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A JORDAN CANONICAL FORM FOR NILPOTENT ELEMENTS
IN AN ARBITRARY RING
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ABSTRACT. In this paper we give an inductive new proof of the Jordan canon-
ical form of a nilpotent element in an arbitrary ring. If a € R is a nilpo-
tent element of index m with von Neumann regular a1, we decompose
a = ea+ (1 —e)a with ea € eRe = My(S) a Jordan block of size n over
a corner S of R, and (1 — e)a nilpotent of index < n for an idempotent e of R
commuting with a. This result makes it possible to characterize prime rings of
bounded index n with a nilpotent element a € R of index n and von Neumann
regular a™~! as a matrix ring over a unital domain.
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1. INTRODUCTION

It is well-known that a square matrix over an algebraically closed field is similar
to a matrix consisting of Jordan blocks. In [5] the authors study a similar result
for nilpotent elements of the socle of a nondegenerate Jordan algebra, and in such
Jordan context they proved that these elements admit, up to isomorphism, a Jordan
canonical form. One of the main results of that work was the characterization of
nilpotent indecomposable elements in the socle as nilpotent elements of index n
and rank n — 1.

Canonical forms of nilpotent elements in general rings, with the extra condition
that all its powers von Neumann regular, have already been studied by several
authors. In the book [14], O’Meara, Clark and Vinsonhaler remarked on the im-
portance of the Weyr form, and characterized the possibility of obtaining a Weyr
form of a nilpotent endomorphism ¢ of any nonzero quasi-projective module P over
an arbitrary ring R in terms of the von Neumann regularity of the powers of ¢ in the
endomorphism ring Endg(P), [14, Theorem 4.8.2]. In such situation, the module
P decomposes as a direct sum of nonzero submodules, P = A1 @ Ao d --- B A,,
such that t(4;) = 0 and #(A;) = A;—q for i = 2,...,r, see [7, Lemma 7.1] or [2,
Lemma 3.5].

This Weyr decomposition of nilpotent endomorphisms was used by Beidar, O’'Me-
ara and Raphael to obtain the Jordan canonical form of a nilpotent element in a
ring [2, Theorem 3.6 (iii)]. In their result they showed that if R is an algebra
over a commutative ring I', and a € R is a nilpotent element of index r such
that all the powers of a are von Neumann regular in R, then there exist integers
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1<n; <ng <---<ng=r,an inner-inverse b of a, and ideals I, I5, ..., I of the
ring I' such that Annr(R) = (1), {; and there is an algebra isomorphism

& : Ia,b] — HMn (/L)

i=1

such that each canonical image of a in M,,, (I'/I;) has the form of a Jordan matrix
block. We believe that this very nice result fixes the skeleton of our Jordan canonical
form.

Our arguments are ring-theoretic, rather than module-theoretic as in [2, Lemma
3.5], [2, Theorem 3.6], [14, Theorem 4.10.2] or [10], but they can easily be trans-
lated into the language of modules if the reader wishes, by using the fact that von
Neumann regularity has a module-theoretic analog, see for example [16] or [6]. The
first step in our induction process, which consists of splitting off a Jordan block of
maximal size, only requires that ™ = 0 and a” ! is von Neumann regular. In this
case, we find an idempotent e in R that commutes with a and such that eRe is iso-
morphic to a ring of matrices of size n X n over a unital ring. The element ea under
this isomorphism corresponds to a Jordan block of maximal size. If a itself coincides
with ea, then a is called a block-element associated to the block-idempotent e.

We begin by finding an appropriate inner-inverse for a®~!. The search of inner-
inverses of regular elements satisfying families of additional monoid relations (re-
lated to powers of the original element) has been broadly dealt in the literature and
is linked to inverse monoids, see for example [15] and [12]. We highlight the work
of Nielsen and Stern [13, Theorem 4.8] (see also the related paper of Bergman [3]),
where they show that if an element a and all its powers are von Neumann regular,
an inner-inverse b can be produced such that a* and b* are inner-inverses of each
other, for all k, and some other extra relations. For our purposes, the inner-inverse
b needed for a®~! must annihilate all the powers a* for k& < n — 1 when multiplied
on both sides, i.e., ba*b = 0, together with ™~ and b being inner-inverses of each
other. We will call such an inner-inverse a Rus-inverse for a since a construction
of such an element was done by the late Prof. E. Garcia Rus in [5, Lemma 3.2]
in the context of Jordan algebras of symmetric elements of an associative algebra
with involution.

We show that every nilpotent element a € R for which all powers a” are von Neu-
mann regular can be decomposed (with respect to a family of orthogonal idempo-
tents commuting with @) into a finite sum of nilpotent block-elements of decreasing
indexes associated to those idempotents. These pieces are Jordan blocks and the
sum of these Jordan blocks is what we call the Jordan canonical form of a nilpotent
element.

As in the classical setting, if we turn to unital associative algebras A over an
algebraically closed field, we can use the above decomposition to produce a Jordan
canonical form of any algebraic element. If mq(X) = [[,(X — A;)™ is the minimal
polynomial of an algebraic element a € A and all powers (a— \;)*, k; < n;, are von
Neumann regular, we build a family of orthogonal idempotents that decompose a
into pieces that act as Jordan blocks.

We must remark that the block-idempotent associated to a nilpotent element
a of index n with von Neumann regular ¢”~! may not be unique. Nevertheless,
we show that all of them coincide if they are central. In the particular case of
rings with bounded index of nilpotency, we show that any nilpotent element a of

k
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maximal index n and regular ™! gives rise to a central — and therefore unique
— block-idempotent. As an easy consequence of the Jordan canonical form, we
recover and extend the descriptions in [7] of rings of bounded index n: for example,
when R is prime and « is a nilpotent element of maximal index with von Neumann
regular a" !, R = M,,(S) for a unital domain S, and when R is indecomposable
and von Neumann regular, R = M,,(A) for a division ring A.

2. JORDAN CANONICAL FORM

Throughout this paper we will deal with non-necessarily unital rings R. Ex-
pressions of type (1 — z)y, for z,y € R, will be allowed because they just mean
y — 2y € R. R' will denote the Dorroh unitization of R, i.e., R' = R+ Z1.

2.1. An element a € R is said to be von Neumann regular if there exists b € R
such that aba = a. If every element of R is von Neumann regular we say that R is
a von Neumann regular ring. An element ¢ in a unital ring R is called unit-regular
if there exists an invertible b € R such that aba = a.

2.2. An element a € R is said to be nilpotent if there exists n € N such that a™ = 0.
The index of nilpotence of a nilpotent element a in a ring R is the least positive
integer n such that a™ = 0. In particular, 0 is nilpotent of index 1. We say that a
is nilpotent of maximal index if a is nilpotent of index n and there are no nilpotent
elements in R of index m for m > n.

2.3. A ring R is said to be an abelian regular ring if R is von Neumann regular and
every idempotent of R is contained in the center of R. It is well-known that R is
abelian regular if and only if it is von Neumann regular and has no nonzero nilpotent
elements [7, Theorem 3.2]. A non-necessarily unital ring R is called indecomposable
if every central idempotent is either 0 or 1.

The following lemma is analogous to [5, Lemma 3.2], but we have slightly changed
its proof to generalize the result to arbitrary rings with any torsion.

Lemma 2.4. Let R be a ring and let a € R be a nilpotent element of index n such
that a™ 1 is von Neumann reqular. Then there exists b € R such that a™ 'ba™ ! =
a1, ba" b = b and ba*b = 0 for every 0 < k <n — 2. Such an element b will be
called a Rus-inverse of a.

Proof. Since a™ ! is von Neumann regular there exists b € R such that a” 'ba" ! =
a™ 1. Tt is well-known that ¥’ = ba™'b € R, satisfies

anflb/alnfl — anfl b/anflb/ — b/.

We use a recursive argument: by decreasing induction on s =n — 2,...,0 suppose
that there exists b € R such that for every k = s+ 1,...,n — 2 we have that

a" et =a"t, ba"'b=0b and ba*b=0.
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Define d := 1 — a® '~%ba®. Then c := db satisfies a*c = a*b, k=s+1,...,n—1,
since a” = 0, and

an—lcan—l _ an—lban—l _ an—17

ca” e =ca" b = dba" b = db = ¢,
cake = ca®b = dba*b = 0, and
ca*c = ca®*(1 — a" ' 7*ba®)b = ca’b — ca®a™ " "*ba®b
= dba*b — dba" *ba’b = 0.
The Lemma now follows by recursion. O

2.5. The construction of elements associated to nilpotent elements a with regular
a"~! satisfying the extra properties of Lemma 2.4 was introduced in [5, Lemma
3.2] in the context of special Jordan algebras, i.e., Jordan algebras consisting on
symmetric elements of associative algebras with involution. The main ideas of such
lemma are due to the late Prof. E. Garcia Rus, and that is the reason why we have

decided to call them Rus-inverses.

Theorem 2.6. Let R be a ring and a € R be a nonzero nilpotent element of index
n such that a® ' is von Neumann regular. Let b be a Rus-inverse of a. Then there
exists n nonzero orthogonal idempotents {ex}r_, in R (depending on b) such that

ife= 2221 €Lk
(a) ea = ae,
(b) a"le =a""t,

)
)
(¢) (1 —e)a is nilpotent of index less than n,
) eRe = My (e1Re1), and if {e; ;} are the matriz units of the matriz ring
eRe, ea = eae = 22;11 €1 k-
(e) For every s € {1,2,...,n — 1}, (ea)® is unit-regular in eRe: taking d =
Zz;ll ek k+1 + €n1, then (ea)*d®(ea)® = (ea)® and d® is invertible in eRe.
In the matriz representation of ea on item (d) we have that €1, = eb = be is a
Rus-inverse for ea with associated idempotent e.

We will say that ea is a block-element associated to the block-idempotent e (e
may depend on the Rus-inverse b of a).

Proof. By Lemma 2.4 there exists a Rus-inverse b € R for a, i.e., b € R such that
a" ba" Tt =g, ba" b = b, ba"b =0, k<n—2.

If we define e; j :== a’~'ba™7, for i,j = 1,2,...,n, we have:

Cuwers = a" tba™ " "a" " ba""F = a* tba™ T T e TS = 8, 0" T ba" T = 0y ey s,

where ¢, denotes the Kronecker delta. Therefore {e; := e, ;}7; is a set of orthogo-
nal idempotents. Moreover, they are nonzero since e, je;e;1 = €1 = a” a1 =
a” 1 #£0.

(a) We have that

exa = (a7 10a"*)a = a(a"2ba"F ) = aep_y, for k=2,...n,
era =0 =ae,.

Therefore e = 3", e; is an idempotent of R that commutes with a:
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b) an—le — an—lel — an—lban—l — an—l_

c) (1-e)a)"t=(1-e)a"t=a""1—ea" ! =0.

d) The fact that eRe is isomorphic to a matrix ring follows directly from the
that we have a full set of matrix units, as described in the first paragraph of
the proof, see for example [11, (17.5) and (17.6)]. Moreover, eae = (eg + -+ +

en)a(er + - Fen 1) = S p) err10es = S py Chilk-

(e) If d := 22;11 €k k1t €n1 then d =377 €ppts + D pey En—sthk 18 invert-
ible in eRe for all s € {1,...,n — 1} and (ea)’d®(ea)® = (ea)®. O

(
(
(
t

Remark 2.7. In the particular case of a nilpotent von Neumann regular element a
of index 2, a is a block-element associated to the idempotent e = ab + ba for any
Rus-inverse b of a. Notice that, in general, if a is nilpotent of index n, a® ! is
von Neumann regular and b is a Rus-inverse of a, the block-idempotent given in

Theorem 2.6 is e = (a + b)".

Remark 2.8. Item (e) in Theorem 2.6 gives a representation of ea as a “Jordan
block” (like the Jordan canonical form of a nilpotent element in a ring of endo-
morphisms of a finite dimensional vector space). Notice that ea and its powers are
von Neumann regular (see item (f)), so the conditions of Theorem 2.6 are both
necessary and sufficient. When a is a nilpotent block-element of index n, the von
Neumann regularity of a”~! implies the von Neumann regularity of every power of
a.

The Jordan canonical form obtained in this theorem is not exactly the Jordan
canonical form of a matrix ring over a field. In the classical setting, if a € M, (F)
is a nilpotent matrix of index n, we get as many Jordan blocks of size n as the
rank of the matrix a"~!. In the Jordan decomposition given by Theorem 2.6(e),
all Jordan blocks of the same size collapse into one.

Example 2.9. Let F be a field and let us consider the von Neumann regular ring
R = Mg(F). The matrix

000000
100000
010000

A=19000 0 o |EM®
0007100
000010

consists of two Jordan blocks of size 3 x 3 associated to the eigenvalue 0. If {e; ;}
denote the matrix units in Mg(F), A =e21+e32+e54+€65. The element A € R
is nilpotent of index 3. A Rus-inverse for A is B = e1 3 + e4 6. If we denote by
capital letters the elements e; ; defined in the proof of Theorem 2.6, we have

E11 = BA®> =e1 1 + ey,

Ez2 = ABA =e33 +e55,

B33 = A’B = e3,3 + eg6, and

E=F 1+ Fy3+ FE33=1d,
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so A = EA is a block-element associated to the identity matrix £ in R. Notice
that

Eyy = ABA? = ey +e54,
E372 = A’BA = €32 + €g,5, hence
A=FA= Egyl + E3}2.

Thus R & Mg(ELlREl’l) with El,lREl,l = MQ(F) and

1
0

— o

0 0 O
A= I 0 0 with [ := <
0 I 0

).

Corollary 2.10. Let R be a ring and a € R be a nonzero nilpotent element of
index n such that for every s € N, a® is von Neumann reqular. Then there exists
a family {u;}¥_; of nonzero orthogonal idempotents that commute with a and such
that a = Zle uza, and every u;a is a nilpotent block-element of indexr n; with
n=mny > ng--- > ny associated to the block-idempotent u;.

Proof. Let a'Y) := a. By Theorem 2.6 there exists a family of nonzero orthogonal
idempotents {eg)} such that if uy := 3 e,(cl), wa® = uga = aMuy is a nilpotent
block-element of R of index n; = n, and ((1 — uy)a™)»* = 0. Thus a? :=
(1—wu1)a™ = (1 —uy)a is nilpotent of index ny with n > ny. Notice that (a(?))72—1
is von Neumann regular: since a™~! is von Neumann regular there exists ¢ € R
with ™ 1ea™ ™! = @™~ and if we multiply by 1 —u; on the both sides we obtain

(1 —uy)a™ tea™ (1 —uy) = (1 —uy)a™ (1 —uy),
S0

(@) L@@y = (1= ur)a)™e((1 - ur)a)™s ! =
=(1—w)a™ tea™ (1 —u) = (1 —u)a™ (1 —uy) =

=((1—uy)a)=" = (@)1,

We can apply Theorem 2.6 to the element a(® and prove the corollary by a recursive
argument. (I

Now we follow the classical procedure to extend the former results to algebraic
elements in a unital algebra A over a field F.

Theorem 2.11. Let A be a unital algebra over a field F and let a be an algebraic
element in A such that its minimal polynomial mq(X) totally decomposes in F[X]
as Hle(X — X)) where \; # \; if i # j. Suppose that (a — X\;)* is von Neumann
reqular for every k; < n;, i = 1,..., k. Then there exists a family of orthogonal
idempotents {vs}*_, and families of orthogonal idempotents {us;} C vsRuvs, all
commuting with a, such that a = Z” Ug,i@, where each ugs ;0 — AsUs; € Us i Rug; is
a nilpotent block-element of index ns; < ns associated to the block-idempotent us ;,
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i.e., Ui Rus; = My, (Ss:) for some unital algebra Ss; and u,;a has the form

As 00 0 0
1 X 0 - 0
0 1 A

Proof. For every s = 1,2,...,k let us define ¢4(X) := H#S(X — A;)™. Then
¢1(X),...,qr(X) are co-prime and we can find a Bezout identity for them: there
exist polynomials r1(X),...,r(X) € F[X] such that

r1(X)q1(X) + 2 (X)g2(X) + -+ + e (X)gr(X) = 1.

If we define vy := r,(a)gs(a) we have that {v,}*_; is a family of k-orthogonal
idempotents that commute with a and such that vs(a — As) € vsRvs is a nilpotent
element of R of index ns. Now apply Corollary 2.10 to decompose each vs(a—\s) €
vsRus into a sum of nilpotent block-elements (associated to a family of orthogonal
idempotents {us;} C vsRvs) of decreasing indexes ns = ns1 > ns 2 > ... and then
apply Theorem 2.6 to each element u,;(a — As) in us;R: us;(a — As) can be seen
as a matrix of size ng; X ny; of the form

SO us ;0 can be seen as a matrix of size ns; X ns; of the form

s 00 -~ 0 O
1 X 0

0 1 X -~ 0 0

O

Corollary 2.12. Fvery algebraic element in an unital von Neumann regular algebra
over an algebraically closed field admits a Jordan canonical form.

Remark 2.13. In general, neither the Rus-inverse nor the associated idempotent in
Theorem 2.6 are unique: If R = M3(F) and a = €12 € R, the element b =e31 € R
is a Rus-inverse for a and a is a block-element with associated block-idempotent
e =e1,1 + e2,2; the element ¥’ = ey 1 + €31 € R is another Rus-inverse for a and a
is a block-element with associated block-idempotent €' = e1 1 + €22 + €3 2.

Nevertheless, all block-idempotents agree when they are central. To prove that
fact we need the following technical lemma.

The following result is (¢)=-(a) of [7, Theorem 7.2].
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Lemma 2.14. Let R be a non-necessarily unital ring and let {e;}?_, be a set of
nonzero orthogonal idempotents, where one of the e; might be of the form 1—e € R
for an idempotent e € R, and suppose that there exists x; € R, i =1,...,n— 1,
with e1x1e9xs - en_1Tp_16n 7 0. Then R contains a nilpotent element of index
n.

Proof. The element a := E;:ll eiwie; 1 is nilpotent of index n. O

2.15. We say that a nilpotent element a € R of index n with von Neumann regular
a™ ! is block-maximal if one of its associated block-idempotents belongs to the
center of R, i.e., if there exists a Rus-inverse of a such that the idempotent built in

Theorem 2.6 is central.

Proposition 2.16. All central block-idempotents associated to a block-mazximal
element coincide.

Proof. Let a be a nilpotent element of R of index n such that ! is von Neumann
regular. Suppose that some block-idempotent e is in the center Z(R) of R. By
Theorem 2.6(e) eRe =2 M,,(S) for some unital ring S and ea = 22;11 ek+1k. Let
us prove that the ideal (a"~1) generated by a"~! equals eR: since a"~! = ea" ! =
(ea)"! = e,1, every €; ; = €; nen1€1,; € (") and therefore e € (a™!), hence
eR C (a"1). On the other hand, a® ! = ea”~! € eR, which implies, since eR is
an ideal (e € Z(R)), that (a®~!) C eR. Therefore, (a™~1) is a unital ring and e is
its unit element. Repeating the same argument with any other block-idempotent
e’ € Z(R) we also get that ¢'R = (a"71) and ¢’ is the unit element of the unital
ring {(a"~ 1), hence ¢’ = e. d

Corollary 2.17. Let R be a ring and let a € R be a nilpotent element of R of
mazximal index n such that a™~ 1 is von Neumann reqular. Then a is block-mazximal
and all its associated block-idempotents coincide.

Proof. By Theorem 2.6 there exists n orthogonal idempotents {e;}7_; such that
e =" 6, ea=ae € eRe = M,(e1Rey). Let us see that eR(1 —¢) = 0 =
(1 — e)Re. Suppose on the contrary that eR(1 —e) # 0, so there exists ey and
x € R with eg xz(1 — e) # 0 and the chain

€1,1€1,2€22 - €k—1,k—1 €h—1,k+1 Ck+1,k+1 " En,n En kek k(L —€) # 0
implies by Lemma 2.14 that there exists a nilpotent element of index n + 1, a
contradiction. Similarly (1 —e)Re = 0. Thus e € Z(R). We have shown that all
block-idempotents associated to a are central, so all of them coincide by Proposition
2.16. O

Some authors have studied semiprime rings of bounded index of nilpotency via
their complete right rings of quotients (see for example the works of Beidar and
Mikhalev [4] and Hannah [8]). We also mention the result of Armendariz [1, The-
orem 1], where he showed that a semiprime ring of maximal index n is a subdirect
product of prime rings of indexes < n.

In the following result we describe the structure of rings with an element a of
maximal index n and regular ¢”~!. With some extra conditions on the regularity
of the ring, we give more precise descriptions of coefficients of the involved rings of
matrices. Some of the items of this theorem have already appeared in the literature
(for example, (b) is [7, Lemma 7.17], and (e) is [7, Theorem 7.9] and is related to
a former theorem of Kaplansky, see [9, Theorem 2.3]).
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Theorem 2.18. Let R be a ring and let a € R be a nilpotent element of R of
mazimal index n such that a™~ ' is von Neumann reqular. Then

(a) Any Rus-inverse of a gives rise to the same (central) idempotent e and

R =eRe® (1 —e)R(1 —e). Moreover, eRe = M,(S) where S is a ring

without nonzero nilpotent elements.

If R is von Neumann regular, eRe =2 M,,(S) where S is abelian regular.

If R is indecomposable, R = M., (S) where S is a unital ring without nilpo-

tent elements.

(d) If R is prime, R =2 M, (S) where S is a unital domain.

(e) If R is indecomposable and von Neumann regular, R = M,,(A) where A is
a division Ting.

—
o
-~

oL

In any case, as soon as R is indecomposable, e =1 and a is a block-element.

Proof. By Theorem 2.6 there exist n orthogonal idempotents {e;}7_; such that if
e=>1" e, ea=ae€eRe > M,(e;Rey).

(a) By Corollary 2.17 there is only one (central) block-idempotent associated
toa and R = eRe @ (1 — e)R(1 — e). If there exists a nonzero nilpotent element
b € e1 Re; of index k, the element be; ; + Z?;ll €;.i+1 is nilpotent of index k+n—1,
a contradiction. Therefore S = ej Re; is a ring without nonzero nilpotent elements.

(b) If R is von Neumann regular, S = e; Re; is von Neumann regular without
nilpotent elements, and therefore it is abelian regular.

(c) As soon as R is indecomposable, (a) implies that e = 1.

(d) If R is prime, then it is indecomposable and e = 1. Moreover, S = e; Re; is
also prime. A prime ring without nilpotent elements is a domain.

(e) Since R is indecomposable and von Neumann regular, R = M,,(S) where S
is abelian regular. Let us see that S is a division ring: for any 0 # z € S there
exists y € S with zyz = z; then xy is a nonzero (central) idempotent of S, and
therefore Y ", (zy)e;; € R is a nonzero central idempotent of R. Thus zy = 1, i.e.,
S a division ring. |
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