SINGULAR INTEGRALS IN THE CESARO SENSE

A. BERNARDIS AND F. J. MARTIN-REYES

ABSTRACT. The existence of the singular integral [ K(z,y)f(y) dy associated to a Calderén-
Zygmund kernel where the integral is understood in the principal value sense T f(z) =

Hm,_ o+ flz_ybel\f(x,y)f(y) dy has been well studied. We study in this paper the exis-
tence of the above integral in the Cesaro-« sense. More precisely, we study the existence

of
€ [e4
lim / FW)K(z,y) (1 - ) dy a.e.
e—0+ Jizoy|>e lz — yl

for —1 < @ < 0 in the setting of weighted spaces.

1. INTRODUCTION

Let K(x,y) be a Calderén-Zygmund kernel (z,y € R"), defined as in [S] (see §2 in this
paper). If K satisfies that

(1.1) there exists lim K(z,y) dy for almost every z,
€=0% Je<|z—y|<1

then there exists the integral [ K(z,y)f(y) dy in the principal value sense, i.e., there exists
the singular integral

e—0+

Tf(z)= lim T.f(xz) a.e., where Tef(a:)=/ N K(z,y)f(y) dy,
z—y|>e

for every f € LP(wdx) if w belongs to the 4, class of Muckenkoupt, 1 <p < oo, i.e., f w
is a nonnegative measurable function and there exists a positive constant C such that for

every ball B
1 p—l
</ w> (/ w‘ﬁ) < C|B|P, when 1< p< o0,
B B
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2 A. BERNARDIS AND F. J. MARTIN-REYES

where |B| denotes the Lebesgue measure of B, and

1
—/ w< Cuw(z) ae 2B, whenp=1.
|Bl Js
In order to study the existence of the above limit, it is proved that the maximal operator
T* f(z) = sup |Tc f()
>0
is of strong type (p,p), 1 < p < o, i.e.,

(1.2) /|T*f|”w < c/ IflPw, 1<p< oo,

whenever w € A,, and it is of weak type (1,1), i.e.,

C
. w< — w, A
(13) Jro @S5 [1510 250

if w € A; (see [S], [GR], [M] and [CF] for these results). These inequalities can be proved
controlling T* f by the Hardy Littlewood maximal operator

1
Mf(z) = —_—
He) >0 |B(z, R)| JB(z,R)

|71,
where B(z, R) is the ball of center z and radius R. In fact, one uses that M verifies (1.2)
and (1.3) under the same asumptions on w (see [S], [GR], [M] and [CF]).

The aim of this paper is to study the existence of the singular integral [ K(z,y)f(y)dy
in the Cesaro-a (C,) sense, that is to study the existence of the limit lim._ ¢+ Tef(2z) =
limr—co T1/rf(2) in the C4 sense (see [H,§5.14 and Notes on Chapter V]). That means
in the case o > 0 that we want to study the limit

R

) « e
Jim o [ (R 'Ty o f(e) dt .

If f e LP,1 < p < oo, we can interchange the integrals and the parameter R by 1/e
obtaining that the above limit equals

€ e 4
lim / Ff)K(z,y <1 - > dy .
€e—0% Jiz—y|>¢ ( ( ) l”l, - yl

In what follows and throughout all the paper we shall write

I{e,a(zv y) = K(:v,y) (1 - > X{Ix-——yl>e}(y)'

|l =y
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It turns out that if f is in the Schwartz class, then the integrals

T.of(z) = / FW) Kol y) dy

make sense not only for @ > 0 but also for « > —1. In this way we reach to the goal of
this paper, i.e., to determine spaces of functions for which the limit

. ) . € «
lim Toof(2) = lim /|x_y|>éf(y)1\(w,y) (-7=) @

e—0+ |z -y

exists for almost every z. If that limit exists a.e., we shall say that the singular integral
[ K(z,y)f(y) dy exists a.e. in the Cy sense.

It can be proved that the existence in the Cq sense (i.e. in the principal value sense)
implies the existence in the C'y sense for o > 0. Since the case & = 0 has been well studied,
we shall restrict ourselves to the case a < 0, although the statements of the theorems hold
also for a = 0.

Throughout the paper the letter C' means a positive constant nonnecessarily the same at
each occurrence and if 1 < p < oo then p' denotes its conjugated exponent, i.e., 1/p+1/p’' =
1. If E C R" is a measurable set and g is a nonnegative measurable function then |E| and
g(E) stands for the Lebesgue measure of E and [, g(z) dz respectively. Finally, if w is a
nonnegative measurable function we shall consider the Lorentz spaces

Lpa(wde) = {f :[|fllprwde = Aw[w({x |F ()] > )P dt < oo}
and
Lpoo(wdz) = {f : |[fllp,o0idx = Stlilgt[w({:v F(@)] > )P < o).

If w =1, we shall omit w dz.

2. STATEMENTS OF THE RESULTS

In order to state the results, we begin establishing that a Calderén-Zygmund kernel (see
[S, pp. 293, 305-306]) is a function K defined on R™ x R™ \ A, where A = {(2,y) : ¢ = y}
is the diagonal, such that there exist constants C' > 0 and v, 0 < v < 1, so that

(2.1) | (z,y)| < Clz —y|™7,
(2.2) K (z,y) — K(2',y)| < Cﬂ—% if 20z —2'| < | —yl,
(2.3) K(z,y) - K,y < =Y 5 oy <z —y)

|z — y[rt
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(2.4) / \I. n(2)|> dz < CN™ and / |I€*,1\,(:lt)|2 dx <CN",
z—zo|<N le—zo|<N

for all e, N and z(, where

Low(z) = / Kle)dy , Ify(z)= / K*(z,y) dy,
e<|z—y|<N e<|z—y|<N

and K*(z,y) = K(y,z) is the adjoint kernel of K.
To prove the almost everywhere existence of the limit lim._ g+ T¢ o f(2¢) we study the
operator T} f = sup.sq |T¢,o f| which is controlled by T = T and the maximal operator

Mqf(z) = sup
e>0 €

1 og
= N R

More precisely, we have the following proposition.

Proposition 2.5. Let —1 < o < 0 and let I be a Calderdn-Zygmund kernel. If f is a
measurable function such that T, . f(z) is defined for every e > 0, then there exists C > 0
independent of f such that

Txf(z) < C[Myf(z) + T* f(z)].

As we pointed out in the introduction, the strong type (p,p) inequalities, 1 < p < oo,
and the weak type (1,1) inequality for T* with respect to wdz hold if w satisfles A, and
A;, respectively. However, so far we know the boundedness of M, has been studied only
for the Lebesgue measure (w = 1). It follows from [JT, Theorem 1] that 1/, is of restricted
weak type (T:ll?E’ ﬁ) and, consequently, it is bounded in L?(dz) if p > ﬂl_——& Since we
shall work with measures w dz, we have studied the boundedness of M, in weighted spaces,
obtaining the following theorem for Muckenhoupt weights.

Theorem 2.6. Let —1 < o < 0, and assume that w is a nonnegative measurable function.
(i) If w € A, then there exists a constant C such that

Mw({z : Maf(2) > A < Ol s s aes

Ta s

for all X\ > 0 and all f € L#’l(wd:v).
(i) Fp(l+«) > 1 andw € A,(14q) then there exists a constant C' such that

/ |M, flPw < C / f[Pw  for all f € LP(wda).
Rﬂ.

]Rn

Remark. It is worth noting that M, is not of weak type (ﬁ-, ﬁ&) for a <0 and w = 1.
If fly)= ly|71 =% logy TX(0,1/2)(y), with =1 < v < —1— «, we see that f € Lu-;a(clx) but
M, f(z) =00 forall  <0.

With this theorem and Proposition 2.5 we shall be ready to prove the main result of
the paper.
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Theorem 2.7. Let —1 < o < 0 and let K be a Calderén-Zygmund kernel. Assume that
w is a nonnegative measurable function.

(i) If w € A then there exists C such that

Mo({z: T°f(2) > DI < ClIFIl g gt

for all A > 0 and all f € Lﬁ_’l(wdx).
(ii) Fp(l4+ o) > 1 and w € A,(144) then there exists C such that

/ |T* flPw < C |flPw for all f € LP(wdz).
n R~

(iii) If K satisfies that

€ [e4
(2.8) there exists lim/ K(z,y <1— > dy a.e.
=0 Jeglz—y|<1 ) I'E"‘?j‘

then the singular integral exists a.e. in the Cq sense if f € LP(wdz) with w € A,(144)
andp(l+a)>1lorif fe Lﬁ’l(wda:) with w € Aj.
Remark. Observe that (2.8) is the natural substitute of (1.1).

The rest of the paper is organized as follows. We prove Theorem 2.6 in §3 while the
proofs of Proposition 2.5 and Theorem 2.7 are in §4. We finish the paper providing exam-
ples of Calderén-Zygmund kernels satisfying (2.8).

3. PROOF OT THEOREM 2.6

Proof of (i). Applying Theorem 3.13 in [SW,p.195], we get that it is enough to prove the
inequality for characteristic functions. Therefore, we shall prove that

(3.1) ATHew({z 1 MaxEe(z) > A}) < Cw(E),

for all A > 0 and all measurable set E. Inequality (3.1) is an easy consequence of the

following lemma together with the weak type (1,1) inequality with respect to w(z)dz of
the maximal operator

Mog(2) & / 1
M,g(z) = sup ————— w.
r>0 w(B(z,R)) Jp(s,R)

Lemma 3.2. Let —1 < a < 0 and w € A;. Then, there exists C' such that Moxg <
C (.MU,,XE)H(r for all measurable set E.

Proof of Lemma 3.2. It suffices to prove that there exists C' such that

1 1+« . I+«
(33) Re=D (— w) [ xewie-vl- R ay<c ( [ w> ,
|B2r| J B,y Cr JEAByR
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where Cr = {y: R < |[vr —y| £ 2R} and Byr = B(z,2R). In order to prove (3.3) we apply
Ay and the Holder inequality for the Lorentz spaces [Hul: ||fg|li < Cl|fll o 1ll9l| - wo-

4o -
Then the left-hand side of (3.3) is dominated by

CR*("(ess inf w)!*+e
B2r

XBBaall e 11912 oo < CRED(@(E 0 Bor)) 2 |lgl| . oo,

where g(y) = (|z — y| — R)*Xcg. Therefore, we only need to prove that ||g||_L o, <

CR~*("=1) To prove this last inequality, we write

191l 2 oo =sup {y € Cr:(lz —y[ - R)* > t}[7

< sup t|{...} ¥+ supt|{...} T =T+II
0<t<Re ¢>Re

Since {y € Cr: (|t —y|— R)* >t} C Cr we get that I < CR™*(»~1_ On the other hand,

if we call s = t'/*R™!, we have that

II < CR™*("=1) gup [(—1—1—'3)—:—1—} < CR™en=1)
S

0<s<1

Proof of (ii). We shall need the following lemma.

Lemma 3.4. Let -1 < a<0,p > —ﬁl_—a- and w € Ap(14q4)- Then, there exists a constant
C such that

Mo f(2) < CIMU(IFIPNMP(2).

for all measurable function f.

We postpone the proof of Lemma 3.4 and continue with the proof of (ii).

Let w € A,(144)- Then, there exists r, 1 < r < p(1 + «), such that w € A, (see [GR]
for instance). By Lemma 3.4 we have that M, f(z) < C'(J\lw(]fls)(;z:))l/s with s = l-itoz'
Then, since M, is of weak type (1,1) with respect to w(z)dz, we get that M, is of weak

type (s,s) with respect to w(x)dz. By interpolation, (ii) follows.

Proof of Lemma 3.4. Let Cr and Byg be as in the proof of 3.2. Assume that w € Ap(14a)-
Then there exists r, 1 < r < p(l + «), such that w € A,.. Applying the Holder inequality
with exponent f’—:—% and using that w € A, we have that

=T

/ W (y)(Je — y| = R)* dyS(/ w"fi_*>p_ ( (lf—yl—ﬂ’)%dyy_
Cr Baon Cr

1

-1 p—r] -1
(3.5) <C |R" (/ w) (/ (la —y| — R)»-+ (ly)
L Bar Cr

. —11p-1
<C |Rr(F) (/ w(y) dy> } .
L Bar
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Applying again the Holder inequality and (3.5), we obtain that

/ lF(l(le —y| — R)* dy = / [f(W)lw! P (y)w P (y)(|z — y| — R)* dy
Cr Cr

1/ 1/,!

s( [ itwrew dy) ,, ( L e =l - R dz) n
1/p -1/p
<cre ([ e ) ( [ dy) |

Taking supremum over R > 0 we are done.

4. PROOFS OF PROPOSITION 2.5 AND THEOREM 2.7
Proof of Proposition 2.5. Let us write

Tof@=[  f@Foen) v+ [ fE@y)
lz—y|<2e

|r—y|>2¢
€

+/ f(y)K(x,y){(l——) —1] dy=I+1II+1III.
[z—y|>2¢ lx - yl

Observe that |[I| = |Tzcf(z)] < T*f(z). On the other hand, since K is a Calderén-
Zygmund kernel

- Lol =yl =)
I <cC —_—_—
1] < / ycae | ()l T gpra W

1 § o
=¢ <+ /||< W)l =yl =) dv) < CM, f(2)

Now, we estimate |III|. By the mean value theorem we get that

lf<f‘/>ff(“‘~’!/>[<1‘11::1,.) H Clityles™ ‘ﬁ

Then

where € € [1 — 757, 1]-

a—1
€ €
III < C fly <1 - > dy
| | |z—y|>2e¢ 7wl |z — vy |z — y|*t!

o

< C'eZ/ 1y )l(lx y| —e)o! dy
=1 Y2 e<o—y|<2k+e ln+o
g (7/\ n+0 »/llf—y|s?,k+le lf(y)‘ dy S C"]\If(.’l',),
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where M is the Hardy-Littlewood maximal function. Since M f(z) < CMqyf(z) we are
done.

Proof of Theorem 2.7. We claim that the truncations T o f(x) are well defined for the

functions considered in (i) and (ii), i.e., the functions y — f(y)K¢o(z,y) € L!(dy) for all
.

Proof of the clatm. Assume that f € L = 1(wdz) and w € A;. We write

/ |F (W) Ke o(z,y)] dyz/ dy+/ i dy= IT+1II
[z—y|>e e<|z—y|<L2¢ |z—y|>2¢

Observe that |z — y| > 2¢ implies that (1 — E{—y[)a < (1/2)*. Then, II < co since
feLla a(wde)C L7#% (wdz) and w € A1 C A1

To prove that I is finite we apply the growth condition on I and the Holder inequality
in Lorentz spaces. Then we obtain

‘/ ) Keal@ )l dy < 11 xseaall e loll oo
<|lz—y|<L2¢

14+a?

where g(z) = %,%f—l—a-xﬂzpe}(z). Since w € A; we have that [{y € B(z,2¢) : |f(y)| > t}| =

f{yeB(z,ze):lf(y)‘>t}w—l(y)w(y) dy <C (m;l‘g‘g)‘[ fB(r,?e) w) w({y : [f(y)| >t}). Then

1 —(1+a)
fXBz2oll o £C w |f iy < 00
H ( ,’)e)HH_a,l IB ,_E)i B(z.2¢) , ” — . 1(wdr)

On the other hand, the function ¢ is radial decreasing in {z : |z| > €}, g(z) — o0 as |z] — €T
and g(z) — 0 as |z| — oco. Therefore, for € > 0 and ¢ > 0 fixed, there e\iets z¢, with |2¢] > ¢,
such that g(z¢) = t. Since [{z 1 g(z) > t}| = |{z e < |z| < l’tl}l = C(]z™ — €™), we have

1— 7)™\ 77
9l oo < C’supf(lwtl" — ™)™ < Csup e (1) (———MLIL> < oo.
: —e >0 1 — /|2
With this inequality we have that T, of is defined for f €L = 1(wde) withw € A;.

Now assume that f € LP(wdz), w € A, and p > == o Let I and IT be as above. As
before, IT is finite. By (2.1), the Holder inequality a.nd (3.9),

- mewaH@~ : ) My (y) dy
e<|z—y|<L2e |t -

Y|

1/7) 1/1)'
<C (/ Lf‘])w) G_(n+0) </ u)_p_:f(y)('lag - yl — 6)07)' d‘}j)
e<|r—y|<2e
1/p -1/p
<C </ l.fl”w> </ w(y) dy> < .
|r—y|<L2e
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Therefore T o f is defined for f € LP(wdz),w € A, and p > ﬁl_-z

Once we have proved that the truncations are well defined it is clear that (i) and (ii)
in Theorem 2.7 follow from Proposition 2.5, Theorem 2.6 and the inequalities for T* in
weighted-L? spaces (see (1.2) and (1.3)). Finally, (iii) in Theorem (2.7) is a consequence
of (i) and (ii) and the a.e. convergence of T, of for all f belonging to the Schwartz class
S. In order to prove the a.e. convergence for f € S, we write

T, of(z) = / () = F(@)Kealz,y) dy + / F() = F(@)Kealz,y) dy
e<|z—y|<2 2e<|z—y|<1
+ f(z) Kea(z,y) dy + / F) K ealz,y) dy
le—y|<1 [z—y|>1

=1+ II+1II+1V.

By (2.8) there exists the limit of II] a.e.. By the mean value theorem, we easily see that

1] < CIIV flloo / U=y = 9% 4 < v

e<|z—y|<L2¢ l’l’ - yln+a—1

Therefore lim, o+ I = 0. On the other hand, if 2¢ < |t — y| < 1, we have that
I(f(y) = f(&)EKealz,¥)| £ ClIV flloolz =y 7" X {|z—y|<1}(¥) and then, by the dominated
convergence theorem, we conclude that there exists lim, o+ II. Finally, if [t —y| > 1 and
e 1s small then |f(y)Nc (2, y)| < C|f(y)|. Keeping in mind that f € S we obtain, from
the last inequality and the dominated convergence theorem, that there exists lim,_ o+ I'V.

5. EXAMPLES OF KERNELS

In this section we give examples of Calderén-Zygmund kernels satisfying the condition

(2.8). We only verify (2.8), when necessary, because it is well known that they are Calderén-
Zygmund kernels.

Example 1. Let N(2,y) = 1tiy be the kernel of the Hilbert transform or, with more
generality, consider, in dimension n, the kernel I{(2,y) = S[ZJ,(i;ﬁ’) , where Q € C1(R"™\ {0})

is a homogeneous function of degree zero and [¢._, Q(8) do(8) = 0. It is clear that K
satisfles (2.8).
Example 2. Let N(x,y) = %ﬁﬂ- be the kernel asociated with the first Calderén

commutator in one dimension, where A is a Lipschitz function such that there exists A'(z)
for all € R. Let @ € [-R, R], for some R > 0. Then for any ¢ > 0 we get that

/ A) = Aly) (1_ ‘ > by - /HA(rc‘)—A(y) <1_ ¢ ) ”
c<lemyl<a (@ — 9P r—yl) YTl =y Y

r+1 Y ) «
+/ M (1 _ ) dy = I.
r+e (y —)° Yy -




10 A. BERNARDIS AND F. J. MARTIN-REYES

Integrating by parts we obtain that

@ - e)ite
1+ 0)

1 r—¢ 4 € 14+« z+1 ¢ 14
- () (1= dy — A —
€1+ a) /x—l W) ( -”f"y> Y /x+e ® (1 y—:n) %

Applying the L’Hopital rule we obtain

[2A(z) — Az - 1) - Az + 1))

lim I = lim —(1 —¢)¥24(2) — A(z — 1) — A(z + 1)]

e—0+ e—0t+
A (Y)X1—r— «
e sty (e Y,
=0t Jec|z—y|<1 zT—Y IQJ - y|

=~ 24(2) + A5 = 1)+ A(e + 1) + lim Heo(4'X(_ro1 ra))(2)
E—*
_/ A'(y)X[-r-1,R+1](¥) i
[z—y|>1

-y

bl

where H o is the Cy truncation of the Hilbert Transform, i.e.,

Heof(z) = / /) (1 - = ) dy.
lz—y|>e T =Y |z -yl

Now, since K(z,y) = le satisfies (2.8) (Example 1) and A'(y)x[-r-1,r+1)(y) € LP, for

all p > 1, applying Theorem 2.7 we get that there exists lim, o+ He o (A'X[= r=1,R+1))(2)
for almost all € [—=R, R]. Then it follows that the kernel K(z,y) = ﬁ‘-(’;—)_‘—zf)igﬁl satisfies
(2.8).
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