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Abstract 

The near-crack-tip displacement field of a Brazilian disc with a central notch (BDCN) under mixed 

mode I/II conditions was measured via digital image correlation (DIC) and the stress intensity factor 

(SIF) was estimated using a hybrid method that allowed the fitting of the experimental data into the 

Williams series expansion. The effects of higher-order terms in the Williams expansion (T-stress) were 

analysed for different sizes of the crack tip fitting region and the results were compared with analytical 

predictions as well as with results obtained based on the numerically calculated crack-tip displacement 

field.  
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Abbreviations/nomenclature 

2D two-dimensional 

BDCN Brazilian disc with a central notch 

DIC digital image correlation 

FEA finite element analysis 

LEFM linear elastic fracture mechanics 

ODM over-deterministic method 

SIF stress intensity factor 

WE Williams expansion 

HPC high performance concrete 

 biaxiality parameter (-) 

 Poisson’s ratio (-) 

 initial notch angle (°) 

X, Y distance increment in the X and Y direction (mm) 

𝑓𝑛
𝐼 , 𝑔𝑛

𝐼  known shape functions for mode I (-) 

[C] shape function matrix (-) 

[U] displacements vector (mm) 

[X] vector of unknown coefficients of the WE (-) 

a initial notch length (mm) 

B  specimen thickness (mm) 

mailto:Petr.Miarka@vut.cz


2 

 

E Young’s modulus of elasticity (GPa) 

k number of displacement values in ODM evaluation (-) 

KI stress intensity factor for mode I (MPam1/2) 

KII stress intensity factor for mode II (MPam1/2) 

N,M number of unknown coefficients of the WE (-) 

P load (kN) 

R specimen radius (mm) 

r, polar coordinates (mm) and (rad) 

rC critical distance (mm) 

T-stress T-stress in the crack plane (MPa) 

u horizontal displacement (mm) 

v vertical displacement (mm) 

σt tensile strength (MPa)  

1. Introduction 
For the last decade, the design of newly built concrete structures has considered the economic and 

environmental impact of new structures. This has led to the development of materials which have 

higher mechanical performance and a lower impact on the environment. The use of high-performance 

concrete (HPC) [1, 2] is such an application. The production of HPC consumes much less natural 

resources (i.e. raw materials for cement, aggregates and water) than standard concrete, and the mixture 

itself contains less cement (lower CO2 production), while improved mechanical properties allow the 

production cost (thin walled structural elements) to be reduced.  

To reduce the natural resources used and improve the mechanical characteristics of concrete mixture, 

mineral admixtures are added to the HPC mixture, i.e. secondary pozzolans like silica fume [3], high 

furnace slag [4], fly ash, etc.  HPC is used where the weight reduction of a structure is crucial or where 

the architectural design demands smaller and thinner load-bearing structural elements for a required 

aesthetic value. However, these demands can lead to easier crack initiation and propagation.  

Typically, tensile mode I crack opening and propagation are studied, while shear mode II is normally 

neglected in most research works. Even a simply supported beam with distributed load (see Figure 

1(a)) carries such a combination of mode I and mode II load. If the stress distribution is plotted in 

principal stresses, one can find the location of the highest tensile mode I stresses and highest mode II 

shear stresses, which produce the main failure mechanism (transverse tension) of concrete structures. 

Nevertheless, there is a location with a combination of tensile and shear stress which produces mixed 

mode I/II crack initiation. This fact is unintentionally omitted in studies, and in practice this weakest 

material point is strengthened using shear reinforcement – stirrups [5] (see Figure 1(b)). However, 

static or cyclic load [6, 7] can lead to microcracks in the concrete cover layer which propagate and 

increase in size until final failure occurs [8, 9]. This often leads to reinforcement exposure, and thus to 

the reduction of the total service lifetime [10-12]. 
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(a) 

 
(b) 

Figure 1: Illustrative principal stress distributions (a) and reinforcement (b) of a simply supported beam with a distributed 

load. 

Usually, mixed mode I/II fracture is studied via various crack initiation criteria, e.g. the maximum 

tangential stress (MTS) criterion [13], the strain energy density (SED) criterion[14], the generalized 

maximum tangential stress (GMTS) criterion [15], the generalised strain energy density (GSED) 

criterion [16], and others. The first two criteria consider the stress intensity factor (SIF) for mode I and 

mode II, while the GMTS criterion uses SIFs, the T-stress and the critical distance rC in the calculation 

of the crack initiation direction under mixed mode I/II. The SIFs and T-stress can be evaluated directly 

using the Williams expansion (WE) postulated by Williams [17], or (for some simple configurations) 

expressed explicitly from an analytical solution. They are summed up in various handbooks [18, 19] 

and extensively studied by Atkinson [20]. Experimental verification of the analytical formulations 

mentioned in handbooks can be done by employing the digital image correlation (DIC) method [21, 

22], which captures the displacement fields that arise during experimental testing. The aim of this 

experimental study is to investigate various displacement fields in the close vicinity of the crack tip 

measured under various loading mode mixity conditions. For this, a Brazilian disc with a central notch 

(BDCN) was used, see Figure 33 The used BDCN specimen was made from HPC and the initial notch 

had two different lengths, which produce different mode mixities and constraint levels. The 

displacement field was captured via DIC measurement and compared with a displacement field 

generated numerically by means of finite element analysis (FEA). Both of these displacements were 

arranged as an input to the over-deterministic method (ODM) [23], which provides a relatively simple 

solution of the WE terms. The evaluated values for KI, KII and T-stress were compared with data found 

in the literature. 

2. Theoretical Background 
First, the Williams expansion for the description of stress and displacement fields in a cracked body 

under mixed mode I/II conditions is presented. Then we describe the formula used for the SIFs and T-

stress calculation. Finally, we briefly discuss the over-deterministic method used in the evaluation of 

the experimental data. 

2.1 Stress and Displacement Fields for Mixed Mode I/II 

This experimental study is based on the linear elastic fracture mechanics (LEFM) concept. LEFM uses 

the WE for the description of the stress fields in the close vicinity of the tip of a crack in homogeneous 
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isotropic cracked material. The Cartesian/polar coordinate system is used for the description of stress 

and displacement fields, as shown in Figure 22. 

 
Figure 2: Coordinate system and related stress components. 

This expansion is an infinite power series which describes the stress field as follows: 
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(1)  

where r and  are the polar coordinates, n is the order of the term in the infinite power series, 

coefficient An corresponds to mode I and coefficient Bn corresponds to mode II. The coefficient of the 

first singular term for n = 1, i.e. A1, is related to the stress intensity factor for mode I, and the second 

coefficient A2 corresponds to the distance-independent term called T-stress. For mode II the first 

singular term for n = 1, i.e. B1, is related to the stress intensity factor for mode II. These terms can be 

calculated as follows: 

𝐾𝐼 = √2𝜋𝐴1;  𝑇 = 4𝐴2, 𝐾𝐼𝐼 = −√2𝜋𝐵1. 
(2) a
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In Eqs. 3-4, u and v are the displacement vector components in the x and y direction,  is the shear 

modulus, which can be expressed as E/2(1 + ),  is Kolosov’s constant for plane strain 3 - 4 and for 

plane stress (3 - )/(1 + ) conditions, and E and  are the Young’s modulus and the Poisson’s ratio, 

respectively. 𝑓𝑛
𝐼(𝑟, 𝜃) and 𝑔𝑛

𝐼 (𝑟, 𝜃) are known geometry functions for mode I and 𝑓𝑛
𝐼𝐼(𝑟, 𝜃) and 

𝑔𝑛
𝐼𝐼(𝑟, 𝜃) are known geometry functions for mode II in polar coordinates. The terms f0A0 and g0B0 are 

the displacements corresponding to n = 0 and are directly related to the rigid body translation of the 

crack tip.  

2.2 The Stress Intensity Factor for Mixed Mode I/II and T-stress 

A BDCN specimen was used due to the simplicity of specimen preparation, the relatively simple 

experimental setup and the possibility of mixed mode I/II loading. This loading is achieved by 

inclining the initial notch to the loading point at the angle . A diagram of the BDCN specimen is 

presented in Figure 3. 

 

Figure 3: Dimensions and boundary conditions of a Brazilian disc with a central notch (BDCN). 

The SIFs for mode I and mode II are calculated using Eqs. 5-6 according to the handbook by Tada & 

Paris [18]. 
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𝑃√𝑎

𝑅𝐵√𝜋

1

√1 −
𝑎
𝑅
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𝐾𝐼𝐼 =
𝑃√𝑎

𝑅𝐵√𝜋

1
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𝑎
𝑅
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(6)  

where P is the applied compressive load, R is the specimen radius, a is the crack length,  is the notch 

inclination angle, B is the thickness of the specimen and YI and YII are the shape functions for mode I 

and mode II, respectively. The values of the shape functions for mode I and mode II can be found in 

the literature, e.g. Ayatollahi Aliha [24], Seitl [25] et al. and Fett [26]. In this study, two different 

notch lengths a/R were chosen, which results in different values being obtained for SIF and the level 

of constraint. The difference in SIF values is shown in Figure 4(a), while Figure 4(b) shows the 

difference for T-stress.  
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(a) (b) 
Figure 4: Comparison of the differences between the SIF (a) and T-stress (b) values for two different notch lengths.  

Various solutions for the evaluation of the elastic T-stress can be found in works by Leevers and 

Radon [27], Knesl and Bednar [28], and Fett [26]. All of these authors proposed the following relation 

between the biaxiality parameter , mode I stress intensity factor KI, T-stress T and crack length a: 

𝛽 =
𝑇√𝜋𝑎

𝐾𝐼
  . 

(7) a

  

Based on the biaxiality parameter values presented in the mentioned handbooks, the T-stress can be 

obtained for basic cracked specimens. However, for the BDCN specimen, the KI values for some 

angles  can be equal to zero, which leads to infinite values of . For this reason, it is recommended 

that another method be used, i.e. the direct extrapolation method [29], or that finite element software 

be used to directly obtain the T-stress value.  

2.3 The Over-Deterministic Method 

To evaluate the SIFs and T-stress derived from the Williams expansion, the  over-deterministic 

method (ODM) proposed by Ayatollahi and Nejati [23] can be used. This is an improvement of the 

general method proposed by Sanford and Dally [30], which also determines SIFs and far field stress 

from displacement, does not account for higher order terms of the WE. The current implementation of 

ODM generated reliable results previously [31].The ODM utilizes k numbers of horizontal u and 

vertical v displacements of the displacement fields. Using Eqs. 3 and 4, where the unknowns are only 

N numbers of An coefficients and M numbers of Bn coefficients, an over-determined system of 

equations can be formed: 

[𝑈]2𝑘+1 = [𝐶]2𝑘×(𝑁+𝑀+2)[𝑋](𝑁+𝑀+2), 
(8) a

  

where [U] contains the displacements u and v, [C] contains the values of shape functions fI(r,) and 

gI(r,) for mode I and shape functions fII(r,) and gII(r,) for mode II, [X] are the unknown WE 

coefficients and N and M are the demanded number of evaluated WE coefficients. This leads to the 

solution by the least-square method in a vector form expressed as: 

[𝑋]  =  ([𝐶]𝑇[𝐶])−1[𝐶]𝑇[𝑈]. 
(9) a

  

3. Experimental Details 
First, we introduce the material used within the study together with the measured material’s 

mechanical properties. Then the specimen’s geometry is presented. Afterwards, we present the digital 

image correlation technique which was used in the measurement of displacement fields in front of the 

notch tip. Lastly, the experimental set-up for the BDCN specimen is introduced. 
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3.1 Material 

High strength concrete was designed with the intent to produce thinner and lighter precast concrete 

structural elements. The aggregates were composed from natural sand 0/4 mm and crushed high 

quality granite 4/8 mm (the maximum aggregate size is 8 mm). Portland cement CEM I 42.5 R was 

used with three mineral admixtures, see [32]. Generally, binder consists of 81 % CEM I 42.5 R, 9.5 % 

metakaolin, 7.5 % GBFS and 2.5 % limestone. The water/binder ratio was 0.22. A polycarboxylate-

based superplasticizer was selected with regard to its compatibility with cement. The concrete was 

mixed in a volume of 0.7 m3 and poured into moulds. 

The mechanical properties of the studied HPC were measured in accordance with European standards 

at 28 days and are presented in Table 1.  

Table 1: Mechanical parameters (with their standard deviations) of the studied HPC at 28 days. 

Compressive strength fc,cube [MPa] 106.2  2.5 

Young's modulus E [GPa] 41.0  0.6 

Flexural strength fct [MPa] 9.3  0.9 

Indirect tensile strength ft [MPa] 6.43  0.3 

The concrete was tested at the age of 1 day and 28 days, while some other characteristics – especially 

non-destructive - were tested at a later age. Due to the mixing of the concrete in the industrial mixer, 

the mechanical properties, especially compressive strengths, were lower compared to those from 

laboratory tests. The measured mechanical properties from the tests were as follows: the 150 mm cube 

compressive strength was (65.2 ± 1.4) MPa at the age of 24 hours and (106.2 ± 2.5) MPa at 28 days, 

while the flexural strength at the age of 28 days was (9.3 ± 0.9) MPa and the static modulus of 

elasticity measured on cylinders of 150 mm  300 mm was (41.0 ± 0.6) GPa. However, the 

measured/calculated values of E were lower than expected with respect to compressive strength – the 

absence of coarse aggregates could be a reason [33].  

Basic fracture properties can be tested on various types of specimen, and various methods for the 

assessment of results have been published, see e.g. [34-36].For the purposes of this work, the fracture 

mechanical properties of notched beams and a BDCN specimen were tested. The beams had 

dimensions of 80 mm × 80 mm × 480 mm in accordance with Karihaloo’s and Nallathambi’s effective 

crack model [34], afterwards test were carried out on a BDCN specimen. The FMPs measured from 

the beams were: modulus of elasticity E = 46.5±1.2 GPa, which is similar to the values from the 

mechanical measurements, see Table 1; effective crack length aef = 15.5±2.8 mm; effective fracture 

toughness KICe = 1.74±0.18 MPam1/2 and fracture energy GC = 65±11 Jm–2. The evaluated fracture 

toughness value from the BDCN specimen test is KIC,BDCN = 1.106±0.06 MPa m1/2. This result is 45% 

lower than the KIC measured on the geometry of notched beams. The difference is caused by the 

geometry effect. This geometry effect was recently discussed for limestone in [37] and for concrete in 

[25]. 

3.2 Specimen Geometry 

In this experimental study, a BDCN specimen was tested with two different notch lengths and various 

notch inclination angles α. The BDCN specimens were manufactured from a standardized cylindrical 

specimen with the diameter D = 150 mm (radius R = D/2) and a thickness B of 30 mm. The initial 

notch was made by a water jet cutter in order to provide a straight-through notch. The initial notch 

lengths 2a were 40 and 60 mm, respectively. These specimens were tested under mixed mode I/II load 

conditions and for the pure mode II, which is performed by varying the notch inclination angle α 

(please note that the angle corresponding to the pure mode II varies based on the selected a/R ratio). 

The actual measured dimensions of D, B and a are presented in Table 2.  
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Table 2: Measured dimensions of the used Brazilian disc specimens.  

Specimen α [°] D [mm] B [mm] 2a [mm] a/R [-] 

HPC_4_3_2 5 149.18 30.65 40.46 0.271 

HPC_4_3_3 10 149.23 30.47 40.08 0.269 

HPC_4_3_4 27.7 149.21 31.50 40.41 0.271 

HPC_6_3_1 0 149.18 30.56 60.59 0.406 

HPC_6_3_2 5 149.23 30.48 60.21 0.403 

HPC_6_3_3 15 149.17 30.56 60.29 0.404 

The dimensions of the BDCN specimen are presented in Figure 3.  Real BDCN specimens with a 

relative notch ratio a/R = 0.267 are presented in Figure 5. 

 
Figure 5: BDCN specimens with marked notch inclination angles with relative notch lengths a/R of 0.267. 

3.3 Digital Image Correlation (DIC)  

DIC was used to investigate the crack tip behaviour of the BDCN specimen for various crack lengths 

and various inclination angles α (see Table 3). DIC provides full-field displacement information by 

comparing images taken before and after straining the specimen body [38]. Each image is divided into 

smaller regions, or ‘interrogation windows’. The cross-correlation product is used to measure the 

similarity between the interrogation windows before and after straining the body for the purposes of 

the study:  

𝑐(𝑢, 𝑣) = ∑ ∑ 𝐼𝐴(𝑥, 𝑦) ∙ 𝐼𝐵(𝑥 + 𝑢, 𝑦 + 𝑣)
𝑦=

𝑁

2

𝑦=−
𝑁

2

𝑥=
𝑁

2

𝑥=−
𝑁

2

,  (10)  

where c is the cross-correlation product, which is a function of u and v, these being the displacement 

vectors joining the centres of the two regions of interest along directions x and y, respectively; IA and 

IB are the intensity distribution of the two digital images before and after straining the sample, 

respectively; and N is the number of interrogation windows into which the digital images were 

divided. The maximum value of the cross-correlation product (Eq. 10) is the probable displacement 

vector for the centre of each interrogation window in IA. The camera was tilted so that the positive x 

coordinate matched the direction of crack growth and the y coordinate matched the crack opening 

direction. Accordingly, the angle of camera tilt was changed for the different angles α studied (Table 

2). This improves the resolution of the analysis and makes post-processing easier and faster [39, 40]. 

DIC requires the surface to have a random pattern so that each interrogation window is unique in each 

image and can be located easily in the same image after it has undergone some deformation or rigid 

body movement. In this work, the pattern with a random grey intensity distribution was obtained by 

spray painting the surface with black and white speckles. An 8-bit 2048 × 2048 pixel CCD camera 

(Gazelle GZL-CL-41C6M) with a maximum image acquisition rate of 150 frames per second was 

used for taking images, and recommendations from previous analyses were followed [41]. The 

experimental setup was similar to the one used previously [42]. DIC generated a pair of matrices, u 

and v, with displacement values that were combined with an analytical model to infer fracture 

mechanical parameters (see the next section). 

3.4 DIC data extraction 

It is recognized that plastic deformation will occur at the crack tip as a result of the high stresses that 

are generated by the sharp stress concentration. To estimate the extent of this plastic deformation, 
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Irwin equated the yield strength to the Y-direction stress along the X-axis and solved it for the radius. 

The radius value determined was the distance along the X-axis where the stress perpendicular to the 

crack direction would equal the yield strength; thus, Irwin[43] found that the extent of plastic 

deformation (critical distance rC) was [44]. 

𝑟𝑐 =
1

2
(
𝐾𝐼𝐶

𝜎𝑡
)
2

 – plane stress, 
(11) a

  

𝑟𝑐 =
1

6
(
𝐾𝐼𝐶

𝜎𝑡
)
2

– plane strain. (12)  

In Eqs. 11 and 12 KIC is the fracture toughness for mode I and t is the tensile strength. 

To evaluate the SIFs and the T-stress a displacement field measured by DIC in front of the crack tip 

was chosen at various distances from the crack tip. The displacements were chosen outside of the 

critical distance, whose radius/size rc can be evaluated by Eqs. 11 or 12. The estimated critical 

distance was an rC of 1.56 mm for the plane strain and 4.67 mm for the plane stress. The calculated 

critical distance values justify the use of the LEFM concept, and especially the use of the WE.  

Although the digital image correlation method uses a grid with a constant increment X, Y in both 

directions X and Y, the numerical evaluation uses a grid in polar coordinates. The difference between 

the used grids is presented in Figure 6. 

  
(a) (b) 

Figure 6: Schema of the points whose displacements were used for the evaluation of the WE terms via the combination of 

the ODM and: (a) FEA; (b) DIC. 

In this study, two different X, Y distances of 2 and 4 mm for the extraction of the DIC’s 

displacement were selected in order to fulfil the above-mentioned condition of avoiding the plastic 

zone around the crack tip. As in the case of the DIC measurement, a radius r of 2 and 4 mm were 

selected in order to verify the accuracy of experimentally measured displacements with data generated 

by the FEA. Sobel’s algorithm, implemented in the edge-finding routine in the MATLAB image 

processing toolbox [45], was used for the determination of the crack tip position. Sobel’s routine is 

often used for image processing analysis. It works by comparing values within a 2D displacement 

map. It gives a value of 1 in the regions where there is a significant discontinuity, and a value of 0 

elsewhere. The edge is then located along the positions where a value of 1 was obtained. The crack is 

identified along the points where an edge was detected, and the crack tip is located at the end of the 

identified crack. This approach was previously used in fatigue and fracture applications [46, 47]. An 

interesting comparison of different methods for locating the crack tip from DIC maps [48] is also 

available. To the authors’ knowledge, this is the first time that such a procedure has been applied to 

concrete. We are currently working on adapting the procedure for the automatic evaluation of crack tip 

position in composite materials [49].  

Typical horizontal displacement fields u and vertical displacements v with marked crack tip locations 

and locations for displacement extraction are shown in Figure 7.  
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(a) 

 
(b) 

Figure 7: Displacement fields measured via the DIC technique with a marked notch tip and the chosen distance for the 

evaluation of the WE coefficients (a) – horizontal displacement u and (b) – vertical displacement v. 

Figure 7 shows both the horizontal (Figure 7(a)) and vertical (Figure 7(b)) displacement maps 

collected around the crack. The slight non-symmetry observed in both maps is indicative of mode II 

deformation measured in the neighbourhood of the crack. Such mode II deformation plays a key role 

in the onset of fracture and has a major influence on the acquired results. The discontinuity generated 

by the crack can be observed in Figure 7(a) and 7(b) running parallel to the Y axis. Such a 

discontinuity was detected by Sobel’s edge-finding routine and was used to estimate the crack tip 

position following the strategy previously described [40].  

3.5 Experimental Test Setup 

In this subsection, the equipment used for testing and the experimental methods are described. The 

experimental testing was performed on a BDCN specimen using an MTS servo-hydraulic rig with a 
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maximum capacity of 100 kN and a vertical displacement speed of 0.01 mm/s. This experimental 

setup was equipped with a 4.1 MP CCD camera coupled with a Schneider lens, which provided a field 

of view (FOV) of 181.24 × 181.24 mm2. Two light sources were used to ensure good homogeneous 

light conditions for the digital image correlation technique. The digital images were processed by VIC 

2D V6 software in order to obtain a displacement field [50]. The used experimental setup is presented 

in Figure 8.  

 

Figure 8: Experimental setup for a BDCN specimen with a treated surface for digital image correlation measurement. 

The measured maximum load for various relative notch lengths a/R and various notch inclination 

angles are presented in Table 3.  

Table 3: Maximum loading force values during the experiment for different BDCN specimens. 

 a/R = 0.267 

Specimen No. HPC_4_3_2 HPC_4_3_3 HPC_4_3_4 

Notch inclination angle  [°] 5 10 27.7 

Force Pmax [kN] 22.5 24.3 27.4 

 a/R = 0.4 

Specimen No. HPC_6_3_1 HPC_6_3_2 HPC_6_3_3 

Notch inclination angle  [°] 0 5 15 

Force Pmax [kN] 13.09 18.01 17.22 

4. Numerical Model  
In order to assess the relevance of the displacement measured by the DIC technique, a two-

dimensional (2D) numerical model was created in a finite element analysis (FEA) software ANSYS 

[51]. The numerical model of the BDCN specimen had the dimensions mentioned in Figure 5(a) and 

the material model is considered to be linear elastic. The full BDCN specimen was modelled due to 

the presence of mode II deformations. 

The input material parameters were a Young’s modulus E of 41 GPa and a Poisson’s ratio  of 0.2. 

The model was meshed with quadrilateral 8-node elements (PLANE183) with plane strain conditions 

(see Figure 9(a)). The crack tip was meshed using the KSCON command in order to take into account 

the crack tip singularity and to provide angularly structured mesh. The KSCON command deforms the 

original quadratic elements around the crack tip into triangular ones and shifts the mid-side nodes to a 

distance of ¼ of the element’s edge (towards the crack tip) [51]. The notch tip refinement is presented 

in Figure 9(b).  
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(a)  (b) 
Figure 9: Meshed numerical model with applied boundary conditions (a) and a detail of the crack tip refinement (b). 

The model was loaded with the force P at the right edge of the disc, while the left edge was considered 

as a rigid support (ux and uy = 0). Adequate boundary conditions were added to prevent translation of 

the rigid body (see Figure 9(a)). The values of P are presented in Table 3 for each crack length.  

An interaction integral [52] (which is a derivation of the J-integral [53]) is implemented in the 

employed FEM software. It provides a sufficient calculation of the SIF and T-stress. This calculation 

uses a path-independent integral around the notch at various radial distances. It is recommended that 

use be made of at least four different radial distances for which an interaction integral is calculated. 

The result is then the average value of the SIFs over these distances. The interaction integral has the 

following form: 

𝐼 =  
2

𝐸∗
(𝐾1𝐾1

𝑎𝑢𝑥 + 𝐾2𝐾2
𝑎𝑢𝑥) +

1

𝜇
𝐾3𝐾3

𝑎𝑢𝑥,  (13)  

where Ki is the stress intensity factor for mode I, II and III, 𝐾1
𝑎𝑢𝑥 is the auxiliary stress intensity factor 

for mode I, II and III, E* is the Young’s modulus for plane strain E/(1-2),  is the Poisson’s ratio and 

 is the shear modulus. For a 2D problem the SIF for mode III K3 is 0. The T-stress is then calculated 

using the following equation: 

𝑇 =  
𝐸

(1−𝜐2)
{
𝐼

𝑓
+ 𝜐𝜀33},  (14)  

where I is the interaction integral from Eq. 13, f is the line load applied along the crack front (typically 

f = 1) and 33 is the extensional strain at the crack front in the direction tangential to the crack front. 

Both the SIFs and the T-stress are calculated as an average of four contours around the crack tip. 

The mesh with refinements around the crack mentioned above is then used to extract the numerically 

generated nodal displacements at the demanded radial distance (ring) from the crack tip. These nodal 

displacements serve as input data for the ODM calculation of SIFs and T-stress. This procedure was 

chosen in order to verify the relevance of the calculated SIF and T-stress values, for which the 

optically measured displacements served as the input data.  

5. Results and Discussion 
In what follows, the values of the WE terms calculated based on the experimentally obtained 

displacement fields for the selected fatigue crack lengths are presented. Subsequently, the influence of 

the constraint level on the fatigue crack growth rate is evaluated and discussed.  
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5.1 Williams Expansion Coefficients 

As mentioned above, the focus of this study was the evaluation of the SIF values, T-stress values and 

higher order terms of the WE. All these values were calculated for selected crack lengths.  

First, we calculated the SIF values using the analytical expression stated in Eqs. 5-6 for the maximum 

loading force Pmax under various mixed mode I/II loading conditions. Afterwards, we used this 

maximum force as an input for FEA as a first verification of the FEA model. The SIF values were 

calculated by means of Eq. 13. The compared results of the evaluated SIF values are presented in 

Table 5 for a/R = 0.267. 

Table 4: Comparison of the SIF values calculated by the analytical formula and by FEA for the relative crack length ratio 

a/R = 0.267. 

 a/R = 0.267 

Specimen No. HPC_4_3_2 HPC_4_3_3 HPC_4_3_4 

Notch inclination angle  [°] 5 10 27.7 

Force Pmax [kN] 22.5 24.3 27.4 

KI – FEA [MPam1/2] 0.834 0.803 0.048 

KI – [24] [MPam1/2] 0.625 0.597 0 

KII – FEA [MPam1/2] 0.3223 0.687 1.675 

KII – [24] [MPam1/2] 0.240 0.507 1.642 

A similar set of results, but for the specimens with a relative notch length a/R of 0.4, is presented in 

Table 5.  

Table 5: Comparison of SIF values calculated by the analytical formula and by the FEA for the relative crack length ratio 

a/R = 0.4. 

 a/R = 0.4 

Specimen No. HPC_6_3_1 HPC_6_3_2 HPC_6_3_3 

Notch inclination angle  [°] 0 5 15 

Force Pmax [kN] 13.09 18.01 17.22 

KI – FEA [MPam1/2] 0.3503 0.9109 0.544 

KI – [24] [MPam1/2] 0.3459 0.9212 0.5515 

KII – FEA [MPam1/2] 0 0.3994 1.028 

KII –[24] [MPam1/2] 0.05 0.3958 1.033 

In both tables, a relatively good agreement between the SIF results from the analytical solution and 

finite element analysis can be observed for both loading modes. The results for longer cracks exhibit 

better accuracy. 

The experimentally obtained SIF values were compared with data found in the literature [54], where 

exactly the same concrete mixture was investigated. The SIF values currently obtained by employing 

Eqs. 5 and 6 have a similar trend to the data found in the literature, which allows further DIC 

measurement. The difference between the data found in the literature and that which is currently being 

evaluated is related to the deterioration of the concrete mixture over time and the different loading 

rate. A comparison is shown in Figure 10.    
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(a) (b) 

Figure 10: Comparison of the currently measured SIF values (normalized via the fracture toughness) with data found in the 

literature – a/R = 0.267 (a) and a/R = 0.4 (b). 

After verification of the material’s behaviour, the ODM calculation convergence was verified for 

various numbers of N and M terms. The stress intensity factors were calculated from the ODM based 

on the numerically obtained displacement field taking into account various numbers of the initial WE 

terms. A comparison of the numerical SIF values calculated by means of Eq. 13 is shown in Figure 11. 

It was found that this method shows good agreement with the value generated by FEA with the use of 

more than 5 N and M terms.  

  
(a) (b) 

Figure 11: Convergence of the evaluation of the ODM using FEA generated displacements – KI for the pure mode I case 

HPC_6_3_1 specimen (a) and KII for the pure mode II case HPC_4_3_4 (b). 

In the next step, the displacements captured by the DIC method were used as an input for the ODM 

calculation. Then, a comparison with the results obtained from the ODM was performed, considering 

the numerically generated displacements as inputs. The results, which use DIC displacement, are 

KI
ODM - DIC, while the results calculated using the FEA displacements are marked KI

ODM – FEA. A 

comparison of such results for the relative crack length a/R = 0.267 is given in Table 6 for KI and in 

Table 7 for KII, respectively. Note that the results are presented again for two different radial distances 

from the crack tip, 2 and 4 mm. 

Table 6: Comparison of KI values generated by FEA and DIC displacement for various numbers of WE coefficients N and M 

for the relative notch length a/R = 0.267. 

 a/R = 0.267 

Specimen No. HPC_4_3_2 HPC_4_3_3 HPC_4_3_4 

Notch inclination angle  [°] 5 10 27.7 

r [mm] 2 4 2 4 2 4 

KI
ODM  FEA N, M = 2 0.821 0.808 0.792 0.7811 0.0576 0.0647 
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[MPam1/2] N, M = 4 0.837 0.832 0.802 0.8067 0.0476 0.0453 

N, M = 10 0.833 0.833 0.803 0.8026 0.0485 0.0485 

KI
ODM  DIC 

[MPam1/2] 
N, M = 10 0.6291 0.7298 0.9123 0.8053 0.1148 0.0968 

Table 7: Comparison of KII values generated by FEA and DIC displacement for various numbers of WE coefficients N and 

M for the relative notch length a/R = 0.267. 

 a/R = 0.267 

Specimen No. HPC_4_3_2 HPC_4_3_3 HPC_4_3_4 

Notch inclination angle  [°] 5 10 27.7 

r [mm] 2 4 2 4 2 4 

KII
ODM  FEA 

[MPam1/2] 

N, M = 2 0.3221 0.3216 0.6851 0.6838 1.6717 1.6679 

N, M = 4 0.3234 0.3237 0.6875 0.6862 1.6750 1.6748 

N, M = 10 0.3236 0.3233 0.6874 0.6866 1.6751 1.6751 

KII
ODM  DIC 

[MPam1/2] 
N, M = 10 0.4822 0.5489 0.5930 0.5286 1.6408 1.6366 

The results presented in Table 6 and Table 7 for DIC displacements show relatively good agreement 

with the SIFs obtained from FEA displacement. Of course, configurations exist for which the results 

correspond better (for example the deviations between the KII values for the case of  = 27.7° are 

around 2%) than for others (for the same case of  = 27.7° the deviations between the KI values are up 

to approx. 50%). This is surely connected to the high heterogeneity of the concrete specimens and the 

existence of a high amount of microcracks, voids or pores. As with the results performed on a/R = 

0.267, a comparison for a/R = 0.4 is given in Table 8 and Table 9. 

Table 8: Comparison of KI values generated by FEA and DIC displacement for various numbers of WE coefficients N and M 

for the relative notch length a/R = 0.4. 

 a/R = 0.4 

Specimen No. HPC_6_3_1 HPC_6_3_2 HPC_6_3_3 

Notch inclination angle  [°] 0 5 15 

r [mm] 2 4 2 4 2 4 

KI
ODM  FEA 

[MPam1/2] 

N, M = 2 0.34723 0.3503 0.9040 0.8968 0.5467 0.5481 

N, M = 4 0.3502 0.3498 0.9105 0.9093 0.5438 0.5418 

N, M = 10 0.3503 0.3503 0.9109 0.9109 0.5445 0.5445 

KI
ODM  DIC 

[MPam1/2] 
N, M = 10 0.4593 0.5174 1.0142 1.0502 0.7342 0.6812 

Table 9: Comparison of KII values generated by FEA and DIC displacement for various numbers of WE coefficients N and 

M for the relative notch length a/R = 0.4. 

 a/R = 0.4 

Specimen No. HPC_6_3_1 HPC_6_3_2 HPC_6_3_3 

Notch inclination angle  [°] 0 5 15 

r [mm] 2 4 2 4 2 4 

KII
ODM  FEA 

[MPam1/2] 

N, M = 2 1.034×10-8 1.052×10-8 0.3927 0.3916 1.0256 1.0223 

N, M = 4 2.223×10-8 4.275×10-8 0.3934 0.3931 1.0275 1.0269 

N, M = 10 2.746 ×10-8 4.0712×10-8 0.3935 0.3935 1.0277 1.0277 

KII
ODM  DIC 

[MPam1/2] 
N, M = 10 0.0102 0.0203 0.6473 0.5713 1.1638 1.0955 

The results presented in Table 8 and Table 9 show relatively good agreement, in a similar manner to 

the results for the relative notch length ratio a/R = 0.267. The maximum deviation is limited to a 

maximum of 40%. Because of the different stress distribution around the longer notch tip, which 

provides stable crack growth, no unambiguous trends and conclusions can be stated. 

As in the case of the SIFs, the T-stress was estimated using the same abovementioned procedure. The 

convergence study conducted on the T-stress values showed similar results to KI, i.e. that the T-stress 

converges well with the use of 5 or more mode I WE terms in the calculations. The convergence study 

results for the FEA study (and not the DIC data) are shown in Figure 12, while the comparison of T-

stress values is shown in Table 10 and in Table 11 for both studied a/R ratios. 
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Figure 12: Convergence of the evaluation of the T-stress values using the ODM with FEA-generated displacements. 

Table 10: Comparison of T-stress values generated by FEA and DIC displacement for various numbers of WE coefficients N 

and M for the relative notch length a/R = 0.267. 

 a/R = 0.267 

Specimen No. HPC_4_3_2 HPC_4_3_3 HPC_4_3_4 

Notch inclination angle  [°] 5 10 27.7 

r [mm] 2 4 2 4 2 4 

T-stressODM  FEA 

[MPa] 

N, M = 2 -13.2335 -13.086 -13.4586 -13.3257 -7-5069 -7.5593 

N, M = 4 -13.5132 -13.4832 -13.6865 -13.6507 -7-2683 -7.2219 

N, M = 10 -13.5269 -13.5265 -13.7046 -13.7053 -7-2975 -7.2974 

T-stressODM  DIC 

[MPa] 
N, M = 10 -25.4572 -20.4834 -21.6518 -22.2918 -12.5999 -6.0078 

Table 11: Comparison of T-stress values generated by FEA and DIC displacement for various numbers of WE coefficients N 

and M for the relative notch length a/R = 0.4. 

 a/R = 0.4 

Specimen No. HPC_6_3_1 HPC_6_3_2 HPC_6_3_3 

Notch inclination angle  [°] 0 5 15 

r [mm] 2 4 2 4 2 4 

T-stressODM  FEA 

[MPa] 

N, M = 2 -4.5655 -4.5228 -12.0540 -11.9507 -8.6675 -8.6543 

N, M = 4 -4.6382 -4.6263 -12.2154 -12.1809 -8.5943 -8.5517 

N, M = 10 -4.6430 -4.6430 -12.2307 -12.2308 -8.6189 -8.6189 

T-stressODM  DIC 

[MPa] 
N, M = 10 -5.5649 -5.3046 -18.3196 -19.4057 -12.4568 -14.7247 

The experimentally obtained results displayed in Table 10 and Table 11 show high disagreement with 

the values generated by FEA. This can be caused by the fact that the horizontal displacement captured 

by DIC showed a crack propagating from the notch tip, while the vertical displacement showed no 

crack propagation. This was found at the load value of Pmax and in case of the specimens with an 

inclined notch, for which mode II deformations are presented. For the specimen with the pure tensile 

mode I ( = 0°), this phenomenon was not observed. Therefore, the shear deformation governs the 

crack initiation.  

6. Conclusion 
Displacement fields in front of a notch tip in a Brazilian disc with a central notch specimen were 

investigated under various levels of mode I/II mixity. The over-deterministic method was applied in 

order to estimate the values of several initial coefficients of the Williams expansion derived for 

stress/displacement crack-tip field approximation. The values of the first two terms corresponding to 

the stress intensity factor and the T-stress were compared. This required prior identification of the 

crack tip location. The coordinates of the crack tip position were identified successfully with the help 

of a Sobel edge-finding routine. This is the first time that such a routine was applied effectively for 
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fracture studies of concrete specimens. While the SIF values for both loading modes calculated via the 

ODM based on the experimentally obtained displacement field (from DIC measurements) agree well 

(except for in the case of some specific configurations) with the SIF values calculated via the ODM 

considering the numerically obtained displacement field (from FEA), the T-stress values obtained by 

both approaches differ significantly as the initial notch inclination angle increases. Thus, it can be 

concluded that the digital image correlation method can be reliably used for the assessment of crack 

behaviour in specimens where mode I prevails and/or the first singular term of the WE is dominant 

(typical behaviour for brittle materials where fracture occurs in the very close vicinity of the crack tip). 

Note that some potential deviations between the numerical and experimental results can be also 

connected to the high heterogeneity of the concrete specimens and the existence of a high amount of 

microcracks, voids or pores. 
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