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Resumen

En esta tesis se abordan cuatro problemas diferentes relacionados con el analisis numérico
de sistemas de ecuaciones en derivadas parciales hiperbdlicos no lineales. Estos problemas
estan relacionados con algunas de las lineas de investigacion del grupo EDANYA y, mas
concretamente, con la resolucion numérica de modelos matematicos de la mecénica de
fluidos en aplicaciones relacionadas con los flujos de aguas someras y la dinamica de
gases en el contexto de la mecanica clasica o relativista. A continuacién se enumeran los
problemas abordados en orden cronolégico.

El primer problema que se aborda es el estudio del problema de Riemann para las
ecuaciones de aguas someras sobre un fondo con forma de escalén, en el caso particular en
el que solo hay agua a un lado del escalén. De esta forma completamos el estudio realizado
por LeFloch and Thanh en [112]. El andlisis de estas situaciones de frentes secos-mojados
es importantes a la hora de disenar esquemas numéricos que traten bien los fenémenos
de inundaciéon. En el estudio de este problema surgen dos importantes dificultades. Por
un lado, el término fuente que aparece en las ecuaciones es un producto no conservativo,
con lo que no existe una unica forma de definir las soluciones débiles del problema. En
nuestro caso seguiremos la teoria de Dal Maso, LeFloch y Murat [57] para definirlas a
partir de una familia de caminos. Por otra parte, aparecen casos resonantes (es decir, un
autovalor de la matriz Jacobiana se anula) que implican que, una vez elegida la definicién
de solucién débil, no haya unicidad de solucién. Este estudio tedrico se complementa con
ensayos numéricos en los que se estudia el comportamiento de diferentes esquemas.

La siguiente cuestion que se aborda es la implementacion eficiente de métodos numéricos
basados en resolvedores de Riemann aproximados y, en particular, del método de Roe
que se basa en la resoluciéon de problemas de Riemann linealizados en las interceldas. El
interés practico de este capitulo reside sobre todo en la resolucion numeérica de sistemas de
gran tamano, como es el caso de los modelos de aguas someras multicapas [44] o basados
en momentos [98]. Esta nueva propuesta de implementacién se basa en la relacién estrecha
que hay entre este tipo de métodos y los Polynomial Viscosity Matrix (PVM) basados en
la eleccién de un polinomio que interpola la funcién valor absoluto, asi como en la forma
de Newton de dicho polinomio.



xiv Resumen

El siguiente objetivo es hacer un estudio sistematico del comportamiento asintético
de las soluciones de las ecuaciones de Burgers y Euler relativistas basados en la métrica
de Schwarzchild, usando métodos numéricos . Dicha métrica es una solucién exacta de
las ecuaciones de Einstein del campo gravitatorio que describe el campo generado por
una estrella o una masa esférica. En estos sistemas las soluciones estacionarias y las
evoluciones de sus perturbaciones juegan un papel fundamental en la comprensién de
dicho comportamiento. Por tanto, es imprescindible el uso de métodos well-balanced, es
decir, métodos capaces de preservar este tipo de soluciones. Aplicaremos el marco general
descrito en [47] para desarrollar métodos well-balanced de orden hasta 3 para el modelo
de Burgers-Schwarzschild y 2 para el modelo de Euler-Schwarzschild. Compararemos los
resultados obtenidos entre estos métodos y los estandar y pondremos de manifiesto la
importancia de la propiedad well-balanced.

Es sabido que, en el caso de sistemas con productos no conservativos, la consistencia,
la estabilidad y el control de la entropia no son suficientes para asegurar la convergencia
de las aproximaciones numeéricas a soluciones débiles admisibles: es necesario, ademas,
controlar los fenomenos de pequena escala tales como la viscosidad numérica que afectan
a la posicién y amplitud de las ondas de choque (ver [109]). En [51] Chalons presenté
una técnica basada en reconstrucciones discontinuas en las celdas que le permitié disenar
métodos de primer orden que capturaban bien las soluciones con choques aislados. El
ultimo problema que se plantea en la tesis es la extension a segundo orden de esta técnica
usando el formalismo de los métodos path-conservative introducidos en [132], lo que
sienta las bases para su extension a érdenes mayores. Enunciaremos y probaremos que la
extension a segundo orden mantiene la propiedad de capturar bien los choques aislados y
lo comprobaremos a través de distintos tests numdéricos.

Finalmente se presentan las principales contribuciones de esta tesis y las posibles lineas
futuras de trabajo.



Introduccion

La Mecanica de Fluidos Computacional constituye hoy en dia una de las herramientas
matematicas mas importantes en la simulaciéon de diversos fenémenos que ocurren a
nuestro alrededor. Su objetivo es simular la evolucién de los fluidos mediante la resolucion
numérica de sistemas de ecuaciones en derivadas parciales (EDPs) que gobiernan su
comportamiento. El problema de estos sistemas es que en la mayor parte de los casos no es
posible resolverlos de forma exacta, de ahi la necesidad de usar métodos numéricos. A través
de estos métodos numéricos obtendremos simulaciones que nos permitiran comprender,
predecir y controlar la evolucion de los flujos de fluidos. Este tipo de herramientas tiene
aplicaciones en distintos campos de estudio tales como la oceanografia, meteorologia,
climatologia, ingenieria hidraulica, aeronautica, biologia, etc. El desarrollo de métodos
numeéricos adecuados requiere un conocimiento profundo de la naturaleza fisica de los
flujos a simular y de las propiedades matematicas de los sistemas a resolver.

En mecanica de fluidos una de las ecuaciones en derivadas parciales mas generales
que rigen el movimiento de los fluidos son las conocidas ecuaciones de Navier-Stokes (ver
[151]). Estas ccuaciones expresan la conservacion de la masa, la cantidad de movimiento y
la energia, junto con una ecuacién de estado que relaciona la presion, energia y densidad.
A través de ciertas hipdtesis sobre los fluidos a considerar que simplifican estas ecuaciones
generales es posible llegar a otros modelos como, por ejemplo, las ecuaciones de aguas
poco profundas o shallow water. En su version unidimensional, estas ecuaciones fueron
deducidas por Jean Claude Barré de Saint-Venant en 1843 de ahi que a veces se las llamen
ecuaciones de Saint-Venant. Estas ecuaciones describen el movimiento de una capa de
fluido con poco espesor. En el caso del modelo unidimensional, estas ecuaciones se obtienen
de las de Navier-Stokes a partir de una serie de hipotesis:

e Se supone que el agua es homogénea e incompresible.

e La presion es hidrostatica, es decir, la presion aumenta con la profundidad, siendo
igual a la del aire en la superficie del fluido.

e La unica fuerza interna que actiia en el fluido es la presién (se desprecian los efectos
Viscosos).
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e Tanto el fondo sobre el que evoluciona el agua como su superficie libre pueden ser
representados mediante la grafica de una funcién. Es mas, dichas funciones solo
dependen de una de las variables horizontales, z, y del tiempo ¢ (en el caso de la
superficie libre).

e Se supone que la velocidad del fluido solo depende de x y de t. Ademas, las
desviaciones de su componente horizontal con respecto a su promedio vertical se
suponen despreciables.

A partir de estas hipdtesis y mediante un proceso de integracién vertical se obtienen las
ecuaciones de la conservacién de la masa y la cantidad de movimiento que son:

Oh + 0, (hu) = 0,
O (hu) + 0, <hu2 + g—f) = —ghd,a, (L. 1)
Owa =0,
donde:

e h=h(x,t) >0 es el grosor de la capa agua;

e u = u(z,t) es la velocidad horizontal promediada en la direccién vertical;

e g es la intensidad del campo gravitatorio;

e a = a(x) es la profundidad del fondo dado desde un nivel de referencia.

Este sistema lo podemos escribir de la siguiente forma:

U+ F(U): = S(U)ax,

donde:
h h“m 0
U=\ tu |, FO)=| n2+22 |, sw)y=| —gh
a 2 0
0

En esta tesis consideraremos los siguientes tres tipos de EDPs:

o Sistemas de leyes de conservacion:

U+ FU), =0, (L. 2)

e Sistemas de leyes de equilibrio:

U, + F(U), = S(U)o, (L 3)
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e Sistemas con productos no conservativos:

Ui+ F(U), + BU)U, = S(U)o,, (L 4)

donde las incégnitas U(z,t) = (uy(x,t), ..., un(x,t))T toma valores en un conjunto abierto
y convexo ) de RY, F funcién regular de Q a RY, B es una funcién matricial regular de €
a Mpy,n(R), S es una funcién de Q a RY y o(x) una funcién conocida de R a R. Como
hemos visto, las ecuaciones de aguas someras con topografia son un sistema de leyes de
equilibrio que se considerara en el Capitulo 2. Algunos ejemplos de sistemas con productos
no conservativos que veremos a lo largo de la tesis son:

e El modelo bicapa de aguas someras sin topografia (ver [44], [74]), que puede ser
escrito en la forma (I. 4) con:

a1
f 4 - 1gh2
U = a1 F(U) — hl 2 !
ha ’ ) qz ’
q2 s 1o,
==+ —gh
I + 592
0O 0 0 0
0 0 ghy O
BU)=| o o 901 o | sw=o.
grhy 0 0 O

siendo r = p1/ps, donde:

— h; = hi(z,t) > 0 es el grosor de la i-ésima capa.

— qi = qi(z,t) = hi(z, t)u;(z,t) es el caudal de la i-ésima capa, donde wu;(z,t) es
la velocidad horizontal promediada en la direccion vertical.

— g es la intensidad del campo gravitatorio.

— p; es la densidad constante de la i-ésima capa.
Este sistema seréd considerado en el Capitulo 3.

e El sistema relativista de Burgers en el contexto de Schwarzschild (ver [114]), que
puede ser escrito en la forma (I. 4) con:




xviii Introduccién

donde r > 2M,v = (t,r) € [—1,1], siendo r la distancia al agujero negro, v la
velocidad normalizada del flujo y M > 0 el coeficiente que representa la masa del
agujero negro. Estudiaremos este sistema en el Capitulo 4.

e El sistema relativista de Euler en el contexto de Schwarzschild, que puede ser escrito
en la forma (I. 4) con:

1+ k22 . 2MN\ 1+ k2
U= V' | =] 1+F ., F@U)= L 2M v+ k|,
v _ 2
r 1—v2p r 1—U2p
r 0
2 2MN\ 1+ k2
Rl O il
T r 1 — 2
B(U)=0, SU)=| —2r+5Mv*+k? M1+ k*? r—2M , ,
p— 5 Pt+2 kp
r2 1 — 2 r2 1 —? r2
0
o(r)=r,
donde
2 Vviy2
Lok 0 () Vi -
V= 2k T RaER)

siendo p la densidad del fluido, v(¢,r) € (—1,1) la velocidad normalizada, M > 0 el
coeficiente que representa la masa del agujero negro, k € (—1,1) denota la constante

de la velocidad del sonido y con r > 2M. Estudiaremos este modelo en el Capitulo
4.

e El sistema de Burgers acoplado (ver [44]), que tiene la forma (I. 4) con:

u?
2

U:(ﬁ),pr: 2

v
2

B(U)z(S g) S(U) =0,

donde U = (u,v)" € {U € R?|u+wv > 0}. Este sistema serd estudiado en el Capitulo
d.
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e El sistema de aguas someras modificado introducido en [42], que tiene la forma (I. 4)

con:
q

u
U= ,FU: )
(1), rw ’
h

B@m:<£L8),S@mEQ

donde U = (u,v)T € {U € R} 0<gq, 0 < h < (16¢)"/3}. Estudiaremos este
modelo en el Capitulo 5.

Podemos englobar estos tres tipos de ecuaciones en la forma

W, + A(W)W, =0, (L 5)

W:(Z)jAqu(mm+BW)|—ﬂm>7

donde

0 0

con A(U) = JF(U), siendo JF(U) la matriz jacobiana de F. La particularidad de este
tipo de ecuaciones es que pueden no tener una solucién cléasica, es decir, una funciéon
diferenciable con derivadas parciales continuas, que cumple el sistema de ecuaciones y las
condiciones iniciales impuestas, incluso partiendo de condiciones iniciales muy regulares.
Por tanto, la definicion de solucién debe extenderse al concepto méas general de solucion
débil que se vera en el Capitulo 1. Este concepto nos permite considerar soluciones
discontinuas que son consistentes con la fisica del problema y que corresponden con
fenémenos que aparecen en la naturaleza como son los saltos hidraulicos o los frentes en el
caso del modelo de aguas poco profundas o las ondas de choque en los gases. En general,
dado un dato inicial no hay unicidad de solucién, de ahi que sea necesario introducir un
criterio que nos permita seleccionar las soluciones consistentes con la fisica del problema.
Esta discriminacién nos la dara el concepto de entropia que se verd también en el Capitulo 1.

Como dijimos, en la mayor parte de los casos, la complejidad del problema hace que
no sea posible resolver el problema de forma exacta, de ahi que tengamos que valernos de
métodos numeéricos que nos den soluciones razonablemente buenas. Estos incluyen, entre
otros, los métodos de diferencias finitas, elementos finitos y volimenes finitos. En esta
tesis nos centraremos en estos ultimos. En el caso de las leyes de conservacion, desde los
anos 80 el avance en estos métodos numéricos ha sido muy grande gracias a los trabajos
de von Neumann, Courant, Friedrichs, Lax, Wendroff, Godunov, van Leer, Harten, Roe,
Osher, Colella, Yee, Oleinik, entre otros tantos (ver [154], [153], [115], [116], [85]).

Un caso particular de soluciones son aquellas que no dependen del tiempo y que se
denominan soluciones estacionarias. En el caso de sistemas de leyes de equilibrio (I. 3),
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las soluciones estacionarias satisfacen el sistema de Ecuaciones Diferenciales Ordinarias
(EDO)
F{U),=S(U)o,. (I. 6)

En muchos casos los flujos a simular se generan por una perturbacion de una soluciéon
estacionaria (como es el caso de los tsunamis), por eso es importante que los métodos
numeéricos capturen bien las soluciones estacionarias para, de esta forma, hacer una
buena simulacién de dicha perturbacion. En el contexto de las ecuaciones de aguas
someras, Bermuidez y Vazquez-Cendén [13] introdujeron la propiedad que llamaron
C-property: un método numérico la posee si resuelve con exactitud las soluciones
estacionarias que representan el agua en reposo, quizas las soluciones estacionarias
mas intuitivas de este sistema. Esta idea de construir esquemas que preservan
ciertos equilibrios o soluciones estacionarias, que se llaman en general esquemas well-
balanced o bien equilibrados, ha sido un campo muy activo en los 1ltimos anos:
[5, 12, 28, 34, 32, 131, 50, 145, 43, 47, 123, 122, 61, 60, 80, 79]. Se dard un pequeno
repaso de esta parte en el Capitulo 1.

Por otro lado, en el caso de los sistemas no conservativos de la forma (I. 4) aparecen
importantes dificultades desde el punto de vista analitico y numérico cuando B # 0 y no
es el jacobiano de ninguna funcién o cuando S # 0 y ¢ es discontinuo. En estos casos, no
es posible definir los términos B(U)U,, S(U)o, en el sentido de las distribuciones cuando
U es discontinuo. Se habla entonces de productos no conservativos. Se han desarrollado
diferentes teorias que permiten dar un sentido matematico preciso a estos productos no
conservativos, como las que se describen en [163] y [49]. En esta tesis nos centraremos
en la teoria que desarrollaron Dal Maso, LeFloch y Murat [57] que nos permite definir
una solucién débil como una funcién que satistace (I. 5) en el sentido de las medidas
de Borel. Esta definicién estda basada en una familia de caminos Lipschitz-continua
O [0,1] x 2 x Q — Q que satisface una serie de propiedades de regularidad y consistencia.
En particular,

(0,0, U,) = U, ®(1,U,U,) =U,, YU, U,) € QxQ,

O UU)=U, YEel0,1], VU e,

. Uno de los problemas con los que nos encontramos es que este concepto de solucién débil
depende de la eleccién de la familia de caminos. Una de las preguntas que surgen es cual
es la eleccién correcta. Supongamos el caso en que el sistema hiperbdlico es el limite de un
sistema parabdlico

Wi+ AW)YWE = e(R(WOWE),, (I. 7)

cuando el coeficiente viscoso € — 0, siendo R(W) cualquier matriz definida positiva.
Entonces la familia de caminos escogida debe estar relacionada con los perfiles viscosos:
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una funcion V' que conecta dos estados W; y W, se dice que es un perfil viscoso para el
sistema (1. 7) si satisface

lim V(x)=W, lim V(x)=W7", lim V'(x) =0, (I. 8)

X——00 X—+00 x—Eoo

y existe o € R tal que la onda viajera

We(z,t) =V <T_E”f) (1. 9)

es una solucién de (I. 7) para todo €. Se puede probar que, para que V sea un perfil
viscoso, V' tiene que ser solucion del sistema

oV AV)V = (R(V) V'Y, (1. 10)

verificando las condiciones de contorno (I. 8). En caso de existir un perfil viscoso que
una a W; con W,., la buena eleccién del camino que conecta estos estados serd, tras una
reparametrizacion, el propio perfil viscoso V.

En términos numéricos nos centraremos, como se ha mencionado antes, en el diseno
de métodos de volumenes finitos, y mas en concreto en los llamados métodos path-
conservative o camino-conservativos. Estos métodos introducidos por Parés [132], basados
en la definicién de solucién débil desarrollada por Dal Maso, LeFloch y Murat, permiten
generalizar los métodos conservativos que se usan para resolver sistemas de leyes de
conservacion (I. 2). De este modo se generalizan métodos conocidos como los de Godunov
[86] v Roe [140] a sistemas de la forma (I. 4). Una vez elegida la familia de caminos ®,
estos métodos tienen la forma:

Wit =y - E(D;——I/Q + Di+1/2)’ (I 11)

donde se ha usado la siguiente notacion:

e Az y At son los pasos de discretizacién del dominio espacial y temporal
respectivamente. Se suponen constantes por simplicidad.

o [, = [x-_ 1,01 } son las celdas en las que se divide el dominio espacial, cuyo tamano
2 2
es Arx.

o t,=nAt,n=0,1....

o W es la aproximacion de la media de la solucién exacta en la i-ésima celda en el
tiempo t,, es decir,
P

b Ar
7

W(x,t,)dz. (I. 12)

[N
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e Finalmente,

rDi

i+1/2

=D (W, Why),
donde D~ y Dt dos funciones Lipschitz-continuas de € x Q a Q que satisfacen

DEW, W) =0, VW €Q, (I. 13)

1
D‘(I/I/I,WT)+D+(W17WT):/ A((I)(s;M/I,WT))aa—f(s;Wl,WT)ds, (I. 14)
0

para cada par W;, W, € Q.

Veremos como obtener métodos de alto orden a través de operadores de reconstruccién
de estados. Para ello, siguiendo [132], se usard una forma semi-discreta de los métodos
path-conservative:

A(Pf(m))%ﬁ”f(m) dz |, (I. 15)

1 _ Ti+d
W(t)=—— D Dt

.1
-3

donde Pi(z) es la aproximacion suave de la solucién en la i-ésima celda dada por un
operador de reconstruccion de alto orden aplicado sobre la secuencia de valores en las
celdas {W;(t)} y

Dz‘iﬂ/z (W111/2<t>7 Wz‘i1/2<t>)a

donde W, ,(t) = Pfj(:z;jJr%) y Wiiipt) = Pf+l(ibi+%) (ver [34] para mds detalles).
Finalmente este sistema de ecuaciones diferenciales ordinarias lo resolveremos a través de
esquemas numéricos como los TVD Runge-Kutta (ver [88] y [148]).

(t) =D}

i+1/2

Dentro de los métodos path-conservative nos centraremos en aquellos que tienen la
propiedad de ser well-balanced como comentamos antes. Veremos distintas técnicas que
nos permitirdn obtener métodos con dicha propiedad y que estaran basadas en una buena
eleccién de la familia de caminos. En el caso de considerar el problema semi-discreto
(I. 15), dada una solucién estacionaria W*, usaremos la siguiente terminologia:

e El método numérico (I. 15) se dice que es well-balanced para W* si el vector de las
medias en las celdas de W* es un equilibrio del sistema de EDO (I. 15).

e El operador de reconstruccién se dice que es well-balanced para W* si
Pie) = W), 1€ g ay) (1. 16

donde P; es la aproximacion de W* obtenida al aplicar el operador de reconstruccion
al vector de las medias en las celdas de W*.
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Como veremos en el Capitulo 1 se puede probar que combinando un método path-
conservative de primer orden well-balanced y un operador de alto orden que sea well-
balanced se pueden obtener esquemas de alto orden con dicha propiedad. En general
los operadores de reconstruccién estandar no tienen por qué tener la propiedad de ser
well-balanced. Sin embargo, la técnica introducida en [40] nos permitird obtener un
operador de reconstruccién well-balanced a partir de uno estandar que denotaremos por

QZ(ZL") = @Z(!L", {Wj}jGSi)v

siendo S; el conjunto de indices correspondiente a las celdas vecinas a la i-ésima cuyos

valores se usan para calcular la reconstruccion en dicha celda. Los pasos a seguir para

calcular la reconstruccién P; en la celda [z, 1,x,,1] dada una familia de valores en las
2 2

celdas {W;} son los siguientes:

1. Buscar, si es posible, la solucién estacionaria W} (z) definida en el stencil de la celda
I; (Ujes,1;) tal que:

1[4

— Wr(x)de = W, I 17

A Wi (117)
T2

En otro caso consideramos W} = 0.

2. Calcular las fluctuaciones {V;}eg, en el stencil S;:

V}' = Wj — A_T ok W:($)d$, j S SZ (I ]_8)

€T .

3. Aplicar el operador de reconstruccion estandar a las fluctuaciones {V;},es;:
Qi(z) = Qi(z; {Vj}jes.)-

4. Calcular la reconstruccion en la celda:
Pi(w) = Wi(z) + Qi(x)-

Se prueba facilmente que P; es well-balanced para cualquier solucién estacionaria si se
tiene que el operador de reconstruccion Q; es exacto para la funciéon nula. Ademas, P; es
conservativo, es decir,

T, 1
1 it

A/ P;(x)dx = W;, para todo i,

1
2

si Q; es conservativo, vy es de alto orden en precisién si las soluciones estacionarias son
suaves (ver [47] para més detalles).
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Esta estrategia, basada en el concepto de operadores de reconstruccion well-balanced
de alto orden, se ha aplicado a distintos modelos: sistemas de shallow water [34, 43], flujo
de sangre en los vasos sanguineos [127], sistema de Euler con gravedad [78, 97], modelo de
Ripa [146], entre otros.

Contenidos y objetivos de la tesis

A lo largo de los capitulos de esta tesis se abordan cuatro problemas diferentes relacionados
con el andlisis numérico de sistemas de ecuaciones en derivadas parciales hiperbdlicos no
lineales: la unicidad de solucion, el esfuerzo computacional de los métodos numéricos, la
propiedad well-balanced y el control de la viscosidad numérica. Estos problemas estan
relacionados con algunas de las lineas de investigacion del grupo EDANYA [71] y, mas
concretamente, con la resolucion numérica de modelos matematicos de la mecénica de
fluidos en aplicaciones relacionadas con los flujos de aguas someras y la dinamica de gases
en el contexto de la mecédnica clésica o relativista.

Capitulo 1: Preliminares

El objetivo del primer capitulo es dar las principales definiciones y resultados relacionados
con el estudio analitico y numérico de los sistemas de Ecuaciones en Derivadas Parciales
(EDPs) hiperbélicos conservativos y no conservativos. Primero nos centraremos en sus
aspectos tedricos comenzando con leyes de conservacion (I. 2). En concreto estaremos
interesados en el estudio de los problemas de Cauchy asociados al sistema (I. 2):

U+ FU), =0,
U(x,0) = Up(x),

siendo Up(x) : R — Q una funcién conocida. En particular consideraremos problemas de
Riemann, es decir, problemas de Cauchy con la siguiente condicién inicial:

U, ifx<O,

Un(z) —
@) =1y if >0,

(I. 19)

donde U, U, € ). Como dijimos antes los problemas de Cauchy pueden que no tengan
una solucion clasica incluso cuando la condicion inicial es suave. Veremos como extender el
concepto de solucion clasica cuando aparecen discontinuidades dando lugar a la definicion
de solucion débil. Como hemos mencionado previamente este tipo de soluciones tienen
el problema de la no unicidad con lo que se introducira también el criterio de entropia,
que nos permitira seleccionar las soluciones con sentido fisico. Una vez seleccionado el
criterio de entropia veremos que las soluciones de los problemas de Riemann asociados a
los sistemas de leyes de conservacion estan compuestos por ondas simples: rarefacciones,
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choques, discontinuidades de contacto.

Todos estos conceptos y resultados seran generalizados a sistemas de la forma

que incluyen a las leyes de equilibrio (I. 3) y a sistemas con productos no conservativos
(I. 4). La teorfa desarrollada por Dal Maso, LeFloch y Murat [57], basada en la eleccién de
una familia de caminos Lipschitz-continua, nos permitira extender el concepto de solucidon
débil y de condicién de entropia a los sistemas de la forma (I. 20).

Tras el estudio tedrico nos centraremos en los aspectos numeéricos y, en particular, en
el diseno de métodos de volimenes finitos. Dentro de estos estudiaremos los métodos
camino-conservativos o path-conservative introducidos por Parés en [132], que son una
generalizacion de la nocién de método conservativo para los sistemas de leyes de
conservaciéon (I. 2). Estos métodos, basados en la definicién de solucién débil dada
por Dal Maso et al., nos permitirdn extender los métodos de Godunov [86], Roe [93],
Polinomial Viscosity matrix [140] y Resolvedores de Riemann simples [93] a sistemas de la
forma (I. 20). Estos métodos, combinados con operadores de reconstruccién, serén la base
para el desarrollo de métodos de alto orden shock-capturing, es decir, métodos que son de
alto orden de precisién en las regiones en las que la solucion es regular y que capturan
correctamente la formacion y propagacion de discontinuidades. Describiremos con mas
detalle aquellos que usaremos en otros capitulos como son el operador de reconstruccion
MUSCL [158] y CWENO [117]. Tras esto el concepto de método bien equilibrado o
well-balanced serd introducido y veremos bajo qué condiciones los métodos anteriormente
mencionados satisfacen esta propiedad. Combinando los métodos well-balanced de primer
orden y los operadores de reconstruccién well-balanced (I. 16), veremos cémo conseguir
esquemas de alto orden que tengan ademas la propiedad de ser well-balanced. Finalmente
haremos una pequena discusién sobre la convergencia de estos métodos concluyendo
que hay que pedirles consistencia, estabilidad, control de la entropia y control sobre la
viscosidad numérica.

Capitulo 2: El problema de Riemann para las ecuaciones de aguas someras
con topografia: el caso seco-mojado

En este capitulo estudiaremos con més detenimiento el sistema de aguas someras (I. 1).
En el caso en el que el fondo a es discontinuo, el término fuente de las ecuaciones de aguas
someras es un producto no conservativo, por lo que aparecen las dificultades anteriormente
mencionadas. En el capitulo nos centramos en los problemas de Riemann en un fondo con
forma de escaldn, es decir, nuestra condicién inicial sera de la forma:

o (hlvuhal)? T < 07
R A (1 21)
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con a; # a,. El caso en que a; = a, estd ya totalmente resuelto (ver [153]) y, en el caso en
que a; # a,, se han realizado diferentes estudios analiticos y numéricos de las soluciones
de los problemas de Riemann: [3, 14, 141, 113, 20, 16, 21, 91], etc. En este capitulo
seguiremos el estudio realizado en [112] pero centrandonos en el caso que no se estudié que
corresponde a la situaciéon en que no hay agua en alguno de los dos lados del escaléon. En
[41] también se considerd este problema pero solo en los casos en los que el escalén actia
como un obstaculo para el fluido, nosotros abarcaremos todas las posibles situaciones.
Este problema es fundamental para el diseno de esquemas que traten bien los frentes
seco-mojados.

Siguiendo [112], comenzaremos viendo los autovalores y autovectores del sistema para,
de esta forma, hallar aquellas zonas en las que el sistema es estrictamente hiperbolico o
solamente hiperbdlico. Continuaremos viendo cémo son las ondas simples, describiendo con
detalle las rarefacciones, choques y discontinuidades de contacto. Al igual que en [112] un
criterio de monotonfa (MC) se impondrd para seleccionar las discontinuidades de contacto
admisibles sobre el escalon. Tras esto construiremos las soluciones a los distintos problemas
de Riemann combiando ondas simples. Se verda que, dependiendo de las condiciones
iniciales, el problema tiene 0, 1 o 2 soluciones. En el caso de que no haya ninguna solucién,
siguiendo [41], se reinterpretard el problema como un problema parcial de Riemann lo que
nos permitira construir una solucién consistente con la fisica del problema. Finalmente
consideraremos varios test numéricos para comparar la aproximacion numeérica obtenida
por los distintos métodos numéricos. Al ser un sistema con productos no conservativos,
nos encontraremos con los problemas que suelen aparecer en estos casos: se vera que, en
los casos donde la solucién no es tnica, distintos métodos pueden converger a diferentes
soluciones. Veremos que en los casos en los que el problema de Riemann no tiene solucion,
los métodos convergen a la solucion que proponemos. En particular observaremos que
los mejores resultados vienen de la combinaciéon del flujo de Godunov y de la técnica de
la reconstruccion hidrostatica generalizada que veremos en el Capitulo 1 para tratar el
término fuente. El contenido de este capitulo fue publicado por Parés y Pimentel-Garcia
en 2019 en Journal of Computational Physics, ver [134].

Capitulo 3: Implementaciéon eficiente de métodos PVM y resolvedores de
Riemann simples. Aplicacion al método de Roe para grandes sistemas
hiperbdlicos

El objetivo de este capitulo es implementar de forma eficiente el método de Roe cuando
tenemos un numero grande de ecuaciones en el sistema considerado. La implementacién
estandar de dicho método se basa en el calculo del valor absoluto de la matriz de
Roe, que requiere del conocimiento explicito su espectro. Si es necesario calcularlos
numéricamente (por no ser conocida su expresion analitica o ser muy costoso su calculo), el
coste computacional puede ser elevado especialmente si el tamano de la matriz es grande.
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En estos casos puede ser preferible usar otros tipos de métodos como son los Polinomial
Viscosity matriz (PVM) y los Resolvedores de Riemann Aprozimados (ARS).

En el caso de los métodos PVMs lo que se hace es aproximar el valor absoluto de la
matriz de Roe por su evaluacién en un determinado polinomio que aproxima a la funciéon
valor absoluto. Nosotros consideraremos aqui polinomios que interpolan la funcién valor
absoluto en algunos puntos en el sentido de Lagrange o de Hermite.

Los Resolvedores de Riemann aproximados por su parte estan basados en la
aproximacion de las soluciones de los problemas de Riemann asociados a las interceldas.
Un caso particular, que seran los que consideraremos en este capitulo, son los Resolvedores
de Riemann Simples (SRS), en los que dichas aproximaciones consisten en varios estados
constantes unidos por discontinuidades que viajan a una velocidad constante.

Veremos que los SRS y los PVM, introducidos en el Capitulo 1, tienen una estrecha
relacién. En particular, veremos que, bajo ciertas hipotesis, los SRS se pueden interpretar
como PVMs y viceversa. Esta relacién ya se vio en [125] y en este capitulo se volverd a
ver con demostraciones simplificadas. Veremos que el método de Roe se puede interpretar
como un método PVM basado en el polinomio que interpola el valor absoluto de todos sus
autovalores, como ya se vio en [35]. Esto nos permitird implementarlo usando para ello la
forma de Newton del polinomio de interpolacién, que es la més eficiente.

Finalmente comprobaremos que, efectivamente, esta implementacion del método de
Roe nos permite reducir los tiempos de computo. Compararemos la implementacion
estandar de Roe con esta nueva forma. Para ello usaremos el modelo bicapa de aguas
someras [44] y el Quadrature Based Moment Equations (QBME) [102]. Se vera que la
reduccion de coste computacional crece con el niimero de ecuaciones. El contenido de este
capitulo fue publicado por Pimentel-Garcia, Parés, Castro y Koellermeier en 2021 en la
revista Applied Mathematics and Computations, ver [136].

Capitulo 4: Esquemas well-balanced para fluidos en el contexto de Schwarzschild

Este capitulo se centra en la simulacion de fluidos en un contexto relativista basado en la
métrica de Schwarzchild. Dicha métrica es una solucion exacta de las ecuaciones de Einstein
del campo gravitatorio que describe el campo generado por una estrella o una masa esférica.
En concreto, nos centramos en el estudio numérico del comportamiento a largo plazo de
un flujo que evoluciona alrededor de un agujero negro de Schwarzschild. Suponemos que
el flujo tiene una simetria esférica, por lo que solo se consideran los modelos con una
coordenada espacial (la distancia al centro del agujero negro). En concreto consideraremos,
consideraremos los modelos de Burgers-Schwarzschild y Euler-Schwarzschild relativistas.
Con el fin de poder realizar simulaciones numéricas fiables y precisas del comportamiento
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del flujo, se disenaran métodos de volumen finito de alto orden well-balanced para ambos
sistemas. Ambos fueron estudiados en [62, 108, 114] pero aqui extenderemos la metodologia
introducida en [47] y presentada en el Capitulo 1 a este tipo de problemas para obtener
asi esquemas de alto orden well-balanced. Aunque daremos las pautas necesarias para
construir esquemas de precisiéon arbitraria, nos centraremos en los de primer, segundo y
tercer orden.

En el caso del modelo de Burgers relativista es posible calcular sus soluciones
estacionarias de forma explicita lo que nos permitira resolver facilmente el problema
(I. 17) que surge en la primera etapa del procedimiento de reconstruccién well-balanced.
Usaremos los esquemas para llevar a cabo un estudio sisteméatico del comportamiento
asintotico de las soluciones cuando el tiempo tiende a infinito. Se vera que la propiedad
well-balanced es fundamental para estudiar la evolucion de las perturbaciones de una
solucion estacionaria.

En el caso de las ecuaciones de Euler relativista, dispondremos de una expresion
implicita de las soluciones estacionarias, por lo que es necesario usar un método numérico
para evaluarlas en un punto: usaremos el método de Newton. Tras obtener los esquemas
well-balanced de primer y segundo orden, haremos un nuevo estudio sistematico del
comportamiento asintotico de las soluciones.

El contenido de este capitulo esta disponible en el repositorio arXiv y ha sido enviado
para su publicacién a la revista Journal of Scientific Computing, ver [110], y estd
actualmente en fase de modificacion tras los primeros informes de los revisores.

Capitulo 5: Métodos camino-conservativos con reconstrucciéon discontinua en
las celdas para sistemas hiperbdlicos no conservativos: extensién a segundo
orden

En este capitulo abordaremos el problema de la convergencia de los métodos path-
conservative. Como se ha comentado, en el caso de los sistemas no conservativos de
la forma (I. 20) se tiene que la consistencia, estabilidad y control de la entropia no son
suficientes para asegurar la convergencia a las soluciones débiles seleccionadas. Esto es
debido a que la viscosidad numérica de los métodos alteran la condicion de salto que
satisfacen los limites de las soluciones aproximadas: en lugar de ser las asociadas a la
familia de caminos clegida, estan relacionadas con los perfiles viscosos de la ecuacion
equivalente (ver [42], [1]). En [51] una técnica basada en reconstrucciones discontinuas
en las celdas permitié al autor disenar métodos path-conservative de primer orden que
capturan correctamente las soluciones con choques aislados. El objetivo principal de este
capitulo es extender esta técnica a segundo orden de precision y establecer las bases para
su generalizacion a orden arbitrario. Para ello usaremos la forma semi-discreta de los
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métodos path-conservative (I. 15) a la que aplicaremos la reconstruccion MUSCL-Hancock
[161]: se usard un operador de reconstruccién lineal de tipo minmod (ver [158]) en espacio
y tiempo. Enunciaremos y probaremos que esta extension sigue manteniendo la propiedad
de capturar de forma exacta los choques aislados. Para validar el método numérico lo
aplicaremos a los siguientes sistemas no conservativos: Couple-Burgers [44], Gas dynamics
equations in Lagrangian coordinates [1] y a las modified shallow water [42]. Veremos que el
método propuesto captura correctamente los choques aislados y que mejora los resultados
obtenidos por el método introducido en [51].

El contenido de este capitulo esta disponible en el repositorio arXiv y ha sido enviado
para su publicacién a la revista Journal of Computational Physics, ver [137].

Capitulo 6: Conclusiones y trabajos futuros
Conclusiones

e En el Capitulo 2 obtenemos las siguientes conlusiones:

— El problema de Riemann correspondiente a un escaléon con agua a uno de sus
lados puede tener 0, 1 o 2 soluciones.

— En los casos en los que el problema de Riemann no tiene solucién, se ha
propuesto una reinterpretacion que proporciona una solucion consistente con la
fisica del problema.

— Para capturar correctamente las discontinuidades de contacto estacionarias
necesitamos un esquema numérico que las preserve. Sin embargo, esto no es
suficiente para asegurar la convergencia a la solucién propuesta: la solucion
numérica puede converger a una solucion débil que no satisfaga el criterio de
monotonia que se vera en este capitulo.

— El esquema que combina el flujo numérico de Godunov y la técnica de
reconstruccion hidrostatica generalizada para el tratamiento de la fuente es el
que parece capturar correctamente todas las soluciones propuestas.

— En los casos en los que tenemos dos posibles soluciones al problema de Riemann,
los métodos numéricos convergen a una u otra.

e En el Capitulo 3 veremos que la implementacién propuesta es mas eficiente que
la estandar, aumentando la diferencia con el nimero de ecuaciones: en el caso del
modelo QBME la nueva implementacién llega a ser hasta 4.1 veces mas rapida
que la estandar. Se observa también que esta diferencia es mayor conforme se va
aumentando el nimero de ecuaciones.

e En el Capitulo 4 resaltaremos la importancia que tienen los métodos well-balanced
cuando tratamos con los modelos relativistas de Burgers y Euler. A través de una
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extensa baterfa de tests sacaremos conclusiones del comportamiento a largo plazo de
los fluidos considerados.

e En el Capitulo 5 conseguimos extender a segundo orden la técnica desarrollada en
[51] manteniendo la propiedad de capturar de forma exacta los choques aislados.
Ademiés establecemos las bases para una generalizacion de esta técnica a esquemas
de alto orden que puedan capturar mas de un choque de forma exacta.

Futuras lineas de trabajo

El estudio de los problemas de Riemann correspondientes a los frentes seco-mojados
realizado en el Capitulo 2 pueden extenderse a otros sistemas de shallow water como el
sistema de shallow water con dos velocidades considerado en [2].

La nueva implementacion eficiente de los métodos PVM basados en la forma de Newton
de los polinomios puede ser de gran utilidad a la hora de estudiar sistemas con un nimero
grande de ecuaciones, como ocurre con los sistemas multicapa. En el caso del sistema
multicapa considerado en [44] no conocemos de forma exacta todos los autovalores y
autovectores con lo que se espera obtener una gran mejora en los tiempos de cémputo. Lo
mismo ocurre con otros sistemas multicapa como los de [6, 7].

Se prevén las siguientes extensiones del estudio numérico de los sistemas relativistas en
el contexto de Schwarzschild:

e Desarrollo de esquemas de orden mayor que dos well-balanced para el modelo Euler-
Schwarzschild basados en la aproximacion numérica de las soluciones estacionarias
mediante resolvedores de sistemas de EDOs (ver [87]).

e Desarrollo de métodos de alto orden well-balanced para problemas multidimension-
ales.

e Desarrollo de métodos numéricos para otros modelos relativistas de mayor
complejidad.

La extension a segundo orden de la reconstruccién discontinua del Capitulo 5 nos
permite establecer las bases para las siguientes lineas de investigacion:

e El diseno de esquemas de volimenes finitos de alto orden que capturen correctamente
choques aislados.

e Capturar correctamente choques no aislados.
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e Aplicar los métodos a modelos méas complejos.

e Proponer nuevos resolvedores Discontinuous Galerkin (DG) basados en el uso de
reconstrucciones discontinuas.

e Explorar la extension a problemas multidimensionales.
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Abstract

This thesis addresses four different problems related to the numerical analysis of hyperbolic
systems of nonlinear partial differential equations. These problems are related to some
of the lines of research of the EDANYA group and, more specifically, to the numerical
resolution of mathematical models of fluid mechanics in applications related to shallow
water flows and gas dynamics in the context of classical or relativistic mechanics. The
issues addressed are listed below in chronological order.

The first problem addressed is the study of the Riemann problem for the shallow water
equations on a step-shaped bottom, in the particular case in which there is only water
on one side of the step. In this way we will complete the study carried out by LeFloch
and Thanh in [112]. The analysis of these situations of dry-wet fronts is important when
designing numerical schemes that deal well with flood phenomena. Two major difficulties
arise when studying this problem. On the one hand, the source term that appears in the
equations is a nonconservative product, so that there is no a unique way to define the
weak solutions to the problem. In our case we will follow the theory of Dal Maso, LeFloch
and Murat [57] to define them from a family of paths. On the other hand, resonant cases
appear (i.e., an eigenvalue of the Jacobian matrix vanishes) that implies that, once the
definition of weak solution is chosen, there is no uniqueness of solution. This theoretical
study is complemented with numerical tests in which the behavior of different schemes is
studied.

The next question to be addressed is the efficient implementation of numerical methods
based on approximate Riemann solvers and, in particular, the Roe method, which is based
on solving linearized Riemann problems in the intercells. The practical interest of this
chapter resides above all in the numerical resolution of large systems such as multilayer
shallow water models [44] or models based on moments [98]. This new implementation is
based on the close relationship between this kind of methods and the Polynomial Viscosity
Matrix ones based on the election of a polynomial that interpolates the absolute value
function, as well as on the Newtonian form of the interpolation polynomial.

The next objective is to make a systematic study of the asymptotic behavior of the
solutions of the relativistic Burgers and Euler models based on the Schwarzchild metric,
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using numerical methods. This metric is an exact solution of the Einstein equations of
the gravitational field that describes the field generated by a star or a spherical mass.
In these systems the stationary solutions and the evolution of its perturbations play a
fundamental role in understanding the flow behavior. Therefore, the use of well-balanced
methods, i.e., methods that preserve these solutions, is essential. We will apply the general
framework described in [47] to develop well-balanced methods of order up to 3 for the
Burgers-Schwarzschild model and 2 for the Euler-Schwarzschild model. We will compare
the results obtained between these methods and the standard ones and we will show the
relevance of the well-balanced property.

It is well-known that, in the case of systems with nonconservative products, consistency,
stability and entropy control are not sufficient to ensure the convergence of the numerical
approximations to admissible weak solutions: it is also necessary to control the small-scale
effects such as the numerical viscosity that affects the position and amplitude of shock
waves (see [109]). In [51] Chalons presented a technique based on in-cell discontinuous
reconstructions that allowed him to design first-order methods that capture exactly isolated
shocks. The last problem that arises in the thesis is the extension to second-order of this
technique using the formalism of the path-conservative methods introduced in [132], what
will allow to set the basis for its generalization to arbitrary order. We will state and prove
that this second-order extension keeps the property of capturing exactly isolated shocks
and we will verify this through different numerical tests.

In the last part we summarize the main contributions of this thesis and the possible
future lines of research.
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Computational Fluids Mechanics is today one of the most important mathematical tools
in the simulation of various phenomena that happen around us. Its objective is to simulate
the evolution of fluids through the numerical resolution of systems of partial differential
equations (PDEs) that govern their behavior. The main difficulty of these systems is that
in most cases it is not possible to solve them exactly, hence the need to use numerical
methods. Through these numerical methods we will obtain simulations that will allow
us to understand, predict and control the evolution of fluid flows. This type of tools has
applications in different fields of study such as oceanography, meteorology, climatology,
hydraulic engineering, aeronautics, biology, etc. The development of suitable numerical
methods requires a deep knowledge of both the physical nature of the flows to be simulated
and the mathematical properties of the systems to be solved.

In fluid mechanics one of the most general partial differential equations governing the
motion of fluids are the well-known Navier-Stokes equations (see [151]). These equations
express the conservation of mass, momentum and energy, together with an equation of
state that relates pressure, energy, and density. Through certain hypotheses about the
fluids we are considering, it is possible to simplify these general equations in order to derive
simpler models such as the so-called shallow water equations. In their one-dimensional
version, these equations were first derived by by Jean Claude Barré de Saint-Venant in
1843 hence they are called sometimes Saint-Venant equations. These equations describe
the motion of a thin layer of fluid. In the one-dimensional case, they are obtained from
the Navier-Stokes equations and a series of hypotheses:

e Water is assumed to be homogeneous and incompressible.

e The pressure is hydrostatic, i.e., the pressure increases with depth, being the pressure
at the surface of the fluid equal to the air pressure.

e The only force acting on the fluid is pressure (viscous effects are neglected).

e Both the bottom on which the water evolves and its free surface can be represented
by the graph of a function. Moreover, these functions only depend on one of the
horizontal variables, x, and on the time ¢ (in the case of the free surface).
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e It is assumed that the velocity of the fluid only depends on z and t. Furthermore,
the deviations of its horizontal component from its vertical average are assumed to
be negligible.

From these hypotheses and through a vertical integration process the following equations
for the conservation of mass and momentum are obtained:

8th + 827(}7/11) = 0,

h2
O (hu) + 0, (hu2 + (JT) = —gh0,a, (I. 22)
ata = O,

where
e h = h(x,t) > 0 is the thickness of the layer;
e u =u(z,t) is the depth-averaged horizontal velocity of the water;
e ¢ is the intensity of the gravitational field;
e a = a(r) is the depth of the bottom from a reference level.
This system can be written in the following form:

U, + F(U), = S(U)as,

where:
h u : 0
U=| hu |, FWO)=| n2+22 |, SW)=| —gh
a 2 0
0
In this thesis we will consider the following three types of PDEs:
e Systems of conservation laws:
o Systems of balance laws:
U+ FU), =SU)oy,, (I. 24)

e Systems with nonconservative products:

U, + F(U), + BUYU, = S(U)a,, (I 25)
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where the unknown U(x,t) = (uy(x,t),...,un(x, 1))’ takes values in an open convex set €
of RN, Fis a regular function from € to RY, B is a regular matrix function from €2 to
Mun(R), S is a function from € to RV, and o(z) is a known function from R to R. As
we have seen the shallow water equations with topography are a system of balance laws
that will be considered in Chapter 2. Some examples of systems with nonconservative
products that we will see throughout the thesis are:

e The homogeneous two-layer 1-D shallow water system (see [44], [74]) can be written
in the form (I. 25) with:

) q1
hy q1 Loy
v m F<U>: h—1+§gh1
o ' ) q2 '
q2 %) |
= + —gh
Iy + 592
O 0 0 O
0O 0 ghy O
B = o o7 o | sSo=o
grhs 0 0 0

being r = p;/p2, where:

— h; = hi(z,t) > 0 is the thickness of the i-th layer.

— qi = qi(x,t) = hi(x, t)u;(z,t) is the discharge of the i-th layer, where u;(z,t) is
the depth-averaged horizontal velocity.

— ¢ is the intensity of the gravitational field.
— p; is the constant density of the ¢-th layer.

This system will be considered in Chapter 3.

e The relativistic Burgers-Schwarzschild model [114] is given in the form (I. 25) by:

() ro-(09%)

where r > 2M,v = (t,r) € [—1, 1], being r the distance to the black hole, v the
normalized velocity of the flow and M > 0 is a coefficient representing the mass of
the black hole. We will study this system in Chapter 4.
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e The relativistic Euler-Schwarzschild model, which can be written in the form (I. 25)

with:
1+ 20 M\ 14K
Ve -2’ (1 r ) 1— o2
U=V ]|=| 1+# ., FU)= L 2M v? + k2 ,
v _ 2
r 1— 2" r 1—v2”
r 0
2 2MY\ 1+ K2
— |1 -— pv
r r 1 —2
BU)=0, SWU)=| —2r+5Muv?+k? M1+ k*? _|_27“—2Mkj2 ,
72 1—1}2'0 72 1—2}2p r? P
0
o(r)=r,
where
2 212 2 (V12
L+ k2 — /(14 2)2 — 42 (%) Vi1 - o?)
v= 2]§2“§_3 ' p= v(l+ k%)’

being p the fluid density, v(t,r) € (—1,1) the normalized velocity, M > 0 the
coefficient representing the mass of the black hole, k € (—1, 1) denotes the (constant)
speed of sound and with » > 2M. We will study this system in Chapter 4.

e The coupled Burgers system (see [44]), which can be written in the form (I. 25) with:
. 2
U= ( . ) . F(U)=

0 u _
sw)=(4 o). sw=o
where U = (u,v)” € {U € R*|u+ v > 0}. This system will be studied in Chapter 5.

e The modified shallow water system introduced in [42], which has the form (I. 25)
with:
q

U:(Z), F(U) = 2|

h
B(U)z(q% 8) S(U) =0,

where U = (u,v)" € {U € R?| 0<q, 0<h < (16¢)'/3}.
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We can write these types of equations in the form

W:<U), A<W>:(A(U)+B(U) | —S(U)>,

o 0 | 0

with A(U) = JF(U), being JF(U) the jacobian matrix of F. The peculiarity of this
type of equations is that they may not have a classical solution, i.e., a differentiable
function with continuous partial derivatives, that satisfies the system of equations and the
imposed initial conditions, even starting from very regular initial conditions. Therefore,
the definition of solution must be extended to the more general concept of weak solution
that will be seen in Chapter 1. This concept allows us to consider discontinuous solutions
that are consistent with the physics of the problem and that correspond to phenomena
that appears in nature such as hydraulic jumps or fronts in the case of the shallow water
model or shock waves in a gas. In general, given an initial data there is no uniqueness of
solution, hence it is necessary to introduce a criterion that allows us to select the ones
consistent with the physics of the problem. This discrimination will be given by the
concept of entropy that will be seen in Chapter 1.

As we said, in most cases, the complexity of the problem may impede its exact solution,
hence we have to use numerical methods that give us reasonably good solutions. These
include, among others, the finite difference, finite elements and finite volume methods. In
this dissertation we will focus on the latter. In the case of conservation laws, since the
1980s the advance in these numerical methods has been great thanks to the works of von
Neumann, Courant, Friedrichs, Lax, Wendroff, Godunov, van Leer, Harten, Roe, Osher,
Colella, Yee, Oleinik, among many others (see [154], [153], [115], [116], [85]).

where

A particular case of solutions are those that do not depend on time and that are called
stationary solutions. In the case of systems of balance laws the stationary solutions satisfy
the Ordinary Differential Equations (ODE) system:

F(U), = S(U)o,. (I. 27)

In many cases the flows to be simulated are generated by a perturbation of a stationary
solution (as in the case of tsunamis), for this reason it is important that the numerical
methods capture well the stationary solutions in order to make a good follow-up of
the perturbation. In the context of shallow water equations, Bermudez and Vazquez-
Cendén [13] introduced the property that they called C-property: a numerical method
has this property if it solves exactly the stationary solutions corresponding to water
at rest, perhaps the most intuitive stationary solutions of this system. This idea
of building schemes that preserve some equilibria or stationary solutions, which are
generally called well-balanced schemes, has been a very active field in recent years:
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[5, 12, 28, 34, 32, 131, 50, 145, 43, 47, 123, 122, 61, 60, 80, 79]. A short review of
this subject will be given in Chapter 1.

In the case of nonconservative systems of the form (I. 23) important difficulties appear
from the analytical and numerical points of view when B # 0 and it is not the Jacobian of
any function or when S # 0 and o is discontinuous. In these cases, it is not possible to
define B(U)U,, S(U)o, in the sense of distributions when U is discontinuous. We talk
then about nonconservative products. Different theories have been developed that allow
giving a precise mathematical sense to these nonconservative products, like those described
in [163] and [49]. In this thesis we will follow the theory developed by Dal Maso, LeFloch
and Murat [57] that allows one to define a weak solution as a function that satisfies (I.
26) in the sense of Borel measures. This definition is based on the choice of a family
of Lipschitz continuous paths ® : [0,1] x 2 x Q — Q satisfying certain regularity and
consistency properties. In particular

o0,0,0,) =0, @(1,U,U,)=U, ¥YU,U,)€NxQ,
and
o, UU)=U, ¥Y¢Eel0,1], YU €.

One of the problems that arise from this theory is that the concept of weak solutions
depends clearly on the choice of the family of paths, which is a priori arbitrary, so that
the crucial question is how to choose the correct one. In fact, when the hyperbolic system
is the vanishing-viscosity limit of the parabolic problem

W+ AW WE = e(RWO)WE),, (L 28)

where R(W) is any positive-definite matrix, the adequate family of paths should be related
to the viscous profiles: a function V' is said to be a viscous profile for (I. 28) linking the
states W~ and W if it satisfies

lim V(x)=W~, lim V(x)=WT*, lim V'(x)=0 (L. 29)

X——00 X——+o0 x—+oo

and there exists o € R such that the travelling wave

€

We(z,t) =V (x_"t), (I. 30)

is a solution of (I. 28) for every e. It can be easily verified that, in order to be a viscous
profile, V' has to solve the equation

oV AV V! = (R(V) V'Y, (L. 31)

with boundary conditions (I. 29). If there exists a viscous profile linking the states W~ and
W, the good choice for the path connecting the states would be, after a reparameterization,
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the viscous profile V.

We will focus on the design of finite volume methods for systems of the form (I. 26), and
more specifically on the so-called path-conservative methods. These methods introduced
by Parés [132], based on the definition of weak solution developed by Dal Maso, LeFloch
and Murat, allow us to generalize well-known methods for systems of conservation laws
such as Godunov [86], Roe [140], Approximate Riemann solvers [93], etc. Given a family
of paths @, these methods have the form:

n n At -
Wi = Wit = E(D;_—I/Q + Di+1/2)’ (I. 32)

where the following notation has been used:

e Az and At are the space and time steps respectively. They are supposed to be
constant for simplicity.

o [, = [mi_ 1, Tig 1 ] are the computational cells, whose length is Az.
o t,=nAt,n=0,1....

o W is the approximation of the average of the exact solution at the ith cell at time

t,, that is
e~ [ ) d I. 33
x| W) (1 33
L)
e Finally,
Di—l/? =D* (Wz‘n7 Wz’T—IL—I)v

where D~ and DT two Lipschitz continuous functions from € x € to € that satisfy
DEW, W) =0, YW €Q, (I. 34)

and

1
D (W W)+ DY (W0 = [ A 1, 1)
0

S

(s; Wy, W) ds, (I. 35)

for every set W;, W, € €.

We will see how to obtain high-order methods through the use of reconstruction operators.
In order to do this, following [132], a semi-discrete form of the path-conservative methods
will be used:

Wi(t) = —5= | Diy @ +DF (1) + A(Pf(x))a—ipf(a:)dx 7 (1. 36)

1
b}
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where P!(x) is the smooth approximation of the solution at the ith-cell provided by a
high-order reconstruction operator from the sequence of cell values {W;(t)} and

Di—l/Q(t) - D;Erl/Q(Wi:rl/z(t)’ Wi_l-i—-l/Z(t))’
where W, ,(t) = Pf(a:H%) and W, ,(t) = P§+1(xi+%) (see [34] for details). Finally this

system of ordinary differential equations will be solved with a high-order solver such as
the TVD Runge-Kutta schemes (see [88] and [148]).

Within the path-conservative methods we will focus on those that have the property of
being well-balanced as we said before. We will see different techniques that will allow us to
obtain methods with this property and that will be based on a good choice of the family
of paths. In the case of considering the semi-discrete problem (I. 36), given a stationary
solution W*, we will use the following terminology:

e The numerical method (I. 36) is said to be well-balanced for W*, if the vector of cell
averages of W* is an equilibrium of the ODE system (I. 36).

e The reconstruction operator is said to be well-balanced for W* if

Pi(x) = W*(x), T € [z,

11—

%7 ‘TH—%]? (I 37)
where IP; is the approximation of W* obtained by applying the reconstruction operator
to the vector of cell averages of W*.

As we will see in Chapter 1 it can be proven that combining a well-balanced first-order
path-conservative method and a well-balanced high-order operator we can obtain high-
order schemes with that property. Although standard high-order reconstruction operators
are not in general well-balanced, a technique was introduced in [40] to make them have
this property: let us consider a reconstruction operator that will be denoted by

QZ(ZE) = @Z(IE, {Wj}jGSi)’

where S; is a set of indices corresponding to the neighbouring cells of the i-th one, whose
values are used to compute the reconstruction in that cell. The following steps have to be
performed in order to compute its well-balanced modification IP; at the cell [z; 1L %] for
a given family of cell values {W;}:

1. Look for the stationary solution W} (x) defined in the stencil of cell I; (Ujes,1;) such

that:
1

T, 1
A Wi = (1. 39)

.1
=3

if possible. In other cases consider W = 0.
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2. Compute the fluctuations {V;};ecs, within the stencil S;:

1 T+l
V=W -+ W (a)dz, j €S (L 39)
.’Ij_

3

3. Apply the standard reconstruction operator to the fluctuations {V;};es,:
Qi) = Qi(z; {Vj}jes.)-

4. Compute the reconstruction in the cell:

By(z) = Wi (x) + Qi(a).

P; is well-balanced for every stationary solution provided that the reconstruction operator
Q; is exact for the null function. Moreover, it is conservative, i.e.,
I
— P;(x)dz = W;, for all 7,
As ) (z)

1
2

if Q; is conservative, and it is high-order accurate for steady solutions that are smooth
(see [47] for details).

This strategy, based on the concept of well-balanced high-order operators, has been
applied to different models: shallow water systems [34, 43], blood flows in vessels [127],
Euler system with or without gravity [78, 97], Ripa model [146], among others.

Outline and objectives of the thesis

Throughout the chapters of this thesis, four different problems related to the numerical
analysis of hyperbolic systems of nonlinear partial differential equations are addressed: the
uniqueness of solution, the computational effort of numerical methods, the well-balanced
property and the control of numerical viscosity. These problems are related to some of
the lines of research of the EDANYA group [71] and, more specifically, to the numerical
resolution of mathematical models of fluid mechanics in applications related to shallow
water flows and gas dynamics in the context of classical and relativistic mechanics.

Chapter 1: Preliminaries

This chapter is devoted to give the main definitions and results concerning the analytical
and numerical aspects of conservative and nonconservative hyperbolic systems of Partial
Differential Equations (PDE). First we will focus on their theoretical aspects, starting with
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conservation laws (I. 23). We are interested in the study of Cauchy problems associated
to System (I. 23):

Ut + F(U)x - 07
U(x,0) = Uy(x),

where Up(z) : R — Q is a known function. In particular, we will consider Riemann
problems, i.e., Cauchy problems whose initial condition is given by:

U, ifx <0,
U, = I. 40
o) {w itz >0, (I 40)

where U, U, € ). As we mentioned before, the Cauchy problems may not have a classical
solution even when the initial condition is smooth. In this chapter we will see how to
extend the concept of classical solution when discontinuities appear introducing the concept
of weak solution. As we also said previously, these kind of solutions have the problem of
non-uniqueness, so an entropy criterion will be also introduced, which will allow us to
select the solutions with physical meaning. Once the entropy criterion has been selected,
we will see that the solutions of the Riemann problems associated with the systems of
conservation laws are composed of simple waves, i.e: rarefactions, shocks and contact
discontinuities.

All these concepts and results will be generalized to systems of the form:
W, + AW)W, =0, (I. 41)

which include systems of balanced laws (I. 24) and nonconservative systems (I. 25). The
theory developed by Dal Maso, LeFloch and Murat [57], based on the choice of a family
of Lipschitz continuous paths, will allow us to extend the concept of weak solution and
entropy to systems of the form (I. 41).

After the theoretical study, we will focus on the numerical aspects and, in particular,
on the design of finite volume methods. Within these we will study the path-conservative
methods introduced by Parés in [132], which are a generalization of the notion of
conservative methods for systems of conservation laws (I. 23). These methods, based on the
definition of weak solution given by Dal Maso et al., will allow us to extend the following
methods: Godunov, [86], Roe [93], Polynomial Viscosity matrix [140] and Simple Riemann
solvers [93] to systems of the form (I. 41). These methods, combined with reconstruction
operators, will be the basis for the development of high-order shock-capturing methods, that
is, methods that are high-order accurate in regions where the solution is regular and that
capture correctly the generation and propagation of discontinuities. The reconstruction
operators MUSCL [158] and CWENO [117], used in the remaining chapters, will be
recalled. After this the concept of well-balanced method will be introduced and we will see
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under which conditions the above mentioned methods fulfill this property. By combining
first-order well-balanced methods and the well-balanced modification of the reconstruction
operator, high-order schemes that also have the property of preserving the stationary
solutions will be obtained. Finally, the convergence of finite volume methods to the
selected weak solution will be briefly discussed, concluding that we must ask them for
consistency, stability, entropy control and control of small-scale effects, including the
numerical viscosity.

Chapter 2: The Riemann problem for the shallow water equations with
topography: the wet-dry case

In this chapter we will study in more detail the shallow water system (I. 22). In the case
in which the bottom a is discontinuous, the source term of the shallow water equations is
a nonconservative product, that is why the difficulties mentioned above appear. In the
chapter we focus on the Riemann problems in a step-shaped bottom, that is, our initial
condition will be of the form:

(hlvulaal)» $<07

I. 42
(hr7ur7ar)7 T > 07 ( )

(h,u,a)(x,0) = {

with a; # a,. The case in which a; = a, is already totally solved (see [153]) and, in the
case in which a; # a,, different analytical and numerical studies of the solutions of the
Riemann problems have been carried out: [3, 14, 141, 113, 20, 16, 21, 91], etc. In this
chapter we will continue the study carried out in [112] but focusing on the case that was
not studied there, which corresponds to the situation in which there is no water on one of
the two sides of the step. In [41] this problem was also considered but only in cases where
the step acts as an obstacle for the fluid, i.e. the fluid is not able to overcome the step
from one side to the other, we will cover all possible situations including this one. This
problem is fundamental for the design of schemes that treat dry-wet fronts well.

Following [112], we will begin by looking at the eigenvalues and eigenvectors of the
system so we can find those areas in which the system is strictly hyperbolic or only
hyperbolic. We will continue to see the structure of the simple waves, describing in detail
the rarefactions, shocks and contact discontinuities. Like in [112] a monotonicity criterion
(MC) is imposed to select the admissible stationary discontinuities over the step. After
this we will build the solutions to the different Riemann problems by combining simple
waves. [t will be seen that, depending on the initial conditions, the problem has 0, 1
or 2 solutions. In those cases in which there is no solution, following [41], the problem
will be reinterpreted as a partial Riemann problem what will allow us to construct a
solution consistent with the physics of the problem. Finally several numerical tests will
be considered to compare the approximation provided by different numerical methods. It
will be seen that, in the cases where the solution is not unique, different methods may
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converge to different solutions. In particular, we will see that the best results are given by
the numerical scheme that combines the Godunov flux with the generalized hydrostatic
reconstruction technique recalled in Chapter 1. The content of this chapter was published
by Parés and Pimentel-Garcia in 2019 in Journal of Computational Physics, see [134].

Chapter 3: On the efficient implementation of PVM methods and simple
Riemann solvers. Application to the Roe method for large hyperbolic systems

The objective of this chapter is to implement efficiently the Roe method when we have a
large number of equations in the considered system. The standard implementation of this
method is based on the computation of the absolute value of the Roe matrix, which requires
the explicit knowledge of its spectrum. If it is necessary to compute them numerically
(because its analytical expression is not known or it is computationally expensive), the
computational cost can be high, especially if the size of the matrix is big. In these cases it
may be preferable to use some other methods, such as Polynomial Viscosity matriz (PVM)
and Approzimate Riemann Solvers (ARS).

In the case of PVMs methods, the absolute value of the Roe matrix is approximated
by its evaluation in a given polynomial that approximates the absolute value function. We
will consider here polynomials that interpolate the absolute value function at some points
in the Lagrange or Hermite sense.

The Approximate Riemann solvers are based on approximations of the solutions of
the Riemann problems associated to the intercells. A particular case of these, which will
be the ones considered in this chapter, are the Simple Riemann Solvers (SRS), whose
approximated solutions consist on several constant states joined by discontinuities that
travel at constant speed.

We will see that the SRS and the PVM methods, introduced in Chapter 1, are closely
related. In particular, we will see that, under certain hypotheses, SRS can be interpreted
as PVMs and vice versa. This relationship was already seen in [125] and in this chapter
it will be reviewed with simplified proofs. We will see then that Roe method can be
interpreted as a PVM based on the polynomial that interpolates the absolute value of
all its eigenvalues, as already seen in [35]. This will allow us to implement it using the
Newton form of the interpolation polynomial, which is the most efficient one.

Finally we will verify that, indeed, this implementation of Roe method allows us to
reduce the computational times. In order to verify this we will use the bilayer shallow
water model [44] and the Quadrature Based Moment Equations (QBME) [102]. It will
be seen that the computational cost reduction grows with the number of equations. The
content of this chapter was published by Pimentel-Garcia, Parés, Castro and Koellermeier
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in 2021 in the journal Applied Mathematics and Computations, see [136].

Chapter 4: Well-balanced algorithms for relativistic fluids on a Schwarzschild
background

This chapter focuses on fluid simulations in a relativistic context based on the Schwarzchild
metric. This metric is an exact solution of the Einstein equations of the gravitational
field that describes the field generated by a star or a spherical mass. In particular,
we focus on the numerical study of the long time behavior of a flow evolving around
a Schwarzschild black hole. The flow is assumed to enjoy spherical symmetry so that
only models with one spatial coordinate (the distance to the center of the black hole) are
considered throughout. Specifically, we will introduce the relativistic Burgers-Schwarzschild
and Euler-Schwarzschild models. In order to be able of running reliable and accurate
numerical simulations of the flow behavior, shock-capturing high-order well-balanced finite
volume methods will be designed for both systems. We build upon earlier investigations
on this problem by LeFloch et al [62, 108, 114] and extend to the present problem the
well-balanced methodology in Castro and Parés [47] for general systems of balance laws.
Throughout this methodology we will give the necessary guidelines to build schemes of
arbitrary order of accuracy, but we will focus on the first, second and third order.

In the case of the relativistic Burgers model, it is possible to compute its stationary
solutions explicitly, which will allow us to easily solve the problem (I. 38) that appears in
the first step of the well-balanced reconstruction procedure. We will use the schemes to
perform a systematic study of the asymptotic behavior of the solutions when time tends
to infinity. It will be seen that the well-balanced property is fundamental to study the
evolution of the perturbations on a stationary solution.

In the case of the relativistic Euler equations, the implicit expression of the stationary
solutions is available, so that a numerical method is necessary to evaluate them at a point:
we will use the Newton’s method. After obtaining the well-balanced first and second-order
schemes, we will perform a new systematic study of the asymptotic behavior of the solutions.

The content of this chapter is available in the arXiv repository and has been submitted
for publication to the Journal of Scientific Computing, see [110], and it is currently in the
modification phase following the first reports from the reviewers.

Chapter 5: In-cell Discontinuous Reconstruction path-conservative methods
for non conservative hyperbolic systems: Second-order extension

In this chapter we will address the problem of the convergence of path-conservative
methods. As we mentioned before, in the case of nonconservative systems of the form
(I. 41), consistency, stability and entropy control are not enough to ensure the convergence
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to the selected weak solutions. This happens because the numerical viscosity of the
methods alters the jump condition that the limits of the approximate solutions satisfy:
instead of being those associated with the chosen family of paths, they are related to
the viscous profiles of the equivalent equation (see [42], [1]). In [51] a technique based
on discontinuous reconstructions inside the cell allowed the author to design first-order
path-conservative methods that correctly capture solutions with isolated shocks. The
main objective of this chapter is to extend this technique to second-order accuracy and
to set the basis for its generalization to arbitrary order. In order to do this we will use
the semi-discrete form of the path-conservative methods to which the MUSCL-Hancock
reconstruction [161] will be applied: the minmod linear reconstruction operator (see [158])
will be used in space and time. We will state and prove that this extension still maintains
the property of exactly capturing isolated shocks. In order to validate the numerical
method, it will be applied to the nonconservative systems: Coupled-Burgers equations
[44], Gas dynamics equations in Lagrangian coordinates [1] and the modified shallow water
equations [42]. We will see that the proposed numerical method captures correctly isolated
shocks and improves the results obtained with the method introduced in [51].

Chapter 6: Conclusions and future work

In this chapter the main contributions of this thesis are summarized and the possible
future lines of research are discussed. Let us highlight the main novelties of each chapter
in this thesis.

e Chapter 2:

— Wet-dry Riemann problems for the shallow water system are considered.
— 0,1, or 2 solutions are found depending on the wet state.
— Solutions based on a reinterpretation are proposed in the case of 0 solutions.

— This analysis is useful to better understand the behaviour of the numerical
methods.

— The correct simulation of wet-dry fronts is crucial in applications.
e Chapter 3:

— An efficient implementation of PVM methods is proposed.
— The relation between PVM methods and simple Riemann solvers is revisited.

— A new implementation of the Roe method is proposed, named as Newton Roe
method.

— Newton Roe method is more efficient then the standard one for large hyperbolic
systems.
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— Numerical test with the two-layer shallow water system and the QBME model
are shown.

e Chapter 4:

— A well-balanced methodology is extended to relativistic models.

— First-, second- and third-order well-balanced methods are considered for the
Burgers-Schwarzschild equation.

First- and second-order well-balanced methods are considered for the Euler-
Schwarzschild system.

— The well-balanced property is mandatory when dealing with these systems.

We perform a systematic study of the asymptotic behaviour of the solutions for
reaching conclusions about the long-time convergence.

e Chapter 5:

— In-cell discontinuous reconstruction overcomes convergence problem for isolated
shocks.

— The in-cell discontinuous reconstruction technique is extended to second-order.
— The ideas are easily extended for obtaining arbitrary order of accuracy.

— The basis for capturing exactly more than one shock is posed.
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Chapter 1

Preliminaries

In this chapter the main definitions and results concerning the analytical and numerical
aspects of conservative and nonconservative hyperbolic systems of Partial Differential
Equations (PDE) are reviewed. We will focus on the difficulties that arise from the presence
of nonconservative products and source terms in these systems and how we can deal with
them numerically in the framework of finite volume path-conservative methods.

1.1 Conservative and nonconservative hyperbolic sys-
tems

The general form of a system of conservation laws in one dimension is
U+ FU), =0, (1.1.1)

where the unknown U(xz,t) = (ui(x,t),...,un(z,t))T takes values in €2, being an open
convex set of RY called set of states and F is a regular function from Q to RY called
flux-function. Several flow models in physics can be written in this form. System (1.1.1)
can be written in the quasi-linear form

U, + A(U)U, =0, (1.1.2)
where
Shw) ... ()
AU)=JF{U) = : : (1.1.3)
Exw) ... )

is the Jacobian matrix of F. We focus on hyperbolic systems that are those satisfying
that, for any U € €, the matrix A(U) has N real eigenvalues \(U) < ... < Ay (U)
called characteristic speeds and N linearly independent corresponding eigenvectors
Ry(U), ..., Ry(U) that generate the so-called characteristic fields. If all the cigenvalues are
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different the system is said to be strictly hyperbolic. We give now some definitions and
results related to these systems.

Definition 1.1.1. The characteristic field R;(U) is said to be linearly degenerated if

where
o
ouq
P
oun

Definition 1.1.2. The characteristic field R;(U) is said to be genuinely nonlinear if
VNWU) - Ri(U)#0, YU € Q. (1.1.5)

Definition 1.1.3. A regular function w : Q@ — R is said to be a Riemann invariant
associated to the eigenvalue A\;(U) if it satisfies

Vuw(U) - Ri(U) =0, YU € Q. (1.1.6)

We are interested in the study of the Cauchy problems associated with System (1.1.1):
Find a function U : (x,t) € R x RT — U(x,t) € Q satisfying (1.1.1) and the initial
condition

U(z,0) = Up(z) (1.1.7)

where Up(z) : R — Q is a known function. In particular we will be interested in the
Riemann problems that are those Cauchy problems whose initial condition is given by

U, ifx<O,
U. = 1.1.8
o) {w itz >0, (1.1.8)

where U, U, € Q.

Definition 1.1.4. A function U : (z,t) € R x Rt — U(x,t) € Q is a classical solution
of the Cauchy problem (1.1.7) if U € C' and it satisfies (1.1.1) and the initial condition.

In general Cauchy problems may not have a classical solution even if Uy is smooth, so
that the concept of solution has to be extended to overcome this problem. Let us denote
by L the space of locally bounded measurable functions and by Cj(R x R*) the space

of C! functions ¢ with compact support in R x R¥.
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Definition 1.1.5. Let us consider Uy € L2.(R). A function U € L2 (R x RT) is said to

loc

be a weak solution of the Cauchy problem (1.1.7) if U(z,t) € 2 almost everywhere and it
satisfies

/OOO/R(U(x,t)-g—f(x,t)nLF(U(x,t))-%(x,t))dxdt:/RUO(x).Q')(x’O)dx’ V6 € CLRXEY).
(1.1.9)

This definition can be also written in the following equivalent way.

Definition 1.1.6. A function U : R x Rt — R is said to be a weak solution of the
Cauchy problem (1.1.7) if it satisfies:

b b t t
/ Uz, ty)dx :/ U(x,ty)dx +/ F(U(a,t))dt —/ F(U(b,t))dt, (1.1.10)
a a to to
for every space-time rectangle [a, b] X [to, t1].

The weak solutions satisfy System (1.1.1) in the sense of distributions what allows
us to consider solutions that are discontinuous. More precisely, we consider piecewise C'!
solutions according to the following definition:

Definition 1.1.7. A function U : R x RT — R is said to be piecewise C* if there ewists
a finite number of smooth curves I'y, ...,y outside of which U is a C function and across
which U has a jump discontinuity.

These solutions can be characterized by the so-called Rankine-Hugoniot conditions
satisfied at the jumps:

Theorem 1.1.1. Let us consider a piecewise C' function U : R x RT — Q. We have
that U is a weak solution of the Cauchy problem (1.1.1)-(1.1.7) in R x RT if and only
if U is a classical solution of (1.1.1)-(1.1.7) where U is C' and it satisfies along all the
discontinuities the jump conditions:

olU] = [F(U)], (1.1.11)
where o 1s the speed of propagation of the discontinuity and
Ul =U,-U-, [FU)]=FU,)-FU-)
being U, (z,t) and U_(x,t) the right and the left states of the discontinuity, respectively.

See [85] for the proof. In general weak solutions are not unique and an entropy criterion
is necessary to select the physically meaningful ones.
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Definition 1.1.8. We define an entropy pair (U, F) for System (1.1.1) as the pair
composed by a smooth and convex function U : Q0 — R, called entropy, and a smooth
function F : QQ — R, called entropy fluz, such that

(VUU)TAU) = (VFO), VU eqQ. (1.1.12)

Given an entropy pair (U, F), it can be easily checked that classical solutions satisfy
the conservation law

UU), + FU), = 0. (1.1.13)

In the case of discontinuous solutions the entropy pair is used to select the admissible
solutions as follows:

Definition 1.1.9. Given an entropy pair (U, F), a weak solution of System (1.1.1) is
called entropy solution if it satisfies

UU),+FU), <0, (1.1.14)
in the distribution sense.

Theorem 1.1.2. Let us consider a piecewise C' function U that is a weak solution of
System (1.1.1). We have that U is an entropy solution if and only if

dU(U,) —UU) > F(U.) - FU)), (1.1.15)
i the discontinuities.

See [85] for the proof. An alternative to this criterion based on the entropy pairs is the
so-called Lax entropy conditions:

Definition 1.1.10. Let us consider a piecewise C function U that is a weak solution of
System (1.1.1). It is said that the discontinuity satisfies the Lax entropy conditions if there
exists an index k € {1, ..., N} such that we have either

)\k(U+) <o < )\k+1(U+), (1 1 16)
Me1(U2) < o< \(UL), o
if the kth characteristic field is genuinely nonlinear, or

if the kth characteristic field is linearly degenerate.
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In the case of conservation laws, as we have seen, solutions are usually defined in
the sense of distributions and, under the validity of an entropy inequality, existence and
uniqueness results are proved for initial data close to a constant state (see for instance
[119], [120], [83], [104], [105], [106]).

Some basic solutions called simple waves take an important role on the structure of the
solution of Riemann problems (1.1.1)-(1.1.8). They are self-similar solutions, i.e. solutions
of the form

Uz, t) =V (x/t),

where V : R — R is a C'! function. These solutions are the following:

e Rarefaction waves, which are solutions of System (1.1.1) associated with the genuinely
nonlinear fields A;(U) whose form is:

U, if fI'/lL < )\Z(Ul),
Ue,t) = A Via/t) if MU < 2/t < M(UL), (1.1.18)
U, itz > MU,

being V' a C' function satisfying
AWV(OIV'(E) =€V'(€), VEEeR.
These solutions verify:

— The Riemann invariants are constant through them.

— Divergence of characteristics: if such a solution can be defined, necessarily
() < \(U). (1.1.19)

e Shock waves, which are discontinuous solutions of (1.1.1) associated with the
genuinely nonlinear fields A;(U) whose form is:

if t

Uy = U <ot (1.1.20)
U. if x> ot.

These solutions verify:

— Rankine-Hugoniot conditions (1.1.11).
— Entropy conditions (1.1.14).
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e Contact discontinuities, which are discontinuous solutions of System (1.1.1) associated
with the linear degenerated fields X;(U) of the form:

U(T f) o Ul ifx < O’t, (1 1 21)
U, if x> ot o

If such a solution can be defined, necessarily

() = M(U0,) = o (1.1.22)

In the case of strictly hyperbolic systems and close enough U;,U,., the Riemann problem
(1.1.1)-(1.1.8) has an unique weak solution that is self-similar and that consists of at most
N + 1 constants states (including U; and U,.) connected by at most N simple waves (see
[85]). This unique solution of the Riemann problem (1.1.1)-(1.1.8) will be denoted by
V(z/t, U, U,).

Let us generalize these definitions to nonconservative systems of the form
U+ FU),+ BU)U, =S(U)oy,, (1.1.23)

where again the unknown U(z,t) = (uy(z,t), ..., uy(z,t))T takes values in an open convex
set 0 of RY, F is a regular function from €2 to RY, B is a regular matrix function from
Q to Mp.n(R), S is a function from Q to RV, and o(x) is a known function from R to
R. The main difficulty of systems of the form (1.1.23) appears when B # 0 and it is not
the Jacobian of any function or when S # 0 and ¢ is discontinuous. In this cases, the
corresponding terms B(U)U,, S(U)o, can not be defined in the sense of distributions if U
is discontinuous. In these cases we talk about nonconservative products.

The system (1.1.23) can be written in the form

W, + A(W)W, =0, (1.1.24)

= (1) o (ALe0) | s

and A(U) = JF(U). There are several mathematical theories that allows one to give a
mathematical sense to the nonconservative product A(W)W,, like those described in [163]
and [49]. Here the theory developed by Dal Maso, LeFloch and Murat [57] that allows
a notion of weak solution which satisfies (1.1.24) in the sense of Borel measures will be
followed. This definition is based on the choice of a family of Lipschitz continuous paths
O [0, 1] x Q2 x Q — Q satisfying certain regularity and consistency properties, in particular

where

¢0,0,U,) =U;, P(1,0,U0,)=U,, YU,U,) €N xQ,
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and
O UU)=U, VEel0,1], VU eQ.

The family of paths can be interpreted as a tool to give sense to the integral of the
nonconservative product in an interval [a, b]. More precisely, given a bounded variation
function W : [a,b] — R, we define:

0o

FRGLARILS

b b -1
f A(W ()W, (2)da = / AW (@)W, ()dz + 3 / A@(E W, W)
a a l

(1.1.25)
where W™ and W™ represents, respectively, the limits of W to the left and the right
of its lth discontinuity (observe that the number of discontinuities is countable because
W is a bounded variation function). Observe that this definition allows us to determine
the weight of the Dirac measures issues of the derivative of W with respect to = at the
discontinuities.

Once this notion of integral has been defined, it is easy to extend to nonconservative
Definition 1.1.6:

Definition 1.1.11. A function W : R x R™ — R is said to be a weak solution of System
(1.1.24) if it satisfies

/abw($’t1)dx - /;W(“@dfc - /ttl]gbA(W(wyt))Wx(m)dxdt (1.1.26)

for every space-time rectangle [a, b] X [to, t1].

Once a family of paths has been chosen to define weak solutions, we can characterize
again the piecewise C' weak solutions by the so-called generalized Rankine-Hugoniot
conditions.

Theorem 1.1.3. Let us consider a piecewise C1 function W : R x R™ — Q. We have that
W is a weak solution of System (1.1.24) in R x RT if and only if W is a classical solution
of (1.1.24) where W is C' and it satisfies along all the discontinuities the jump conditions:

o (W, — W) — / A(@(@mm))%—f(@mwndg (1.1.27)

where o is the speed of propagation of the discontinuity.

If the system is conservative, i.e., if A(WW) is the Jacobian of a function, this condition
reduces to the Rankine-Hugoniot one (1.1.11) regardless of the family of paths chosen. As
it happens for systems of conservation laws (1.1.1), in order to have uniqueness of solution,
we need to add an entropy condition to the notion of weak solution.
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Definition 1.1.12. We define an entropy pair (U, F) for System (1.1.24) as the pair
composed by a convexr function U : Q) — R and a function F : Q@ — R such that

(VUWNTAW) = (VFW)E, vV e Q. (1.1.28)

As it happened for the system of conservation laws, the entropy solutions of (1.1.24)
should satisfy the entropy inequality

UW)e + F(W), <0, (1.1.29)

in the distribution sense.
We observe that the concept of weak solutions depends clearly on the choice of the family
of paths, which is a priori arbitrary, so that the crucial question is how to choose the ‘good’
family of paths. In fact, when the hyperbolic system is the vanishing-viscosity limit of the
parabolic problems

Wi+ AW W = ¢(R(WOWS)., (1.1.30)

where R (W) is any positive-definite matrix, the adequate family of paths should be related
to the viscous profiles: a function V' is said to be a viscous profile for (1.1.30) linking the
states W~ and W if it satisfies

lim V(x)=W~, lim V(x)=W% lim V'(x)=0 (1.1.31)

X——00 X—+00 X—>Eoo

and there exists o € R such that the travelling wave

— ot

wwao:v<x U), (1.1.32)
€

is a solution of (1.1.30) for every e. It can be easily verified that, in order to be a viscous

profile, V' has to solve the equation

— oV + AV)V = (R(V) V'Y, (1.1.33)

with boundary conditions (1.1.31). If there exists a viscous profile linking the states
W~ and W, the good choice for the path connecting the states would be, after a
reparameterization, the viscous profile V.

The main difference with the conservative case is that now every choice of viscous
term R leads to different jump conditions, while for standard conservative systems the
usual Rankine-Hugoniot conditions are always recovered independently of the choice of
the viscous term.

Let us consider the Riemann problem:

W, + A(W)W, = 0,

W {Wi o w<0 (1.1.34)
WL if x> 0.
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Simple waves (rarefaction waves, shock waves and contact discontinuities) are defined like
in the conservative case and again a solution of (1.1.34) is self-similar and it consists of at
most N + 1 constants states (including W, and W,.) connected by at most N simple waves.
We will denote it again by V (x/t, W, W,.).

1.2 Numerical aspects

In this section we focus on the design of finite volume methods. Let us discretize the real
line in computing cells I; = [z, 1,41 | that will have constant size Az for simplicity. Let
us also suppose that the boundaries of the cells are defined by z;, 1= 1Az and we denote

z; = (i — 3)Az the center of the cell I;. We will also consider At as the time step and we
define t,, = nAt. Let us denote by W/ the approximation of the cell average of the weak
solution at the cell I; at time t,, provided by the scheme. The initial cell values will be
given by:

o L [T

1
2

where Wy(z) is the initial condition. Observe that according to (1.1.26), the cell averages
of weak solutions satisfy:

1 [Tt} 1 [T} At 1 [Tt [T
— Wz, tyy)de = — Wz, t,)do——r —
Ar ), (%t )do (z t)dr =70 "

Ar [, AW (2, t))W, (2, t)dadt.

x.
i—

Nl

1 1
2 2

(1.2.2)
The idea is then to mimic this equality at the discrete level, as it is done to define

conservative methods for systems of conservation laws.

1.2.1 Path-conservative schemes: definition

We will focus on the so-called path-conservative methods developed by Parés [132].

Definition 1.2.1. Given a family of paths ®, a numerical scheme is said to be -
conservative if it can be written under the form:

At
ntl _ ppn — (Dt D~ ) 1.2.
Wt =W = 5 (P D), (123)
where
D=, =DE(W, W), (1.2.4)

z+2

being D~ and D two continuous functions from Q% to Q satisfying:

DEW, W) =0, YW €, (1.2.5)
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and

D (Wi W,) + D (W, W, / A@ (e Wi W) 22 (¢ Wi e (12.6)

23
for every set {W;,W,} C Q.

We observe that this definition is the discrete counterpart of (1.1.26) with [a,b] = I;
and [to, t1] = [tn, tns1]. As we are considering a piecewise constant approximation of the
solution, the dashed integral only consists of two Dirac measures placed in the intercells,
whose masses are split in the two terms Di ;, one of them contributing to the cell I; and

the other one to the cell [;,;. This definition is a generalization of conservative methods
for systems of conservation laws, i.e., if we suppose that A(W) is the Jacobian matrix of a
flux £'(W), then every method that is path-conservative for some family of paths, can be
rewritten as a conservative method as it was shown in [34]. Effectively, using (1.2.6) we
obtain

,Di(‘/vla Wr) + D+(I/Vl7 Wr) = F(Wr> - F(‘/Vl)

Defining
FWi,W,) =D~ (W, W) + F(W)), (1.2.7)
or, equivalently
FWy, W,) = F(W,) — D"(W;, W,), (1.2.8)
we obtain using (1.2.5)
FW, W) =FW), (1.2.9)

so F is numerical flux consistent with F' and using (1.2.7) and (1.2.8) in (1.2.3) we can
write (1.2.3) equivalently in conservative form

Win-l—l Wn_i_ﬁ(f ; _J,—_-H_

A ), (1.2.10)

=

2

where

]:z'+ = }—(I/Vz‘n: VV;?H)

(SIS

Due to this, if the nonconservative system (1.1.24) contains some equations that are
conservation laws, then a path-conservative method will be conservative for these laws.

Path-conservative schemes have been applied to many flow models, such as the shallow
water or multilayer shallow water models, Saint Venant-Exner [36], turbidity currents
[126], Ripa model [146], two-mode shallow water system [33], Baer-Nunziato model [66],
Pitman-Le model [135], Savage-Hutter model [75], Bingham shallow water system [76],
blood flow [127], two-phase flows [128], etc.
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1.2.2 Path-conservative schemes: examples

Let us see that using the theory developed by Parés [132] we are able to extend to
nonconservative systems some standard schemes used for solving systems of conservation
laws.

1.2.2.1 Godunov scheme

Let us suppose that a family of paths ® has been chosen. Let us denote by V (x/t, W, W,.)
the self-similar solution of the Riemann problem:

Wi+ AW)W,, =0,

W (z,0) = W, if x<0, (1.2.11)
W, if x>0,

The Godunov method consists in updating the approximation at the cells by averaging the
solution of the Riemann problems associated to every intercell at the previous time step:

1 T Tr—T; 1 Tipl r— T, 1

n+1 3. n n 2 it n n

Wi :A_l’ V(Tt,m_pm >d1:+ V( 7VVi ’I/Vi—&-l)dx )
r. 1 Tq

T2

under a CFL-1/2 condition, i.e.,

At < A

1
2 max

where o) is the maximum of all speeds in absolute value of the waves present at time ¢,

so that the solutions of the Riemann problem at two consecutive intercells do not interact

in the averaging step.

In [129] it was shown that, under some assumptions over the family of paths, this
method can be written in the path-conservative form (1.2.3) with

(WL W, /A (& WL W, )5(5 W, W), (12.13)
0P
(LW / AW W) G 6 W W) (12.14)

where
Wi = hm V(s; Wi, W,). (1.2.15)
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1.2.2.2 Roe methods

Roe methods are based on the concept of a generalized Roe matrix in the sense of Toumi
[157].

Definition 1.2.2. Given a family of paths ®, a function Ag : Q X Q — Myxn(R) is
called a Roe linearization if it verifies the following properties:

o For any W;, W, € Q, Ae(W;,W,.) has N distinct real eigenvalues.
o For any W € Q, Ae(W,W) = A(W).
o For any W;,, W, € Q,

1
As (W, W) (W, — W) =/ A(@(&mm))%—f(é;m,wf)dé. (1.2.16)
0

Remark 1.2.1. If the system is conservative, i.e. if AW') is the Jacobian of a flux
function F, (1.2.16) reduces to the usual Roe property

A (Wi, W, ) (W, = W)) = F(W,) — F(W)),
and thus the usual notion of Roe matrix is recovered.

Once the linearization has been chosen, the corresponding Roe scheme can be written
in the form (1.2.3) with

D_(M/l7 WT) = A;(V[/la WT)(WT - I/‘/l>7 (1217)
D (W, W,) = AL (W, W,) (W, — W), (1.2.18)

where
Az (W, W,) = Re(Wy, W) Az (W,, W, 1) Rg* (W,., W), (1.2.19)

being Ag(Wr, W, 1) the diagonal matrix whose coefficients are the positive and negative
part, respectively, of the eigenvalues X\;(W;,W,.), i = 1,..., N, of the Roe matrix, and
Re (W, W,) a N x N matrix whose columns are associated eigenvectors. Let us consider
a € R, the positive and negative part of a is, respectively:

at = max(a,0) a = min(a,0). (1.2.20)
With this definition we have that

a=at+a, |a=a"—a,

SO 1 1
@ = o+ al), @ = la)).
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Therefore, the following identity holds:
1

where

|A$(Vvlv Wr)l = R@(Vvlv Wr)lAi(er W, l)lel(er VVZ)v (1'2'22>

being |A (W,, W, 1)| the diagonal matrix whose coefficients are the absolute value of the
eigenvalues of A (W, W,.). Using (1.2.21), we can rewrite (1.2.17) and (1.2.18) as:

1 1
Di(vvl: Wr) = §A<I>(I/Vl Wr)(Wr - VVZ) + §|A¢'(VVlv Wr)l(Wr - VVZ) (1223>

1.2.2.3 Polinomial Viscosity matrix (PVM) methods

The Polinomial Viscosity matrix (PVM) methods were introduced in [35] as a generalization
of the ones in [58]. These methods are based on a Roe linearization A¢ and on a polynomial

chosen at every inter-cell:
T

i+ L L
pri(z) =Y ol Fad, (1.2.24)
=0
Definition 1.2.3. The PVM method corresponding to the Roe linearization Ag and the

iti . . . . .
polynomials pr+2 is the numerical scheme that writes in the path-conservative form (1.2.3)

with:
D:r% = DWW, Wiy,) = §Ai+%(m/i+1 - W)+ §Qi+%(m+1 - W), (1.2.25)
with
.AH% = A (W', W/L1), (1.2.26)
and ]
ity i+3 i
Qi =p (A1) =) a; AL (1.2.27)

The idea behind these methods is the following: if instead of a polynomial, the absolute
value is chosen to compute the viscosity matrix, i.e.

the resulting numerical scheme is the standard Roe method (1.2.23). The idea is then

to choose a polynomial pfjr% that approximates the absolute value function so that the
numerical scheme is expected to be close to the Roe method but computationally less
expensive, since the evaluation of the Roe matrix at the polynomial may be cheaper than
the computation of its absolute value (that requires the knowledge of the eigenstructure).



14 Preliminaries

1.2.2.4 Simple Riemann solvers (SRS)

According to [132], the generalized definition of simple Riemann solver (SRS) for (1.1.2) is
as follows.

Definition 1.2.4. Let us take a family of paths ® in . We suppose that for every pair
of states W, W,. € Q, a finite number s > 1 of speeds

0g=—0< 0] <..<04< 0411 =+00, (1.2.29)
and s — 1 intermediate states
W() :I/Vl,Wl,...,Ws_l,Ws :W,«, (1230)

are chosen. The function R : R x Q0 x Q — Q given by

(( Wo=W,, if o <oy,
Wi, if o1 <o <oy,
Fi(()’7 Wi, W,«) = Wj, if 0; <0< 0jy41 (1231)
Ws—lv Zf Os—1 < 0 < 0,
| W =W,, if o,<o,

is said to be a SRS for (1.1.24) if it satisfies
R(o; W, W) =W, VW €Q, (1.2.32)

and

ZUJW W) /A (& Wi, W, >)§<£Wl, )de. (1.2.33)

Any SRS for (1.1.24) leads to a path-conservative numerical method:

Ax

Wn—l—l wnr —
A

t(p+(wn1,wn> + D (W, W), (1.2.34)

where
0

D= (W, W,) = —/ (R(o; Wi, W,.) — W;)do, (1.2.35)

—0o0

DY (W, W,) = — /00 (R(o; Wi, W,) — W, )do, (1.2.36)



1.2 Numerical aspects 15

or, equivalently,

/A (6 W W) G (E W W if o, <0,
D_(V[/la Wr) = Z O'j+1(Wj+1 — WJ) Zf o1 <0< oy, (1237)
0j+1<0
0 if o1 >0.
and
0 if o0s<0,
Z (Tj_l_l +1_W) ?/f 0-1<0<0-S7
D+(I/Vler) = 9 0j4+1>0 (1.2.38)

(&W, W, )dE if oy > 0.

/A (& Wi, W >)5

In particular, the easiest example of SRS is obtained if s = 2 that corresponds to the
extension to nonconvervative hyperbolic systems of the well known HLL solver introduced
in [93]. In this case, the simple Riemann solver consists of two waves of speed o = 5,
oy = S, linking three constants states W;, W* W,.:

M/l Zf o< Sl7
R (W, W) = W* if S <o0<8,, (1.2.39)
W, if o>85,.

In this case the consistency property (1.2.33) reduces to

0P

SO7 W)+ 5,00, =) = [ A W) e wi e
so that the intermediate state is given by:
! oo
S,W, = W= [ AW W) T2 6 W W, e
W* = 0 : (1.2.40)

Sr_Sl

An extension of the HLL methods called HLLC methods were introduced in [155] for system
of conservation laws and in [37] and [146] they were extended to hyperbolic nonconservative
PDE systems arising in turbidity current or Ripa models.
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1.2.3 Path-conservative schemes: high-order extension

High-order methods for (1.1.24) can be designed on the basis of a first-order path-
conservative method (1.2.3) and a high-order reconstruction operator.

Definition 1.2.5. A high-order reconstruction operator of order p is an operator that,
given a family of cell values {W,;}, provides at every cell [xi_%,xpr%] a smooth function
that depends on the values at some neighbor cells whose indexes belong to the so-called
stencil S;:

Pi(z) = Pi(z; {W;}jes,),

so that, if the cell values are the averages of a smooth function W :

i = ﬁ +7 W(z)dz, Vi€l (1.2.41)
U2

then
Wi =Wizig) + O(A2?), (1.2.42)
Wy =Wz, 1) + O(Ax”), (1.2.43)

being
W;—% = Pi($i+%)7 (1.2.44)
W, =Pz, 1). (1.2.45)

i—3

The states W, and VV: 1, are called reconstructed states at the intercells.

2 2

In general the functions IP; are computed by means of interpolation or approximation
techniques. Some well-known examples are the ENO, WENO, CWENO, or hyperbolic
reconstructions (see, for instance, [67], [68], [64], [92], [121], [148], [149], [117], [118]).

Let us denote by W;(t) the cell average of the solution W of (1.1.24) over the cell I; at
time ¢:

1 [Tl
i(t) = — Wz, t)dx. 1.24
W) = 5 [ s (1.2.46)
U
Weak solutions satisfy the equalities:
1 ["i+3
W) = 5 AW (2, )W, t)da, (1.2.47)
xi_%

what, according to Parés [132], suggests the following form for a semidiscrete method:

h A(Pi(az,t))%(:c,t)d:c . (1248

/ 1 — !

1
b}
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where

D, (1) =D (W, (0. W, (1) (1.2.49)

being P;(x, t) = P;(z, {W;(t) },es;) the functions at the cells provided by the reconstruction
operator and {Wi ,(t)} the reconstructed states associated to {W;(t)}.
2

Remark 1.2.2. In (1.2.48) the reconstruction operators {P;} are used to approxzimate the
reqular part of the weak integral in (1.2.47) and the terms D:t , are used to split the Dirac

measures corresponding to the discontinuities at the intercells.

We observe that the semidiscrete (1.2.48) is a system of ordinary differential equations
that we must solve by using a high-order numerical solver with good properties such as
the TVD Runge-Kutta schemes from [88] and [148]: let us consider a problem of the form

Wi(t) = —ﬁH(W(t)), (1.2.50)

the first, second and third order in time TVD Runge-Kutta schemes to solve (1.2.50) are,
respectively:

e First order in time:

Wi =Wt — —H(W]). (1.2.51)

n+%)) (1.2.52)

e Third order in time:

W=

(W;H ~ Mgy <WZ."+ )) . (1.2.53)
- 2 5]

wiN

The order of accuracy in space of these methods depends on the election of the
reconstruction operator. In the case of conservative systems the last integral of (1.2.48)
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can be computed exactly in terms of the physical flux F without depending on P;:

1 _ zi+% B]PZ
(t) + Di%(t) + A(P;(z, t))a—x(x, t)dx

DI (0)+ Dy () + F(B(rsy 1) — F(Blai_y.0)

DY (t)+D_ ,(t)+ F(W

o

a7 (PL40+ 20, i+
(
(

(1) = F(W,

N=

FW(0) = Fiy(8) + Fray(6) = FOV,, (6) + FOV,,, (1) = FOVS (1)

with ]-"H%(t) = ]-"(Wijrl(t), Y/V:Ll(t)) and where (1.2.7)-(1.2.8) have been used. The order
2 2

of accuracy in space in this case is then p as a consequence of (1.2.42),(1.2.43). This is not

the case for nonconservative systems in which the order of accuracy of the reconstruction

and its derivative inside the cell I; has to be taken into account:

Pi(z,t) = W(x,t) + O(Az?), Vx € I,

d 0
(1) = , P2 , .
C%U]P’Z(J:, t) o W(z,t) + O(AzP?), Va € I,.

This is due to the fact that we can not write the integral appearing in (1.2.48) in terms of
the physical flux. As a consequence, the order of accuracy in space will be min(p, p1, p2)
and in general for the usual reconstruction techniques we have that ps < p; < p. Therefore,
in the case of nonconservative systems the order of accuracy in space is ps while for
conservative systems is p. This loss of accuracy has been detected and numerically verified
for WENO-Roe methods in [31]. In [131] an interesting technique based on the use of
the trapezoidal rule and Romberg extrapolation for the numerical approximation of the
integrals in (1.2.48) was used to avoid the explicit computation of ZP;(z,t) in order to
increase the expected order of accuracy in space to min(p, py).

In [48] the strategy to extend high-order finite volume central schemes on staggered
grids to general hyperbolic systems including nonconservative products was introduced
and discussed. It was based on a path-conservative method on staggered cells and central
Runge-Kutta time discretization. In [33] a second-order path-conservative central-upwind
scheme for the two-mode shallow water system was proposed.

Another alternative for constructing high-order schemes called ADER-FV and ADER-
DG methods were introduced in [152] and [69]. These two approaches consider the
differential form of the governing PDE system to achieve high-order accuracy in time using
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the Cauchy-Kowalevski procedure that substitutes time derivatives by space derivatives
via successive differentiation of the system with respect to space and time. In [64] an
entirely numerical approach that replaces the Cauchy-Kowalevski procedure by a local
weak formulation of the governing PDE in space-time was presented. It was extended
to nonconservative systems in [65]. This Cauchy-Kowalevski procedure is also used with
finite differences in [139]. In [165] an alternative to this procedure was introduced and
it was based on the approximation of the derivatives in the Taylor expansion in time of
the solution through high order central divided difference formulas in a recursive way. A
modification of this technique leading to numerical methods using stencils of minimal
length was introduced in [29]. In both cases, WENO reconstructions were used to avoid
spurious oscillations: see also [30]

Let us describe with more details the construction of the two reconstruction operators
that will be used along some of the following Chapters: the MUSCL and the CWENO3
operators.

1.2.3.1 MUSCL reconstruction operator

The MUSCL reconstruction operator was introduced in [158] and it is second order accurate
(see [159], [160] for more details). Given a family of cell values {IV;}, the reconstruction
functions are linear: o

Pi(z) = W; 4+ 0, W;(x — x;),

where 5;1/[// ; is the minmod approximation of the first order spacial derivative at x;, whose
kth component is given by

Witik — Wik Witix —Wisix Wik — Wik
: : : : : : 1.2.54
Ax ’ 2Ax & Ax o (12.54)

where W/ represents the kth component of W, « is a parameter with 1 < a < 2 and

(ml)k = minmod (Oé

min{a,b,c} ifa,b,c> 0,
minmod(a, b, ¢) = ¢ max{a,b,c} ifa,b,c <0, (1.2.55)

0 otherwise.

This reconstruction can be combined with a linear reconstruction in time that avoids the
use of an ODE solver for the semidiscrete method: this is the so-called MUSCL-Hancock
reconstruction that will be used in Chapter 5.

1.2.3.2 Third order CWENO reconstruction operator

The CWENO reconstructions were introduced in [117]. We consider here the expression of
the operator described in [55] and [56]. Given a family of cell values {W;}, the expression



20 Preliminaries

of the reconstruction on the #th cell is a polynomial
PEWENOS — CW ENO(Pop, Pr, Ps) (1.2.56)
of degree 2 that depends on:
e Po,i: polynomial of degree 2 that interpolates {W;_1, W;, W;i1}.
e P;: polynomial of degree 1 that interpolates {W;_;, W;}.
e P polynomial of degree 1 that interpolates {W;, W, 1}.

By interpolating consecutive cell averages we mean that
1 Tivd

-

[

Let us see how to obtain this polynomial for a stencil S; composed by [ cell averages: Let
us consider W (x) a primitive of W (x),

_ / W), (1.2.58)

where TV is the function of which the cell averages come from. We see that we can obtain
the values W (x,, 1 ) in terms of the cell averages:

Z/ W (x)dx = Z AzW;. (1.2.59)

j=—00 j=—00

Now that we know the values W (z; 41 ), we denote by P the unique polynomial of degree

at most [ that interpolates the function W evaluated in the intercells of the stencil. The
polynomial of degree at most [ — 1 we are looking for is the derivative of P:

P(z) = P (). (1.2.60)
Effectively:
ALI zﬁl% P(z)dr = AL:E /;j% ?/(x)dx
- = (Pla;43) = Pla;y)
_ A%; (W(xj+%) - W(xj_%)) (1.2.61)
= ALJT (/ooﬁé W(z)dz — /.:J_% W(:c)d:c)
:é/xj %W(x)da::Wj, JES;
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The definition of PEWENO3 depends on the choice of a set of positive real coefficients
do, dy, dy € [0, 1] such that 22:0 d, =1, dy # 0, called linear coefficients, in the following
way:

1. We introduce the second degree polynomial P, defined as:
1

Po(x) = i

(Pop(z) — dy Pi(z) — do Pa(x)) - (1.2.62)

2. The nonlinear coefficients wy are computed from the linear ones as:

dy (€93
W

([[%] + €)'t Ty aj’

J=0

. =

(1.2.63)

where I[P;] denotes a suitable smoothness indicator that in our case will be the
Jiang-Shu indicator (see [96]):

I[P = diam(I;)*! /1 | (%Pk(x)) dr, (1.2.64)

>1

being dd—;lPk(x) the [-th derivative of P, € is a small positive quantity and ¢ > 2.
Different smoothness indicators have been used in the literature, see for instance [9],
30].

3. Finally, PCWENO3 ig given by:

2
PEWENOS (1) =y " wy, Py (). (1.2.65)
k=0

The following choice of linear coefficients will be used in this thesis:
dy=0.7, dy=0.15 dy =0.15.

This third order reconstruction operator was also considered in [56] and [138] but using
different coefficients.

1.2.4 Path-conservative schemes: well-balancing

Systems of the form (1.1.24) may have non-trivial stationary solutions. This is the case of
solutions that balance the flux, nonconservative products, and source terms in systems
of the form (1.1.23). The design of numerical methods that preserve all or a significant
set of stationary solutions is crucial when the waves generated by a perturbation of an
equilibrium have to be simulated: numerical methods with this property are called in
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general well-balanced. Since [13], where this property was firstly called the C-Property
and it was only related to the water at rest for the shallow water equations, the study and
design of well-balanced numerical methods have been a very active front of research: see
for instance [5, 12, 28, 34, 32, 131, 50, 145, 43, 47, 123, 122, 61, 60, 80, 79, 23]. In this
section we will review the definition of well-balanced methods and how to obtain high-
order well-balanced methods through the use of high-order well-balanced reconstruction
operators.

1.2.4.1 Definition of the well-balanced property

The stationary solutions of the system (1.1.24) are those solutions of the system such that
W, = 0 and verify
AW (x))W,(z) =0, (1.2.66)

for all x where W is defined. Let us take a regular stationary solution W, we observe
from (1.2.66) that 0 is an eigenvalue of A(W(z)) and W, (x) is an associated eigenvector
for every z. Therefore, x — W (z) can be interpreted as a parametrization of an integral
curve of a linearly degenerated characteristic field whose corresponding eigenvalue takes
the value 0 through the curve. We denote by I' the set of all the integral curves v of a
linearly degenerated field of A(WW) such that the corresponding eigenvalue vanishes on T
We are now able to state the general definition of a well-balanced method.

Definition 1.2.6. A numerical scheme (1.2.3) is said to be well-balanced if, given any
pair of states W; and W, belonging to v € I' one has

DE(W,, W,) = 0. (1.2.67)
If the numerical method with this definition is applied to the initial condition
WP =W+*(z;), Vi,
being W* a stationary solution, then
Wt =W? Vi

In practice if we have two states W; and W, belonging to the same integral curve v € T,
then we want the stationary contact discontinuity at z*

Wi, x<x¥,

(1.2.68)
W,., x>z,

Wz, t) = {

to be a weak solution. In the case of conservative systems the fact of belonging to the same
integral curve is equivalent to the preservation of the corresponding Riemann invariant
so it will be an admissible weak solution. The problem when having a nonconservative
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system is that we need to choose a notion of weak solution where (1.2.68) is an admissible
solution. Therefore, the family of paths has to be chosen so that (1.2.68) satisfies the
Rankine-Hugoniot condition (1.1.27). In order to do this, it is enough to ensure that, in
the case we have two states W; and W, belonging to the same integral curve of a linearly
degenerated field, then the corresponding path is a parametrization of the arc of this
integral curve linking W; and W,..

Let us check this in the particular case of systems of the form (1.1.23) that can be
written in the form (1.1.24) with:

(1.2.69)

being A(U) = JF(U) the Jacobian of the flux F. Let us suppose that the matrix
A(U)+ B(U) has N — 1 real eigenvalues

/\1(U) <. < )\N_l(U), (1270)

and associated eigenvectors r;(U),j = 1,..., N — 1. If none of these eigenvalues is null,
then System (1.1.24) is strictly hyperbolic: A(W) has N different real cigenvalues

M(U), s Anv_1(0), 0, (1.2.71)
with associated eigenvectors R;(U),j = 1, ..., N given by

R;(U) = ( Tj(OU) ) . j=1,..N—1, RyU)= < (A(U) +B(1U))_15(U)

(1.2.72)

In this case the set I' is composed by the integral curves of the linearly degenerated field
Ry (U), i.e, the integral curves of the ODE system

% — Ry (W), (1.2.73)
= (AU + BO) ' SW),
(1.2.74)
do
ds L

that is equivalent, choosing o as the parameter and using the last equation of (1.2.74), to:

dU

- =

(A(U) + B(U)) ' S(U), (1.2.75)
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what implies
(A(U)+B(U))% =S(U), (1.2.76)

that is clearly a reparametrization of the equation satisfied by the stationary solutions

U do

(AU) + BU)) = = SW) 7. (1.2.77)

Therefore a pair of states W, = < lajl ) and W, = (0]’" ) belong to the same integral
l T

curve v € I' if and only if there exists a solution of the ODE system

(A(V)+ B(V)) % =35(V) (1.2.78)
such that
V(O’l> = Ul,
{V(UT) . (1.2.79)

Remark 1.2.3. If V(o) is a solution of (1.2.78), then U(z) = V(o(x)) is a stationary
solution of (1.1.23): it satisfies

FU), +BU)U, = SU)o,
in the smooth regions and (1.2.78)-(1.2.79) in the discontinuities.

As we said before, we want to choose a family of paths that, in the case we have
two states belonging to the same integral curve, they can be connected by an admissible
stationary contact discontinuity. A possible election is the following one:

| L DpEWa W)\ [ Vi€, — o)
(& W, W) = ( D, (62 W W) ) = ( o1+ E(o, — o)

Effectively, if we choose this path the solution (1.2.68) verifies the Rankine-Hugoniot
condition with null speed:

), ¢€e€f0,1. (1.2.80)

! oD
| A w w5 6w w e =
0
! 0dy; b,
/0 [(A((I)U(§§Wla Wr)) + B((DU(ﬁ;Wla WT)))0_§(€7 VVlu Wr) - S(‘I)U(f; Wl7 Wr))a—f(ﬁ;wl, Wr) d§

= [ oy + B G - S| s o

where V' verifies (1.2.78)-(1.2.79).
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As we have seen if the eigenvalues of A(U;) + B(U;) do not vanish, the jump condition
(1.2.78)-(1.2.79) is equivalent to state that the solution of the Cauchy problem

Ccll_‘a/ — (A(V) + B(V))" S(V) (1.2.81)
V(o) =0,

is defined in o, and satisfies V' (o,.) = U,.
Remark 1.2.4. Solving (1.2.81) we obtain all the possible right states that can be linked

through an admissible stationary discontinuity at x* with W; = ( gl )
1

Remark 1.2.5. In the resonant case, i.e., when one of the eigenvalues of A(U;) + B(U,)
vanishes, the Cauchy problem (1.2.81) may have no solution or to have more than one.
In the case of multiple solutions a criterion is needed to decide what are the admissible
discontinuities to be preserved by the numerical method (see, for instance, [84]). In Chapter
2 we will see the Monotonicity criterion for the shallow Water equations with topography
introduced in [112] that is similar to the one used in [111].

At this point we have determined the path (1.2.80) linking pairs of states that can be
the limits of an admissible jump at the discontinuity points of o. Let us suppose that our

family of paths

Q& WL, W) = ( 2(0{((?%55)) ) . £elo,1]. (1.2.82)

reduces to (1.2.80) when the states belong to the same integral curve of the linearly
degenerated field associated with the null eigenvalue (see [34] for a possible choice). Let
us see how, with this election of family of paths, the methods presented in the previous
section can have the well-balanced property.

1.2.5 Well-balanced path-conservative methods

Let us see the requirements under which the numerical methods described above are
well-balanced if the family of paths is such that the path linking the states that belong to
the same integral curve v € I' is a parametrization of the arc of this curve.

1.2.5.1 Well-balanced property of Godunov and Roe

Let us take a pair of states W; and W, belonging to v € I'. In this case the solution of
the Riemann problem (1.2.11) is the stationary contact discontinuity so that W, and
W, in (1.2.15) coincide with W, and W,., respectively, then in the Godunov method
(1.2.13)-(1.2.14) we obtain:

! O
Dion(Wi1W,) = / A(B(€; Wi W0) 7 6 Wi Wi)dg =0
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0P
Do (Wi, W, / AW, W) 5

so that the Godunov method is well-balanced with this family of paths. In the case of the
Roe methods the property of the Roe matrix (1.2.16) reduces to:

(& We, W )d€ =

ok
23

so 0 is an eigenvalue of Ag with associated eigenvector W, — W;. Then by definition,
W, — W, is also an eigenvector associated to the eigenvalue 0 for Ay and AJ and therefore
we obtain from (1.2.17)-(1.2.18):

As(Wy, W) (W, — W) /A (&W, W, )) (& W, W,)dE =0, (1.2.83)

Diop(Wi, W,) = Az (Wi, W,) (W, — W) = 0,

so that the Roe method is well-balanced with this family of paths.

1.2.5.2 Well-balanced Polinomial Viscosity matrix methods

Let us consider now PVMs methods whose fluctuations are given by:
Dpya (Wi, Wr) = —Aé(W W)+ 5 Q@(W ).

Using again the property of the Roe matrix (1.2.83) and the expression of the viscosity
matrix Q¢ = p,(Ag) (1.2.27) we obtain:

1o : 1
Diya (Wi, We) = 5D o Ay (W = W) = 5 a0l (W, = WD),
j=0
and this is 0 if and only if we have ay = 0, i.e., if and only if the polynomial p, verifies
pr(0) = 0. A modification of the PVM methods that allows one to obtain well-balanced

methods when oy = 0 was introduced in [45]. This modification is based on the use of a
modified identity matrix: in the term I, the matrix is replaced by

I(Wy, W,.) = Re(Wy, W) Id(W,, W, 1) Rz (W,., W), (1.2.84)

where again Rg(W;, W,.) is a matrix whose columns are eigenvectors of Ag (W, W;), and
Id is the diagonal matrix whose ith coefficient is 1 if \;(Wy, W) # 0, or 0 if \;(W;, W,.) = 0.
With this modification, if the states W, and W, belong to v € I', W,. — W, is an eigenvector
associated to 0 for Ag and also for 1 (W, W,.), then

1 ~
D;EVM(VV}’ WT) = :l:éao‘[(vl/h WT)(WT - VVZ) == Oa

so that with this modification the PVM method is well-balanced with this family of paths.
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Remark 1.2.6. In the case of problems of the form (1.1.23), some algebraic calculations
allow us to show that the matriz I1(W;, W,.) has the following block structure:

~ _ —1

W, W) = < é I (Ao +f¢) Sa ) | (1.2.85)
This modification is equivalent to write the first term of the viscosity part as:

OZO(WT - V[/l - (A(I) _I_ B(I))_IS(}(O-T - Ul)) (1286)

1.2.5.3 Well-balanced simple Riemann solvers

As it was pointed out in [34] and [37], from the expression (1.2.35)-(1.2.36) of the
fluctuations, it can be easily deduced that a sufficient condition to have the well-balanced
property is the following: given two states W, and W, belonging to the same integral curve
of a linearly degenerate field, the corresponding simple Riemann solver is given by:

W, if o<,
W, if o>0.

Let us consider a SRS R(o; W;, W,.) for (1.1.24) consisting of s speeds (including 0)

R(o; Wi, W) = {

00 =—00< 01 < ... <0Op1 <0 =0< 0pq1 < ... <05 < gy = +00, (1.2.87)

T

and s — 1 intermediate states: W]l = < gj ) for j=1,..,k—1and W} = < gj ) for
1
j=k,...,s — 1 such that

( W():I/I/h Zf o <0y,
Wi, if o1 <0< o,
. ) wi, if o1 <0<0
R(o; W, W,) = wr, i 0<o <o (1.2.88)
W, if o1 <0 <o,
( Ws=W,, if os<o.

The corresponding method will be well-balanced provided that WJZ = W, for all j =
L.,k —1and W] =W, for all j =k, ...,s — 1 whenever the states W, and W, belongs to
the same integral curve of a linearly degenerate field. The HLL scheme (1.2.39) does not
verify this property in general. Nevertheless, it can be generalized in the following form:

VVl Zf g < Sl,
Wr if S <o0<0,
Wr if 0<o0<8S,
W, if o>5,,

RALE (oo W, W) = (1.2.89)
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where the states W = (U, 09)" and W* = (U?,0,)" should satisfy the consistency
property (1.2.33), that in this case of system of the form (1.1.23) it reduces to

S (U — Uy) + S, (U, — U*:F(U) F(U)
+/ (@) &df / (1.2.90)

where we have skipped the variables of the paths for shortness. As we have seen, to obtain
a well-balanced method we should have W} = W, and W} = W, whenever W, and W,
belong to the same integral curve v € I'. If this happen, integrating (1.2.75), we obtain

! 0D,
U.—-U = / (A+ B) 1 (®y)S (D) a¢ (1.2.91)
0 ‘
Therefore, if W = W, and W) = W, one has
! 0D,
u-u+U,-U:=U,—-U, — / (A+ B) H(®y)S(Py) ¢ (1.2.92)
0

Imposing (1.2.90) and (1.2.92) for any pair of states, some easy computations lead to the
definitions:

1
Ur=U*— 5 635,/0 (A+B)‘1(<I>U)S(<I>U)ai d€, (1.2.93)
*x * ST ! —1 8@
Ur=U* - Sr_Sl/o (A+ B)"HDy)S(dy) =2 5 7 de, (1.2.94)
where
1
S, W, — SV — (F(U,)-F(Um/ B(@@aﬂdg / S(@y)2 ag )
U* — 0 ,
S, — 5
(1.2.95)

is the intermediate state of the HLL method (1.2.40). This gives a well-balanced HLL
method.

This idea can be generalized to define well-balanced SRSs: Let us suppose that, for
any pair of states W; and W, s speeds (including 0)

0g=—-0<01<..<0p 1 <0, =0< 0ps1 < ... <05 < 0gy1 = +00, (1.2.96)

and s — 1 states Vi, Va, ..., V4, ...Vs_1 € RY can be chosen so that

k—1 s—1 1
Vit STV = U, — U — / (A + B)(®y)S(0y) 222
0

=1 j=k+1

0d,

5 7 de, (1.2.97)

<
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s—1

o;V; = F(U,) — F(U,) + A m¢@Qﬁ%§ / @, (1.2.98)
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and V; = 0 for j # k whenever W, and W, belong to the same integral curve v € I'. Then,
define the states W; € RN for j = 0,1, ..., s as follows:

Jj=1

W; = ( gj ) for j=1,.k—=1 and W;= ( Uj ) for j=k, ..s, (1.2.99)
! r
where
UO = Ul, Uj = V} + Uj—l fOT ] = ]_, k= ]_, (12100)
US = Ur, Uj = Uj+1 — ‘/} fO?” j =S — 1, k. (12101)

The speeds o; and the intermediate states W; define a well-balanced SRS.

In [37] and [146] a well-balanced SRS has been applied to turbidity currents and Ripa
models, respectively.

1.2.5.4 Generalized Hydrostatic Reconstruction

An alternative strategy for defining well-balanced methods is the so-called generalized
hydrostatic reconstruction (GHR) introduced in [46] as a generalization of the hydrostatic
reconstruction technique introduced in [5] (which was further enhanced in [19]) to obtain
schemes that preserve the solutions corresponding to water at rest for the shallow water
equations. It is based not only in a specific choice of the family of paths but also in an

. ) . . U,
election of the fluctuation terms. Let us consider two arbitrary states W; = ( al > and
!

W, = < gr ), the GHR follows the next steps:

T

1. Let us consider a family of paths ¢(&; U;, U,) and a path-conservative method Di
for the homogeneous problem:

U, + F(U), + BU)U, = 0. (1.2.102)

2. Now we define the family of paths ® for the non-homogeneous problem following
this procedure:

e First we choose an intermediate value oy such as 0; = 0, = 09 when 0; = o,.
In Chapter 2 we have used

oo = min(oy, oy.). (1.2.103)
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e Next we link (if possible) the states W; and W, with two states W, = (U, 09)7,
Wy = (U, 09)T, respectively, through the integral curve associated with the
linearly degenerated field whose corresponding eigenvalue is null, i.e, we solve the
system (1.2.78) with initial condition V(o;) = U, and V,.(o,) = U,, respectively,
and we denote these solutions by V;(¢) and V,(o), then:

Uy =Vi(oo), Uy =V:(00). (1.2.104)

e Finally we use the path ¢ to connect the states U, and Uy .

The family of paths ® linking W; and W, will be the union of the two arcs of the
integral curve and the curve s — (¢(& Uy, Uy ), 00)7.

3. We consider the following fluctuation:

Dgir(Wi, Wr) = Dy (Ug . U).- (1.2.105)

Remark 1.2.7. We observe that the path ¢ reduces to (1.2.80) if W, and W, belong to
the same integral curve of a linearly degenerated field: observe that, in this case, Uy = Uy .

This method is well-balanced whatever the choice of path and of fluctuations is made in
the homogeneous case. Effectively, if W, and W, belong to the same integral curve v € I,
then W, = W, so

DgHR(VVl? WT) = DI:S(UO_’ U(T) =0,

where we have used (1.2.5). If the homogeneous problem is conservative, it does not matter
the family of paths ¢ we chose: we can simply chose the family of segments:

(& Wi, W) = Wi 4 (W, — W), (1.2.106)

Remark 1.2.8. This alternative strategy to generate well-balanced methods avoids, for
example, the computation of the inverse of A + B in the PVM case that can lead to
difficulties in the sonic points.

1.2.6 Path-conservative schemes: high-order well-balanced re-
construction operators

The well-balanced property of a first path-conservative method can be lost if it is extended
to high-order using a reconstruction operator: see (1.2.48). Nevertheless, as pointed out
in [40] and more recently in [47], the high-order semidiscrete method is still well-balanced
if the reconstruction operator is well-balanced in the following sense:
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Definition 1.2.7. The reconstruction operator is said to be well-balanced for a stationary
solution W (z) if

Pi(z; {Wj}jes,) = W(x), Vo€ [z,_1,2,1] (1.2.107)

iAas/W

Therefore, the main ingredients to obtain high-order well-balanced methods are:

where

IIZ

e A first-order well-balanced path-conservative scheme like the ones discussed in the
previous subsection for computing the D* part of the semidiscrete method (1.2.48).

e A well-balanced high-order reconstruction operator to compute the integral appearing
in the semidiscrete method (1.2.48) and the reconstructed states {I/Vi[IE .}
2

Theorem 1.2.1. Let W be a stationary solution such that x — W (z) is a parametrization
of a curve v € I'. Let us consider a first order path-conservative method D which is
well-balanced for ~v and a reconstruction operator that is well-balanced for W. Then,
the numerical method (1.2.48) is well-balanced for W in the sense that the vector of its
cell-averages {W;} is an equilibrium of the ODE system (1.2.48).

Proof. Let us consider the right-hand side of (1.2.48) corresponding to the cell averages of
W. Since the reconstruction operator is well-balanced, one has

P)(z) = W(x), Vz €[z, 1 1Ty 1], Vi. (1.2.108)
Moreover,

then VVS; and VVS; belong to v € I'. Therefore:
2 2

4+ [ AP )i
i3 3 ), Ox
L)

Ti+} oW

=DV W) + D (W, W) + AW (2) S (w)dx = 0

=3 73 ity L or
i3
as we wanted to prove. O

A standard reconstruction operator is not expected in general to be well-balanced: the
functions P; are usually computed by interpolation techniques within a particular class of
functions, such as polynomials, hyperbolas, etc, and , in general, the stationary solutions
are not expected to belong to that class. Nevertheless, the technique introduced in [40]
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can be used in order to make well-balanced a standard reconstruction operator that will

be denoted by
Qi(z) = Qi(z; {W;}jes,)-

The following steps have to be performed in order to compute a well-balanced reconstruction

operator P; at the cell [z; 1Ty 1] for a given family of cell values {W,}:

1. Look for the stationary solution W;*(x) defined in the stencil of cell I; (Ujes,f;) such
that:

/ Wi (z)dz = W, (1.2.110)

if possible. In other cases consider I/VZ* =
2. Compute the fluctuations {V;};es, within the stencil S;:

1 Titd

Vi=W; — Ay

Wi (z)dz, jeS;. (1.2.111)

l\.’:\»—t

3. Apply the standard reconstruction operator to the fluctuations {V;};cs,:
Qi) = Qi(; {Vi}jes.)-

4. Define the well-balanced operator:
Pi(z) = Wi (z) + Qi().

P; is well-balanced for every stationary solution provided that the reconstruction
operator Q; is exact for the null function. Moreover, it is conservative, i.e.,

1 [T+

~ P;(x)dx = W,;, for all 4,

1
i3

provided that Q; is conservative, and it is high-order accurate provided that the steady
solutions are smooth (see [47] for details).

The key point of this procedure is the first step where in general, if we are able to
obtain the stationary solution at least in its implicit form, we need to solve the N x N
nonlinear system (1.2.110). Observe that, if it is impossible to find a stationary solution
defined in the stencil that satisfies (1.2.110) then the standard reconstruction is used.
Please note that this choice does not spoil the well-balanced character of the numerical
method: in this case, the cell values in the stencil cannot be the averages of a stationary

solution (otherwise there would be at least one solution W) and thus there is no local
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equilibrium to preserve. On the other hand, if there is more than one stationary solution
defined on the stencil that satisfies (1.2.110), a criterion is needed to select one of them
depending on the problem, as we will see in Chapter 4.

In general the averages of the initial condition are computed using a quadrature formula:
M

Woi =Y apWo(xy), Vi, (1.2.112)
k=0

where af, ..., a4y, and zi, ..., 2, represent, respectively, the weights and the nodes of the
chosen quadrature formula, whose order of accuracy must be greater or equal to the
one of the reconstruction operator. In this case the two first steps of the well-balanced
reconstruction procedure have to be modified to obtain well-balanced methods:

1. Look for the stationary solution W;*(x) defined in the stencil of cell I; (Ujes,1;) such
that:

M
> ap Wi (ap) = Wi, (1.2.113)
k=0
if possible. In other cases consider W = 0.
2. Compute the fluctuations {V;};es, within the stencil S;:

M
V=W, =) odW;(x]), je€S (1.2.114)
k=0

The well-balanced property can also be lost if the quadrature formula is used to compute
the integral appearing in (1.2.48). In order to circumvent this difficulty, the semi-discrete
scheme is first rewritten as proposed in [47] taking into account the non-conservative part

dW; 1 Tit
i _ 2 (p 4D
v AT z—ﬁ/z

(A ) i) = AV () W) )

(1.2.115)

where W*(x) is the stationary solution found at the first stage of the reconstruction

operator when applied to {W;(t)}. Let us consider the particular case of systems of the
form (1.1.23) that can be written in the form (1.1.24) with:

[

;1
i-3

(1.2.116)

w= (1), A =aw) - (A0S,
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being A(U) = JF(U) the Jacobian of the flux F'. In this case we obtain in (1.2.115):
aw, 1

N
b [ (B SR 0) - B 50t @) do

i—

(2

(s +DF s + F(Bi(x,y)) = FU; (24)) + F(U; (z,

[

0

+/:+% ((S(IPZ-(I)) — S(U;‘(l’)))%g(w)) A

Once this equivalent form is obtained, the quadrature formula can be applied to the
integrals without losing the well-balanced property, and this leads to a numerical method
of the form:

Wi(t) = - é (DH; + D+ F(Pilwi1)) = F(U (243)) + F(UF (7)) = F(Bi(x;_y)
+ Y ok (B e - B ah) 507 o)
# el (SR - S gotel) ) ) ,

(1.2.117)

where af, ..., a4, and zi, ..., %, represent, respectively, the weights and the nodes of the
chosen quadrature formula in the ith cell, it can be easily checked that the numerical
method is still well-balanced for every stationary solution.

Remark 1.2.9. In the case B and S are null, the scheme reduces to

1
Firl —.7:-_%), (1.2.118)

Wilt) =~ - (Fuey — 7,

(2

and, therefore, it is conservative.

Finally let us mention that this methodology can be extended to systems for which the
solutions of the ODE system (1.2.66) are not available neither in explicit or implicit form:
in this case, the nonlinear problems arising at Step 1 have to be solved numerically. In [87]
a control-based strategy combined with a standard ODE solver is used to find solutions of
(1.2.66) that satisfy conditions over their averages like (1.2.110) or (1.2.113).

This strategy, based on the concept of well-balanced high-order operators, has been
applied to different models: shallow water systems [34, 43], blood flows in vessels [127],

?

Euler system with gravity [78, 97], Ripa model [146], among others.
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1.2.7 Path-conservative schemes: convergence issues

In [42] it was shown that, if the numerical solutions provided by a path-conservative method
converge uniformly in the sense of graphs as Ax — 0, the limit is a weak solution according
to the chosen family of paths. Nevertheless, this notion of convergence (see [57], [107]) is too
strong and the numerical solutions provided by finite-difference or finite-volume methods
do not converge usually in this sense. This is not to say that path-conservative methods do
not converge: in practice, it can be observed that numerical methods like the extensions of
Godunov or Roe schemes described in the previous section converge in L'-norm under the
usual CFL condition. What happens is that the limit may be a weak solution according
to a different family of paths, i.e. it is a classical solution in the smoothness regions but
its discontinuities satisfy a jump condition (1.1.27) different of the expected one: see [42],
[1]. In fact, the family of paths that controls the jump conditions satisfied by the limits
of the numerical solutions is related to the viscous profiles of the equivalent equation of
the method: see [42]. If, for instance, the family of paths is based on the viscous profiles
related to a regularization (1.1.30), the leading terms in the equivalent equation that
represent the numerical viscosity of the scheme may not match the viscous term in (1.1.30).

The definition of path-conservative method is a formal notion of consistency and,
although Lax’s equivalence Theorem ensures that consistency and stability implies
convergence for linear systems, this is not the case in general for nonlinear problems.
For instance, in the case of systems of conservation laws, stable conservative methods
may converge to solutions that are not admissible weak solutions: this is the case for Roe
methods that may converge to weak solutions that are not entropy solutions. In order
to ensure the convergence to the right weak solutions, besides consistency and stability,
entropy has to be well controlled: for instance, entropy-fix techniques have to be added
to Roe methods (see [39]). In the case of nonconservative systems, consistency, stability,
and control of the entropy are not enough: the numerical viscosity and, in general, the
numerical dissipation effects, have to be well-controlled (see [109] for a review on this topic).

The design of finite-difference or finite-volume methods satisfying these four properties
is difficult in general. Nevertheless, different techniques have been introduced to overcome,
at least partially, this convergence issue: [15], [10], [4], [17], [39], [52], [53], [77], [132]. In
particular the path-conservative entropy stable methods introduced in [39] and extended
to DG high-order methods in [94] significantly reduce the convergence error: to do this,
entropy-conservative numerical methods are first introduced that are stabilized by means
of a discretization of the viscous term of the regularized equation (1.1.30). More recently,
in [51], an in-cell discontinuous reconstruction technique has been added to first-order
path-conservative methods that allows one to capture correctly weak solutions with isolated
shock waves. An extension of this technique to second order will be developed in Chapter
5.
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Chapter 2

The Riemann problem for the
shallow water equations with
topography: the wet-dry case

In this chapter we study the solutions of Riemann problems for the shallow water equations
with topography. More precisely we consider problems whose initial conditions correspond
to a wet-dry front, i.e, problems where there is vacuum on the right or on the left of a step.
In the homogeneous case, i.e., when the bottom is flat, the equations have the structure
of a system of conservation laws and it has been already discussed, including wet-dry
situations, in [153]. When the bottom is not flat, they have the structure of a system of
balance laws and new difficulties arise. On the one hand, nontrivial stationary solutions
appear and have to be correctly handled in order to be able to design well-balanced
methods. On the other hand, due to the initial condition or to the interaction of the
fluid with the varying topography, wet-dry fronts can develop. These fronts appear very
frequently in practical applications: floods, dam-breaks, breaking of waves on beaches,
etc; and the design of numerical methods handling correctly with them is challenging: see
8, 38, 41, 54, 59, 124, 164, 24].

As we have seen in Chapter 1, Godunov-type methods are based on the exact or
approximate solution of Riemann problems at the intercells. A good knowledge of the
solutions of the Riemann problem is therefore necessary to approximate them correctly. In
the case of a varying topography, different analytical and numerical studies of the solution
of the Riemann problem have been performed: [3, 14, 141, 112, 113, 20, 16, 21, 91], etc.
In [41] the solution of the Riemann problem corresponding to a wet-dry situation over a
step has been partially studied in order to improve the Roe method. In some cases, the
Riemann problem is interpreted as a Partial Riemann problem (in the sense proposed in
[63]) associated to the homogeneous system.
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In this chapter we study the complete solution of the wet-dry Reimann problem. Besides
the theoretical interest of this analysis, the results may be useful to design numerical
methods and/or to produce reference solutions to compare different schemes. The chapter
is structured as follows: in Section 2.1 we introduce the model in consideration. Then, in
Section 2.2, the simple waves of the system are described. In Section 2.3 the solutions
of the Riemann problems are built by composing these simple waves. Depending on the
initial conditions, we find zero, one, or two solutions: the data sets leading to one or
another situations are specified. Moreover, following [41], problems with zero solutions
will be reinterpreted as Partial Riemann problems associated to the homogeneous system
what will allow us to build a solution. Finally in Section 2.4 some numerical results will
be shown, where different numerical methods are compared. In particular, the behavior of
the numerical methods in the non-uniqueness cases will be studied: as it will be seen, they
can converge to one or to the other, what is the reason of the huge differences discussed in
[124]. The content of this chapter was published by Parés and Pimentel-Garcia in 2019 by
the Journal of Computational Physics, see [134].

2.1 Model

We consider the shallow water system of Partial Differential Equations

2
Oy (hu) + 0, (hu2 + %) = gh0,a, (2.1.1)
8tCL = 0,

that governs the flow of a shallow layer of fluid, with the following notation:
e h = h(x,t) > 0 is the height of the water from the bottom to the surface;
e u = u(z,t) is the depth-averaged horizontal velocity of the water;
e ¢ is the intensity of the gravitational field;
e a = a(x) is the depth of the bottom from a reference level,
e 1) =n(x,t) is the elevation of the surface of the water (h(x,t) = n(x,t) + a(x)).

See Figure 2.1 to clarify the notation.

A Riemann problem associated with (2.1.1) is a Cauchy Problem with initial condition:

o (hlvuhal)? T < 07
(h,u,a)(z,0) = { (ot a), > 0. (2.1.2)
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Reference

Figure 2.1: Shallow water system: notations

The goal of this chapter is to study the solution of Riemann problems corresponding to
wet-dry fronts, i.e. Riemann problems whose initial condition is such that h; = 0 or A, = 0.
When a is discontinuous (and this is the case for Riemann problems) the source term ghd,a
is a nonconservative product that, as we have seen in Chapter 1, cannot be defined in the
distributions sense but it can be interpreted in the sense of measures using the theory
developed in [57], but this interpretation is not unique. The definition of weak solutions of
the system depends thus on the interpretation of the nonconservative products as measures.
The notion of weak solution considered in the literature when addressing this type of
Riemann problems is not always the same. We follow here the one adopted in [112] and
[113] which is the one we used in Section 1.2.4: according to this definition, weak solutions
develop stationary waves over the step across which Riemann invariants are preserved.
Since these stationary waves are associated to a linearly degenerate characteristic field, as
it will be seen in next section, they can be understood as contact discontinuities, so that
the preservation of Riemann invariants is natural. According to this definition, in [112]
and [113] it is shown that the wet-wet Riemann problem over a step may have 1, 2, or 3
solutions depending on the initial data. The conclusions are different for other definitions
of weak solution: for instance, in [14] 0 or 1 solutions are found.

2.2 Simple waves

System (2.1.1) can be written in nonconservative form (1.1.24) as follows:

W + AW)W, = 0, (2.2.1)
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where:
h v h O
W=\ u |, AW)=1| g u g
a 0 0 0

The eigenvalues of A are:

MW) =u—/gh, X(W)=u++/gh, I(W)=0, (2.2.2)
and:
h h gh
R(W)=| —Vgh |, Re(W)=| Vgh |, Rs(W)= —guh , (22.3)
0 0 u? —g

are associated eigenvectors.

We note that A\ (W) = A3(W) in the surface:

C* ={(h,u,a) : u=+/gh}, (2.2.4)
Ao(W) = A3(W) in the surface:

C~ ={(h,u,a) :u=—+/gh}, (2.2.5)

and A\; (W) = X\y(W) when h = 0. Therefore, system (2.1.1) is non-strictly hyperbolic.

The characteristic fields associated to the eigenvalues A\; and Ay are genuinely nonlinear
when ~ > 0, while the one associated to Az is linearly degenerate.

The surface C := C*T U C~ contains the critical states and it divides the half-space
h > 0 of the (h,u, a)-space in the following regions:

Ay :={W = (hyu,a) E RT X R xR : \py(W) > X\ (W) > \3(W)},
Ay = {W = (h,u,a) € RT X R xR : (W) > A3(W) > \ (W)},

AT = {W = (h,u,a) € Ay : u > 0}, (2.2.6)
Ay ={W = (h,u,a) € Ay : u < 0},

Az :={W = (h,u,a) E RT x Rx R : \3(W) > X\p(W) > N (W)}

(see Figure 2.2). System (2.1.1) is strictly hyperbolic in the interior of these regions.
Moreover, states belonging to A;UA3 are supercritical and those belonging to A, subcritical.

Following [112] and using what we have seen in Chapter 1, the simple waves for system
(2.1.1) are:
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e T T

Figure 2.2: Projection of the regions A;, i = 1,2,3 on the (h, u)-plane

e Rarefaction waves, which are smooth solutions of (2.1.1) with constant value of
a associated to the genuinely nonlinear fields. These waves depend only on the
self-similar variable x/t, and satisfy:

— Riemann invariants preservation: the Riemann invariants

u+2v/gh,  uw—2+/gh (2.2.7)

are constant along 1-rarefactions and 2-rarefactions, respectively.

— Divergence of the characteristics:
where W, and W, are the left and the right states of the i-rarefaction, i = 1, 2.

e Shock waves, which are discontinuous solutions of (2.1.1) with constant value of a
associated to the genuinely nonlinear fields. These waves satisfy:

— Rankine Hugoniot conditions:

oi[h] = [hu],

oi[hu] = [u?h + gh*/2], (2.2.9)

where o, is the speed of the shock associated to the A\-field and [w] represents
the jump at a discontinuity of the variable w.
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— Lax entropy conditions:

e Stationary contact discontinuities, which are discontinuous solutions of (2.1.1) with
discontinuous value of a, associated to the linearly degenerated field corresponding
to the null eigenvalue that satisfy:

[hvu] =0,
[2/2 + g(h — a)] = 0. (2.2.11)
Remark 2.2.1. The first equality in (2.2.11) can be understood as the preservation of the
mass-flow through stationary contact discontinuities and the second one as the preservation
of the mechanical energy: u*/2 is the kinetic energy and g(h — a) the potential one. As it
has been mentioned in the previous section, the definition of weak-solution is not unique and
different choices may lead to different jump conditions for these stationary discontinuities:
this is the case in [14] or [141]. The jump conditions chosen by these authors imply the
dissipation of mechanical energy through stationary contact discontinuities.

Given a left-hand state W, the 1-shock S;(W;) and the 2-shock S»(W;) consisting of
all right-hand states W that can be connected to W, by a shock associated with \; and
A9, Tespectively, are:

/1 1
Sl(VVZ) :u:ul—\/g(h—hl) E—Fh—l, h>hl, (2212)

T 1
So(W) cu=1w+ ) 2(h—h)y )~ + =, h<h. (2.2.13)
2 R

Given a right-hand state W,, the backward 1-shock curve SZ(W,) and the backward
2-shock curve SZB(WT), consisting of all left-hand states W that can be connected to W,
by a shock associated with Ay and Ao, respectively, are:

1 1
SF(WT):u:ur—\/g(h—hr)\/ /+h_/’ h < hy, (2.2.14)

h
SBW,) : u = +\/§<h—h>1/1 Lo (2.2.15)
> (W) 1 u=u, 5 N 2 - 2.

Moreover, given two states Wy and W connected by a 1-shock wave or by a 2-shock
wave, the speed of that shock will be, respectively:

h?
UI(W()? W) = Up — g (h + h_>7 (2216)
0
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g h?
oo(Wo, W) =ug+/Z | h+—|. (2.2.17)
2 ho

The following result, whose proof can be found in [112], gives information about the
sign of the speed of shocks:

Proposition 2.2.1.

1 If Wy = (ho,up,ag) € Ay, then there exists W, = (iLo,'ELo,ao) e S;(Wy) N A with
ho > hgy such that:
(a) oy(Wo, W) =0,
(b) o1 (Wo, W) >0 for all W € S(Wp) such that h € (ho, ho),
(¢) o1 (Wo, W) < 0 for all W € 8 (Wo) such that h € (hg, +00).
2. [f Wy € Ay U Ag, then O'l(W(), W) <0 fOT’ all W € Sl(W())

8. If Wo = (ho, uo, ag) € As, then there erists Wy = (fzo,ﬂo,ao) e SE(Wy) N AS with
ho > hgy such that:
(a) oo(Wo, Wo) =0,
(b) a2(Wo, W) < 0 for all W € SE(W,) such that h € (ho, ho),
(¢) ay(Wo, W) >0 for all W € SE(Wy) such that h € (hg, +00).
4. [f Wy € A1 U Ay, then O'Q(W(), W) >0 fOT’ all W e SQB(W0>

Given a left-hand state W, the 1-rarefaction R;(W;) and the 2-rarefaction Ry (W)
consisting of all right-hand states W that can be connected to W, by a rarefaction associated
with A\; and \g, respectively, are:

Ri(W)) u=w —2(/gh — \/gh), h<h, (2.2.18)
Ro(W)) s uw=w 4+ 2(+/gh — \/gh)), h=>h. (2.2.19)

Given a right-hand state W, the backward 1-rarefaction curve RE(W,) and the backward
2-rarefaction curve RZ(W,), consisting of all left-hand states W that can be connected to
W, by a rarefaction associated with A\; and \,, respectively, are:

REW,) :u=u, — 2(/gh — \/gh,), h>h,, (2.2.20)
REW,) 1 u = u, +2(+/gh — \/gh,), h<h,. (2.2.21)

Moreover, given two states W, and W, connected by a 1-rarefaction or by a 2-rarefaction,
the speed of the head and the tail of these rarefactions are, respectively:
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wet-dry case

ST1 = >\1<Wr> = Uy — Vghr7
SHQ - >\2(Wr) = Uy + Vv ghrv

Wi (W) Si(Wi) U R (W),
WE(W,) = SE(W,) URF(W,),
Wr(W)) = S:(W;) URy(W)),
Wy (W,) = S87(W,) URZ (W,).

The four curves can be parameterized in the form u = u(h),h > 0, where the function

1s:

e strictly convex and strictly decreasing for Wy (W) and WE(W));

e strictly concave and strictly increasing for Wy(W;) and WZ (W)).

An example of Wy (W;) and Wy(W)) is shown in Figure 2.3 and another of W (W,.) and

WZE(W,) in Figure 2.4.

=15

8 10

Figure 2.3: W, and W, curves for a state W,
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Figure 2.4: WP and W¥ curves for a state W,

Let us consider now the set W5 (W) of all the states W that can be connected to W,
by an admissible 3-stationary wave. Using the jump conditions (2.2.11), we obtain:

Uoho
y Uy 3 - s =V, 4.
(h,u,a) e Ws(Wy) = wu h o(h) =0 (2.2.28)
where ¢ : (0,00) — R is given by:
2 h?
©(h) =ag —a+ ;—; (h—g — 1) +h — ho. (2.2.29)

Therefore, given a and ag, in order to find the states that can be linked through a
3-stationary wave to a state Wy, one has to look for the roots of the function ¢. The
following results hold (see [112]):

Lemma 2.2.1. Suppose that Wy = (ho, ug, ap) and a are given with ug # 0. Let us define:

2h2\ 5
Ninin(Wo) = (“0 0) : (2.2.30)
g
2 h2
Amin(Wo) = ao + u—; (hz? — 1) + Nnin — ho. (2.2.31)

Then
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o if a4 > Gy the function ¢ has two roots he(Wy), h*(Wy) with hy < hpin < h*;
o if 4 = G, it has only one root by,
o if a < Gy it has no roots.

Proposition 2.2.2. Given a left-hand state Wy = (hg, ug, ag) and a right-hand bottom
level a:

1. Ifug # 0 and a > apin(Wy), there are two distinct right-hand states W, = (hy, uy, a)
and W* = (h*,u*,a) that can be connected to Wy by a 3-stationary wave. Here,
hy, h* are the roots of ¢ and

* houg

*

Moreover, W, is subcritical and W* is supercritical.

2. If ug # 0 and a = apin(Wy), there is only a state that can be connected to Wy by a
3-stationary wave: (Rpmin, Umin, Gmin) With

This state is critical.

3. If ug # 0 and a < apin(Wy), there is no stationary wave from Wy to a state with
level a.

4. If ug = 0 and a > ag — hg, there is only a state that can be connected to Wy by a
3-stationary wave:
u=uy=0, h=hy+a—ap.

This state is subcritical.

Remark 2.2.2. According to Remark 2.2.1, items 3 and /4 of the proposition can be
understood as follows: if ug # 0 and a < @i (Wo) or if ug = 0 and a < ag — ho, the
mechanical energy of the water is not enough to go up the step.

Following [112] not all the possible stationary waves are considered to be admissible.
The following criterion is imposed:

Monotonicity criterion (MC): Along Ws(Wj), the bottom level a is a monotone function
of h.

Accordingly, the 3-stationary waves connecting a supercritical and a subcritical state
are not admissible.

Given a state Wy = (hg, ug, ag) € A;,i = 1,2,3, and a level a > @, (W)), according to
(MC) there is only one state that can be connected to Wy with an admissible 3-stationary
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wave: as in [112], it will be represented by SW (W, a). And given a critical state Wy € C
and a level a > ag there are two states that can be connected to Wy with an admissible 3-
stationary wave: we will represent by SW,,(Wo, a) (resp. SWiu(Wo, a)) the supercritical
(resp. subcritical) one.

The following notation will be used to represent the structure of the solution of the
Riemann problems: the symbol

Wi, (Wo, Wh) @ - @ W;, (W1, Wi)

will indicate that the solution of the Riemann problems is composed by k simple waves:
Wy is the left state; W, the right state; and W;, j =1,...,k — 1 the intermediate states.
Finally, the indexes i; € {1, 2,3} indicate the characteristic field to which the jth wave is
associated, i.e.

Wj+1€Wij(Wj), 7=0,...,k—1.
Moreover, in the case of 1 and 2-waves, the type of simple wave (rarefaction or shock) will
be specified by replacing W; by R; or S;.

2.3 The wet-dry Riemann Problem

We consider the shallow water system (2.1.1) with initial conditions:

. W, = (hl,ul,al) if z < 0,
Wi(z,0) = { W, € {(0,u,a,): ueR} if x>0, (2.3.1)
or
[ W e{0,u,): ueR} ifx<O0,
Wi, 0) = { W, = (hy,u,,a,) if z >0, (2.32)

with h;, b, > 0. These initial conditions correspond to a situation in which there is a step
at = 0, the bottom is flat to the left and to the right of the step, and there is no water
to the left or to the right of the step: see Figure 2.5.

Although from the physical point of view the value of v at a dry state is meaningless,
from the mathematical point of view, a dry state can be represented by any point of the
plane A = 0 in the (h,u,a)-space. From this point of view, the considered problem is a
Partial Riemann Problem (see [63]), as only the belonging to a given set is imposed at the
right or at the left of x = 0. Moreover, as it will be seen, the value of u at the side that
initially is dry will be the limit of the velocity at the wet-dry front.

In the case of a flat bottom (i.e. if a; = a,.) the following result holds (see [153]):

Theorem 2.3.1. Let us suppose that a; = a,. Then, the partial Riemann problem
corresponding to the homogeneous shallow water system with initial conditions (2.3.1)
(resp. (2.3.2)) has a unique solution consisting of a 1-rarefaction (resp. a 2-rarefaction)
connecting Wy (resp. W,.) to vacuum.

Without loss of generality we will consider that a; < a,, i.e. the right side of the step
is deeper than the left one.
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0.00 A —— Free surface —1.01 —— Free surface
—— Bottom —— Bottom

—0.25 1
-1.2 1
—0.50 1

~0.75 141

—1.00 1

~1.25- —1.61

—1.50 1
—1.81

—=1.75 1

—2.00 =2.01

-20 -15 -1.0 =05 0.0 0.5 1.0 1.5 2.0 -20 -15 -1.0 =05 0.0 0.5 1.0 1.5 2.0

Figure 2.5: Left: initial condition of the form (2.3.1). Right: initial condition of the form
(2.3.2).

2.3.1 Case 1: initial condition (2.3.1)

To find a solution of the Riemann problem, we have to connect the state W, to a state W,
belonging to the line {h = 0} of the plane a = a, through admissible simple waves. The
following result holds:

Theorem 2.3.2. Suppose that the Riemann problem with initial condition (2.3.1) has a
self-similar solution W composed by admissible simple waves. Let us denote by W, and
Wy the limits of W to the left and to the right of x = 0. Then, necessarily W, € Ay and
Wy e AAuCT.

Proof. Since the source term vanishes at (0, c0), the function

Wy if x <0,
V(as,t)—{ Wiz, t) if x>0,

has to be a solution of the homogeneous shallow water system. Moreover, V' has to be the
self-similar solution of the Partial Riemann problem linking W, to vacuum. Then, due to
Theorem 2.3.2, V necessarily consists of a 1-rarefaction linking W' to the line h = 0. If
Wy € Ay U A3 U C™, the head of the 1-rarefaction Sy, would be negative, but then the
1-rarefaction could not follow the stationary wave linking W, and W, in the solution of
the Riemann problem. Therefore W, belongs to CT U A;.

The stationary wave linking W, and W, can be a 3-stationary wave or the composition
of 3-stationary wave and stationary shocks. Due to Theorem 2.2.1, since W, € CT U A,
it cannot be the right state of a stationary shock in a = a, (it should belong to A; to be
the right state of a 1-shock or to Az to be the right state of a 2-shock). Therefore, W,
has to be linked to a state W in a = a; through a 3-stationary wave. Due to (MC) the
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only possibility for having an admissible 3-stationary wave is W € A; UCTand W € A;.
Again, W/ cannot be the right state of a stationary shock in a = a;. Therefore W = W
and thus W, € A UCT and W, € Ay, as we wanted to prove.

O

We are going to show that, if a; < a,, the Partial Riemann problem with initial
condition (2.3.1) has always one solution. To construct it, let us consider the following
three regions of the plane a = ¢; (see Fig 2.6):

e Region I: A;.
e Region II: A, UC~UA3sN{(h,u): u>—2y/gh}.
e Region IIL: {(h,u) : u < —2/gh}.

15
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Figure 2.6: Regions of the plane a = q; for the partial Riemann problem with initial
conditions (2.3.1).

Let us study the Riemann problem with initial condition (2.3.1) for a left state W}
belonging to any of these 3 regions and their boundaries.

e Region I: Given a state W; € A;, we first consider the 3-stationary wave that
connects W to W, = SW (W, a,) € A; and then the 1-rarefaction connecting W,
to a state W, belonging to the line h = 0. Since W, W, € A}, both the head and
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the tail of the 1-rarefaction are positive, so that it can follow the stationary wave.
In conclusion, we have found a solution of the form:

Wi (W, W) & Ry(W,, W), (2.3.3)

Figure 2.7 shows the projection of the intermediate states and the simple waves on
the (h,u)-plane and a sketch of the free surface at a time ¢ > 0.

.[ [ T 0.00 A —— Free surface

+ — Botty
10 AR C -0.251 -

WYV -0.50 1
-0.75 1

—1.00 A

-1.254

-1.504

=1.754

—2.004

-2.0 -15 -1.0 =05 0.0 0.5 1.0 15 2.0

Figure 2.7: Solution in Region I. Left: projection of the intermediate states and the simple
waves on the (h,u)-plane. Right: sketch of the free surface at a time ¢ > 0. The direction
of the movement of the simple waves is indicated with a red arrow.

e Region II: Given a state W, in region II, we first consider the state Wy € R(W;)N
C*. This state has to satisfy:

“ = Vho, (2.3.4)
uazul—Z(\/ghE—\/ghl). o
Some easy computations allow us to solve this system:
1 29l \* 2/gh
hgz_(—“l+3 gl) , ug:—ul+3 g (2.3.5)
g

We consider then the 1-rarefaction linking W; to W, followed of the 3-stationary wave
linking this latter state to W™ = SWy,,(W; ,a,) € A;. Finally W is connected
to a state W, in the line h = 0 through a 1-rarefaction: see Figure 2.8. Since
W, € Ay U Az and W; € CT, the head of the first 1-rarefaction is negative and
the tail is 0, so that it can be followed by the 3-stationary wave. In turns, since
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2.0 A —— Free surface
—— Bottom
1.5
1.0
0.54
0.04
0.5
~1.0

—2.04

—2’.0 —i.S —i.O —(’).5 0’.0 0:5 1:0 1:5 2:0

Figure 2.8: Solution in Region II. Left: projection of the intermediate states and the
simple waves on the (h,u)-plane. Right: sketch of the free surface at a time ¢t > 0. The
direction of the movement of the simple waves is indicated with a red arrow.

W, € A; and W, € Ay, the second 1-rarefaction has positive head and tail, so that
it can follows the 3-stationary wave. We obtain thus a solution whose structure is

Ri(W, Wy ) & Ws(Wy , W,H) @& Ry(Wih, W,). (2.3.6)

e Region III: A state W, in Region III can be linked through a 1-rarefaction to the
state W, = (0, u,, a;), where u, = u; + 2v/gh;: see Figure 2.9. The wet-dry front
travels at the speed u, < 0, so that at time ¢ > 0 there is vacuum in x > u,t. The
structure of the solution is thus

Ry(Wi, W), (2.3.7)

e Boundary between Region I and Region II: For states W; € C* a solution
can be constructed like in Region I, i.e. (2.3.3) with W, = SW,, (W), a,.).

e Boundary between Region II and Region III: For states such that {u;, =
—2+/ghy} a solution can be constructed like in Region III, i.e. (2.3.7). In this case,
there is vacuum at x > 0 for every ¢t > 0.

2.3.2 Case 2: initial condition (2.3.2)

To find a solution of the Riemann problem, we have to connect the state W, to a state W,
belonging to the line {h = 0} of the plane a = g, through admissible simple waves. The
following result holds:
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+ 0.00 A —— Free surface
C —— Bottom
—0.25 4
—0.50 4
—0.754

—1.00 A
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Figure 2.9: Solution in Region III. Left: projection of the intermediate states and the
simple waves on the (h,u)-plane. Right: sketch of the free surface at a time ¢t > 0. The
direction of the movement of the simple waves is indicated with a red arrow.

Theorem 2.3.3. Suppose that the Riemann problem with initial condition (2.3.2) has a
self-similar solution W composed by admissible simple waves. Let us denote by W, and
Wy the limits of W to the left and to the right of x = 0. Then, necessarily Wy € A3UC~
and Wit € A3 U SWeu(C™ ) a,).

Proof. Similar to the proof of Theorem 2.3.2. O

We are going to show that, if a; < a,, the Partial Riemann problem with initial
condition (2.3.2) may have zero, one, or two solutions. To see it, let us consider the
following six regions of the plane a = a, (see Fig 2.10):

e Region I: Ay N{(h,u): u>2y/gh}.

e Region II: States with u > 0 that are between the curves {(h,u) : u = 2y/gh} and
Wa(West), where
Wrest = (CL,« — a, 07 CL,«)

is the state corresponding to a situation of water at rest with 7, = —a;.
e Region III: States between the curves SW,,(C~, a,) and Wo(Wies)-

e Region IV: States with u < 0 that are between the curves Wh(W,.s) and
SWeup(C™, ay).

e Region V: States between the curves SW,,(C™, @), SWeupy(C™, a,), and Wa(Wieqt).

e Region VI: States below the curve SWy,,,(C~, a,).
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Figure 2.10: Regions of the plane a = a, for the partial Riemann problem with initial
conditions (2.3.2).

Remark 2.3.1. The mechanical energy of the states belonging to Regions IV and V s
not enough to go up the step (see Remark 2.2.2).

Let us study the Riemann problem with initial condition (2.3.2) for a right state
belonging to any of these 6 regions and their boundaries.

e Region I: A state W, in Region I can be linked through a 2-rarefaction to the state
W, = (0,w,a,), where u; = u, — 2y/gh,: see Figure 2.11. The wet-dry front travels
at the speed u; > 0, so that at time ¢ > 0 there is vacuum in x < w;t. The structure
of the solution is thus

Ro (Wi, W), (2.3.8)

e Region III: Let us assume that the curves RZ(W,) and SW,,,(C~, a,) intersect at
one point W, : see Figure 2.12. To construct a solution of the Riemann problem,
we consider the 2-rarefaction linking W, to W, followed by the 3-stationary wave
linking this latter state to W, = SW(W,", a;). Finally W, is connected to a state
W, in h = 0 through a 2-rarefaction. Since W, € A; U Ay and W, € A5, the head
and tail of the first 2-rarefaction are positive, so that it can follow the 3-stationary
wave. In turns, since W, € C~ and W, € Aj, the second 2-rarefaction has negative
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-1.84

— —— Free surface
SWS’IL])(C’ 7a’7‘) —-2.04{ — Bottom
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Figure 2.11: Solution for states in region I. Left: projection of the intermediate states and
the simple waves on the (h,u)-plane. Right: sketch of the free surface at a time t > 0.
The direction of the movement of the simple waves is indicated with a red arrow.

head and the tail is equal to 0, so that it can be followed by the 3-stationary wave.
We obtain thus a solution whose structure is

Ro(Wi, Wy ) & Wa(Wy , W) @ Ro(Wih, W,.). (2.3.9)

See Figure 2.12.

31 — Free surface
—— Bottom

-2

—2‘.0 —Ill.5 —ll.O —(I).S 0:0 0:5 1:0 1:5 2:0

Figure 2.12: Solution of a state in Region III. Left: projection of the intermediate states
and the simple waves on the (h,u)-plane. Right: sketch of the free surface at a time ¢ > 0.
The direction of the movement of the simple waves is indicated with a red arrow.

To finish, let us check that RE(W,) and SW,;,(C~, a,) intersects at one point:
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Proposition 2.3.1. Suppose that a; < a, and W, belong to Region III. Then, the
intersection of the curves RE(W,) and SWy,(C~, a,) is non-empty and consists of
only one state W'

Proof. A state W™ € RE(W,) N SWu(C ™, a,) has to satisfy:

U(Tzuﬂr?(m—\/ﬁ),

(ug)” ( (hg)’ byt (2310
a; = Cme(WS—) = a, + 2(] hmm(Wd‘—)Q —1 + ]’me(WO ) — hO 5
where: X
hnin (W) = (_W Pl >2) "
9
Therefore hy has to be a root of the function
3 (u(h)?h?\7  u(h)?

—a, — 2 — — h, 2.3.11
o) =ar -+ 3 (40 - @3.11)

where:

u(h) = u, + 2(+/gh — \/ghy).

Let us study the roots of 1. To do this, we consider first the state W/ € RZ(W,)NC~.
This state has to satisfy:

{ e = =/ 9l (2.3.12)

1
K= _(ur ) ghr)27 uz — _g( ghr — ur)_ (2313)

Next, we consider the state W§ = (hf,0,a,) € (R2(W,) UREZ(W,)) N {u = 0}. This
state has to satisfy:

ugp =0,
2.3.14
{ ug = ur + 2(v/ghy — v ghy). ( )

Some easy computations show that:

(2.3.15)
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Observe that, in the interval [h7, k], the curve RZ (W, ) travels from C~ to u = 0.
Therefore, if there is an intersection with SW,,(C~, a,), the corresponding value of
h has to be in this interval. Now, since W/ € C~, it verifies:

min (W) = a. (2.3.16)

and, as a consequence:
w(h) =a,—a; > 0. (2.3.17)

On the other hand, since W, is in Region ITI, RZ(TV,) intersects the line u = 0 at
the right of the state W,. and thus:

W(h) = a, —ay — bl < B — bl = 0. (2.3.18)
Therefore, there is at least one root in [hL, h{)].
Let us see that there is only one. First, we rewrite ¢ as ¢(h) = f(h) — p(h) with

w(l2h2\ 3
ﬂmzw—m+§(w”h>, (2.3.19)
2 g
and: (h)2
U
p(h) = 0 T (2.3.20)
The derivatives of these two functions are:
1 !
7y = ARt ulh) (2:3.21)
g3 u(h)shs
P (h) = M L, (2.3.22)

where u/(h) = \/}g is the derivative of u(h). The denominator of f’ is zero when
v

u(h) = 0 and this only happens when h = h{. Therefore, in (A%, hj)) the function is
differentiable and its derivative vanishes if —v/gh = wu(h), what only happens for
h = hl. So, the sign of f’ has to be constant in (hL, hj). It is easy to see that:
li "(h) = — 2.3.23

h*%;ﬂ) 00, ( )
so that f’ is negative in (A, hy), i.e., f is strictly decreasing in this interval.
On the other hand, p’(h) only vanishes at h., so that the sign of p’ remains constant
in (AL, h). It is easy to see that:

p(hg) =10, (2.3.24)

so that p’ is positive in (AL, h{), i.e., p is strictly increasing in the interval.
Since f is strictly decreasing and p is strictly increasing in (AL, h{), there is only a
root of ¢ in this interval, as we wanted to prove. O
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e Region V: Let us assume that the curves SZ(W,) and SW,;,(C~, a,) intersect at
one point W;: see Figure 2.13. To construct the solution of the Riemann problem,
we consider the 2-shock linking W, to W, followed by the 3-stationary wave linking
this latter state to W, = SW(W", ;). Finally W, is connected to a state W in
h = 0 through a 2-rarefaction: see Figure 2.13. Since W; € C~ and W, € A3, the
2-rarefaction has negative head and the tail is 0, so that it can be followed by the
3-stationary wave. We obtain thus a solution whose structure is

Ro(Wo, Wi ) & Wy (W, Wi) @ Sa(WiH, W), (2.3.25)

provided that the speed of the 2-shock linking W, to W, is positive, so that the
shock can follow the 3-stationary wave. This is true for the states of Region V
belonging to A U C™ because of Proposition 2.2.1 but it has to be proved for those
belonging to As. Let us prove first that W, exists and is unique:

Proposition 2.3.2. Suppose that a; < a, and W, in Region V or Region VI. Then,
the intersection of the curves SE(W,.) and SW,(C~, a,) is non-empty and consists
of only one state W,".

Proof. A state W, € SZ(W,) N SW,,(C~, a,) has to satisfy:

g 1 1
US_ZUT—I—\/g(]ZS——hr) h—++h—,
0 r

(2.3.26)
(ug)? ( (hg)?
Then, hd has to be a root of the function
1
3 (u(h)*h*\*  u(h)?
h) =a, — = - — h, 2.3.2
o(h) =a al+2< g 2 (2.3.27)
where:

u(h) = u, + \/g(h - hr)\/%Thir.

From this point, the proof is similar to that of Theorem 2.3.1, replacing W{ and W
by W5 € SE(W,) N {u =0} and W? € (So(W,) USZ(W,))NC~. O

The positiveness of the speed of the 2-shock linking W, to W, for states of Region
V belonging to Az is a consequence of the following result:

ffroposjtion 2.3.3. Suppose a; < a, and that the states W, = (h,,u,,a,) € Az and
Wo = (ho, tg, a,) € SE(W,) can be linked by a stationary shock. Then oy, (W,) <

A

Amin (WO) .
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Figure 2.13: Solution of a state in Region V. Left: projection of the intermediate states
and the simple waves on the (h,u)-plane. Right: sketch of the free surface at a time ¢ > 0.
The direction of the movement of the simple waves is indicated with a red arrow.

Proof. Since the shock linking Wo and W, is stationary, we can express W in terms

of W,
. h, Su?
hg=—1 -1 1 & 2.3.28
07 9 < * + glLr> ’ ( )
. Uy Py
Uy = ——. (2.3.29)
ho

Let’s see that amin(W;) < dmin(Wo) using (2.3.28), (2.3.29) and h, < hy:

amin(W'r) < amin(WO) =

1 A
212\ 3 2 ~ N2 2 3 ~ N2 .
o QT+§(UT_M) _&_hT<ar+g<<uo) (h0)> (@) g

2\ g 29 g 29
1 1 .
LB (NS w3 (P
2\ g 29 " "2\ g 2g 0
u2 (fLo)2 R
& ——= - — —h
2g " 2g 0
'LL2 2 2 2
= ?T(h0+hr)>g(h0)
uZh, Su2 h? 8u? Su?
& T —|1+4/14+——F|>g9—F— |2+ ——24/1+—
4 gh, g 4 gh, ghy
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If we define z by

we must prove:
1 1
g(z2 —1)(z+1)>2 (1 + 5(22 —-1)— z)

what is equivalent to
(z—=1)(z=3)*>0

and this is true, since z > 1: W, € Az, so u, # 0. O

Corollary 2.3.1. Suppose that a; < a, and that W, € Ag belongs to Region V. Then,
the 2-shock linking W, to the state Wy given by Proposition 2.3.2 has positive speed.

Proof. Observe that, in the half-plane u < 0 of the plane a = a,., the states such

that

amm(W) = qQ
are those belonging to the curves SWs,,(C ™, a,) and SWy,,(C~, a,). On the other
hand, since

amzn(W) = a, > a, YW e (C™ N {(1, = CL,«},

in the region of a = a, between SWy,,(C~,a,) and SWy,,(C~, a,) the following
inequality holds
Cme(W> > ag,

and this is the case, in particular, for W,. Using Theorem 2.3.3, we have
a; < amin<Wr> < amin(WO>7

where W, is the state corresponding to the 2-stationary shock. As a consequence, W
has to be in the region between SWy,,(C~, a,) and SWy,,(C~, a,). More specifically,
since W5 = SE(W,) N Saus(C~, a,), Wy has to belong to the arc of SP(W,) that
links W, to W, what implies hy < h{. Using Proposition 2.2.1 we have that the
speed of So(W,", W,) is positive. O

e Region VI: Given a state W, in Region VI, we first consider the 3-stationary wave
that connects W, to W,” = SW(W,., a,) and then the 2-rarefaction connecting Wy
to a state W, belonging to the line h = 0: see Figure 2.14. Since W, € As, by (MC)
W, € As and thus the head and the tail of the 2-rarefaction are negative, so that it
can be followed by the stationary wave. In conclusion, we have found a solution of
the form:

Ro(Wi, Wi ) & Ws (W, , W,). (2.3.30)
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Figure 2.14: Solution of a state in Region VI. Left: projection of the intermediate states
and the simple waves on the (h,u)-plane. Right: sketch of the free surface at a time ¢ > 0.
The direction of the movement of the simple waves is indicated with a red arrow.

For some states of this region we can also construct a solution of the form (2.3.25).
This solution is possible whenever the 2-shock has positive speed. Region VI can be
split into two subregions, Regions VIa and VIb, whose boundary is the curve

F:{W€A3: GQ(W,WJ_):O},

composed by the states of Az such that the 2-shock linking them with the state Wyt
given by Proposition 2.3.2 is stationary, i.e. W™ = W, (see Figure 2.15). In Region
VIa (including the boundary) a solution of the form (2.3.25) can be constructed.

Regions II and IV: A self-similar solution of the Riemann problem with initial
conditions (2.3.2) composed by admissible simple waves cannot be constructed in
these cases: the states belonging to these regions cannot be linked through a 2-wave
with positive or null velocity to a state whose mechanical energy is enough to go
up the step (see Remarks 2.2.1 and 2.2.2). In other words, the step acts in these
cases as an obstacle for the fluid. Therefore, in order to construct a physically
meaningful solution, we consider x = 0 as a boundary of the problem and impose the
boundary condition u = 0: the flow is arrested by the obstacle. To impose properly
this boundary condition, following [41], we consider the partial Riemann problem
consisting of the homogeneous shallow water system with initial condition:

{ W(x,0)=W,, ifx>0,

u =0, if x <0. (2.3.31)

To solve this problem, from W, we have to reach a state in the line {u = 0}. In
Region IT we consider the 2-rarefaction that connects W, to W € RZ(W,)N{u = 0}
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Figure 2.15: The two subregions of Region VI.

given by (2.3.15): see Fig 2.16. Since W, € A; U Ay and W] € Ay, the tail and the
head of the 2-rarefaction are positive. The structure of the solution is thus:

Ro(WE, W,). (2.3.32)

In Region IV we consider the 2-shock linking W, to W € SZ(W,) N {u = 0}: see
Fig 2.17. This 2-shock has positive speed. The structure of the solution is thus:

S (W, W), (2.3.33)

e Boundary between Region I and Region II: for states such that {u, = 2v/gh,}
a solution can be constructed like in Region I, i.e. (2.3.8). In this case, there is
vacuum at = < 0 for every ¢ > 0.

e Boundary between Region II and Region III: for states W, € Ry(W,eq) a
solution can be constructed consisting of the 2-rarefaction connecting W, to W,
followed by the 3-stationary wave connecting W,.. to the vacuum state (0,0, a;).
The structure of this solution is

WS((O 07 Cll), Wrest) © RQ(WTESta Wr)

e Boundary between Region II and Region IV: the partial Riemann problem for
the homogeneous shallow water system with initial condition (2.3.31) in considered.
The solution is stationary in this case.
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Figure 2.16: Solution of a state in Region II. Left: projection of the intermediate states
and the simple waves on the (h,u)-plane. Right: sketch of the free surface at a time ¢ > 0.
The direction of the movement of the simple waves is indicated with a red arrow.
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Figure 2.17: Solution of a state in Region IV. Left: projection of the intermediate states
and the simple waves on the (h,w)-plane. Right: sketch of the free surface at a time ¢ > 0.
The direction of the movement of the simple waves is indicated with a red arrow.

e Boundary between Region III and Region V: for states W, € SWy,,(C™, a,.)
we consider the 3-stationary wave that connects W, to W, = SW(W,, a;) and then
the 2-rarefaction connecting Wy to a state W, belonging to the line {h = 0}. Since
W, € SWe(C™,a,), Wy € C~ and thus the head of the 2-rarefaction has zero
speed and its tail is positive. Thereupon we can construct a solution of the form:

Ro (Wi, Wy ) & Wy (W, W,). (2.3.34)

e Boundary between Region IV and Region V: for states W, € Sy(W,.s) a
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solution can be constructed consisting of the 2-shock connecting W, to W,..s; followed
by the 3-stationary wave connecting W, s to the vacuum state (0,0,a;). The
structure of this solution is

WS((07 07 Cll), Wrest) S¥ SZ(Wresta Wr)

e Boundary between Region IV and Region VI: for states W, € SW,,,(C~, a,)
that are above the curve Wy(W,..st) a solution can be constructed like in Region VI,
i.e (2.3.30).

e Boundary between Region V and Region VI: For states W, € SW,,,(C~, a,)
that are below the curve Wh(W,.s) two solutions like in Region VIa can be
constructed, one of the form (2.3.30) and another one of the form (2.3.25).

2.3.3 Summary

Taking into account the order of the eigenvalues at every region, the sign of the velocities of
the waves, and Theorems 2.3.2 and 2.3.3, it can be checked that the solutions constructed
above are the only possible self-similar solutions consisting of simple waves linking some
intermediate states. We summarize the results in this table:

Case 1: initial condition (2.3.1)
Regions No. solutions Form of the solutions
Region 1 1 Wi (W, WoT) @ Ri(Wy, W,,)
Region II 1 Ry(Wy, Wy ) & Ws(Wy , W) & Ry (W, , W)
Region III 1 R (W, W,.)
Case 2: initial condition (2.3.2)
Regions No. solutions Form of the solutions
Region I 1 Ro (Wi, W)
Region II 0 Ro(W(, W,)
Region IT1 1 Ro(Wi, Wy ) @ Wa(Wy , W) & Ra(W,, W)
Region IV 0 So(W§, W)
Region Vv 1 RQ(W(), WO_) D Wg(WO_, WJ—) D SQ(WJ_, WT)
Region VIa 2 Ro(Wi, WO__) © Wg(WO__’ Wr) and
Ra(Wo, W5 ) & Ws(Wy , W) © So(WH, W)
Region VIb 1 Ro(Wi, W5 ) & Ws(W,, W)

In Regions where the number of solutions is 0, the structure of the solution corresponds
to that of the considered partial Riemann problem for the homogeneous shallow water
system.
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2.4 Numerical tests

In the previous section we have seen that in some cases the wet-dry Riemann problem
may have zero, one, or two solutions. The goal of this section is to study how some
Godunov-type methods behave in these different situations. We consider the following
numerical fluxes for the homogeneous shallow water system:

e Roe flux (ROE): we take in (1.2.17)-(1.2.18) the following Roe matrix:

a h
Ap(W, W,) = ( . ) , (2.4.1)
where
B:hl+hr ﬂ:\/h_lul_l'\/h_rur
2 Vh++vh,
(See [82]).

e Godunov flux (GODUNOV): see [153] for the solution of the Riemann problems in
the homogeneous case;

and the following numerical treatment of the source term:

e Upwind discretization (UPW): we take the straight segments (1.2.106) as our family
of paths (see [13]);

e Hydrostatic reconstruction (HR): this is a particular case of the generalized
hydrostatic reconstruction based on the integral curves of the linearly degenerate
field in the particular case we have u = 0, i.e., the case of water at rest (see [5]);

e Generalized hydrostatic reconstruction (GHR): we take the family of paths and the
fluctuations described in Chapter 1 Section 1.2.5.4 (see [46]).

For more details in these numerical techniques the interested readers are addressed to
the cited references. Let us only mention that, while the three numerical treatments of the
source terms lead to methods that preserve water-at-rest stationary solutions (i.e. they
satisfy the C-property, according to [13]), only GHR leads to schemes that preserve any
stationary solution and, in particular, stationary contact discontinuities. The following
combination of these techniques will be used:

e ROE_UPW.
e ROE_HR.
¢ ROE_GHR.
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e GOD_GHR.

The numerical treatment of wet-dry fronts proposed in [38] is used in ROE_UPW.
In all the tests below, uniform meshes of the interval [-2,2], CFL = 0.9, and free
boundary conditions are considered.

2.4.1 Tests 1 and 2

The goal of these tests is to study the behavior of the numerical methods in cases where
the Riemann problem has no solution, i.e. when the step acts like an obstacle for the fluid.
We consider first the initial condition:

(W, =(0,0,1), if x <0,
Wi(z.0) —{ W, = (0.2,-2,2), if = > 0.

It can be easily checked that the problem is of the form (2.3.2) and that the state W, is
in Region IV: a solution of the form (2.3.33) was proposed in this case. In Figure 2.18
the numerical solutions obtained with a mesh of 400 cells are shown: all of them seem to
converge to the proposed solution. Due to the numerical error there is a small amount of
water that goes up the step and travel leftward for the ROE_UPW (see the bump on the
left in Figure 2.18).

(2.4.2)

— Bottom
1.0 —— ROE_HR
—— ROE_UPW
*  GOD_GHR
ROE_GHR
—— Exact solution

-1.84

=2.0 =15 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Figure 2.18: Numerical results of the A component for the initial condition (2.4.2).

Secondly, we consider the initial condition:
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_ [ Wi=(0,0,1), if x <0,
Wy(x,0) = { W, = (2,5,2), if x> 0.

It can be easily checked that in this case the state W, is in Region II: a solution of the
form (2.3.32) was proposed in this case. In Figure 2.19 the numerical solutions obtained
with a mesh of 400 cells are shown while in Figure 2.20 we use a mesh of 800 cells: all of
them seem to converge again to the proposed solution.

(2.4.3)

t=0.2

—— Bottom

— ROE_HR

—— ROE_UPW
*  GOD_GHR

0.5

ROE_GHR
—=— Exact solution

0.0

-1.0

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Figure 2.19: Numerical results with 400 cells of the A component for the initial condition
(2.4.2).

2.4.2 Test 3

In this test we check the ability of the numerical methods to correctly capture stationary
contact discontinuities. We consider the next initial condition:

[ Wi=(0,0,1), if x <0,
W3<"’5’0)_{ W, = (5,1,2), if = > 0.

Since the right state is in Region III, the exact solution is of the form (2.3.9). The
numerical results obtained in a mesh of 400 cells are shown in Figure 2.21 and in Figure
2.22 we make a zoom on the stationary contact discontinuity. The numerical methods
based on UPW or HR, as expected, are not able to correctly capture the stationary
contact discontinuities: among them, ROE_HR gives the numerical solution farthest to

(2.4.4)
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— Bottom
—— ROE_HR
—— ROE_UPW
*  GOD_GHR
ROE_GHR
—=— Exact solution
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Figure 2.20: Numerical results with 800 cells of the h component for the initial condition
(2.4.2).

the proposed one. Although GHR leads to schemes that preserve these discontinuities,
only GOD_GHR seems to converge to the proposed weak solution: ROE_GHR captures a
contact discontinuity that does not satisfy the (MC) criterion (there is a transition from
sub to supercritical through the stationary contact discontinuity).

2.4.3 Test 4

In [124] a test was shown where the numerical solutions obtained with ROE_HR were very
far of those produced by other methods. In fact, this initial condition was in Region VIa
where two possible solutions have been found: one of the form (2.3.25) and the other of
the form (2.3.30): let us check that ROE_HR converges to the former while the other
numerical methods converge to the latter. To do this, we consider the initial condition:

[ Wi=(0,0.1), if # <0,
Wi, 0) = { W, = (1,-8,2), if = > 0. (24.5)
It can be checked that the right state is in Region VIa. Figure 2.23 shows the result
obtained with a mesh of 400 cells. We observe that the only method that converges to
the solution of the form (2.3.25) is ROE_HR, while all the others schemes converge to the
solution of the form (2.3.30).
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Figure 2.21: Numerical results of the h component for the initial condition (2.4.4).

2.4.4 Summary of numerical results

We have compared the numerical solutions obtained with several standard numerical fluxes
and treatment of the source terms with the exact solutions we obtained before. The main
conclusions are the following:

e In cases where the Riemann problem does not have solutions, the numerical methods
converge to the proposed solutions based on a reinterpretation of the problem.

e In order to capture correctly the stationary contact discontinuities it is necessary
to have a numerical method that preserve them. Nevertheless, this is not sufficient
to ensure the convergence to the proposed solutions: the numerical solution may
converge to weak solutions containing stationary discontinuities over the step that
do not satisfy the (MC) criterion.

e The combination of Godunov numerical flux and the Generalized Hydrostatic
Reconstruction technique introduced in [51] seems to produce a numerical method
that correctly captures all the proposed solutions.

e In cases where the Riemann problem has two solutions, the numerical methods may
converge to one or to the other.
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Figure 2.22: Zoom of the numerical results of the A component for the initial condition
(2.4.4).
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Figure 2.23: Numerical results of the A component for the initial condition (2.4.5).
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Chapter 3

On the efficient implementation of
PVM methods and simple Riemann
solvers. Application to the Roe
method for large hyperbolic systems

In Chapter 1 it has been seen that the implementation of the Roe method requires the
computation of the absolute value of the intermediate matrices whose definition depends
on their eigenvalues and eigenvectors. An implementation based on this definition may be
computationally expensive if the eigenvalues and eigenvectors are not explicitly known
especially if the size of the matrices is large. To overcome this difficulty, different families of
methods have been proposed in the literature. Two of them are the Approximate Riemann
solvers (ARS), in the sense of Harten et al. [93], and the Polynomial Viscosity matrix
(PVM) methods introduced in Chapter 1. As we saw in (1.2.25), in PVM the absolute
value of the matrix is approximated by the evaluation of the Roe matrix at a chosen
polynomial, which avoids the necessity of computing the eigenvalues and eigenvectors. In
many cases, the chosen polynomial interpolates the absolute value function at some points
(either in the Lagrange or the Hermite sense): we will call interpolatory PVM to these
methods for simplicity. A new implementation of interpolatory PVM methods is presented
here. This new implementation is based on the Newton form of the polynomials that is
known to be the more efficient way to evaluate the interpolation polynomials.

Approximate Riemann solvers on their side are based on the approximation of the
solutions of the Riemann problems associated at each intercell. In the case of the so-called
simple Riemann solvers (SRS) these approximations consist of some constant states linked
by jump discontinuities that travel at constant speed: see (1.2.31). In [125] the close
connection between PVM and SRS methods was studied. In particular, under certain
assumptions, a SRS method can be interpreted as an interpolatory PVM. In this case, the
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efficient implementation of PVM presented here can also be applied to SRS. New shorter
proofs of the results shown in [125] about the relations between PVM and SRS are given
here for the sake of completeness and clarity.

Roe method can be interpreted as a complete SRS and therefore as a PVM, as it was
pointed out in [35]. The implementation based on the Newton form of the corresponding
interpolating polynomial can be then used: this new implementation will be called Newton
Roe method here. The advantage of Newton Roe method compared to the standard
implementation is that (a) the eigenvectors have not to be computed and (b) no matrix
inversion is required. This new implementation shows a significant speedup if the number
of equations of the hyperbolic systems is large enough. In particular we are interested in
solving large nonconservative hyperbolic systems like those corresponding to the multilayer
shallow water system (see, for example, [44]) or the Quadrature-Based Moment Equations
(QBME, see [98] and the references therein) where the number of equations is a parameter
of the model, either given in terms of the number of layers in the first case or the number
of moments in the second one. Although the application of the methods to general
nonconservative systems is considered here for the sake of generality, all of them reduce to
conservative methods for systems of conservation laws so that the new implementations
can be used as well in this particular case.

The chapter is structured as follows: in Section 3.1 the implementation of interpolatory
PVM methods using the Newton form of the interpolating polynomial is introduced
together with a study of the complexity. Then, in Section 3.2, the relation between PVM
methods and SRS is analyzed. Section 3.3 is devoted to describe the Roe method as a
PVM solver so it will allow us to apply the Newton form of the interpolation polynomial
to improve the computational efficiency of its implementation. Finally, in Section 3.4 some
numerical results will be shown to compare the standard form of the Roe scheme and the
new Newton form. The two-layer shallow water system and the QBME moment models in
primitive and partially conservative variables are considered. The content of this chapter
was published by Pimentel-Garcia, Parés, Castro and Koellermeier in 2021 by the journal
Applied Mathematics and Computation, see [136].

3.1 Newton form of PVM methods

In this chapter, recalling the expression of PVM methods (1.2.25)-(1.2.26)-(1.2.27), we
only consider polynomial approximations of the absolute value function that are based on

i+ L
Lagrange or Hermite interpolation, i.e. the polynomial pr+2 in (1.2.24) is the polynomial
of degree less or equal than r — 1 that interpolates the absolute value function at r different
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. 112
points o 2oi=1,.. "

1 . .
+5, i+1/2 i+1/2
v 2(Uj / ) =|o /

j ) ]:1,...,7",

1
2 of degree 2r — 1 that interpolates the absolute value function and
i+1/2

or the polynomial p;j

its derivative at r different points o, "7, j =1,...,1:
i+s, ir1/2 i+1/2 i+l i+1/2 . i+1/2 .
o2 (o) = o2 (052 (0 = sign(o) ), =1,
where
-1 <0,
sign(z) =<0  x=0,
1 x> 0.

Well known conservative methods like Rusanov, Lax-Friedrichs, HLL, FORCE,
GFORCE, etc. can be interpreted as PVM methods based on interpolating polynomials:
see [35].

Remark 3.1.1. When one of the interpolation points 0;-“/2 15 equal to 0 and a smooth

transonic regime s detected, the interpolated value is taken to be ¢ > 0 instead of 0 as
an entropy fix technique to avoid the appearance of ’dog-leg’” phenomena. The adequate
value of € depends on the problem, but good choices of this parameter can be done using
the smallest non-zero eigenvalue. For instance, if A = 0'12:1/ % is the smallest non-zero
eigenvalue, then a good choice is given by € = 0.5|\|.

3.1.1 Implementation: the Lagrange case

Once the interpolation points and values have been chosen, the most efficient way to
evaluate the interpolation polynomials plﬁl/ % is using its Newton form, based on the
well-known divided differences. Let us describe an algorithm to compute the product

2

based on this form of the polynomial. For the sake of simplicity, the dependency on the
intercell will not be explicitly written, so that indexes and super-indexes i + 1/2 will be
dropped. Moreover, W; and W, will be used instead of W;* and W, for simplicity. Using
this notation, one has that, in the case of Lagrange interpolation, (3.1.1) writes as follows:

Q(Wr - I/Vl) = pr(-A)(Wr - I/Vl) ‘

= [V, =)+ Yo, o) [ CAOW; = W) — 3 (W, — W),

i=2 j=1

where the divided differences are recursively defined as follows:
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o o] =|oy|l, i=1,...,r.
e Given k + 1 indexes {ig, ...,ix} C {1,...,7},

[0’,‘1, ...,O'Z‘k] — [O'Z‘O, "'70-2'1@71]

Uik — 0;

(3.1.2)

[Ui070i17 ...,O'Z'k] =
0

Once the divided differences have been computed, the following algorithm can be used
to compute (3.1.1) in an optimal way:

« Vo=W, W,

e Fori=1tor:
Vi = AVFl - Uz‘V;el,

and finally,
pr(A)(Wr - I/Vl) = [O’l]% + [0'1,0'2]‘/1 + ...+ [0'1, ---;Ur]‘/?“—l' (313)

The operations needed to compute (3.1.1) are thus the following:
3 . . .
° 57'(7' + 1) operations to compute the divided differences;

e 7 matrix-vector products;
e 2r scalar-vector products;
e 2r vector sums.

Therefore, the total number of operations is
3 2
57’(7" +1)+7(2N°— N)+4rN.
Since in practice r is at most O(N) the complexity of the algorithm is
O (2rN?). (3.1.4)

The complexity of the computation of D¥, that involves another matrix /vector product
is the same.
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3.1.2 Implementation: the Hermite case

In the case of Hermite interpolation, (3.1.1) writes as follows:

Q(Wr - VVl) = p?r(A)(Wr - VVl)

2r i—1
= [GJWe = W) + > 61,6 [ [ (AW = W) = ;W — W),
i=2 j=1
where
O2j—1 =025 =05, J=1,....m

and the divided differences are defined in the same way with the following exceptions:
o [09j_1,09;] = sign(oj), j=1,...r.
The algorithm to compute (3.1.1) is then the same and its complexity is, in this case:
O (4rN?). (3.1.5)

Remark 3.1.2. This algorithm can be easily adapted to PVM based on a polynomial that
interpolates the absolute value and its derivative at some points and only the absolute value
at some other points.

3.2 Relation between PVM and SRS methods

In [125] the relation between PVM and SRS methods was studied: the main results shown
there are revisited here and new shorter proofs are given. The following result in [136]

gives a necessary and sufficient condition to have the equivalence between a PVM method
and a SRS.

Theorem 3.2.1. Given a PVM and a SRS method based on the same family of paths, the
following statements are equivalent:

1. DﬁVM(I/VhWT) = DE?RS(M/I?WT)? VI/I/Z?WT € Q:
2. For every W;,W, € Q:

Z o3| (Wi = Wiz1) = p(Ae (Wi, W) (W, — W7). (3.2.1)

Proof. Taking into account (1.2.33) and (1.2.16) we have the following equality:

ZT:UJ(WJ' = Wj1) = A (W, W) (W, — W)), (3.2.2)

Jj=1



On the efficient implementation of PVM methods and simple Riemann
76 solvers. Application to the Roe method for large hyperbolic systems

where Ag is the Roe linearization chosen to define the PVM. Now, given W;, W, € 2, we
have:

D;VM(maWr) = Dg‘_RS(M/lv )
1 1
<~ 5./4@(‘%, Wr)(Wr - VVl) + §P(¢4¢>(M/l, Wr))(Wr - Mfl)

= Z oj1(Wip1 — Wi)

0j4+1>0

1 1
And §A¢’(M/Z7 Wr)(Wr - VVZ) + Ep(ACP(VVl) Wr))(Wr - VVZ)
1 < 1 <
=3 > o (W = W) + 5 D los| (W = W)
= =1
& p(Ae(Wo, W))W, = W) =Y o | (W) = Wjy),
j=1

where (3.2.2) has been used. The proof of the equivalence between
Dpyn (Wi, W) = Dgpg (Wi, Wy)
and (3.2.1) is similar. O

3.2.1 PVM based on Lagrange interpolation

We first show that any PVM method based on Lagrange polynomial interpolation can be
seen as a SRS. More precisely, the following result holds:

Theorem 3.2.2. Any PVM based on a polynomials p, of degree less or equal than r-1
that interpolates the graph of the absolute value at r different points o;, i = 1,...,7 can be
interpreted as a SRS with speeds o;, i =1,...,7.

Proof. Let us consider the Lagrange polynomial basis [;(\),i = 1,...,r, where [; is the
polynomial of degree r — 1 such that:

li(o;) = dij = { 0 if i#j.

Then p, can be written in its Lagrange form:
p(A) =Y lolls(N).
i=1

Let us define:
‘/; ZIZ(ACP(V[/MWT))(WT_M)v 1= 17"'77"

The intermediate states W;, ¢ = 0, ..., r given by
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o Wo=Ws

.VVz‘:V;_FWi—h jzl,...,T’
together with the speeds o;, 2 = 1, ..., 7 define a SRS. In effect, from the equality

Y L) =1 VAeR

we deduce

WT:(WT_WO)+W0:Z‘/;+W0:(WT_I/VI)—FW():WT.
i=1

Now, (1.2.32) is trivially checked and (1.2.33) is easily deduced from the Roe property
(1.2.16) and

D oli(A) =X VAER
i=1

Finally, we have:

T

Z A Z |03l 1 (A (Wi, W) (W, — WY) = p(As (Wi, W) (W, — W),

Therefore, using Theorem 3.2.1, the SRS solver coincides with the PVM method. O

Let us prove now a kind of reciprocal:
Theorem 3.2.3. A SRS with r speeds o;, i = 1,...,r such that V; = W, —W,_1,1=1,...,r,
are linearly independent, can be interpreted as the PVM based on the polynomial p of
degree less or equal than r — 1 that interpolates the points

{(o,|oi])}, i=1,---,r

Proof. First, if r < N, the set of linearly independent vectors {V, ..., V,.} is completed
to obtain a basis {V4,..., Vx} of Ry and the set of real numbers oy, ..., 0, is completed
to obtain a family of pairwise different numbers o4, ..., 0. Then we consider the matrix
Ag (W, Wg) whose eigenvalues are oy, ...,0n and the corresponding eigenvectors are
{V1, ..., Vy}. We also consider the polynomial p such that p(o;) = |oy|, i =1, ..., 7. Let us
see that the PVM associated with A and p is equivalent to the SRS. Using the property
(1.2.33) we have that:

Ao(Wi, W) (W, = W) = Ag(Wi, W) (ZV> (323)

= > oV (3.2.4)

— (& W, W, )ds. (3.2.5)
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Therefore, Ag defines a Roe matrix. Moreover:

p(As (Wi, W,)) (W, — W) = p(Ae (W, W, Zv >_ploVi=3 _loilVi

and using again Theorem 3.2.1, we have that the PVM is equivalent to the SRS. O

Therefore, when a SRS satisfies the hypothesis of Theorem 3.2.3 it can be interpreted
as an interpolatory PVM and the implementation described in the previous section can be
thus applied.

3.2.2 PVM based on Hermite interpolation

We show now that any PVM method based on Hermite interpolation can be seen as a

SRS.

Theorem 3.2.4. Any PVM based on a polynomial ps, of degree less or equal than 2r — 1
such that
par(0) = loil, i =1,...,r, py.(0;) = sign(oy), i =1,...,r,

where 01 < 09 < ... < 07 <0< o741 < ... <0, can be interpreted as a SRS with r + 1
speeds o;, 1 =1,...,r, and 0.
Proof. Let us consider the Hermite polynomial basis h;(A), 1 = 1,...,7, k;(\), i =1,...,7,
i.e. the polynomials of degree less or equal than 2r — 1 such that

hi(o;) = 6i, hi(o;) =0, Vi, j,

ki((fj) = 0, k;(()’]) = (Si,j; v7,j
Using this basis, the interpolating polynomial can be written as follows:

T

par(A) = Z loilhi () + Zszgn o) ki( VA (3.2.6)
i=1
Let us define:
=hi(Ae) (W, = W)), di=1,...,r,
‘élzkz(A@)(Wr_m)? 7::17"'77‘7
W2 =w> +V°% i=1,.,r,
1

W= — Vi oi=1,..,1-1,
Oi+1 — 05
whe =Ly
1 o1 I
1+ L
WI VI—H’
OI+1
1
Wl =— Vi, i=I1+1,..,r—1



3.2 Relation between PVM and SRS methods 79

Let us consider the function:

(

4% if o <oy,
Wi = Wl()+W11 Lf 01 <0 <09,

Wi =WP +Wi_, if ora<o0<oy,
W, =W+ W™ if o,<0<0,
WrH=W2+Wprt  if 0<o0 <o,
Wi =W+ Wiy if o1 <o <o

(3.2.7)

W,_1 = Wp_l + er—l Zf Or1 <0 <0,
wp if o, <o.

\

Let us verify that R is a SRS. First, reasoning like in the proof of Theorem 3.2.2 and
taking into account the equality

i hi(A) =1, VA
=1

we obtain
WO =Ww,.

T

Next, (1.2.32) can be trivially checked. Let us check property (1.2.33):

I-1
01 (Wlo + Wll - WL) + Zgi (Wio + VVz’l - Wio—l o Wzl—l)
i=2
+or (WJO + WIL_ - W}ll - W}ll) + 011 (WI(]+1 + W11+1 - WIO o WII+)
r—1
+ Z op (VVZ-O W =W~ M/zl—l) +or (Wro -W, - er—l)
i=1+2

~

r —1
=Y (W) =W )+ (oi—oi )W + o W)™ — oW
=1

i=1

+ Z_: (Uz‘ - U¢—1)VVZ-1
_ ZU’VO + Z V! = (ZT: (oih; + ki)> (Ag) (W, — W) = As (W, — W)

/A W w22 (e i w,de.

9¢
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where the Roe property and the equality

i=1
have been used. Therefore, R is a SRS. Let us finally check (3.2.1):
o (W W W)+ 3 o (2 W W2, 0
=2
o (WP + W™ = WP = WD) + loral (Wi + Wiy — WP — W)
+ rz_i |7 (Wio +W =W - Wzl—l) + oy | (Wro ~ W, - er—l)

=142
r -1

= Sl = W)+ S (oil — loua D, + oW = o[ W7
1= =1

r—1
+ Y (loi| = loia )V

i=1+2

—Z|U,|V0 Zv1+ Z Vi

i=I+1

= <Z(|al|h + sign(o;) z)) (Ag) (W, — W)

i=1

= par(As) (W, — W),

and thus the PVM is equivalent to the SRS.
O

Remark 3.2.1. The main advantage of having an expression of a PVM method as a SRS
is that this form makes easier to prove properties such as the positivity of the method: see
[125].

3.3 Application to the Roe method

3.3.1 Standard form

As we saw in (1.2.23), given a Roe linearization Ag, the standard form of the Roe method
is given by (1.2.3) with:

K3 K3 ?

n n 1 7 n n n n
D:r% - Di(I/VZ. Wi = §Ai+%(wi+l wi') |~A<I> (Wi I/Vz+1)| (Wit — W)
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where
|Ae (W], W) = Re(W), Wi )Ae(W], W) R (W, W), (3.3.1)

being [Ae (W, W/ )| the diagonal matrix whose coefficients are the absolute value of the
eigenvalues of Ag (W, W), and Re(W/", W/ ) is the matrix whose i-th column is a
right-eigenvector associated to the i-th eigenvalue.

3.3.2 SRS form
The Roe method can be interpreted as the scheme corresponding to the complete SRS

WO - VVla Zf >\ < >\1’
R()\, VVl?W,«) = Wj Zf >‘j <A< /\j+17 (332)
WN - WT7 Zf )\N < )\,
where \;, i = 1,..., N, are the eigenvalues of As and the intermediates states W; verify:

Wi_Wi—l :CYZ‘RZ‘, 1= 1,...,N,

where R; is the right eigenvector associated to \; and «; is the i-coordinate of the vector
W, — W; in the RV*! basis defined by the eigenvectors. The reciprocal is also true: any
complete SRS, i.e. any SRS with N speeds, is equivalent to a Roe method.

3.3.3 PVM form
According to Theorem 3.2.3, a Roe method can be written as the PVM method based on

1
> of degree less or equal than N — 1 that verifies:

the polynomial pZ;,r

Therefore, it can be implemented following the algorithm proposed in Section 3.1.1 what
leads to the Newton Roe method. Since r = N, in this case the complexity of the algorithm
is (see (3.1.4)):
0 (2N%).

Observe that, with this implementation, it is not necessary to compute the eigenvectors
what, in many cases, may constitute an important saving of computational time. If the
eigenvectors are explicitly known or easy to compute, still the computation of the absolute
value of the matrix requires the inversion of the eigenvectors matrix. If, for instance, the
inverse is computed by solving N linear systems using the LU factorization, the complexity

would be 5 .
0) <§N3 + 2N3> =0 (§N3> ,

so that still the Newton Roe implementation is cheaper.
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Remark 3.3.1. Let us suppose that a Roe matriz As and some approzximations 5\1, e
AN of the wave speeds are available that do not coincide with the eigenvalues of the Roe
matriz. One could then implement the PVM based on the Roe matriz and the polynomial
that interpolates the absolute value function at the approximated speeds. The resulting
PVM method would be then equivalent to a new Roe method whose matriz Ag has the
approximated speeds as eigenvalues and the states V; given in the proof of Theorem 3.2.2
as the corresponding eigenvectors.

3.3.4 Close or double eigenvalues

In some cases, the Roe matrix has eigenvalues that are very close or even identical (if
the system is not strictly hyperbolic). In these cases, the divided differences are not well-
defined or involves close to zero denominators. In order to fix this difficulty, if A\x ~ Mgy
or A\ = A\py1, then instead of considering the Lagrange interpolation

the following interpolation is used:
p(N) =[Nl i £ k41, p'(A) = sign(e).

This is again an advantage compared to the implementation of the standard form of the
Roe method, since in the case of a double eigenvalue the computation of the Jordan form
is necessary to compute the absolute value of the matrix.

3.4 Models and numerical tests

In this section Roe method and Newton Roe method will be applied to the following
models:

e the two-layer shallow water equations,
e the Quadrature-Based Moment equations for rarefied gas.

Different implementations of the Roe method for the first model have been considered
so far: see [133], [103]. The combination of the Newton Roe formulation with the use
of Ferrari’s formula to compute the eigenvalues as proposed in the latter reference leads
to an optimal implementation of the Roe method for this system in which concerns the
number of operations. Although it will be shown that, as expected, this implementation
reduces the computational time, systems with more than 4 variables are needed to observe
a drastic reduction of the CPU time. In QBME models, the number of equations is a
parameter of the model so that it constitutes an excellent test problem to measure the
CPU reduction due to the Newton Roe implementation as a function of the size of the
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system.

The methods have been implemented in C++ and run on the linux-subsystem of a
64-bit Windows 10 YOGA 720 with Intel Core i7-7200 2.5 GHz machine. The Eigen
library [90] has been used to compute all matrix-vectors operations.

3.4.1 Two-layer shallow water equations

We consider the homogeneous two-layer 1-D shallow water system (see [44]):

( Oy oq o
IR oh
q1 v Q_l - 2 _ 02
8t+8x< * gh) I
ah? Jqa

It ox -

aQZ d q5 1 2 8h1
ot oz <h2 ol ) == g

Index 1 refers to the upper layer while index 2 refers to the lower layer. This system
uses the following notation:

(3.4.1)

\

e h; = hi(x,t) > 0 is the thickness of the i-th layer at the section of coordinate z at
time ¢.

e ¢; = qi(z,t) is the discharge of the i-th layer at the section of coordinate x at time t.
e ¢ is the intensity of the gravitational field.

e p; refers to the constant density of the i-th layer.

The bottom is assumed to be flat. Following [74], this system can be written in the
form

oW + F(W),+ BW)W, =0, (3.4.2)
where
; ) Qll
)
W= 0 F(W) = TR
ha ’ g2 7
q2 qg Lo,
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0O 0 0 O
B 0 0 ghh O
BW) = o 0 0 o0}’
grhe 0 0 0

with = p;/p2. System (3.4.1) can be rewritten in the form (1.1.2):
OW + AW)o,W =0,

with
AW)=AW)+ B(W) =JF(W)+ B(W).

The eigenvalues of A(W) are the roots of the characteristic polynomial:
p(A) = (V= 2up\ + uf — ghy)(A* — 2ua\ + uj3 — ghy) — rghyghs, (3.4.3)

where u; = ¢;/h;, i = 1,2. When r = 1, first order approximations of the eigenvalues were

given in [147]:
urhy + ugh
Moo == g E Vol + ), (3.4.4)
1+ he

ha + ushy hyhy (w1 — up)?
P Lo e L0 VR (1—— , 3.4.5
int hl + hg g hl + hg g’(h1 + hg) ( )

where ¢' = (1 —1)g.

The exact expression of the eigenvalues can be obtained by using Ferrari’s method
to find an analytical solution for quartic equations. Following [103], this expression is as
follows:

giﬁi\/—A—Z:F%

= 5 (3.4.6)
a B
int = 5 , (3.4.7)

with

22 (oEon (2) ).

Ay
0 = arccos ,
2/ A}

3a?
A—op— 2%
4’

B =2c — ab+ a4,
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Ay = b* 4+ 12d — 3ac,
Ay = 27a*d — 9abc + 2b° — 72bd + 27¢2,

where
a = —2(uy + up),

b=wu; — ghy + 4ujus + u% — gho,
c = —2uy(ui — ghy) — 2ui(uj — ghy),
d= (U% - ghl)(ug — ghy) — rghyghs,

being a, b, ¢, d the coefficients of the polynomial p written in the form:
p(A) = AT+ aX® + BN + X + d.

Given an eigenvalue A, an associated eigenvector is given by:

1
A
R; = ) 3.4.8
) (349

where:
(A —uyp)?
gha
A more detailed description of the calculation of the eigenvalues and eigenvectors of this
system can be found in [103].
We consider the Roe matrix of the system based on the family of straight segments

W= — 1.

described in [44].

3.4.1.1 Test 1: Dam-break problem

We consider the internal dam-break test introduced in [74]: the equations are solved in
the space interval [0, 10] with initial conditions:

(02, if <35
hl(xﬁ)‘{o.& if ©>5,

] 08, if <5,
fa(,0) = { 0.2, if x>5,

¢1(z,0) = go(z,0) = 0.
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#Cells | Standard Roe | Newton Roe
1250 10.09 9.80
2500 28.96 28.73
5000 102.85 100.09
10000 362.65 349.47

Table 3.1: Test 1: CPU times in (s) for meshes with different number of cells for the
standard Roe scheme and the Newton Roe scheme.

Roe and Newton Roe methods are run in the time interval [0, 10] with CFL = 0.9.
Since both methods are equivalent, the numerical results are identical to machine precision
and therefore we don’t compare them. In Table 3.1 the CPU times in (s) corresponding to
both implementations using meshes with different number of cells are shown.

It can be seen that here is a small speedup for the Newton Roe method for this system,

for which N = 4.

3.4.2 Hyperbolic Moment Models for rarefied gases

An application that involves larger systems of hyperbolic PDEs is given by continuum
models for rarefied gases. In addition to the standard conservation laws, the accurate
description of non-equilibrium flows in rarefied gases requires further equations [150].
These equations model the evolution of higher order moments of the underlying particle
distribution function, see e.g. [156]. The resulting so-called moment models based on
the work in [89] are not always hyperbolic, but have been modified to yield hyperbolicity
using different frameworks, see [27, 72, 99]. There are many applications of these models,
e.g. for shock tube computations and 2D flows, see [101, 73]. The modifications lead
to nonconservative, hyperbolic PDE systems, such as the QBME system, which was
numerically investigated in [102]. The QBME model is very suitable for the application of
the Newton Roe solver, because the eigenvalues are analytically known, whereas the full
eigenvector decomposition is difficult to compute. In addition, the model contains more
equations leading to a large potential speedup.

3.4.2.1 QBME moment models in primitive variables

In the following, we will briefly describe the QBME model equations, for more details see
[98]. The general form of the model equations is already given in the form

oWy + Ay (W) 0.War = S(Way), (3.4.9)
where W, € RM*! is the vector of unknown variables given by

WM:(p7v767f37"'7fM)T (3410)
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with density p, velocity v, temperature 6, and the f;,¢ =0,... ., M with fo =1, f1 =0, f, =0
are the so-called moments, coefficients from the expansion of an underlying distribution
function, and the transport matrix Ay, € RIM+DXM+D depends on Wy

The right-hand side S € RM*! denotes the collision term, which will be the same for
all models. It will be approximated by the BGK model [22] and reads

1
S(War) = ——BW, (3.4.11)

for non-linear relaxation time 7 = % with Knudsen number Kn and diagonal matrix

B = diag (0,0,0,1,...,1) € RMFIxA+1) (3.4.12)

corresponding to conservation of mass, momentum and energy and a relaxation of the
higher order coefficients towards equilibrium.

For the QBME [98, 99] the system matrix can be written as Ay =

v P
% v 1
20 v 6
) p
4fs & v 4
—g—f 5/4 e 0 v
_GJ;J»;—2 Mf'M—l (M—Q)flv12—2+9fn4;4 _ M(M;(;l)fM _—3}”;‘3 | 9. U. M
_ i (M + l)fM — faro1 + 0fm—3 SWM+D)fym  3fm—2 0 v
p - 2 po p
(3.4.13)
The characteristic polynomial of the system matrix Ay reads
Xar(\) = 6" He (u) (3.4.14)
M M+1 77 ) 4.

The real eigenvalues \; are thus the shifted and scaled roots of the probabilists” Hermite
polynomial Hep; 4

No=v+Voe;, j=1,... M+1, (3.4.15)

where the ¢; are now the Hermite roots such that Hepri1(c;) = 0. The system is thus
globally hyperbolic.
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The entries of the eigenvectors v; can be derived as

Uj,1

Vj,M

Vj M+1

Remark 3.4.1.

pHeo(c;),
91/2Hel (Cj),
6H€2(Cj)7

1
510" Hes(c),

1
5P64/2He4(cj) - fs\/écj,
1 5/2 1— C? N/
apQ Hes(c;) + f30 5 faVbc;,
L e - Y
(M_l)!pe Henr—1(¢j) + far—30 5 — fu—2Vilc;,
1 1-¢ -1
TP Heas (05) + farab =5 — faraVles + (M 1)~

Other hyperbolic moment models such as the ones mentioned in [26, 100]

exist, but the models are all given in a similar form with analytical eigenvalues and
ergenvectors in the primitive variables. We thus chose the QBME model exemplarily to
focus on the numerical method.

3.4.2.2 QBME model in partially-conservative variables

To ensure exact conservation of mass, momentum and energy, the moment model above

needs to be written in terms of the partially-convective/partially-conservative variables
Uy € RM+1 with

Unt = (p, pv, (V2 + 0)p, v(v? +30)p+ 6 fs, fur -, fur) - (3.4.16)

The transformation matrix from primitive to partially-conservative variables is

1 0
v p 0
2+ 40 2up P
U | pw?+30) 32+0)p 3up 6 , (3.4.17)
oW 1
0
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and its inverse

1 0
oo :
v?—0 _20 1
oU N\ o P
<av) ol B el B (3.4.18)
1
0

1

Choosing Uy, as the vector of unknowns results in a new system of equations that
describes the same physical behavior but with different variables, with the benefit of exact
conservation of mass, momentum and energy as the first three variables in Uj,;. Assuming
the new variables Uy, can be computed from W), with Jacobian gU—M € RMHADX(M+1)
which is a lower triangular matrix depending on the entries of W,,, the change of variables

can be performed. We use (8UM ) BWy = BWM, with

B = diag (0,0,0,6,1,...,1) € RMTDx(M+1) (3.4.19)
The resulting system

— 1 ~

Uy + Ay 0,Upy = ——BW)y. (3.4.20)
T
uses a new transformed system matrix

— Uy U
Ay = A 3.4.21
" <5WM> . <3WM) ( )

with the same eigenvalues as Aj;.
We know from the previous section, that we can write the primitive system matrix
using its eigenvalues (3.4.15) and corresponding eigenvectors as

Ay = VIAY, (3.4.22)

where V' is the matrix containing the eigenvectors and A is a diagonal matrix containing
the eigenvalues. The corresponding eigenvectors and eigenvalues are given in section
3.4.2.1.

The eigenvalues of the partially-conservative models will be the same as those of
the primitive variables. However, the eigenvectors change according to the following

computation
— ou ou

oW oW
U, oU
= " AV(mv)

= VAV
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for V the corresponding eigenvector matrix of the partially-conservative system matrix.

This matrix is thus given by

V=V (%) B . (3.4.23)

As V and (g—g,)_l are analytically given, the exact eigenvectors can be computed
analytically during the simulation, even though already their evaluation might be
computationally expensive during a standard Roe scheme.

The QBME model in partially-conservative variables can be computed analytically by
following the transformation of the variables. The final system reads

Agpre = At + Aura. (3.4.24)
with «ZM,l =
0 1
0 0 1
0 0 0 1
ot 600 — 32— Bl 4 (39 +%h) 6460 dv 24
3v2f3—53£3—10vf4 . v(vzg%)@ g(vg . 6) —3vfz+5f4 _% + % g v 5
bis b2 5 b3 5 bis 0 v 6
bl,M—l b2,M—1 b3,M—1 b4,M—1 0 v
bi v bo. b3, ba, 0
(3.4.25)

and the following entries in the first four columns

fico (u? = 30u) +0fi3(u®>—0)+ fia (1 — Du* — (i + 1)) — 2(i + 1)uf,».

bi; =
7 %
W Bfia(6—u?) = Wufi g — 20— Dufi + 26+ 1S,
2,1 2p 5
b — Ofi—s+3ufio+ (i —1)fiq
3,1 2p 5
fi—2
b i — - .
4, 2%

Note that for entries b; ;, we need to use the coefficient fo = 0.
The second matrix in (3.4.24) contains seven additional terms in the last two rows

M

v
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such that the modification is given by

M (M +1) 0
2p0 my—11 My-12 MM-13
mara mp,2 mpy3  Mpa

Anrz = (3.4.26)

The terms in the second but last row are given by

mM—l,l = fu ('9 - UQ) )
My-12 = 2ufum,
my-13 = —Jfu-

Note, that for M = 4, the three entries above need to be multiplied by 6, due to the
variable transformation that basically scales the fourth equation. This does not affect the
other cases with M # 4.

The additional entries in the last row are defined as

02 far—1 — u’ far — Qu(ufy—1 — 3fur)

mM,l = M )
—~ (—3‘9fM + 3u2fM + 2(9ufM_1)
My = )
M

) _ (efM—l + 3U,fM>

M,3 M )
A _ Ju
Mg = —

M’

Similarly as in the shallow water model, we use a linear path with one Gauss quadrature
point to compute the Roe linearization of the system matrix and for the numerical treatment

W, +Ws, .
lTM' For more details on the

proper numerical discretization of the nonconservative QBME system, we refer to [102].

of the source term S 1 we simply evaluate S in

3.4.2.3 Test 2: Shock tube case

The one-dimensional shock tube problem is considered by choosing the initial conditions

Wi, ifz <0,

: (3.4.27)
Wy, iftx >0,

and non-linear relaxation time 7 = X2,

We consider the system in primitive and partially-conservative variables. According to
the tests in [26], the left and right states are chosen as

Wi, = (7,0,1,0,...,0)", Wi =(1,0,1,0,...,0)", (3.4.28)
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or equivalently
Ut, =(7,0,7,0,...,0)", Ut =(1,0,1,0,...,00", (3.4.29)

corresponding to a jump in density at the discontinuity at z = 0.
We consider Kn = 0.05 representing a relatively small Knudsen number close to the
continuum flow regime and we will take x € [—2,2], CFL = 0.3, and t¢,q = 0.3s.

Primitive variables

We are going to compare the runtime for M =5 (i.e. the system has 6 equations) and
M = 11 (i.e. the system has 12 equations) in primitive variables. We show in Figure
3.1 the numerical solution of the problem (3.4.27) using both ways of writing the Roe
scheme in order to see that both give the same result. A detailed comparison of numerical
solutions for this test case can be found in [102]. In Tables 3.2 and 3.3 we show the CPU
runtimes in (s) for different discretizations of the domain and for M = 5 and M = 11,
respectively, using the standard Roe scheme and the new Newton form. Here we observe
a big difference in CPU times between both ways of writing the Roe scheme, due to the
larger complexity of the model and the additional number of equations. We see that taking
12 variables (M = 11) the difference is getting bigger.

t=0.300 t=0.300 t=0.300

8
N —+— Newton Roe —+— Newton Roe 08 —~— Newton Roe
b Standard Roe A =\ Standard Roe Standard Roe
’ R 6 0.6 Pt
o \
5 RS 5 -~
4 'u 4 0.4
3 3 ."\7
S 0.2
) 2 }a%'\{_
AN ) o B F \
; ,
N B S SRR YR O— SR
0

-1.0 =05 0.0 0.5 1.0 15 1.0 -0.5 0.0 0.5 1.0 15 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure 3.1: Numerical solution of the problem (3.4.27) computed in the primitive variables
with M =5, 1000 cells, CFL = 0.3 at time t = 0.3. Starting from the left the density p,
pressure p = pf and velocity u are plotted.

In Table 3.4 and in Figure 3.2 we observe that for 1000 cells of the domain, as we
increase the number of moments M, the speedup of the new Newton Roe scheme is
increasing.

Partially-conservative variables

We are going to compare the runtime for M = 5 (i.e. the system has 6 equations) and
M =13 (i.e. the system has 14 equations) in partially-conservative variables. This time
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#Cells | Standard Roe | Newton Roe | Speedup
125 0.31 0.22 1.40
250 0.62 0.36 1.74
500 1.61 0.63 2.56
1000 4.14 1.49 2.79

Table 3.2: Test 2: CPU times in (s) for different number of cells of the domain obtained
for the usual Roe scheme and the Newton Roe scheme with M = 5 (average of 5 runs)
and using primitives variables.

#Cells | Standard Roe | Newton Roe | Speedup
125 0.77 0.38 2.04
250 2.10 0.73 2.88
500 7.40 2.55 2.91
1000 21.40 5.92 3.61

Table 3.3: Test 2: CPU times in (s) for different number of cells of the domain obtained
for the usual Roe scheme and the Newton Roe scheme with M = 11 (average of 5 runs)
and using primitives variables.

M | Standard Roe | Newton Roe | Speedup
5! 4.14 1.44 2.03
7 8.14 2.8 2.86
9 14.78 4.60 3.22
11 21.40 5.92 3.61

Table 3.4: Test 2: CPU times in (s) for 1000 cells of the domain obtained for the usual
Roe scheme and the Newton Roe scheme with different number of moments M (average
of 5 runs) and using primitives variables.

we are not going to show the results of the numerical schemes because the standard Roe
scheme and the Newton Roe scheme again give the same solution. A detailed comparison
of numerical solutions for this test case can be found in [102]. In Tables 3.5 and 3.6 we
show the CPU runtimes in (s) for different discretizations of the domain and for M = 5 and
M = 13, respectively, using the standard Roe scheme and the new Newton form. Again
we observe a big difference in CPU times between both ways of writing the Roe scheme
and this difference is even bigger than when we were using primitive variables because
with partially-conservative variables we have to add the computation of the eigenvectors as
was seen in (3.4.23). We see that taking 14 variables (M = 13) the difference is increasing.

In Table 3.7 and in Figure 3.3 we observe that for 1000 cells of the domain, as we
increase the number of moments M, the speedup of the new Newton Roe scheme is
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Figure 3.2: Number of moments M vs CPU time (s) for the standard Roe scheme and its
Newton’s form using primitive variables.

#Cells | Standard Roe | Newton Roe | Speedup
250 0.72 0.30 2.37
500 2.15 0.65 3.29
1000 5.30 1.65 3.21
2000 18.32 5.53 3.32

Table 3.5: Test 2: CPU times in (s) for different number of cells of the domain obtained
for the usual Roe scheme and the Newton Roe scheme with M =5 (average of 5 runs)
and using partially-conservative variables.

increasing. As observed before, the differences between both ways of writing the Roe
scheme are bigger using the partially-conservative variables. The new Newton Roe solver
yields a significant speedup in all test cases for the QBME model.

Remark 3.4.2. We only present results for odd M here as the computation using even
M leads to very different runtimes in our simulation software, due to specifications of the
underlying linear algebra libraries. However, the resulting flow solutions are still the same
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#Cells | Standard Roe | Newton Roe | Speedup
250 3.70 1.06 3.49
500 12.23 2.87 4.27
1000 40.62 9.09 4.47
2000 166.48 39.10 4.26

Table 3.6: Test 2: CPU times in (s) for different number of cells of the domain obtained
for the usual Roe scheme and the Newton Roe scheme with M = 13 (average of 5 runs)
and using partially-conservative variables.

M | Standard Roe | Newton Roe | Speedup
5 18.32 5.53 3.32
7 39.10 11.10 3.52
9 71.97 19.23 3.74
11 106.73 25.84 4.13
13 166.48 39.10 4.26

Table 3.7: Test 2: CPU times in (s) for 2000 number of cells of the domain obtained for
the usual Roe scheme and the Newton Roe scheme with different number of moments M
(average of 5 runs) and using partially-conservative variables.

as for the standard Roe scheme.
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Figure 3.3: Number of moments M vs CPU time (s) for the standard Roe scheme and its
Newton’s form using partially-conservative variables.



Chapter 4

Well-balanced methods for
relativistic fluids on a Schwarzschild
background

In this chapter we are interested in the long time behavior of relativistic compressible fluid
flows on a Schwarzschild black hole background. The flow is assumed to enjoy spherical
symmetry and therefore we deal with nonlinear hyperbolic systems of partial differential
equations (PDEs) in one space variable. The goal is, first, designing and testing numerically
finite volume methods that are well-balanced; and, in second place, to perform a through
investigation of the behavior of the solutions and numerically infer definite conclusions
about the long-time behavior of such flows. Our study should provide first and useful
insights for, on the one hand, further development concerning the mathematical analysis
of the models and, on the other hand, further investigations to the same problem in higher
dimensions without symmetry restriction.

We will treat first a simplified model, namely the relativistic Burgers-Schwarzschild
model [114], and next the relativistic Euler-Schwarzschild model. The flow is assumed to
enjoy spherical symmetry so that only models with one spatial coordinate (the distance to
the center of the black hole) are considered throughout. Our purpose in this chapter is to
design shock-capturing schemes that are high-order accurate and well-balanced. These
results are based on earlier investigations on this problem by LeFloch et al [62, 108, 114]
and extend to the present problem the well-balanced methodology in Castro and Parés
[47], recalled in Section 1.2.6, in order to properly take the Schwarzschild curved geometry
into account. For earlier work on well-balanced schemes we also refer to [40, 143, 144]
and, concerning the design of geometry-preserving schemes, we refer for instance to
[11, 62, 70, 81, 142, 162, 25, 34] and the references therein.

The chapter is structured as follows: in Section 4.1 we introduce the two models in
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consideration, the relativistic Burgers equation and the relativistic Euler equations posed
on a Schwarzschild background. Then, in Section 4.2 we recall the strategy explained in
Section 1.2.6 and we extend it for developing high-order well-balanced schemes for both
models in consideration. In Section 4.3 this strategy is applied to the relativistic Burgers-
Schwarzschild equation to obtain first, second and third order well-balanced methods,
and in Section 4.4 several numerical tests allow us to investigate the efficiency, accuracy,
and robustness of the proposed algorithms and to obtain some conclusions. Finally, in
sections 4.5 and 4.6 we do the same with the relativistic Euler-Schwarzschild equations. In
particular, by relying on these extensive tests we demonstrate that the proposed schemes
are numerically well-balanced and we discuss the importance of this property in order to
have reliable results. We study the long time behavior of the Burgers or Euler equations
and discuss the roles of initial condition imposed at the boundary. We also describe how
steady shocks behave under small or large perturbations. The content of this chapter was
introduced by LeFloch, Parés and Pimentel-Garcia, it is available in the arXiv repository
and was submitted in December 2020 to Journal of Scientific Computing, see [110]. It is
currently in the modification phase after the first reports from the reviewers.

4.1 Models of interest

The relativistic Burgers-Schwarzschild model [114] is given by:

2
v+ 0, ((1 - 25”) i 1) _ 27{‘24(@2—1), r > 2M, v = o(tr) € [-1,1]. (41.1)

Here the unknown is a scalar function which represents the normalized velocity of the flow.
This equation clearly takes the form

v+ F(v, 7). = S(v,7), (4.1.2)
where SN o2 1 o1f
v J—
F(u,r) = (1 — T) 5 S(v,r) = 7(1)2 - 1), (4.1.3)

M > 0 is a coefficient representing the mass of the black hole.
We will next consider the relativistic Euler-Schwarzschild model

1+ k202 oMY\ 1+ k2 2 MY\ 1+ k2
Oy TRy pl+o. [ [1—— a ow|=—[1-— el v,
1 -2 r 1—2 r r 1—v2

1+ k2 M\ v? + k2 —2r + 5M v? + k2 M1+ k202 r—2M
Oy + 0, = - =

1T R R A L 2
1— 2™ 1 r 1—v2” 2P 21— p+2 r2 W,

(4.1.4)

r2 1—w r

in which the unknowns are the fluid density p and the normalized velocity v(¢,r) € (—1, 1),
defined for all r > 2M, while k € (—1,1) denotes the (constant) speed of sound. (The
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limiting values v = £1 will be reached at the boundary r = 2M only.) We can write this
system in the form

Vit F(V,r), = S(V,r), (4.1.5)
where
292 MY\ 1+ k2
0 ﬂ 1—— i pU
v= (U )= 1-¢ F(V,r) = r e (4.1.6)
- Vl - 1_|_k2 ) ) - ) oM 1)2—|—k2 ) -4
12 T 1—2”
2 2MN\ 1+ k2
S\ 12"
_ r r —
SV =1 o, +5Mv*+ k> M1+ k*? r—2M , |’ (4-1.7)
72 12’ 212 P 2 r2 Wp
where
_eeyueRroe )’ vaes
v 22 P Tt -
This is a strictly hyperbolic system and the eigenvalues of the Jacobian of the flux function
are (cf. for instance [114])
2MY\ vtk
=(1-—) ——. 4.1.
i ( r ) 1+ k% (4.1.9)

As usual, a state (p, v), by definition, is
e sonic if one of the eigenvalues vanishes, i.e. if |v] = k;
e supersonic if both eigenvalues have the same sign, i.e. if |v| > k;
e subsonic if the eigenvalues have different signs, i.e. if |v| < k.

We will need to distinguish between these regimes in order to design a robust scheme.

4.2 A well-balanced methodology
Both problems of interest are of the general form
Vi+ F(V,r).,=S(V,r), r>2M, (4.2.1)

with unknown V =V (¢t,r) € RY and N = 1 or 2. Systems of this form have non-trivial
stationary solutions, which satisfy the ODE

F(V,r), = S(V,r). (4.2.2)
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In this section we recall the family of well-balanced numerical methods that we introduced
in Section 1.2.6 following the strategy in [47] and we extend it to these models.
We consider semi-discrete finite volume numerical methods of the form

_F

11—

dV; 1
-———(F
dt Ar( o

_ /Tr”% S(PL(r), 7) d¢)7 (4.2.3)

i—

1 1
2 2

and the following notation is used:

o [, = [ri_ 1,741 } are the computational cells, whose length Ar is supposed to be
constant for simplicity.

e V;(t) is the approximation of the average of the exact solution at the ith cell at time
t, that is,

Vt~1/r”%v t)d 424

=g [ vy (42.)

1
-3

e P!(r) is the approximation of the solution at the ith cell given by a high-order
reconstruction operator from the sequence of cell averages {V;(t)}:

where S; denotes the set of indices of the cells belonging to the stencil of the ith cell.

t— 1/t t+ .

e F 1= F(Vz‘+1 , V;J:[ ,Ti41), where Vz‘+1 are the reconstructed states at the interfaces,

2 3 2 2 3
ie.

V;i-_% = IP)';(TH%), V;rg = PE-I—I(Ti—i—%)v (4.2.6)

and F is a consistent first-order numerical flux.

As we proved in Section 1.2.6, if the reconstruction operator is well-balanced for a
continuous stationary solution V* of (4.2.2) then the numerical method is also well-balanced
for V*. Let us recall some definitions: given a stationary solution V* of (4.2.2):

e the numerical method (4.2.3) is said to be well-balanced for V* if the vector of cell
averages of V* is an equilibrium of the ODE system (4.2.3);

e the reconstruction operator is said to be well-balanced for V* if
Pi(r) = V*(r), re [ri_%,riJr%], (4.2.7)

where P; is the approximation of V* obtained by applying the reconstruction operator
to the vector of cell averages of V*.
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We follow the procedure explained in Section 1.2.6 in order to design a well-balanced
reconstruction operator P; on the basis of a standard operator Q;.

1. Seek the stationary solution V;*(z) such that

1 [T}
~ ) V) dr = Vi (4.2.8)

_1
2

2. Apply the reconstruction operator to the cell values {W;},cs, given by

1 Titd
W, =V, — A—r/ Cverydr, e S, (4.2.9)

T,
j—

[N

in order to obtain Q;(r) = Q;(r; {W,};es,)-

3. Define finally
Pi(r) = V*(r) + Q;(r). (4.2.10)

As we said, the reconstruction operator P; in (4.2.10) is well-balanced for every
stationary solution provided that the reconstruction operator Q; is exact for the zero
function. Moreover, if QQ; is conservative, then P; is conservative, in the sense that

L peyar =, 4.2.11
AT/“ () dr =V, (1.2.11)
i35

and P; has the same accuracy as Q; if the stationary solutions are sufficiently regular.
As we pointed out in Section 1.2.6, the well-balanced property of the method can be

lost if a quadrature formula is used to compute the integral appearing at the right-hand

side of (4.2.3). In order to circumvent this difficulty, in [47] it is proposed to rewrite the

methods as in (1.2.115), that in this case reduces to:

av; 1 . "
= A (FH% —F (Vf’ (m%)ﬂﬂ%) —F_+F (Vf’ (Ti—%)vri—%))
1 [Ti+d

Tar )

(S(PL(r),r) — S(V;"*(r). 7)) dr, (4.2.12)

1

2

where V;"* is the stationary solution found in (4.2.8) at the ith cell at time ¢. In this
equivalent form, a quadrature formula can be applied to the integral without losing the
well-balanced property , and this leads to a numerical method of the form (1.2.117), that
in this case it reduces to:

dVZ-_ 1(

= (B = F (VI rig)oriy) = By + 8 (V0
¢ (4.2.13)
+ o (S(PE(Tz‘,l)?ri,O - S(Vt’*(ri,l)7 7”2',1)) .

7
=0

o=
SN—
=
~.
|
[SIES
N—
v
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Here, o, ..., a4, 7i0,...,7;q represent the weights and the nodes of the chosen quadrature
formula, whose order of accuracy must be greater or equal to the one of the reconstruction
operator.

As we saw, if the quadrature formula is used to compute the averages of the initial
condition as well: V! = 1 f ”2 Vo(r) dr, the reconstruction procedure has to be modified

to preserve the well- balanced property Steps 1 and 2 have to be replaced by the following:

1. Seek the stationary solution V;*(z) such that

Zal Tzl = i- (4214)

2. Apply the reconstruction operator to the cell values {W;},cs, given by

W, =V, — Zal 1), €S

Finally, for a first-order method we consider the trivial reconstruction operator, given
the cell averages {V;} of a function V', and we consider the piecewise constant approximation
of V

Qi(r, Vi) =Vi,  r€lr_1ryal (4.2.15)

Z

It can be easily checked that the numerical method then reduces to

av;
d‘t/__Air<

‘Fz'-l—% - F <V;'t7*<ri+%>7ri+%> - Fz‘—% + F (V;'t’*<rz’—%)7rz‘—%>) ;- (4.2.16)

where F; 1 IF(VZ (ris1): Vi

(i 1 ) Tip 1 > . Moreover, if the initial averages are computed

with the rmdpomt rule, namely

1 Titd
Vio=

0= A Vo(r) dr = Vo(ri), (4.2.17)

|
Nl

then at the first step of the reconstruction procedure, the problem (4.2.14) reduces to
finding the stationary solution satisfying

Vii(ri) = Vi. (4.2.18)

For a second-order method the mid-point rule can also be selected, so that the problem
(4.2.14) reduces again to (4.2.18).
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4.3 Burgers-Schwarzschild model: designing the nu-
merical algorithm

4.3.1 Preliminaries

For the Burgers-Schwarzschild equation (4.1.1), the steady state solutions are of the form

v*(r)::t\/l—K2 <1—%>, K > 0. (4.3.1)

r

In Figure 4.1 we plot the steady solutions for several values of K2. The domain of definition
of these stationary solutions is

[2M, o), K% <1,

Dy = IMK? (4.3.2)
2M, ——— K? > 1.
|: 7 K2 _ 1:| ) >

It can be easily checked that, given a pair (K, 7*) such that r* € Dy, the discontinuous
function defined in Dy by

—\/1 — K? (1 — %), otherwise,

JI-K2(1=20) <
w(r) = r

(4.3.3)

is an entropy weak stationary solution of the Burgers-Schwarzschild model.

2MK?

Figure 4.1: Steady solutions to the Burgers model.
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4.3.2 First-order method

If the midpoint rule is used to compute the initial averages, at the first step of the
reconstruction procedure one has to search for K? such that

2M
\/1 - K? (1 — ) = |vy|. (4.3.4)
T

There is always a unique solution given by

2

2M°
1 —

K? = (4.3.5)

T
so that the stationary solution is

v (r) = sgn(vi)\/ 1— K2 <1 - %) (4.3.6)

r

In order to apply the numerical method (4.2.12), this stationary solution has to be
computed at 7, 1 and this is only possible if r, S Dy , that is, provided

~ ~ 2MK?
K?<1or <KZ2 >1andr < = 21> (4.3.7)

If this condition is satisfied, then the numerical method (4.2.16) can be used.
If this condition is not satisfied, then the standard trivial reconstruction is considered,
i.e. Q;(r) = v;. The numerical method writes then as follows:

dt —  Ar
where F; 1 = F(v;, viq1,7;,1).
2 2
Summing up, the expression of the semi-discrete first-order method reads

(2

dv; 1 (F% — P, - S(UM)>7 (4.3.8)

dU,‘ 1
n - Ar (F;'-Q—% —Fii— Si) , (4.3.9)
where
S, — F(U:(ri-q-%); T’H%) — F(U;‘(ri_%), ri_%)), if (437) is satisfied; (4.3.10)
S(vi, i), otherwise.

The forward Euler method (1.2.51) is used for the time discretization.

We emphasize that, if (4.3.7) is not satisfied, then v; cannot be the point value of a
stationary solution defined in the computational domain, so that the use of the standard
reconstruction does not destroy the well-balanced property of the method, since in this
case there is no stationary solution to preserve.
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4.3.3 Second-order method

Let us suppose again that the midpoint rule is used to compute the cell averages and that
the minmod reconstruction operator (1.2.55) is considered. The stationary solution v}
selected at the first stage of the reconstruction procedure is again (4.3.6) with K; given
by (4.3.5). In order to compute the reconstructions, this stationary solution has to be
computed at the points r;,_q, r 1, Ty Ly Tig1 SO that the following condition has to be
satisfied 1,11 € Dki, i.e.

71—

72
2MK; ) : (4.3.11)

[?fglor l~(i2>1andm+1§ =
K2 -1

If this condition is satisfied, the following step of the reconstruction procedure consists in
computing the fluctuations:

~ 2M
Wi—1 = Vi—1 — Sgn(vi—l)\/l - Kf <1 - >7
Ti—1

~ 2M
w; = v; — sgn(vi)\/l — K? (1 — ) =0, (4.3.12)

T
~ 2M
Wit = Vig1 — sgn(viﬂ)\/l — K? <1 — )
Tit1
Then the reconstruction is defined as
Pi(r) = of(r) + mimmod (4, M T WS ) (a1
where
min{a,b,c} if a,b,c>0,

minmod(a, b, ¢) = < max{a,b,c} if a,b,c <0, (4.3.14)

0 otherwise.

Once the well-balanced reconstruction operator has been computed, the form (4.2.12) of
the numerical method is considered and the midpoint rule is used again to approximate
the integral. Observe however that, in this case:

2

/r”% (S(PL(r),r) — S(V"*(r), 7)) dr = Ar (S(Pi(r:), ) — S(V;"*(r;). 7)) = 0.

.1
-3

Therefore, the expression (4.2.13) reduces again to (4.2.16) with F, 1 = F(v", U:’+ T é)'

1
2
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If (4.3.11) is not satisfied, then the standard MUSCL reconstruction is applied, namely

V; — VU; U; — Vi—1 V; — U;—
Qi(r) = v; + minmod ( HA’/’ , +12A7“ L A, 1> (r—m;). (4.3.15)
The expression of the numerical method is given again by (4.3.9)-(4.3.10) with the difference
that the second-order reconstructions are used now to compute the numerical fluxes. The
TVDRK2 method (1.2.52) is used in order to discretize the equations in time.

Observe that, according to the well-balanced reconstruction procedure described in the
previous section, the fluctuations to be reconstructed should be in this case

~ 2M
wj = v; — v (1) :vj—sgm(v,»)\/l—Ki2 (1——), j=1i—1,4,1+1,

T

but in (4.3.12) the sign of v; has been replaced by that of v;. This modification allows one
to preserve not only the continuous stationary solutions solution but also the discontinuous
stationary solutions of the family (4.3.3).

4.3.4 Third-order method

In order to design a third-order method the CWENO reconstruction of order 3 (1.2.65)
will be considered and the two-point Gauss quadrature will be used to compute the initial
averages and the integrals coming from the source term:

1
V) = 5(%(%,0) + vo(ri1)),

_ Ar 1 1 _ Ar 1 )

Therefore, at the first step of the reconstruction procedure one has to look for K? such

that:
1 2M 2M
_<\/1—K¢2 (1— )—i—\/l—Kf <1— )) :|v2-|. (4.3.16)
2 Ti0 Tia

If we define the function

oo =3 (1o (1 20) s+ froa (120 s

it can be easily verified that ¢ is a positive decreasing function defined in the interval

2MN 1
0, K2, where K7, = (1 - > . Therefore there are two possibilities:
' ' i1

where
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o if [v;] € [g(K?,). 1], there is a unique K2 satisfying (4.3.16):
e in other case, (4.3.16) has no solution.

If (4.3.16) is satisfied, the corresponding stationary solution

Vi r) = sgn(m\/l ke <1 _ 27M>

has to be computed in the points {r;_1 o, 711, Ti+1,0, i+1,1 } in the reconstruction procedure.
Therefore, these points have to be in the interval of definition of v}, and this happens if
Tiv1,1 € D;Q. Therefore, the well-balanced reconstruction can be computed only if the
following condition is satisfied:

~ 2MK2
|vi| € [9(K7.),1] and (Kf <1lor <K2 >1and 7411 < o 1)) . (4.3.17)

If this condition is satisfied, the fluctuations can be then computed:

1 ~ 2M ~ 2M
wj:vj—sgn(vj)§ <\/1—K2.2 (1——) +\/1—Ki2 <1——)>, j=1i—14,1+1,
75,0 Tja

and the well-balanced reconstruction is given by

Pi(r) = o7 (1) + Qi(r; wi—1, wi, wit1),

where Q represents the CWENO approximation (1.2.65).
If (4.3.17) is not satisfied, the standard CWENO reconstruction is applied:

@i(r> = Qi(r; Vi—1, Uz‘>vi+1)-

The expression of the semi-discrete method is finally (4.3.9) where the numerical fluxes
are computed at the reconstructed states and

(

Foi(ri) rips) = Fof (i), rio1)
Ar
+ — Pi(ri ), S(v;(1i),Tij if (4.3.17) is satisfied,
g - d 5 ZO: S(Pi(rig).rig) — SWi(rig),riy)) if ( ) (43.18)

A
770 (Qi(ri,j); ’7'2'7]'), otherwise.

[ 7 j=01

The TVDRK3 method of order 3 (1.2.53) will be used for the time discretization.
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4.3.5 Preserving the exact averages of the stationary solutions

The three methods presented above can be modified to preserve the exact averages of the
stationary solutions instead of its approximation computed with a quadrature formula.
To do this, the problem to be solved at the first stage of the well-balanced reconstruction
procedure is the following one: find K? such that:

Ti_1
’ \/1—K2 1—ﬂ)d7«_ |vi]. (4.3.19)

If we define the function

g(x Ar/ \/1—33 1——)dr—|v,|

it can be easily checked that it is a decreasmg function defined in [0, K fz] where K 31 =

-1 -
<1 — 2M/ri+%> and ¢(0) = 1. Therefore, (4.3.19) has a unique solution K? if

Jvil < g(Key). (4.3.20)

The explicit expression of g can be obtained: g(z) = z- ( flz,r; 1 1) — f(z,r;_ 1 )) , where

the function f(x,r) is equal to

M 2M
1—3;(1—%)+\/%log(;U(M—r)+r+\/1—;m~\/1—x(1—T)), 0<z<1,
2M

2ry ) —, r=1,
r
M

20 M 1—ao(1-2F)

VIi—z(1—2M) - tan ™! , > 1
rVl-z(1-50) - =y tan ( Vi-1 !

is a primitive of \/ 1—x ( 11— %) Therefore g(K. ;) can be explicitly computed.

The well-balanced reconstruction can thus be computed if (4.3.20) is satisfied and the
cells of the stencil S; are contained in the domain of definition Dy, of the corresponding
stationary solution. Otherwise, the standard reconstruction is applied. The expression of
the numerical methods is the same that the ones above.

4.4 Burgers-Schwarzschild model: a numerical study

4.4.1 Preliminaries

In this section several numerical tests are applied to check the performance of the well-
balanced numerical methods introduced in the previous section. We consider the spatial
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interval [2M, L] with M =1 and L = 4, a 256-point uniform mesh and the CFL number is
set to 0.5. At z = 2M we impose F'_1 = 0 as boundary condition because (1 — %) = 0.
At x = L we will use a transmissive boundary condition using ghost-cells if the initial
condition is not a stationary solution; otherwise, the stationary solution is imposed in the
ghost-cells. The following numerical flux will be used:

2M> QQ(O;Uz‘,UHl) —1

‘F;:—I— 2 ’

1
2

=F(r, 1,v,vi1) = 1—

( itdo +1) < TH_%
where ¢(-;vr,vg) is the self-similar solution of the Riemann problem for the standard
Burgers equation with the initial condition

vy, 1 <0,
vO(T)I{ U; r > 0.

In order to check the relevance of the well-balanced property, these methods will be
compared with those based on the same numerical fluxes and the standard first-, second-
or third-order reconstructions.

4.4.2 Stationary solutions
Positive stationary solution

We consider the initial condition

3 1
=1+ = 44.1
w(r) =+ 5 (14.1)
corresponding to the positive stationary solution with K = % Table 4.1 shows the error
in L' norm between the initial condition and the numerical solution at time ¢ = 50.

Scheme (256 cells) | Error (1st) | Error (2nd) | Error (3rd)
Well-balanced 1.13E-14 8.72Ee-17 7.22E-14
Non well-balanced 1.89 1.61 8.78E-02

Table 4.1: Well-balanced versus non-well-balanced schemes: L' errors at ¢t = 50 for the
Burgers model with the initial condition (4.4.1).

Figure 4.2 compares the numerical solutions obtained with the well-balanced and the
non-well-balanced methods: while the three well-balanced methods capture the stationary
solution at machine accuracy (what make their graphs indistinguishable), the numerical
solutions provided by the non-well-balanced ones depart from the steady state (after a
time that increases with the order) and converge to a different equilibrium that takes
the value -1 at » = 2M. This unexpected behaviour of the non-well-balanced methods is
mainly due to the lack of boundary condition at r = 2M that makes particularly difficult
to preserve the stationary solutions.
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Figure 4.2: Burgers-Schwarzschild model with the initial condition (4.4.1): first-, second-
and third-order well-balanced and not-well-balanced methods at various times for variable
.

Negative stationary solution

Let us consider now as initial condition the negative stationary condition corresponding to
_ 1.
K =3
3 1
vo(r) = —/ = + —. 4.4.2
o(r) 1T o (4.4.2)
Figure 4.3 shows the numerical solutions obtained with the different numerical methods.
Notice that the scale of the vertical axis is not the same as the one in Figure 4.2: it has
been changed so that the difference between the numerical solutions can be better seen.
Table 4.2 shows the error in L' norm between the initial condition and the numerical
solution at time t = 50.

Scheme (256 cells) | Error (1st) | Error (2nd) | Error (3rd)
Well-balanced 6.98E-16 1.24E-16 4.03E-16
Non well-balanced | 3.92E-02 3.20E-07 1.63E-10

Table 4.2: Well-balanced versus non-well-balanced schemes: L' errors at t = 50 for the
Burgers model with the initial condition (4.4.2)

According to Figure 4.3 and Table 4.2 we need more time to see the differences between
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the well-balanced and non-well-balanced schemes of order 1,2 and 3 but the errors are
again much smaller with the well-balanced schemes for this test. In this case we need
more time to see these differences because this negative stationary solution is close to the
constant state v(r) = —1 where it seems that the non-well-balanced schemes converge.

t=50.000

—+ OlnoWB —+ OL_WB —+— OlnoWB —+ OL_WB

—%- 02_WB e
03_WB )

941 —— 03 _nows 941 . 03_nowB

225 250 275 300 325 350 375 225 250 275 300 325 350 375 225 250 275 300 325 350 375

Figure 4.3: Burgers-Schwarzschild model with the initial condition (4.4.2): first-, second-
and third-order well-balanced and non-well-balanced methods at selected times for variable
.

Discontinuous stationary entropy weak solution

Let us consider finally the discontinuous initial condition

1
Z + > if 2 <r <3,
vo(r) = 3 r (4.4.3)
“\1 + > otherwise,

that is a stationary entropy weak solution of the family (4.3.3). Table 4.3 shows the error
in L' norm between the initial condition and the numerical solution at time ¢ = 50.

Scheme (256 cells)

Error (1st)

Error (2nd)

Error (3rd)

Well-balanced

8.68E-15

8.54E-17

7.90E-14

Non well-balanced

1.02

1.09

1.09

Table 4.3: Well-balanced versus non-well-balanced schemes: L' errors at ¢t = 50 for the
Burgers model with the initial condition (4.4.3)

Figure 4.4 shows the differences between the numerical solutions obtained with well-
balanced and non-well-balanced methods: again the latter depart from the stationary
solution at time that decrease with the order. Tests 1-3 clearly show the need of using
well-balanced methods for this equation.
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Figure 4.4: Burgers-Schwarzschild model with the initial condition (4.4.3): first-, second-
and third-order well-balanced and non-well-balanced methods at selected times for variable
.

4.4.3 Moving shocks connecting two steady profiles

Right-moving shock

We consider now the initial condition

1 1
—+ - if2<r<25b,
2 r

vo(r) = 5 (4.4.4)
\/j otherwise
,

The corresponding solution consists of a right-moving shock connecting two branches of
stationary solutions. Figure 4.5 shows the numerical solutions obtained with the first-,
second- and third-order well-balanced methods and a reference solution computed with
the first-order standard method using a mesh of 10000 cells. As it can be seen, the
well-balanced methods capture correctly the shock with a resolution that increases with
the order as expected.
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Figure 4.5: Burgers-Schwarzschild model with the initial condition (4.4.4): first-, second-
and third-order well-balanced methods at selected times for variable v.

Left-

moving shock

Similar conclusions can be drawn for the left-moving shock linking two branches of
stationary solutions that generates from the initial condition:

vo(r) =

e if 2 <r <25,
r

— §—|—— otherwise
4o WISE

(4.4.5)

see Figure 4.6. A reference solution computed with the first-order standard method has
been computed again using a mesh of 10000 cells.
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Figure 4.6: Burgers-Schwarzschild model with the initial condition (4.4.5): first-, second-

and third-order well-balanced methods at selected times for variable v.

4.4.4 Perturbation of a steady shock solution

Left side perturbation

In this test case we consider the initial condition:

to(r) = vo(r) + pr(r), (4.4.6)
where vg is the steady shock solution given by (4.4.3) and
1 —200(r—2.5)2 -
= e if 2.2 <r < 2.8,
p(r)=4 5 (4.4.7)
0 otherwise.

The first-, second- and third-order well-balanced method have been applied to this problem.
In Figure 4.7 it can be observed that, after the wave generated by the initial perturbation
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leaves the computational domain, the stationary solution (4.4.3) is not recovered: a
different stationary solution of the family (4.3.3) is obtained whose shock is placed at
a different location. Observe that all the three methods capture the same stationary
solution.
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Figure 4.7: Burgers-Schwarzschild model with the initial condition (4.4.6)-(4.4.3)-(4.4.7):
first-, second- and third-order well-balanced methods at selected times for variable v.

Right side perturbation

Similar conclusions can be drawn if a perturbation at the right side of the shock is
superposed to the stationary solution vy given by (4.4.3):

to(r) = vo(r) + pr(r), (4.4.8)
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with
Lo2000—392  if39 <y < 38,
pr(r) =145 (4.4.9)
0 otherwise,

see Figure 4.8. In this case we have used a 2000-point uniform mesh because the
displacement of the shock is smaller in this case and more points in the mesh are needed
in order to see that the steady shock is not recovered.
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Figure 4.8: Burgers-Schwarzschild model with the initial condition (4.4.8)-(4.4.3)-(4.4.9):
first-, second- and third-order well-balanced methods at selected times for variable v.
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Left side perturbation with zero average

Now we consider an initial condition of the form (4.4.6) with a perturbation p;, such that:

(4.4.10)

(r) = 0.1cos(—25.5m + 10mz)e 200@=28" §f 9.7 < p < 2.9,
prir) = 0 otherwise.

In Figure 4.9 it can be observed that now, after the wave generated by the initial
perturbation leaves the computational domain, the stationary solution (4.4.3) is recovered.
Here we have used again a 2000-point uniform mesh to verify that the steady state does
not move.
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Figure 4.9: Burgers-Schwarzschild model with the initial condition (4.4.6)-(4.4.3)-(4.4.10):
first-, second- and third-order well-balanced methods at selected times and zoom of the
initial and final stationary shocks (right-down) for variable v.
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Right side perturbation with zero average

Similar conclusions can be drawn if we consider an initial condition of the form (4.4.8)
with [ pr(r)dr = 0. In particular we take

(4.4.11)

") 0.1cos(—29.5m + 10mz)e 2032 §f 31 < < 3.3,
)=
br 0 otherwise,

see Figure 4.10. Here we have used again a 2000-point uniform mesh to verify that the
steady state does not move.

t = 0.000 t=0.500
—#— 01_WB —+— 01_WB
R e r e S e —%— 02_WB 1.0 e R e R R BN % 02 WB
03_WB 03_WB
0.5 1 0.54
0.0 | 0.0
-0.5 -0.5
seseX ™l [peamesespaeat 5RO A A AR
-1.01 g ~1.0 (23
2.00 225 250 275 3.00 325 350 3.75 4.00 200 225 250 275 3.00 325 350 375  4.00
t =20.000 t = 20.000
1.00 i i et s Rtk -
—+— O1_WB hauial din¢ i ¥ —*— 01_WB
1.0 preestavaents - 02_WB — 02_WB
o3 wB 0751 03_W8
=== Init-ial condition ---Initial_condition
- 0.50
0.5 1
0.25
0.0 0.00 A
—0.25 1
=031 —0.50 1
N —0.75 4
1.0 S T e by
—1.00 1 D SR EAIC WD

200 225 250 275 3.00 325 350 375  4.00 2.96 2.98 3.00 3.02 3.04

Zoom of the solution

Figure 4.10: Burgers-Schwarzschild model with the initial condition (4.4.8)-(4.4.3)-(4.4.11):
first-, second- and third-order well-balanced methods at selected times, and zoom of the
initial and final stationary shocks (right-down) for variable v.
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Left and right side perturbations with zero average

In order to study the relation between the amplitude of the perturbation and the distance
between the initial and the final stationary shocks, we consider the initial condition:

Oo(r) = wo(r) +pr(r) + pr(r), (4.4.12)

where v is the steady shock solution given by (4.4.3) and [(pr(r) + pr(r))dr = 0. In
particular we take py(r) as in (4.4.7) and pgr(r) as in (4.4.9). In Figure 4.11 it can be
observed that, after the wave generated by the initial perturbation leaves the computational
domain, the stationary solution (4.4.3) is not recovered: a different stationary solution of
the family (4.3.3) with the shock is placed at a different location. This is a natural result
because as we saw before the right perturbation creates a lower displacement than the left
perturbation. Here we have used again a 2000-point uniform mesh.

Relation between the perturbation and the displacement of the shock

In order to study the relationship between the amplitude of the perturbation and the
distance between the initial and the final shock locations, we consider the family of initial

conditions:
Oo(r) = vo(r) + 8y (c, 1), (4.4.13)

where vy is given again by (4.4.3) and

- 5rr — 127)e 200028 if 2.7 < < 2.9
5,(cr) = {oz cos(brr m)e i r , (4.4.14)

0 otherwise,

with a > 0.
The amplitude of the perturbation is measured by f dy(c, ) dr and the distance between
the shocks are measured by

t—o00

lim /|v('r7 t) — wvo(r)| dr.

See Figure 4.12. Table 4.4 and Figure 4.13 show the relationship between those magnitudes:
it is clearly linear.

4.4.5 Long-time behavior of the solutions

In this section we consider different initial conditions and investigate the long-time behavior
of the corresponding solutions using the first-order well-balanced scheme. A large number
of tests have been performed with the first-order methods (that is the less costly one)
considering different initial conditions, different meshes, and different lengths of the
computational domain: the observed behavior of the numerical solutions have been always
one of the four ones shown here depending on the value at 2M (1 or lower) and at the
right boundary (positive or negative).
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Figure 4.11: Burgers-Schwarzschild model with the initial condition (4.4.8)-(4.4.3)-(4.4.11):
comparison between the first-, second- and third-order well-balanced methods at selected
times for variable v.

1. Initial condition satisfying vo(2M) = 1 and vo(L) > 0: let us consider the initial

condition
1 if2<r<21,

'U()(?”‘ = =1 _
cos(30r)e@-25%  otherwise,

that takes value 1 in a neighborhood of 2M = 2 and a positive value at the right
boundary of the computational domain = = 4. As it can be observed in Figure 4.14
after a transient regime, the numerical solution takes the form of a right-moving
shock linking the stationary solution v = 1 with the negative stationary solution
that takes value —1 at x = 2M and value 0 at = 4. Once this shock leaves the
domain, the stationary solution v = 1 is reached in the whole computational domain.

(4.4.15)
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Figure 4.12: Burgers-Schwarzschild model with the initial condition (4.4.13)-(4.4.3)-
(4.4.14): measures of the perturbation and the shock displacement for ov = 1.
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Figure 4.13: Burgers-Schwarzschild model with the initial condition (4.4.13)-(4.4.3)-
(4.4.14): values of limy_,» [ |v — v4| as a function of [ d,.

2. Initial condition satisfying vo(2M) =1 and vy(L) < 0: we consider now the

1 if2<r<21,
vo(r) = -1 (4.4.16)
cos(20r)e @25  otherwise,

that takes value 1 in a neighborhood of 2M = 2 and negative value at the right
boundary of the computational domain x = 4. As it can be observed in Figure 4.15
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o} | 0, limy o0 [ |0 — v5]
0.0 | 0.00000 0.00000
0.1 | 0.00936 0.01245
0.2 1 0.01873 0.02586
0.3 | 0.02809 0.03735
0.4 | 0.03745 0.05076
0.5 | 0.04682 0.06225
0.6 | 0.05618 0.07566
0.7 ] 0.06554 0.08715
0.8 1 0.07491 0.09864
0.9 | 0.08427 0.11013
1.0 | 0.09364 0.12163
1.1 | 0.10300 0.13503
1.2 0.11236 0.14653
1.3 1 0.12172 0.15802
1.4 | 0.13109 0.16760
1.5 | 0.14045 0.17909

Table 4.4: Burgers-Schwarzschild model with the initial condition (4.4.13)-(4.4.3)-(4.4.14):
measures of the perturbation and the shock displacement for different values of a.

after a transient period, the numerical solution takes the form of a right-moving
shock linking the stationary solution v = 1 with the negative stationary solution
that takes value —1 at @ = 2M and value vy(4) at © = 4. Once this shock leaves the
domain, the stationary solution v = 1 is reached in the whole computational domain.

3. Initial condition satisfying vg(2M) < 1 and vy(L) > 0: we consider now the initial

condition
0.8 if2<r<21,

vo(r) = o1 .
cos(30r)e@=25%  otherwise.

In this case the numerical solution reaches in finite time the negative stationary
solution v* such that v*(2) = —1 and v*(4) = 0: see Figure 4.16.

(4.4.17)

4. Initial condition satisfying vo(2M) < 1 and vy(L) < 0: we finally consider the initial
condition

0.8 if2<r<21,
vo(r) = (4.4.18)

-1 .
cos(20r)e=-25%  otherwise.

The numerical solution reaches in finite time the negative stationary solution v* such
that v*(2) = —1 and v*(4) = vy(4): see Figure 4.17.
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Figure 4.14: Burgers-Schwarzschild model with the initial condition (4.4.15): first-order
well-balanced scheme at selected times for variable v.
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(c)t=3
t=50.004
—— O1.WB
2.25 2.50 2.75 3.00 3.25 3.50 3.75
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t=0.000 t=1.000
—— OLWB —— OLWB
1.0 1 1.0
0.5 1 0.5 1
0.0 1 0.0 1
-0.5 -0.5
-1.04 —1.0 1
2.25 2.50 2.75 3.00 3.25 3.50 3.75 2.25 2.50 2.75 3.00 3.25 3.50 3.75
(a) £ = 0 (b) t=1
t = 3.004 t = 10.000
—— OLWB —— 01WB
1.0 T 1.0
0.5 1 0.5 1
0.0 1 0.0 1
—0.5 //_/\/\/\/ -
-1.04 -1.01
2.25 2.50 2.75 3.00 3.25 3.50 3.75 2.25 2.50 2.75 3.00 3.25 3.50 3.75
() t=3 (d) £ =10
t =50.004 t = 60.004
—— 01WB —— 01.WB
1.0 mv—\ 1.0
0.5 0.5
0.0 1 0.0 1
-05 —05
—1.0 1 —1.01
2.25 2.50 2.75 3.00 3.25 3.50 3.75 2.25 2.50 275 3.00 3.25 3.50 3.75
(e) £ = 50 (f) £ = 60

Figure 4.15: Burgers-Schwarzschild model with the initial condition (4.4.16): first-order
well-balanced scheme at selected times for variable v.
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100 t=0.000 100 t =5.000
—— 01_WB —— 01_WB
0.754 0.75 4
0.50 4 0.50 1
0.25 0.25
0.00 4 0.00 4
—0.25 1 —0.25 4
~0.50 1 —0.50 1
—0.75 1 —0.75 1
—1.00 1 —1.004
2.‘25 2.‘50 2.‘75 3.60 3.‘25 3.‘50 3.‘75 2.‘25 2.‘50 2.‘75 3.‘00 3.‘25 3.‘50 3.‘75
(a) t=0 (byt=>5
100 t = 10.004 1.00 t=20.001
—— 01_WB —— 01_WB
0.754 0.75 4
0.504 0.50 1
0.254 0.25 4
0.00 1 0.00 1
—0.25 1 —0.25 4
—0.50 1 —0.50 4
—0.75 1 —0.75 4
—1.00 1 —1.00 1
2.‘25 2.‘50 2.‘75 3.60 3.‘25 3.‘50 3.‘75 2.‘25 2.:50 2.‘75 3.‘00 3.‘25 3.‘50 3.‘75
(c)t=10 (d) t =20

Figure 4.16: Burgers-Schwarzschild model with the initial condition (4.4.17): first-order
well-balanced scheme at selected times for variable v.
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100 t=0.000 100 t =5.000
—— 01_WB —— 01_WB
0.75 4 0.75 4
0.50 0.50 4
0.25 0.25
0.00 4 0.00 4
-0.25 —0.25
~0.50 —0.50
—0.75 —0.75
~1.00 ~1.00
225 250 275 3.00 325 350 3.5 225 250 275 3.00 325 350 3.5
(a) t =0 (b)t=5
100 t = 10.004 1.00 t =20.001
—e— O1_WB —e— 01_WB
0.754 0.75 4
0.50 1 0.50 4
0.251 0.25 4
0.00 0.00 4
-0.25 —0.25
~0.50 —0.50
-0.75 —0.75
~1.00 —1.00 1
225 250 275 300 325 350 3.75 225 250 275 300 325 350 3.75
(c) t=10 (d)t=20

Figure 4.17: Burgers-Schwarzschild model with the initial condition (4.4.18): numerical
solution obtained with the first-order well-balanced scheme at selected times for variable v.
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4.4.6 Main conclusions for the Burgers-Schwarzschild model

From Figures 4.7 to 4.13 and Table 4.4 we can conclude the following:

Conclusion 1. If a perturbation 6, whose support consists on only one interval is added
to a steady shock solution of the form

\/1—K2 ﬁ/[) if 2M <1 <o,
\/1 — K3(1—22)  otherwise,

then the solution reaches at finite time another steady shock solution of the form:

\/I—KQ —M) oM <1 <1,
\/1—K 2 othewise,

where

1. 1f [51, 6, = 0 and f:}o 5, = 0, then r1 = 19, i.e. the initial stationary solution is
recovered.

2. If [ 00 =0 and [}, 6, = — f:}o 0y, then 11 # ro and a different stationary solution
s obtained.

8. If [0, #0, then 11 # o and a different stationary solution is obtained. In this case
the distance between rg and r1 depends linearly on the amplitude of the perturbation.:
see Table 4.4 and Figure 4.13.

In view of Figures 4.14 to 4.17 we have reached the following.
Conclusion 2. 1. For a bounded domain [2M, L]:
(a) If vo(r) =1 forr € 2M,2M + €), with € > 0, vo(L) > 0 and vy # 1, in finite

time the solution has the form of a right-moving shock that links the stationary
solution v = 1 and the negative steady solution v* such that v*(2M) = —1 and

v*(L) =0, that is,
. 1 2M
“o<”>=—\/1—m (1—7>-
L

(b) If vo(r) = 1 for r € [2M,2M + €), with ¢ > 0 and vo(L) = a, with a < 0,
then in finite time the solution has the form of a right-moving shock that links
the stationary solution v = 1 and the negative steady solution vx such that
v*(2M) = —1 and v§(L) = a, that is:
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(c) If vo(2M) < 1 and vo(L) > 0, then in finite time the solution coincides with
the negative steady solution such that v*(2M) = —1 and v§(L) = 0, that is:

W) = =y 1= — (1= 22,
g 0

(d) If vo(2M) < 1 and vo(L) = a, with a < 0, then in finite time the solution
coincides with the negative stationary solution v* such that v*(L) = a, that is:

1—a? 2M
i) =— 1 - ——(1-2=).
) \/ 1——%”( r)

2. For the unbounded domain [2M, 00) the following conclusions can be drawn by passing
to the limit when L — oo:

(a) If vo(r) = 1 forr € 2M,2M + ¢€), with € > 0, lim, o, vo(r) > 0 and vy # 1,
in finite time the solution has the form of a right-moving shock that links the
stationary solution v =1 and the negative stationary solution

. 2M
vo(r) = — 0

corresponding to K* = 1.

(b) Ifve(r) =1 forr € [2M,2M +¢), with € > 0 and lim,_,, vo(r) = a, with a < 0,
then in finite time to the solution has the form of a right- moving shock that
links the stationary solution v =1 and the negative stationary solution v* such
that v*(2M) = —1 and lim,_,, v$(r) = a, that is:

v (r) = —\/1 —(1-a?) (1 - ¥>

(c) If vo(2M) < 1 and lim, o, vo(r) > 0, then the solution converges ast — oo to
the negative stationary solution v* such that v*(2M) = —1 and lim,_,, v§(r) = 0,

that is:
. 2M
vy(r) = —\/ o

(d) If vo(2M) < 1 and lim,_,o vo(r) = a, with a < 0, then the solution converges
as t — oo to the negative stationary solution v* such that v*(2M) = —1 and
lim, o v§(r) = a, that is:

() = —\/1 (- a) <1 _ 27M>
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4.5 FEuler-Schwarzschild model: designing the numer-
ical algorithm

4.5.1 Preliminaries

In the case of the Euler-Schwarzschild equations (4.1.4), the stationary solutions are
implicitly given by the equations:

sgn(v)(1 — o) o] 77 5
[ = (| = constant,
(1-55) (4.5.1)
r(r— QM)pﬁ = Cy = constant.
The pair (v, p) of a stationary solution satisfies the ODE system:
dv (1—v*)(1— k) [ 2k? 5 1o
= o= n ot - M /(U — ), (4.5.2)

dp  2(r— M) (1+02)(1—k?) [ 2k s s
dr _r(r—2]\4)p_p r(r—2M) <1—k2(r_2M)_M> /(U — K (453)

see [114]. Figure 4.18 shows the graph of v for some of them. When these functions are
defined in (2M, o), they have a maximum or a minimum in

M1 - k?)

o M, (4.5.4)

Te =
that comes from solving % = 0. In Figure 4.18 the red stationary solutions are those such
that at » = r, the take the value v = %k.

Given two constants €y and Cj, in order to compute the stationary solution given by
(4.5.1) in a point r = a, the following non linear system has to be solved:

sgn(v)(1 — 112)|v|% = ﬂC’ p= 1_—1}20 (4.5.5)
o b vala —2M) > o

It is enough thus to solve, if it is possible, the nonlinear equation

9(v) = K, (4.5.6)

with )
g(v) = sgn(v)(1 — v?)|v[*-2, v e [-1,1], (4.5.7)

(1-=)
Ka == TfC'l, (458)

a1-k?
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Stationary solutions for Euler

Figure 4.18: Euler-Schwarzschild model with & = 0.3: v variable for some stationary
solutions

to compute v. Once this equation is solved, p is computed using the second equation of
(4.5.5).
It can be easily checked that g satisfies:
2 22
—(1 = KT = g(—k) < g(v) < glk) = (1= KDKTR, e [-1,1]
Moreover, g is strictly monotone in [—1,—k), (—=k, k), and (k,1]. As a consequence we

can conclude:

e if |[K,| > g(k) equation (4.5.6) has no solution, i.e. a stationary solution given by Cy
and Cy cannot be defined at r = a;

e if |K,| = g(k) then equation (4.5.6) has only one solution (k if K, > 0, —k if K, < 0).
Therefore, (4.5.5) has only one solution that is a sonic state;

e otherwise, (4.5.6) has two possible solutions. Therefore there are two states (p,v)
that solve (4.5.5), one supersonic and one subsonic.

For the sake of clarity, together with the representation
V = [p(1+k*?)/(1—v?), po(1+k*)/(1 — o),

for the states, we will use

V = [p,v]".

V' can be easily computed from v and, given V, V is also easily computed by (4.1.8) that
comes from solving a second-degree equation.
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4.5.2 First-order method

If the midpoint rule is used to compute the initial averages, given a family of cell values
Vi, in the first step of the well-balanced reconstruction procedure one has to find, if it is
possible, a stationary solution V* defined in [r, 1, Tyl | such that

‘7@*(7“2) = ‘7; = [Pi,vz']T-

Obviously such a stationary solution would correspond to the choice of constants:

2 _ak?
Coi = Sgn(vz‘)(l(— U?)ZA“’”T“ 7 (4.5.9)
1)
U;

)

According to the discussion above, the corresponding stationary solution is defined in 7,
provided that:

1
2

| Kipa] < g(k), (4.5.11)
where
2M \ -
Kyl = (1 - ) r G (4.5.12)
2 sz:% 1 3

When |K,, 1 | < g(k) there are two possible values for V*(r,. 1 ), one subsonic and one
supersonic. Therefore, a criterion is needed to select one or the other. The following

criterion will be used here:

e if V; is not sonic, then the state whose regime (sub or supersonic) is the same as V;

is selected for V*(r,. 1 ).

e if V; is sonic, then the state whose regime is the same as V. is selected for ‘Z*(rl 1 )
and the state whose regime is the same as V;_; is selected for \N/i*(ri_ 1 )

Observe that this criterion aims to preserve the regime of the given cell values.

If condition (4.5.11) is satisfied, then the numerical method (4.2.16) is used. Otherwise
the standard trivial reconstruction is considered.

The expression of the semi-discrete first-order method is then as follows:

av; 1
e (Fz-+% ~Fs - 52.) 7 (4.5.13)
where
2 EWE i) min) = FOR(rig)riy)) 3 (4510 s satisfied; ) )
S(Vi, i), otherwise.

The forward Euler method (1.2.51) is used again for the time discretization.
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4.5.3 Second-order method

Let us use again the midpoint rule to compute cell averages and the minmod reconstruction
operator. The stationary solution sought at the first stage of the well-balanced
reconstruction procedure is again characterized by the constants (4.5.9)-(4.5.10). This
time, this stationary solution has to be computed at the points r;_4, r,_ 1, Tip1, Tig1 SO
that the following condition has to be satisfied:

: 11
where K. 1 are given by (4.5.12) and
IM __ak?
Ki:l:l = (]_ — , ) ’T’H:ll_k2 Cz',l- (4516)
i1

If this condition is satisfied, the reconstruction is defined as follows:

P,(r) = V;*(r) + minmod (

(2

Wis1i = Wi Wipa = Wiq Wi — Wiy (r — ;)
Ar 7 2Ar T Ar v

where the minmod function is applied component by component and

Wj:Vj—V*(rj), ]:Z—l,Z,Z+1

2

Observe that the conserved variables V' are used in the reconstruction procedure.
If (4.5.15) is not satisfied, then the standard MUSCL reconstruction is applied:

Vi = Vi Vi —=Viy Vi—=Vi, (r =)
Ar 2Ar 7 Ar v

Qi(r) = V; + minmod (

The expression of the numerical method is given again by (4.5.13)-(4.5.14) with the
difference that the second-order reconstructions are used now to compute the numerical
fluxes. The TVDRK2 (1.2.52) method is used now to discretize the equations in time.

4.5.4 Third-order method

Although it will not be implemented in this chapter, let us briefly describe the first step
of a third-order well-balanced reconstruction procedure based on the two-point Gauss
quadrature in order to compute averages: it consists on finding C; and C5 such that

1 1
5‘/*(7”2‘,0; C1, Cy) + EV*(ri,l; C1,Cp) = Vi, (4.5.17)

where V*(r; C1, Cs) represents the value at 7 of a stationary solution characterized by the
constants C; and Cj.
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4.6 FEuler-Schwarzschild model: a numerical study

4.6.1 Preliminaries

In this section several tests are considered to check the performance of the first- and
second-order well-balanced numerical methods for Euler-Schwarzschild model introduced
in the previous section. We consider the spatial interval [2M, L] with M =1 and L = 10,
a 500-point uniform mesh, k£ = 0.3 and the CFL number is set to 0.5 again. At x = 2M
we impose F_% = (0 as boundary condition because (1 — %) =0. At x = L we will use a
transmissive boundary condition in the case we are not in a stationary solution or we will
expand the stationary solution if we are in one.

In order to test the dependency of the results on the numerical method, two different

first-order numerical fluxes are considered: the Lax-Friedrichs numerical flux

= SEV) + F(Vi) — 550

F;’-‘r% 2
and a HLL-like numerical flux in PVM form (1.2.25):

(Virr = Vi), (4.6.1)

1 1
Fiy = 5(FVi) + F(Vin)) = 5 (@0(Vier = Vi) + aa(F(Visr) = F(VA))) (4.6.2)
with - . o
oo = 2l = udal o Pl = A (4.6.3)
/\2 — /\1 >\2 - )\1
where \; and )\, are the eigenvalues of some intermediate matrix J; 1 of the form
0 1
Ji=(1- 2M kK —v?2 21 — k*)v, |, (4.6.4)
’ Tits 1— k202, 1— k%02

where v, is some intermediate value between vj* and vy, ;.
Given two states V, and Vg, in order to choose an adequate intermediate value v,,, we
look for v such that the following Roe-type property (1.2.16) is satisfied:

0 1
kQ — U2 2(1 — I€2>U . (VR - VL> - FR - FL, (465)
1 — k202 1 — k%02
where
1+ k2
—PaVa
~ 1 — 02
Fa: Ui‘ll—)akQ 9 Oé:L,R,

1_1}3/)()(
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i.e. the factor (1 — 2M/r) is neglected for simplicity. Due to the form of the matrix, it is
enough to find v such that

k? — v? 2(1 — kv
1 — k202 (Vig=Vie)+ 1 — k202

(Vor = Var) = For — Fo L.
This equality is equivalent to the second-order degree equation for v:
av? + v+~ =0,

where

a=pr(l—=v})—pr(l—vp),
B ==2(pror(1 —vi) — prog(1 —vg)),

v = prop(l —vi) — prog(l — vg).
Since the discriminant
D = prpr(1 —v})(1 —vg)(vg — v)?

is always positive, there are always two real solutions:

_ prvr(1 —v}) — proc(l — vp) £ vg — vr]y/prer(l — v)(1 — vg)
pr(l —v7) — pr(1 —v})

o

and it can be proven that:
o if vy < wg, then v_ € (vy,vg) and vy & (vg,vR), so that we will take v, = v_;
e if v, > vp then v & (vg,vr) and vy € (vg,vL), so that we will take v, = v,.

Finally, in the case o = 0 and Vi # V,, we take v,, = —% and in the case ||[VR =V ||o <
€ we take v, = "R,

Once v,, has been chosen, the expression of /\_j, 7 =1,21n (4.6.3) is as follows:

= A (o) = (1 _ o ) bk

T,
z+%

%o = ha (i) = (1- 2L ) nt

T,
z+%

Since for a 2-systems HLL and Roe methods are equivalent and the intermediate value
chosen to compute the wave speeds satisfies a Roe-type property, this numerical flux will
be called Roe-type numerical flux in what follows.

The numerical methods will be compared with those based on the same numerical flux
and the standard first- and second-order reconstructions.
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4.6.2 Stationary solutions
Positive stationary solution
We take as initial condition the positive supersonic stationary solution satisfying
p*(10) =1, v*(10) = 0.6. (4.6.6)

Table 4.5 shows the error in L' norm between the numerical solution at time ¢ = 50
for the well-balanced and non-well-balanced methods using the Roe-type numerical flux.
Figures 4.19 and 4.20 compare the numerical solutions obtained with the well-balanced
and the non-well-balanced methods: as it happened for the Burgers-Schwarzschild model,
the numerical solutions obtained with non-well-balanced methods depart from the initial
steady state.

Scheme (500 cells)

Error v (1st)

Error p (1st)

Error v (2nd)

Error p (2nd)

Well-balanced

3.34E-13

5.61e-12

3.43e-13

7.12e-12

Non well-balanced

0.94

5.79

0.93

5.75

Table 4.5: Well-balanced versus non-well-balanced schemes: L' errors at time t = 50 for
the Euler-Schwarzschild model with the initial condition (4.6.6).

Negative stationary solution

Let us consider now as initial condition the negative supersonic stationary solution V*
that satisfies
p*(10) =1,

v*(10) = —0.8. (4.6.7)

Table 4.6 shows the error in L' norm between the numerical solution at time ¢t = 50.
Figures 4.21, 4.22 show the difference between the numerical results given by well-balanced
and non-well-balanced methods using the Roe-type numerical flux. Again the numerical
solutions obtained with non-well-balanced methods depart from the initial steady state.

Scheme (500 cells)

Error v (1st)

Error p (1st)

Error v (2nd)

Error p (2nd)

Well-balanced

1.54e-15

7.02e-13

1.35e-15

5.01e-13

Non well-balanced

0.01

2240.72

0.01

2250.77

Table 4.6: Well-balanced versus non-well-balanced schemes: L' errors at time t = 50 for

the Burgers-Schwarzschild model with the initial condition (4.6.7)
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t=0.000 t=10.002
—+— 01_noWB_Roe —— O1_WB_Roe —+— 01_noWB_Roe —— O1_WB_Roe
o \\‘HF 02_noWB_Roe  —»— 02_WB_Roe .0 %ij 02_noWB_Roe  —«— 02_WB_Roe
0.5 1 0.5 1
0.0 1 0.0 1
-0.5 -0.5
-1.01 —1.01
2 3 4 5 6 7 8 9 10 2 3 4 5 I6 7 8 9 10
t=20.003 t =50.000
—+— 01_noWB_Roe —+— O1_WB_Roe —+— 01_noWB_Roe —— O1_WB_Roe
1.0 _\\\\:-CEIOWB_R% T " -\\\:F_‘OLJ]OWB_ROE L
sttt
0.5 1 0.5 1
0.0 1 0.0 1
-0.5 —-0.5
-1.01 —1.0 1
2 3 4 5 tIS 7 8 9 10 2 3 4 5 6 ; 8 9 10

Figure 4.19: Euler-Schwarzschild model with the initial condition (4.6.6): first- and second-
order well-balanced and non-well-balanced methods at selected times for the variable
.

Discontinuous stationary entropy weak solution

Let us consider finally the initial condition

V* if r <6,
Vo(r) = ’@)lr‘q (4.6.8)
V¥ (r) otherwise,

where V*(r) is the supersonic stationary solution such that

p(6) =4, v*(6)=0.6 (4.6.9)
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251

204

151

101

25 1

t=0.000

—+— 01_noWB_Roe
—%— 02_noWB_Roe

—+— O1_WB_Roe
—»— 02_WB_Roe

t=20.003

10

—+— 01_noWB_Roe
—»— 02_noWB_Roe

—— 01_WB_Roe
—»— 02_WB_Roe

25 1

25 1

t=10.002

—+— 01_noWB_Roe
—*— 02_noWB_Roe

—+— O1_WB_Roe
—»— 02_WB_Roe

t =50.000

—+— 01_noWB_Roe
—%— 02_noWB_Roe

—— O1_WB_Roe
—»— 02_WB_Roe

Figure 4.20: Euler-Schwarzschild model with the initial condition (4.6.6): first- and second-
order well-balanced and non-well-balanced methods at selected times for the variable

p.

and V}(r) is the subsonic one such that

R (6) (v (6)2 — k) K2

*

pi(G) - k2(1 _ ”U*_(6)2) ) U+(6) = U*—@

(4.6.10)

Vo is an entropy weak stationary solution of the system: see [114]. Table 4.7 shows the
error in L' norm between the numerical solution at time ¢ = 50 and Figures 4.23, 4.24 show
the comparison of the numerical results obtained with well-balanced and non-well-balanced
methods at selected times.

The numerical results of this section put on evidence, as for the Burgers-Schwarzschild
system, the relevance of using well-balanced methods for the Euler-Schwarzschild model.
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t=0.000 t=10.007

t=20.009

Figure 4.21: Euler-Schwarzschild model with the initial condition the stationary solution
satisfying (4.6.7): first- and second-order well-balanced and non-well-balanced methods at

selected times for the variable v.

Scheme (500 cells)

Error v (1st)

Error p (1st)

Error v (2nd)

Error p (2nd)

Well-balanced

2.20e-13

1.25e-11

1.92e-13

1.03e-11

Non well-balanced

0.89

3.94

0.89

3.92

Table 4.7: Well-balanced versus non-well-balanced schemes: L' errors at time t = 50 for

the Burgers-Schwarzschild model with the initial condition (4.6.8)

4.6.3 Perturbation of a regular stationary solution

In this test we consider the initial condition

Vo(r) = V*(r) + 6(r),

where V* is the supersonic stationary solution such that

and

3(r) = [3u(r). 0,(n)]" = {

p*(10) = 1,

v*(10) = 0.9

[—0.01e2000=6)* ] if 5 < r < 7,
[0, 0"

otherwise.

(4.6.11)

(4.6.12)

(4.6.13)
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Figure 4.22: Euler-Schwarzschild model with the initial condition (4.6.7): first- and second-
order well-balanced and non-well-balanced methods at selected times for the variable

p-

It can be observed in Figure 4.25 that the stationary solution V* is recovered once the
perturbation has left the domain. In this Figure, the numerical results obtained with
the first- and second-order well-balanced methods are compared with a reference solution
computed using the first-order well-balanced method with a 5000-point mesh (the Roe-type
numerical flux is used again). As expected, the second-order method is less diffusive.

4.6.4 Perturbation of a steady shock solution
Left side perturbation

We consider the initial condition:
Vo(r) = V*(r) + o.(r),
where

[0.2672000—4° ] if 3 < 1 < 5,

[0,0] otherwise,

and V*(r) is the stationary solution given by (4.6.8)-(4.6.10).

(4.6.14)

(4.6.15)
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Figure 4.23: Euler-Schwarzschild model with the initial condition (4.6.8): first- and second-
order well-balanced and non-well-balanced methods at selected times for the variable
.

In Figures 4.26 and 4.27 the numerical results obtained with the first- and second-order
well-balanced methods using the Lax-Friedrichs and the Roe-type numerical methods with
different meshes are compared. As it happened for the Burgers-Schwarzschild model, the
location of the stationary shock changes after the passage of the wave generated by the
perturbation. Nevertheless in this case the movement of the shock is slower. Different
numerical methods have been applied to check the dependency of the motion on the
scheme: although the evolution of the shock slightly depends on the number of points
of the mesh, all the numerical solutions capture the same final location of the shock. In
Figure 4.28 the evolution of the shock given by the first-order WB method with different
number of cells are compared. The location of the shock at every time step has been
detected by using the condition % > 0.8.

i+l — U

Right side perturbation

Let us consider now two different initial conditions: on the one hand

Voi(r) = V*(r) + 6g(r), (4.6.16)
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Figure 4.24: Euler-Schwarzschild model with the initial condition (4.6.8): first- and second-
order well-balanced and non-well-balanced methods at selected times for the variable

p-

where V*(r) is again the discontinuous stationay solution given by (4.6.8)-(4.6.10) and

—0.05e72000=8)* ]7 if 7 <1 < 9
5 () = 6,6 ()T = | ) ’ 4.6.17
r(r) = [0u,r(r), 0p,r(r)] {[0’ N otherwise. ( )
On the other hand, _ _
Voo(r) = Vi (r) + dn(r), (4.6.18)

where 85 is given again by (4.6.16) and Vj*(r) is the steady shock of the form (4.6.8)
satisfying

p*(6) =5, v*(6)=0.6. (4.6.19)

Observe that the definition of v is identical for both stationary solutions but p is different.

After the passage of the perturbation, the shock starts moving leftward and, in both

cases, the numerical solution converges to a smooth transonic stationary solution of the

form:
Vi(r) = V=) Pl (4.6.20)
Vi(r) otherwise,

where 7, is given by (4.5.4); V*(r) and V}(r) are respectively a subsonic and a supersonic
stationary solution satisfying v{(r.) = —k: see Figure 4.29. Nevertheless, the limits
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Figure 4.25: Euler-Schwarzschild model with the initial condition (4.6.11): first- and
second-order well-balanced at selected times for the variable v.

in time of the approximations of p are different: see Figure 4.30. Observe that, in the
Euler-Schwarzschild model (4.5.1), there are infinitely many stationary solutions with the
same function v and different p.

Relation between the perturbation and the displacement of the shock

In order to study the relationship between the amplitude of the perturbation and the
distance between the initial and the final shock locations, we consider the family of initial
conditions:

Vo(r) = V*(r) + 6(a, 7), (4.6.21)
where V* is the steady shock solution given by (4.6.8)-(4.6.10) and

[ae™2000=9% 1T if 3 < r <5,

4.6.22
[0,0]" otherwise, ( )

with o > 0. In this case we will also use the Roe-type numerical flux and a 2000-point
uniform mesh. Figures 4.31 and 4.32 show the numerical solution for different values of
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Figure 4.26: Euler-Schwarzschild model with the initial condition (4.6.14): comparison
between the first-order well-balanced method with different meshes using the Roe-type
and the Lax numerical fluxes at selected times for the variable v.

a and we observe that depending on the amplitude of the perturbation the numerical
solutions converge in time to different steady shock solutions.

The amplitude of the perturbation is measured with [ dp(, ) dr and the distance
between the shocks are measured by

lim / lo(r, t) —v*(r)| dr,

t—o00

as we did for the Burgers-Schwarzschild model. Table 4.8 and Figure 4.33 show the
relationship between those magnitudes: the displacement of the shock seems to grow
exponentially with the amplitude.

Let us finally consider a family of initial conditions that generate leftward movement
of the initial steady shock :

Vo(r) = V*(r) + 6(8,7), (4.6.23)
where V* is again the steady shock solution given by (4.6.8)- (4.6.10) and

[Be=2000=8)% )T if 7 < 1 <8,

4.6.24
0, 01" otherwise, ( )

5(B,7) = [Bu(B,7),8,(B,1)]" = {
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Figure 4.27: Euler-Schwarzschild model with the initial condition (4.6.14): first-order
well-balanced method with different meshes using the Roe-type and the Lax numerical
fluxes at selected times for the variable p.

o [0, | limy o0 [ Jo— 07
0.05 | 0.0063 1.0952
0.1 | 0.0125 1.0969
0.15 | 0.0188 1.0987
0.2 | 0.0251 1.1023
0.25 | 0.0313 1.1077
0.3 | 0.0376 1.1327

Table 4.8: Euler-Schwarzschild model with the initial condition (4.6.21): measures of the
perturbation and the shock displacement for different values of o

with # < 0. In this case we will use the Roe-type numerical flux and a 2000-point
uniform mesh. Figures 4.34 and 4.35 show the numerical solution for different values of 3
and we observe that it converges to same stationary solution without depending on the
perturbation.
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Figure 4.28: Euler-Schwarzschild model taking as initial condition (4.6.14): evolution of
the shock position with time obtained with the first-order well-balanced method using the
Roe-type numerical flux with different meshes.

4.6.5 Main conclusions for the Euler-Schwarzschild model

From Figure 4.25 we can conclude the following:

Conclusion 3. If a smooth stationary solution of the Euler system (4.1.5) is perturbed,
the solution is restored once the wave generated by the perturbation goes away.

From Figures 4.26 to 4.35 and Table 4.8 we can conclude the following:

Conclusion 4. If a perturbation 6 = (0,,9,) is added to a steady shock solution of the
form

Valr) = {V_*(r) if 1 < 1o,

VI(r) otherwise,
then:

1. If the perturbation moves the steady shock to the right, then a different stationary
solution of the form

Vi) = {v_*(r) ifr <,

B Vi(r) otherwise,

with ro # 1y, is obtained, and the distance between ry and r seems to depend
exponentially on the amplitude of the perturbation: see Table 4.8 and Figure 4.33.
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Figure 4.29: Euler-Schwarzschild model with the initial conditions (4.6.16) and (4.6.18):
first-order well-balanced method with a 2000-point mesh using the Roe-type numerical
flux at selected times for the variable v: the numerical solutions coincide.

2. If the perturbation moves the steady shock to the left, then a steady shock solution of

the form (4.6.20) is obtained.
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Figure 4.30: Euler-Schwarzschild model with the initial conditions (4.6.16) and (4.6.18):
first-order well-balanced method with a 2000-point mesh using the Roe-type numerical
flux at selected times for the variable p.
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Figure 4.31: Euler-Schwarzschild model with the initial condition (4.6.21): first-order

well-balanced method taking different values of « for variable v.



Well-balanced methods for relativistic fluids on a Schwarzschild background

148

t = 2000.000

| —— 01_WB_Roe_alpha=0.05
—— 01_WB_Roe_alpha=0.1

— 01_WE_Roe_alpha=0.15

| 01_WB_Roe_alpha=0.2
~—— 01_WB_Roe_alpha=0.2

— —— 01WB_Roe_alpha=0.3

t=0.000 t =2000.000

— 01.WB_Roe_alpha=0.05 —— 01.WB_Roe_alpha=0.05

30 — 01_WB_Roe_alpha=0.1 30 —— 01_W8_Roe_alpha=0.1

— 01WB_Roe_alpha=0.15 — 01.WB_Roe_alpha=0.15

01_WB_Roe_alpha=0.2 01_WB_Roe_alpha=0.2

25 —— O1_WB_Roe_alpha=0.25 25 —— O1_WB_Roe_alpha=0.25

—— 01.WB_Roe_alpha=0.3 —— 01.WB_Roe_alpha=0.3
20 20
15 15
10 10
H H
4 4

3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10

850 8.55 8.60

(a) Zoom

Figure 4.32: Euler-Schwarzschild model with the initial condition (4.6.21): first-order

well-balanced method taking different values of « for variable p.
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Figure 4.33: Euler-Schwarzschild model with the initial condition (4.6.21): values of
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Figure 4.34: Euler-Schwarzschild model with the initial condition (4.6.23): first-order
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Chapter 5

In-cell Discontinuous Reconstruction
path-conservative methods for non
conservative hyperbolic systems:
Second-order extension

It is a well-known fact that, in the case of systems of conservation laws, in order to
ensure the convergence to the right weak solutions of the approximations provided by a
method, besides consistency and stability, entropy has to be well controlled: for instance,
entropy-fix techniques have to be added to Roe methods (see [39]). However, in the case of
nonconservative systems, consistency, stability, and control of the entropy are not enough:
the numerical viscosity and, in general, the numerical dissipation effects, have to be well
controlled (see [109] for a review on this topic). Even the Godunov method, consisting
of averaging the exact solutions of the Riemann problems, fails in general to converge
to the selected weak solution: see for instance [95], [42], [18], [109] and the references therein.

The design of finite-difference or finite-volume methods satisfying these four properties
is difficult in general. The theoretical framework of path-conservative methods introduced
in [132] facilitates the design of schemes that are formally consistent with the definition of
weak solution based on the theory of Dal Maso, LeFloch and Murat [57] that depends on
the election of a family of paths. As we have seen in Chapter 1, these schemes facilitate
the extension of well-known families of conservative methods such as Godunov and Roe
to nonconservative systems, preserving its stability properties. This framework helps
also to obtain high-order methods and to design well-balanced schemes. Nevertheless,
as the concept of path-conservative method is just a formal definition of consistency, it
is not enough to ensure the convergence to the right solutions if the entropy and the
dissipation are not well controlled: see [42], [1]. Different techniques have been introduced
to overcome, at least partially, this convergence issue: [15], [10], [4], [17], [39], [52], [53],
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[77], [132]. In particular the path-conservative entropy stable methods introduced in [39]
and extended to DG high-order methods in [94] significantly reduce the convergence error.
More recently, in [51], an in-cell discontinuous reconstruction technique has been added to
first-order path-conservative methods that allows one to capture correctly weak solutions
with isolated shock waves.

The main objective of this chapter is to extend the in-cell discontinuous reconstruction
methods introduced in [51] to second-order accuracy and to set the basis of an extension
to high-order methods following this in-cell methodology and a way for capturing exactly
more than one shock. To do this, these numerical methods will be first written as a
high-order path-conservative scheme (see for example [31, 34]) and then, depending of the
smoothness of the numerical solution, a standard MUSCL-Hancock reconstruction (see
[158] and [161]) or a discontinuous one is used in the cell to update the numerical solution.

The chapter is organized as follows: In Section 5.1 a brief recall of some contents from
Chapter 1 is given, then in Section 5.2 the new family of second-order in-cell discontinuous
reconstruction methods is presented. First the semi-discrete method is introduced including
the description of the reconstructions in the cells; then a temporal discretization based on
a second order Taylor development is introduced. The shock-capturing property of the
method is then enunciated and proved. Section 5.3 is devoted to show numerically the
efficiency of the proposed numerical scheme. More precisely, first the Coupled-Burgers
nonconservative system introduced as a toy problem in [44] is considered: the application
of the method to this system is described and several numerical tests are shown to validate
the methods. Next, we focus on the gas dynamics equations in Lagrangian coordinates
and the modified shallow water system introduced in [42]. These systems were used in
[1] and [42] respectively to illustrate the convergence issue of path-conservative methods
when small-scale effects are not controlled: the method proposed in this chapter is applied
to these system to put on evidence that the convergence issue is corrected.

The content of this chapter was introduced by Pimentel-Garcia, Castro, Chalons,
Morales de Luna, Parés, it is available in the arXiv repository and was submitted in April
2021 to Journal of Computational Physics, see [137].

5.1 Preliminaries
Let us remember some concepts from Chapter 1 that we will use. Let us consider first
order quasi-linear PDE systems of the form (1.1.23)

W + AW)o,W =0, zeR, teR* (5.1.1)

in which the unknown W (x,t) takes values in an open convex set Q of RN, and A(W) is a
smooth locally bounded map from Q to My« n(R). The system is supposed to be strictly
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hyperbolic and the characteristic fields R;(W), i = 1,..., N, are supposed to be either
genuinely nonlinear:

VW) - R;(W)#£0, VIWeQ,
or linearly degenerate:
Here, Ay (W),..., An(W) represent the eigenvalues of A(W) (in increasing order) and
Riy(W),...,Ry(W) a set of associated eigenvectors. In order to give sense to the
nonconservative products we will follow again the theory of Dal Maso, LeFloch and
Murat [57]: it allows one to define the nonconservative product A(W) W, as a bounded
measure for functions W with bounded variation. Let us consider a family of Lipschitz
continuous paths ®. We remember that the family of paths can be understood as a tool
to give a sense to integrals of the form

| AW @) W) d,

for functions W with jump discontinuities. More precisely, given a bounded variation
function W : [a,b] — Q, we remember the following definition (1.1.25):

b b 1
][ AW (x)) Wy(x)dx = / AW (x)) W (z) dx+2/ A(P(s; W, W;;))g—f(& W W) ds.
a a m 0
(5.1.2)
In this definition, W, and Wt represent, respectively, the limits of W to the left and
right of its mth discontinuity. Observe that, in (5.1.2), the family of paths has been used
to determine the Dirac measures placed at the discontinuities of W.
Once this definition of the nonconservative products is assumed to define the concept
of weak solution, we recall the generalized Rankine-Hugoniot condition (1.1.27):

1
/ A(D(s: W—W+))g—f<s; W=, W) ds = o (W — W), (5.1.3)
0
which has to be satisfied across an admissible discontinuity. Here, o is the speed of
propagation of the discontinuity, and W~ and W™ are the left and right limits of the
solution at the discontinuity.
Once the family of paths has been prescribed, a concept of entropy is required, as
it happens for systems of conservation laws, that may be given by an entropy pair (see
Definition 1.1.12) or by Lax’s entropy criterion (see Definition 1.1.10).

5.2 Second-order in-cell discontinuous reconstruction
path-conservative methods

In this section, a numerical method of the form (1.2.48) is described in which a first-order
path-conservative numerical method with fluctuation functions D* is combined with a
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standard second-order reconstruction operator in smoothness regions and a discontinuous
reconstruction operator close to discontinuities so that no numerical viscosity is added in
the non-smooth regions.

5.2.1 Semi-discrete method

Once the numerical approximations W* of the averages of the solutions have been computed
at time ¢, = nAt, the first step is to mark the cells I; such that the solution of the Riemann
problem consisting of (5.1.1) with initial conditions

wpr, itz <O,

W(z,0) = { '

, (5.2.1)
Wi, itz >0,

involves a shock wave. Let us denote by M,, the set of indices of the marked cells, i.e.

M,, = {i s.t. the solution of the Riemann problem (5.1.1), (5.2.1) involves a shock wave}.
(5.2.2)
To advance in time the semi-discrete numerical method (1.2.48) is considered:

/ 1 n 5
Wit) = - | D5, (0 + D, / A (o, 6) Bl ) |t
(5.2.3)
where
Wi(t) ~ L[ W (x,t)dx
1 ~ A$ . ) 9
’Dzj—:‘,—l/Q( ) ’Dz:l—:l—l/Q(Wz:—I/Q( ) Wz-—il_—l/Q( ))
with

Wi:—l/2<t) =P (z z+17t> W:q—-1/2( ) =Pl (z z+1:t>

and P?'(z,t) is defined as follows:

o If i —1,i,i+1 ¢ M, then P? is the approximation of the first degree Taylor
polynomial of the solution given by:

P2 (2, t) = W+ 0,0V, (1 — ;) — AWM)WV, (t — ).

—~—n
Here, 0,W, is the minmod approximation of the first order spacial derivative of W
at z; at time ¢,,, whose kth component is given by

n n n n n n
—n ) Witik = Wik Wigik = Witk Wik = Wik
9, W, ) = minmod | « , , ,
k Ax 2Ax Ax
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where w;'; represents the kth component of W/, a is a parameter with 1 < a < 2

and
min{a, b,c} if a,b,¢ >0,
minmod(a, b, ¢) = ¢ max{a,b,c} if a,b,c <0,
0 otherwise.

Observe that, using the equation:

—~—n

o Ifi € M,, then

P2 1) Wi it <wiggg + difAx + of (t — 1),
V(. t) = : . .
’ W  otherwise.

i,r

where d is chosen so that

diwiy g, + (1= d)wi, o = wiy, (5.2.4)
for some index k € {1,..., N}; and o, W}, and W}, are chosen so that if W}, and
Wi, may be linked by an admissible discontinuity with speed o, then

I/I/Ztll = Win—17 Wztbr = I/I/irj—h O-Zn = 0. (525)
Observe that this in-cell discontinuous reconstruction can only be done if 0 < d' <1,
ie. if

W' g — Wi

0<

<1,

W = Wi
otherwise the index ¢ is removed from the set M, and the MUSCL-Hancock
reconstruction is applied in the cell. Moreover, if d}' =1 and o} > 0 (resp. d =0
and o} < 0) the cell is unmarked and the cell I;;1 (resp. I;_;) is marked if necessary:
note that in these cases, the discontinuity leaves the cell I; for any ¢t > ¢,.

e Otherwise (i.e. if i ¢ M, buti —1€ M, ori+1€ M,)
P (x,t) = W
Remark 5.2.1. In the case i € M,, if one of the equations of system (5.1.1), say the
kth one, is a conservation law, the index k is selected in (5.2.4), so that the corresponding

variable is conserved. Moreover, if there is a linear combination of the unknowns 25:1 QW
that is conserved, (5.2.4) may be replaced by:

N N N
Ay (L= df) Y aguf, = Y (5.2.6)
k=1 k=1 k=1

If there are more than one conservation laws, the index k corresponding to one of them is
selected in (5.2.4).
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5.2.2 Choice of o}, W[}, W}

1,7

Two different strategies are considered here, the first one is based on the exact solutions
of the Riemann problems and the second one on a Roe linearization:

e First strategy: If the solutions of the Riemann problems are explicitly known, in a
marked cell o', W, W/ can be chosen as the speed, the left, and the right states of

a0
(one of the) discontinuous waves appearing in the solution of the Riemann problem
with initial data W, W/ .

e Second strategy: If a Roe matrix is available, in a marked cell o', W}, W/, can

be chosen as the speed, the left, and the right states of one of the discontinuities
appearing in the solution of the linearized Riemann problem with initial data W/ |,
Wi ,. More explicitly, an index £* has to be selected and then

‘7?:)%*(”/@”—17 111)7

k*—1
Wl =W+ > aRe(W W),
k=1
Wi, = Wi+ e Rp= (W, W),

i,r

where oy, k = 1,..., N represent the coordinates of W, — W, on the basis of
eigenvectors of Aqg (W™, W/,), i.e.

N
Wi, — Wi, = ZakRk(VVin—l: W),

k=1

It can be easily checked that both strategies satisfy (5.2.5) if the solution of the
Riemann problem with initial data W, W/, consist of only one discontinuous wave.
These two strategies can be easily extended to any approximate Riemann solver.

5.2.3 Time step
The time step At, is chosen as follows:

At, = min(At;, At)), (5.2.7)
where

At = CFLmin [—2% ) (5.2.8)
max; | |)\i,l|
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where CF'L € (0, 1) is the stability parameter and A, ..., A\; y represent the eigenvalues
of A(W}); and
dn
~ Az, if ol >0,
|Ji |
At; = min (5.2.9)
1EMp dr
— Az, if ol <O.

07|
Observe that, besides the stability requirement, this choice of time step ensures that no
discontinuous reconstruction leaves a marked cell.

5.2.4 Fully discrete method

Once the time step is chosen, (5.2.3) is integrated in the interval [t", t"*!], with ¢"*! =
t" + At,, to obtain:

tn+1

W Alg: / D, (1) + D7, (1) + M(Pn(m )8,P (z, t)da | dt,

and the mid-point rule is used to approximate the integrals in time:

At, Titd
W = ~ D+ (tn+ )+D+ (tn—l— )+ *3 A(P?(az,t”“m))@z]}”?(a:?t”+1/2)d:c
2 xX.

i—

[

(5.2.10)
The computation of the dashed integral in this expression depends on the cell:

1. Ifi —1,4,9+ 1 ¢ M,, the mid-point rule is used again to approximate the integral:
1
AP V)0 P , V2) de e ArAWTDOW, (5.2.11)
CCZ._%
where

n+—s5 A ERTa
W, e P?($z7tn+%) =W - {A(Win)awwi .

(2

2. If i € M,,, taking into account the definition of the dashed integrals (5.1.2), one has:

. 1 1
AP, 20, P (1, £ d = / A(® (s TV, W) 0,0 (s W2, W) ds.
0

Z.

S

(5.2.12)
Observe that, if W, and W', can be linked by a shock whose speed is o', then the
generahzed Rankine- Hugomot condition (5.1.3) leads to

A(Pn( 2Ln+1/2))a P (x Im+1/2) dr = g;? (W:r - VVZ,LZ) ) (5.2.13)

T, 1
)
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3. fi¢g M, buti—1€ M, ori+1¢e M, then

T, 1
ARz, £7Y2))0,PY (2, 7 V2) dx = 0. (5.2.14)

T, 1
=5

The final expression of the fully discrete numerical method is as follows:

At 1 1
n+l __ n n - n+s + n+s )
A (DH%(z o+ D7, z)+z>l), (5.2.15)
where
1 ——n
Az AW, )0, W, ifi—1,4,i+1¢ M,
1
b= / A(D (s W1, WI))DD (s WEL W) ds i i € My (5.2.16)
0
0 otherwise.

Observe that the numerical method coincides with the standard MUSCL-Hancock
far from discontinuities and with the numerical method introduced in [51] close to
discontinuities, with a difference: in this reference, the discontinuities are allowed to
leave the marked cells and the contribution to the neighbor cells are then taken into
account. While this technique allows one to avoid additional restrictions to the time step,
makes more difficult the implementation of the numerical method, nevertheless could be
implemented as in [51].

5.2.5 Shock-capturing property

Let us prove that isolated shock waves are exactly captured by the scheme and contain
no spurious numerical diffusion. Although the proof is essentially the same in [51], it is
included for the sake of completeness.

Theorem 5.2.1. Assume that W, and W, can be joined by an entropy shock of speed o.
Then, the numerical method provides an exact numerical solution of the Riemann problem

with initial conditions
W (z,0) = {VV; if x <0,

W, otherwise,

in the sense that
W” 1 Tiy1/2
b

Ti—1/2

W(z,t")dx, Vi,n (5.2.17)

where W (z,t) is the exact solution.



5.2 Second-order in-cell discontinuous reconstruction path-conservative
methods 159

Proof. Let us suppose that 0 € [;» and 0 = z+_1/2 + dAz, with 0 < d < 1. Then the
initial cell averages are:

4% if 1 < 4%
WP =< dW, + (1 —d)W, ifi=1*
W. otherwise.

If 0 < d < 1 the only marked cell at time ¢ = 0 is [;=, i.e. My = {i*}. The only
non-constant reconstruction is then PJ and the equalities that

1 Tit1/2
wWl=w = A W(z,t")dz, Vi#i*

Ti—1/2

can be easily deduced from the definition of the numerical method.
Let us compute W.. Observe that, in order to have (5.2.4), necessarily dj = d.

Therefore, since W; and W, can be linked by an admissible discontinuity of speed o, using

(5.2.5) one has:
W, ifx < ot

W, otherwise.

P (x,t) = {

Observe that P coincides with the exact solution. We have now:

At
Wl o= wo - = (D;(t%) LD (13) +D0)
2

vl G
At
0 0
- ‘*__D
Wi Az °
At
= Wi - oW, = W)
oAt oAt
= |(d+— W, 1—d—— | W,,
(0055 )+ (1-0-55)

where it has been used that
I/Vz‘_—1+2(tl/2) = Wz‘t1+2(tl/2) =W,

Wz‘:-1+2(tl/2) = Wz‘iuz(tlﬂ) =W,
so that 1 1
D*, (t2) =D; (t2) = 0.
2 2

On the other hand, due to the time step restrictions one has

Tix—1/2 S Tix—1/2 + dAx + oAt = oAt S Tix41/2-
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Thus, it can be easily checked that:

1 Ti*41/2

E W(Q?,tl)dﬂjz Wzl*,

Ti* —1/2

and (5.2.17) has been proved for n = 1.
If d =1 (resp. d =0) the only marked cell is I;,1 (resp. I;_1) and the proof is similar.

The proof of the equality (5.2.17) for n > 2 is similar to the case n = 1.
O

5.3 Numerical tests

The following methods are applied here to three nonconservative systems:

e Ol_noDisRec: standard first-order path-conservative Roe (1.2.23) or Godunov
(1.2.13)-(1.2.14) (if it is indicated between parentheses) methods.

e O1_DisRec: first-order path-conservative method with discontinuous reconstruction;

e O2_noDisRec: second-order extension standard of the first order path-conservative
method based on the MUSCL-Hancock reconstruction;

e 02_DisRec: second-order path-conservative method that combines MUSCL-Hancock
and discontinuous reconstruction.

5.3.1 Coupled Burgers system

Let us first consider the toy system

2

oy + 0, (%) +ud,v = 0,
2

. (r,t) € R x R, (5.3.1)
O + O (—) +vd,u = 0,

2
introduced in [44], where W = (u,v)T belongs to the state space Q = {W € R? u+uv > 0}.
This system can be written in the form (5.1.1) with

v v

A(W):[" ’“’].

The system is strictly hyperbolic in € with cigenvalues

)\1(W> = 0, )\2(W> =u-+ v,
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whose characteristic fields, given by the eigenvectors
Ry(W) =[1,-1]", Ry(W) = [u,0]",

are respectively linearly degenerate and genuinely nonlinear.
The sum u + v satisfies the standard Burgers equation

Dy + ) + 0, (%m + v>2) 0,

and thus is conserved.
Once the family of paths has been chosen, the simple waves of this system are:

e Stationary contact discontinuities linking states W, W, such that
U + v = Uy + V.
e Rarefactions waves joining states W;, W,. such that

U +v < U +U., — =

e Shock waves joining states W, and W, such that
u; + vy > up + v,

that satisfy the jump condition:
U2 1
olu] = {?1 +/ Gu(s; Wi, W) sy (83 Wi, W) ds,
0

,02 1
o] = [g]Jr/ O (83 Wi, W, ) 0spu (53 Wi, W) ds.
0

As usual, for any variable ¢, [¢] stands for the jump on the variable ¢, — ¢;. Remark
that this leads, independently of the choice of the family of paths, to
U+ v+ U + U

5 .

If, for instance, the family of straight segments is chosen

Gu(s; Wi, W) =y + s(uy —wy);  &u(s; Wi, W) = vy + s(v. — vy), (5.3.2)
the jump conditions reduce to:
olu] = (ul ;ur> (uy — g + v, — vp),

U] + U,
o] = (l2 )(ur—ul+vr—vl),
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and two states can be joined by an admissible shock if
Uy Uy
U+ U > Up + Uy, = —.

(Y Ur

A Roe matrix is given in this case by:

0.5(w; +u,) 0.5(u + u,)
0.5(v; +v,.)  0.5(v; + v,)

As it will be seen in Test 1, the corresponding Roe method captures correctly the
discontinuities of the weak solutions, what puts on evidence that being path-conservative
is not in itself a barrier to the convergence to the right solutions. Nevertheless this is not
true for other choices of family of paths. Let us consider, for instance, the family of paths
given by the viscous profiles of the regularized system:

AM@W»:[ (5.3.3)

U2
Oyt O, (— +UOLU = €Uyy.
2 (z,t) € R x RY, (5.3.4)
Oyv + 0O, <§ + 00U = €Uy,

introduced in [15]: see this reference for the expression of the corresponding family of
paths.

It will be seen in Test 2 that Godunov method does not converge to the right weak
solutions. In [51] the in-cell discontinuous reconstruction technique has been used to
correct this issue with good results. To apply this technique, a cell is marked if

n n n n
Uiy TV > Uifq + Vi

Strategy 1 (based on the exact solutions of the Riemann problems) is followed here to
select the discontinuous reconstruction (see Subsection 5.2.2). More precisely, in a marked
cell the left and right states are chosen as follows:

1
o} = 5(“?—1 + oy Hudy o), M/an =W (W, Wi,), VV:T =W/,
where W*(W/ , W ) represents the state at the left of the shock wave appearing in
the solution of the Riemann problem. Finally, the conserved variable u 4 v is chosen to

determine d7, i.e.

This method is extended here to second order following Section 5.2.

The stationary solutions of System (5.3.1) satisfy
u + v = constant.

In order to preserve these stationary solutions, the MUSCL-Hancock reconstruction is
computed as follows:
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First the reconstruction operator is applied to the variable u to obtain Py ;(z,1).

Then, the reconstruction operator is applied to u + v to obtain Py, ;(,1).

Next, we define
Pvﬂ; (Q?, t) =P"

u+v,t

(z,t) = P (2, 7).

Finally, once these reconstructions have been computed, we define
n o ]P)u,i (IE, t)
P (z,t) = ( vai(xvt) ) .
It can be easily chequed that using this definition of P} (z,¢) in (5.2.10) with (5.2.11):
n4+L n n ‘ n n
DEL(1"F2) =0, AP} (2, ") 0, Py (. 47F1?) = 0,
what implies the well-balancedness of the method.

Test 1: Coupled Burgers’ equation with straight segment paths

In this test case we consider the definition of weak solution related to the family of straight
segments (5.3.2) and the corresponding Roe matrix (5.3.3). Let us consider the following
initial condition

(2.0,2.0) ifz < 0.5,

Wo(z) = (u, v)o(x) = {(1.0, 1.0) otherwise.

The solution of the Riemann problem in this case consists of a shock wave joining the left
and right states.

Figures 5.1 and 5.2 compare the exact solution with the numerical approximations
at time t = 0.1 obtained with Op_noDisRec and Op_DisRec, p = 1,2 using a 1000-cell
mesh and CFL=0.5: as it can be seen, in spite of the numerical diffusion added by the
CFL parameter’s choice, the four methods capture correctly the exact solution. The same
comparison has been done for a number of different Riemann problems and, in all cases,
the numerical solutions converge to the weak solution. As we said before this test puts on
evidence that being path-conservative is not in itself a barrier to the convergence to the
right solutions.

Test 2: Isolated shock wave

From now on, the family of paths given by the viscous profiles of the regularized equation
(5.3.4) is considered. Let us consider the following initial condition taken from [39]

(7.99,11.01) ifx < 0.5,

Wo(x) = (u,v)o(x) = {(0.25, 0.75)  othewise.
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t = 0.000 t=0.100
2.0 2.0
1.8- 1.8
1.6 1.6
1.4 4 1.4
—+— 0O1_DisRec —+— 01_DisRec
1.2 01_noDisRec 1.2 0O1_noDisRec
—— 02_DisRec —— 02_DisRec
—»— 02_noDisRec —%— 02_noDisRec
LRk R Exact_solution L R Exact_solution

0.0 02 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0

Figure 5.1: Coupled Burgers system. Test 1: variable u. Left: initial condition. Right:
exact solution and numerical solutions obtained at time t = 0.1 with 1000 cells.

t =0.000 t=0.100

2.0 2.0
1.8 1 1.8 1
1.6 1 1.6 1
1.4+ 1.4 1

—+— O1_DisRec —— 01_DisRec
1.2 01_noDisRec 1.2 0O1_noDisRec

—— 02_DisRec —— 02_DisRec

—»— 02_noDisRec —*— 02_noDisRec
107 eeen Exact_solution 107 e Exact_solution

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.2: Coupled Burgers system. Test 1: variable v. Left: initial condition. Right:
exact solution and numerical solutions obtained at time ¢ = 0.1 with 1000 cells.

The solution of the Riemann problem consists of a shock wave joining the left and right
states.

Figures 5.3 and 5.4 compare the exact solution with the numerical approximations at
time ¢ = 0.03 obtained with Op_noDisRec(Godunov) and Op_DisRec(Godunov), p = 1,2
using a 100-cell mesh: as it can be seen Godunov method and its second order extension
do not capture the discontinuity properly what is not the case for the methods based on
the discontinuous reconstruction. In Figures 5.5 and 5.6 we compare the exact solution
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with the numerical approximations obtained with the same methods but using a 1000-cell
mesh and again Godunov method and its second order extension are not able to capture
the right solution. A CFL = 0.5 has been considered.

t = 0.000 t=0.030
8 8
6 6 \
|
44 4
2 4 —*— 01_DisRec(Godunov) 2 4 —*— 01_DisRec(Godunov) |
—+— 01_noDisRec(Godunov) —+— 01_noDisRec(Godunov) \
02_DisRec(Godunov) 02_DisRec(Godunov) \
02_noDisRec(Godunov) . | ) ) ) . . ) 02_noDisRec(Godunov)
04 ---- Exact_solution 07 ---- Exact_solution
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Figure 5.3: Coupled Burgers system. Test 2: variable u. Left: initial condition. Right:
exact solution and numerical solutions obtained at time ¢ = 0.03 with 100 cells.

t = 0.000 t=0.030
124 SRR
12- £
10- . ‘-“-“-“-“-\
10 A
8
8 -
6 -
6 -
4 -
—+— 01_DisRec(Godunov) 41 —— 01_DisRec(Godunov)
—+— 01_noDisRec(Godunov) —+— 01_noDisRec(Godunov)
21 02_DisRec(Godunov) 02_DisRec(Godunov)
02_noDisRec(Godunov) N T W 27 02_noDisRec(Godunov)
od T Exact_solution ---- Exact_solution | —
0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.4: Coupled Burgers system. Test 2: variable v. Left: initial condition. Right:
exact solution and numerical solutions obtained at time ¢ = 0.03 with 100 cells.
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t = 0.000 t=0.030

8 8

6 6 T

44 44

2 4 —*— 01 _DisRec(Godunov) 2 4 —*— 01_DisRec(Godunov)

—+— 01_noDisRec(Godunov) —+— 01_noDisRec(Godunov)

02_DisRec(Godunov) 02_DisRec(Godunov)
02_noDisRec(Godunov) 02_noDisRec(Godunov)

0+ ---- Exact_solution 04 ---- Exact_solution

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8

1.0

Figure 5.5: Coupled Burgers system. Test 2: variable u. Left: initial condition. Right:
exact solution and numerical solutions obtained at time ¢t = 0.03 with 1000 cells.

t = 0.000 t=0.030
121 POPPPPPPIRININ
12 A
10 A
10 1
8 -
8 -
6 -
6 -
4 -
—+— 01_DisRec(Godunov) AT —— 01_DisRec(Godunov)
—+— 01_noDisRec(Godunov) —+— 01_noDisRec(Godunov)
2 02_DisRec(Godunov) 2 02_DisRec(Godunov)
02_noDisRec(Godunov) R 02_noDisRec(Godunov)
0d Exact_solution o B B ---- Exact_solution
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.6: Coupled Burgers system. Test 2: variable v. Left: initial condition. Right:
exact solution and numerical solutions obtained at time ¢ = 0.03 with 1000 cells.

Test 3: Contact discontinuity + shock wave
We consider now the initial condition

(5,1)
(1,2)

if x < 0.5,

otherwise.

Wo(x) = (u, 0)o(x) =

The solution of the corresponding Riemann problems consists of a stationary contact
discontinuity followed by a shock. Figures 5.7 and 5.8 show the exact and the numerical
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solutions at time ¢ = 0.05 using a 1000-cell mesh and CFL = 0.5. The conclusions are
the same: the in-cell discontinuous reconstruction methods of order 1 and 2 get the exact
solution while the standard Godunov methods do not.

t =0.050
t = 0.000 t = 0.050 2.100
5 5 2,075
2050
4 4
2.025
2000 { et
3 3 |
1975
—— 01_DisRec(Godunov) |
Leso{ — OlnoDisRec(Godunov)
21 —— 01_DisRec(Godunov) 271 —— O1_DisRec(Godunoy) ~— ~TinHesmmsRses . ’ 02_DisRec(Godunov)
—— 01_noDisRec(Godunov) —— O1_noDisRec(Godunov) | Lo 02_noDisRec(Godunov)
02_DisRec(Godunov) 02_DisRec(Godunov) 1 9251 ____ Exact_solution
) 02_noDisRec(Godunov) ) 02_noDisRec(Godunov) | I
-~ Exact_solution === Exact_solution 050 055 0.60 0.65 070
0.0 02 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0

Zoom

Figure 5.7: Coupled Burgers system. Test 3: variable u. Left: initial condition. Center:
exact solution and numerical solutions obtained at time ¢t = 0.05 with 1000 cells. Right:
ZOOM.

t =0.050
t = 0,000 t = 0.050 —— 01_DisRec(Godunov)
- - —+ 01_noDisRec(Godunov)
a0~ O1pisRectGodunon 40| — O1pisRectGodunon 102 02_DisRec(Godunov)
—+— O1_noDisRec(Godunov) —— 01_noDisRec 02_noDisRec(Godunov)
02_DisRec(Godunov) 02_DisRec(Godunov) === Exact_solution
35 02_noDisRec(Godunov) 35 02_noDisRec(Godunov) =
-~ Exact_solution ---- Exact_solution 4.00 P B e
3.0 30 |
1
3.98
25 25 |
20 20 3.96
15 15
3.94
1.0 1.0 0.50 0.55 0.60 0.65 0.70
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.8: Coupled Burgers system. Test 3: variable u. Left: initial condition. Center:
exact solution and numerical solutions obtained at time ¢t = 0.05 with 1000 cells. Right:
ZOOM.

Test 4: Contact discontinuity + rarefaction
We consider the initial condition

(1,2) ifz < 0.5,

Wo(z) = (u,v)o(z) = (5,1) otherwise.
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The solution of the corresponding Riemann problem consists of a stationary contact
discontinuity followed by a rarefaction.

Figures 5.9 and 5.10 show the exact and the numerical solutions at time ¢ = 0.05 using
a 1000-cell mesh. In this case all the methods converge to the exact solution but the
second order one captures better the solution, as expected.

t=0.050
t =0.000 t = 0.050 2804 01_DisRec(Godunov)
: —+— 01_noDisRec(Godunov)
—— 01_DisRec(Godunov) —— 01_DisRec(Godunov) 02_DisRec(Godunov)
57 —— 01_noDisRec(Godunov) 57 —— 01_noDisRec(Godunov) e 2.75 02_noDisRec(Godunov)
02_DisRec(Godunov) 02_DisRec(Godunov) - Exact_solution
02_noDisRec(Godunov) 02_noDisRec(Godunov) / 2.70 =
-~ Exact_solution -~ Exact_solution /
4 = 4 = /
/ 265
i
7 2.60
/
3 3 7
J 2.55
e’
2.50
2 2
2.45
1 1 060 061 062 063 064 065 066 067 068
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Zoom

Figure 5.9: Coupled Burgers system. Test 4: variable u. Left: initial condition. Center:
exact solution and numerical solutions obtained at time ¢ = 0.05 with 1000 cells. Right:
ZOOM.
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Figure 5.10: Coupled Burgers system. Test 4: variable v. Left: initial condition. Center:
exact solution and numerical solutions obtained at time ¢t = 0.05 with 1000 cells. Right:
ZOOM.

Test 5: Stationary solution

We consider finally the initial condition

Wo(z) = (u,v)o(z) = (sin(z), 1 — sin(z)), (5.3.5)
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that is a stationary solution of the system (5.3.1). We show in Figure 5.11 the numerical
solution obtained with the first and second order discontinuous in-cell reconstruction using
a 1000-mesh. The results in Figure 5.12 and Table 5.1 show that the both schemes are
well-balanced.
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Figure 5.11: Coupled Burgers system. Test 5: numerical solution of (5.3.5) at time ¢ = 1.00
with 1000 cells. Left: variable u. Right: variable v.

0.50 A

0.25 A

0.00

—0.25 A

le-16 t = 1.000

—— 01_DisRec(Godunov)
02_DisRec(Godunov)

-0.504*

—0.75 A

—1.00

—1.251

0.0 0.2 0.4 0.6 0.8

1.0

2.5

2.0 1

1.5 1

1.0 1

0.51

0.0 1

—1.01

le-16 t = 1.000

—— 01 _DisRec(Godunov)
02_DisRec(Godunov)

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.12: Coupled Burgers system. Test 5: difference between the numerical solution
at t = 1.00 and the stationary solution. Left: variable u. Right: variable v.
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[|Auly (Ist) | [|Av][y (Ist) | [|Auls (20d) | [|Av]] (2nd)
3.40e-19 8.88¢-19 1.17e-18 1.78¢-18

Table 5.1: L' errors ||A - ||; at time ¢ = 1 for the Coupled Burgers model with initial
conditions (5.3.5).

Test 6: Perturbed stationary solution

We consider finally the initial condition
Wo(z) = (u, v)o(x) = (sin(x) + 0.2 72000005 1 _gin(z)), (5.3.6)

that is the stationary solution (5.3.5) with a perturbation in the variable u. Figures 5.13
and 5.14 show the numerical solutions obtained at time ¢t = 0.2 and ¢t = 1 using a 1000-cell
mesh together with a reference solution obtained with the first order in-cell discontinuous
reconstruction Godunov scheme using a 10000-cell mesh. As it can be seen the second
order methods capture better the smooth parts of the solution and the ones with the
in-cell reconstruction capture better the shock appearing in the perturbation. Observe
that, in this case, the stationary solution (5.3.5) is not restored: a different equilibrium
with a stationary bump placed at the initial location of the perturbation is obtained once
the waves generated by the perturbation leaves the computational domain.

5.3.2 Gas dynamics equations in Lagrangian coordinates

Let us consider the gas dynamics equations in Lagrangian coordinates:

atT — (9zu = 0,
O+ Oyp = 0, (5.3.7)

where 7 > 0 represents the inverse of the density, u is the velocity, p = p(,€e) > 0 is the
pressure, ¢ is the internal energy, and E = ¢ + u?/2 the total energy. For the sake of
simplicity, we consider a perfect gas equation of state p(7,e) = (v — 1)e/7 where v > 1.
System (5.3.7) can be rewritten in nonconservative form as follows

o, — Oyu =0,
oyu + 0,p = 0, (5.3.8)
ore + poyu = 0,

that can be written in the form (5.1.1) with

0 —1 0
7 (v = De v—1
W=1u|, AW)=| = 2 0 e
e 0 (v —1e
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Figure 5.13: Coupled Burgers system. Test 6: variable w. Top: initial condition (left),
reference and numerical solutions obtained at time ¢ = 0.2 with 1000 cells (right). Down:
zoom of the perturbation area at time ¢t = 0.2 (left), reference and numerical solutions

obtained at time t = 1 (right).

The system is strictly hyperbolic with eigenvalues

M(W) = —+/p/T,

/\2(W) = 07

A(W) = +/p/T,

whose characteristic fields are given by the eigenvectors

Ry(W) = [1,/vp/7, —p]".

Ry(W) = [1,0,p/(y = )],

Rs(W) = [1.—/vp/7. "

Ry (W) is linearly degenerate and R;(WW), ¢ = 1,3 genuinely nonlinear: see [85]. On the
other hand, the admissible solutions of (5.3.7) are selected by Lax entropy inequalities,
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Figure 5.14: Coupled Burgers system. Test 6: variable v. Top: initial condition (left),
reference and numerical solutions obtained at time ¢ = 0.2 with 1000 cells (right). Down:
zoom of the perturbation area at time ¢t = 0.2 (left), reference and numerical solutions
obtained at time t = 1 (right).

which here are equivalent to:

o(ty —7_) >0, (5.3.9)

where 7_ and 7, are the values of 7 at both sides of the discontinuity and o its speed of
propagation.

Once the family of paths has been chosen, the simple waves of this system are:
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e Stationary contact discontinuities linking states W;, W, such that

Uy = Uyp.

e Rarefactions waves joining states W;, W, such that
Uy < Up,
and the relations given by the Riemann invariants:

— l-rarefaction waves:

e YEr € Er
2 +u =2 + u,., = .
v—1 ! v—1 " A
— 2-rarefaction waves:
ve Ye, e e,
2 — U = 2 — Uy, — .
v—1 ! v—1 " 7-17_1 !

e Shock waves joining states W, and W, such that
Up > Uy
that satisfy the jump conditions:

olr] = —[ul,

] ;
ole] =‘A¢MamJ%W@A&MJ%M&

If, for instance, the family of straight segments is chosen for the variables 7, u, p
Or(s; Wi, W,) = mits(mo—71); duls; Wi, Wo) = wts(u,—w);  dp(s; Wi, W,) = pits(pr—p1),

the jump conditions reduce to:

o) = ()
ol = -
ol = 50+l — ).

It can be easily checked that these jump conditions are equivalent to the standard Rankine-
Hugoniot conditions corresponding to the conservative formulation (5.3.7) and thus, the
weak solutions are the same.
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A Roe matrix is given in this case by:
AW, W,) = AW), WW,,W,) = (7,4,p),

with

see [130].

In [51] the in-cell discontinuous reconstruction technique has been used to correct the
results that are obtained with the standard Roe path-conservative scheme. To apply this
technique, a cell is marked if

Uy 2 Uy

The second strategy to select the speed, and the left and right states of the discontinuous
reconstruction based on the Roe matrix is used here (see Subsection 5.2.2). More precisely:

o If u | = u , then
ol = 0, :l = Win_l, W;?r = I/‘/ZT—L"-I
o Ifu? | >wui, and 7%, — 72, <0 then
or = —p/7, Wih=Wiy, Wi =WL+aR(WL, Wi,).
o Ifui ; >wui, and 7%, — 71 > 0 then
o) = \/W, Wi = Wiy —azRs(Wi , WLy), W= Wi

Here p and T represent the Roe intermediate values of p and 7, and ay, kK = 1,2, 3 the
coordinates of W, =W/ | in the basis of eigenvectors of the Roe matrix, i.e. W, —W/, =
S arR (W, W), This method is extended here to second order by following the
procedure described in Section 5.2.

Test 1: Isolated 1-shock

Let us consider the following initial condition taken from [51]

(2.09836065573770281, 2.3046638387921279,1) if = < 0.5,

(7,u,plo(x) = {(87 0,0.1) otherwise.

The solution of the Riemann problem consists of a 1-shock wave joining the left and
right states. Figures 5.15, 5.16, and 5.17 compare the exact solution with the numerical



5.3 Numerical tests 175

approximations at time ¢ = 0.5 obtained with Roe method, its second order extension
based on the standard MUSCL reconstruction, and the first and second order discontinuous
in-cell reconstruction schemes using 300-cell mesh and CFL = 0.5: as it can be seen Roe
methods does not capture the discontinuities properly what is not the case for the two
other methods.
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Figure 5.15: Gas dynamics equations in Lagrangian coordinates. Test 1: variable 7. Left:
initial condition. Right: exact solution and numerical solutions obtained at time t = 0.5
with 300 cells.

Test 2: 1-shock + contact discontinuity + 3-shock

Let us consider the following initial condition taken from [51]

(5, 3.323013993227,0.481481481481) if x < 0.5,

(7', u,P>0(JI) = {(8,0,0-1) otherwise.

The solution of the Riemann problem consists of a 1-shock wave with negative speed,
a stationary contact discontinuity, and a 3-shock that coincides with the one in the first
test problem. Figures 5.18, 5.19, and 5.20 show the numerical solutions at time ¢ = 0.5
using a mesh of 300 cells and CFL = 0.5 and the conclusions are the same: the in-cell
discontinuous reconstruction methods of order 1 and 2 get the exact solution while Roe
method and its second-order extension based on the standard MUSCL reconstruction do
not.
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Figure 5.16: Gas dynamics equations in Lagrangian coordinates. Test 1: variable u. Left:
initial condition. Right: exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells.

Test 3: 1-rarefaction + contact discontinuity + 3-shock

Let us consider now the initial condition

(2.09836065573770281, 3.323013993227,1) if x < 0.5,
(T,U,p)o(fl)) = .
(8,4,0.1) otherwise.

The solution of the Riemann problem consists of a 1-rarefaction wave whose head and tail
have negative speeds, a stationary contact discontinuity, and a 3-shock with positive speed.
Figures 5.21, 5.22, and 5.23 show the numerical solutions at time ¢ = 0.5 using a mesh
of 300 cells and CFL = 0.5. Although all the methods capture correctly the rarefaction
wave, second order methods do it better, as expected; concerning the stationary contact
discontinuity and the shock wave, only the first and second order in-cell discontinuous
reconstruction methods capture the exact solution.

5.3.3 Modified shallow water system

Let us consider the modified shallow water system introduced in [42]:

8th + (‘jxq = 0,
2
0yq + O, (%) + qhd,h =0, (5.3.10)



5.3 Numerical tests 177

t = 0.000 t = 0.500

5.51 5.5
5.01 5.0 1 l
4.5 4.5
4.0 4.0
3.51 3.5

—— 01_DisRec
3.01 01_noDisRec S gi-D'SI'DR_e;

. _noDisRec

25 —— 02_D|sR'ec 2.57 —— 02_DisRec

—— 02_noDisRec —x— 02_noDisRec
209 - Exact_solution 201 . Exact_solution

02 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Figure 5.17: Gas dynamics equations in Lagrangian coordinates. Test 1: variable e. Left:
initial condition. Right: exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells.

where W = (h, q)* belongs to Q = {W € R} 0< ¢, 0<h < (169)/3}. This system can
be written in the form (5.1.1) with

0 1
AW) = l —u? +uh® 2u ] ’

being u = q/h. The system is strictly hyperbolic {2 with eigenvalues
MW) =u—hvu, X(W)=u+hu,
whose characteristic fields, given by the eigenvectors
Ri(W) =[Lu—hyvu]", Ro(W)=I[1u+hyu",

are genuinely nonlinear. Once the family of paths has been chosen, the simple waves of
this system are:

e l-rarefaction waves joining states W;, W, such that
hr<hla \/Ul+hl/2:\/ur+hr/2a

and 2-rarefaction waves joining states W;, W, such that

he < hey N — hi)2 = iy — he /2.
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Figure 5.18: Gas dynamics equations in Lagrangian coordinates. Test 2: variable 7. Left:
initial condition. Right: exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells.

e 1-shock and 2-shock waves joining states W; and W, such that h; < h, or h, < Iy
respectively, that satisfy the jump conditions:

olh] = [q],
olg] = {%;1 +-j€ bq(8; Wi, W) o (83 Wi, W) Ds o (s; Wi, W) ds.

If, for instance, the following family of path is chosen:
[ hl + 28(hr — hl)

Wi W, : o
ot = | P -8
q ) ) T hﬂr ) 1

1 fs<s<1

Cat (25— 1)(¢ — @)

} if0<s <3,

the jump conditions reduce to:

olh] = ld],
0 - [f)alf]

If this family of paths has been selected and Lax’s entropy criterion is used, the simple
waves of the system are as follows:
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Figure 5.19: Gas dynamics equations in Lagrangian coordinates. Test 2: variable u. Left:
initial condition. Right: exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells.

Given a left-hand state W, the 1-shock S;(W;) and the 2-shock Sy(W)) curves
consisting of all the right-hand states that can be connected with W, through a
1-shock and a 2-shock wave respectively, are:

h+nh
S1 (W) tu=u — 1/ %(h —hy), h>h, (5.3.11)

Ul(h —|— hl)
2h
Moreover, given two states W, and W, connected by a 1-shock wave or a 2-shock

wave, the speed of the shock is given by:

SQ(I/I/Z) U= U — (h — hl), h < hl. (5312)

hy + h,
2 7

/ h; + h,
oo(Wi, W) = wy + 1/ hyy ! —g , (5.3.14)

Given a left-hand state W, the 1-rarefaction R (W) and the 2-rarefaction Ry (W)
consisting of all the right-hand states that can be connected with W, through a
1-rarefaction and a 2-rarefaction wave, respectively, are:

o (W, W,.) = u; — ¢/ by (5.3.13)

respectively.

hi—h
2

2
3

+ \/u_l) h < h, (5.3.15)

Ra1) s =
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Figure 5.20: Gas dynamics equations in Lagrangian coordinates. Test 2: variable e. Left:
initial condition. Right: exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells.

h—h 2
RQ(WZ):U,:( 5 l—i—\/u_l) . h>h (5.3.16)

The criterion to mark the cells is the following:

1. If b, > hj, and

2

n u?—1<h? 1 + h’?—l) n n n h? 1 ?—1 n
Uiy — \/ QZ?H (R — ki) <ufy < - 5 TV uy

the solution of the Riemann problem consists of a 1-shock and a 2-rarefaction waves:
the cell is marked.

2. If b}, < hj; and

u (R, + h? J— 2
ui_y + El Z+,11 L (hiyr — hi'y) <wuiyy < N B VAT I
2hi, 2

the solution of the Riemann problem consists of a 1-rarefaction and a 2-shock waves:
the cell is marked.

3. If b’y > h}, and

ul (R, + R}
u?+1<u?_1—\/ SRSV

2h?

141



5.3 Numerical tests 181

t = 0.000 t = 0.500
ol ™ 01_DisRec o 0O1_DisRec
—+— 01_noDisRec —+— 01_noDisRec
—e— 02_DisRec —e— 02_DisRec
(g 02_noDisRec - 02_noDisRec
Exact_solution - Exact_solution
6 6
5 5
4+ 44
34 34
2 2
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
t = 0.500 t = 0.500
2671 —— 01_DisRec —+— 01_DisRec
—+— 01_noDisRec 5.0 1 —+— 01_noDisRec
251 —— 02_DisRec —— 02_DisRec
24l —»— 02_noDisRec —<— 02_noDisRec
' Exact_solution 481 Exact_solution
2.3 1
4.6
2.2
........... 4.4
2.1
2.0 1 4.2
1.9 e
T T T T T T 4'0- T T T T T T
0.04 0.06 0.08 0.10 0.12 0.14 0.50 0.52 0.54 0.56 0.58 0.60
(a) zoom rarefaction (b) zoom shock

Figure 5.21: Gas dynamics equations in Lagrangian coordinates. Test 3: variable 7. Top:
initial condition (left), exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells (right). Down: zooms of the rarefaction (left) and the shock waves (right)
at time ¢ = 0.5.

or hi!,; < hj' ; and

n n ’LL?_ (h? 1 + h’?— ) n n
Uiy < U g + ! 2}2” ! (R — hity),
i1

the solution of the Riemann problem consists of a 1-shock and a 2-shock waves: the
cell is marked.
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Figure 5.22: Gas dynamics equations in Lagrangian coordinates. Test 3: variable u. Top:
initial condition (left), exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells (right). Down: zooms of the rarefaction (left) and the shock waves (right)
at time ¢ = 0.5.

4. Otherwise the solution of the Riemann problem consists of two rarefactions and the
cell is not marked.

A Roe matrix is given in this case by

A(m7 Wr) -

0

1

—@+qh 2a

’
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t = 0.000 t = 0.500
5.5 5.5
—+— O1_DisRec —+— O1_DisRec
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Figure 5.23: Gas dynamics equations in Lagrangian coordinates. Test 3: variable e. Top:
initial condition (left), exact solution and numerical solutions obtained at time ¢t = 0.5
with 300 cells (right). Down: zooms of the rarefaction (left) and the shock waves (right)
at time ¢ = 0.5.

where
ﬂ_\/ﬁlul+\/h_rur }—L_hl+hr
Vi +Vhe 2

The following strategy based on the Roe matrix (see Subsection 5.2.2) is used to select
the speed, and the left and right states of the discontinuous reconstruction:

e If the solution of the Riemann problem consists of a 1-shock and a 2-rarefaction
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waves (case 1):
n __ - n — n n __ n n n
g; =u— hi—l\/a7 zl =W Wi,r =Wl +a Ry (W, VVi+1)>

where % is the Roe average of v} | and v}, ;, and oy, k = 1, 2 represent the coordinates
of Wi, — W, in the basis of eigenvectors of the Roe matrix, i.e. Wi, — W, =

Zk:l apR(W VVZ}H)

e [f the solution of the Riemann problem consists of a 1-rarefaction and a 2-shock
waves (case 2):
ol =u+ h?—ﬁ/aa Wz‘ W+1 —ap Ry (W 4, z??H)’ WiT,Lr = z‘il-
e If the solution of the Riemann problem consists of a 1-shock and a 2-shock waves (case

3) we select one of them depending on the amplitude of the a; and ay coefficients in
order to choose the 'dominant’ one:

— If |ay| < |ag| then:

n __ = n = n __ n o n n n __ .
of =u+h Va, Wi=W —aRe(Wi W), W =Wy

— If |ay| > |az| then:

oj =1U— h;‘lq\/av Wi =Wy Wi =W+ aRi(Wieg, Wita).
The variable h is selected in (5.2.4).

According to Theorem 5.2.1, the corresponding first and second-order in-cell
discontinuous reconstruction methods capture correctly isolated shock waves and, as
it will be also seen in Test 3, it also captures correctly the solution of Riemann problems
consisting of two shock waves traveling in the same direction. Nevertheless, although it
improves the results obtained with the standard methods and gets closer to the exact
solution when the mesh is refined, it fails in capturing exactly the solution of Riemann
problems involving two shocks traveling in opposite directions: the reason is that the
intermediate state linking the two shocks is not exactly captured by Roe method.

Nevertheless, a more sophisticated strategy based on the exact solution of the Riemann
problems (see Subsection 5.2.2) allows one to handle correctly with these situations. The
key ingredients are:

e The solution of the Riemann problem with initial data W' and W/ i ! is used to
mark the cells instead of the one corresponding to the initlal data W, and W/,
where W71 and W;}rlll are the states selected in the discontinuous reconstruction
in the prev1ous time step.
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e The exact intermediate state is used when the solution of the Riemann problem
involves two shock waves.

e If the solution of this Riemann problem involves two shock waves traveling in the
same direction, a reconstruction with two discontinuities (one for each of the shock
waves) is considered, so that the complete structure of the Riemann solution is
imposed.

In order to avoid an excess of indices the following notation will be used:

Wi =Wo = [he,qr)”, WL =We = [hg,qr]".

7

The discontinuous reconstruction is then as follows:

e If the solution of the Riemann problem consists of 1-shock and a 2-rarefaction (case
1) then

o = o (Wi, Wy), =W WL =W,

@,r

where W, = [hs, q*]T is the intermediate state in the solution of the Riemann problem:
h, is the root of the function:

o) = ("5 Vi) ey,

such that h; < h, < h,. Once h, has been computed, g, is given by

hy — h, 2

e If the solution of the Riemann problem consists of a 1-rarefaction and a 2-shock,
then:

0'? = O'Q(W*, Wr), Wll — W Wn — n

+1

where W, = [h,, ¢.]" is the intermediate state: h, is the root of the function:

fra(h) = <hl +¢_> ( 2;h(h —h)) —u,

such that h, < h, < h;. Once h, has been computed, g, is given by

G =h (hl +\/_>
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e If the solution of the Riemann problem consists of a 1-shock and a 2-shock, the
intermediate state W, = [, ¢]7 can be computed as follows: h, is the root of the

function
(h)(h+ h,
Fos(h) = u.(h) + M(m —h) —u,,
2h,
where
o Ul(h + hl>
u*(h> = U 2 (h‘ h‘l>7

such that h, < h; and h, < h,. Once h, has been computed, ¢, is obtained by:
¢ = haus(hy).

Let us denote by o and oy the speeds of the 1 and the 2 shock waves o1 (W,;, W,)
and o3 (W, W,.). The discontinuous reconstruction is then selected as follows:

— If 01 < 0 < 03: let d; and dy be given by

T he—h % h.—h,

d

Then:
x If |O’1| S |O'2|2
- If 0 <dy, <1, then

O-? = 02, I/V:l =W, VVZT,LT = Wﬁl—l
- Otherwise, if 0 < d; <1, then
o} = o1, I/Ifi??l:WirL—lv W;?r:W*-

« If |0y > |ogl:
- If0<d; <1, then
of =01, Wh=W<, W =W.
- Otherwise, if 0 < dy < 1, then
o} = 09, M/znz =W, VVznr = Wi,

— Otherwise (i.e. if 0 < 0y < 0y or 01 < 03 < 0): let dy and dy be such that

(5.3.17)

dlhl + (dg - dl)h* + (]. - dg)hr - h?,
diqr + (d2 — di)g. + (1 — d)gr = g7
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Then:

I/Vl ifl’§$i_1/2+d1Al’+Ul(t—tn),
Pf(x,t) = W* lf $i_1/2+d1A$+01(t—tn) S T S xi_1/2+d2Ax+02(t—tn),

W, otherwise.

(5.3.18)

Observe this in-cell discontinuous reconstruction can only be done if 0 < dy, dy <
1, otherwise the cell is unmarked. Moreover, if d; = dy = 1 and the speeds of
the shocks are positive (resp. if d; = dy = 0 and the speeds of the shocks are
negative) the cell is unmarked and the cell I;,; (resp. the cell I;_1) is marked
if necessary.

Observe that, when the speeds of the shocks have the same sign, the discontinuous
reconstruction coincides with the solution of the Riemann problem.

The numerical methods using the first strategy for the discontinuous reconstruction
(based on the Roe matrix) will be labeled again by Op_DisRec and those using the second
one (based on the exact solutions of the Riemann problems) by Op_ExactDisRec.

Test 1: Isolated 1-shock

Let us consider the following initial condition taken from [42]

(1,1) if 2 <0,

h,q)o(x) =
(7, @)o() {(1.&0.530039370688997) otherwise.

The solution of the Riemann problem consists of a 1-shock wave joining the left and
right states. Figure 5.24 compares the exact solution and the numerical approximations
at time t = 0.15 obtained with Roe method, its second order extension based on the
standard MUSCL-Hancock reconstruction, and the first and second order discontinuous
in-cell reconstruction schemes based on the Roe matrix using 1000-cell mesh and CFL
= 0.5: as it can be seen the standard Roe methods does not capture the discontinuities
properly what is not the case for the in-cell discontinuous reconstruction methods based
on the Roe structure. The results obtained with Op_ExactDisRec are similar.

Test 2: left-moving 1-shock + right-moving 2-shock
Let us consider the following initial condition

(1,1) if 2 <0,

5.3.19
(1.5,0.1855893974385) otherwise. ( )

<h7 Q)O<‘T> = {

The solution of the Riemann problem consists of a 1-shock wave with negative speed and
a 2-shock with positive speed with intermediate state W, = [1.8,0.530039370688997]%.
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t = 0.500 t = 0.500
A —+— O1_DisRec
1.8 1.0 -
0O1_noDisRec
—e— 02_DisRec
0.9 1 —<— 02_noDisRec

1.6 ;
----- Exact_solution

0.81
1.4 1

0.7
—+— 01_DisRec
1.2 1

0O1_noDisRec
—— 02_DisRec 0.6 1
—%— 02_noDisRec r’l
L0 prommncmaaaneneeme 1 - Exact_solution
0.5
-1.00 -0.75 -0.50 =025 0.00 025 050 075 1.0 -1.00 -0.75 -050 =-0.25 0.0 025 050 075 1.00
(a) Variable h (b) Variable ¢

Figure 5.24: Modified shallow water system. Test 1: Numerical solutions obtained withe
the first and second-order methods with and without discontinuous reconstruction based
on the Roe matrix at time ¢ = 0.5 with 1000 cells. Left: variable h. Right: variable ¢

Figures 5.25 and 5.26 compare the exact solution with the numerical approximations
at time t = 0.15 obtained with Roe method, its second order extension based on the
standard MUSCL-Hancock reconstruction, and the first and second order discontinuous
in-cell reconstruction schemes based on the Roe matrix using 1000-cell mesh and CFL
= 0.5: as it can be seen none of them capture the discontinuities properly, although the
ones with using in-cell discontinuous reconstruction do it better. Figures 5.27 and 5.28
show the numerical solutions obtained with the first-order method with discontinuous
reconstruction based on the Roe matrix at time ¢ = 0.15 using different cell meshes: as we
can see the numerical solutions seem to converge to the exact solution when Az — 0. In
Figure 5.29 the results given by the first and second order in-cell discontinuous schemes
based in the exact solution of the Riemann problem are shown: we observe that both of
them capture exactly the two shocks.

Test 3: right-moving 1-shock + right-moving 2-shock

Let us consider the following initial condition

(1,1) if <0,

5.3.20
(5,2.86423084288) otherwise. ( )

<h7 Q)O<$) = {

The solution of the Riemann problem consists of a 1-shock and a 2-shock waves with
positive speed and intermediate state W, = [1.5,5.96906891076]”. Figures 5.30 and 5.31
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t=0.150
t =0.150 1.90 1
—+— O1_DisRec
184 01_noDisRec 185 (
—— 02_DisRec
—%— 02_noDisRec \
164 7" Exact_solution 1.80 4
1.4+ 1.75 T
—+— O1_DisRec
0O1_noDisRec
] 1707 —— 02_DisRec
—%— 02_noDisRec
1.0 1.65 . ““'I EXaCt_squtlion |
-01 0.0 01 0.2
-1.00 —-075 —050 -0.25 0.00 025 050 075  L.0(
(a) Zoom

Figure 5.25: Modified shallow water system. Test 2: variable h. Left: Numerical
solutions obtained with the first and second-order methods with and without discontinuous
reconstruction based on the Roe matrix at time ¢t = 0.15 with 1000 cells. Right: zoom

show the exact solution and the numerical approximations at time ¢ = 0.06 obtained
with Roe method, its second order extension based on the standard MUSCL-Hancock
reconstruction, and the first and second order discontinuous in-cell reconstruction schemes
based on the Roe structure using 1000-cell mesh and CFL = 0.5: as in the previous test
case, the in-cell discontinuous reconstruction capture the shocks and intermediate state
much better than the standard first and second order Roe methods. In Figure 5.32 the
results given by the first and second order in-cell discontinuous schemes based in the exact
solution of the Riemann problems are shown: both of them capture exactly the exact
solution.
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(a) Zoom
Figure 5.26: Modified shallow water system. Test 2: variable ¢q. Left: Numerical

solutions obtained with the first and second-order methods with and without discontinuous
reconstruction based on the Roe matrix at time ¢t = 0.15 with 1000 cells. Right: zoom
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(a) Zoom
Figure 5.27: Modified shallow water system. Test 2: variable h. Left: Numerical solutions

obtained with the first-order methods with discontinuous reconstruction based on the Roe
matrix at time ¢t = 0.15 with different cell meshes. Right: zoom.
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t=0.150
—— 01_DisRec_1000-mesh
1.0 01_DisRec_2000-mesh
01_DisRec_4000-mesh
01_DisRec_8000-mesh
—— 01_DisRec_16000-mesh
0.81 —— 01_DisRec_32000-mesh
---- Exact_solution
0.6 1
T
0.4 1
0.2 1

-1.00 -0.75 -0.50 =-0.25 0.00

0.25

0.50 0.75 1.0¢

t=0.150

0.53 1

0.52 1

0.51 1

0.50 1

—+— O1_DisRec_1000-mesh
01_DisRec_2000-mesh
01_DisRec_4000-mesh

01_DisRec_8000-mesh

—— 01_DisRec_16000-mesh
—— 01_DisRec_32000-mesh
---- Exact_solution

-010 —005  0.00 0.05

(a) Zoom

0.10 0.15

Figure 5.28: Modified shallow water system. Test 2: variable q. Left: Numerical solutions
obtained with the first-order methods with discontinuous reconstruction based on the Roe
matrix at time ¢t = 0.15 with different cell meshes. Right: zoom.
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Figure 5.29: Modified shallow water system. Test 2: Numerical solutions obtained with
the first and second-order methods with discontinuous reconstruction based on the exact
solutions of the Riemann problems at time ¢t = 0.15 with 1000 cells. Left : variable h.

Right: variable q.
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t = 0.060
t = 0.060 1.550 1 01 DisRec
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Figure 5.30: Modified shallow water system. Test 3: variable h. Left: Numerical
solutions obtained with the first and second-order methods with and without discontinuous
reconstruction based on the Roe matrix at time ¢t = 0.06 with 1000 cells. Right: zoom.
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(a) Zoom

Figure 5.31: Modified shallow water system. Test 3: variable ¢q. Left: Numerical
solutions obtained with the first and second-order methods with and without discontinuous
reconstruction based on the Roe matrix at time ¢t = 0.06 with 1000 cells. Right: zoom.



5.3 Numerical tests 193
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Figure 5.32: Modified shallow water system. Test 3: Numerical solutions obtained with
the first and second-order methods with discontinuous reconstruction based on the exact
solutions of the Riemann problems at time ¢ = 0.06 with 1000 cells. Left: variable h.
Right: variable q.
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Chapter 6

Conclusions and future work

In this chapter we summarize the main contributions performed in this thesis and the
possible future research that could arise from it.

6.1 Conclusions

Throughout this thesis we have considered a wide number of analytical and numerical
aspects of conservative and nonconservative hyperbolic systems of Partial Differential
Equations. Different problems that arise when dealing with this kind of systems have been
studied and solved. Let us highlight the main contributions in each of the chapters.

In Chapter 2 the Riemann problem for the shallow water equations corresponding
to a wet-dry front over a step is studied. Like in [112] a monotonicity criterion (MC) is
imposed to select the admissible stationary discontinuities over the step. Depending on
the state at the wet side, zero, one, or two solutions are found. In the case of non-existence
of solution, the problem is interpreted as a partial Riemann problem for the homogeneous
shallow water and a solution is proposed. Since the problem is nonconservative, all the
difficulties concerning the numerical approximation of weak solutions are found. To check
this, we compare the numerical solutions obtained with several standard numerical fluxes
and treatment of the source terms. The main conclusions are the following;:

e In cases where the Riemann problem does not have solutions, the numerical methods
converge to the proposed solutions based on a reinterpretation of the problem.

e In order to capture correctly the stationary contact discontinuities it is necessary
to have a numerical method that preserve them. Nevertheless, this is not sufficient
to ensure the convergence to the proposed solutions: the numerical solution may
converge to weak solutions containing stationary discontinuities over the step that
do not satisfy the (MC) criterion.
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e The combination of Godunov numerical flux and the Generalized Hydrostatic
Reconstruction technique introduced in [51] seems to produce a numerical method
that correctly captures all the proposed solutions.

e In cases where the Riemann problem has two solutions, the numerical methods may
converge to one or to the other.

Besides the theoretical interest of this analysis, the results may be useful to design
numerical methods and/or to produce reference solutions to compare different schemes.

In Chapter 3, an efficient implementation of PVM methods that are based on
interpolation polynomials is presented: the Newton form of the polynomial is used to
reduce the number of calculations. Next, the relation between SRS and PVM, already
studied in [125], is revisited. In particular, it is shown that many SRS can be interpreted as
PVM methods based on a Lagrange interpolation polynomial, what allows one to use the
implementation based on the Newton form of the polynomial. In particular, Roe method
can be interpreted in terms of a complete SRS and thus as a PVM method, what allows
us to implement it using the Newton form of the polynomial. We compare numerically
the efficiency of the standard implementation of Roe method and the new one for two
different models: the two-layer shallow water equations and the Quadrature-Based Moment
equations for rarefied gases. According to our results, a small speedup is obtained using
the Newton Roe method compared to the standard one for the two-layer shallow water
system, as the number of equations is not big enough. In the case of the QBME model the
speedup increases with the number of moments: Newton Roe method is about 3.5 times
faster than the standard Roe method for the 11 moment equations in primitive variables.
In the case of the partially-conservative formulation of the QBME model the results are
even better: Newton Roe method is 4.1 times faster than the standard one, due to the fact
that the standard implementation requires the computation of the eigenvectors. Moreover,
this factor increases with the number of moments. Therefore, we can conclude that the
Newton Roe method yields an improvement of the standard Roe scheme for systems with
a large number of equations.

In Chapter 4 the procedure introduced in [40] and recalled in [47] is extended to the
relativistic fluid flows in the Schwarzschild background. More precisely, we develop first
and higher order well-balanced schemes for the relativistic Burgers and Euler systems.
Several numerical tests are used to validate the schemes and to highlight the relevance of
the well-balanced property when dealing with these relativistic flows. We also use these
schemes to perform a systematic numerical study of these two PDE systems in order to be
able to extract general conclusions about the long time behavior of the flow. Such a study
is expected to be a useful tool to direct the mathematical analysis of the models and the
study of more complex relativistic models.



6.2 Future works 197

Finally, in Chapter 5, an extension to second-order accuracy of the in-cell discontinuous
reconstruction methods introduced in [51] is presented: it is compared with the first-order
one and with standard path-conservative numerical methods using several numerical tests.
We observe, as expected, an improvement in the smooth regions of the solutions. The
isolated shock-capturing property is enunciated, proved and tested. Two different strategies
to design the in-cell discontinuous reconstructions are considered: the first one based on
the solutions of the linearized Riemann problems when a Roe matrix is available, and the
second one based on the exact solution of the Riemann problems when available. It is
observed that the quality of the results provided by this technique for Riemann problems
that involve more than one shock is worse although they seem to converge to the right
solution. A more sophisticated definition of the in-cell discontinuous reconstruction is
proposed for the modified shallow water system (5.3.10) that allows us to improve the
quality of the solutions.

6.2 Future works

The study of the Riemann problems corresponding to dry-wet fronts in Chapter 2 will
be extended to other shallow water systems such as the shallow water model with two
velocities considered in [2].

The new efficient implementation of the interpolatory PVM methods based on the
Newton form will be applied to different multilayer shallow water systems with or without
dispersion effects. In the case of the multilayer system in [44] neither the eigenvalues
nor the eigenvectors can be computed exactly so that a significant improvement of the
computational cost is expected. The same happens with the multilayer systems introduced
in [6, 7].

The following extensions of the study of the relativistic systems in the Schwarzschild
background are expected:

e The design of well-balanced methods of order of accuracy bigger than two for the
Euler-Schwarzschild model based on the numerical approximation of the stationary
solutions using ODE system solvers (see [87]).

e Development of well-balanced high-order methods for multidimensional problems.
e Development of numerical methods for other relativistic models of greater complexity.

The new second order scheme from Chapter 5 based in the in-cell discontinuous
reconstruction sets the basis for the following lines of research:

e Extension of this technique to arbitrary order of accuracy. The use of methods based
on the Taylor expansion will be considered as in [29, 30].
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Conclusions and future work

Design of numerical methods that capture correctly non isolated shocks. The use of
a numerical solver to approximate the structure of the Riemann problem as it was
done in [94] will be considered for problems for which the solution of the Riemann
problem is not available.

Application of the methods to more complex models.

Development of Discontinuous Galerkin (DG) solvers based on discontinuous
reconstructions.

Extension to multidimensional problems.
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