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Permutation Representations and Automorphisms of Evolution Algebras
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Abstract. We prove that the natural permutation representation of highly
transitive finite groups cannot be realized as the full automorphism
group of an idempotent, finite-dimensional evolution algebra acting on
the set of lines spanned by its natural elements. Specifically, for any suf-
ficiently large integer n and k ≥ 4, there does not exist an idempotent
evolution algebra X of dimension n such that Aut(X) is isomorphic to a
proper k-transitive subgroup of Sn. Nevertheless, we show that for any
finite group G, any permutation representation ξ : G → Sn, and any field
k, there exists an idempotent, finite-dimensional evolution k-algebra X
such that Aut(X) ∼= G, and the induced representation of Aut(X) on
the natural idempotents of X is equivalent to ξ.
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1. Introduction

An n-dimensional evolution algebra X, defined over an arbitrary field k, is a
not necessarily associative and commutative algebra equipped with a natural
basis B = {b1, . . . , bn} that satisfies the key property: bibj = 0 whenever
i �= j. A notable feature of these algebras is that once the natural basis is
fixed, the products b2

i for i = 1, . . . , n are encoded in a matrix MB(X), known
as the structure matrix, that fully determines the structure of the evolution
algebra.

First introduced by Tian [23,24], evolution algebras serve as a frame-
work to model self-reproduction in non-Mendelian genetics, building upon
the concept of genetic algebras originally defined by Etherington [20]. Since
the publication of Tian’s seminal works, they have attracted considerable at-
tention, leading to significant progress in understanding their structure [3,5,
7,10,12] and, in their classification for low-dimensional cases [4,6,8,9,18,22].

A central result in the study of automorphism groups of evolution alge-
bras, with implications for their classification, is due to Elduque and Labra
[19]. They showed that for an n-dimensional idempotent evolution algebra X
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(i.e., X2 = X), there exists an exact sequence:

1 → D → Aut(X)
ρX−−→ Sn, (1)

where Aut(X) denotes the automorphism group of the algebra, Sn is the
symmetric group on n elements, and D is a finite abelian group related to
unity roots in k. Hence, a direct consequence of Eq. (1) is that for any finite-
dimensional idempotent evolution k-algebra X, Aut(X) is a finite group.

Conversely, it is known that any finite group is the automorphism group
of an idempotent evolution algebra. More precisely, for any finite group G, and
any field k, there exists a finite-dimensional idempotent evolution k-algebra
X such that Aut(X) ∼= G [14, Theorem 1.1]. This result was independently
proved when char(k) = 0 [22, Theorem 3.1]. Moreover, when the units of k
satisfy |k∗| ≥ 2|G|, then evolution algebra X can be chosen to be simple [16,
Theorem A].

In the light of Eq. (1) and the preceding result [14, Theorem 1.1], it is
natural to ask whether permutation representations of finite groups can be
realized within this framework, so we formulate the following problem:

Question 1.1. Let k be a field and let G be a finite group. For any permuta-
tion representation ξ : G → Sn with abelian kernel, does there exist a finite-
dimensional idempotent evolution k-algebra X such that Aut(X) ∼= G, and
the induced permutation representation ρX : Aut(X) → Sn in Eq. (1) is
equivalent to ξ?

Our first result shows that the answer to Question 1.1 may be nega-
tive. Specifically, a high transitivity of the subgroup ρX

(
Aut(X)

) ≤ Sn (see
Definition 3.1) imposes restrictions on the behavior of ρX :

Theorem A. Let k be a field and let X be an n-dimensional idempotent evo-
lution k-algebra.

(i) For n ≥ 3, if ρX

(
Aut(X)

) ≤ Sn is 2-transitive then ρX is faithful, that
is Aut(X) ∼= ρX

(
Aut(X)

)
.

(ii) For n ≥ 5, if ρ
(
Aut(X)

) ≤ Sn is 4-transitive then ρX is faithful and
full, that is ρX induces an isomorphism Aut(X) ∼= Sn.

In [22], it is claimed that n-dimensional idempotent evolution k-algebras
can be classified based on the isomorphism type of their automorphism group.
Our result contributes to this classification problem by providing the follow-
ing characterization, which complements [22, Theorem 3.2]:

Corollary B. Let k be a field and let G ≤ Sn be a k-transitive group, k ≥ 4.
Then, G is the automorphism group of an n-dimensional idempotent evolution
k-algebra if and only if G = Sn.

Permutation representations of the full automorphism group of a given
finite-dimensional idempotent evolution k-algebra X can be constructed in
ways other than described in Eq. (1). Specifically, let B̃X be the set of all
the idempotent natural elements of X (see Definition 2.7). Since Aut(X) acts
naturally on B̃X , it induces a permutation representation

ρ̃X : Aut(X) → Sm (2)
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where m = |B̃X |. Hence, similarly to Question 1.1, we raise the following
problem:

Question 1.2. Let k be a field and let G be a finite group. For any permutation
representation ξ : G → Sm, does there exist a finite-dimensional idempotent
evolution k-algebra X such that Aut(X) ∼= G, and the induced permutation
representation ρ̃X : Aut(X) → Sm in Eq. (2) is equivalent to ξ?

Unlike Question 1.1, we solve Question 1.2 affirmatively:

Theorem C. Let k be a field and G be a finite group. For any permutation
representation ξ : G → Sm, there exist infinitely many non-isomorphic finite-
dimensional idempotent evolution k-algebras X such that Aut(X) ∼= G, and
the induced permutation representation ρ̃X in Eq. (2) is equivalent to ξ.

Organization of this Paper

We start by giving an introduction to evolution algebras (Sect. 2) and multiply-
transitive groups (Sect. 3). In Sect. 4 we prove Theorem A and Corollary B.
The final section is dedicated to proving Theorem C, presented there as The-
orem 5.2.

2. Basics of Evolution Algebras

In this section we review the necessary background on evolution algebras
that is needed throughout this article. We refer to the monograph by Tian
[23] for a thorough description on evolution algebras. However, most of our
arguments are based on the results presented in [17,19].

All the algebras considered in this work will be defined over a field k
of arbitrary characteristic and have finite dimension. A k-algebra is simply a
vector space X endowed with a k-bilinear map (multiplication) X × X → X
given by (x, y) �→ xy.

Definition 2.1. An n-dimensional evolution algebra is a k-algebra X, provided
with a basis B = {b1, . . . , bn} satisfying bibj = 0 for any 1 ≤ i �= j ≤ n. Such
a basis is referred to as a natural basis.

Evolution algebras are non-associative and commutative [23, Corollary
1]. Although natural basis are not unique (see [17, Examples 2.4 and 2.5]),
once a natural basis is chosen, the squares of its elements fully determine the
structure of the algebra. This fact motivates the following definition:

Definition 2.2. Let X be an evolution k-algebra with natural basis B =
{b1, . . . , bn}. The structure matrix of X relative to B is defined as MB := (μij)
where b2

i =
∑n

j=1 μijbj , for i = 1, . . . , n. The coefficients μij ∈ k, i, j =
1, . . . , n, are referred to as structure constants.

It is worth noting that some authors adopt a different notation for the
structure constants, resulting in a structure matrix that is the transpose of
ours. We will focus on a particularly special class of evolution algebras:
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Definition 2.3. An evolution k-algebra X is idempotent (or regular, or per-
fect) if X2 = X.

A classical argument in linear algebra shows that an evolution algebra
is idempotent if and only if its structure matrix, with respect to any natural
basis, is invertible [17, Remark 4.2]. Idempotent evolution algebras are par-
ticularly convenient since they possess a unique natural basis, up to scaling
and reordering of its elements:

Theorem 2.4 ([17, Theorem 4.4]). Let X be an n-dimensional idempotent
evolution k-algebra and let B = {b1, . . . , bn} and B′ = {b′

1, . . . , b
′
n} be natural

bases of X. Then, there exist nonzero scalars λi ∈ k, and a permutation
σ ∈ Sn, such that for i = 1, . . . , n, b′

i = λibσ(i).

This leads to a characterization of the automorphisms of finite-dimensional
idempotent evolution algebras:

Corollary 2.5. Let X be an n-dimensional idempotent evolution k-algebra, let
B = {b1, . . . , bn} be a natural basis of X and ϕ ∈ Aut(X). Then, there exist
nonzero scalars λi ∈ k and a permutation σ ∈ Sn such that ϕ(bi) = λibσ(i),
i = 1, . . . , n.

Remark 2.6. If X is an idempotent evolution k-algebra with natural basis
B = {b1, . . . , bn}, Corollary 2.5 allows us to map each ϕ ∈ Aut(X) to a
permutation ρ(X,B)(ϕ) := σ ∈ Sn. This map is a group homomorphism and
corresponds to the permutation representation of Aut(X) in Eq. (1). Notice
that ρ(X,B) depends on the chosen natural basis B, but if B′ is a different basis,
there exists a permutation τ ∈ Sn such that ρ(X,B′)(ϕ) = τ−1 · ρ(X,B)(ϕ) · τ .
Therefore, the representations ρ(X,B) and ρ(X,B′) are equivalent (see [21, p.
35]) and we adopt the simplified notation ρX for the representation, ignoring
the choice of basis.

We now proceed to define the permutation representation ρ̃X in Eq. (2).
We first define natural elements in an evolution algebra.

Definition 2.7 ([2, Definitions 2.2]). Let X be an evolution k-algebra. A set
A = {x1, . . . , xr} ⊂ X is called an extending natural family if there exists
a natural basis B of X such that A ⊂ B. We say that x ∈ X is a natural
element if {x} is an extending natural family.

A very special example of an extending natural family is the set of all
idempotent natural elements in an idempotent evolution algebra:

Proposition 2.8. Let X be an n-dimensional idempotent evolution k-algebra.
The set of all idempotent natural elements in X, denoted B̃X , forms an ex-
tending natural family. Specifically, B̃X is a finite set with size m := |B̃X | ≤ n.

Proof. Let B′ = {b′
1, . . . , b

′
n} be a natural basis of X with structure constants

(μ′
ij). We focus on the elements of B′ that satisfy b′

i
2 = μ′

iib
′
i with μ′

ii �= 0.
After reordering, we can assume that the first m elements, b′

1, . . . , b
′
m, are the
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only ones in B′ that meet this condition. If no such elements exist, we set
m = 0. Let

bi =

{
(μ′

ii)
−1b′

i for i ≤ m,

b′
i for i > m.

This defines B = {b1, . . . , bn} as a natural basis of X with structure constants
(μij). For i ≤ m,

b2
i = (μ′

ii)
−2b′

i
2 = (μ′

ii)
−1b′

i = bi,

which shows that {b1, . . . , bm} ⊂ B̃X . Additionally, by construction, we have
that μii = 1, and μij = 0 for i �= j if and only if i ≤ m.

We conclude by proving that B̃X ⊂ {b1, . . . , bm}. Indeed, for any x ∈
B̃X , since x is a natural element, there exists a natural basis A such that
x ∈ A ⊂ X. By Theorem 2.4, there is a nonzero scalar λ0 ∈ k and an index
i0 ∈ {1, . . . , n} such that x = λ0bi0 . Since x = x2, we have:

λ0bi0 = (λ0bi0)
2 = λ2

0

n∑

j=1

μi0jbj .

Comparing coefficients, we find that μi0j = 0 for j �= i0 and μi0i0 �= 0. This
implies that i0 ≤ m, and μi0i0 = 1. Therefore, λ0 = 1, and consequently,
x = bi0 ∈ {b1, . . . , bm}. �

We can now describe the permutation representation ρ̃X from Eq. (2).
Let X be an n-dimensional idempotent evolution k-algebra, B̃X = {b1, . . . , bm}
the set of all idempotent natural elements in X, and B = {b1, . . . , bn} the
natural basis with B̃X ⊂ B, as described in the proof of Proposition 2.8.

We consider the permutation representation ρX : Aut(X) → Sn con-
structed in Remark 2.6, which appears in Eq. (1). Given ϕ ∈ Aut(X), note
that ϕ maps idempotent elements to idempotent elements. Thus, if i ≤ m

(so that bi ∈ B̃X and bi is idempotent), we have ϕ(bi) = bρX(ϕ)(i), where
ρX(ϕ)(i) ≤ m. This defines a new permutation representation

ρ̃X : Aut(X) → Sm,

induced by the action of Aut(X) on B̃X , which is given by

ρ̃X(ϕ)(i) = ρX(ϕ)(i) for i = 1, . . . ,m.

In other words, the permutation representation ρX : Aut(X) → Sn can be
decomposed as:

Aut(X) Sn

Sm × Sym({m + 1, . . . , n})ρ̃X⊕α

ρX

Remark 2.9. As in the case of the representation ρX (see Remark 2.6), the
definition of ρ̃X is unique only up to equivalence. Indeed, while the set B̃X

is unequivocally defined, and algebra morphisms necessarily chosen for the
elements in B̃X . Different orderings yield different representations, however
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these representations agree up to inner conjugation in Sm. In other words,
any two representations arising from different orderings of B̃X are equivalent.

3. Multiply-Transitive Groups

We compile essential results on transitive finite groups that will be applied
in the following sections. For a more in-depth treatment of this topic, the
reader is encouraged to consult [11, Chap. 1] and [21, Chap. 7].

Definition 3.1. Let n and k be positive integers. A permutation group P ≤ Sn

is k-transitive if for any two ordered sets of k distinct numbers (x1, . . . , xk)
and (y1, . . . , yk), 1 ≤ xi, yi ≤ n, there exists σ ∈ P such that σ(xi) = yi for
i = 1, . . . , k.

An abstract finite group G is called k-transitive if there exists a permu-
tation representation χ : G → Sn such that the permutation group χ(G) ≤ Sn

is k-transitive.

Remark 3.2. Observe that every finite abstract group G is 1-transitive, as
both its left and right regular representations define G as a 1-transitive per-
mutation subgroup of S|G| [11, pp. 7–8]. Consequently, it is natural to focus
on groups that are multiply transitive, that is, groups which are k-transitive
for some k ≥ 2. Moreover, note that if a finite abstract group G is k-transitive,
then it is also l-transitive for every l ≤ k.

From the Classification of Finite Simple Groups, the complete list of all
possible multiply-transitive groups is known [11, Theorem 4.11]. Below, we
recall the classification of 4-transitive groups:

Theorem 3.3. All the k-transitive groups, k ≥ 4 are:

(i) The symmetric group Sn is n-transitive.
(ii) The alternating group An ≤ Sn is (n − 2)-transitive.
(iii) The Mathieu groups Mn ≤ Sn, n = 11, 12, 23, 24, are 4-transitive for

n = 11, 23 and 5-transitive for n = 12, 24.

Lemma 3.4. Let P ≤ Sn be a 4-transitive permutation group. Then, for any
faithful permutation representation ψ : P → Sn, the image ψ(P ) ≤ Sn is also
a 4-transitive permutation group.

Proof. The result is straightforward for P = An and P = Sn, as in these
cases Sn contains only one conjugacy class of these subgroups. For the Math-
ieu groups, the claim follows from a case-by-case analysis of their possible
permutation representations, as described in the ATLAS of Finite Groups
Representations [1]. Specifically:

• For Mn with n = 11, 23, 24, there exists a unique copy of Mn ≤ Sn (up
to inner conjugation within Sn).

• For M12, there are two non-equivalent representations M12 ≤ S12, both
of which are 5-transitive. �
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4. Proof of Theorem A

To ease the readability of this section, we have structured it as a series of
lemmas, all of which share the assumptions stated in Theorem A. Through-
out the discussion, we work over a ground field k and consider an idempo-
tent n-dimensional evolution k-algebra X with a fixed natural basis B =
{b1, b2, . . . , bn}. The structure matrix associated to this basis is denoted by
MB = (μij)i,j=1,...,n.

As stated in Corollary 2.5 and Remark 2.6, for any automorphism ϕ ∈
Aut(X), there exist nonzero scalars λi ∈ k for i = 1, . . . , n, and a permutation
σ ∈ Sn such that ϕ(bi) = λibσ(i) for all i = 1, . . . , n. Consequently, one
can define the permutation representation ρX : Aut(X) → Sn by setting
σ = ρX(ϕ).

Now, since ϕ ∈ Aut(X) is an algebra morphism, the equality ϕ(b2
i ) =

ϕ(bi)2 holds for each i = 1, . . . , n. Expanding both sides, we obtain:

ϕ(b2
i ) = ϕ

⎛

⎝
∑

j

μijbj

⎞

⎠ =
∑

j

μijλjbσ(j),

ϕ(bi)2 = (λibσ(i))2 = λ2
i

∑

σ(j)

μσ(i)σ(j)bσ(j).

Comparing the coefficients of bσ(j), we deduce:

λjμij = λ2
i μσ(i)σ(j), for all i, j = 1, . . . , n. (3)

Conversely, given a permutation σ ∈ Sn and coefficients λi �= 0 for
i = 1, . . . , n, one can construct a linear automorphism of X that maps each
bi to λibσ(i). This linear map becomes an algebra automorphism if and only
if Eq. (3) is satisfied for all i, j = 1, . . . , n.

Now, in view of Eq. (3), one infers that the way all possible σ = ρX(ϕ) ∈
ρX

(
Aut(X)

)
act on pairs (i, j) for i, j = 1, . . . , n, i.e. the 2-transitivity of the

permutation group ρX

(
Aut(X)

)
, should impose specific regularity conditions

on the structure coefficients of X. This is formalized in the following result.

Lemma 4.1. Let ρX

(
Aut(X)

) ≤ Sn be a 2-transitive group. Then, either
μij = 0 for all i �= j, or μij �= 0 for all i �= j. Similarly if ρX

(
Aut(X)

)

is transitive, then either μii = 0 for all i ∈ {1, . . . , n}, or μii �= 0 for all
i ∈ {1, . . . , n}.
Proof. Let i �= j and k �= l be two arbitrary pairs of indices. By 2-transitivity,
there exists ϕ ∈ Aut(X) such that σ(i) = k and σ(j) = l, where σ = ρX(ϕ).
Using Eq. (3) for i, j, and noting that λi and λj are nonzero, it follows that
μij = 0 if and only if μkl = 0.

Similarly, if ρX

(
Aut(X)

)
is transitive, for any i and j, there exists

φ ∈ Aut(X) such that σ(i) = j where σ = ρX(φ). Applying Eq. (3) for i = j,
we deduce that μii = 0 if and only if μjj = 0. �

We can prove that ρX is faithful if ρX

(
Aut(X)

) ≤ Sn is transitive, and
if at least one diagonal structure coefficient, μii = (MB)ii, is nonzero for some
i ∈ {1, . . . , n}.
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Lemma 4.2. Let ρX

(
Aut(X)

) ≤ Sn be a transitive group, and suppose that
there exists k ∈ {1, . . . , n} such that μkk �= 0. Then, for any ϕ ∈ Aut(X), the
nonzero scalars λi associated to ϕ by Corollary 2.5 are uniquely determined
by σ = ρX(ϕ). Namely,

λi =
μii

μσ(i)σ(i)
,

for all i ∈ {1, . . . , n} and therefore ρX is faithful.

Proof. By Lemma 4.1, if μkk �= 0, for some k ∈ {1, . . . , n}, then μii �= 0 for all
i ∈ {1, . . . , n}. Then, by Eq. (3) with i = j and σ = ρX(ϕ) ∈ ρX

(
Aut(X)

)
, we

obtain that λ2
i =

μii

μσ(i)σ(i)
λi. Since λi �= 0 we can simplify to λi =

μii

μσ(i)σ(i)
.

�

Moreover, if ρX

(
Aut(X)

) ≤ Sn is 2-transitive, with n ≥ 3, we have the
following:

Lemma 4.3. Let n ≥ 3, and let J denote the set of triples of pairwise distinct
indices (i, j, k), where i, j, k ∈ {1, . . . , n}. Suppose that ρX

(
Aut(X)

) ≤ Sn

is a 2-transitive group and that μij �= 0 for some i �= j. Then, for any ϕ ∈
Aut(X), the nonzero scalars λi, associated to ϕ by Corollary 2.5, are uniquely
determined by σ = ρX(ϕ) and therefore ρX is faithful. More precisely, the
function

J × Sn
B−→ k∗

(i, j, k, σ) �→ μik

μσ(i)σ(k)

μσ(j)σ(k)

μjk

μji

μσ(j)σ(i)

is well defined, and if ϕ ∈ Aut(X) with σ = ρX(ϕ), then λi = B(i, j, k, σ)
for any (i, j, k) ∈ J .

Proof. First, notice that the map B is welldefined since, according to
Lemma 4.1, μij �= 0 for every i �= j. Now, we can repeatedly apply Eq.
(3), alternating the roles of i, j, and k (which are assumed to be distinct),
and dividing by the corresponding structure constants, to obtain:

λk =
μσ(j)σ(k)

μjk
λ2

j , (4)

λ2
j =

μji

μσ(j)σ(i)
λi, (5)

λk =
μσ(j)σ(k)

μjk

μji

μσ(j)σ(i)
λi by (4) and (5), (6)

λk =
μσ(i)σ(k)

μik
λ2

i , (7)

μσ(i)σ(k)

μik
λ2

i =
μσ(j)σ(k)

μjk

μji

μσ(j)σ(i)
λi, by (6) and (7), (8)
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hence, since λi �= 0, by (8), we finally obtain λi =
μik

μσ(i)σ(k)

μσ(j)σ(k)

μjk

μji

μσ(j)σ(i)
.

�

Remark 4.4. The injectivity of ρX , as established in both Lemmas 4.2 and 4.3,
can also be deduced using the arguments presented in [19]. Specifically,
[19, Theorems 2.7 and 3.2] identify the kernel of ρX with the group of
(2b(Γ(X,B)) −1)-roots of unity in k, where Γ(X,B) denotes the directed graph
associated with X (see [7, Sect. 2.3]), and b(Γ) denotes the balance of the di-
rected graph Γ (see [19, Sect. 2]). Now, if either μii �= 0 for every i ∈ {1, . . . , n}
(which follows from the hypothesis of Lemma 4.2, using Lemma 4.1) or n ≥ 3
and μij �= 0 for every pairwise different i, j ∈ {1, . . . , n} (which follows from
the hypothesis of Lemma 4.3), then b(Γ(X,B)) = 1 and the kernel of ρX is
trivial.

Remark 4.5. Lemmas 4.2 and 4.3 not only establish the injectivity of ρX ,
but also provide explicit formulas for determining ϕ ∈ Aut(X) in terms
of ρX(ϕ) and the structure coefficients of X. This contrasts with the more
indirect arguments presented in the previous remark. These formulas reveal
that ϕ can be determined locally by the interaction of three elements from
the natural bases and their images, rather than requiring a global analysis of
the entire algebra structure. Such a local approach proves to be useful in the
proof of Theorem A.

Now, we prove a slightly modified version of Theorem A(ii):

Theorem 4.6. Let X be an idempotent n-dimensional evolution k-algebra, and
let the structure matrix MB have a nonzero diagonal entry for some natural
basis B. If the group ρX

(
Aut(X)

) ≤ Sn is 2-transitive, then ρX

(
Aut(X)

)
=

Sn.

Proof. To prove that ρX

(
Aut(X)

)
= Sn, it suffices to show that for any

τ ∈ Sn, there exists an automorphism ϕ ∈ Aut(X) such that ρX(ϕ) = τ .
As we observed at the beginning of this section, this is equivalent to finding
nonzero scalars λτ

i that satisfy Eq. (3) for each pair i, j.
By hypothesis (MB)ii = μii �= 0, for some i ∈ {1, . . . , n}, if ϕ ∈ Aut(X)

exists such that ρX(ϕ) = τ , then applying Lemma 4.2, λτ
i = μii

μτ(i)τ(i)
�= 0

for all i ∈ {1, . . . , n}. It then remains to verify that these nonzero scalars λτ
i

satisfy Eq. (3) for each pair of distinct indices i, j.
Let i, j ∈ {1, . . . , n} be distinct indices. Since ρX

(
Aut(X)

) ≤ Sn is
2-transitive, there exists φ ∈ Aut(X) such that ρX(φ) = σ ∈ Sn, with σ(i) =
τ(i) and σ(j) = τ(j). Now, let φ ∈ Aut(X) be such that ρX(φ) = σ with
coefficients λσ

k , k ∈ {1, . . . , n}. By Lemma 4.2, we have that λτ
i = λσ

i and
λτ

j = λσ
j . Therefore, we obtain the following equalities:

λτ
j μij = λσ

j μij = (λσ
i )2μσ(i)σ(j) = (λτ

i )2μτ(i)τ(j),

where the second equality follows from the fact that φ ∈ Aut(X). Thus,
the nonzero scalars λτ

i satisfy Eq. (3), and they define an automorphism
ϕ ∈ Aut(X) such that τ = ρX(ϕ) ∈ ρX

(
Aut(X)

)
. �
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We now have all the necessary ingredients to prove our main theorem:

Proof of Theorem A. Observe that Theorem A(i) is essentially a corollary of
Lemmas 4.2 and 4.3. We now turn our attention to proving Theorem A(ii).

Recall from Lemma 4.1 that either μij = 0 for all i �= j, or μij �= 0 for
all i �= j. Similarly, either μii = 0 for all i ∈ {1, . . . , n}, or μii �= 0 for all i.
If μii �= 0 for every i, then Theorem A(ii) follows directly from Theorem 4.6.
Thus, we can assume that μij �= 0 for i �= j. Additionally, since Sn has no
proper 4-transitive subgroups when n < 5, we further assume that n ≥ 5.

We now proceed with an argument similar to that in the proof of The-
orem 4.6: given τ ∈ Sn, we construct ϕ ∈ Aut(X) such that ρX(ϕ) = τ , by
selecting nonzero scalars λτ

i that satisfy Eq. (3), and defining ϕ(bi) = λτ
i bτ(i).

By Lemma 4.3, for ϕ to be an automorphism, the scalars must be of
the form λτ

i = B(i, j, k, τ) �= 0 for some i �= j �= k �= i. Moreover, they
must be independent of the specific choices of j and k: we select j′ /∈ {i, j, k}
and show that B(i, j, k, τ) = B(i, j′, k, τ). Indeed, since ρX

(
Aut(X)

) ≤ Sn

is 4-transitive, there exists φ ∈ Aut(X) such that σ = ρX(φ) agrees with τ
on the set {i, j, j′, k}. Therefore, we have the following equalities:

B(i, j, k, τ) = B(i, j, k, σ), because τ(i, j, k) = σ(i, j, k),

B(i, j, k, σ) = B(i, j′, k, σ), becauseσis induced by an automorphism ofX,

B(i, j′, k, σ) = B(i, j′, k, τ), because τ(i, j′, k) = σ(i, j′, k).

By combining all three equations, we obtain that B(i, j, k, τ) = B(i, j′, k, τ).
The argument showing that the definition of the scalars λτ

i is independent of
k follows similarly.

To complete the proof, it only remains to check Eq. (3) for the scalars
λτ

i to obtain that ϕ ∈ Aut(X). Given i, j ∈ {1, . . . , n} (which may be equal),
we select two additional auxiliary indices k �= l ∈ {1, . . . , n}, distinct from i
and j. We then proceed as in the previous paragraph: we choose φ ∈ Aut(X)
such that σ = ρX(φ) agrees with τ when restricted to the set {i, j, k, l}. Let
λσ

i denote the nonzero scalars associated to φ by Corollary 2.5, then we have:

λτ
j μij = B(j, k, l, τ)μij = B(j, k, l, σ)μij

= λσ
j μij , because τ(j, k, l) = σ(j, k, l),

λσ
j μij = (λσ

i )2μσ(i)σ(j), because σ = ρX(φ),

(λσ
i )2μσ(i)σ(j) = B(i, k, l, σ)2μσ(i)σ(j)

= B(i, k, l, τ)2μτ(i)τ(j)

= (λτ
i )2μτ(i)τ(j), because τ(j, k, l) = σ(j, k, l).

By combining these equations, we obtain

λτ
j μij = (λτ

i )2μτ(i)τ(j),

which is precisely Eq. (3) for i, j, and τ . Repeating this argument for all pairs
i, j, we conclude that ϕ ∈ Aut(X), thus completing the proof. �

We finish this section proving Corollary B:
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Proof of Corollary B. Let G ≤ Sn be a k-transitive group with k ≥ 4, and
assume Aut(X) ∼= G. Recall that the kernel of the permutation representation
Aut(X)

ρX−−→ Sn is a normal abelian subgroup [19, Theorem 3.2]. However, by
the classification in Theorem 3.3, G has no proper abelian normal subgroups.
Hence, ρX must be injective. Therefore, ρX(Aut(X)) ≤ Sn and by Lemma
3.4, it follows that ρX(Aut(X)) ≤ Sn is k-transitive. Applying Theorem A,
we conclude that Aut(X) ∼= Sn. �
Remark 4.7. Corollary B shows that there is no n-dimensional idempotent
evolution k-algebra X, with k any field, such that Aut(X) ∼= An for n ≥ 6 or
Aut(X) ∼= Mn for n = 11, 12, 23, 14. In particular, the standard permutation
representation An ↪→ Sn for n ≥ 6 and Mn ↪→ Sn for n = 11, 12, 23, 14
cannot be realized as ρX for any X over any ground field k. This illustrates
that the answer to Question 1.1 is negative for some representations.

5. Actions on Idempotents

We have observed (see Remark 4.7) that certain permutation representations
cannot be realized as ρX for any idempotent evolution algebra X, indicating
that the answer to Question 1.1 is negative in some cases. However, in this
section, we show that the scenario changes completely when considering the
permutation representation ρ̃X . Specifically, we establish a positive answer
to Question 1.2 by proving Theorem C.

To that purpose, we build upon the ideas in [14] and construct idempo-
tent evolution algebras from finite simple graphs. We begin by recalling [13,
Theorem 2.1], a refinement of [15, Theorem 3.1], which shows that permuta-
tion representations can be realized in the context of graphs:

Theorem 5.1 [13, Theorem 2.1]. Let G be a finite group, V be a finite non-
empty set and ξ : G → Sym(V ) a permutation representation of G on V .
Then, there are infinitely many non-isomorphic (simple, undirected) finite
connected graphs G such that:

(i) V ⊂ V (G) and V is Aut(G)-invariant.
(ii) Every vertex in G has degree at least 2.
(iii) Aut(G) ∼= G;
(iv) the restriction G ∼= Aut(G) → Sym(V ) is precisely ξ.

To clarify how we use Theorem 5.1, we restate Theorem C as follows:

Theorem 5.2. Let k be a field, G a finite group, V a finite non-empty set,
and ξ : G → Sym(V ) a permutation representation of G on V . There exists
an idempotent evolution k-algebra X with a natural basis B such that:
(1) The elements of B̃X , the set of natural idempotent elements of X, are

indexed by elements of V, hence we may identify B̃X
∼= V . Recall that

B̃X is Aut(X)-invariant.
1. Aut(X) ∼= G.

(2) The permutation representation ρ̃X : G ∼= Aut(X) → Sym(B̃X) ∼=
Sym(V ) is precisely ξ.
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Proof. We apply Theorem 5.1 to first obtain a graph G from which we can
explicitly derive an evolution algebra with the desired properties, following a
procedure similar to the one outlined in [14].

Let G be the given graph, with vertices labeled V (G) = {v1, . . . , vn} in
such a way that V = {v1, . . . , vr} ⊂ V (G). We now define the algebra X by
giving a natural basis B = {bvi

: vi ∈ V (G)} ∪ {bej
: ej ∈ E(G)} and the

squares of its elements:

• b2
vi

= bvi
, for vi ∈ V ;

• b2
vi

= bvi
+

∑

w∈V

bw, for vi ∈ V (G) \ V ;

• b2
ei

= bei
+ bva

+ bvb
, for ei ∈ E(G) and ei = {va, vb}.

With this definition, we identify a vertex v ∈ with bv, so that V ≡ B̃X =
b ∈ B : b2 = b as shown in (1). Next we analyze the group Aut(X) to check
that (2) and (3) are also satisfied. First, note that by ordering B as de-
fined earlier, the coefficient matrix MB becomes upper-triangular with ones
along the diagonal. This ensures that MB is invertible, implying that X is an
idempotent evolution algebra. Then, by Corollary 2.5, we know that any au-
tomorphism of X permutes the elements of B up to multiplication by nonzero
scalars.

Since the number of nonzero coefficients, in each row of the coefficients
matrix, is invariant under automorphisms, in the case where r �= 2, we deduce
that for any ϕ ∈ Aut(X), the following holds: for any v ∈ V , ϕ(bv) ∈ k∗bw

for some w ∈ V ; for any u ∈ V (G)\V , ϕ(bu) ∈ k∗bw for some w ∈ V (G)\V ;
and for any e ∈ E(G), ϕ(be) ∈ k∗be′ for some e′ ∈ E(G).

In the case where r = 2, this argument fails, as it could be that for some
v ∈ V (G)\V , ϕ(bv) ∈ k∗be with e = {u,w}. However, we can rule this out
as follows. Since each vertex of G has degree at least 2, there exists an edge
f = {v, v′}. Then, we have

ϕ(bf )2 = ϕ(b2
f ) = ϕ(bf+bv+bv′) = ϕ(bf )+ϕ(bv)+ϕ(bv′) = ϕ(bf )+λbe+ϕ(bv′)

for some λ �= 0. By Corollary 2.5, ϕ(bf ) is a scalar multiple of a basis element.
According to the structure constants, the square of this basis element can
only have a nonzero be component if ϕ(bf ) = μbe for some μ �= 0. This is
a contradiction, as it would imply that ϕ is not injective. Similarly, ϕ(bv′)
cannot contribute to the be component. Therefore, even in the case r = 2,
the same conclusion holds as in the previous paragraph.

We deduce that there exists a permutation σ ∈ Sym(V (G)) that pre-
serves V such that ϕ(bv) ∈ k∗bσ(v) for vertices, and a permutation of the
edges that we also denote σ such that ϕ(be) ∈ k∗bσ(e) for edges. For this au-
tomorphism ϕ, we obtain scalars λv, λe ∈ k∗ for each v ∈ V (G) and e ∈ E(G),
such that ϕ(bv) = λvbσ(v) and ϕ(be) = λebσ(e).

Now, for v ∈ V , we have:

λvbσ(v) = ϕ(bv) = ϕ(b2
v) = ϕ(bv)2 = λ2

vb
2
σ(v) = λ2

vbσ(v).

Thus, λv = 1.
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Next, for v ∈ V (G) \ V , we consider:

ϕ(b2
v) = ϕ(bv +

∑

w∈V

bw) = λvbσ(v) +
∑

w∈V

λwbσ(w) = λvbσ(v) +
∑

w∈V

bw,

and

ϕ(bv)2 = (λvbv)2 = λ2
v

(

bσ(v) +
∑

w∈V

bw

)

.

Thus, λv = 1 for all v ∈ V (G).
Now, let e ∈ E(G), with e = {v, w} and σ(e) = {v′, w′}. We have

ϕ(b2
e) = ϕ(be + bv + bw) = λebσ(e) + λvbσ(v) + λwbσ(w),

and
ϕ(be)2 = (λebe)2 = λ2

e(bσ(e) + bv′ + bw′).

Therefore, λe = 1 and {v′, w′} = {σ(v), σ(w)}. This shows that the permu-
tation σ on the vertices is a graph isomorphism, while the permutation on
the edges is the induced one.

With this, we have proved that an automorphism of X induces an au-
tomorphism of G.

The converse is also true: consider an automorphism of G, which can be
described by a permutation σ of the vertices, inducing a permutation of the
edges (denoted by the same name) such that σ({v, w}) = {σ(v), σ(w)}. We
define an automorphism ϕ ∈ Aut(X) on the natural basis by setting ϕ(bv) =
bσ(v) for v ∈ V (G) and ϕ(be) = bσ(e) for e ∈ E(G). To verify that this is an
automorphism, we check that it preserves the squares of the basis elements.
Indeed, for v ∈ V , we have that σ(v) ∈ V , so ϕ(b2

v) = ϕ(bv) = bσ(v) = (bσ(v))2.
Now, for v ∈ V (G) \ V , we have that ϕ(b2

v) = ϕ(bv +
∑

w∈V bw) = bσ(v) +∑
w∈V bσ(w) = bσ(v) +

∑
w∈V bw = (bσ(v))2 using the fact that σ permutes V .

Finally, for e = {u, v} ∈ E(G), we have that ϕ(b2
e) = ϕ(be + bu + bv) = bσ(e) +

bσ(u) + bσ(v) = (bσ(e))2, since σ is a graph automorphism. Thus, ϕ ∈ Aut(X).
The maps we have constructed between Aut(X) and Aut(G) are clearly

mutual inverses and respect composition. Therefore, we conclude that Aut(X)
∼= Aut(G) as groups. Moreover, the restriction of the action to V commutes
with this isomorphism, thus completing the proof of the theorem. �
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