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Abstract

If p is a positive Borel measure on the interval [0,1) we let #,, be the
Hankel matrix H, = (Hn,k)n,k>0 With entries pin,x = fn4k, Where,
forn = 0,1,2,..., puy, denotes the moment of order n of u. This
matrix formally induces an operator, called also H,, on the space of
all analytic functions in the unit disc D as follows: If f is an analytic
function in D, f(2) = S po, arz”®, z € D, Hu(f) is formally defined by

He(f)(z) = Z (Z Hn+kak> 2", ze€D.

This is a natural generalization of the classical Hilbert operator. This
paper is devoted to studying the operators H,, acting on the Bergman
spaces AP, 1 < p < oo. Among other results, we give a complete char-
acterization of those p for which #,, is bounded or compact on the space
AP when p is either 1 or greater than 2. We also give a number of results
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concerning the boundedness and compactness of H, on AP for the other
values of p, as well as on its membership in the Schatten classes Sp(A?).

Keywords: The Hilbert matrix, Generalized Hilbert operator, Bergman
spaces, Duality, Carleson measures, Bounded operator, Compact operator,
Schatten classes

MSC Classification: 47B35; 30H20.

1 Introduction and preliminary results

Let D={z € C:|z| < 1} denote the open unit disc in the complex plane C.
The space of all analytic functions in D will be denoted by Hol(ID). We also
let HP (0 < p < 00) be the classical Hardy space. We refer to [9] for notation
and results regarding Hardy spaces.

For 0 < p < co the Bergman space AP consists of those f € Hol(D) such

that o
1£]lar & ( / If(z)lpdA(z)> < co.
D

Here, dA stands for the area measure on D, normalized so that the total area
of D is 1. Thus

1 1
dA(z) = —dxdy = —rdrdf.
s m
We refer to [10, 15, 25] for notation and results about Bergman spaces. Let us

remark that if f € Hol(D), f(z) = > o—qanz" z €D, then f € A2 if and only
if >7° , n"!a,|? < oo and, in fact,

o 1/2
|an|?
||f||A2 = Zﬁ .

n=0

If p is a finite positive Borel measure on [0,1) and n = 0,1,2,..., we let
1, denote the moment of order n of u, that is, u, = f[o,l) t" du(t), and we let
H,, be the Hankel matrix (tn k)n k>0 with entries pin p = fints. The matrix
H,, formally induces an operator, which will be also called #,,, on spaces of
analytic functions by its action on the Taylor coefficients a., — 220:0 L+ kO
n=0,1,2,.... To be precise:

If f(z)= Zakzk € Hol(D) we define H,,(f)(z) = Z < un+kak> 2",
k=0 n=0 \k=0

whenever the right hand side makes sense and defines an analytic function in
D.
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If 1t is the Lebesgue measure on [0, 1) the matrix #,, reduces to the classical
Hilbert matrix H = ((n+k + 1)*1)n x>0+ Which induces the classical Hilbert

operator ‘H which has recently been extensively studied (see [1, 5-7, 17, 18]).

Galanopoulos and Peldez [11] described the positive and finite Borel mea-
sures p on [0,1) so that the generalized Hilbert operator H, becomes well
defined and bounded on H'. The corresponding question for H? had been
solved by Widom in [23]. Chatzifountas, Girela and Peldez [4] extended this
work describing those measures p for which H, is a bounded operator from
HP? into H?, 0 < p,q < o0.

Girela and Merchén obtained in [12] a characterization of those p for which
H,, is well defined and bounded on A? for 2 < p < co. Conditions on p which
are sufficient for H,, to be well defined and bounded on A? have been obtained
in [11, 13]. The action of the operators #,, on AP for 1 < p < 2 has not been
studied in the above mentioned articles.

This paper is devoted to studying the action of the operators H, on all the
Bergman spaces AP (1 < p < 00). Among other results, we obtain a complete
characterization of those p for which H,, is either well defined, or bounded, or
compact on AP for 1 < p < co and p # 2. We also obtain a number of results
for the case p = 2.

Obtaining an integral representation of H, plays a basic role in this work.
If 11 is as above and f € Hol(ID), we shall write throughout the paper

(e = [ e, )

whenever the right hand side makes sense and defines an analytic function
on D. It turns out that the operators H, and Z, are closely related. Indeed,
Hu(f) = Z,(f) for many functions f € Hol(D). For instance, this is true if f
is a polynomial.

Carleson measures play a basic role in our work. If I C JD is an interval,
|7| will denote the length of I. The Carleson square S(I) is the set defined
as S(I)={ret: et €1,1—|I|/(2r) <r < 1}.

If s >0 and p is a positive Borel measure on D, we shall say that u is
an s-Carleson measure if there exists a positive constant C' such that

w(S(I)) < C|I|°, for any interval I C 9D.

If p satisfies lim;jo pu(S(1))/|I|° = 0, then we say that u is a wvanishing
s-Carleson measure.
A 1-Carleson measure, respectively, a vanishing 1-Carleson measure, will be
simply called a Carleson measure, respectively, a vanishing Carleson measure.
Following [24], if u is a positive Borel measure on D, 0 < a < oo, and
0 < s < oo we say that p is an a-logarithmic s-Carleson measure if there exists
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a positive constant C' such that

) < (C, for any interval I C OD.

If w(S(I))(log(2n/|I))* = o(|I|®), as |I| — 0, we say that p is a vanishing
a-logarithmic s-Carleson measure.

A positive Borel measure y on [0,1) can be viewed as a Borel measure on
D by identifying it with the measure ji defined by

a(A) = p(ANJ0,1)), for any Borel subset A of D.

In this way a positive Borel measure p on [0,1) is an s-Carleson measure if
and only if there exists a positive constant C' such that

p(t1)<C1—1)°, 0<t<l.

We have a similar statement for vanishing s-Carleson measures, for a-
logarithmic s-Carleson measures, and for vanishing a-logarithmic s-Carleson
measures.

If X is a Banach space of analytic functions in I, such that convergence
in X implies uniform convergence on compact subsets of I, and ¢ > 0, a
positive Borel measure  in D is said to be a “q-Carleson measure for the space
X7 or an “(X,q)-Carleson measure” if X C L%(du). By the closed graph
theorem, if p is a g-Carleson measure for X then the embedding X — L?(du)
is continuous. The g-Carleson measures for the spaces HP, 0 < p,q < oo are
completely characterized. Carleson proved in [3] that the p-Carleson measures
for H? (0 < p < 00) are the (classical) Carleson measures. Duren [8] (see also
[9, Thm. 9. 4]) extended this result showing that, for 0 < p < ¢, the ¢g-Carleson
measures for H? are precisely the g/p-Carleson measures. Luecking [19] solved
the remaining case 0 < ¢ < p.

Hastings proved in [14] that, for all p, the p-Carleson measures for the
Bergman space are the 2-Carleson measures. A complete characterization of
the ¢-Carleson measures for AP (0 < p,q < oo0) was given in [20]. We shall be
interested in the 1-Carleson measures for AP, p > 0.

Following [20], for each j = 1,2,..., let us divide the annulus {z € D :
277 < 1 —|z| < 2179} into 27F! equal pieces by means of equally spaced
radii. Number these sectors as @ ;, 1 =1,2,..., 27F1 A particular case of [20,

Thm. 2] asserts that a finite positive Borel measure v on D is a 1-Carleson
measure for AP (1 < p < 00) if and only if the sequence {u (Qij) 22j/p} belongs
to ¢, where p’ is the exponent conjugate to p, that is, 1/p+ 1/p’ = 1.

For k =0,1,2,..., let I}, be the interval [1 —27% 1 —27%~1)_ Since for any
j at most two of the sectors @; ;,7=1,2,..., 27F1 intersects the radius [0, 1),
the following results follows.



Springer Nature 2021 BTEX template

Hilbert-type Operators Acting on Bergman Spaces 5

Proposition 1 Let u be a positive finite Borel measure on [0,1) and 1 < p < oo.
Then p is a 1-Carleson measure for AP if and only if the sequence {2%/1"#(@)}?:0
belongs to o

If 1 is a positive finite Borel measure on [0,1), f € Hol(D) and
f[o 1 [f(®)]du(t) < oo it is clear that the integral

o

and that I,,(f) is a well defined analytic function in D. Following the arguments
in the proof of [12, Thm. 4], we have the following result.

dyu < oo, for every z € D

Proposition 2 Let p be a positive finite Borel measure on [0,1). Let h be a poly-
nomial and let f be an analytic function in D such that f[O.l) |f(®)]du(t) < oo.
Then

/”h@>nmf>dA<w
D

where G(t) = fol r|h(r2t)|dt.

52/ F(OIG(E) dut), @)
[0,1)

Throughout this paper the letter C' denotes a positive constant that may
change from one step to the next. Moreover, for two real-valued functions
E1, By we write By < Es, or By 2 Es, if there exists a positive constant C
independent of the arguments such that E; < C'Es, respectively F; > CEs.
If we have Fy < Es and E; = E» simultaneously then we say that Fy and Es
are equivalent and we write F1 < Fs.

Also, if 1 < p < oo, p’ will stand for the exponent conjugate to p, that is,
1/p+1/p =1if 1 < p < oo, while 1’ = oo.

Let us remark that, just as in [12], a good number of the results that we
are going to present could be extended to weighted Bergman spaces AP for
certain values of a. We have preferred to restrict ourselves to the unweighted
case for simplicity.

2 The Hilbert-type operators H,, acting on the
Bergman spaces AP, with 1 < p < oo and

pF2

We start considering the case p = 1. We have the following result.

Theorem 3 Let p be a positive finite Borel measure on [0,1). Then the following
conditions are equivalent.
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(i) w is a 2-Carleson measure.
(ii) p is a 1-Carleson measure for A*.
(iii) The operator I,, is well defined in A'.
(iv) The operator H,, is well defined in A'.
(v) The operator 1, is well defined in A and it is bounded from Al into itself.
(vi) The operator H,, is well defined in A* and it is bounded from Al into itself.

Furthermore, if these conditions are satisfied then for any given f € Al, flz) =
Yol ganz", z €D, we have

Hu(f) = 1u(f), (3)
f(@)
/[071) T du(t) < oo, z €D, (4)
and -
Zﬂn+k‘ak|<007 TL:0,1,2,.... (5)

k=1

The following result will be needed to prove Theorem 3.

Proposition 4 There exists a positive constant K > 0 such that if f € A' and
f(z) = Y02 ganz", z € D, then there exists another function g € Al of the form
g9(z) = > 07 ybn2", z € D such that
lglla, < K1 flla;-
0<[f)] <g(t), forallt€[0,1).
0 <lan| <bn, forn=0,1,2,....

Proposition 4 will follow from the following result of Horowitz.

Theorem A. There exists a constant K > 0 such that for any given f € Al
there exist two functions f1, fa € A? such that f = fifa and ||f1]laz|lf2]laz <
K| flla-

Proof of Proposition 4. Let K be the constant in Theorem A. Take f € A!,
f(z) = Y2 panz™, 2 € D, and f1,fo € A? such that f = fify and
[ f1llaz |l foll a2 < K[| f]lar.

Suppose that

) =Y ans® fa) =Y B zeD,
n=0 n=0

Set

01(2) = Y lanlz”, g2(2) = 3 [Balz” 2 €D
n=0 n=0
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Then g1, 92 € A® and ||gj]|a2 = || fjllaz, 5 = 1,2. Set g(2) = g1(2)g2(2), z € D.
Let g(z) = Y02 5 bnz", z € D. We have

O] =) f2(D)] < g1(t)g2(t) = g(t), 0<t <1,

=b,, n=0,1,2,...,

lan| =

lgllar < llgallazllgzllaz = [l f2llazllf2lla> < K| fllar-
0

Proof of Theorem 3. The equivalence (i) < (ii) follows from the above
mentioned result of Hastings.

The implication (ii) = (iii) is clear.

Nnow assume (iii). Take f € A!. Use Proposition4 to take g € A! with
0 <|f(t)| < g(t) for all ¢t € [0,1). Since g € A", the integral defining Z,(g)(0)
converges. Thus

/ FO) du(t) < / o(t) du(t) = T,(9)(0) < oo.
[0,1) [0,1)

This gives that f € L' (du).

So far we have seen that (i), (ii), and (iii) are equivalent. Also, it is clear
that these conditions imply (4).

Now assume (ii). Take f € A, f(z) = Y07 anz", z € D. Use Proposition 4
to take g € A', g(z) = >°07 ) bp2™, 2 € D, satisfying

lglla, < Kl f[la,
0<|f(®) <g(t), foralltel0,1),
0 <lan| < by, forn=0,1,2,....

Using (ii) we see that

/ o(t) du(t) < oo
[0,1)

For every n, we have

Zﬂn+k|ak| < Zun+kbk = Z/ )tmkb kdp(t)
0,1
= t bt’“dut:/ t"g(t) du(t)
/[0,1> Z * “ [0,1) (1)

k=0

S/ g(t)du(t) < oo.

[0,1)
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Thus (5) holds. Also, Fubini’s theorem yields that

/ " f(E) du(t) = Y pngrar, n=0,1,2,...,
0.1)

k=0

and

Z(/ t"f(t) >—Z<Zun+kak> , zeD.

Hence, M, (f) is well defined and coincides with Z,(f). So, we have proved
that (ii) implies (iv), (3), and (5).

Using Proposition4 it follows readily that (iv) implies (5) and it is clear
that this implies (ii).

We already know that the conditions (i), (ii), (iii), and (iv) are equivalent
and that they imply (3), (4), and (5).

The implications (v) = (iii) and (vi) = (iv) are obvious. Hence it remains
to prove that (i) implies (v) and (vi). To prove this we shall use duality.

Recall that a function f € Hol(D) is said to be a Bloch function if

def

1£1ls = 1£(0)] +sup(1 — [2[*)| f'(2)] < co.
zeD

The space of all Bloch functions is denoted by B, it is a Banach space with the
norm || - ||z just defined. The little Bloch space By is the space of those f € B
such that

Tim (1= 2P)7(2)] =0
The space By is a closed subspace of B, in fact, it is the closure of the poly-

nomials in the Bloch norm. We refer to [2] and to [25, Ch. 5] for the theory of
Bloch functions. Let us remark that if f € B then

S < flatos =7, z€D. (6)

Also, the dual (By)”* of By can be identified with A! under the integral pairing

(h, f) = / W) dAGz), he By, fe Al

(see [25, Thm. 5.15]).
Assume (i) (or, equivalently (ii)). Take f € A! and let h be a polynomial.
Using Proposition 2, we see that

/D W) T, () dA(z)

<2 [ 170160 dute), ™
[0.1)
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where G(t) = fol r|h(r?t)|dr. Using (6) we see that there exists C' > 0 such
G(t) < C||h]|s,

for every ¢t € [0,1) and any polynomial h. This, (7), and the fact that the
embedding A' — L!(du) is continuous give that

/ W) T, () dA(z)| <2C|hlls / ) du(t)
D )

)

<C'||\h||sllf|lar, for any polynomial h,

for a certain positive constant C”. Since By is the closure of the polynomials
in the Bloch norm, it follows that I,,(f) defines a continuous linear functional
in By with norm smaller than or equal to C’|f| a:. Thus, Z,(f) € A' and
|1 Z.(f)]|ar < C'||f|la1. Hence, we have proved that (i) implies (v).

Since we have seen that (i) implies that H,, and I,, coincide in A' we also
have that (i) implies (vi). O

Let us turn to the case 1 < p < 2. We have the following result.

Theorem 5 Suppose that 1 < p < 2 and let p be a positive finite Borel measure on
[0,1). Then:

(i) The measure p is a 1-Carleson measure for AP if and only if the sequence
{22k/Pp (1)} belongs to o'
Furthermore, if these conditions are satisfied then p is a vanishing 2/p-
Carleson measure and the operator 1, is well defined in AP and is bounded
from AP into itself.

(1t) If the operator H,, is well defined in AP and is bounded from AP into itself
then u is a 2/p-Carleson measure.

(iii) If there exists a C'-decreasing function ¢ : [0,1) — [0,00) for which

/o %dt < oo and p(t1)) S (1—6)*7p(t) 8)

then H,, is well defined in AP and is bounded from AP into itself.

Proof The fact that u is a 1-Carleson measure for AP if and only if the sequence
{22k/pu(lk)} belongs to " follows from Proposition 1.
Also, if p is a 1-Carleson measure for AP and f € AP, then

/[0’1) f(t)

- du(t) < oo
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and, hence, Z,,(f) is well defined. Furthermore, using Minkowski’s integral inequality,

we see that

[ nner )] o 1o,

1—tz

IN

£k

IN

Since 1 < p < 2,

p71/p
du(ﬂ) }
dA(z)
/[0,1) e (/]D) |1 —tz|P

dA(z) 1 1
T\ < - -
/Duftzv’ ~ /0 T R

Using the last two inequalities and the fact that p is a 1-Carleson measure for AP,

we obtain

1/p
[/ |1ﬂ<f><z>|pdA<z>} S [ @laut) £ 1l
D [0,1)

5

Thus, I, is bounded from AP into itself.
To finish the proof of (i), assume that

e / ’
ST 2P < oo,
k=0

Take b € (1/2,1). Take j € N such that b € I;. Then, we have (1 —b) = 277 and

1/p’

3o /e ()Y = o(1).
k=j

Using Holder’s inequality and these facts, we obtain

(b, 1)) < iu(lk) = if’“/puum‘%“’
k=j k=j

2kp’ ! —2k
< | So o e > 2
k=j k=j

=0(1)272/P < o(1)(1 - b)¥/P.

Thus u is a vanishing 2/p-Carleson measure.
Let us turn to prove (ii).

Assume that H,, is well defined in AP and that it is a bounded operator from AP

into itself. For 0 < b < 1, set

1-b
fo(z) = TSy z€D.
Then
fre AP, and | fyllar < 1.
Hence,
L2 H (o)l
Now,

o0
fo(z) = Z ak’bzk zeD, with agp =< (1 — b)bka/p.
k=0
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Since the ay, ;’s are positive, it follows that the sequence 5o, Hn4kQhk b fneg of the
Taylor coefficients of H,(f3) is a decreasing sequence of non-negative real numbers.
Using this, [12, Prop. 1], and the definition of the aj,’s, we obtain

o] p
1Hu(fo)ll 2 Z <Z Mn+kak,b> (10)
k=1

oo oo L p
n+
z:: <z_: akp /[0,1)t du(t)>
[ee] p
(1—b)P Z <Z kQ/Pb’“/ t"+kdu(t)>

k=1 [6:1)

> (1- b Z p— Sbnp <i k2/pb2k>p

n=1 k=1
= (1 —b)Pu([b, 1))[)7(1 — 2)2+p Zl nP=3p"P
_ w(b, )P
T (1-b)2

To obtain the last relation we have used that Y00, n? 736" < 1 because p < 2.
Using (10) and (9) we deduce that p is a 2/p-Carleson measure.

For future reference, let us remark that the argument we have just presented
works also for p = 1. We did not use it in the proof of Theorem 3 because the condition
“M,, is well defined in A" is enough to conclude that u is a 2-Carleson measure.

We shall use duality to prove (iii). Using [25, Thm. 4.25], we see that the dual of
AP’ can be identified with AP under the pairing

(h,f) = /Dh(z)mdA(z), he AV, fe AP,
Assume that p and ¢ are as in (iii). Take h and P two polynomials. Clearly,
/[0 ) |P(t)| dp(t) < oo, and Z,(P) and H,(P) are well defined and Z,,(P) = H,(P).
Then, using Proposition 2 we see that

/D h(z)Ha(P) dA(2)| <

2 [ POIGEO duce) ()
[0,1)
where G(t fO r|h(r?t)|dr. Set A =2/(pp’) and let v be the measure defined by

dv(t) = (1— )" du(t) = (1 - >/ du(t).

It is clear that v is a 2-Carleson measure and, hence, it is a p-Carleson measure for

AP Thus,
1/p
( /[( - |P(6)[P(1 — )P du(t)> S NPl av-

Using Holder’s inequality and this in (11), we obtain

/ h(z)Ha(P) dA(2)| < / PO —DACH A — ) Adut)  (12)
D [0,1)
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1/p ) ) 1/p’
< ( / |P<t>|P<1—t>APdu<t>> < Gty (1—t)~ P du(t)>
[0,1) [0,1)
, ) 1/p’
< ( GyP (1—t)~ P du(ﬂ) 1P| ar-
[0,1)
Arguing as in [12, pp. 814-816] we see that
[ G a0 du <, (13)
[0,1/2)
and
/ GP (1— )~ du(t) < / F(t)du(t), (14)
[1/2,1) [0,1)
where
1 v , ¢ 4 ,
Flt) = < Moo(l—s,h)ds) (1— 1)~ = (/ Moo(s,h)ds> (1— 1)~
1—t 0

Observe that F is an increasing function. Since 2/p’ < 1, we have

’

t p
FOu(t 1) S0 -0 e)F(t) = o(t) ( /0 Mo (5, 1) ds) (15)

’

< olt) / W N <
~P 0 (1—8)2/17/ ~ ¥ »'

Integrating by parts and using (15) and the fact that ¢’ < 0, we obtain

1
[ P@ydu®) =Pu(0.1) - lim e DF@) + [ ule DF (0
[0,1) - 0

1
([t 1)/ (H)dt

(1= 2Pt (1)t

A
S— S—

N

-/ 1= 0] oy ar

= /O RO = 0 ()t

1 /
s(/ “”“)dt) IhlE .
0 1—t P’

SRl -
P
Using this, (12), (13), and(14), we obtain that

/ h(z)Hu(P) dA(z)
D

S 1l gpr (1P 4

for any polynomial h. Since the polynomials are dense in Ap,, we deduce that #H,,(P)

gives a bounded linear functional in A”" with norm bounded by ||P|| a», that is

Hu(P) € A" and [Hu(P)llar < 1P| - (16)
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Take now f € AP, f(z) =Y 72, a2’ z€D. For N =0,1,2,..., set

N
Py(z) = Z akzk, z € D.
k=0

Since (16) holds for any polynomial P, it is clear that the sequence {Hu(Pn)}X—o
converges in AP to a certain function g € AP with

lgllar < I1flar-
Let

o0
g9(z) = Z bnz", z€D.
n=0

For every N, we have

[e] N
Hu(Py)(2) =) <Z Mn+kak> Z", zeD.

n=0 \k=0
Since
lim H,(Py) =g in AP,
N —o0

it follows that, for every n,

N

Z P4k, — bn, as N — oo,

k=0

that is, for every n, the series Ziio In+ka) converges and

9(z)=>_ <Z Mn+kak> 2", zeD.

n=0 \k=0
Thus, Hu(f) is a well defined analytic function which belongs to AP and
1Hu(Hllar S (1 f] 4 0

The finite positive Borel measures p for which H, is well defined and
bounded from AP into itself for 2 < p < oo are characterized in [12, Thm. 4].
These results are complemented in the following theorem.

Theorem 6 Suppose that 2 < p < co and let p be a positive finite Borel measure on
[0,1). Then:

(i) The measure p is a 1-Carleson measure for AP if and only if the sequence
{22k/Pp (1)} belongs to o'

(ii) If p is a 1-Carleson measure then it is a 1-Carleson measure for AP.

(iii) If p is a 1-Carleson measure and f € AP, f(z) = Yo" janz", 2 € D,
then (4) and (5) hold, the operators I, and M, are well defined in AP, and
Hu(f) =1.(f) for all f € AP.

(i) The Hilbert-type operator M, is well defined in AP and it is bounded from
AP into itself if and only if p is a 1-Carleson measure.
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Part (i) follows from Proposition 1 and (ii) follows readily from (i). Let us
remark that (ii) can be deduced also using that if p > 2 then 2/p < 1 and that
if f € AP then |f(2)| < (1 — |2|)~%/P, arguing as in the proof of [12, Thm. 3].

Part (iii) is contained in [12, Thm. 3 and Cor. 1] and their proofs. Indeed,
using (ii) we see that if f € AP, f(z) = > .7 a,2z", z € D, then f satisfies
condition [12, (12), p. 809] and Y ;- |ax|/(k + 1) < oo (see [12, p. 810]) and
then (iii) follows.

Part (iv) is contained in [12, Thm. 4].

3 The Hilbert-type operators H, acting on A?

This section is devoted to considerin the operators H, acting on A2, The
question of characterizing those y for which I,, and H,, are well defined in A?
is solved in the following theorem where we give also a condition in terms of
the moments of ;1 which is equivalent to x4 being a 1-Carleson measure for A2.

Theorem 7 Let p be a positive finite Borel measure on [0,1). Then the following
conditions are equivalent.

(i) w is a 1-Carleson measure for A2.
(it) The sequence {2%u(I};)} belongs to €2
(iii) If f € A2, f(z) =Y 0  ganz™, 2 €D, then Y o o pin|as| < oo.
(iv) 07 ynu? < oco.
(v) The operator 1, is well defined on AZ.
(vi) The operator H,, is well defined on A?.

Furthermore, when these conditions are satisfied then for any given f € A2,
f(z) = Z?,,o:o anz", z € D, we have

Hu(f) = Iu(f), (17)
f(t)
/[071) SO () < o0, 2D, (18)
and -
> tmgrlagl < oo, n=0,1,2,.... (19)

k=1

Proof The equivalence (i) < (ii) follows from Proposition 1.
To see that (i) = (iii), take f € A2, f(z) = S ganz", z € D. Set

(oo}
g(z) = Z lan|2", zeD.
n=0
Then g € A% and ||g| 42 = || f|| 2. Since g(t) = Yo g lan|t™ for all t € [0, 1), we have
o0
> unlan| = / 9(@) du(t) < llgllaz = [[flla2 < oo
n=0 [011)

Thus (iii) holds.
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Now assume (iii). Let f and g be as in the proof of the preceding implication.

Then -
F(0)] dut) < / @] = S pnlan] < 0.
Jo 0701 = 22

Thus, (ii) holds.
Condition (iii) if equivalent to saying that

i

In other words (iii) is equivalent to saying that

|2
n+1

’ (Vnun) < oo for any sequence {an }neq such that Z

n+1 =

o0

Z bn|(v/7 i) < 0o for any sequence {bn }o2q € £2.

n=0
By duality, this is equivalent to saying that the sequence {y/7 jin}52 belongs to 2
which is (iv). Thus, we have proved that (iii) and (iv) are equivalent.

So far we have proved that the first four conditions are equivalent. The arguments
used in the case p = 1 give that these conditions imply that (18) and (19) hold for
any f € A% This implies (v), (vi), and (17).

It remains to prove that (v) = (i) and that (vi) = (i).

For f € A% f(z) = 3200 gan2™, 2z € D, set g(2) = 300 |an|2™, 2 € D, as above.

Assume (v). Since g € A%, I,(g)(0) is well defined, that is, f[O,l) g(t) du(t) < co.
Since |f(t)| < g(t), 0 <t < 1, we deduce that f[071) | f(t)] du(t) < co. Thus (i) holds.

Now assume (vi). The fact that g € A2 implies that #,(g)(0) is well defined,
that is, > o2y pin|an| < co. Thus (iii) holds. Hence (i) holds.

]

Let us turn to deal with the boundednessof H,,. A necessary condition for
the boundedness of H,, was given in [13]. Indeed, the following result is proved
in [13, Thm. 3].

Theorem B.(i) Let u be a positive and finite Borel measure on [0,1). If p is

a 1-logarithmic 1-Carleson measure, then H,, is bounded from A? into itself.

(i) If 0 < B < 1, then there exists a positive and finite Borel measure p on [0, 1)
which is a B-logarithmic 1-Carleson measure but such that H,(A?) ¢ A2.

In our following result we give a sufficient condition for the boundedness
of H, in A%

Theorem 8 Let pu be a positive finite Borel measure on [0,1). If the operator H,, is
bounded from A2 into itself then u is a 1/2-logarithmic 1-Carleson measure.

Proof For 0 < b < 1, set

1-b
fo(2) = T2 Zak p2", zeD.
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Then )
fo € A%, and || fplla2 < 1.

Hence

L2 [ Ha(fo)ll 3
Bearing in mind that a;, < (1 — b)kb® and arguing as in the proof of part (ii) of
Theorem 5 but taking p = 2, we obtain

oo o0 2
2 —1
L2 [Hu(fo)lae 2 Y <Z Mn+kak,b>
k=1

n=1

oo

0o 2
—1 n+k
= E n E ak,b/ t d,u(t))
n—1 ( [0,1)

k=1
2
)

>(1-b) i <Z kbk/
= ) 2
> (1=0)%u([b,1))* > n o> (Z kb2k>

[b,1)
n=1

)

(1 —0)2u([p,1))* 42 ntp?"

p([b,1))? 1
1—p)2 B1_p

Then it follows that p is a 1/2-logarithmic 1-Carleson measure.

=

4 Compactness

In this section we deal with the question of characterizing the measures p for
which #H,, is compact on AP. For p # 2, we have the following result.

Theorem 9 Let i be a positive finite Borel measure on [0,1).

(i) The operator H, is compact from Al into itself if and only if p is a vanishing
2-Carleson measure.

(1) If 1 < p < 2 and Hy is compact from AP into itself then p is a vanishing
2/p-Carleson measure.

(i1t) If 2 < p < oo then Hy is compact from AP into itself if and only p is a
vanishing 1-Carleson measure.

Proof Let us start by proving that being a 2/p-Carleson measure is a necessary
condition for the compactness of H,;, when 1 < p < 2. So, assume that 1 <p < 2 and
that that H, is a compact operator from AP into itself. We argue as in the proof of
the corresponding result regarding boundedness. For 0 < b < 1, we set

1-b?

fo(z) = m’ z €D.
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We have | fp||%), =< 1 and
{fp} = 0, asb— 1, uniformly on compact subsets of D.
Since H, is compact from AP into itself, we have
[Hu(f)llar =0, asb— 1. (20)

Using (10) (see also the remark regarding A' at the end of the proof of part (ii) of
Theorem 5), we see that

-2
p([b, )P =0)"" < Hu(fo)ll 5o
This and (20) give that u is a vanishing 2/p-Carleson measure.

A similar argument works to prove that being a vanishing 1 Carleson measure
is a necessary condition for compactness in the case 2 < p < oco. Indeed, if f; is as
above and 2 < p < oo, the substitute for (10) is the inequality u([b,1))(1 —b)~! <
1Hpu(fp)ll A» (see [12, p. 813]). Using this and arguing as in the preceding paragraph
we obtain the result. We omit the details.

Suppose now that 2 < p < oo and that p is a vanishing 1-Carleson measure. We
recall that the dual of AP can be identified with AP with the pairing

(h ) = /Dh(z)mdA(z), heHY | fe AP,

Let {fn} be a sequence of functions in AP which is bounded in A” and tends to 0
uniformly on compact subsets of D. Bearing in mind [22, Lem. 3.7], we have to prove
that ||Hu(fn)|la» — 0. Looking at [12, pp. 813-814] we see that

1/p
%ﬂﬂhMﬁMﬁﬂ</ ﬁﬁWﬂ—ﬂ@@) , hea” neN.
[0,1)

This is equivalent to saying that, for every n, Hu(fn) € AP and

1/p
[Hu(fr)llar S </[O ) |f@®F(1 1) dﬂ(ﬂ) - (21)

Since 4 is a vanishing 1-Carleson measure, the measure v defined by
du(t) = (1 - t)dp(t)

is a vanishing 2-Carleson measure. Then, using [21, Thm. 4.3], we deduce that the
embedding AP — LP(dv) is compact. We claim that

{fn} tends to 0 in LP(dv). (22)

Let us prove this by contradiction. Suppose (22) is not true. Then, using the fact that
the embedding AP — LP(dv) is compact, we can find € > 0, a subsequence { fn,} of
{fn}, and g € LP(dv) such that {fn;} — g in LP(dv) and || fn,|lLr(av) > €, for all j.
Now, using a standard result in measure theory we can assert that a subsequence of
{fn;} tends to g v-almost everywhere. Since {fn} — 0 uniformly on compact subsets
of D, we deduce that

)

P

g =0, v-almost everywhere.

This yields that {fn;} — 0 in LP(dv) which is a contradiction. Thus (22) is true.
This is the same as saying that

(4

5

1/p
N |fn(®)P(1—1) du(t)> = 0.
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This and (21) give that ||, (fn)]|a» — 0, as desired.

Finally, let us prove that if p is a vanishing 2-Carleson measure then H, is
compact on A'. So suppose that p is a vanishing 2-Carleson measure. We recall that
the dual of By can be identified with A' with the pairing

(h, f) = /Dh(z)mdA(z), he B, feA.

Let {fn} be a sequence of functions in A! which is bounded in A! and tends to 0
uniformly on compact subsets of D. Just as in the preceding case, we have to prove
that || (fn)|| a1 — 0. Looking at the proof of part (ii) of Theorem 3 we see that

[ M ()] S thls/ : |F®)|du(t), h € Bo, neN. (23)

Since p is a vanishing 2-Carleson measure, using [21, Thm. 4.3], the embedding
Al Ll(dy) is compact. Then arguing as in the case 1 < p < 2, we deduce that
the sequence {f,} tends to to 0 in L'(dy). This is the same as saying that

1/p
( / ()] du(t)) 0.
[0,1)

This and (23) give that ||, (fn)|| a1 — 0, as desired. O

Now, we turn to consider the case p = 2. We have the following result.

Theorem 10 Let p be a positive finite Borel measure on [0,1). If u is a vanishing
1-logarithmic 1-Carleson measure, then Hy is a compact operator from A? into itself.

Proof Assume that If p is a vanishing 1-logarithmic 1-Carleson measure. Theorem B
implies that #,, is bounded from A? onto itself.

For N € N let H,, n be defined as follows:

If f€ A% f(2) = 0% g anz", 2 €D, we set

N
Hun(f)(2) = Z (Z Hn+kak) 2", z€D.

n=0 \k=0

Clearly, the operators H, v are finite rank operators from A? into itself. Then the
compactness of H,, will follow from the fact that

Hu,N — Hp, in the operator norm. (24)

Let us prove (24).
Take € > 0.
Take f € A2, f(2) = S ganz", z € D. Set

oo
g(z) = Z lan|z", zeD.
n=0
Then g € A? and ||g|| 42 = |||l 42. For every N € N, we have

Hu(f)(2) = Hun(H() = Y <Z Mn+kak> 2", z€D.

n=N+1 \k=0
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Hence,
() = Huon (DI = > g | it (25)
n=N+1 k=0
2
< Z +1 <Z Mn+kak|> = [Hulg) — Hun(9)| %2
n=N+1

Since p is a vanishing 1-logarithmic 1-Carleson measure, pn = o(1/(nlogn)). Then

take Ny so that
€

(n+1)log(n+1)’
Let v be the Borel measure on [0, 1) defined by

du(t) = (log 1:)1.

Then v is a 1-logarithmic 1-Carleson measure and
1

(n+1)log(n+1)
This and (26) imply that, for N > Ny, we have

2
o oo |CL |
IHu(F) = Hun(Plde < Y (kZ_O Tk +1)10’;(n+k+1)>

n=N+1

< 2 k = 2 2 .
=€ ,;(,;) (n+k+1)log(n+k+1)> eIy (9)ll a2

Using this and the fact that H, is bounded from A2 into itself, we deduce that

2 2 2 2 2
IHu(f) = Hun(Hllaz < e llgllaz = 7l fIaz:
Then (24) follows. This finishes the proof. O

pn < for every N > Np. (26)

Vn X

Let us go one step forward by studying the membership of #H, in the
Schatten classess S,(A?).

Given a separable Hilbert space X and 0 < p < o0, let S,(X) denote the
Schatten p-class of operators on X. The class S,(X) consists of those compact
operators T on X whose sequence of singular numbers {A, } belongs to ¢?, the
space of p-summable sequences. It is well known that, if A\, are the singular
numbers of an operator 7', then

An = A\ (T) =inf{||T — K| : rank K < n}.

Thus finite rank operators belong to every S,(X), and the membership of an
operator in S,(X) measures in some sense the size of the operator. The class
S2(X) is the class of Hilbert-Schmidt operators on X.

[11, Thm. 6] asserts that if p is a positive finite Borel measure on [0, 1),
then H,, is a Hilbert-Schmidt operator on A? if and only if

/[071) (1([ t))g 0g T ! ; du(t) < oo. (27)
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Let us remark that (27) is equivalent to

oo

n n lo
> /[o,lf ([t 1) og -

n=

s du(t) < (28)

Let us turn to study the membership of H,, in S,(A?) for p # 2. We have
the following result.

Theorem 11 Let u be a positive finite Borel measure on [0,1) and 2 < p < 0.

(i) If ,
1 1 p
/{0,1) (1—t)p (log 1 —t) dp(t) < oo (29)

then M, € Sp(A?).
(ii) If H,, € Sp(A?) then
an/z V ol 1))10g11

p/2
< 0. (30)

0

Proof of Theorem 11 (i). Assume 2 < p < oo and (29). Then, for 0 < b < 1,
we have

1 1 \"? 1 1 \P2
00 > log ) du(t) > / <1og ) du(t
/[0,1) (-2 < 1—t Q b1y (1—1)7 1—t ®)

(L) (10g ! )m _ p((b.1) (10g . ) (10 11b>”/21.
! (

1-0) 1-b (1 —p)r-1

Y (k) = (2
1-b

Since p > 2 this gives that u is a vanishing 1-logarithmic 1-Carleson measure.
Using Theorem 10, we see that this implies that H,, is a compact operator on
A?. Then, in order to prove that H, € S,(A?), it suffices to prove that

> I Hulen)lhe < oo, (31)
n=0

for any orthonormal sequence {e, }>° in A? (see [25, Thm. 1.33]).
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So, let {e,}2°, be an orthogonal sequence in A% For any sequence
{An}52, € 2, we have that

oo o0 o0 1/2
anen € A%, and || Z)\nen||A2 < (Z )\n|2> .
n=0

n=0 n=0

Using this and [25, Thm. 4.14] we deduce that, for any ¢ € [0, 1),

© P2 1/2
< M7 for any {\,}5°, € 2.
Using duality, we deduce that
o 1/2 )
(Z en(t)|2> < 1-¢ 0<t< 1 (32)

Using Minkowski’s integral inequality, the fact that

dA 1
AAG) e L
L= t2]? 1t

Holder’s inequality and the fact that p is a finite measure, the embedding of
2 into (P, and (31), we obtain

Z/ (/ o T d““)>2 A

p/2

IN

D IHulen) e
n=0

< g}) /[0 , (/ |1ent22 )>1/2d,u(t)r
2 /[01 e (2 (/ 1_’532) du(t)]
S 2/{071) len (t)[P <10g : t>p/2 fu(t)

S t)m (i |en<t>|P> ault)
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1 \"?* 1
< log ) du(t) < oo.
/[0,1) ( 1—t (1—t)7 Q

Thus (31) holds. This finishes the proof of (i). O

Proof of Theorem 11 (ii). Assume p > 2 and that H,, € S,(A?). Let {e,}5%,
be the orthonormal basis of A2 defined by

en(z) = M+ 1)Y22" 2eD, n=0,1,2,....

Using again [25, Thm. 1.33] we see that

D Hu(en) B < oo (33)
n=0
‘We have
Hulen)2) = [ £ i) - (1123 [t )
0,1 1—1tz = Vo
Hence,

2 p/2

> (el = Z<n+1>”/2 i ()

n=0

Mg

oo p/2
1 n
=D (n+ 1)”/2 " 1/ (ts)"*dp( )du(t)]
n=0 — [ 0 1)

0

x p/2
(n+ 1|3 k+ 1/[ / [t.1) ()" )du(t)]

— t,

K‘

I
ol

Lk=0

(n+ 172 /[ ) ( } )dm >r/2
(n+1)P/2 /[011 (/t - log > dp(t ]
222(11-1— 1)1’/2 /[0)1 </t ! g7 —t2 > du(t ]

o0
:222(714—1)7’/2 / t2n log
n=0 [0,1

This and (33) give (30). O

3
I
=)

|
M

3

Il

o
S

AV
[N}
NE

3
Il
<)

2z [t 1))du(s )]
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Regarding the membership of H,, in SP(AQ) for p < 2, we have the following
result.

Theorem 12 Let p be a positive finite Borel measure on [0,1) and 0 < p < 2. If
p/2

o 1
> [/ ([t 1)) log ——dp(t)| <o (34)

0 1—t

n=0

then H,, € Sp(A?).

Proof Assume 0 < p < 2 and (34). Let us take again the orthonormal basis {en }peq
of A? defined by

en(z) = (n+ 1)1/22n

Bearing in mind the embedding ¢ < (2, we see that (34) implies (28).
Hence, H; € S2 (A2) and, consequently, it is a compact operator in A2. Using [25,
Thm. 1.26], we see that it suffices to prove that H},H, € Sp/Q(AQ). Since Hj, Hy is
a positive operator, using [25, Cor. 1.32] we see that H), H, € Sp/Q(AQ) will follow
if we prove that

, 2€D, n=0,1,2,....

ST HipHu(en), en)?? = S [ Hplen) |2 < oo (35)
n=0 n=0

In the proof of the preceding theorem we saw that

S o0 [e%s) k p/2

k=0
(36)

We have

Lo o ) auo < [ o ([ 30 S aute) ) autey

[0,1) [t,1) k:0k+1 o [tal)k:0k+1

n 1 n 1
= [ ([ sy tde) ) du() = [ tog 1wt 1) duto),
[0,1) 1y o L—t [0,1) -t

This and (36) show that (34) implies (35). This finishes the proof. O
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