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A note on one-sided extrapolation of compactness and
applications

by

FrANcCISCO J. MARTIN-REYES and ISRAEL P. RIVERA-RIOS

Abstract. In this paper one-sided counterparts of compactness extrapolation results
of Hyténen and Lappas (2021) are provided. As a consequence, compactness results for
one-sided singular integrals, commutators of one-sided fractional integrals and a certain
class of L"-Hormander operators are given. The results for commutators of L"-Hormander
operators seem new even in the classical setting.

1. Introduction and main results. We recall that an operator T :
X — Y between Banach spaces is compact if T'(Bx) (where Bx is the
closed unit ball in X)) has compact closure in Y.

Within the framework of singular integrals and related operators, prob-
ably the first result on compact operators was obtained by Uchiyama [42],
who showed that if T is a homogeneous singular integral with smooth kernel
and b € CMO, that is, b is in the closure of C2°(R") in the BMO norm, then
the commutator

[0, T] = b(x)T f(x) = T(bf)(x)

is a compact operator on LP(R™) for every 1 < p < cc.

Since Uchiyama’s paper, a number of authors have obtained results on
compactness of several operators, such as Calderén-Zygmund operators [30,
44, [37, [38], [43] or commutators of CMO symbols with several operators [35]
141 21, 3], [26], [45].

In the weighted setting, motivated by the study of the Beltrami equation,
Clop and Cruz [10] provided a counterpart of Uchiyama’s result. We recall
that w is a weight if it is a positive and a.e. finite function, and that w € A,
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Clop and Cruz showed that if T' is a Calderéon-Zygmund operator and b €
CMO then for every 1 < p < oo and every w € A, the operator[b, T is
compact on LP(w).

In the last years, compactness in the weighted setting has been an active
field of research; see for instance [41 25] (18], [19, [I7]. Even more recently, some
results related to compactness of commutators in the two-weight setting have
appeared [24. [32], 33].

Our aim in this paper is to provide compactness results in the one-sided
weighted setting. As far as we know, just one paper has been devoted to
this topic. Garcia and Ortega [15] showed that if 7" is a one-sided Calderon—
Zygmund operator with kernel supported in (—o00,0) and b € CMO, then
[b,T] is compact on LP(w) for w € A} (see the definition of A} below).

Our main results concern extrapolation of compactness in the one-sided
setting. Before presenting them, let us briefly discuss the state of the art
in the classical setting. Very recently Hytonen and Lappas [20] settled an
interesting result; we refer the reader also to [21] for a partial extension to
the bilinear setting and [§] for a full extension to the multilinear setting and a
number of applications. Hytonen and Lappas’ result says that assuming that
a linear operator T' is bounded on LP(wg) for some py € (A, 00) and every
wo € Apy/n where A > 1 (with operator norm dominated by an increasing
function of [wg]a, ), which is compact on LP!(w;) for some p; € (A, 00)

for p > 1if

Po/X
and just some wq é Ap, /», it follows that T' is compact on LP(w) for every
p € (A, 00) and every w € Ap)y.

Our first main theorem is a one-sided version of that result. Recall that
w e A} for 1 <p < oo if

b 4 p—l
w = Ssu w w pP- oo
A; a<bI<)cc_a C—(lb ’

and analogously w € A, if

1 cC 1 b 1 p—l
[w] 4- = sup Sw Sw_Pj < 0.
P a<b<cc_ab C_aa

THEOREM 1.1. Let A > 1 and pg,p1 € (\,00). Let T be a linear operator
bounded on LP(wq) for every wy € A;‘O//\, with operator norm dominated by

some increasing function of [UJO]A; . Suppose in addition that T is compact
0/

on LPL(wy) for some wy € Az;//\' Then T is compact on LP(w) for all p €

+
(A, 00) and all w € Ap/)\.
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In the one-sided setting, the natural hypothesis for wy is that wy € A;rl e
However, our approach leads to wy € A;l pe In Remarkﬂwe comment on

this. Finally, since A4, /\ C A;1 /x We have the following corollary.

COROLLARY 1.2. Let A > 1 and po,p1 € (A, 00). Let T be a linear opera-
tor bounded on LP°(wg) for every wgy € A;FO/)\, with operator norm dominated
by some increasing function of [wo]A;r . Suppose in addition that T is com-

0/7
pact on LP'(wy) for some wy € A, /. Then T is compact on LP(w) for all

Jr
p € (N 00) and all w € Ap//\.

A particular case of interest that is quite useful in applications is when
w1 = 1, which says that T' is compact in the unweighted setting. We present
that case in the next corollary.

COROLLARY 1.3. Let A > 1 and po,p1 € (A, 00). Let T be a linear op-
erator bounded on LP°(wyg) for every wy € A;‘O/)\, with operator norm dom-
inated by some increasing function of [wo]A;; . Suppose in addition that T

0/

is compact on LPL. Then T is compact on LP(w) for all p € (A, 00) and all

+
weAp/)\.

Our next result is a one-sided counterpart of the corresponding off-
diagonal result in [20]. Recall that given 1 < p < ¢ < oo, w € A} if

1 b 1/q 1 ¢ , 1/p
[w]A;q = sup ( qu> ( Sw_p> < 00,

cC—a CcC—a
a<b<c a b

and analogously w € A if

1 ¢ 1/q 1 b A P
[w] - = sup qu Sw_p < 0.
P a<b<c c—ab C_aa

THEOREM 1.4. Let T be a linear operator bounded from LFO(wh®) to

Lo (wg’) for some 1 < pg < qo < 00 and every wo € A}, ., with operator

norm dominated by some increasing function of [wo) 4+ . Assume addition-
P0,40

ally that T is compact from LP*(wi") to LY (w{') for some wy € A, , where
11 1

gp L1 1 1 i P (0P
1 <p <q1 < oo with T TR Thelans colmpact from LP(wP)

a4 gp L1 1 1 +
to LI(w?) for every 1 < p < q < oo with o T =p g ond allwe A},

As above, since Ay, ¢ C A, ., we have the following corollary.

COROLLARY 1.5. Let T be a linear operator bounded from LPo(wh’) to
L (w) for some 1 < py < qp < 00 and every wy € A;‘O, with operator norm
dominated by some increasing function of [wO]A;f w Assume additionally

0,90

that T is compact from LP*(w]') to L9 (w(') for some wy € Ap, 1 where
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h L - 1L — 1 1 ; P (P
1<p <q < oo with o " w = a Then T is compact from LP(wP)

toLq(wq)forevery1<p§q<oowz’thpio—qio:%—%andallweA;q.

Since in most situations the most interesting choice for wy is w; = 1, we
record that case in the following corollary.

COROLLARY 1.6. Let T be a linear operator bounded from LPo(wh®) to

L0 (w%) for some 1 < pg < qo < oo and every wy € A;_o,qw with operator

norm dominated by some increasing function of [wo] ,+ . Assume addi-
P0,40

tionally that T is compact from LP* to LY where 1 < p1 < q1 < oo with

p% - q% = p% — q%' ?hean 2'51 conlzpact from LP(wP) to Li(w?) for every
i L1 1 1 +
L<p<q<oowith - — =1 qandallweAqu.

The remainder of the paper is organized as follows. Section [2]is devoted to
the proofs of the main results and in Section [3] we gather their applications,
providing results on commutators and singular integrals. In particular, we
give a result for certain L"-H6rmander singular integrals that seems to be
new even in the classical setting, and is related to [20].

NoTATION. We will write a < b instead of @ < Cb when C' > 0 is a
numerical constant that does not involve the main parameters in the com-
putation. Analogously, a ~ b will stand for aCy < b < Cha with constants
C1,Cy > 0 independent of the main parameters involved in the definitions
of @ and b.

Given a ball B and k£ > 0 we will denote by kB the ball concentric with
B and of radius k times that of B.

2. Proofs of the main results. In this section we prove Theorems [I.]
and We follow the strategy of [20].

2.1. Preliminaries

2.1.1. Extrapolation and interpolation results. We begin by recalling two
extrapolation results. The first of them can be obtained by minor modifica-
tions of [12, Theorem 3.25].

THEOREM 2.1. Let A > 1 and py € (X, 00). Let T be a linear or sublin-
ear operator bounded on LP°(wq) for every w € A;O/)\, with operator morm
bounded by some increasing function of [w]A+/ . Then T is bounded on

PO/

LP(w) for all p € (X, 00) and every w € A;//\.

The other extrapolation result we will rely upon is the following.

THEOREM 2.2 ([31]). Let T be a linear operator defined and bounded from

LPo(wh?) to L (w®) for some 1 < py < qo < 0o and every wgy € A;;O,qo, with

operator morm bounded by some increasing function of [w]A;- " Then T
0-90
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is bounded from LP(wP) to LY(w?) for every 1 < p < q < oo such that

11 _1_1 +
T B = o and all w € Ay .

Another fundamental tool is the following abstract theorem due to Cwikel
and Kalton [I3]. Here we state the version contained in [20].

THEOREM 2.3. Let (Xo, X1) and (Yo, Y1) be Banach couples and let T' be
a linear operator such that T : Xo+X1 — Yo+Y1 and T : X; — Y; boundedly
for 7 =0,1. Suppose moreover that T : X1 — Y1 is compact. Let [, ]o be the
complex interpolation functor of Calderon. Then T : [Xo, X1]g — [Yo, Yi]g is
also compact for 6 € (0,1) under any of the following conditions:

(1) Xy has the UMD (unconditional martingale differences) property;

(2) Xy s reflexive, and X1 = [Xo, E]o for some Banach space E and o €
(0,1);

(3) Y1 = [Yo, Flg for some Banach space F and B € (0,1);

(4) Xo and X1 are both complezified Banach lattices of measurable functions
on a common measure Space.

For the UMD property we direct the interested reader to [22, Chapter 4].
Since we are dealing with weighted LP spaces, the following lemma, bor-
rowed from [20, Lemma 3.5|, will serve our purposes.

LEMMA 2.4. If p;j € [1,00) and w; are weights, then the spaces X; =
LPi(w;) satisfy condition (4) of Theorem[2.3]

2.1.2. Facts on one-sided A, and Ay, weights. Our first result is the
following reverse Holder inequality obtained in [11]. However, we shall use the
version contained in [34]. Recall that AT, = >, A and AL =>4,

LEMMA 2.5. Assume that w € AL. Then there exists r = 1y, > 1 such

that
1 b . 1/r 1 c
<b—asw> §4c—bgw

a

where a < ¢ and b= ”T"“ Analogously, if w € A then there exists s = s, > 1

such that
15 \Ye 1
$ < .
<c—b§)w> _4b—a8w

a

The following result shows that it suffices to establish A,-like conditions
with a gap in order to show that the same condition holds without a gap.

LEMMA 2.6. Let p,q > 1 and let t > 2. Assume that v¢ and u™P are
nonnegative locally integrable functions. If for every interval I = (a,b) we
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have
b

1 atlr/t 1/q 1 , 1/p
. — q — P <
21) (ll/t 5 ° ) (ll/t ) > =

b*l[/t
where Iy = b — a, then

sup (vq(a’ b))l/q (u—P/(b, C))l/pl <K.

a<b<c c—a c—a

Proof. 1t suffices to show that for every interval (a, c),

q Ya /v 1/p’
(v (a,b)) <u (b,c)> <K
c—a c—a

Let x € (a,c). We define g = a, xp11 — xp = %(w — ). Then

[e o]

(a,2) = | (@, zps1]-

k=0
Now we fix k and let y < x be such that z —y = xp11 — x%. Hence, by (2.1)),

/

T —y q/p
vz, xpq1) < KYxpqr — o) (u—P'(y:n)>

< K1 (karl — Jfk) (Mu__p/ (Up/X(a,z))(x))q/p

where
T

L ey dy.

M_ X)=Ssup ———
S = e |

p

Summing over k gives
vi(a,z) < K%z — a) (Mu__p, (up/X(a,z))(fl:))q/p
and consequently

vi(a,x)

_ ' /v
S S KM (0 o) ()

Now let b € (a,c). For every x € (b, c) we have
v9(a,b) < vi(a, )

c—a = T—a

< KM (0 X (0,0)) ()"

/

< K1 (Muip, (Up,X(a,c))(x))q/p :

Since

00 € {2 M (0 x0)) > ((f)?()/}
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by the weak type (1,1) of M
(see [5]) we deduce that

o) < ({20 )0 2 <m>w}>

a(c—a)\?/7. ) a(p_ o\ P11
< (K(ca)> Sup Xaou ™ = (K(ca’)) (c—a),
R

_, With respect to the measure u ' (z)dx

U‘](a7 b) vq(a, b)

from which it readily follows that

q Ya /v 1/p
(v (a,b)) (u (b,c)) <K u
c—a c—a

PROPOSITION 2.7. Let 1 < p < g < o0.

(1) we Afy, iffwl e Af, o iffw™ € AL, ..

(2) we A, iffw? e A1+q/  iffw? € Aap s

Proof. We provide a proof for w € A+q the other is analogous. To show
the first equivalence, note that if s =1+ ¢/p’ and a < b < ¢, then

b c s—1 b c 1+4 -1
1 qu quﬁ = 1 S S 9T a/p) (1+q/z7) !
(c—a)® ) c—a; c—ay

a

/

10 1 N\ 1 P Vay g ¢ NP4
:c—a§wq<c—a§wp> :<<c—a§lwq> <c—a§)wp> )

Taking the supremum over a < b < ¢ yields

q — [p]?
Wy, =Wl

Analogously, let r =14 p'/q and a < b < ¢. Then

Il
I‘r—‘
) )
S

b /! qg— b /
1Y Ly N\l e v'/a
p 7811) 1-(1+p"/q) = 7Sw p 7gwq
c—a c—a c—a c—a
a b a

b . Vg, q ¢ i 1/p'\ »'
jut) (c—aé“’ ) )

Again, taking the supremum over a < b < ¢ yields

I
RS
/7~

9}
I‘v—‘ -
)

7p/ B _ p,
[w ]A1+p//q [w]A;—’q

This ends the proof. m
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2.2. Proofs of the main theorems. We begin with the proof of The-
orem [I.T} which relies upon the following lemma.

LEMMA 2.8. Let X € [1,00), let q,q1 € (\,00) and v € A(';/A,
Then

IS Aq1/>\'

L(v) = [L®(vo), L* (v1)]y,
for some gy € (A, 00), vy € A;;O/)\, and v € (0,1).

Assuming we have already established this lemma, we can prove Theo-

rem [ 11

Proof of Theorem [1.1. By Theorem [2.I] since T is a bounded operator

on LPo(w) for some py € (A, 00) and every w € A;;O//\, it is also bounded on

LP(w) for all p € (A, 00) and all w € A;/)\. Additionally, we have assumed
that 7" is a compact operator on LP'(w;) for some p; € (A, 00) and some
wy € A\~ We need to show that T is compact on LP(w) for all p € (A, 00)

and all w e AT

/A Now, fix p € (A, 00) and w € A;/A. By Lemma [2.8

LP(w) = [L* (wo), L' (w1)]g
for some py € (A, 00), some wy € A;LO//\, some 6 € (0,1). Choosing X; =
Y; = LPi(wj), we know that T : Xo + X1 — Yo + Y3, that T : X; — Yj is
bounded, since T' is bounded on all L(w) with ¢ € (A\,00) and w € A;r/\
as noted above, and T : X; — Y] is compact by assumption. Lemma
ensures that condition (4) of Theorem is also satisfied by the spaces

X; = LPi(w;). Hence, by Theorem it follows that T is also compact on
[Xo, X1]p = [Yo, Y1]o = LP(w). =

For Theorem [I.4] the argument is analogous. We rely upon the following
lemma.

LEMMA 2.9. Let 1 < p1 < q1 < o0, 1 <p < gq< oo, wr €A, .,
w e A;q. Then

LP(wP) = [LP (wo), L7 (wi)]y, L (w?) = [L®(wo), LT (w1)],,

for some 1 < py < qo < o0, wo € A, ., and v € (0,1).

Again, if we assume that we have already established this lemma, we can
prove Theorem

Proof of Theorem . By Theorem , if T is bounded from LPo(wh®)

to L9 (w) for some 1 < py < qp < oo and every wgy € A;{O,qo, then it is also

bounded from LP(wP) to L(w?) for every 1 < p < g < oo and all w € Af .
We know additionally that T is compact from LP* (w!*) to L% (w{') and some
wy € A, .- We need to show that 7' is compact from LP(wP) to L(w?) for
alll<p§q<ooandeverywGA;q.Fixsomel<p§q<ooand
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we A} By Lemma
LP(wP) = [LP°(wo), L (w1)]g, L9 (w?) = [L%(wo), L (wr)]s,

for some 1 < pg < qp < 00, some wy € A;,“O’qo, and some 0 € (0,1). Choosing
X; = LPi(wj), Y; = L% (w;), we know that T' : Xy + X; — Yy + Y7, that
T : X; — Yj is bounded, since T" is bounded from LP(wP) to L(w?) for every
1 <p<g<ooand every w € A;q, and that T : X1 — Y; is compact by
assumption. Lemmaensures that condition (4) of Theorem also holds
for X; = LPi (w?j). Hence, by Theorem T is compact from [Xg, Xi]p =
LP(wP) to [Yp, Yi]g = LY (w?) as claimed. =

We devote the remainder of the section to proving Lemmas 2.8 and 2.9

2.2.1. Proofs of the key lemmas. The first ingredient in the proofs of
Lemmas 2.8 and [2.9] is the following theorem.

THEOREM 2.10. If qo,q1 € [1,00) and wy,w; are two weights, then for
all § € (0,1) we have

[L% (wp), LT (w1)]g = LI (w),
where

(22) 1 _ 1—-0 + ﬁ and wl/q — w(lfe)/%wa/%'
q0 q1 0 !

This result can be found in [4, Theorem 5.5.3], but it can be traced back
to Stein and Weiss [40]. Having that result in mind, Lemmas and
follow from Lemmas [2.11] and respectively.

LEMMA 2.11. Let A € [1,00), q1,q € (A, 00), wy € A;l//\, w € A;/X Then
there exist qop € (X, 00), wp € A;;O/)\, and 0 € (0,1) such that (2.2)) holds.

LEMMA 2.12. Let 1 < p1 < q1 <00, 1 <p<q<oo,w €A4,,,
w € Af,. Then there exist 1 < pg < qo < 00, wo € A} ., and § € (0,1)
such that

[LP0(w?), LP* (wh)]g = LP(wP),  [L(wg’), L™ (w]')]p = LY (w?),
where
1 1-6 0 1 1-6 0 1-0 0

N
Before proving these lemmas we make a remark regarding the hypothesis
in Lemma A similar remark can be made for the A} case.
REMARK 2.13. Lemma does not hol;i if we replace wy € Aq_l/)\ by
wy € A;/)\. Indeed, assume that wi(z) = e* € Al and w(z) = e* € A}

£ 20 1 g9
If the conclusion of the lemma held, then wy = w; " " waT=e for some
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6 € (0,1), that is,

wo(r) = e T i T — equo( wa*+ie)
for some 6 € (0,1). Observe that for any 6 € (0,1),
o0
(2.3) S wo(z) dr < 0.
0

However, such a property prevents wg from being an A;B weight for any
possible choice of ¢, since if wg € A(‘Z'[) then

oo

S wo(z) dx = 0o

a

for every a € R. Indeed, if wo € A then

T 2x
(2.4) Swo dy < c S wo dy.
0 T

If additionally ({2.3)) holds, the right hand side of (2.4]) is uniformly controlled
by (2.3). Hence, by the dominated convergence theorem,

o x

S wo(z) dx = lim Swo dy =0,
Tr—00

0 0

which is a contradiction since wyq is positive a.e.

The remainder of this subsection is devoted to proving Lemmas 2.11] and
We will use the following notation. Given any interval I = (a,b), we

denote l l
I?z(a,a—l—l>, I§:<b—l,b>.
n n

2.2.2. Proof of Lemma|2.11. We adapt the argument in [20] to the one-
sided setting. Given 6 € (0,1) we need to show that wg € A}, where

1—6 a0 — 099 (9)
- (1-0)
() =1—5, wiDw " = wo(0) = wo.

q q1

By the definition of ¢ and g we see that gg € (A, 00). Observe that for p; = 4

and p = {, the same relations hold:
_ 90 1-6 1-—-

Pbo )\:A_&_
q q1

0
9
P1

S

and hence it suffices to show that

1 1 1 b 1 . pO_l
pr— — — p07 .
Lol ai’;lflb(ua, ) “’“) <|<a, i ) > <o

a
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The remainder of the argument reduces to showing the following claim:
CLAIM 2.14. Given an interval I we have

1 1 =2\ = o,
(i) ) e <

4 2 | 4 pP1
Il 12

with 6 € (0,1) small enough and independent of 1.

Lemma [2.11] readily follows by combining this claim with a direct appli-
cation of Lemma To establish Claim it suffices to proceed as in [20,
Lemma 4.1]. Since there are some differences in the way we apply the reverse
Holder inequality, we provide the full argument for the reader’s convenience.
For some €, > 0 to be chosen we find that, using the Hélder inequality with
exponents 1+ e*! and 1 + §+1,

1 1 -\t
i o) (g S oo

I 5

__pgb p/ p69 po_l
_ (1 Swﬁw p1(1=0) 1 Sw*p(li%)wmu—e)
‘I4| 1 |I4 1

1)

/
1 I T 1 1 Py 1507;09) po-1
= (g § w80 ) (g S 7o)

g

L £
1 po(1+e)\ T+ /] 1 pgfU4e)\ o2
< | — \ werl-9 > ( (wl pl*l)pls(lf«%
<|Ii‘| S i S

h

1 1 p6(1+5) 71’10;61 1 P69(1+5) 51)10-}—_61
% (4 S(w—p_l)p/@e)) <4 S wf16<19)>
|15 |15

I 15

1 €
1 r(0) ) 1 _P%SG T+
:<u;*|5w()> (uﬂg(“’lll)()>

_po(0)(1+¢)
r(6) = p(1—6) ~
_ pp(0)(1+)
0 ="-e
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Choosing € = fp/p} and 6 = 0p'/p; we find that
_ po(0)(P) + 0p')

) =50 =" a0
_ ~ po(0)(p1 +6p)
) = ul®) = Op’zn(l —0)

By Lemma [2.5] there exists v; > 1 such that

1 1/')’1 1
Y1
<|I4| ) o ) <A e
1 74 1 12
1 1

1
where p = w and p = w, "1 are AY weights, and also there exists o > 1

such that
1 1/'72 1
I pw) <4d—\n
(\13\ ) |13 S

I I3

where p = w; and p = w P T are A7 weights. Note that pp(0) = p and
r(0) = t(0) = 1. Hence, by continuity, we can find 6 € (0,1) small enough so
that

1 <max{r(0),t(0)} < min{y,}.
For that choice of 6, applying Lemma 2.5 we deduce that

1 e ! /?fom
P “pi—1 \P1(1-
) 7

2
1 Il

py(po—1) 0p((po—1)

1 1) P’ (1-6) ( 1 ) p1(1-0)
X | — \w »1 — \ Wy = (%)
() )

I3

and finally, rearranging terms,

= () )

I3 I3
1 1 p 1_1 p1i-l Pl?fgfﬂ
X = S wy || o S wy !
31 ")\ )
2 1
Pl 6p
< [l Pl 7L,

AL Apy

as we wanted to show.
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2.2.3. Proof of Lemma, By the choice of 6 € (0, 1) we can determine
Po, qo and wqg as follows:

1-46
p(]:p()(g):l 9
P pm
1-6
QOZQO(Q):l 9
g @

1 __6
wo = wo(0) = w7 w, =

and consequently it remains to show that one can choose 6 € (0,1) so that
1 <po<qo<ooandwge At . As1 < po(0) =p<q=qo(0) < oo, it is
clear that choosing 6 small enough the first condition holds. For the second,
we follow the strategy used in the proof of Lemma [2.11] namely, given an
interval I = (a,b) we are going to show that

1 q Va1 P M7 =5 1725
— \ wl° — \ w,° < [w]'3? [w]iZ?
(i ) ¥) (i Vg ) s,
1 2

relying upon this estimate, a direct application of Lemma [2.6] yields the
desired conclusion.

We use the Holder inequality with exponents 1 + e*! and 1 4 6*! with
d,e > 0 to be chosen:

1 S g 1/q0 1 S ! 1/1’6
(2.5) ( w0> < w 0)
a ) (e

1

— <14’ S wI™(®) w0 1’ S —p}5(0) a T
Fh |1}
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where
_ ()1 +¢)
T(G) - Q(l _ 9) 9
5(0) = 1 0go(0) 1 +¢
P 1-0 e

o) =10 Lo +s)
O 6 146
u(®) Oq1 1-6 o

Choosing € = ¢f/p} and § = 0p’ /q1 we obtain
/ / /
q0(0)(p1 + 0q) HO) = u() = Po(0)(q1 + 0p')

r(f) = s(f) = ,
=50 =" 1=0) 0/ (1-6)
Now by Proposition , we have w? € A1+ e w e A1+p g pll €
A;F+P1/ and wi' € A1Jr 5O that w9, w=P1 € AT and w P’w € AL.

Since for any n > 0, it is p0881ble to choose 8 close enough to 0 so that
1 <max{r(0),t(0)} <1-+mn,

we can apply the reverse Holder inequalities of Lemma to each term on
the right-hand side of (2.5)) to obtain

S S 1 _e
<14 S wI"(®) w00+ % S w;p’IS(G) 9o 1+e
17| 17|
I

I
A E
" <|Il4’ S wp/t(9)> P} (1+98) <|Il4| S w;11u(9)> py 1t
2 Ig 2 Iél
57(0) , -r(6)
SJ (12 S wq) qO(H ) <12 S wy Pl) %0 1+
7)) 7))
1 1

as we wanted to show.
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3. Applications

3.1. Compactness of one-sided Calder6n—Zygmund operators.
Villarroya [43, Theorem 2.21] showed that a Calder6n—Zygmund operator T'
extends to a compact operator on LP(R) for 1 < p < oo if and only if T
is associated with a compact Calderon-Zygmund kernel [43, Definition 2.3]
and satisfies the weak compactness condition [43] Definition 2.12] (not to be
confused with being weakly compact) and T'(1),7%(1) € CMO(R).

This result combined with Corollary leads to the following:

COROLLARY 3.1. Let T be a Calderon—Zygmund operator associated to a
compact Calderon—Zygmund kernel supported in

{(z,y) eR? 12 <y}
such that T satisfies the weak compactness condition and
T(1),7%(1) € CMO(R).
Then for every 1 < p < oo, T is compact on LP(w) with w € A} .

Proof. In [I, @] it was shown that a Calderén-Zygmund operator with
kernel supported on {(z,y) € R? : z < y} is bounded on LP(w) for w € Af
and every p € (1,00). This fact combined with Villarroya’s [43 Theo-
rem 2.21|, which ensures compactness in the unweighted setting, leads to
the desired conclusion via Corollary "

Very recently Mitkovski and Stockdale [36, Section 2| showed that a
Calderén-Zygmund operator T extends to a compact operator on L?(R) if
and only if T is weakly compact and T'(1),7%(1) € CMO(R). Arguing as
above we obtain the following corollary.

COROLLARY 3.2. Let T be a Calderon—Zygmund operator associated to
a compact Calderén—Zygmund kernel supported in {(z,y) € R? : z < y}
such that T' is weakly compact and T'(1),T*(1) € CMO(R). Then for every
1 <p<oo, T is compact on LP(w) with w € Al‘f.

3.2. Results on commutators

3.2.1. Commutators of L"-Hdérmander operators. In this section we will
work in the n-dimensional case in the classical setting, since the results we
present are unknown even in that setting.

We need the following definition, essentially borrowed from [7]. We refer
the reader there for further related references.

DEFINITION 3.3. We say that a locally integrable function

K:{(x,y) eR":x#y} —>R
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is an L"-Hérmander kernel if there exists v > n/r’ such that
1/r 1/r
(] Keo-rGra) +( ] K- Kl ay)
Am(B) Am(B)
’x _ x/’*y—n/r’
<O =
=Y B
for every ball B and all z,2/ € 1B where A,,(B) = 2"B\ 2"~ !B with
m > 1, and also

—my

1

K (2, y)| < C—
[z —yl”

We say that a linear operator T is an L"-Hormander singular integral op-

erator if T is bounded on L?, there exists an L"™-Hoérmander kernel K such

that for every f € L2(R"™),

Tf(x)= | K(z,9)f(y)dy for x & supp(f),
i

and the limit lim, o+ § K(x,y) dy exists.

e<|z—y|<1
Note that under the conditions above (in fact, under weaker ones) Grafakos
[16] showed that if 7" is an L"-Hormander operator with associated kernel K,
then the maximal operator
T*f(x)=sup| | K(z,y)f(y)dy
e>0 e<|z—y|

is bounded on LP. Consequently, if T is an L"-Hérmander operator, then

Tf(z)= lim | K,y f(y)dy
e—0t
e<|z—y|
almost everywhere for f € LP.
Our compactness result seems to be new even in the classical setting:

THEOREM 3.4. Let 1 <1’ < p < oo. Assume that K is an L"-Hérmander
kernel and T is the operator associated to K. If b € CMO, then for every
w € Ay, [b,T] is compact from LP(w) to LP(w). If n =1 and additionally
K is supported on {(x,y) € R? : x < y}, then for every w € A;/T/, [b,T] is
compact on LP(w).

Theorem [3.4] follows from [20] in the standard setting, and from Theorem
[[.3]in the one-sided setting, combined with the following result that we settle
in this paper.

THEOREM 3.5. Let1 <1’ < p < oco. Let T be an L"-Hormander operator.
If b € CMO, then [b,T] is compact on LP.
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We will prove Theorems [3.5 and [3:4] in the next subsection.

3.2.2. Commutators of one-sided fractional integrals. We recall that given
a € (0,1), the one-sided fractional integral I is defined as

f(y)
(y —x)t=

Our result deals with the compactness of the commutator of this operator.

[ee]

Iff(a) = |

T

THEOREM 3.6. Let 1 < p < q < oo and « € (0,1) such that % —1—q.
If b€ CMO and w € A} then [b,I[]] is compact from LP(w) to L4 (w).

Q

The theorem above readily follows from Corollary [I.6 combined with the
following consequence of [19] Theorem 1.5].

THEOREM 3.7. Let 1 < p < g < oo and o € (0,1) be such that }%—% = a.
If b € CMO and w € A; then [b, I7] is compact from LP to LY.

We give the proofs of these results in the next subsection.

3.3. Proofs of the results on commutators
3.3.1. Proof of Theorem[3.5 The following result will be useful.

LEMMA 3.8 ([46]). Let 1 < p < oo. A subset H C LP(R™) is precompact
if and only if
(1) H is bounded in LP(R),
(2) limpso \g |f(z + h) — f(z)|P de = 0 uniformly in H,
(3) limpr—eo S|$\>M |f|P = 0 uniformly in H,
Before getting into the proof of Theorem we need some preparations.
Let ¢ : R™ — [0, 1] be a differentiable radial function such that
supp(¢’) C {Jz| > 6},
P@) =1, |z > 26,
1ol = 1,
IVl = 1/6.
Assume that K satisfies the L"-Hérmander condition. For each 6 € (0,1) we
set Ka(xvy) = %05(37 - y)K(%, y)
LEMMA 3.9. Let r > 1 and § € (0,1). If K satisfies the L"-Hérmander
condition for some v > n/r’, then

1
|z —y|™’

K (z,y)| < C T # Y,
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and also
1/r 1/r
(] 1K@y - K@yl dy) "+ (§ K a) - K (.2 dy)
A (B) Am (B)
|I - x/|'y—n/r’ —my |‘T - x/|(1+n/r’)—n/7" —(14+n/r")m
< Cmax{ |B"y/n ’ |B‘(1+n/r’)/n 2

for every ball B and all z,x’ € %B, where Ap(B) = 2mB\ 2™ 1B if m > 1.

Proof. Tt is trivial that K?° satisfies the size condition. For the smoothness
condition it suffices to handle one of the two terms, since the condition is
symmetric. We have

3
| K0 )-8l ay) <] 1K - KOy dn)
Am(B) i=1 cm(B)
where

CT" = Am(B) N{|z — y| > 20} N {[2" — y| > 25},

Cy" = Am(B) N{|z — y| < 20} N {[2" —y| > 25},

CY' = A (B) N {|x — y| > 25} N {|2" — y| < 25}.
We begin by observing that

(] 1K@y - ylra) < (] K@) - K6yl de)
cT(B) Am(B)

1/r

and hence the desired conclusion holds for this term. Since C3" and C3* are
symmetric, it suffices to deal with C3*. Note that
9 O (. T r
(1 1K@ y) = K )l dy)

= (§ 1K@ w6’ @ ) - K ) )l dy)

2

cy
=< ( V1K@, (x —y) - K@, 9)¢’ (@ —y)I" dy>1/r
Cy
(VI ) - -y
ay
— [+ 1L

For I, since ||p||pe < 1,

1< (f K@y - K@ yray)
Am(B)

and we are done by using the L"-Hérmander condition for K.
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For 1.
nr o / r 1r
1< (e ="V I § 1K@ )l dy)
cy
1 ) 1/r
<25 § kG )
2
1 1 1/r
o 17 =Yl
For y € C3",
1.2
5 |z —yl

and also for every z € %B and y € A, (B), if we denote by cp the center of

the ball B, we have
1 2

< .
|z =yl = les =yl
Hence, denoting by 75 the radius of B,

C’ ,‘< S 1 1/7“
II<Clr—=x _— dy>
S ’CB _ y|(n+1)r
1 1/r
<COlr—2 ( y)
’ ‘ AWS(B) ‘CB y’(n—l—l)r
2Mrp 1 1/r
_ o n—1
==l | e )
n—(n+1)r 72™rB
(e N
(TL + ]- om— ITB
< C’.TU _ x/‘(QmTB)n/r—(n-H) _ C|.%' — ’( mTB>—n/r’—1

‘Z’ N x/‘(1+n/r’)fn/r’

|B’(1+n/r’)/n

2—(1+n/7”)m

— ! — — _n
=Clz—2'|rg™"'2 Myl . m

Armed with the lemma above we can present our proof of Theorem
We begin with some reductions. Note that since for every p > ' we have

I16: T1f [ < CllbllBmollf | 2o

(see for instance [27]), if b € CMO then we can approximate b by functions
b; € CZ° in the BMO norm and consequently

116: T1f = [bj, TVl e = I = 05, T1fl[ e < 110 = bjllB7o| [ f ] o
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In particular, [bj,T] — [b,T] in the LP norm. Consequently, it suffices to
prove compactness for commutators with smooth symbol. Now we shall con-
sider T°, the operator associated to the truncation defined as above with
0 €(0,1).

LEMMA 3.10. Let b € CH(R™). There exists a constant C > 0 such that
(3.1) |[b,T)f(x)—[b,T°]f(x)| < C8||Vb|r=Mf(x) a.e. for everyd > 0.
Consequently, for every p > 1,

lim [|[b, T)f () — [0, T°]f (2) | 12 = 0.

Proof. Let f € LP. Let
BT f(x) = | (b(x) = b)) K(z,y)f(y) dy.

e<|z—y|
First note that

(3.2) [0, Tf(x) =
since the corresponding result holds for T, and T'. Let

Tf)= | K'(x,9)f(y)dy.

e<|z—y|

b, T f(x) ae.

lim
e—0t

If € > 26 then
T2 f(x) — T-f(z)| = 0.
If 0 < e <26 then

Tf@)-Tf@) = | Kepfwd- | K@pfed
e<|r—y|<20 0<|z—y|<26

< [I(z)[+[I(z)].
For I we note that

1@ <| | K@i+ | Ky)ie)dl

e<|z—y| 26<|z—y|
< 2sup [T),(f)(z)].
p>0
For 11,
s | Kealiolys | O
0<|z—y|<26 0<|z—y|<26 y
1
§m S |f(y)ldy < M f(x).

|z—y|<2§
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This yields
(T°)* f() = sup |T2 f ()| < sup |T? f(z) — T-f(z)| + sup |T. f ()|
e>0 e>0 e>0

S 2sup [Ty f (2)] + M f(z).
p>0

Then (7%)* is bounded on LP (actually, {(T°)*}s>¢ is uniformly bounded
on LP). Consequently, taking into account Lemma and also the fact that
for every z the limit

li K?°
lim, | (2,y) dy
1>|z—y|>e

exists, we find that for every f € LP,

Tfa)=lim | K'(zx,9)f(y)dy ae.
lz—y|>e

Therefore, if f € LP, then

33 BT =T | (b - ) K @) dy ae
lz—y[>e

Now we are in a position to prove (3.1)). For every x € R", if ¢ < § then

b, T2]f () — [b, T2] f (x)] = } | (0(2) = b)) E(2,y)f(y)dy
e<|z—y|<28

- | 0@ - b)) K (2,y) f(y) dy
0<|z—y|<26

< [L(2)] + [L2(2)]-

By the smoothness of b and the size condition on K,

L@ < | |b<x>—b<y>|W|f<y>|dy

e<|z—y|<d
c- /(W)
< HVb”L‘X’Z S Wdy
=0 o <lz—yl<Z}
=25 |B(0,1)]
j=0 27+1 V25120 < —y| <28 /29

28
SNVblz= Y- 5 M (2) S Vbl 0 M S (@),
§=0
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For I1(x),
L)< § (@) = by K (@,y)] [ f(y)|dy
0<|z—y|<26
/W)l
< VO e S Wdy
0<|z—y|<26
1
S ||Vb||L°°5m S |f(y)] dy
T |a—yl<s
< | Vb] 1M £ ().
Then

b, 2] f () = [0, T2)f (2)] S IV0]l 26 f (x)

and taking into account (3.2)) and (3.3), letting ¢ — 0 we deduce that the
desired inequality holds. The remaining assertion follows from the LP bound-
edness of M by letting 6 — 0. m

By the result above, to conclude the proof it suffices to show that if we
fix § > 0 and b € CL(R™), then [b, T?] is compact on LP with p > 7. To do
that, we are going to show that the conditions in Lemma hold.

First, H = {[b,T°|f : || fllz» < 1} is bounded due to the boundedness of
[b, T°] on LP. Indeed, from the lemma above,

1. T f Nl < 16, T°)f = [0, T1f Nlew + N[, T]f | o
<M fllie + b, T1flze S N1l 2o

We continue the proof by showing that
(3:4) lim [|[b, 71 () = [, T°)f (- + B) | = 0
uniformly in f € H. We begin by writing
(35) [0, T°If(x) = [b, T’} f(w + )

= | (b() — b)) K’ (2, ) f(y) dy

Rn
— | (b(z + h) = b(y) K’ (x + h,y) f(y) dy
RTL
= (b(x) = b(z + h)) S K°(z,y)f(y) dy
RTL
+ | (o + 1) = b)) (K (x,y) — K2(x + h,y)) f(y) dy
]Rn

= S Il(xaya h) dy+ S IQ(xayvh) dy
R Rn
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We treat each term separately. We begin with I,
11w,y h) dy| < 98] o< B [ K ) £ )

= IVbl=lnl | § K@) f ) dy
|z—y[>0

< Vbl o< |p|T™ f (),
and hence, since as noted above, by [16, 89], T* f is bounded on LP, we see
that if || f||z» <1 then

"S JiQ,y,h)dyH[m 5;HY7bHLm\h|(S VT*f($)V’dx)1/p
R~ 3

S IVOl[Le Al fllzr < [V o< [R]

and consequently

(3.6) H | 11y h) dyHLp S0
o

as |h| — 0 uniformly on [|f|zr < 1. Now we deal with Io. We split the
integral of Iy into four regions:
Ri={yeR":|z—y| >, |z +h—y| >}
Ry={yeR":|x—y| >4 |[rt+h—y| <d},
Ry={yeR":|z—y| <4, |z +h—y| >}
Ry={yeR":|z—y| <, |z+h—y| <d}.
By the definition of K?, clearly SR4 Iy(xz,y,h)dy = 0. Thus it suffices to
study the integral over the remaining R;. Let us begin with R;. First note

that if |h| < §/2, then z,z+h € %B(x, 0). Consequently, taking into account
Lemma (3.9

] Loy h) dy

Ry
< | (0@ +1) =) (K (2, y)— K (z+h,y)) f ()| dy
Ry

<2fbllpe | K (@,y)—K°(@+h,y)| |/ (y)] dy
|z—y|>0
oo

= 2[|bllzee ) | KO (2, y) = K (z+h,y)| | £ (y)| dy
m=12mB(z,§)\2m~1B(z,d)
oo . 1

=2l SR B K ) =K b )l dy
m=1 2m B(z,6)\2"~1B(z,5)
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[e.e]

<2 S [|2mBr

m=1

1 1/r
X <|2mB| S \Ké(%y)—Ké(ﬂ?—i‘h,y)\rdy)
2m B(z,6)\2™~1B(z,5)

(g | If(y)l"'dy)l/q

2m B(x 5)
< 2||bf| oo My f (2 Z 2" B|
1 5 5 o\
X 2B S |K°(z,y)—K°(z+h,y)|" dy
2m B(z, )\27"*13(:3 5)

< 2¢||b|| oo My f (z Z]T”BP/T’

’h"}’ n/r —my ‘h‘ —(14+n/r")m
Xmax{ BRn 2 [B|On
<20H5HL°°M f@ )max{!h\%"/r/ [}
Z ’2mB|1/T Z ’2mB|1/T (1+n/r’)m
— ’B"y/n ‘B‘ 1 B|(A+n/r")/n

< [1bll o max {|R*=", |h|}Mrff(fE)'
Consequently, if || f||zr < 1 then

|§ vy du| < 2eslbllm mact =" I} £l
1

< max{[h["™", |hl}
and hence

(3.7) Hé Iy, h) dyHLp -0

1

as |h| — 0 uniformly on || f||z» < 1.

The integrals over Re and Rj3 are symmetric so we deal just with Rs.
We may assume that |h| is very small. Let p > & + |h| be such that b
vanishes outside By = B(0,p). Then b(- + h) has support in 2Bj. Since
Ry C B(z,|h| +6), for |z| < 3p we have Ry C 4Bj. Hence, using the size
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condition on K?,

’ S IQ(xa Y, h) dy‘
Ry

< ] (o -+ 1) = b)) (K (@,y) = K (@ + b)) (4) dy]
_\ bla -+ h) = b(w)) K (. y)e(x — y)f (v) dy]

< 5 (o + 1) = D) K o)t = 1)) do

4BoNR2
L |4Bo\
< ||| o — d
R2N4Bg RoN4 By
1 1 y 1/r ’RQ‘ 1/r
5ubuLm\4Bo|(|4B, | 170 dy) (MBO,)
n/r’
< Bl [ Rel 7 M £ (),

In the case |z| > 3p, since |h| < p and |z + h| > 2p, we have b(x + h) = 0,
and hence, arguing as above,

§ By ndy < | 10@+0) =) Ky —y)f4)ldy
Rs 4BoNR2

= | pwE@y)e@ -y fy)ldy

4BoNR2
S £ (W)l

jz =yl

[1b]] oo
R2N4Bg

n/r’

< B bl | Ral V7 M f ()

Hence, gathering the estimates above, for ||f|[z» <1,

p/

yl/r

foz( y,h dyH S

2
n/r’

p r
< B bl

Since |Ra| — 0 as |h| — 0, we see that

(3.8) H | 2(.y,n) dyHLp 0

2
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as |h| — 0 uniformly for || f|l» < 1. As we mentioned above, a similar
argument yields

(3.9) H | 12(y.h) dyHLp =0
R3

as |h| — 0 uniformly for || f||z» < 1. Consequently, (3.4) follows by combining

B-3)-B9.

Finally, we study decay at infinity. Since b is compactly supported, there
exists Ry > 0 such that suppb C B(0, Rp). Let = be such that |z| > R > 3Ry.
Then = & supp b, so

b, T°)f ()] = b(2)T° f(2) = T°(fb)(x)| = [T°(fb) ()]

[y
- 1 R @] S bl |
supp b SUPPb Y
1
S bl zee 7 S [F (W) dy < ||bl e ——|B(0, Ro)[**'|| ]| Lo-

]

n
B(O»RO) | |

Hence for R > 3Ry,

1 ,
ety B T 5 HW‘“M}(')H 6l [B(O, Ro)[Y7 | £
Lr

N 1
— Rn-n/p

1] o< [B(O, Ro) ||| f | 0
and letting R — oo leads to the desired conclusion.

3.3.2. Proof of Theorem[3.f] Let T be an L"-Hormander operator. We
begin by observing that the L"-Hormander condition presented here was
borrowed from [7] and is implied by the one in [29, 30} 27, 23], 28]. In those
papers it was shown that if b € BMO then [b,T] is bounded on LP(w) for
every w € A,/ provided that p > 7' (w € A;/T, in the one-sided setting).
By inspection of the proofs it can be easily checked that the dependence
of the boundedness constant on the Ap /- constant (A;/T, in the one-sided
setting) is increasing. In particular, if we fix pg > r’ we find that [b,T]
is bounded on LP°(w) for every w € A, /v (w € A;O Jpr i the one-sided
setting). Combining this fact, Theorem and the main result of [20] or
Corollary in the one-sided setting yields the desired conclusion.

3.3.3. Proof of Theorem[3.7,. 1t suffices to exploit the results in [19]. Let
€ (0,1) and

T, f(z) = | Kal2,9)f(y)dy, & supp f,
R
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with kernel K, such that

(3.10) |Ka(2,y)| < EEE
and for |x — y| > 2|x — 2|,
(3.11)
/
. , | — 2| 1
|Ka(ﬂf,y) - KO!('T 7y)’ + |Ka(y,l‘) - Ka(y,ﬂf )| S p< |l’ _ y| ) |IL' _ y|1fa’

where p : [0,1] — [0, 00) is a modulus of continuity, that is, p is continuous,
increasing, subadditive, p(0) = 0 and

dt
S p(t) ¥ < 0.
0
For that class of operators we have the following particular case of [19, The-

orem 1.5].

THEOREM 3.11. Let 1 < p < g < o0, 0 £ a <1, a=
b € CMO(R) then [b,Tk,] is compact from LP to L9.

It is straightforward to check that Theorem [3.7] is a direct corollary of
this result, by choosing
ﬁX{»O} (y —m).

Kao(z,y) = -z

The details are left to the reader.

3.3.4. Proof of Theorem . It was shown in [0] that if 1 <p < g < o0
with % - é = a then [b,If] : LP(wP) — L9(w9) for every w € A . By
inspection of the proofs it can be easily checked that the dependence of the

boundedness constant on the A;q constant is increasing. In particular, if we

fix 1 < pp < go < oo such that p% - q% = «a, we find that [b, I}] : LP(wP) —

LI(w?) for every weight w € A . Combining this fact with Theorem
and Corollary [1.6] yields the desired conclusion.

If

=
Q=

1
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