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Abstract

Different Engineering applications require dealing with improper integral on unbounded domains (improper integrals
of the first kind). The classical way for solving these integrals is by means of elementary Calculus (antiderivatives
and limit computations) or using numerical approaches. In both situations different problems can arise. For example:
the non-existence of antiderivative, the corresponding limit does not exist or integrals depending on parameters which
complicate the use of numerical approaches. In order to solve this situation, Advanced Calculus techniques, such
as Laplace or Fourier Transforms and the Residue Theorem can be applied. A brief review of the corresponding
theoretical frame is included in this paper.

Computer Algebra Systems (Cas) are pieces of software that allow symbolic computations. Nowadays, there
are many Cas in the market with an increasing level of sophistication which make them a very powerful tool in
Engineering. In this paper, a brief review on the history of Cas evolution is introduced.

In this work, some Advanced Calculus techniques for computing improper integrals of the first kind which cannot
be solved with standard procedures are described. These techniques could be easily integrated in almost every Cas.
However, we have detected some lacks of these techniques in many widely used Cas.

In this paper, some tests involving improper integrals have been developed. These tests have been used to check
the capabilities of some Cas and the results have provided a classification of the Cas with respect to this field.

One of the main contributions in this work is the generation of different rules to compute improper integrals of
the first kind. The rules have been classified in specific rules (those coming from the tests) and general rules (those
coming from theoretical frames and generalizations of the specific rules). These rules are easy to include in a Cas
increasing the facilities of the Cas in the field of improper integral computation.
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1. Introduction

There are different applications in Engineering that require computing improper integrals of the first kind (integrals
defined on an unbounded domain) such as: the work required to move an object from the surface of the earth to infinity
(Kynetic Energy), the electric potential created by a charged sphere, the probability density function or the cumulative
distribution function in Probability Theory, the values of the Gamma (Γ) function (which is useful to compute the
Beta (β) function used to compute trigonometric integrals), Laplace and Fourier Transforms (very useful for example
in Differential Equations), . . .

Therefore, these applications need to deal with the following types of improper integrals:∫ ∞

0
f (t) dt ;

∫ 0

−∞

f (t) dt and
∫ ∞

−∞

f (t) dt
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One possible way of addressing the computation of these improper integrals is using a specific software for sym-
bolic computation in order to obtain the exact result instead of using a numerical software which would provide an
approximation. This kind of software which works in an exact and symbolic way is called a Cas (Computer Algebra
System).

Usually, Cas use different rules for computing integrals. For example Rubi system, a rule-based integrator de-
veloped by Albert Rich [1], is a very powerful system for computing integrals using rules. But when computing
improper integrals of the first kind, normally, the basic procedure is used (computing an antiderivative and some
limits in infinite). That is:

∫ ∞

0
f (t) dt = lim

m→∞

∫ m

0
f (t) dt = lim

m→∞

(
F(m) − F(0)

)
∫ 0

−∞

f (t) dt = lim
m→−∞

∫ 0

m
f (t) dt = lim

m→−∞

(
F(0) − F(m)

)
∫ ∞

−∞

f (t) dt =

∫ 0

−∞

f (t) dt +

∫ ∞

0
f (t) dt or, in case of convergence,

∫ ∞

−∞

f (t) dt = lim
m→∞

∫ m

−m
f (t) dt = lim

m→∞

(
F(m) − F(−m)

)
(Cauchy principal value)

where F is an antiderivative of f .
But, what happens if an antiderivative F for f or the above limits do not exist? The standard answer is to use a

numerical approach. But, what if, in addition, the integrand f has one or more parameters? In this case, numerical
techniques are more difficult to be used.

For example, for
∫ ∞

0

sin(at)
t

dt ;
∫ ∞

0

cos(at) − cos(bt)
t

dt or
∫ ∞

−∞

cos(bt)
(t2 + a2)2 dt the antiderivatives

can not be computed and the integrands depend on different parameters. Hence, the above procedures cannot be used
for these examples.

Some of these improper integrals that can not be solved using the basic procedures described above, can be com-
puted using advanced techniques from the Analysis Theory, such as Laplace and Fourier transforms, or the Residue
Theorem from the Complex Analysis Theory. In order to make the article to be self-contained, Section 2 is devoted
to summarize the theoretical aspects of these techniques which lead to compute some improper integrals. Using these
theories, in this paper some rules which allow to compute some improper integrals of the first kind are provided.

Since some Cas cannot compute some improper integrals of the first kind, the application of the provided rules
can make a specific Cas to improve its capabilities being able to compute these improper integrals. Therefore, these
rules can extend the types of improper integrals that Cas can compute.

In order to check if some Cas can be improved using the above mentioned rules, we have developed some tests
with a selection of improper integrals and a selection of Cas.

After a brief historical overview of Cas evolution (Section 3), a description of the tests and the corresponding
results are shown in Section 4, while in Section 5 the rules are enumerated.

Finally, conclusions of the developed work are stated in Section 6.

2. Theoretical frame

This section is included in order the article to be self-contained and can be skipped by an acquainted reader. For
a deeper study of Laplace and Fourier Transforms and the Residue Theorem and its applications, there are many text
books and math encyclopedias on Advanced Calculus such as [2, 3].

As a general remark, in addition of the specific conditions required by Laplace or Fourier Transforms or the
Residue Theorem, the convergence of the improper integral to be computed is also a precondition for applying these
advanced techniques.
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2.1. Laplace Transform

The Laplace Transform of a function f : R+ −→ R is defined as

L

[
f (t)

]
= FL(s) =

∫ ∞

0
e−st f (t) dt

if such integral exists.
When FL(s) exists for a given function f , it is valid in the domain s > a for some a ∈ R, being s > 0 the

most common case.
See Appendix A for a list of elementary Laplace Transforms and main properties.

2.1.1. Computing improper integrals with Laplace Transforms

The Laplace Transform FL(s) =

∫ ∞

0
e−st f (t) dt is usually valid when s > 0 unless an exponential function

appears in f , that is: f (t) = eatg(t) (with g “free” of exponential functions). In this case (exponential case), the
domain would be s > a.

According with the Laplace Transform definition, evaluating in s = 0:

L
[
f (t)

]∣∣∣∣
s=0

= FL(0) =

∫ ∞

0
e−st f (t) dt

∣∣∣∣∣
s=0

=

∫ ∞

0
f (t) dt

Since Laplace Transform usually exists for s > 0, in order to compute an improper integral we can use the
following result: ∫ ∞

0
f (t) dt = lim

s→0+
L
[
f (t)

]
(1)

if both, the Laplace Transform and the limit, exist.
A particular formula can be obtained considering the formula (1) and property L7 (see Appendix A) as follows:∫ ∞

0

f (t)
t

dt = lim
s→0+
L

[
f (t)
t

]
= lim

s→0+

∫ ∞

s
L
[
f (t)

]
du =

∫ ∞

0
L
[
f (t)

]
du (2)

Remarks:

• If the Laplace Transform exists for s > a (the exponential case previously described), the formulae (1) and (2)
will be only applicable when a < 0.

• The existence of the Laplace Transform and the corresponding limit when s → 0+ does not imply the
convergence of the improper integral to be computed. That is: in addition of the existence of both, the Laplace
Transform and the limit, the convergence of the improper integral must be checked previously. In this case, the
formulae (1) and (2) hold.

2.2. Fourier Transform

The Fourier Transform (non-unitary, angular frequency) of a function f : R −→ R is defined as

F

[
f (t)

]
= FF (s) =

∫ ∞

−∞

f (t) e−i st dt s ∈ R

if such integral exists.
See Appendix B for a list of elementary Fourier Transforms and main properties.
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2.2.1. Computing improper integrals with Fourier Transforms
According with the definition of the Fourier Transform of f (t), evaluating in s = 0:∫ ∞

−∞

f (t) dt = F
[
f (t)

]∣∣∣∣
s=0

= FF (0) (3)

if the Fourier Transform exists for s = 0 and the improper integral
∫ ∞

−∞

f (t) dt is convergent.

2.3. The Residue Theorem
Let C be a closed piecewise smooth positive oriented curve.
Let f : C −→ C be an analytic function with a finite number of isolated singularities z1, z2, . . . , zn inside C.
Let Res

z=zk
f (z) be the residue of f in zk.

Then: ∮
C

f (z) dz = 2π i
(
Res
z=z1

f (z) + Res
z=z2

f (z) + · · · + Res
z=zn

f (z)
)

= 2π i
n∑

k=1

Res
z=zk

f (z)

The residue Res
z=zk

g(z) in a pole zk of order n for a function g(z), can be computed by the formula:

Res
z=zk

g(z) =
1

(n − 1)!
lim
z→zk

dn−1)

dzn−1)

((
z − zk

)n
g(z)

)
Let f be an analytic function with a finite set of isolated singularities S P inside P ≡ Im(z) ≥ 0 none of them

being on the real axis.
Let CPV(I) the Cauchy Principal Value of integral I
Then:

1. If lim
z→∞

z f (z) = 0 =⇒ CPV
(∫ ∞

−∞

f (x) dx
)

=

∮
P

f (z) dz = 2π i
∑

zk∈SP

Res
z=zk

f (z).

2. If lim
z→∞

f (z) = 0 =⇒



CPV
(∫ ∞

−∞

f (x) cos(ax) dx
)

= Re
(∮
P

f (z) ei az dz
)

= Re

2π i
∑

zk∈SP

Res
z=zk

f (z) ei az

 a > 0

CPV
(∫ ∞

−∞

f (x) sin(ax) dx
)

= Im
(∮
P

f (z) ei az dz
)

= Im

2π i
∑

zk∈SP

Res
z=zk

f (z) ei az

 a > 0

Since if an improper integral I =

∫ ∞

−∞

g(x) dx is convergent, its value is equal to CPV(I), under the above

conditions, the residue theorem can be used to compute convergent improper integrals as follows:

∫ ∞

−∞

f (x) dx = 2π i
∑

zk∈SP

Res
z=zk

f (z) (4)

∫ ∞

−∞

f (x) cos(ax) dx = Re

2π i
∑

zk∈SP

Res
z=zk

f (z) ei az

 (5)
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∫ ∞

−∞

f (x) sin(ax) dx = Im

2π i
∑

zk∈SP

Res
z=zk

f (z) ei az

 (6)

3. CAS

Computer Algebra Systems (Cas) are software packages which deal with algebraical expressions symbolically and
in an exact manner. Against of Numerical Software, Cas can expand expressions such as (a + b)2 without needing
to instance the values of a and b. That is, a Cas will return a2 + 2ab + b2 when expanding the previous expression
while a Numerical Software would need to know the values of a and b. Regarding the dealing in an exact manner, a

Cas would return the Euler’s constant e for lim
x→∞

(
1 +

1
x

)x

, while when using a Numerical Software, the solution

would be an approximation of e.
In addition of handing symbolic and exact computations, some Cas are also able to deal, for example, with factor-

ization (numbers, polynomials, partial fraction decomposition, . . . ); symbolic partial and total differentiation; limits
and series computation; solution of linear and non-linear numeric equations and inequations (and systems of them);
solution of differential and partial differential equations (and systems of them); and many other symbolic computa-
tions. In particular, in this paper we are interested in Cas that can manage both indefinite and definite integration.

However, some Cas have limitations on the above described skills. In this paper, we introduce different rules,
using Advanced Calculus Theory, which can improve the integration capabilities of some Cas.

Nowadays, Cas are broadly used in many areas such as Mathematics, Engineering or Physics, and in different tasks
such as Education or Research and Development. Furthermore, some Numerical Software package have improved
their capabilities including Cas modules. For example, MATLAB, the well-known Numerical Software, includes
Symbolic Math Toolboxes (based on Cas such as MuPAD or Maple).

3.1. Brief historical review of Cas
About 120 years before the first Cas appears, Augusta Ada Byron King, Countess of Lovelace stated that Maths

could be treated by engines not only numerically but also analytically. Specifically, she said:

“Many persons who are not conversant with mathematical studies imagine that because the business of
[Babbage’s Analytical Engine] is to give its results in numerical notation, the nature of its processes
must consequently be arithmetical and numerical, rather than algebraical and analytical. This is an error.
The engine can arrange and combine its numerical quantities exactly as if they were letters or any other
general symbols; and in fact it might bring out its results in algebraical notation, were provisions made
accordingly.”

This cite was added by Ada in Note E of her English translation [4] of the paper [5], originally written in French.
The following is a subjective list of the most relevant Cas ordered by date of first official distribution [6]:

Saint (Symbolic Automatic INTegrator) was developed in Lisp by James Slagle under the supervision of Marvin
Minsky in 1961 [7, 8].

Schoonship, developed by Martinus J.G. Veltman in 1963 [9], was one of the first Cas. It ran on an IBM 7094 in
December, 1963. The main objective of this Cas was to deal with particle physics.

MATHLAB is a Cas created by C. Engelman in 1964 using Lisp. MATHLAB 68 appeared in 1967 [10]. One of its
applications was in Linear electrical circuits by means of symbolic circuit analysis [11].

Reduce was one of the first general purpose Cas. It was developed by Anthony C. Hearn in 1963 and was first
distributed in 1968 [12]. 40 years later, in 2008, Anthony decided to make the software freely available under a
modified BSD license, available at [13].

Formac (FORmula MAnipulation Compiler), developed by a research group leaded by Jean Sammet of IBM [7],
appeared as an extension of Fortran IV, providing the capability of performing both numeric and non-numeric
computations and manipulations in the same program [14].
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Scratchpad started to be developed in IBM Research by Jim Griesmer and Dick Jenks in 1965 [7]. Scratchpad was
implemented in the Lisp programming language using the 360 Lisp system [15].

Alpak was developed by Stan Brown at Bell Labs and was able to deal with rational functions [7, 16].

Sin (Symbolic INtegration) was developed by Joel Moses between 1965 and 1967 using Lisp [7, 17].

Macsyma (Project MAC’s SYmbolic MAnipulator), developed by the MIT Project MAC (leaded by Carl Engelman,
William Martin and Joel Moses [7]) in the late 60’s, was first commercialized in 1978.

Scratchpad II was an abstract datatype language and system developed in 1977 by the Computer Algebra Group,
Mathematical Sciences Department, at the IBM Thomas J. Watson Research Center, leaded by R. D. Jenks [18].

muMATH was developed by Albert D. Rich and David R. Stoutemyer in the late 70’s [19] using muSIMP (a surface
language for LISP. It was first released in 1979 (muMATH-79) and ran on 8080 and Z80 computers while
muMATH-80 and muMATH-83 ran on Apple II and DOS respectively.

Maple (MAthematic PLEasure) is one of the most famous general purpose Cas. It started to be developed in 1980
by the Symbolic Calculus Group (with Gaston Gonnet and Keith Geddes, among others) at the University of
Waterloo (Ontario, Canada). Its original goal was as a new Educational oriented software which could be run
in small computers. The first public available version was Maple 3.3 in 1985. Since 1988, Maple is distributed
by Maplesoft as a proprietary software [20].

Mathcad is mainly oriented to Engineering. Its Wysiwyg (What You See Is What You Get) interface makes it
possible to handle with mathematical expressions in a graphical format. It was first developed in 1985 by Allen
Razdow [21]. Nowadays, it is a proprietary software distributed by Ptc.

GAP (Group, Algorithms, Programming: a system for computational discrete algebra) was started at Lehrstuhl D
für Mathematik (LDFM), RWTH Aachen, Germany in 1986. As stated in [22], “Gap is used in research and
teaching for studying groups and their representations, rings, vector spaces, algebras, combinatorial structures,
and more. The system, including source, is distributed freely”.

MathHandbook, former symbMath (Symbolic Mathematics, VisualMath) is an online symbolic math calculator,
math handbook and computer algebra system [23]. It was developed by Dr. Weiguang Huang (Sydney, Aus-
tralia) since 1987.

Mathomatic was a free, portable, general-purpose Cas developed by George Gesslein II in 1986 and discontinued in
2012 [6]. “The Mathomatic source code can be compiled as a symbolic math library with a very simple API,
which can be linked to C compatible programs that need to use the Mathomatic symbolic math engine”.

Derive is the successor of muMATH, also developed by Albert D. Rich and David R. Stoutemyer. The first release
for MS-DOS appeared in 1988 while the first version for Windows systems, in 1996. It was written in muLISP
[19]. Although Derive was discontinued in 2007, it is still used widely, mainly in education, since its flexible
syntax make it easy to by used by students. Derive was a proprietary software that required very few memory
and storage resources. The DUG (Derive User Group) is still alive and the Derive Newsletter is a quarterly
journal, edited by Josef Böhm, which still publishes many papers dealing with Derive.

Mathematica is one of the most widely used general purpose Cas developed by Stephen Wolfram in 1986. The
first release, Mathematica 1.0, was launched in 1988 [24]. It is a proprietary software distributed by Wolfram
Research Inc. and written in Wolfram Language. Its connectivity with many others applications (in both
directions) together with the edition of The Mathematica journal make Mathematica be a very important tool
for Engineering, Education and Research. Since 2009, Wolfram Research Inc. launched Wolfram Alpha (a
computational knowledge engine) which is integrated with Mathematica.

Form is a symbolic manipulation system developed by Jos Vermaseren on Nikhef (Dutch National Institute for
Subatomic Physics) in 1984 [25]. Form is very popular in the theoretical particle physics community.
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Pari/gp is the combination of a C library mainly oriented for Algebraic Number Theory (Pari) and the command
line interface (gp). It was developed in 1985 in the mathematics department of Bordeaux I University by a team
leaded by Henri Cohen, the co-author of Isabelle, the antecesor of Pari [26]. Pari/gp is copyrighted but freely
available at [27].

Fermat, developed by R. H. Lewis of Fordham University in 1993, is a Cas mainly oriented toward polynomial and
matrix algebra over the rationals Q and finite fields [28].

Magma, the successor of Cayley system, was first launched in 1993. It is mainly designed to solve problems in
algebra, number theory, algebraic geometry and algebraic combinatorics [29]. It is a proprietary software main-
tained and distributed by the Computational Algebra Group, School of Mathematics and Statistics, University
of Sidney.

Kant/Kash. Kant is a specialized C-library for computations in algebraic number fields. It was developed at the
University of Düsseldorf from 1987 until 1993 and at the Technical University Berlin afterwards by a group
leaded by Michael Pohst [30]. Kash is a command line interface for Kant. It can be freely downloaded at [31].

SymbolicMath Toolbox, firstly released using Maple in 1993, is a toolbox which provides MatLab (Matrix Laboratory,
one of the most widely used Numerical software) with Cas funtionalities [32]. MatLab, a proprietary software
by MathWorks, has released new versions of SymbolicMath Toolbox using MuPAD since 2008 [33].

Axiom is a general purpose Caswhich evolved from Scratchpad II. IBM sold it to NAG. Later, in 2001, NAG allowed
a free software release which is available at [34]. In 2007, Axiom forked in two open-source branches: FriCAS
and OpenAxiom available at [35] and [36] respectively.

Macaulay2, developed by Michael Stillman and Daniel Grayson, is a complete rewrite of Macaulay (by David Bayer
and Michael Stillman, from 1983 till 1993) [37]. It was funded by the National Science Foundation since 1992.
Macaulay2 is a Cas mainly oriented to algebraic geometry and commutative algebra and it is freely available at
[38].

CoCoA (COmputations in COmmutative Algebra) is a specialized Cas for commutative algebra [39]. One of its most
important features is the way it deals with Gröbner bases. This capability makes CoCoA suitable to develop
Knowledge-Based Systems (KBS), for example the one described in [40]. CoCoA-4 (first distribution in 1995)
and CoCoA-5 (2011) are freely available for research and educational purposes at [41].

Magnus is a specific purpose Cas focused on Infinite Group Theory [42]. It was developed under the direction of
Gilbert Baumslag in 1997 and discontinued in 2005.

Singular (former Buchmora) is a Cas devoted to polynomial computations [43]. Its first public release appeared in
1997. Singular can be freely downloaded at [44].

SymbolicC++ uses C++ to develop a general purspose Cas [45]. It was developed by W. H. Steeb in 1997 and can
be freely downloaded at [46].

Maxima is a branch of Macsyma maintained by William F. Schelter from 1982 until he passed away in 2001 [47].
Maxima is distributed under the GPL license since 1998. Nowadays, a group of users and developers maintain
Maxima with several updates per year. Maxima is available at [47].

GiNaC (iterated and recursive acronym for “Ginac Is Not A Cas”) is a C++ library that allows symbolic manipula-
tions together with other computations not typically classified in Cas [48]. It was developed in 1999 and can be
freely downloaded at [48].

Yacas (Yet Another CAS) is a general purpose Cas. Its first release appeared in 1999. The development was leaded
by Ayal Z. Pinkus [49] using its own programming language. It is a free software (GNU GPL) available at [50].
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Xcas/Giac. Xcas is a interface for the C++ library Giac which is a free (GPL) (Cas) available at [51]. Its first
release appeared in 2000, and it was developed by Bernard Parisse et al. Giac/Xcas is used as a Cas kernel for
Geogebra and other Cas and has many interfaces with different environments and C/C++ libraries [51].

SageMath (former Sage, System for Algebra and Geometry Experimentation) was first released in 2005 [52]. Sage-
Math has an online version (SageMath Cloud). It uses other open-source package such as NumPy, SciPy,
Matplotlib, Sympy, Maxima, GAP, FLINT, R and more. It also support programming in Phyton. SageMath is
a free software (GNU GPL) available at [53].

SMath Studio is a Cas with a wysiwyg (paper-like) editor developed by A. Ivashov [54]. Its first release appeared
in 2005. It can be freely downloaded at [54].

Rubi (RUle–Based Integrator) is developed and maintained by Albert D. Rich, the coauthor of muMATH and Derive.
After Derive was discontinued, Albert started the development of Rubi with the principal aim that this new
system will survive changing technology. Nowadays, Rubi 4.9 consists of more than 6200 integration rules in a
decision tree [1]. Rubi is freely available at [55]. Mathematica needs to be installed on a computer in order to
run Rubi.

Cadabra, designed specifically for the solution of problems in field theory by K. Peeters, was first released in 2007.
Its input and output use TEX notation. It has special features for tensor theory used for example in high energy
phisics [56]. It is freely (GNU GLP) available at [57].

SymPy is a free and open source Cas started in 2005 by O. Čertı́k [58] and first released in 2007. It is a Python
library used by many other systems (such as SageMath. SymPy is freely available (under the “modified BSD”
license) at [59].

MuPAD is a Cas developed by the MuPAD research group at the University of Paderbon, Germany. In 2008 MuPAD
was purchased by MathWorks and its code was included in the SymbolicMath Toolbox for MatLab [33].

TI-Nspire CAS, a proprietary software, is the successor of Derive. It is the kernel of the Texas Instruments Cas
graphing calculators and also, there exist versions which run in Windows and Mac OS X systems. Its first
release was launched in 2007 [60].

Mathics, created by J. Pöschko in 2011 and maintained by Angus Griffith since 2013, is a free general-purpose
online Cas which can also be run locally [61]. It has a Mathematica-like syntax and can export results to LATEX.
Mathics is freely available (GPL) at [61].

Symja is a general purpose Java library for symbolic mathematics developed by A. Kramer. Its first public release
was launched in 2011 and it is freely available (LGPL) at [62].

Symbolism, created by E. Cavazos in 2013, is a C library for automatic simplification of algebraic expressions. It is
freely available (modified BSD license) at [63].

DataMelt (DMelt) is a free mathematics software that can be used for numeric computation, statistics, symbolic
calculations, data analysis and data visualization. It is developed by S. Chekanov who also developed the
predecessors jHepWork (2005-2013) and SCaVis (2013-2015). The first release appeared in 2015. DMelt is
freely available (GNU GPL, only for non-commercial purposes) at [64].

SyMAT is a computer science and math system written in Java. It supports programming in JavaScript, Python and
Java. It was developed by Netsyms Technologies in 2015 and it is freely available for personal use (modified
BSD license) at [65].

Calcinator, designed by G. J. Paulos, is a Cas for desktop and mobile devices that runs exclusively on the local
device browser. The first public release was launched in 2016. In addition of its capabilities as a scientific
calculator or math solver, Calcinator has a html and LATEX math editor. It can be used online at [66].
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3.2. Cas used for the tests

In order to develop our improper integral tests (detailed in section 4), among the Cas described in the previous
subsection, we have chosen those ones that we have been able to work with, discarding the Cas with no integration
facilities. Specifically, we have developed our tests with the following Cas classified in three categories:

• Discontinued Cas: Derive 6.1. This is the only discontinued Cas used in our tests. The main reason for using
Derive is that the authors have been using this software for years in education [67] and in different applications
(such as [68, 69]). Furthermore, we have published different software packages in the User Contributed Math
Packages module from Derive 6 such as [70].

• Proprietary Cas: Mathematica 11.0.0.0, Maple 2015, SymbolicMath Toolbox (in MatLab R2016a).

• Free Cas: Wolfram Alpha (no Pro), Maxima, SageMath, Xcas.

4. Tests

4.1. Usefulness of the tests

As stated before (section 1), Cas usually computes improper integrals using limits of antiderivatives. This is
an effective procedure when both, the antiderivative and the limit, exist. But when working with a function whose
antiderivative or the limit can not be computed, this classical approach is not applicable. The advanced techniques
described in section 2 can then be used for some kind of improper integrals. With the tests we have developed, we
are interested in checking which Cas can compute these special improper integrals and, if not, we provide some rules
which allow Cas to compute them. This fact will increase the capabilities of such Cas.

4.2. Description of the tests

In this section we describe the developed tests (computation of improper integrals). For each one, we compute
the exact value using the advances techniques described in section 2 in order to check if the different Cas considered
achieve the solution. For each test, we will score all Cas with the following values:

• 3 points if the Cas provide the optimal solution for the test.

• 2 points if the Cas provide a right solution but non-optimal for the test.

• 1 point if the Cas fails to provide a right solution for the general constants involved in the test, but it provides a
right solution when the constants are instanced.

• 0 points if the Cas fails in the general and instanced cases of the test.

The tests have been classified in three different tables depending on the theory needed to obtain their results
(Laplace Transform, Fourier Transform and the Residue Theorem). Each row in these tables contents the following
five elements: a numbered label for the test, the improper integral to compute, the result of the improper integral,
specific observations for the test (mainly, the domain for the parameters involved in the improper integral) and infor-
mation on how the result is derived from formulas (1) to (6) and the elementary Laplace and Fourier transforms and
their properties (Appendix A and Appendix B).

Table 1 contains the tests related with Laplace Transform theory.
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Table 1: Tests using Laplace Transform.

Test Integral Result Observations Derived from

T1
∫ ∞

0
e−attx dt

Γ(x + 1)
ax+1

x ∈ (−1,∞);
a ∈ R+ (1),L8

T2
∫ ∞

0

(
e−bt

∫ t

0
e−auux du

)
dt

Γ(x + 1)
b(a + b)x+1

x ∈ (−1,∞);
a, b ∈ R+ (1),L5,L8

T3
∫ ∞

0

sin(at)
t

dt
π

2
sign(a) a ∈ R (2)

T4
∫ ∞

0
e−bt sin(at)

t
dt arctan

(a
b

) a ∈ R;
b ∈ R+ (2),L8

T5
∫ ∞

0

(
e−ct

∫ t

0
e−bu sin(au)

u
du

)
dt

arctan
(

a
b+c

)
c

a ∈ R;
b, c ∈ R+

(1),L5,
L7,L8

T6
∫ ∞

0

cos(at) − cos(bt)
t

dt ln
(∣∣∣∣∣ba

∣∣∣∣∣) a, b ∈ R∗ (2),L1

T7
∫ ∞

0
e−ct cos(at) − cos(bt)

t
dt

1
2

ln
(

b2 + c2

a2 + c2

)
a, b ∈ R;

c > 0 (2),L1,L8

T8
∫ ∞

0

(
e−dt

∫ t

0
e−cu cos(au) − cos(bu)

u
du

)
dt

1
2d

ln
(

(d + c)2 + b2

(d + c)2 + a2

)
a, b ∈ R;
c, d ∈ R+

(1),L1,
L5,L7,L8

T9
∫ ∞

0

e−at − cos(bt)
t

dt ln
(
|b|
a

)
a ∈ R+;
b ∈ R∗ (2),L1

T10
∫ ∞

0
e−ct e−at − cos(bt)

t
dt ln

 √b2 + c2

a + c

 a, c > 0;
b ∈ R (2),L1,L8

T11
∫ ∞

0

(
e−dt

∫ t

0
e−cu e−au − cos(bu)

u
du

)
dt

1
d

ln

 √
(d + c)2 + b2

a + d + c

 b ∈ R;
a, c, d ∈ R+

(1),L1,
L5,L7,L8
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Table 1: Continuation of Tests using Laplace Transform.

Test Integral Result Observations Derived from

T12
∫ ∞

0

e−at − e−bt

t
dt ln

(
b
a

)
a, b ∈ R+ (2),L1

T13
∫ ∞

0

(
e−ct

∫ t

0

e−au − e−bu

u
du

)
dt

1
c

ln
(

b + c
a + c

)
a, b ≥ 0;
c ∈ R+

(1),L1,
L5,L7,L8

Table 2 contains the tests related with Fourier Transform theory.

Table 2: Tests using Fourier Transform.

Test Integral Result Observations Derived from

T14
∫ ∞

−∞

e−at2
dt

√
π

a
a ∈ R+ (3)

T15
∫ ∞

−∞

e−at2
cos(bt) dt

√
π

a
e−

b2
4a

a ∈ R+;
b ∈ R

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

T16
∫ ∞

−∞

e−at2
cos2(bt) dt

1
2

√
π

a

(
1 + e−

b2
a

) a ∈ R+;
b ∈ R

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

T17
∫ ∞

−∞

e−at2
sin2(bt) dt

1
2

√
π

a

(
1 − e−

b2
a

) a ∈ R+;
b ∈ R

sin(bt) =
ei bt − e−i bt

2 i
,

(3),F 1,F 6

T18
∫ ∞

−∞

cos(bt)
a2 + t2 dt

π e−a|b|

a
a ∈ R+;
b ∈ R

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

T19
∫ ∞

−∞

cos2(bt)
a2 + t2 dt

π

2a

(
1 + e−2a|b|

) a ∈ R+;
b ∈ R

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

T20
∫ ∞

−∞

sin2(bt)
a2 + t2 dt

π

2a

(
1 − e−2a|b|

) a ∈ R+;
b ∈ R

sin(bt) =
ei bt − e−i bt

2 i
,

(3),F 1,F 6
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Table 2: Continuation of Tests using Fourier Transform.

Test Integral Result Observations Derived from

T21
∫ ∞

−∞

cos
(
at2

)
dt

√
π

2|a|
a ∈ R∗ (3)

T22
∫ ∞

−∞

cos
(
at2

)
cos(bt) dt

√
π

2|a|

(
cos

(
b2

4a

)
+ sin

(
b2

4|a|

))
a ∈ R∗;
b ∈ R

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

T23
∫ ∞

−∞

sin
(
at2

)
dt sign(a)

√
π

2|a|
a ∈ R∗ (3)

T24
∫ ∞

−∞

sin
(
at2

)
cos(bt) dt sign(a)

√
π

2|a|

(
cos

(
b2

4a

)
− sin

(
b2

4|a|

))
a ∈ R∗;
b ∈ R

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

T25
∫ ∞

−∞

cos(bt)
√
|t|

dt
√

2π
|b|

b ∈ R∗; cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

T26
∫ ∞

−∞

|t|a cos(bt) dt
−2 sin

(
π
2 a

)
Γ(a + 1)

|b|a+1
a ∈ (−1, 0);

b ∈ R∗
cos(bt) =

ei bt + e−i bt

2
,

(3),F 1,F 6

Finally, Table 3 contains the tests related with the Residue Theorem theory, using formulas (4), (5) or (6).

Table 3: Tests using the Residue Theorem.

Test Integral Result Observations Derived from

T27
∫ ∞

−∞

mx + n(
x2 + a2)2 dx n

2|a|3
π

a ∈ R∗;
m, n ∈ R (4)

T28
∫ ∞

−∞

mx + n(
ax2 + bx + c

)2 dx 2(2an − mb)
(4ac − b2)3/2 π

a ∈ R+;
m, n ∈ R;
4ac > b2

(4)

T29
∫ ∞

−∞

n
x2 + a2 cos(bx) dx

n
|a| e|ab|

π
a ∈ R∗;
n, b ∈ R (5)

12



Table 3: Continuation of Tests using the Residue Theorem.

Test Integral Result Observations Derived from

T30
∫ ∞

−∞

mx + n(
x2 + a2)2 cos(bx) dx n (1 + |ab|)

2|a|3 e|ab|
π

a ∈ R∗;
m, n, b ∈ R (5)

T31
∫ ∞

−∞

mx + n
x2 + a2 sin(bx) dx sign(b)

m
e|ab|

π
a ∈ R∗;

m, n, b ∈ R (6)

T32
∫ ∞

−∞

mx + n(
x2 + a2)2 sin(bx) dx m b

2|a| e|ab|
π

a ∈ R∗;
m, n, b ∈ R (6)

4.3. Summary of the test results

The tests described in the previous tables have been run in the selected Cas detailed in subsection 3.2. For each
test and each Cas a score of 0, 1, 2 or 3 points have been assigned according to the indications given in subsection 4.2.

The following three tables show the results obtained after running the tests. The lines in the table are ordered by
the final score of each Cas.

Table 4 summarizes the result of the tests involving Laplace Transform theory.

Table 4: Scores for tests using Laplace Transforms

Test
Cas

T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11 T12 T13 Total

Mathematica 11.0.0.0 3 3 3 3 0 3 3 0 3 2 0 3 2 28

Maple 2015 3 0 3 3 0 3 3 0 3 3 0 3 3 27

SymbolicMath ToolBOX
(MATLAB R2016a) 3 3 2 3 0 2 0 0 2 0 0 3 0 18

Wolfram Alpha (no Pro) 3 1 3 3 0 3 1 0 0 0 0 1 0 15

Derive 6.1 3 0 3 3 0 0 0 0 0 0 0 3 0 12

Xcas 1 0 1 0 0 2 0 0 2 0 0 1 0 7

wxMaxima 16.04.0 3 0 3 0 0 0 0 0 0 0 0 0 0 6

SageMath 3 0 3 0 0 0 0 0 0 0 0 0 0 6

Table 5 summarizes the result of the tests involving Fourier Transform theory.
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Table 5: Scores for tests using Fourier Transforms

Test
Cas

T14 T15 T16 T17 T18 T19 T20 T21 T22 T23 T24 T25 T26 Total

Mathematica 11.0.0.0 3 3 3 3 3 3 2 3 3 3 3 3 3 38

wxMaxima 16.04.0 3 3 3 3 3 3 3 2 2 2 2 2 2 33

SageMath 3 3 3 3 3 3 3 2 2 2 2 2 2 33

Maple 2015 3 3 3 3 3 3 3 2 2 2 2 2 0 31

Wolfram Alpha (no Pro) 3 3 3 3 3 0 2 3 1 3 1 3 1 29

SymbolicMath ToolBOX
(MATLAB R2016a) 3 3 0 0 1 0 0 1 1 1 1 2 2 15

Derive 6.1 3 0 0 0 0 0 0 2 0 2 0 3 1 11

Xcas 3 0 0 0 1 1 1 0 0 0 0 1 0 7

Table 6 summarizes the result of the tests involving the Residue Theorem theory.

Table 6: Scores for tests using the Residue Theorem

Test
Cas

T27 T28 T29 T30 T31 T32 Total

Mathematica 11.0.0.0 3 3 3 3 3 3 18

Wolfram Alpha (no Pro) 3 3 3 3 3 3 18

wxMaxima 16.04.0 3 3 3 3 3 3 18

SageMath 3 3 3 3 3 3 18

Maple 2015 3 2 2 2 2 2 13

Xcas 1 3 2 2 2 2 12

SymbolicMath ToolBOX
(MATLAB R2016a) 3 3 1 1 1 1 10

Derive 6.1 3 3 0 0 0 0 6

Finally, Table 7 shows the final scores by adding the partial scores obtained in the previous three tables. This final
table is ordered by the total score achieved by each Cas and also includes the success percentages obtained by the
different Cas. These success percentages are also graphically shown in Figure 1.

14



Table 7: Total scores

Method
Cas

Laplace
Transform

Fourier
Transform

The Residue
Theorem Total Success

percentage

Mathematica 11.0.0.0 28 38 18 84 87,5 %

Maple 2015 27 31 13 71 74 %

Wolfram Alpha (no Pro) 15 29 18 62 64,6 %

wxMaxima 16.04.0 6 33 18 57 59,4 %

SageMath 6 33 18 57 59,4 %

SymbolicMath ToolBOX
(MATLAB R2016a) 18 15 10 43 44,8 %

Derive 6.1 12 11 6 29 30,2 %

Xcas 7 7 12 26 27,1 %
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80

90

100

Mathematica	
11.0.0.0

Maple	2015 wolfram	alpha	(no	
Pro)

wxMaxima	16.04.0 SageMath Symbolic	Math	
ToolBOX	(MATLAB	

R2016a)

Derive	6.1 XCAS	

Percentages

Figure 1: Success percentages

Remark: The final scores and success percentages obtained by the different Cas should not be considered as any
kind of evaluation of these Cas. These scores and percentages just show the behavior of the Cas for the very specific
improper integrals evaluated in the tests.
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5. Rules

In this section a list of rules that can be included in any Cas in order to compute improper integrals are described.
These rules constitute one of the most important contributions in this work. Any Cas can use them in order to improve
its capabilities since none of the Cas considered for the previous tests have been able to compute all the improper
integrals involved. Furthermore, even if a Cas can compute an improper integral without using these rules, the run-
time spent by the Cas could be improved when using the appropriate rule.

Please note that convergence of the improper integral must be checked previously to the use of a rule. If the
Cas lacks of a procedure to check the convergence, a warning message should be displayed together with the result.
That is, the answer to a non-convergence checked improper integral should add to the corresponding result a warning
message like, for example: “. . . if the improper integral is convergent”.

The following example remarks the importance of checking the convergence previously to the application of a
rule:

The improper integral
∫ ∞

0
sin(ax) dx is not convergent for all a ∈ R∗ since the limit of the antiderivative

in infinite, lim
x→∞

−
cos(ax)

a
, does not exists. But the Laplace transform of sin(ax) is L

[
sin(ax)

]
=

a
s2 + a2 and,

applying formula (1), the improper integral would be equal to lim
s→0+

a
s2 + a2 =

1
a
. Therefore, if the convergence of

the improper integral is not previously checked, a Cas could return
1
a

as the result of a non-convergent improper
integral.

To begin with, each test developed in section 4 provides a rule to compute the corresponding improper integral.
That is, the tests considered in tables 1, 2 and 3 provide 32 specific rules to compute improper integrals.

In addition, in this section more generic rules for improper integral computation are introduced. Specifically, the
following three tables provide some general rules which can be used in more general cases than the ones dealt in the
32 previous tests.

For each rule (a row in the tables), not only the improper integral and its result is shown but also some observations
are considered. These observations are mainly related with convergence and with the domain of the parameters
involved in the improper integral.

Table 8 shows the general rules that can be obtained directly from the theoretical formulas (1) to (6) stated in
section 2.

Table 8: General rules using theoretical results.

Integral Result Observations

∫ ∞

0
f (t) dt lim

s→0+
L

[
f (t)

] Improper integral must converge;

L

[
f (t)

]
must exist;

lim
s→0+
L

[
f (t)

]
must exist.

∫ ∞

0

f (t)
t

dt
∫ ∞

0
L
[
f (t)

]
du

Improper integral must converge;

lim
t→0+

f (t)
t

must exist;

L
[
f (t)

]
must exist.∫ ∞

−∞

f (t) dt F
[
f (t)

]∣∣∣∣
s=0

= FF (0)
Improper integrals must converge;
F

[
f (t)

]
must exist for s = 0.
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Table 8: Continuation of general rules using theoretical results.

Integral Result Observations

∫ ∞

−∞

f (x) dx 2π i
∑

zk∈SP

Res
z=zk

f (z)

Improper integrals must converge;
f (z) must not have real singularities;

P ≡ Im(z) > 0;
S P ≡ singularities of f (z) in P.∫ ∞

−∞

f (x) cos(ax) dx Re

2π i
∑

zk∈SP

Res
z=zk

f (z) ei az


Improper integrals must converge;

f (z) ei az must not have real singularities;
P ≡ Im(z) > 0;

S P ≡ singularities of f (z) ei az in P.∫ ∞

−∞

f (x) sin(ax) dx Im

2π i
∑

zk∈SP

Res
z=zk

f (z) ei az


Improper integrals must converge;

f (z) ei az must not have real singularities;
P ≡ Im(z) > 0;

S P ≡ singularities of f (z) ei az in P.

As stated in section 2, the Laplace and Fourier transforms of many functions cannot be computed directly from
their definition, but can be easily computed using their properties. For this reason, in order to use the three first general
rules of the previous table in an appropriate way, the Cas also should implement rules for the properties of Laplace
and Fourier transforms to enable their computations.

Table 9 shows some general rules involving Fourier Transform.

Table 9: General rules using Fourier Transform.

Integral Result Observations Derived from

∫ ∞

−∞

e−at2
cosn(bt) dt

√
π

2n
√

a

n∑
k=0

(
n
k

)
e−

b2(n−2k)2
4a

a ∈ R+;
b ∈ R;
n ∈ N

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

∫ ∞

−∞

e−at2
sinn(bt) dt

0 if n odd
√
π

2n
√

a

n∑
k=0

(
n
k

)
(−1)ke−

b2(n−2k)2
4a if n even

a ∈ R+;
b ∈ R;
n ∈ N

sin(bt) =
ei bt − e−i bt

2 i
,

(3),F 1,F 6

∫ ∞

−∞

cosn(bt)
a2 + t2 dt

π

2na

n∑
k=0

(
n
k

)
e−a|b(n−2k)|

a ∈ R+;
b ∈ R;
n ∈ N

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6

∫ ∞

−∞

sinn(bt)
a2 + t2 dt

0 if n odd
π

2na

n∑
k=0

(
n
k

)
(−1)ke−a|b(n−2k)| if n even

a ∈ R+;
b ∈ R;
n ∈ N

sin(bt) =
ei bt − e−i bt

2 i
,

(3),F 1,F 6

∫ ∞

−∞

|t|a cos2n+1(bt) dt
−2 sin

(
π
2 a

)
Γ(a + 1)

4n|b|a+1

n∑
k=0

(
2n + 1

k

)
1

|2n + 1 − 2k|a+1

a ∈ (−1, 0);
b ∈ R∗;
n ∈ N

cos(bt) =
ei bt + e−i bt

2
,

(3),F 1,F 6
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Finally, table 10 shows some general rules involving the Residue Theorem.

Table 10: General rules using the Residue Theorem.

Integral Result Observations Derived from

∫ ∞

−∞

x2m

x2n + a2n dx
π csc

(
π(2m+1)

2n

)
n |a|2n−2m−1

a ∈ R∗;
n ∈ N∗;
m ∈ N;
n > m.

(4)

∫ ∞

−∞

Pk(x)
(x2 + a2)n dx

2πi
(n − 1)!

lim
x→ai

[
dn−1)

dxn−1)

(
Pk(x)

(x + ai)n

)] Pk(x) polynomial of
degree k ≤ 2n − 2;

a ∈ R+;
n ∈ N∗

(4)

∫ ∞

−∞

Pk(x)
(ax2 + bx + c)n dx

2πi
an(n − 1)!

lim
x→x1

[
dn−1)

dxn−1)

(
Pk(x)

(x − x1)n

)]
Pk(x) polynomial of
degree k ≤ 2n − 2;

a ∈ R∗;
4ac > b2;

x1 =
−b +

√
4ac − b2 i
2a

;

n ∈ N∗

(4)

∫ ∞

−∞

Pk(x) cos(bx)
(x2 + a2)n dx Re

(
2πi

(n − 1)!
lim
x→ai

[
dn−1)

dxn−1)

(
Pk(x) eibx

(x + ai)n

)]) Pk(x) polynomial of
degree k ≤ 2n − 1;

a, b ∈ R+;
n ∈ N∗

(5)

∫ ∞

−∞

Pk(x) cos(βx)
(ax2 + bx + c)n dx Re

(
2πi

an(n − 1)!
lim
x→x1

[
dn−1)

dxn−1)

(
Pk(x) eiβx

(x − x1)n

)])
Pk(x) polynomial of
degree k ≤ 2n − 2;

a ∈ R∗;
β ∈ R+;

4ac > b2;

x1 =
−b +

√
4ac − b2 i
2a

;

n ∈ N∗

(5)

∫ ∞

−∞

Pk(x) sin(bx)
(x2 + a2)n dx Im

(
2πi

(n − 1)!
lim
x→ai

[
dn−1)

dxn−1)

(
Pk(x) eibx

(x + ai)n

)]) Pk(x) polynomial of
degree k ≤ 2n − 1;

a, b ∈ R+;
n ∈ N∗

(6)

∫ ∞

−∞

Pk(x) sin(βx)
(ax2 + bx + c)n dx Im

(
2πi

an(n − 1)!
lim
x→x1

[
dn−1)

dxn−1)

(
Pk(x) eiβx

(x − x1)n

)])
Pk(x) polynomial of
degree k ≤ 2n − 2;

a ∈ R∗;
β ∈ R+;

4ac > b2;

x1 =
−b +

√
4ac − b2 i
2a

;

n ∈ N∗

(6)

Please, note that some of the general rules described in the previous three tables, generalize some specific rules
considered in the tests 1 to 32.
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6. Conclusions

The necessity of dealing with improper integrals in different applications for Engineering together with the diffi-
culty of computing them in some cases has been stated in Section 1.

In order the article to be self-contained, Section 2 where the basic theoretical concepts on Laplace and Fourier
Transform and the Residue Theorem has been included. This theoretical concepts have been used to compute some
improper integrals for which the classical procedures of computations fail.

In Section 3 a brief review of the evolution of Cas has been considered. This brief review includes a short
description of each of the most relevant and popular Cas historically ordered.

The use of the theoretical concepts has led to the development of several tests on improper integral computation
which have been used to check the capabilities of different Cas in this field. The results obtained have provided a
classification of this Cas attending to the scores obtained by each of them in three different blocks: improper integrals
computations using Laplace Transform, Fourier Transform or the Residue Theorem. Joining these three blocks, a final
score has been assigned to each Cas providing a final classification of them within this field (Section 4) .

The development of these tests has also provided a list of specific rules that Cas could integrate in their system in
order to improve their capabilities on improper integral computations. In addition to these specifics rules, in Section 5
a new set of more general rules has been developed. These general rules are classified in three blocks: those obtained
from the general theoretical frame, using Fourier Transform and using the Residue Theorem. These general rules are
even more relevant for Cas than the specific ones since none of the Cas has all these general rules integrated and,
therefore, all Cas could improve even more their capabilities.

The results stated in Section 4 show that none of the Cas considered has been able to solve all the tests. Therefore,
the integration of the rules would increase the range of improper integrals that all these Cas can compute. Furthermore,
even in the case that a Cas successes in the execution of a test, the run-time spent to get the result can be reduced
when using the appropriate rule.
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Appendix A. Elementary Laplace Transforms and properties

In order to compute the Laplace Transform of a function, since its definition may leads to a “difficult” integral, the
following elementary Laplace Transforms and properties are used:

L

[
1
]

=
1
s

s > 0 L

[
eat

]
=

1
s − a

s > a

L

[
tn
]

=
n!

sn+1 n ∈ N∗ ; s > 0 L

[
tx
]

=
Γ(x + 1)

sx+1 x > −1 ; s > 0

L

[
sin(at)

]
=

a
s2 + a2 s > 0 L

[
cos(at)

]
=

s
s2 + a2 s > 0

Let F(s) = L[ f (t)] ; G(s) = L[g(t)] ; a, b ∈ R:

L1: Linearity L
[
a · f (t) + b · g(t)

]
= a · F(s) + b ·G(s)

L2: Translation If h(t) =

{
f (t − a) t > a

0 t < a then L

[
h(t)

]
= e−asF(s)

L3: Scale change L

[
f (at)

]
=

1
a

F
( s
a

)
∀ a > 0
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L4: Laplace Transform of derivatives L

[
f ′(t)

]
= sF(s)− f (0) and, generalizing for higher order derivatives:

L

[
f (n)(t)

]
= snF(s) − sn−1 f (0) − sn−2 f ′(0) − · · · − s f (n−2)(0) − f (n−1)(0)

L5: Laplace Transform of integrals L

[∫ t

0
f (u) du

]
=

F(s)
s

(This property adds the restriction s > 0 to the restriction of F(s)).

L6: Polynomial multiplication L

[
tn f (t)

]
= (−1)n dn

dsn F(s)

L7: Division by t if lim
t→0+

f (t)
t

exists, then L

[
f (t)
t

]
=

∫ ∞

s
F(u) du

L8: Multiplication by exponentials if α ∈ R, then L

[
eαt f (t)

]
= F (s − α)

(The shift in the variable s is also applicable to the domain of the Laplace Transform. That is: if F(s) is valid
in s > a, the new Laplace Transform is valid in s − α > a⇐⇒ s > a + α).

L9: Convolution product If f (t) ∗ g(t) =

∫ t

0
f (u)g(t − u) du then L

[
f (t) ∗ g(t)

]
= F(s) ·G(s)

L10: Initial value theorem If lim
t→0+

f (t) exists, then lim
t→0+

f (t) = lim
s→∞

sF(s)

L11: Final value theorem If lim
t→∞

f (t) exists, then lim
t→∞

f (t) = lim
s→0+

sF(s)

Appendix B. Elementary Fourier Transforms and properties

As for Laplace Transform, in order to compute the Fourier Transform of a function, since its definition may leads
to a “difficult” integral, the following elementary Fourier Transforms and properties are used:

F

[
X[a,b](t)

]
=

e−i as − e−i bs

i s
F

[
ect X[a,b](t)

]
=

eb(c−i s) − ea(c−i s)

c − i s
Re(c) < 0

F

[
X[−a,a](t)

]
=

2 sin(as)
s

F

[
ect X[0,∞)(t)

]
=

1
i s − c

Re(c) < 0

F

[
sign(t)

]
=

2
i s

F

[
1

t2 + c2

]
= −

π

c
ec|s| Re(c) < 0

F

[
e−at2

]
=

√
π

a
e−

s2
4a a > 0 F

[
cos

(
at2

) ]
=

√
π

|a|
cos

(
s2

4|a|
−
π

4

)
a ∈ R∗

F

[
ec|t|

]
=
−2c

s2 + c2 Re(c) < 0 F

[
sin

(
at2

) ]
= −sign(a)

√
π

|a|
sin

(
s2

4|a|
−
π

4

)
a ∈ R∗

F

[
1
√
|t|

]
=

√
2π
|s|

F

[
|t|α

]
=

−2 sin
(
πα

2

)
Γ(α + 1)

|s|α+1 − 1 < α < 0

where X[a,b](t) =


1 if t ∈ [a, b]

0 if t < [a, b]
and sign(t) =


1 if t > 0

0 if t = 0

−1 if t < 0

Let F(s) = F [ f (t)] ; G(s) = F [g(t)]:
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F 1: Linearity F

[
a · f (t) + b · g(t)

]
= a · F(s) + b ·G(s) with a, b ∈ C

F 2: Translation F

[
f (t − a)

]
= e−i as F(s) with a ∈ R

F 3: Scale change F

[
f (at)

]
=

1
|a|

F
( s
a

)
with a ∈ R

F 4: Inversion F

[
F(t)

]
= 2π f (−s) if f (s) is an integrable function.

F 5: Fourier Transform of derivatives F

[
f ′(t)

]
= i s F(s) if f (t) and f ′(t) are absolutely integrable functions

and lim
t→−∞

f (t) = lim
t→∞

f (t) = 0. Generalizing for higher order derivatives:

F

[
F(n)(t)

]
= (i s)n F

[
F(t)

]
= (i s)n f (s) if lim

t→−∞
f (k)(t) = lim

t→∞
f (k)(t) = 0 for k = 1, 2, . . . , n − 1

F 6: Multiplication by exponentials F

[
eiαt f (t)

]
= F(s − α) with α ∈ R

F 7: Convolution product if f (t) ∗ g(t) =

∫ ∞

−∞

f (u)g(t − u) du then F

[
f (t) ∗ g(t)

]
= F(s) ·G(s)

F 8: Parseval’s Identity
∫ ∞

−∞

|F(s)|2 ds = 2π
∫ ∞

−∞

| f (t)|2 dt

F 9: Real function test F(t) is a function of real values ⇐⇒ F(−s) = F(s)
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