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Abstract

Topological data analysis (TDA) is increasingly acknowledged within financial markets for its capacity to manage
complexity and discern nuanced patterns and structures. It has been applied effectively to uncover intricate relationships
and capture non-linear dependencies inherent in market data. This manuscript presents a groundbreaking study that delves
into integrating features derived from TDA to improve the performance of forecasting models for univariate time series
prediction. The research specifically examines whether incorporating features extracted from TDA-such as entropy,
amplitude, and the number of points obtained from persistent diagrams can provide valuable supplementary information to
the baseline forecasting model. Thus, the aim is to determine if these TDA-derived features can boost forecasting accuracy
by offering additional insights that existing models might overlook. The N-BEATS model serves as the baseline fore-
casting model due to its robust generalization capabilities and flexibility in incorporating additional features into the model.
The proposed methodology is compared against a univariate N-BEATS model without additional features and other
strategies incorporating supplementary features such as temporal decomposition and time delay embeddings. The evalu-
ation includes forecasting for six cryptocurrencies across four distinct time scenarios and four traditional financial
instruments across two scenarios each, resulting in 32 datasets. The results obtained were promising, as the proposed
method, N — BEATS ; tpa, achieved the best results in mean performance and mean ranking for the three metrics considered
(MAPE, MAE, and RMSE). Significant differences were observed with the rest of the proposed methods using a signif-
icance level of « = 0.10, highlighting the effectiveness of integrating TDA features to enhance forecasting models.

Keywords Topological data analysis - Time series forecasting - feature extraction

1 Introduction

Topological data analysis (TDA) utilizes concepts from
algebraic topology to analyse the shape of data, making it a
pivotal tool for extracting meaningful insights from com-
plex datasets [1]. At its core, TDA employs persistent
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homology to unveil the underlying structure of data by
identifying and tracking features such as connected com-
ponents, loops, and voids across different scales [2]. Per-
sistent homology, a cornerstone of TDA, systematically
studies the multi-scale topological characteristics of data-
sets. It constructs simplicial complexes at different scales
and tracks the evolution of features like connected com-
ponents, loops, and voids [3]. This method captures the
persistence of these features across scales, offering insights
into the robustness and significance of topological struc-
tures within the data [4].

Persistent homology results are typically visualized
using persistence diagrams or barcodes, which provide a
concise yet powerful representation of the topological
features and lifetimes inherent in a dataset [3]. These visual
tools condense complex mathematical insights into acces-
sible formats, enabling researchers to discern persistent
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patterns across various scales of analysis [2]. By high-
lighting enduring features amidst fluctuations and noise,
persistence diagrams facilitate the discovery of funda-
mental structures that may not be discernible through
conventional data analysis methods alone [5]. Moreover,
these capabilities enhance the interpretability of intricate
datasets and support informed decision-making across
diverse scientific and practical domains, ranging from
biology and neuroscience to materials science and beyond.
Finally, persistence diagrams yield metrics such as entropy,
amplitude, and point counts, which can be instrumental in
quantitative assessments and predictive modelling [6].
Financial markets are complex systems where prices of
assets evolve according to various factors, including eco-
nomic indicators, market sentiment, and external events
[7]. Traditional financial analysis methods rely on time
series analysis, statistical models, and machine learning
techniques [8-10]. However, these methods may fail to
capture the intricate and multi-scale financial data structure
[11]. TDA, employing persistent homology, introduces a
new approach to examining financial markets [12]. It
provides insights into the overall data structure, essential
for comprehending market behaviour and predicting criti-
cal events like market crashes [13]. Stable and significant
features in data are identified by persistent homology,
thereby offering connections to underlying market
dynamics. Its resilience to noise and ability to manage
high-dimensional data makes it highly suitable for financial
applications. Furthermore, financial time series data can be
represented as a topological space by TDA, allowing for
the identification of meaningful clusters, loops, and voids,
which provide valuable insights for decision-making [14].
Topological data analysis (TDA) application to financial
markets is relatively new but has shown promising results
in various areas. One significant application of TDA is in
detecting critical transitions in financial markets. For
instance, Gidea (2017) [12] attempted to detect early signs
of critical transitions-such as financial crashes-by tracking
changes in the topology of correlation graphs as prices
approached the 2007-2008 financial crisis using persistent
homology. In another study focusing on the detection of
critical transitions, Gidea and Katz (2018) [13] used per-
sistent homology to identify topological patterns in a
multidimensional time series formed by the four major
financial indices in the USA during the technology crash of
2000 and the financial crisis of 2008. They employed
persistence landscapes and their [ norms to measure
changes in one-dimensional persistence diagrams. Their
results indicated that the L7 norms increased significantly
days before the two crashes, while the norms remained
stable during calm market periods. Continuing the explo-
ration of critical transition detection in financial markets,
researchers applied TDA to study crashes in
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cryptocurrency markets. Gidea et al. (2020) [15] analysed
the time series of four major cryptocurrencies: Bitcoin,
Ethereum, Litecoin, and Ripple. They defined the C! norm
of persistence landscapes to identify critical transitions
preceding the cryptocurrency crash in January 2018.
Additionally, they employed the k-means clustering algo-
rithm to discern patterns in price movements.

TDA has also been employed to manage risk and guide
potential investment strategies. By understanding the
topological features of financial data, TDA can contribute
to more effective risk management strategies. Persistent
homology aids in identifying periods of increased market
turbulence, enabling investors to adjust their portfolios
accordingly [16]. Additionally, researchers have developed
TDA-based indicators to enhance investment strategies.
These indicators, derived from the persistence landscapes
of financial time series, offer new insights into market
behaviour and have demonstrated superior performance
compared to traditional indicators in specific scenarios
[17].

From a methodological perspective, within the domain
of machine learning, TDA has been applied across various
domains, including pattern recognition, classification, and
signal quality evaluation [18-22]. In the realm of time
series analysis, TDA has also demonstrated its utility
[23, 24]. However, its application has predominantly been
limited to classification settings, for identifying certain
phenomena in dynamical systems, or for purely exploratory
analysis [25], rather than being utilized for forecasting
purposes. To the best of our knowledge, no existing
manuscripts currently explore the use of TDA specifically
for forecasting tasks. This apparent gap in the literature
may arise from the prevailing belief that forecasting
models should, through their learning processes, inherently
capture and integrate the structural information within
historical observations. In contrast, the present study pro-
poses a novel approach by directly capturing these features
in the raw data through TDA. Consequently, this manu-
script seeks to advance forecasting models by integrating
supplementary features derived from TDA.

In pursuit of this objective, this study will construct
point clouds and generate persistence diagrams to derive
complex topological features, including persistent entropy,
amplitude, and the number of points within the persistence
diagram. These features capture critical non-linear depen-
dencies and topological invariants, facilitating a multi-
scale analysis of financial time series. Persistent entropy
quantifies the complexity and irregularity within the time
series, indicating volatility and underlying market dynam-
ics. Amplitude, reflecting the spread in the persistence
diagram, provides insights into the stability and recurrence
of observed patterns. The number of points representing
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significant topological features across scales highlights the
persistence of structures within the data, indicating recur-
rent cycles or trends that may otherwise remain undetected.
These attributes collectively could enhance computational
forecasting models by incorporating topological sum-
maries, offering a robust and adaptable framework suited to
the inherently non-stationary nature of financial data.

Furthermore, it is essential to emphasize that these
features are extracted using a sliding window approach
over the time series. For each segment, a point cloud is
constructed, and a persistence diagram is generated, from
which the three features above are extracted and incorpo-
rated into the forecasting model to enhance performance.
This innovative approach differs from traditional methods
that typically generate a single point cloud for the entire
time series; instead, multiple point clouds are constructed
to preserve crucial temporal information and capture
evolving dynamics. Consequently, local structures are
detected, non-stationary data are accommodated, and
robustness against outliers is achieved, resulting in a more
nuanced and temporally aware analysis well-suited to the
complexities of financial time series. Finally, the proposed
feature extraction methodology will be integrated into the
N-BEATS model, which has been selected due to its state-
of-the-art performance in time series forecasting and its
ability to handle complex patterns.

The remainder of the manuscript is structured as fol-
lows: Sect. 2 presents the proposed methodology for
extracting TDA features and integrating them into the N-
BEATS model. Section 3 outlines the experimental
framework for comparing the proposed model against tra-
ditional feature extraction methods using financial datasets.
Section 4 reports the forecasting results across various
datasets and metrics, highlighting significant improvements
in predictive accuracy. Sect. 5 emphasizes the effective-
ness of TDA-derived features in enhancing time series
forecasting and suggests future research directions,
including applications in reinforcement learning (RL) and
high-frequency trading (HFT). Finally, Sect. 6 summarizes
the proposal and its principales resultados.

2 The proposed method

The forthcoming section introduces an innovative approach
to time series forecasting utilizing topological data analysis
(TDA). This section comprehensively describes the TDA
techniques employed in this study. The primary objective is
to extract features that characterize the underlying temporal
patterns in a novel manner and compare them against tra-
ditional techniques to establish a benchmark. This
approach aims to validate whether TDA-derived features
can effectively predict a target variable.

Consequently, this section begins by defining the prob-
lem of point forecasting in univariate time series. It then
justifies the necessity of incorporating feature extraction
mechanisms in financial time series forecasting due to the
inherent complexity of such problems. Subsequently, it
details the extraction of TDA features from the time series
using a sliding window approach. Finally, it outlines how
these features are integrated into a forecasting model based
on neural networks, specifically the N-BEATS model.

2.1 Problem statement

An univariate time series is defined as a sequence of data
points x(#), 7 = {x(¢t) |t =1,2,...,N}, where N repre-
sents the number of points in the time series and x(f) de-
notes the value of the series at time ¢. In the case of
financial time series data, x(¢) typically represents variables
such as stock prices, trading volumes, interest rates, and
exchange rates, with measurements taken at regular inter-
vals (daily, monthly, annually).

Given this context, the feature extraction technique
proposed in this manuscript aims to address the challenge
of (point) forecasting in univariate time series. The primary
objective is to utilize the last T observations of the time
series to generate point forecasts for a specified time
horizon H. Formally, this problem can be described as
learning a function, parameterized as a neural network, f :
R” — R, from a given collection of input—output pairs,
where inputs are length-7 vectors, and outputs are length-H
vectors. For simplicity, a prediction horizon of one point
will be considered, i.e. H = 1.

2.2 Justification for feature extraction
techniques in financial time series

Forecasting in financial markets involves using historical
data to predict future market trends, leveraging statistical
methods and machine learning algorithms. The primary
objective is identifying patterns and trends that inform
investment decisions, risk management, and strategic
planning. The necessity for robust feature extraction tech-
niques in financial time series forecasting is underscored by
the complex and dynamic nature of financial markets,
which are characterized by:

e Non-Stationarity: Financial time series data are often
non-stationary, with changing statistical properties.
Techniques such as differencing are employed to
achieve stationarity before model implementation [26].

¢ High volatility and noise: Unpredictable factors induce
high volatility and noise in financial markets, compli-
cating the identification of genuine patterns. Feature
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extraction methods are used to reduce noise and isolate
relevant patterns [27].

e Complex interdependencies: Financial time series are
influenced by interrelated factors, necessitating their
consideration for improved forecasting accuracy. Fea-
ture extraction techniques incorporate these relation-
ships into models [28].

e Opverfitting and underfitting: Overfitting captures
noise, while underfitting results from overly simplistic
models. Feature extraction mitigates these issues by
generating informative features [29, 30].

e Structural breaks: Sudden changes in the data-gener-
ating process disrupt established patterns. Detecting
structural breaks is crucial for forecast accuracy, and
feature extraction techniques assist in this adaptation
[31].

Given these challenges, the necessity of robust feature
extraction techniques in financial time series forecasting
becomes evident. Feature extraction enhances the predic-
tive power of forecasting models by transforming raw data
into informative features that better capture the underlying
patterns and trends. By addressing non-stationarity, high
volatility, and complex interdependencies, feature extrac-
tion techniques improve the accuracy and reliability of
financial forecasts. Effective feature extraction allows
models to gain deeper insights into the data, making it
easier to identify trends and predict future market move-
ments [32].

2.3 Feature extraction via topological data
analysis techniques

This manuscript performs feature extraction at the segment
level using a slicing window approach rather than across
the entire time series. This decomposition divides the
original series 7 = {x(t) |t =1,2,...,N} € R" into Q
overlapping windows of length L, resulting in 7 =
(s1,..-,80) € R&*L where Q = N — L+ 1. Each segment
s; = (x(q),..,x(g+L—1)) € R" represents a distinct
subset of the original data. Topological characteristics
specific to each segment are then computed using advanced
techniques from TDA, such as single Takens’ embeddings,
point clouds, persistence diagrams, and Vietoris-Rips
complexes. The application of these techniques is detailed
for each segment of the time series 7, aiming to elucidate
localized structures and dynamics within financial data.
This approach harnesses sophisticated analytical tools to
uncover nuanced patterns and relationships that traditional
methods may obscure.

Firstly, single Takens’ embeddings are implemented, a
method utilized to reconstruct the state space of time series
and form a crucial part of time delay embedding techniques
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in TDA. The mathematical foundation of this approach is
derived from Takens’ embedding theorem, which asserts
that, under certain conditions, the dynamics of a system can
be fully reconstructed from a series of observations [33].
Given a time series segment s,, a point cloud, C,, in /-
dimensional space is generated by the single Takens’
embedding method, where each point x; in C, is defined as:

Cq = {Xi | X; = (Sq,ivsq,i+‘r7 © '7sq,i+(/lfl)‘r)7i = 1727 . '7]}7

where 7 € Z, denotes the time delay, A € Z, represents
the embedding dimension, and J = L — (A — 1)t denotes
the number of points in the point cloud C,. Here, s,; refers
to the value at position i within segment s,. The parameters
7 and A significantly influence the dynamical system’s
phase space reconstruction. t governs the temporal spacing
of sequential observations in the time series, thereby
ensuring the effective distribution of points in the recon-
structed space. Its optimal selection minimizes redundancy
between successive coordinates, enhancing their indepen-
dence and capturing essential dynamical information.
Conversely, 4 determines the number of delayed observa-
tions utilized in constructing the phase space. A judicious
choice of A ensures a faithful representation of the original
system’s dynamics, thereby revealing the discernible
structure of the underlying attractor.

In this proposal, the point cloud associated with each g-
th segment, C,, serves as the initial step towards visualizing
the inherent geometric structure within financial datasets.
By projecting data points into multidimensional space,
analysts gain a geometric perspective to observe clusters,
trends, and outliers, thus providing a foundational insight
into the market’s geometrical configuration [34]. From the
point cloud, a filtration process tracks the birth and death of
topological features (such as connected points, loops, and
voids) across successive stages. This process involves
incrementally “thickening” the points, visualized as
increasing the radius of balls centred at each point in C,.
Mathematically, for C;, = {X;, Xz, ...,X,}, the filtration can
be represented as a sequence of subspaces:

l=wpCuy CuwpC...Cuy =C,

where each w; includes points from C, based on proximity
criteria typically defined by a metric, and () represents the
empty set.

The Vietoris-Rips complex provides a specific approach
to construct such a filtration from a point cloud. At a given
scale parameter €, denoted VR.(C,) for the g-th segment, it
includes a simplex for every subset of points in C, that are
pairwise within distance e of each other. This complex
grows as € increases:

VR(,(Cy) € VR, (C,) C ... C VR, (Cy)
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where 0 =€) <€ <...<¢. As the filtration progresses,
new topological features may appear (birth) and existing
features may merge or disappear (death) [3, 35]. For
example, a loop births when a set of points forms a cycle
that does not enclose a filled-in area, and a loop dies when
the space inside it becomes filled-in.

Persistence diagrams, denoted as D, (¢ € {1,...,0}),
represent these topological features by plotting (b;,d;)
points, where b; and d; are the birth and death times of the
i-th feature, respectively. These diagrams capture enduring
structures amidst market volatility, shedding light on long-
term market behaviours [36]. Hence, formally, the persis-
tence diagram associated with the g-th segment is defined
as D, = {(b;,d;) | i € I,}, where b; and d; represent the
birth and death times of the i-th feature, respectively, and I,
is the index set enumerating the topological features
identified in the persistence diagram associated with the g-
th segment.

Once the persistence diagrams of the different segments
have been computed, the next step is to calculate the
characteristics of interest for each persistence diagram. In
our study, these metrics will be the entropy, amplitude, and
number of points, as these three measures provide deeper
insights into the underlying market dynamics. Firstly, the
persistent entropy associated with the ¢-th segment,
H(D,), is defined as:

H(D,) ==Y pilogp; (1)

icl,

where p; = %, ri = d; — b; is the lifetime of the i-th feature,
and R = Zielq r; is the total sum of lifetimes. It measures

the uncertainty associated with the persistence diagram.
High-entropy values indicate a more complex or chaotic
underlying system, while lower values suggest more reg-
ular or periodic behaviour [37].

Secondly, the amplitude of the g-th segment, A(D,), is
defined as:
A(Dg) = maxr; = max(d; — bi), (2)
and refers to the size of the topological features detected in
the data. This can be interpreted as a measure of the
‘spread’ or ‘size’ of the features in a particular homological
dimension. Different norms or metrics (e.g. bottleneck and
Wasserstein) can be used to quantify this measure.

Thirdly, the number of points for the g-th segment,
N(D,), is the number of distinct topological features (such
as connected components and loops) identified in the data
at various filtration values. It indicates the complexity or

richness of the topological structure inherent in the data
[38]. N(D,) is defined as:

N(D,) = IL,. (3)

Figure 1 illustrates the TDA process for a specific time
series segment. In Subfigure a, the original time series data
segment under analysis is depicted. This segment is
transformed using the single Takens embedding method
with a time delay t =72 and an embedding dimension
A =2 to create a point cloud, C, as shown in Subfigure b.
Subsequently, Subfigure ¢ presents the persistence dia-
gram, D, derived from the point cloud C. The persistence
diagram indicates the presence of connected components
(HO), loops (H1), and voids (H2), showcasing the birth and
death times of these topological features across the filtra-
tion process.

As indicated at the beginning of this section, the feature
extraction process is repeated for all segments of the series
following a sliding window approach. To illustrate the
complete process, Fig. 2 depicts the division of the series
into overlapping segments of size L, generating a total of O
windows. For each window, the corresponding point cloud
and persistence diagram are computed. The values of
entropy, amplitude, and the number of points are calculated
from these diagrams. These values are subsequently stored
in a vector, which for the g-th segment, is defined as
vy = (H(D,),A(D,),N(D,)) € R’.

2.4 The N-BEATS forecast model

This section offers a comprehensive overview of the N-
BEATS model, emphasizing its core elements and the
incorporation of TDA features into its architecture. The
first subsubsection outlines the fundamental components
and operational mechanisms that distinguish N-BEATS as
a robust framework for time series forecasting. The second
subsubsection details how TDA features are integrated into
the N-BEATS model to enrich its capabilities for univariate
forecasting.

2.4.1 Overview of key elements of N-BEATS

The neural basis expansion analysis for time series fore-
casting (N-BEATS) represents a significant advancement
in time series forecasting, embodying a paradigmatic shift
in generating forecasts by offering a versatile and robust
framework for handling univariate and multivariate time
series data. Developed by a team of researchers, N-BEATS
has demonstrated state-of-the-art performance across vari-
ous benchmarking datasets, distinguishing itself through a
combination of simplicity, effectiveness, and robustness.
The model’s deep learning architecture, employing fully
connected layers and a backward and forward residual
stacking mechanism, decomposes the time series into
trend, seasonality, and residual components, thereby cap-
turing complex patterns and dependencies in financial data.

@ Springer
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Fig. 1 Illustration of the feature
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Fig. 2 Illustration of the feature extraction procedure via TDA,
computed on time series observations x(1), ..., x(N). The time series,
7T, is decomposed into a collection of Q overlapping windows of
length L. For each window g, its corresponding point cloud, C,, is
computed, from which the persistence diagram, D,, is derived. The

Its basis expansion mechanism expands the input time
series into a set of basis functions and enhances adapt-
ability to diverse forecasting tasks. The iterative refinement
process within its block structure ensures progressively
improved forecasts, leading to higher accuracy and relia-
bility [39].

Notably, N-BEATS is flexible, capable of handling time
series data with missing values, irregular intervals, and
multiple frequencies, and has shown superior performance
over traditional statistical models and other deep learning
models across multiple benchmarks. For example, N-
BEATS demonstrates accuracy improvements of 11% over
a statistical benchmark, including the ARIMA baseline,
and 3% over the 2020 M4 competition winner, which is
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Do ={(bi,d) | i € Ly}
vg = (H(Dy), A(Dg). N(Dq))

persistence diagram is then used to compute the values of entropy,
amplitude, and number of points, which are stored in the vector
vy = (H(Dy),A(D,),N(Dy)) € R’

based on a hybrid model combining a neural residual/at-
tention dilated LSTM stack with a classical Holt-Winters
statistical model. The model’s interpretability, facilitated
by its basis expansion mechanism, provides crucial insights
into different components of the time series, aiding finan-
cial analysts in understanding the driving factors behind
forecasts. Despite its complex architecture, N-BEATS is
relatively simple to implement and use, requiring minimal
pre-processing or feature engineering. It is scalable for
efficiently handling large datasets, making it suitable for
real-time forecasting scenarios. Its robustness to noise and
outliers, critical for maintaining accuracy in unpre-
dictable market events, further underscores its utility in
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various financial forecasting tasks, including stock prices,
exchange rates, and economic indicators [40].

The decision to integrate TDA features as supplemen-
tary inputs in N-BEATS was primarily motivated by the
model’s significant goodness of fit. While the model
exhibits high performance, further enhancing forecasting
accuracy with additional features presents challenges,
given its already strong fit. Moreover, two compelling
reasons for including TDA features in N-BEATS are its
modular architecture, which facilitates interpretability
crucial for understanding predictions in a financial context
and its scalability, which ensures robust performance when
managing large datasets, thereby rendering it particularly
well-suited for various financial applications.

2.4.2 Incorporation of TDA features into N-BEATS
architecture

In this section, the integration of TDA features, as shown in
Fig. 2, for each segment of the time series into the N-
BEATS model [39], is detailed. The standard N-BEATS
model is briefly described, with a note that TDA features
can similarly be integrated into the basis expansion variant
without modifications. The generic N-BEATS model is
constructed from a stack of P double-residual blocks. For
1 <p <P, each block consists of a non-linear map (im-
plemented as a multi-layer perceptron, MLP). The repre-
sentation of the N-BEATS model and its variant

N-BEATS
N-BEATS (+TDA)
v €T

|| 1
o TS

~

vy
D
K

5]
N

€T
i
Sl
SQ
H

Fig. 3 Illustration of the N-BEATS architecture for univariate time
series forecasting (left) and the enhanced N-BEATS architecture
incorporating TDA features stored in the vector v (right)

incorporating TDA features can be observed in Fig. 3,
where the P double-residual blocks, their inputs, and their
outputs are depicted. As can be seen, the structure of the
input and output variables in the blocks for both models
(the baseline N-BEATS model and the variant with TDA
features, N — BEATS  1pa) is the same, with the particu-
larity that in the TDA-enhanced model, each block receives
the corresponding input x along with the TDA character-
istics as additional input, denoted as v. The entry of these
TDA characteristics is represented by a red line in Fig. 3.
In the following, the operation of the model will be
formally defined starting from the input data x. Firstly, the
non-linear mapping of the p-th MLP can be defined as:

& RT — R, (4)
where T is the dimension of the inputs (length-T vectors),

and & denotes the internal dimensionality. The twofold
output of each block (see Fig. 3) is produced as follows:

X =x U (sP (), (5)
and
¥ = V(s (x" 1)), (6)

with UP € R™*, VP € R"*" and x” = x, where H is the
output dimension (assumed to be one for simplicity). The
outputs x” are used as inputs to subsequent computation
blocks, while the predicted outputs y° are utilized to
compute the final model prediction y € R¥ via component-
wise summation:

y=y 4y 4y (7)

Importantly, in this deep neural network forecasting model,
the outputs x” can be utilized as an interface to integrate
additional information. Specifically, in this manuscript, the
base input signal to each block is enhanced by concate-
nating the TDA features stored in the vector v (see Fig.3),
as follows:

Xhpa = (X,v) where v=(H(D),A(D),N(D)), (8)

and, as can be observed in Fig. 3, the time series signal X is
provided to the N-BEATS model in its raw form, while the
corresponding TDA features, v, are supplied to each block
as complementary signals.

2.5 Computational complexity

This section examines the computational complexity
involved in incorporating TDA features into the N-BEATS
model, which represents the primary contribution of this
manuscript. The computation of the persistence diagram is
identified as the most significant aspect of TDA feature
extraction. The most computationally intensive component
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within this process is the calculation of the Vietoris-Rips
complex, which is characterized by a runtime complexity
of O(27) [41, 42]. It should also be noted that these cal-
culations are repeated Q times for each of the O segments
of the time series. Consequently, the computational com-
plexity of this stage is mainly determined by the number of
segments and the value of J, where J is defined as
J=L— (A—1)t. Thus, it is also dependent on the length
of each segment L, the dimensionality of the point cloud
embedding A, and the time delay .

3 Computational experiments

The computational experiments in this study are designed
to compare the performance of traditional feature engi-
neering techniques with the proposed approach that
incorporates TDA-derived features. This section outlines
the key elements of the experimental framework. Specifi-
cally, the following subsections define the datasets, con-
sisting of data from six cryptocurrencies evaluated across
four scenarios. Pre-processing techniques, including han-
dling missing data, outlier detection, and stationarity tests,
are detailed, along with the parameters used in the baseline
forecasting model, N-BEATS.

Given that the primary objective is to assess perfor-
mance improvements due to the inclusion of additional
features, the N-BEATS model is consistently used as the
baseline forecasting model across all feature extraction
techniques. Therefore, a subsection is also dedicated to
defining the traditional feature extraction techniques uti-
lized for comparison with the proposed TDA-derived fea-
tures. Additionally, the performance metrics employed to
evaluate the various methods are specified, ensuring a
comprehensive forecasting accuracy and effectiveness
assessment.

3.1 Datasets

The selected datasets include time series data for six major
cryptocurrencies-BNB (Binance Coin), BTC (Bitcoin),
ETH (Ethereum), XRP (Ripple), ADA (Cardano), and LTC
(Litecoin)-all denominated in USDT (Tether) [43, 44],
along with additional financial instruments such as the
CAC40 index (FCHI), iShares Core MSCI Europe ETF
(IEUR), the EUR/USD exchange rate (EURUSD = X), and
crude oil futures (CL = F).

For cryptocurrencies, USDT, a stablecoin pegged to the
USD at a 1:1 ratio helps mitigate fluctuations in fiat cur-
rencies, allowing a more explicit focus on cryptocurrency
market behaviour. This approach enables the precise iso-
lation of intrinsic factors and ensures consistent
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comparisons across assets and periods. As a result, it allows
for detailed examinations of how individual assets respond
to different stimuli, enhancing the understanding of the
broader digital asset ecosystem [45].

In addition to cryptocurrencies, the experimental
framework includes several traditional financial instru-
ments that further broaden the analysis. The CAC40
(FCHI) is a major French stock market index representing
the 40 most significant companies on the Euronext Paris,
providing a benchmark for tracking Paris market perfor-
mance. The iShares Core MSCI Europe ETF (IEUR) offers
a diversified portfolio of European equities, serving as a
proxy for European market trends and occasionally
exhibiting bond-like behaviour in terms of stability. The
EUR/USD exchange rate (EURUSD = X), one of the most
traded currency pairs globally, reflects the relative strength
of the European and US economies, making it critical for
international trade analysis. Finally, crude oil futures (CL =
F) track the price of West Texas Intermediate (WTI) crude
oil, a vital commodity whose price movements signifi-
cantly impact global economic conditions. Together, these
instruments complement the cryptocurrency data by pro-
viding a holistic view of diverse asset classes, enabling
cross-asset analysis and a comprehensive understanding of
market dynamics.

The cryptocurrency data spans from July 1, 2019, to
December 28, 2021, capturing a complete market cycle
with high volatility, bull and bear markets, and stabilization
phases. This period is crucial for assessing cryptocurrency
performance about macroeconomic factors and regulatory
changes [46]. Data are collected at 1-h intervals, balancing
granularity and manageability. This frequency captures
short-term market movements while reducing data over-
load, facilitating the analysis of intraday patterns and the
impact of global events. Four distinct scenarios are created
for each cryptocurrency to evaluate the model compre-
hensively. These scenarios allow for varied training and
testing conditions, enhancing the robustness of the analysis.

In addition to cryptocurrencies, traditional financial
instruments such as the CAC40 index (FCHI), crude oil
futures (CL = F), the EUR/USD exchange rate (EURUSD),
and the iShares Core MSCI Europe ETF (IEUR) are also
analysed. Each of these instruments is evaluated using a
consistent scenario structure. Specifically, two scenarios
are defined for each asset: The first covers from April 1,
2023, to November 14, 2023, and the second extends from
November 15, 2023, to June 29, 2024. This uniform
approach ensures that model performance is assessed
consistently across different asset classes and periods.

Finally, Table 1 outlines the 32 scenarios considered in
the study, each assigned a unique ID for ease of reference.
The table details the specific cryptocurrency or traditional
financial instrument tested and the periods designated for
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Table 1 Characteristics of the

time series scenarios for ID Asset Start train date End train date Start test date End test date
cryptocurrencies and traditional BNBUSDT 01/07/2019 28/12/2019 29/12/2019 13/02/2020
financial instruments used in the
experimental study. Each eniry 2 BNBUSDT 14/02/2020 12/08/2020 13/08/2020 28/09/2020
includes the scenario ID, asset 3 BNBUSDT 29/09/2020 28/03/2021 29/03/2021 14/05/2021
name, training period, and 4 BNBUSDT 15/05/2021 11/11/2021 12/11/2021 28/12/2021
testing period 5 BTCUSDT 01/07/2019 28/12/2019 29/12/2019 13/02/2020
6 BTCUSDT 14/02/2020 12/08/2020 13/08/2020 28/09/2020
7 BTCUSDT 29/09/2020 28/03/2021 29/03/2021 14/05/2021
8 BTCUSDT 15/05/2021 11/11/2021 12/11/2021 28/12/2021
9 ETHUSDT 01/07/2019 28/12/2019 29/12/2019 13/02/2020
10 ETHUSDT 14/02/2020 12/08/2020 13/08/2020 28/09/2020
1 ETHUSDT 29/09/2020 28/03/2021 29/03/2021 14/05/2021
12 ETHUSDT 15/05/2021 11/11/2021 12/11/2021 28/12/2021
13 XRPUSDT 01/07/2019 28/12/2019 29/12/2019 13/02/2020
14 XRPUSDT 14/02/2020 12/08/2020 13/08/2020 28/09/2020
15 XRPUSDT 29/09/2020 28/03/2021 29/03/2021 14/05/2021
16 XRPUSDT 15/05/2021 11/11/2021 12/11/2021 28/12/2021
17 ADAUSDT 01/07/2019 28/12/2019 29/12/2019 13/02/2020
18 ADAUSDT 14/02/2020 12/08/2020 13/08/2020 28/09/2020
19 ADAUSDT 29/09/2020 28/03/2021 29/03/2021 14/05/2021
20 ADAUSDT 15/05/2021 11/11/2021 12/11/2021 28/12/2021
21 LTCUSDT 01/07/2019 28/12/2019 29/12/2019 13/02/2020
2 LTCUSDT 14/02/2020 12/08/2020 13/08/2020 28/09/2020
23 LTCUSDT 29/09/2020 28/03/2021 29/03/2021 14/05/2021
24 LTCUSDT 15/05/2021 11/11/2021 12/11/2021 28/12/2021
25 FCHI 01/04/2023 14/10/2023 15/10/2023 14/11/2023
26 FCHI 15/11/2023 29/05/2024 30/05/2024 29/06/2024
27 CL=F 01/04/2023 14/10/2023 15/10/2023 14/11/2023
28 CL=F 15/11/2023 29/05/2024 30/05/2024 29/06/2024
29 EURUSD 01/04/2023 14/10/2023 15/10/2023 14/11/2023
30 EURUSD 15/11/2023 29/05/2024 30/05/2024 29/06/2024
31 [EUR 01/04/2023 14/10/2023 15/10/2023 14/11/2023
32 [EUR 15/11/2023 29/05/2024 30/05/2024 29/06/2024

training and testing. These selected assets and timeframes
were chosen for their ability to offer a thorough and
nuanced perspective of the cryptocurrency market.

3.2 Data pre-processing

This section outlines the methodologies employed in the
data pre-processing stage, including the treatment of
missing values, computation of log returns, management of
outliers, assessment of stationarity, normalization of data,
and application of denoising techniques. These procedures
have been implemented sequentially to ensure the data’s
integrity, accuracy, and analytical suitability [47].
Missing values were addressed using cubic spline
interpolation, selected for its ability to fit a smooth curve
through existing data points, thereby preserving continuity

in the time series. This method is favored over linear
techniques due to its effectiveness in managing the com-
plexities inherent in financial time series data, as it
approximates missing values by fitting cubic polynomials
between data points, ensuring continuity of the first and
second derivatives [48].

After addressing the missing values, log returns were
computed to facilitate analysis. Log returns are calculated
by taking the natural logarithm of the current price ratio to
the previous price. This transformation is essential in
financial time series analysis as it stabilizes variance and
enhances the data’s suitability for statistical modelling. The
resulting log returns series constitutes the univariate series
that will be the focus of subsequent experiments.

Identifying and adjusting outliers are essential for
maintaining the robustness of the analysis, as they can
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skew results and lead to erroneous conclusions. In this
study, outliers were detected using the Z-score method,
standardizing the data to highlight values deviating from
the mean. While a traditional Z-score threshold of £3 is
standard, this study adjusted the bounds to the 0.02 and
0.98 quantiles to better accommodate the heavy-tailed
nature of financial returns. Observations outside these
bounds were examined and adjusted to the nearest bound
value, preserving data integrity while mitigating the influ-
ence of outliers.

Stationarity is a fundamental assumption in time series
modelling, indicating that statistical properties such as
mean, variance, and autocorrelation remain constant over
time. The Augmented Dickey-Fuller (ADF) test was
employed to assess stationarity, which enhances the
Dickey-Fuller test by including lagged differences to
address higher order autocorrelation. The null hypothesis
of the ADF test states that the series has a unit root (is non-
stationary), while the alternative hypothesis suggests sta-
tionarity. In this study, the ADF test was applied to the log-
return series, and a sufficiently low p-value would indicate
the rejection of the null hypothesis, confirming the series’
stationarity [49].

After verifying stationarity, the data were normalized
using the MinMaxScaler, scaling values to a range
between -1 and 1, which enhances the performance of
machine learning algorithms. The final pre-processing step
involved denoising the data through the maximal overlap
discrete wavelet transform (MODWT). This method
effectively decomposes the time series into multiple reso-
lution components, facilitating noise separation from the
signal. The Daubechies 2 (db2) wavelet [50] was chosen
for its compact support and smoothness, and five decom-
position levels were applied. The first-level approximation,
which captures the most significant underlying trends while
filtering out high-frequency noise, was retained for subse-
quent analysis. Finally, the data pre-processing stage is
illustrated in detail in the flowchart diagram presented in
Fig. 4.

3.3 Feature extraction methods used
for comparison purposes

Given that the proposal includes TDA-derived features in
future forecasting models and, as previously indicated, the
N-BEATS model is employed as the forecasting model for
all tested methods, the proposed strategies for comparison
can be divided into two categories. First, the benchmark
model, the N-BEATS, approaches the forecasting problem
from a purely univariate perspective, using the 7 previous
data points to make the forecast. The objective of including
this model is to evaluate how including new features helps
improve the baseline model. The second group of methods
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included in the experimental study comprises alternative
feature extraction models. These models, similar to the
proposed strategy, N — BEATS  1pa, add additional infor-
mation from the extracted features to the estimation win-
dow originally used by the N-BEATS model. Therefore,
the feature extraction strategies considered are:

1. The N — BEATS,;r method incorporates lagged fea-
tures (LF) as inputs for predicting future values. The
underlying idea of this model is that by including
lagged returns, trends, and patterns in the data, such as
momentum or mean reversion, can be captured [51].
This experimental study added lagged log returns with
1,3, 7, 14, 21, and 30 days as features of this strategy.

2. The N — BEATS,prr method integrates date and time

features (DTFs) in the inputs included in the baseline
N-BEATS model. These elements typically include the
hour of the day, the day of the week, and whether the
day is a holiday. Such features can capture time-
dependent patterns, such as increased trading activity
at market open/close or behavioural changes on
Fridays compared to midweek [52], as financial
markets are influenced by price movements, human
behaviours, and operational aspects that vary over
time. In this experimental study, the features added
within this strategy include the year, month, day, hour,
day of the week, day of the year, and number of days in
a month.

3. The N — BEATS,pcr method includes difference and
change features (DCF) as additional inputs in the
baseline N-BEATS forecasting model. These features
involve creating new variables based on the differences
or percentage changes between various points in the
time series. For example, this could include the log-
return difference between consecutive days or the
percentage change over the last 3 days. Such features
help identify market trends and volatility [53]. In this
study, the implementation of the N — BEATS, pcr
method includes the rate of change and differences
using lagged log returns of 1, 3, 7, 14, 21, and 30 days.

4. The N — BEATS, stpr method involves seasonal-trend

decomposition features (STDF), which in this study are
derived using the seasonal and trend decomposition
using LOESS (STL) technique. STL utilizes LOESS
(local regression) to decompose time series into
seasonal, trend, and residual components, thereby
facilitating the analysis and comprehension of intricate
patterns within time series data. The trend component
signifies the long-term evolution of the series, season-
ality reveals recurring patterns occurring at fixed
intervals, and the residual denotes what remains after
the removal of trend and seasonality [54].
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Fig. 4 Flow diagram of the data pe-processing stage

5. The N — BEATS tpgr method incorporates time delay
embedding features (TDEFs), which involves con-
structing vectors from time series data by selecting a
point and its lagged values up to a specified dimension,
known as the embedding dimension. This technique is
grounded in Takens’ embedding theorem, which
proposes that the dynamics of a system can be
reconstructed using a single observable, provided that
the embedding dimension and time delay are appro-
priately chosen. In this approach, the time delays
considered in the methods are 1, 3, 7, 14, 21, and 30
days.

The proposed model, N — BEATS  tpgp, is influenced sig-
nificantly by two parameters, namely the time delay, 7, and
the segment size used for computing TDA features, L. In
the experimental study, potential values of 3 days and 7
days were considered for the time delay (which help in
capturing temporal dynamics and dependencies in the
data), while segment sizes of 2 weeks, 3 weeks, 1 month,
and 1 month and a half were considered, offering a range of
temporal granularities for feature extraction.

The hyperparameters of both the comparison methods
and the proposed method, N — BEATS  tpgg, were estimated
using nested cross-validation with a validation window
within the training set. During the model selection phase,
an exhaustive grid search was performed over the prede-
fined hyperparameter values specified earlier for each
method. This ensures independent hyperparameter tuning
and prevents overfitting, providing a robust estimate of
model performance on unseen data.

Figure 5 portrays a detailed historical TDA feature
extraction process. It outlines iterative stages for generating
TDA features from pre-processed data. Initially, the data
are segmented using specified parameters: time delays, T,
of 3 days and 7 days and segment sizes, L, of 2 weeks, 3

weeks, 1 month, and 1 month and a half months, ensuring
comprehensive temporal coverage. Subsequently, point
clouds are derived from these segments to visualize higher
dimensional data structures. Persistent diagrams are then
constructed to capture topological features across different
scales. The entropy, amplitude, and number of points are
extracted from these diagrams, distilling complex topo-
logical information into interpretable measures. This iter-
ative process iterates through each time slice, facilitating a
thorough exploration of temporal dimensions. The histor-
ical TDA features are ultimately exported for subsequent
analytical or modelling tasks.

Once the historical features have been computed for
both the proposed TDA strategy and the comparison
methods, the next step involves merging them with the pre-
processed data. In this merging process, historical features
and pre-processed data are aligned based on date. This step
is crucial to maintaining the temporal correspondence
between different datasets.

3.4 Configuration of N-BEATS model
parameters

The N-BEATS model is implemented for time series
forecasting in this study, known for its robustness and
effectiveness across diverse forecasting tasks. Specific
hyperparameters are tailored to the dataset and objectives.
The N-BEATS model is configured as follows: It uses an
input chunk length of 7, T = 7, to consider one week’s
historical data per prediction, an output chunk length of 1
for fine-grained forecasts, H = 1, and a batch size of 16 to
balance training speed and memory usage. The random
state is fixed at O for reproducibility. Training spans 100
epochs to capture underlying data patterns effectively
while preventing overfitting. With two layers, each 512
units wide, the model captures various levels of data
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Fig. 5 Workflow for historical TDA feature extraction

abstraction. The mean squared error (MSE) is the loss
function, penalizing prediction errors to enhance accuracy.

These parameters collectively optimize model perfor-
mance on the selected dataset, balancing complexity and
computational efficiency to deliver competitive forecasts.
Each parameter has been carefully selected based on pre-
liminary experiments and domain knowledge, ensuring that
the N-BEATS model is well-suited to handle the dataset’s
specific characteristics and challenges. This configuration
leverages the N-BEATS model’s strengths, making it
highly effective for the time series forecasting tasks in this
study.

3.5 Performance measures

To evaluate the quality of point forecasts, three widely
recognized metrics are employed in this study: the mean
absolute percentage error (MAPE), the mean absolute error
(MAE), and the root mean squared error (RMSE). These
metrics have been extensively validated in the forecasting
literature for their ability to measure different dimensions
of predictive accuracy [39, 55, 56]. MAPE is appreciated
for its interpretability and scale independence, although
issues can arise with small or zero actual values. A
straightforward, unit-specific measure of error magnitude is
offered by MAE, though all errors are treated equally,
potentially overlooking the impact of larger deviations. A
more nuanced assessment is provided by RMSE, which
penalizes larger errors more severely, making it suitable for
contexts where significant consequences are associated
with such errors [57]. By combining these metrics, a
comprehensive evaluation of forecasting accuracy is
ensured, addressing various aspects of model performance
and aligning with best practices in the field.

Let Y = (Fyi1s- - Iyim) € RY denotes the forecasting
in the testing set, where the testing data have a size of M

and follow the training set. Lety = (xy41, ..., Xyin) € RY
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represents the true observations in the test set. The three
performance measures are defined based on these two
vectors as follows:

Vi
M

N llu( x 100

N ~
Zi:1|yi — Vil

MAPE = ,MAE =

RMSE =

4 Computational results

In this section, the results obtained for the testing sets are
analysed. Specifically, the performance of three forecasting
metrics, as produced by the N — BEATS,pa method, is
evaluated against the baseline method, N-BEATS, and five
other feature extraction methodologies. The purpose of this
analysis is to demonstrate that the incorporation of TDA
features into the forecasting algorithm can enhance the
performance of the models. In Table 2, the MAPE results
for the testing set across 32 forecasting scenarios are pre-
sented. Based on the results from these 32 datasets, the
ranking of each method for each dataset (R =1 for the
best-performing method and R = 7 for the worst) has been
determined. The mean MAPE in the test set (MAPE7) and
the mean ranking (EMAPET) is also included in Table 2.

In a similar manner, the performance of the methods
used in the experimental study is shown in Tables 3 and 4
for the MAE and RMSE metrics, respectively, across the
32 forecasting scenarios considered in the test set. Addi-
tionally, the ranking for each method in each forecasting
problem is calculated for each metric. The mean values of
MAE and RMSE for the different methods, MAE; and
RMSE7, as well as the mean rankings of the different
methods, Ryag, and Rryisk,, are also computed.
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Table 2 Comparative performance of the proposed model,
N — BEATS 1pa, the baseline method N-BEATS, and other feature
extraction approaches for the MAPE metric, along with the average

MAPE for the 32 scenarios considered in the test set, MAPE7, and the
average ranking of MAPE in the test set, I_QMAPET

ID MAPE

N-BEATS N—BEATS, r N—BEATS,prp N —BEATS,pcp N —BEATS,grprp N — BEATS,pgr N — BEATS,1pa
1 139.0532 162.2351 407.7368 174.2547 148.2743 128.4805 106.0596
2 118.8600 121.5141 116.2636 111.8443 122.6504 196.6156 110.2331
3 114.5825 173.3484 120.9067 167.8835 149.2859 172.8479 100.0587
4 246.2749 163.3496 166.8307 188.2978 254.4878 197.2818 125.6246
5 663.6596 302.4272 459.9897 619.5670 444.0604 491.6656 108.4535
6 180.0241 186.9720 225.8039 200.1561 147.1103 184.8574 162.9926
7 224.8626 253.1376 225.8194 352.4682 272.5163 343.8078 132.9329
8 168.7723 123.7964 129.6621 178.8952 142.0266 176.9891 93.7651
9 140.0813 157.0952 212.9902 155.3424 125.9206 170.7988 125.1705
10 174.5808 156.4421 154.5137 161.1009 279.1564 121.8786 143.1173
11 263.3684 148.2042 134.0920 149.1842 176.5331 200.4140 109.8854
12 187.6590 187.0697 132.8695 182.7354 259.4022 214.1873 120.8771
13 117.1035 317.6217 638.9338 272.4830 308.5162 245.5998 116.9503
14 136.1999 169.5358 208.8216 270.7827 309.0858 170.5683 175.0513
15 139.2935 126.8466 203.3415 151.3640 171.5754 112.8027 91.2461
16 204.8576 197.1004 152.5100 186.0576 235.2554 208.5322 132.9208
17 241.2468 574.0669 2796.7173 286.3996 864.3816 725.5830 190.5805
18 220.0000 163.6418 222.3528 127.8077 234.0949 216.9085 127.3136
19 847.2344 1236.9432 772.0796 935.6511 601.7099 934.3295 194.3418
20 381.3435 176.8201 543.6985 328.6116 214.5206 381.3833 244.6084
21 229.5983 179.7147 547.4617 280.5115 335.6855 180.9279 128.8849
22 310.6935 286.3842 226.7691 414.2465 469.9199 750.6972 112.2881
23 130.6911 143.8042 135.8702 141.0580 180.4357 186.6511 119.1654
24 175.2214 298.4303 142.7205 189.2654 297.0766 314.1151 137.5442
25 201.1486 205.1602 257.0312 136.0107 391.7804 397.6362 201.0841
26 130.2453 114.4795 165.6257 123.5153 172.8619 141.9694 106.5971
27 1728.313 283.2507 1232.6260 538.3600 1151.3333 1520.2748 160.4478
28 1033.847 506.0304 622.0527 443.7465 757.9577 456.9261 343.7265
29 197.5535 243.7566 235.1660 382.4330 280.6724 259.8281 201.9964
30 123.3428 205.9400 313.4620 391.5359 205.5172 201.4490 218.7700
31 115.2531 110.2371 244.1184 124.0788 262.7196 122.6542 152.2304
32 338.5904 810.8122 206.3660 319.9599 427.9690 403.8777 169.5470
MAPE; 300.7361 265.1927 386.1000 271.4252 324.8279 329.1418 148.8895
EMAPET 3.8437 3.8125 4.4687 4.3750 5.1562 4.8125 1.5312

The best result is in boldface, and the second best result is in italics

From the analysis of the results, it can be concluded,
from a purely descriptive point of view, that the
N — BEATS, pa method achieved the best results for 24
datasets in MAPE, for 18 datasets in MAE, and 19 datasets
in RMSE. Additionally, the second best performance was
obtained for four additional datasets in MAPE, eight
datasets in MAE, and three datasets in RMSE. Further-
more, the N — BEATS  tps method yielded the best mean

performance across all three metrics (MAPE; = 148.8895,
MAE; = 0.1971, RMSE; = 0.2538), as well as the best
mean rankings (Rwapg, = 1.5312, Rmag, = 1.9062,
Rrmsg, = 2.0625).

Furthermore, a graphical representation is also provided
to substantiate the validity of these results. Figure 6 com-
pares the performance of the methods included in the
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Table 3 Comparative performance of the proposed model,
N — BEATS 1pa, the baseline method N-BEATS, and other feature
extraction approaches for the MAE metric, along with the average

MAE for the 32 scenarios considered in the test set, MAE7, and the
average ranking of MAE in the test set, EMAET

ID MAE
N-BEATS N —BEATS, y N—BEATS.prgp =~ N—BEATS,pcp N —BEATS,grprp N — BEATS,rpgr N — BEATS 1pa

1 0.1929 0.1920 0.3864 0.1937 0.1824 0.1815 0.1757
2 0.2821 0.2881 0.2745 0.2596 0.2726 0.3009 0.2677
3 0.3588 0.4055 0.3205 0.3908 0.3690 0.4182 0.3290
4 0.2223 0.2172 0.1991 0.2191 0.2233 0.2413 0.1919
5 0.1897 0.1880 0.3175 0.1954 0.1995 0.1893 0.1796
6 0.1860 0.2064 0.2126 0.2094 0.1531 0.1741 0.1957
7 0.2424 0.2873 0.2311 0.2808 0.2665 0.2581 0.2367
8 0.2566 0.2053 0.1920 0.2396 0.2175 0.2236 0.1633
9 0.1957 0.2249 0.2914 0.2526 0.1875 0.2144 0.2002
10 0.2878 0.3119 0.2991 0.3243 0.3684 0.2669 0.3182
11 0.2622 0.2818 0.2516 0.2652 0.2622 0.2521 0.2476
12 0.2113 0.2288 0.2247 0.2230 0.2506 0.2334 0.1608
13 0.1469 0.2068 0.2845 0.1910 0.1835 0.1750 0.1403
14 0.1568 0.1925 0.1959 0.2164 0.1900 0.1719 0.1760
15 0.3500 0.3678 0.3429 0.3813 0.4306 0.3814 0.3137
16 0.1850 0.1731 0.1785 0.1692 0.1896 0.1973 0.1708
17 0.1917 0.2511 0.4410 0.2206 0.2257 0.2057 0.1759
18 0.2442 0.2602 0.3045 0.2499 0.2408 0.2706 0.2360
19 0.2504 0.3065 0.2601 0.3216 0.2446 0.2685 0.2167
20 0.2269 0.2213 0.2744 0.2698 0.2325 0.2192 0.2076
21 0.2568 0.2193 0.3230 0.2463 0.2423 0.2305 0.2063
22 0.1883 0.2695 0.2870 0.2535 0.2431 0.2591 0.2143
23 0.2626 0.2835 0.2530 0.2576 0.2455 0.3156 0.2629
24 0.2119 0.2189 0.2079 0.2218 0.2036 0.2291 0.2037
25 0.1472 0.1484 0.1603 0.1369 0.2132 0.1991 0.1436
26 0.1510 0.1609 0.1738 0.1656 0.1662 0.1604 0.1520
27 0.2321 0.1980 0.2079 0.1848 0.1993 0.1967 0.1708
28 0.1104 0.1001 0.1166 0.1103 0.1243 0.1129 0.0702
29 0.1486 0.1678 0.1542 0.1713 0.1798 0.1738 0.1353
30 0.1379 0.1473 0.1500 0.1569 0.1421 0.1524 0.1436
31 0.1254 0.1332 0.2162 0.1322 0.1599 0.1293 0.1299
32 0.1691 0.2619 0.1568 0.1745 0.2029 0.2065 0.1561
MAE, 0.2119 0.2289 0.2465 0.2276 0.2253 0.2252 0.1971
EMAET 3.2656 4.5937 47187 4.6250 4.3906 4.5000 1.9062

The best result is in bold face and the second best result in italics

experimental study against the proposed N — BEATS  1pa
method. On the X-axis, the performance of the proposed
method is displayed, while the Y-axis shows the perfor-
mance of the comparison methods. Thus, in the scatter plot
of Fig. 6, each point represents a comparison between
N — BEATS,tpan and another methodology on a single
forecasting dataset. In this regard, points above the y = x
line indicate datasets for which N — BEATS . tpa achieves
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better performance than the compared method since all
considered metrics (MAPE, MAE, and RMSE) are to be
minimized. It can be observed that the majority of points
lie above this line, underscoring the proposed method’s
superior performance compared to the other methods.

In order to determine whether a statistical difference
exists between any of these algorithms, a procedure for
comparing multiple forecasting models over multiple
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Table 4 Comparative performance of the proposed model,
N — BEATS 1pa, the baseline method N-BEATS, and other feature
extraction approaches for the RMSE metric, along with the average

RMSE for the 32 scenarios considered in the test set, RMSE7, and the
average ranking of RMSE in the test set, I_QRMSET

ID RMSE
N-BEATS N —BEATS, r N —BEATS.prp = N—BEATS,pcp N —BEATS.gtpr N — BEATS.tpgr N — BEATS 1pa

1 0.2329 0.2402 0.4772 0.2400 0.2232 0.2495 0.2210
2 0.3565 0.3733 0.3392 0.3385 0.3462 0.3967 0.3293
3 0.4260 0.4882 0.3884 0.4674 0.4490 0.5021 0.4009
4 0.2842 0.2811 0.2691 0.2887 0.2897 0.3074 0.2544
5 0.2462 0.2375 0.4027 0.2529 0.2378 0.2380 0.2230
6 0.2156 0.2560 0.2611 0.2703 0.2106 0.2181 0.2409
7 0.3030 0.3318 0.2828 0.3361 0.3301 0.3103 0.3124
8 0.3476 0.2792 0.2379 0.3145 0.2780 0.3023 0.2009
9 0.2355 0.2798 0.3799 0.3032 0.2201 0.2528 0.2347
10 0.3389 0.3894 0.3679 0.4374 0.4301 0.3336 0.3727
11 0.3226 0.3564 0.3092 0.3414 0.3272 0.3119 0.3301
12 0.2695 0.2716 0.2869 0.2801 0.3048 0.2910 0.2321
13 0.1899 0.2784 0.3545 0.2474 0.2315 0.2312 0.1944
14 0.1976 0.2543 0.2483 0.2995 0.2296 0.2045 0.2261
15 0.4327 0.4769 0.4228 0.4870 0.5279 0.4977 0.4080
16 0.2251 0.2279 0.2196 0.2357 0.2490 0.2481 0.2302
17 0.2238 0.3061 0.5055 0.2653 0.2826 0.2511 0.2110
18 0.3154 0.3037 0.3708 0.3122 0.3054 0.3190 0.3020
19 0.3322 0.3964 0.3548 0.3991 0.3131 0.3626 0.2856
20 0.2650 0.2777 0.3663 0.3256 0.3060 0.2824 0.2615
21 0.3145 0.2722 0.3971 0.2909 0.3022 0.2926 0.2552
22 0.2538 0.3301 0.3552 0.2987 0.3059 0.3230 0.2625
23 0.3344 0.3373 0.3160 0.3034 0.3136 0.3704 0.3294
24 0.2798 0.2706 0.2729 0.2700 0.2727 0.2856 0.2694
25 0.2001 0.1896 0.2226 0.1878 0.2837 0.2466 0.1936
26 0.2269 0.2325 0.2498 0.2397 0.2387 0.2336 0.2243
27 0.3193 0.2722 0.3027 0.2659 0.2758 0.2606 0.2447
28 0.1348 0.1204 0.1446 0.1421 0.1439 0.1479 0.0945
29 0.1987 0.2291 0.2039 0.1933 0.2284 0.2454 0.1845
30 0.1945 0.2019 0.2282 0.1936 0.1973 0.2137 0.2003
31 0.1573 0.1625 0.2808 0.1601 0.1909 0.1588 0.1630
32 0.2451 0.3776 0.2419 0.2296 0.2695 0.2811 0.2291
RMSE; 0.2693 0.2906 0.3143 0.2880 0.2848 0.2865 0.2538
ERMSET 3.2500 4.4687 4.7500 4.3437 4.3437 47812 2.0625

The best result is in boldface, and the second best result is in italics

datasets was employed, as described by Demsar (2006)
[58]. The first step involved the application of Friedman’s
non-parametric test [59] with a significance level of « =
0.05 to ascertain the statistical significance of the differ-
ences in the mean ranks for each measure. The test rejected
the null hypothesis (with oo = 0.05) that the differences in
mean rankings of MAPE, MAE, and RMSE obtained by
the different algorithms were equal. Specifically, the

confidence interval for this number of datasets and algo-
rithms was Cp = (0,F(,—005) = 2.14), and the corre-
sponding F-values for each metric were 13.59 ¢ Cy,
9.53 & Cy, and 8.35 ¢ Cy, respectively.

According to the guidelines outlined by Demsar (2006)
[58], the best-performing feature extraction method,
N — BEATS, tpa, Was designated as the control method and
compared to the remaining methods based on their
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Fig. 6 Scatter plot comparing the performance in MAPE, MAE, and
RMSE of the proposed N — BEATS, tpa method against the baseline
and other comparison methods. The X-axis represents the

rankings. It has been observed that comparing all fore-
casting models to each other in a post hoc test is less
sensitive than comparing all forecasting models to a
specific control method. One statistical procedure for
conducting this type of comparison is the Holm test. The
test statistic for comparing the i-th and j-th methods using
this procedure is defined as:

R —R;
1= —,
k(k+1

+
6N

©)

where k is the number of methods, N is the number of
datasets, and R; is the mean ranking of the i-th method. The
z value is used to determine the corresponding probability
from the normal distribution table, which is then compared
with an appropriate significance level, a. Holm’s test
adjusts the value for o to compensate for multiple com-
parisons. This is accomplished through a step-up procedure
that sequentially tests the hypotheses ordered by their
significance. The ordered p-values are denoted as

@ Springer

performance of the N — BEATS.tpa method, while the Y-axis
represents the performance of the comparison methods across these
metrics

P1,DP2,---,pr such that p; <p, <...<py_;. Holm’s test
compares each p; with oy, = o/(k — i), starting with the
most significant p-value. If p; is below o/(k — 1), the
corresponding hypothesis is rejected, and p, is compared
with o/ (k — 2). If the second hypothesis is rejected, the test
proceeds with the third, and so on. All remaining
hypotheses are retained if a null hypothesis cannot be
rejected.

The results of the Holm test for o = 0.05 are presented
in Table 5, utilizing the corresponding p and oy, values.
Based on the outcomes of this test, it is inferred that higher
rankings of MAPE, MAE, and RMSE are achieved by the
N — BEATS,,tpan method compared to all other methods
o = 0.05. As can be observed in the statistical accuracy
results of forecasting, high competitiveness is demon-
strated by the baseline method, N-BEATS, and enhancing
its prediction performance through additional features is
deemed challenging, which appears to be accomplished by
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Table 5 Adjusted p-values

using MAPE, MAE, and RMSE Variable Test: MAPE Variable Test: MAE Variable Test: RMSE Holm

9(1; 216133 éiifsia;;iblizsthe contral Algorithm p-value  Algorithm p-value  Algorithm p-value ?(;){%rg) z(élolk(r)l)

method)
N — BEATS . stpr  0.000, N — BEATS.prr 0.000, N —BEATS,tpgr 0.000, 0.0166 0.0083
N — BEATS . mpgr  0.000, N — BEATS.pcrg  0.000, N —BEATS,prg  0.000, 0.0200 0.0100
N — BEATS ;prg  0.000, N — BEATS 1 0.000, N — BEATS |f 1.0E-5, 0.0250 0.0125
N — BEATS pcr  0.000, N — BEATS,tpgr  0.000, N — BEATS,srpr  2.0E—5, 0.0333 0.0166
N-BEATS 2.0E-5, N —BEATS,stpr 0.000, N —BEATS pcr 2.0E-5, 0.0500 0.0250
N — BEATS, F 2.0E-5, N-BEATS 0.011, N-BEATS 0.027, 0.1000 0.0500

o: statistically significant differences for o = 0.05 s

the proposed method through the incorporation of features
derived from TDA.

5 Discussion

The results of this study highlight the effectiveness of
integrating topological data analysis (TDA)-derived fea-
tures into time series forecasting models, specifically the
N-BEATS model. By capturing complex, non-linear
dependencies through TDA features such as persistent
entropy, amplitude, and the number of points in persistence
diagrams, these findings confirm the utility of topological
features in enhancing predictive accuracy. The significance
of these results is twofold: they validate the relevance of
TDA in capturing inherent structures within financial time
series and suggest several promising pathways for future
research to extend TDA’s applicability within the financial
domain.

One potential extension for TDA-based feature engi-
neering lies in its application to more complex modeling
environments, particularly in reinforcement learning (RL)
trading strategies. In recent years, RL has emerged as a
pivotal tool for creating automated trading strategies within
financial markets. The adaptability of RL to the dynamic
and often volatile nature of financial markets underscores
its potential, as it learns optimal actions through trial and
error within complex environments. However, the effec-
tiveness of RL-based strategies heavily depends on the
quality and relevance of features extracted from market
data. Incorporating TDA-derived features could contribute
to a richer, more informative representation of market
dynamics, thereby enhancing the adaptability of RL algo-
rithms to variable market conditions. With their capacity to
capture intricate structures and persistent patterns in data,
TDA features could bridge the gap between the highly non-
linear, high-dimensional characteristics of financial data
and the decision-making framework of RL-based trading

systems. This integration may improve RL model perfor-
mance and contribute to innovative avenues in quantitative
finance.

In addition to RL applications, TDA’s role in high-fre-
quency trading (HFT) environments warrants further
investigation. High-frequency data present unique chal-
lenges due to its high dimensionality and inherent noise,
which complicate traditional modelling approaches. With
its inherent ability to capture persistent structures amidst
chaotic data, TDA could prove valuable in extracting
meaningful patterns within this context. Thus, future
studies could explore the utility of TDA in high-frequency
trading datasets to evaluate its effectiveness in real-time
decision-making. If successful, such applications could
support high-frequency trading systems by providing
enhanced interpretability of market signals in rapid trading
scenarios.

Another promising area for future exploration involves
combining TDA-derived features with advanced deep
learning architectures beyond the N-BEATS model.
Although N-BEATS was selected for its robust perfor-
mance in time series forecasting and its flexibility in fea-
ture integration, further exploration could assess the
benefits of integrating TDA features within models like
transformers or graph neural networks. These models,
particularly suited for capturing complex dependencies in
non-stationary time series, may enhance predictive accu-
racy when combined with TDA-derived features. Addi-
tionally, applying TDA features within ensemble
frameworks may broaden the spectrum of time series
characteristics captured, potentially leading to improved
predictive outcomes.

It is essential to acknowledge certain limitations of this
study. While offering a controlled environment for
assessing the model’s predictive power, the focus on uni-
variate time series restricts its ability to account for inter-
actions among multiple assets-a critical aspect in real-
world financial markets. Extending future analyses to

@ Springer
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multivariate settings could reveal inter-asset relationships,
potentially unveiling new patterns and interactions that
enhance the predictive power of TDA-augmented models.
Furthermore, this study’s relatively short time horizon may
limit the generalizability of findings across different market
cycles and phases. Expanding the dataset to cover longer
periods would allow for testing model robustness across
diverse market conditions, potentially offering a more
comprehensive view of financial market dynamics and
further stabilizing TDA-based forecasting models.

6 Conclusions

This manuscript introduces the innovative integration of
topological data analysis (TDA) into financial time series
forecasting, specifically aimed at enhancing the predictive
accuracy of the N-BEATS model through the utilization of
TDA-derived features, such as entropy, amplitude, and the
number of points from persistence diagrams and point
clouds, computed via a sliding window approach. The
study rigorously compares traditional feature engineering
techniques with TDA-derived methods across time series
data from six cryptocurrencies and four traditional financial
instruments, implementing pre-processing techniques to
handle missing data, outlier detection, and stationarity
tests. Results obtained from performance evaluations using
metrics such as MAPE, MAE, and RMSE indicate that the
N — BEATS,tpa model outperformed traditional tech-
niques, with statistical tests affirming the significant
improvements in predictive accuracy attributable to the
incorporation of TDA features, thereby advancing the
application of TDA in financial analysis and enhancing
decision-making processes.
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