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ARTICLE INFO ABSTRACT

Keywords: Our study is centered on the aggregation of fuzzy graphs, looking for conditions under which
Aggregation operator the aggregation process yields another fuzzy graph. We conduct an in-depth analysis of the
Fuzzy graph

preservation of several important properties and structures inherent to fuzzy graphs, like paths,
cycles, or bridges. In addition we obtain appropriate criteria for when the aggregation of complete
fuzzy graphs is again a complete fuzzy graph.
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1. Introduction

In many fields such as decision-making, image processing, classification, robotics, and control, the significance of aggregation
functions is widely acknowledged. In these applications, it is important to preserve the inherent structure of the data when com-
bining it using these operators. Consequently, in recent years, there has been a notable research trend focused on investigating the
preservation of properties within fuzzy algebraic structures under aggregation operators. This framework has gathered wide attention
and is continuously evolving, as indicated by the increasing number of papers addressing various aspects. Noteworthy topics include
the aggregation of fuzzy subgroups [1-4], fuzzy relations [5], particularly indistinguishability operators [6], fuzzy implications [7],
fuzzy metrics [8,9], fuzzy vector subspaces [10] and other types of algebraic structures [11-14].

Our research focuses on the aggregation of fuzzy graphs. This concept was introduced as an extension of the conventional graph
notion to be used in contexts where there is vagueness or uncertainty in the objects and relations between the objects described
by a graph. Fuzzy graph theory was first described in 1975 independently by Rosenfeld [15] and Yeh and Bah [16] where a first
application to clustering was given. Since then a large number of publications have dealt with fuzzy graphs. A non-comprehensive list
of foundational works by Bhattacharya, Bhutani, Mathew, Mordeson, Sunitha and Vijayakumar can be found in [17-34]. Recently,
fuzzy graphs have been successfully used in a wide range of applications such as image processing, decision making or traffic light
control (see for example [35-38]). In addition, Khamenehand and Kilicman defined in [39] the aggregation of m-polar fuzzy graphs
and gave an application to modeling product manufacturing. All these antecedents, provide great perspectives on the applicability
of the results obtained in the following study.

Furthermore, different types of graphs have been used to expand the field of Formal Concept Analysis (FCA) introduced by Wille
in [40]. A formal context is a tuple (G, M, I) where G and M are sets whose elements are called objects and attributes of the formal
context, respectively. I : G X M — {0, 1} is a relation where I(g,m) =1 indicates that the object g possesses the attribute m. This
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notion can be interpreted as a bipartite graph where the vertices are objects and attributes. An edge between an object vertex g and
an attribute vertex m means that the object g satisfies the attribute m. Several researchers have adopted this perspective (see [41-45]).
For example, [46] establishes a correlation between formal concepts and maximal bi-cliques. Notice also that the adjacency matrix
of a graph can be interpreted as a formal context [47]. Algorithms for extracting adjacency matrix based on formal concept analysis
can be found in [48]. Moreover, the recent article [49] provides a graph-based extension of FCA, and some real cases of study and
quantitative experiments are depicted.

FCA was translated to a more general fuzzy framework with the emergence of fuzzy concept lattices in the seminal article [50].
The development of fuzzy concept lattices has extended the possibilities of FCA to new applications (an extensive survey can be found
in [51] and a recent computational example in medicine in [52]). In [53], the authors obtained a fuzzy graph representation of fuzzy
concept lattices. This representation provided a new efficient and easy-to-handle algorithm for computing fuzzy concepts from a
fuzzy context. Additionally, more representations of fuzzy concept lattices have been developed based on more complex structures
[54-58]. In particular, fuzzy graphs (see for example [59-61]). In some of the aforementioned works, the connectivity of the graphs
is an important feature. Therefore, the study of the preservation of different properties regarding connectivity when aggregating
different fuzzy graphs is useful. Also, graph theory has proven to be a valuable resource in various areas of logic programming. In
[62], an alternative representation of multi-adjoint logic programs utilizing hypergraphs is introduced.

Our goal is to give a general definition for the aggregation of fuzzy graphs and to study whether the various properties of these
fuzzy graphs are preserved or not. Furthermore, we analyze the conditions that an aggregation operator must satisfy to ensure such
property preservation. Similar to other algebraic structures (fuzzy subgroups in [63], for instance), each non-empty level set of a
fuzzy graph corresponds to a crisp graph, which plays a key role in understanding the nature of fuzzy graphs.

The approach of our article begins with a foundational section that outlines key concepts. In Section 3, we define the aggregation
of fuzzy graphs and provide a powerful result: every aggregation operator preserves the structure of a fuzzy graph. Section 4 examines
how the intricate structures of a graph persist through the aggregation process. Notably, some conditions for an aggregation operator
to preserve common paths, cycles, or fuzzy bridges are given. In Section 5, our focus shifts to the aggregation of complete fuzzy
graphs. Theorem 5.6 describes the conditions under which complete fuzzy graphs transform into another complete fuzzy graph
during the aggregation process. Additionally, Theorem 5.8 outlines the criteria for a fixed aggregation operator to maintain the
completeness of a set of fuzzy graphs when they are aggregated. The paper ends with a series of concluding remarks.

2. Preliminaries

As a foundational reading for the context of fuzzy graphs we suggest the book [64]. In this section, we present basic concepts
that are essential for understanding the article. Let us consider a fixed set of crisp vertices denoted by V. We can define a binary
equivalence relation ~ between elements (x;, y,),(x;,,) € V X V as follows:

(x1,¥1) ~ (x2,¥,) if and only if (x, y;) = (x5, ¥,) or (x1,y1) = (¥2, X7).

This implies that the equivalence class of (x,y) € V X V with respect to ~ would be:

[, ] = {(x, ), (y, %)}

and consequently, we define £, = {[(x,y)] | x,y € V'}. Thus, any pair (V, E) where E C &, and x # y for all [(x,y)] € E represents a
crisp graph.

Remark 2.1. For each x,y € V' we use xy to denote [(x, y)]. Hence xy = yx.

Fuzzy graphs were introduced by Rosenfeld making use of the concept of fuzzy set established by Zadeh in [65]. We recall that
x Ay denotes the minimum of x and y.

Definition 2.2 ([15]). A fuzzy graph is a triple G = (V,o,u) where V #8, 6 : V - [0,1] and u : &, — [0,1] such that for all
x,yeV:

uxy) <o(x) Ao(y)

and u(xy) =0 if x = y. The fuzzy set o is called the fuzzy vertex set and u is the fuzzy edge set of G.

In this paper, we only consider V as a finite set. When the context is clear and there is no possibility of confusion, we will use
the simplified notation (o, ) to denote a fuzzy graph G = (V, 0, u). There are some important concepts in fuzzy graph theory that
we need to keep in mind.

Definition 2.3 ([64]). Let G = (V, 0, u) be a fuzzy graph. The fuzzy graph H = (V,7,v) is called a partial fuzzy subgraph if 7 C o
and v C u, that is, if for all x,y €V,

7(x) < o(x) and v(xy) < p(xy).
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Definition 2.4 ([64]). Let G = (o, u) be a fuzzy graph. For each 1 <t < 1, we define the level set of vertices ¢’ = {x €V | o(x) > 1},
and the level set of edges u' = {e € & | u(e) > t}.

Definition 2.5 ([64]). Given a fuzzy graph G = (o, u), we say that a set of distinct vertices P = {vg,v,..., 0, } €V (except possibly
vy and v;) is a path in G if p(v;_ v;) >0 for all 1 < j < k. It can be denoted as vyv, -+ vy for simplicity. The number k is the length
of the path and the expression:

n
/\ H;_10))
j=1
is its strength. We call P a cycle if v, = v, with k> 3.

Given the strength of a path in a graph (o, yt), the term u*(x, y) will denote the strength of connectedness between two vertices
X,y € V by paths of length k > 2. This concept is defined as the maximum of the strengths of all paths of length k connecting x and
y. More precisely,

W y) = \/ {uGxo) A Ao y) | (K 0gs L W) EVEL,

where

Vi ={(g.....00) V¥ v, #v; forall 0 <i < j < k except v and v } .

Since there is only one possible edge connecting x and y we define ' (x, y) = u(xy). As a consequence of the definition, if there is no
path of a certain length k > 2 between x and y, it is clear that 4*(x, y) = 0. Moreover, if k > |V | we take u*(x,y)=0 for all x,y € V.
Hence, the overall strength of connectedness between two vertices x,y € V' can be defined as the maximum strength of all paths
between x and y. More precisely, we denote this term as:

ue(x,y) = \/ {ﬂk(x,y) |keN}.

Note that ;4*(x, y) reaches the maximum since V is a finite set and u*(x,y) =0 for all k > |V].

Definition 2.6 ([64]). A fuzzy graph is called a forest if the crisp graph consisting of its nonzero edges and vertices is a forest, i.e. it
does not contain cycles.

We can define an important concept regarding connectivity in fuzzy graphs.
Definition 2.7 ([64]). Let G = (o, u) be a fuzzy graph, let u,v € V be two distinct vertices and let G’ = (o, ') be the partial fuzzy
subgraph of G obtained by deleting the edge uv. That is y/(uv) =0 and y’(e) = u(e) for all e € &, \ {uv}. We call uv a fuzzy bridge if
1 ®(x,y) < u®(x,y) for some x,y € V.

The next results will be important in the following section.

Theorem 2.8 ([15]). Let (o, u) be a fuzzy graph. Then the following statements are equivalent:

1. wuv is a fuzzy bridge.
2. u'®(u,v) < uuv).
3. uv is not the weakest edge of any cycle, that is, for each cycle which contains uv, there is an edge ab such that u(uv) > u(ab).

Theorem 2.9 ([64]). If uv is a fuzzy bridge of a fuzzy graph (o, i), then u®(u,v) = p(uv).
The next generalization of the concept of complete crisp graph was first introduced by Bhutani in 1989.
Definition 2.10 ([66]). A complete fuzzy graph is a fuzzy graph G = (o, u) such that
uxy)=o(x)Ao(y) forall x,yeV.
3. Aggregation of fuzzy graphs
Aggregation operators are crucial for combining data. As mentioned in the introductory chapter, they are used in several areas of
science and technology. For this reason, the preservation of different properties under this type of functions has been an intense area

of research in recent times.
Aggregation functions are defined as follows.
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Definition 3.1 ([67]). Let A : [0,1]" — [0, 1] be a function. A is called an aggregation operator or aggregation function if:

Al. A(0,...,0)=0and A(l,...,1)=1. (Boundary conditions)
A2. For all (xq,...,x,),(»,...,¥,) €[0,1]" such that x; <y, foreach 1 <i <n, A(xy,...,x,) <A, ..., ¥,) (Monotonicity)
The following families of aggregation operators play an important role in our article. We recall that (x;,...,x,) £ (. ..., ¥,)

means that there exists iy such that x; # y; and that x; <y; forall 1 <i<n.

Definition 3.2 ([68]). Let A : [0,1]" — [0,1] be an aggregation function. We say that A is strictly monotone if assuming
(x1,..05%,) £ (7,-.., ), then A(xq,...,x,) < A(yq,...,,). A is jointly strictly monotone if assuming x; < y; for all i € {1,...,n},
then A(xy,...,x,) < A(Y{,.... Y-

Aggregation operators can be used to merge multiple fuzzy graphs into a single one, as defined below.

Definition 3.3. Let A : [0,1]" — [0, 1] be an aggregation operator and V # §J. Given n fuzzy graphs {(o;, ;) | 1 <i <n} on V, we
denote by o the map o : V' — [0, 1]" such that:

6(x) =(01(x),...,0,(x))

for each x € V' and by u the map u : £, — [0, 1]” such that:

u(xy) = (g (xy), ... 1y (X))

for each xy € &),. We define the aggregation of fuzzy graphs as the pair (Aoo, Aou) where:
(Aoo)(x) = A(o((x), ...,0,(x)) for each x € V and
(Aop)(xy) = A(uy(xy), ..., p,(xy)) for each xy € & .

We say that A preserves fuzzy graphs if (Aoo, Aou) is a fuzzy graph for any o, u as above. That is:

(Aop)(xy) < (Aoo)(x) A (Aoo)(y)
forall x,yeV.

The domination relation between aggregation operators is a fundamental concept in some aspects of fuzzy set theory. It character-
izes the preservation of some fuzzy structures under aggregation as, for example, T-indistinguishability operators [6] or T-subgroups
[2,4].

Definition 3.4 ([69]). Consider two aggregation operators A : [0,1]" — [0,1] and B : [0,1]" — [0, 1]. We say that A dominates B if
for all x;; € [0,1] with i € {1,...,m} and j € {1, ...,n}, the following property holds:

AB) g Xy 1)s e s BOX s v s X ) (@8]
> B(A(xl_yl, ,xlyn), ,A(xmyl, ,xm,n)).
We denote it by A > B.

If we substitute A for the minimum A in the previous definition, we obtain an interesting fact: any aggregation operator satisfies
inequality (1). This is shown in the next proposition.

Proposition 3.5. For any aggregation operator A : [0,1]" — [0, 1] we have that A > A.

Proof. Given (x,...,x,),(y,...,¥,) €[0,1]", by the monotonicity of A:

Ay X,)) 2 A A Yoo s Xy A YY)

and

A1y V) Z A A YL, s Xy AYy)-

Hence A(x.....%,) A AQp oo 3,) 2 AGY AVpseee X, AYy). O

Using the property obtained in the previous result we can ensure that any pair (Aoo, Aou) defined as in Definition 3.3, is a fuzzy
graph.
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Theorem 3.6. Any aggregation operator A : [0,1]" — [0, 1] preserves fuzzy graphs.

Proof. Let {(o;,4;) | 1 <i <n} be a set of fuzzy graphs on V. Thus, y;(xy) <oc;(x) Ac;(y) foralli € {1,...,n} and x,y € V. This fact,
together with Proposition 3.5 lead us to the following chain of inequalities for each x,y € V:

(Aop)(xy) = A(pty(Xp), ... 1, (X))
< A(0;(x) AG{(D), ..., 0,(x) AG,u(3))
< A(01(x), -, 6,(X)) A A6y (D)s -, 6,(D))
= (Aoc)(x) A (AoG)().

Consequently, (Aoo, Aop) is a fuzzy graph. []

There are specific types of graphs that can be utilized in different situations. We introduce bipartite fuzzy graphs whose preser-
vation under aggregation is straightforward.

Definition 3.7 ([70]). A bipartite fuzzy graph is a fuzzy graph G = (V, o, ) where V' can be partitioned into two nonempty sets V;
and V; such that u(xy)=0if x,yeV, or x,y € V,.

From Theorem 3.6 and due to the boundary conditions of aggregation operators, the next result is clear.
Corollary 3.8. Any aggregation operator preserves bipartite fuzzy graphs defined over the same set V =V, UV, with V|, NV, = 0.

Since this kind of graph can help to visualize and manage fuzzy contexts, we will use them to state a possible application for the
aggregation of fuzzy graphs. The following example shows how to aggregate different fuzzy contexts when they are seen as bipartite
fuzzy graphs.

Example 3.9. A fuzzy [0, 1]-context is formed by a triple (X,Y, R) where X is a set of objects, Y is a set of attributes, and R :
X XY — [0,1] is a fuzzy relation between the objects and the attributes. Notice that we can identify a fuzzy context with a bipartite
fuzzy graph defining G = (X UY, 0, ) where ¢ is the membership function of X UY and:

R(x,y) ifxeXandyey,
uxy)=qR(y,x) ifyeXandxey,
0 otherwise.

Let X = {x1,X5,%x3}, Y ={y;,¥,,¥;} and R, and R, two fuzzy relations conforming two fuzzy contexts. Let us suppose that for each
fuzzy relation we have the fuzzy graphs whose fuzzy edge sets are, respectively:

b ffe=xy. 0.8 ifee {x,y;,x3),}
0.8 ifee {x3y,x3),},

ui(e)=40.5 ife€ {x;5,,x3y3}, Hy(e) =
02 ifee{xy}.

0 otherwise.

0.6 ife=x3y,
04 ife€ {xy,x3y3},
0  otherwise.

These graphs (o, 41) and (o, i,) are depicted in Figs. 1a and 1b. If we use the product of two elements Tp to fuse both graphs we
obtain the fuzzy graph of Fig. 1c whose edge set is:

0.8 ife=x,y,

0.64 if e=x3y,,
(Tpopu)(e) =40.48 ife=x3y,,

02 ife€{xy,x3y3},

0 otherwise.

Therefore, when different sources provide different fuzzy contexts of the same situation, the aggregation can be done considering
that they are fuzzy graphs. Consequently, it is interesting to study which properties of these graphs are preserved when they are
combined by arbitrary aggregation operators since the connections of the graphs provide information about the relation between
objects and attributes.
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Y1 Y2 V3 Vi V2 V3

X X2 X3 X X3 X3

(a) Bipartite fuzzy graph for context 1. (b) Bipartite fuzzy graph for fuzzy context 2.

X X X3

(c) Aggregated bipartite fuzzy graph.

Fig. 1. Example of the aggregation of two fuzzy contexts.

4. Preserving fuzzy graphs properties and structures under aggregation

In this section, we analyze the preservation of some important objects associated with fuzzy graphs during the aggregation process.
We identify conditions that an aggregation operator must satisfy to ensure the preservation of a particular property. When discussing
the preservation of a property, we refer to a property that is satisfied by all graphs (o}, y),...,(0,, 4,) to be aggregated without
exception. An aggregation operator is said to preserve such a property if (Aoo, Aou) satisfies this same property. For instance, we
say that A preserves paths if for any collection of n arbitrary fuzzy graphs (o}, y;), ..., (o,, 4,) on a set V, all their common paths are
also paths in (Aoo, Aop).

Proposition 4.1. Let A : [0,1]" — [0, 1] be an aggregation operator. The next statements are equivalent:

1. A(xq,...,x,)>0forall xq,...,x, €(0,1].
2. A preserves paths.
3. A preserves cycles.

Proof. 1.=2.1f P={v,...,v;} is a common path to each one of the fuzzy graphs (¢}, u)), ..., (0, #,), then p;(v;_ v;) > 0 for all
1 <i<nandO0<j<k. By hypothesis (Aop)(v;_yv;) > 0 for all j €{0,...,k} and P is a path in (Aoo, Aopu).

2. = 3. It is straightforward since each cycle is a path by definition.

3. 1. Let us set C = {vy, v, 0,,0y} €V where all the elements are different. For any arbitrary x,,...,x, € (0, 1], we take some
fuzzy graphs {(c;, ;) | 1 <i <n} such that: 6,(vy) = 0;(v1) = 6;(vy) = p;(Vyv1) = p;(V1Vy) = ui(v09) =x; >0 for all i € {1,...,n}.
Therefore, C is a cycle in each one of the fuzzy graphs. By hypothesis C is also a cycle in (Aoo, Aou), then:

A(xy,...,x,) =(Aou)(vyvy) > 0. [

Remark 4.2. Note that cycles only exist when |V'| > 3. For the case where |V| =2, it is easy to check that the equivalence between
1 and 2 still holds.

Now, let us provide a condition to ensure that all the existing paths in an aggregated graph are paths in each one of the graphs
being aggregated.

Theorem 4.3. Let A : [0, 1]" — [0, 1] be an aggregation operator such that A (x|, ...,x,) >0 forallx,...,x, € (0,11and A (x|, ..., x
0 otherwise. For a given set of vertices P = {UO, .. Uk} the following statements are equivalent for a set of fuzzy graphs { (al s /4,) |[1<i< n}

1. P is apath in the graph (o;, ;) foralli € {1,...,n}.
2. Pisapathin (Aoo, Aop).

Proof. 1.=> 2. This is a consequence of Proposition 4.1 since A (xy,...,x,) >0 for all x|, ...,x, € (0, 1].

6
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(c,1) (c,1) (c,])

Xy x) A(x,,0) A0, x,)

(a,1) 1 (b, 1) (a,1) I (b, 1) (a,1) 1 (b, 1)

(@) (o1, 1) (b) (02, 4y)- (c) (Aoo, Aop).

Fig. 2. Representation of (¢, u,), (6,, ) and (Aoo, Aop) in the proof of Theorem 4.4.

2. = 1. Let us suppose that (Aop) (v;_v;) >0 forall j € {1,...,k}. Hence A (u; (v;_yv;)..... 4, (v;1v;)) >0 and by hypothesis
#; (v;_yv;) >0 foreachi€ {1,...,n} and j € {1,....k}. In this situation, P is a path in (o, ;). O

The following theorem characterizes the aggregation operators with two arguments that preserve forests.

Theorem 4.4. Let A : [0,1]? — [0, 1] be an aggregation operator that preserves fuzzy graphs on V satisfying |V'| > 3. Then, A preserves
forests if and only if either A(x,0)=0 for all x € (0, 1] or A(0,x) =0 for all x € (0, 1].

Proof. Without loss of generality, we suppose that A(x,0) =0 for all x € (0, 1]. Given the forests (o}, y;), (0, 5), by reductio ad
absurdum, assume that (Aoo, Aop) is not a forest. Therefore, it contains a cycle C = {vy, ..., v, } with vy = v,. In this case:

A(p (021 0)), pr (V1 0;)) = (Aop)(v;_1v;) > 0 forall 1 <j<k.

Now, by hypothesis y,(v;_;v;) >0 for 1 < j < k. Hence, C is a cycle in the fuzzy graph (c,, #,) which is a contradiction with the fact
that it is a forest.

Conversely, if there exist x;,x, € (0,1] such that A(x;,0) # 0 and A(0, x,) # 0, we define the following forests (o}, u;), (65, pi5)
whose support is a set of three different vertices {a, b,c}:

G](U):Gz(v):{l ifve{a>b,0},

0 otherwise,

1 if e=ab, 1 if e=ab,
ui(e)=9x, ife=ac, and Hy(e)=1x, ife=bc,
0 otherwise, 0 otherwise.

The aggregation of these two fuzzy graphs is given by Aoc =0¢; =0, and

1 if e=ab,
A(x1,0) ife=ac,
A(0,x,) if e=bc,

0 otherwise.

(Aop)(e) =

This is straightforward checking the graphs described in Fig. 2. Note that {a,b,c} is a cycle on (Aoo, Aou). Therefore, A does not
preserve forests and we obtain a contradiction. []

We now extend the previous result to aggregations of an arbitrary number of fuzzy graphs.

Theorem 4.5. Let A : [0, 1]" — [0, 1] be an aggregation operator that preserves fuzzy graphs on V. If there exists | € {1, ...,n} such that
A(xy,...,x,) =0 forall (x,...,x,) € [0, 1]" with x; =0, then A preserves forests. Moreover, when |V'| > n > 3 we have an equivalence.

Proof. Notice that the case n =2 is exactly the previous theorem. Therefore, we study the general case n > 2. Let us assume that
there is / € {1,...,n} such that A(x,...,x,) = O for all (x;,...,x,) €[0,1]" satisfying the condition x; = 0. Given the forests
(o1, H1)s ..., (0,, 4,), by reductio ad absurdum, assume that (Aoc, Aopy) is not a forest. Therefore, it contains a cycle C = {vy, ..., vy}
with vy = v;, for k > 3. In that case:

A (©j10))s oo s (01 0))) = (Aop)(v;_jv;) >0 forall 1 <j < k.
Now, by hypothesis (v j—105) > 0 for 1 < j < k. Hence, C is a cycle in the fuzzy graph (o;, ;) which is a contradiction.

Conversely, if for each / € {1,...,n} we can find a n-tuple denoted by (x(ll), ,xﬁ,l)) € [0, 11" such that x;l) =0and A(x(ll), ,xE,I)) >
0, then we can define the forests (o, yy), ..., (0, #,) as follows:
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3) .3 03

©)
W) x; (5. 1) WD) Al xy ;. 1)
£ >
& =
@ ) s LT
X X ix“‘ o
s .E
5 )
< =
(v, 1) xf.” (v, 1) (v, 1) A(x(]”,x(z”,xg”) (0, 1)
(@) (o, ;) (b) (Aoa, Aop).
Fig. 3. Representation of the fuzzy graphs (c;, ;) and the aggregated graph for n = 4.
0.5 0.7 0.7 0.4
o ——0 o ——0
(a, 1) (b, 1) (e, 1) (a, 1) (b, 1) (e, 1)
@ (o, 1y)- (b) (03, 4y)-
Fig. 4. Fuzzy graphs (o}, 4;) in Example 4.7.
1 ifve{v,...,v,},
o,(v)= {, ! )
0 otherwise,
and:
xl(.j) ifezujvj+] with 1 <j<n-1,
uile) = xl(.") ife=v,vy,
0 otherwise,
for all 1 <i <n where {vy,...,0,} are distinct elements of V' (recall that |V'| > n > 3). Therefore:
AGY, ) ife=ujp,, with1<j<n—1,
(Aop)(e) = A(x(ln), ,xf,")) ife=v,v,,
0 otherwise,
and Aoo =o; for all 1 <i <n. Since {v},...,v,} is a cycle on (Aoc, Aou), we have a contradiction (see Fig. 3). []

Remark 4.6. Note that each fuzzy graph is a forest when || < 2. Thus, every aggregation operator that preserves fuzzy graphs also
preserves fuzzy forests.

Another significant feature of fuzzy graphs is the strength of connectedness between vertices since it is involved in the definition
of other useful concepts of fuzzy graphs such as fuzzy bridges and fuzzy cutvertices. Unfortunately, the strength of connectedness
for two vertices by paths of length k given by (Aou)*(u,v) in an aggregated fuzzy graph (Aoc, Aou) can not be always described
in terms of A(y’l‘(u, v),..., u"j (u,v)) for arbitrary graphs (o;, ;) with 1 <i <n and u,v € V. The next example shows that these two
expressions are indeed different.

Example 4.7. Given the Lukasiewicz t-norm T} (x,y) = max{0,x + y — 1} and the fuzzy graphs (o|,u;), (03, 4,) on V = {a,b,c}

where 6,(v) =0,(v)=1forall v eV, u,(ab)=0.5, pu;(bc) = uy(ab) =0.7, uy(bc) = 0.4 and p,(ac) = py(ac) =0 (see Fig. 4). It is easy
to check that:

Hi(a €)= uy(ab) A py(be) = 0.5,
p3(a,c) = py(ab) A py(be) = 0.4,

Consequently:
(Tyop)’ (a,¢) = (Tyom) (ab) A (Tyop) (be)
=max{0, p;(ab) + p,(ab) — 1} Amax{0, u;(bc) + py(bc) — 1}
=02A0.1>0="T (u;(a,c), u3(a.c)).
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Nevertheless, if we assume that the aggregation operator dominates the minimum then we can ensure one inequality between
(Aou)*(u,v) and A (ﬂ{‘(u, v),..., yf(u, u)) as we will show in Theorem 4.9. However, we must first recall that in [69], Saminger,
Mesiar, and Bodenhofer showed that the inequality employed in defining the domination property always becomes an equality when
the operator being dominated is the minimum operator.

Proposition 4.8 ([69]). Let A : [0, 1]" — [0, 1] be an aggregation operator. A>> A if and only if for any arbitrary m € N:
Ay e s XD A s AAX s e s X)) = AL A AX s e s X1 A o A X o)
for all x;; € [0,1]withie {l,...,n}and j € {1,...,m}.

Now, we can proof the next result.

Theorem 4.9. Let A : [0,1]" — [0, 1] be an aggregation operator. A >> A if and only if for any collection of fuzzy graphs {(V ,o;, ;) | 1 <
i <n} where |V| >3 and for each k € N, we have:

A(prw,v), .. uk@,0) > (Aop)*(u,v)
forallu,v € V. As a consequence:
A(HPW,0), . uP W, 0) 2 (Aop)*™(u,v),

forallu,veV.

Proof. By definition, we have for each u,v € V' that:

(Aop)*(u,v) =
= \/{(Aom)uv)) A -+ A (Aop)(vy_0) | (WD), .., 0. 0) E V)
= \/{A(Ml(’w])’ s Hy@UY) A o A A (V1 0)5 oo iy (U1 D)) (2)

[ @015, 01, 0) EV,')

= A(pywwy), ..., p@w)) A - A AQpy (W1 ), ..., (W1 V) (3)
= A(py W) A o A Py (g1 0); ooy U0 A oo A iy (W1 V). 4
The expression (3) is derived from the fact that the supremum in (2) is attained for some wj,...,w;_; € V such that

(W, wy,...,wi_1,0) € Vk*. The equality between (3) and (4) is a consequence of Proposition 4.8 since A > A. Additionally, A is a
monotone operator and thus:

AUy, 0), oo iy (W, 0) =
=A (\/{ul(uul)/\ e Ay 0) | (01, 0 D) E VY,
,\/ {ﬂn(”Ul)/\ < Ay (U 0) | W0y, Vg, V) € Vk*})
> A(uy(uw ) A - Ay (Wy_0), ..., (W) A =+ A u,(Wy_1 ).
Note that from this discussion we can deduce the inequality:

A (i@, 0), .., i, 0)) 2 (Aop)* (u, v)

as we wanted to prove.
Let us suppose now that A > A. That is, there exist (x;,...,x,),(»;,...,¥,) € [0,1]" such that:

AXq, o s X )N AW - V) > AL A YL oo X A Y.
Therefore, we can take three distinct vertices a,b,c € V' and the fuzzy graphs (61,/41) ey (o-,,,ﬂn) where for each i € {1,...,n},
o(v)y=1forallveV, y(ab)=x;, u;(bc)=y; and y;(e) =0 for all e € &}, \ {ab, bc} (see Fig. 5). At this point, it is easy to check that:
p?(a,c) = uy(ab) A p(be) = x; A ;.
Consequently:
(Aop)* (a,c) = (Aop) (ab) A (Aop) (be)
= A(u(ab), ..., p,(ab)) A A(uy (b)), ..., uy,(be))
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(a,1) (b, 1) (c,1)

Fig. 5. Fuzzy graphs (o;, ;) in the proof of Theorem 4.9.

=AG . X) AAG D)

>AX| AY s X A YY)

= A (y(@b) A py (be), ... py(ab) A p, (b))
=A(ulac),.... 12 (a.0))

which is a contradiction with the fact that A (;/l‘ W, 0), ..., u*w,0)) > (Aow)*(u,v) forallu,veV and keN. [

Remark 4.10. When |V| = 2, we have the trivial case where u*(u,v) =0 for all k > 2 and the identity A (y‘l‘(u, 0)ss ik, 0)) =
(Aop)*(u, v) holds for all u,0 € V and for any aggregation operator.

We are now prepared to analyze the preservation of fuzzy bridges. It is worth noting that the definition of this concept depends
on the strength of the connection between the vertices, which makes Theorem 4.9 crucial in the upcoming proofs.

Theorem 4.11. Let A : [0,1]" — [0,1] be an aggregation operator and uv € &, a common fuzzy bridge to all the fuzzy graphs
(o1, H1)s ..., (0, uy)- If Ais jointly strictly monotone and A >> A, then uv is a fuzzy bridge in (Aoo, Aop).

Proof. Let us suppose that uv is not a fuzzy bridge in (Aoo, Aou). Therefore, for all x, y € V' we have:

(Aop) ®(x,y) = (Ao )™ (x, y).
In particular:

(Aop) ®(u,v) = (Aop)® (u, v). (5)
Recall that uv is a fuzzy bridge of all the fuzzy graphs in {(o;, 4;) | 1 <i < n}. Therefore, by Theorem 2.8 and Theorem 2.9:

P, 0) =y (uw) > p; > (u, v) (6)

for all 1 <i < n. With this, and making use of Theorem 4.9:

(Aop)(uv) < \/ {(Aop) (,0)} = (Aop)™ (u, v)
keN

<A (/4‘1’°(u, () N Thd (72 U))
= Ay (0), ..., jy(uD)) = (Aop)(uv).
As a direct consequence of this and equality (5):
(Aop) ®(u,0) = (o)™, v) = A (4 (w,0), .., 4 (u,v)) @)
= (Aop)(uv).

Furthermore, we can define p’ : &, — [0,1]" as p'(xy) = (Mi(xy), ..., ) (xy)) where y! is the fuzzy set such that u/(uv) =0 and
,u,f (xy) = p;(xy) for all xy # uv. Therefore, it is easy to check that:

(Aop) (xy) = A () (x), ..., 1, (xy)) = (Aop")(xy)

where (Aou)' (uv) = 0 and (Aop)' (xy) = (Aou)(xy) for all xy # uv. Using this, the Theorem 4.9, expressions (6)-(7) and the mono-
tonicity of A:

A (P 0), 1 (W, 0)) = (Aop) ® (u,v) = (Aop')® (u, v)
<A (M;‘x’(u, v),... ,/4;°°(u, U))
SA(EPW ), 1P () .

Consequently, A ( /4;°°(u, v),..., /4; ®(u, v)) =A ( ,u?°(u, ) RN A (2 U)). This is a contradiction with the fact that A is jointly strictly
monotone since u,®(u,v) < u®(u,v) foralli € {1,...,n}. O

10



F.J. Talavera, C. Bejines, S. Ardanza-Trevijano et al. International Journal of Approximate Reasoning 172 (2024) 109243

(¢, ;) (e, y;) (c,a)

a a
@y) oy Gy @) (C9) @on 4  Go
@ (0, 1) ®) (o;. 1) (@) (Aoo, Aop).

Fig. 6. Representation of (o}, ;), (a,,ﬂ,’) and (Aoo, Aop) in the proof of Theorem 4.12.

We can go even further from the previous theorem and prove that the only operators that preserve fuzzy bridges and such that
A > A are those that are jointly strictly monotone.

Theorem 4.12. Let A : [0,1]" — [0, 1] be an aggregation operator such that A > A. The following statements are equivalent:

1. A is jointly strictly monotone.
2. A preserves fuzzy bridges. That is, for any collection of fuzzy graphs {(c;, y;) | 1 <i < n} where uv € € is a common fuzzy bridge, uv
is a fuzzy bridge in (Aoo, Aop).

Proof. 1= 2.1Itis due to Theorem 4.11.
2 = 1. Let us suppose that A is not jointly strictly monotone. As a consequence, for each i € {1, ...,n} there exist x; < y; such that
A(xqy,...,x,) = A(y], ..., ¥,). Let us define the fuzzy graphs (o}, u;), ...,(06,, u,) of Fig. 6a where forall 1 <i <n:

ifve (ab.c) y; ife=ab,
i 1o ,0,¢y,
o,(v) = {y‘ @oc and uile)=3x; ifee{bc,ac},

0 otherwise. .
0 otherwise,

with {a,b,c} C V. For all these fuzzy graphs, the edge ab is a fuzzy bridge since y;(ab) =y; > x; > /4;°°(a, b) (see Fig. 6b). Hence, if
we denote A(xy,...,x,)=AQ,....,y,) =a:

if ve {a,b,c},
(Aooy()={ * HUELabC]
0 otherwise,

and

a ifee{ab,bc,ac},
Aou)(e) =
(Aop)e) {O otherwise.

This aggregated graph is represented in Fig. 6¢. Now, it is easy to check that (Aou)®(u,v) = (Aou) ®(u,v) for all u,v € V where
(Aou)' (ab) =0 and (Aop)'(e) = (Aou)(e) for all e # ab. Therefore, ab is not a fuzzy bridge in (Aoc, Aop). []

5. Aggregation of complete fuzzy graphs

This section is devoted to the study of the necessary and sufficient conditions for an aggregation operator to preserve complete
fuzzy graphs. First, we recall a useful relation between two fuzzy sets.

Definition 5.1 ([63]). We say that two fuzzy sets ¢ : X — [0,1] and 7 : X — [0, 1] are similar, denoted by ¢ ~ 7, if they have the
same level sets, i.e.:

t — t
o~T = {6 }Ielmo'_{T }Ielm‘r
The next lemma is proved in [10] for fuzzy vector spaces. Nevertheless, the proof is the same for arbitrary fuzzy sets.
Lemma 5.2 ([10]). Let o, 7 be two fuzzy sets on X. The following assertions are equivalent:

1. c(x)<0o(y) < 7(x)<t(p).
2. o~T.

We can check with a simple example that not every aggregation operator preserves complete fuzzy graphs.

11
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Example 5.3. Let V = {a,b} with ¢;(a) = 6,(b) = 1 and o,(a) = 61(b) = p;(ab) = u,(ab) = a € (0,1). It is clear that (o, ;) and
(05, i) are complete fuzzy graphs. However, fixing the product t-norm 7'p as the aggregation operator:

(Tpoo)(a) A(Tpoo)(b)=a > o= (Tpop)(ab).

Thus, the aggregated fuzzy graph is not complete.
Despite of the previous example, if we have n similar complete fuzzy graphs, then the aggregated graph is also complete.

Proposition 5.4. Let A : [0,1]" — [0, 1] be an aggregation operator. If (61, iy), ..., (o, 4,) are complete fuzzy graphs such that 6| ~ o, ~
-+ ~0,, then (Aoo, Aop) is a complete fuzzy graph.

Proof. Leta,b & V and let us suppose without loss of generality that ¢, (a) < 6,(b). By Lemma 5.2, since ¢; ~ ¢ j foralli,je{l,...,n},
we have that ¢;(a) < 0;(b) for all 1 <i < n. Moreover, all fuzzy graphs are complete, and A is a non-decreasing operator. With all
this, we can establish the next chain of identities:

(Aop)(ab) = A (ab). ..., u,(ab))
=A(o((a) Aoy(D),...,0,(a) A o,(b))
= A(0(a). ... 0,(a)
= (Aoo)(a) A (Aoc)(b).
Hence, (Aoo, Aop) is complete. []

This last result gives only a sufficient condition for the aggregation of a collection of complete fuzzy graphs to be complete again.
The next example shows that it is not a necessary condition.

Example 5.5. Let V = {a,b} with o,(a) > 0,(b) = 65(a) = 6,(b) = y;(ab) = py(ab) = a € [0, 1]. It is easy to check that (¢}, ;) and
(05, 4y) are complete fuzzy graphs. Additionally, using Lemma 5.2, we have that o, ~ ¢,. However, by taking A such that A(a,a) =«
we get that:

(Aoo)(a) = A(o|(a),05(a)) = Ala, @) = a,
and therefore:
(Aoo)(a) A (Aoo)(b) = (Aoo)(b) = a = A(u (ab), uy(ab)) = (Aop)(ab).
Consequently, (Aoo, Aop) is complete.
We now extend a significant property from [10] in our context, which will enable us to establish a characterization of complete
graphs. It will help us identify when the aggregation of complete fuzzy graphs is preserved.

Let X be a set and oy,...,0, : X — [0,1] fuzzy subsets. We denote the set L(cy,...,0,) = {(x,y) € X X X | 3i,j €
{1,...,n} with 6;(x) > 0;(y) and o;(»)>o0;(x0)}.

Theorem 5.6. Let (o, 4t1), ... ,(0,, 4,) be complete fuzzy graphs. The following statements are equivalent:

1. L(oy,...,0,)=0.
2. (Aoo, Aop) is a complete graph for any aggregation operator A : [0, 1]" — [0, 1].

Proof. 1= 2. Let x,y € V. Let us distinguish two cases:
(a) Forall ke (l1,...,n}, 6,(x) < o, (). Since all fuzzy graphs are complete:

(Aop)(xy) = A(uy(xY), ..., Uy(xY))
= A0 (X) Ao (D), ..., 0,(X) Ao, (V)
= A(oy(x),...,0,(x))
= (Aoc)(x) A (Aoc)(y).

Therefore, (Aoo, Aop) is a complete fuzzy graph.
(b) There exists i € {1,...,n} such that ¢;(x) > 0;(y). By hypothesis, L(c,...,0,) =@ and hence 6, (x) > o, (y) for all k € {1,...,n}.
We can apply a similar reasoning as in the previous case to conclude that (Aoo, Aoy) is a complete fuzzy graph.

12
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2 = 1. Let us assume L(oy,...,0,) # . As a consequence, we can find x,y € V and i,j € {1,...,n} satisfying o,(x) <
0;(y) and o ;(x) > 0;(y). It is easy to check that the following function A : [0, 1]" — [0, 1] is an aggregation operator:

1 ifr,>0;(y)and r Zaj(y),
A(ry,....rp) =31 iferO'j(x) and r; > 0;(x),
0 otherwise.

We show now that (Aoo, Aou) is not a complete graph, which would conclude the proof. Without loss of generality, we can set
i <j and hence:

(Aop)(xy) = A6 (X) AG1 (D), ..., 0, (X) AT, (1)) =0
< 1=(A4o0o)(x) A (Aoc)(y). [

As a consequence of the previous result, we give a new necessary and sufficient condition for a collection of complete fuzzy
graphs to maintain the structure of a complete fuzzy graph when they are fused by any aggregation operator.

Corollary 5.7. Let B : [0,1]" — [0, 1] be a strictly monotone aggregation operator and let (cy, uy), ....(c,, i,) be complete fuzzy graphs.
The following statements are equivalent:

1. L(oy,...,0,)=0.

2. (Boo, Boy) is a complete fuzzy graph.
3. (Aoo, Aop) is a complete fuzzy graph for each aggregation operator A : [0,1]" — [0, 1].

Proof. 1< 3.1t is a consequence of Theorem 5.6.

3 = 2. Straightforward.

2= 1. Let (Boo, Bou) be a complete fuzzy graph. Let us suppose that L(c,...,0,) # @ to get a contradiction. Therefore, there
exist x,ye V and i,j € {1,...,n} such that ¢;(x) < 5;,(y) and 6;(x)>0;(y). Hence:

(Bop)(xy) = B(uy(xy), ... py(xy))
2 B, AGID), -0, () A 5, (0)
)
< B(01(x),...,6,(x) A B(o;(¥),...,0,(3)

= (Boo)(x) A (Boo)(y)

where (1) holds because the graphs are all complete and (2) is due to Proposition 3.5. It is important to note that, as a result of
0;(x) < 0;(y), we observe:

(01X A1 (Y)s ... 0,(X) Ao, (V) £ (0100, ..., 6,()

Similarly, as o () > 0;(y), we have:

(01X A6 (D), ..., 0,(X) Ao, (V) S (61(%), ..., 0,(X))

Furthermore, since B is strictly increasing, the inequality (2) can never be an identity. Consequently, (Bou)(xy) < (Boo)(x) A
(Boo)(y), and the pair (Boo, Bou) would not form a complete set. []

Finally, we provide a characterization of the aggregation operators that preserve any collection of complete fuzzy graphs. Thus,
we get a different approach than the rest of the results in this section.

Theorem 5.8. Let A : [0,1]" — [0, 1] be an aggregation operator. The following statements are equivalent:

1. A preserves complete fuzzy graphs.
2. A> A

Proof. 1= 2. Let us suppose that A preserves complete fuzzy graphs. We aim to prove that A > A. By Proposition 4.8, this is the
same as proving:

A, X ) ANAD L) = A A YL X AV,

for all (xy,...,x,),(¥1,....¥,) €[0,1]". Assume a,b € V with a # b. If we fix (x,...,x,),(¥}....,¥,) €[0,1]", we can define the
complete fuzzy graphs (o}, y;), ..., (0,, u,) such that:

13
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Fig. 7. Fuzzy graph (o}, #;) in the proof of Theorem 5.8.

x; ifv=a,

o;(v)=3y; ifv=b,
0  otherwise,

and y;(ab) =o0;(a) A o;(b) =x; A y; for 1 <i <n (see Fig. 7). Therefore, since A preserves complete fuzzy graphs:

A o X)) AAW, .0 3,) = A(61(@), ... 6,(@) A A(oy (D), ..., 6, (b))
= (Aooc)(a) A (Aoc)(b)
= (Aop)(ab)
= A(u,(ab), ..., u,(ab))
=AX| A Y X, A Y.

Hence A > A.
2= 1.Let {(o;, #;) | 1 <i <n} beaset of complete fuzzy graphs on V. Thus, y,;(ab) = c;(a)Ao;(b) forallie {1,...,n} and a,be V.
This fact, together with the hypothesis A > A leads us to the following chain of inequalities for each a,b € V:

(Aop)(ab) = A(u,(ab), ..., u,(ab))
=A(c1(a) Aoy(b),...,0,(a) Ao,(b))
= A61(a), ....0,(@) A Ay (D) ... ,0,(b))
= (Aoo)(a) A (Aoo)(D).
Consequently, (Aoo, Aop) is a complete fuzzy graph. []
6. Conclusions
We have explored the aggregation of fuzzy algebraic structures, with a focus on fuzzy graphs. We provided new insights into the
preservation of properties within these structures that are influenced by aggregation operators. Some of the achievements of this
work include:
1. Theoretical framework: we have established a theoretical framework for understanding aggregation in fuzzy graphs, clarifying
the role of aggregation operators in the preservation of different properties.
2. Characterization of aggregation: our findings have outlined conditions for transforming fuzzy graphs while preserving their
properties.
3. Insights into graph structures: we have uncovered important insights into preserving fuzzy graph structures during aggregation.

4. Preservation of completeness: additionally, we have elucidated criteria for preserving completeness in fuzzy graphs.

Our research contributes to the understanding of aggregation processes in fuzzy graph structures, which has implications for
network analysis and decision-making. We expect that our findings will encourage further exploration in this area.
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