0 0 0 0 0 T 0 U3
0 0 0 0 0 0 0 0 T Uy
T 0 0 0 0 0 0 0 0 x+4wus

Thereby, we have obtained a matrix equivalent to M which is of the form required in
Lemma 2.2. Therefore, we get:

n—k+1
-1 -2 -2
M| = 2" +vp_p_12" " +vp_p—12" "+ E WsVs— 12"

s=k+1

k—Qz

§ k—i 1—2

+ T vn,%ﬂm’ .
=1

Next, substituting the v’s, w’s and z’s in the above expression, we conclude that

n—k—1 n—k—1
M| = 2"+ g wirF 4 E wizF il
i—0 i=0

k—2 k—i—2 (k—i—2 n—2k+i
(1+=) ( ) —2kti—j -
i r=0
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n—k—1 n—k—1
:xn_|_ § : uikarz_'_ § : uwkﬂ*l (1)
i=0 =0

n—k+1s—k+1

+ Z Z alysujanrkJrjfsfl (2)

s=k+1 j5=0

) -

+ Z Z 4 (ZT2>ai,suﬂn+k+jirsl N
) 1 71— 2 ntktj—i—r—s

+ Z Z ( - )ai,sujx "

s=k+1 i=2 r=0 35=0

k—2k—i—2n—2k+1 k—i_2 )
+ Z Z Z < . )ujxk-l-J—r—Z (5)
>ujxk+j_7"—1. (6)

From now on, we are going to focus on the elements a; ; and we are going to determine
the monomial of smallest degree, among the monomials appearing in the determinant of
M, where each a; s appears. Recall that vy # 0.

o i = 1. The element a; s appears only in the summands labeled by (2)

n—k+1s—k+1

Z Z ay sujx" RIS (2)

s=k+1 j=0
To get the monomial of smallest degree, the index j has to be equal to 0:
n—k+1
Z a1’5U0$n+k_s_17

s=k+1

hence each ay s appears in the monomial (11,Suoac"‘“k_s_l7 s=k+1,....n—k+1.

Let us represent the degrees of such monomials in the following table:

degree | s=k+1| ... | ... | s=n—k+1
i=1 n—2 2k —2

ei>1. Seti>1land se{k+1,...,n—k+ 1} and let us determine the monomial of
smallest degree where a; s appears: it only appears in summands labeled by (3) and (4)
in the expansion of the determinant of M and, consequently, it is in the summand labeled
by (3) where it appears with the smallest degree (notice that the summand labeled by
(4) coincides with the summand (3) multiplied by x):
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n—k+1 k 1—2 s—k+1 i 9
Z ZZ Z ( )azsujxn+k+J i—r—s—1 (3)

s=k+1 i=2r=0 ;=0

There, the index j has to be as small as possible (whence j = 0) and r has to be as large
as possible (so r =i —2):

n—k+1 k

§ § < >Gi7SU0$n+k_22_s+1,

s=k+1 i=2

n+k—2i—s+1

hence each a; , appears in the monomial ugz . Representing the degrees of

such monomials in a table we get

s=n—k+1
2k — 24

s=k+1
n—21

degree
1>1

Let us now collect all the information about the degrees in a single table:

degree s=k+1 s=k+2 s=n—k—1|s=n—k|s=n—k+1
1=1 n—2 n—3 2k 2k -1 2k —2
= n—4 n—>5 2k —2 2k —3 2k —4
1=3 n—06 n—7 2k —4 2k —5 2k — 6

1=k—2|n—-2k+4 | n-2k+3 6 5 4

t=k—1|n—-2k+2 | n-2k+1 4 3 2
1=k n — 2k n—2k—1 2 1 0

If we concentrate on the last row and the first two columns of this table, we obtain
all the possible degrees from 0 to n — 2.

Fori=1,...,k—lands = k+1,k+2,aswellasfori = kand s = k+1,...,n—k+1,let
us define the polynomial f; s consisting of the sum of all the monomials of the determinant
of M which contain the variable a; 5. Thus, {fi s} is a family of n — 2 polynomials of
smallest degree from 0 to n — 2, which implies that the set {f; ;} forms a basis of the
vector space of polynomials of degree less than or equal to n — 2 over F.

Therefore, for any monic polynomial g(x) of degree n whose trace coincides with the
trace of p(z), we can choose appropriate elements a; s and use such basis to get ¢(z) as
characteristic polynomial of A + N, which completes the proof. O

We will show now that the restriction £ < n — k in the previous theorem is unre-

movable. Before giving a counter-example when n = 2k, let us study how square-zero
matrices N € My (F) must be in order to get an invertible matrix A + N for

Ok, | Ok.k
A= . : Mo (F
<0k,k C ) S 2k( )7

where C is invertible and non-derogatory.
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The following assertion is pivotal for our purpose mentioned above.

Proposition 2.4. For any matriz of the form

[ O (1%
4= (o c<p<x>>> & M),

where C(p(x)) is the companion matriz of a degree k polynomial whose zero-coefficient

is non-zero and any square-zero matriz N € Mok (IF) such that A+ N is invertible, there
exists a basis of F™ with respect to which the matriz A remains the same and N has the

X | —x2
N= (mk -X )

form

for some X € M(F).

Proof. Suppose that

0 0 —Ug
1 0 :
C(p(x)) = , € M(F)
’ —Up—2
0 1 —Up—1

with ug # 0 and

[ Ogx Or. %
A= (ok,k c<p<x>>> & Mol

Let N = (n; ;) be any square-zero matrix such that A+ N is invertible. Then, the matrix
(A+ N)? = A% + AN + N A is also invertible and has the form

o [ Ok | *

where M is given by:

7U0n2k71 7’[1,077,2]%2 e e 7U0’n2k7k
Nk4+1,1 — U1N2E,1 Nk+1,2 — UIN2E,2 cee e Nk+1,k — U1N2k,k
M = Nk42,1 — U2M2E,1 Nk42,2 — U2N2k,2 cee e Nk+2k — Uznzk,k)

N2k—1,1 — Uk—1M2k,1 N2k—1,2 — Uk—1M2k,2 -+ ... MN2k—12 — Uk—1M2k,2
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Since ug # 0, from the form of M we obtain that the block matrix

Nk+1,1 Nk+1,2  --- Nk41,k
Ng4+2,1 Mk422 - Tk42.k Ny | Nio
Noy = . . in N =
: Noy | Nag
Nn2k,1 N2k, 2 N2k, k
is invertible too.
Let {ey,...,en} be the canonical basis of F™, and consider the subspace S of F™
generated by eq,...,eg; since the block Noj is invertible, there exist linear combinations
of the first k-columns of N that give rise to ex11, €gt2,-. ., €2 modulo S, i.e., there exist

scalars o;; € F such that
(a ;i N 4+ N+ S =i + S, i=1,...,k,
where N ...  N®) denote the first k-columns of N. Define the basis
{€], s €l Chtly €2k}
where
e, =ayer + - +ager, i=1,... k.

With respect to this basis, the matrix N is of the form

* | %
N =
and the matrix A remains as
O,k Ok
A= : : € My (TF).
(ok,k c<p<x>>> 2¢(F)

(i)

From the condition N2 = 0, we easily infer that Y = —X? and Z = — X, i.e.,

X | -X?
N =
(Id;C -X )

Suppose that

for some X € M (F). O
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We are now ready to give the promised counter-example.

Remark 2.5. Let F = R, the field of real numbers. Consider the matrix

We claim that there does not exist any square-zero matrix IV such that the characteristic
polynomial of A+ N is z* + 1. Otherwise, according to Proposition 2.4, we can suppose
that N is of the form

_ 2
N = X X for some X = | 1 "2
Id; | —X n21  N22
It is readily checked that the characteristic polynomial of A + N is

patn(x) = 't + (n12 —no1 + 1)562 — (11 + n22)x + ni1ng — niangg

and, if this polynomial equals 2 + 1, then

nig —no1 +1=0
ni1 +no2 =0
Nn11Nge — Nianoy = 1

so that Nog = —MN11 and No1 = Nig + 1 would irnply 1= —n%l — nlg(nlg + 1) = —n%l —
n?3, — nio; therefore,

2 2
ni; = —njp —niz — 1,

but, for any real number, the left hand side of this equality is positive, while the right
hand side of this equality is less than or equal to —3/4, which is an absurd.

Besides, one also observes that:

Remark 2.6. In Remark 2.1, we showed how to modify an invertible non-derogatory
matrix A by adding a square-zero matrix /N to obtain a matrix A4+ N with any prescribed
characteristic polynomial with the same trace as A. In addition, by construction, the
resulting matrix A4+ N was again non-derogatory. With that idea in mind, we close this
section by posing the following problem:
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Question. Given a matrix of the form

Ok | Okn—k

A= : ’ e M, (F
<0n—k',k Az n(F)

consisting of k£ rows and columns of zeros and an invertible non-derogatory matrix Ass,

and a prescribed polynomial g(x) of degree n whose trace coincides with the trace of A,

is it possible to find a square-zero matrix such that A + N is non-derogatory and the

characteristic polynomial of A + N coincides with ¢(z)?

3. Some consequences

In the present section, some results related to our project of decomposing a square
matrix A into the sum of a square-zero matrix N and another matrix satisfying some
fundamental properties such as been diagonalizable, invertible, torsion, etc. (see, for
example, [3], [4], [5] and [6]) can be obtained by forcing that A — N verifies a certain
prescribed characteristic polynomial. Specifically, the key point in [5] when showing that
any nilpotent matrix of rank at least 3 can be expressed as the sum of a torsion matrix
and a square-zero matrix was the fact that the original nilpotent matrix could be written
as the direct sum of blocks, each of them expressed as the sum of a square-zero matrix
and a matrix satisfying a certain characteristic polynomial that forced this last matrix
to be torsion.

So, with the aid of Theorem 2.3, we can elementarily prove the following three corol-

laries.

Corollary 3.1. Let F be a field, let n,k € N with k < n—k, and consider the block matriz

O,k ‘ Ok,n—k
A= : ; e M, (F
<0nk,k ‘ Ago > (F)

consisting of k rows and columns of zeros and an invertible non-derogatory matriz Ass.
Then, if the field F has enough elements, there exists a square-zero matriz N such that
A+ N is diagonalizable (with n different eigenvalues).

Proof. If F has enough elements, we can take different elements a,...,a, € F such
that —(ag + -+ + «a5) equals the trace of A. Then fix the polynomial ¢(z) = (x —
ap) -+ (¢ — a,) and use Theorem 2.3 to find a square-zero matrix N such that the
characteristic polynomial of A + N is ¢(z). Since A + N has n different eigenvalues,
A+ N is diagonalizable, as asserted. O
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Corollary 3.2. Let F be a field, let n, k € N with k < n—k, and consider the block matriz

O,k | Ok n—k
A= . ; e M, (F
<0n—k,k ‘ A22 > ( )

consisting of k rows and columns of zeros and an invertible matriz Ase. Then, there
exists an invertible matriz T and a square-zero matriz N such that A=T + N.

Proof. Without loss of generality, assume that Ass is the direct sum of the invertible
and non-derogatory companion matrices of its elementary divisors. Combine the 0’s in
the main diagonal of A with each of these invertible and non-derogatory companion
matrices and utilize Theorem 2.3 to get characteristic polynomials with nonzero zero-
degree coeflicients by adding appropriate square-zero matrices, as desired. 0O

Recall that a matrix P € M, (IF) is m-potent if P™ = P for some 1 < m € N; a
matrix T € M,,(F) is k-torsion (or just a k-root of the unity) if T* = Id for some k € N.

Corollary 3.3. Let F be a field, let n, k € N with k < n—k, and consider the block matriz

O,k | Ok n—k
A= : : e M, (F
<0nk,k ‘ Ago > (F)

consisting of k rows and columns of zeros and an invertible non-derogatory matriz Ass.
If the trace of A is zero, then the following two statements are true:

(i) if n > 3, there exists an n-potent matriz P and a square-zero matriz Ny such that
A = P -|— N1 5
(ii) if n > 2, there exists an n-torsion matrix T and a square-zero matriz Ny such that

AZT—FNQ;

Proof. One observes that it suffices to prescribe the zero-trace polynomials p; (x) = 2" —x
and py(z) = 2™ — 1 and employ Theorem 2.3 to get square-zero matrices Ny, Ny such
that A + N; has characteristic polynomial equal to p;(x), i = 1,2. Then, decompose
A= (A+ Ny)— N; to get (i) and A = (A+ Na) — N to get (ii), as wanted. O
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