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Abstract   This work presents the uncertainty analysis of an Artificial Neural 

Network (ANN) based method, called Multiharmonic ANN fitting method 

(MANNFM), which is able to obtain, at a metrological level, the spectrum of 

asynchronously sampled periodical signals. For sinusoidal and harmonic content 

signals, jitter and quantization noise contributions to uncertainty are considered in 

order to obtain amplitude and phase uncertainties using Monte Carlo method. The 

analysis performed identifies also both contributions to uncertainty for different 

parameters laboratory configurations. The analysis is performed simultaneously 

with our method and two others: Discrete Fourier Transform (DFT), for synchro-

nously sampled signals, and Multiharmonic Sine Fitting Method (MSFM), for 

asynchronously sampled signals, in order to compare them in terms of uncertainty. 

Regarding asynchronous methods, results show that MANNFM provide the same 

uncertainties than MSFM, with the advantage of a simpler implementation. Re-

garding asynchronous and synchronous methods comparison, results for sinusoi-

dal signals show that MANNFM has the same uncertainty as DFT for amplitude 

and higher uncertainty for phase values; for signals with harmonic content, ampli-

tude conclusions maintain but, regarding phase, both MANNFM and DFT uncer-

tainties become closer as the frequency increases, which implies, in fact, that 

when synchronous sampling is not possible, spectrum analysis can be performed 

with asynchronous methods without incurring in uncertainty increases. 

Keywords: sine-fitting methods; spectral analysis; ADALINE; digital measure-

ment; uncertainty; Monte-Carlo. 
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1 Introduction 

The use of nonlinear electronic components connected to the electrical grid is 

becoming common in our daily life. These components add harmonic and inter-

harmonic content to the electric signal, which results in a deterioration of the qual-

ity of the power supplied, an increase in losses and a decrease in the reliability of 

the whole system. In this situation, it is increasingly important to accurately de-

termine the harmonic content of the power signals. For these reasons, several Na-

tional Metrological Institutes (NMIs) have implemented new methods to measure 

power in non-sinusoidal conditions [1] [2].  

These new methods make use of the versatility of the digital techniques, espe-

cially considering the possibility of obtaining the spectral analysis of the signals of 

interest, and are based on the use of traditional algorithms, such as DFT. In order 

to be accurate, DFT requires synchronous sampling [3], which, in real measure-

ment systems, implies that sampling and generation time bases must be common, 

which is not always possible. If this condition cannot be accomplished, the DFT 

spectral analysis of the sampled signals incurs in errors due to the spectral leakage 

effect.  

To overcome this limitation, some authors [4] [5] have proposed the use of 

asynchronous sampling combined with the use of non-synchronous spectral analy-

sis methods. In particular, sine fitting methods [6] have been successfully extend-

ed to the multi-harmonic case [4] [5] [7] as a way to perform spectral analysis of 

asynchronously sampled signals without incurring in spectral leakage errors (and 

with the resultant simplification of the real measurement systems). 

Alternatively, a new method based on ANN was presented in [8]. This last is 

based on the implementation of the multi-harmonic sine fitting algorithm [6] by 

mean of a multilayer perceptron neural network (MLP). The ANN method, called 

MANNFM, as the sine fitting, has the advantage with respect to the traditional 

spectral analysis methods that it does not require synchronism between generation 

and sampling, which reduce the complexity of the hardware implementation. In 

comparison with the conventional multi-harmonic sine fitting method, the ANN 

method has a simpler implementation and does not require special adjustments of 

coefficients for convergence, which depend on the type of signal being analysed 

[7]. The proposed method has been implemented in the Spanish electrical power 

primary standard, at the Spanish National Metrology institute (CEM for its Span-

ish acronym) [9] [10]. Additionally, this approach has the advantage of allowing, 

with reduced complexity, modifications of the signal model to be analysed. In this 

sense, this method was recently extended to obtain inter-harmonic components in 

[11].  

At a metrological primary level, the traceability of such a sampling system is a 

complex task due to the complexity of the tests and validations of involved algo-

rithms. Thus, the main contribution of the present work is the validation and un-

certainty evaluation, for both sinusoidal signals and harmonic content signals, of 

the ANN-based spectral analysis method proposed in [8] by means of Monte Carlo 
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 Monte Carlo uncertainty analysis of an ANN based spectral analysis method      3 

method. In order to obtain useful results for real applications, we have considered 

parameter configurations frequently used in normal calibrations.  

The present paper is an extension of [12], which only considered sinusoidal 

signals (but not harmonic content signals). In order to make this work self-

contained, descriptions of the proposed method and the methodology applied in 

the study are included in this document. With respect to sinusoidal signals results, 

this work will only present the obtained conclusions. The reader is invited to con-

sult detailed results in [12]. 

Thus, this article is structured as follows: in section 2, the system to be charac-

terized is briefly presented; in section 3, the Monte Carlo method applied to the 

characterization of high precision measurement systems is introduced; the test 

methodology is described in section 4; results for sinusoidal signals are summa-

rized in section 5; results for signals with harmonic content are reported in section 

6; and, finally, section 7 exposes the conclusions of this work.      

2 Network description 

Let us consider a signal of interest, y(t), (t considered to be continuous), com-

posed of K harmonic frequencies of the fundamental frequency, fac. Let us also 

considered that, during the time interval of analysis, the possible variations of the 

signal’s parameters are bounded to known and small values, so that these varia-

tions can be neglected. The signal y(t) can be described mathematically, eq. (1), as 

a DC component, C, added to the combination of phase (cosines) and quadrature 

(sines) terms for the different frequencies fk=k•fac, k [1, K] -being k=1 the fun-

damental frequency. 

 𝑦(𝑡) = 𝐶 + ∑ [𝐴𝑘 · cos(2𝜋𝑘𝑓𝑎𝑐𝑡) + 𝐵𝑘 · sin(2𝜋𝑘𝑓𝑎𝑐𝑡)]𝐾
𝑘=1  (1) 

The proposed ANN-based method [8], MANNFM (Multiharmonic ANN Fitting 

Method), performs the spectral analysis of a steady state periodical signal as de-

scribed in equation (1). This is done by means of the multilayer neural network of 

Figure 1.  

Input data to the ANN are the N time instants - t[n], n 𝜖 [0, N-1]- at which the 

samples of y(t), y[n], are taken. The time vector, t, is scaled by the factor 2·π in or-

der to generate the arguments of cosines and sines of eq. (1).  

The network implements the K order Fourier series synthesis equation. Briefly, 

Layer 1, implemented by means of an ADALINE neuron without bias and linear 

transfer function, has the object of implementing the scale factor of the fundamen-

tal frequency, fac, in the arguments of the cosines and sines of the synthesis equa-

tion. The output of Layer 1 is connected in parallel to Layers 2 and 3, both of 

which are implemented by K ADALINE neurons with cosine and sine transfer 

functions, respectively. The position of each neuron in the array of neurons deter-

mines its weight value, so that the k scale factor of each harmonic in the cosine 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



4      J.R. Salinas1, F. García-Lagos1, J. Díaz de Aguilar2, G. Joya1 and F. Sandoval1 

and sine arguments is implemented by this weight. As a result, the input to the 

transfer functions of the neurons of Layers 2 and 3 are the completed arguments of 

the cosines and sines of the Fourier synthesis equation. 

Consequently, the inputs from the harmonic section to Layer 4 are the arrays 

cos(2··k·fac·t), k [1, K] and sin(2··k·fac·t), k [1, K]. Finally, Layer 4 imple-

ments the summatory in the synthesis equation, by means of 2·K neurons with lin-

ear transfer functions. The weights of the neurons connected to Layer 2 are identi-

fied as the Ak coefficients of eq. (1), and the weights of the neurons connected to 

Layer 3 are identified as the Bk coefficients of eq. (1). In addition, Layer 4 in-

cludes the DC component of the Fourier synthesis series, C, by means of its bias 

value, which is available in this layer. Therefore, at this point, Layer 4 output is 

equivalent to the output of the eq. (1), y(t), in the time instants t[n], n [0, N-1]. 
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Fig. 1.   Proposed ANN architecture [8]. 

 

As mentioned above, this high precision algorithm has been implemented and 

tested in the measurements system of the CEM as part of the electrical power pri-

mary standard.   

3 Propagation of distributions and its simulation using the 

Monte Carlo method  

The Guide to the Expression of Uncertainty in Measurement (GUM) [13] pro-

vides the framework for uncertainty evaluation, which has three main stages: for-

mulation, propagation and summarizing. At the Formulation stage the N input 

quantities, I = (I1, …, IN) upon which the output quantity, O, depends, are deter-

mined, and their probability distribution functions (PDF), are assigned. In the 

Propagation stage, the PDFs for the Ii are propagated through the measurement 
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 Monte Carlo uncertainty analysis of an ANN based spectral analysis method      5 

model, O= f(I), in order to obtain the PDF of the output O. Finally, in the Summa-

rizing stage, using the PDF obtained for O, the expectation of O, o, and its stand-

ard deviation, u(o), are obtained.  

The propagation of distributions can be implemented analytically (by mathe-

matical representations or approximated models) or by numerical methods particu-

larly by MCM [14]. As mentioned previously, due to the complexity of the 

MANNFM uncertainty evaluation, the Monte-Carlo method (MCM) will be used. 

The basis of MCM, Figure 2, is to reconstruct the PDF for O, obtaining M val-

ues or, for r =1, ..., M. If the input quantities are independent, as they are in this 

work, each or is obtained by sampling at random from each one of the PDFs for Ii 

and evaluating the model at the samples values so obtained. In case of several out-

put variables [15], the foundation is the same but O is a vector provided by a vec-

tor function or model f(O).  

 

 
 

Fig. 2. MCM propagation of distributions for 3 independent input quantities 

Although Monte Carlo method is used as a mean to provide a numerical repre-

sentation of the PDF for O, it is also a simulation process that provides infor-

mation about the input/output PDFs relationship of a system modelled as f(O). So, 

the method can be used not only to obtain output uncertainties of a measurement, 

but also to simulate a system [16] and evaluate the impact of different parameters 

as well as the impact of the different uncertainty contributions on the output un-

certainties. The second approach will be used in this work.   

4 Methodology  

4.1 Simultaneous methods comparison  

In order to compare MANNFM results with those obtained by other methods, 

the same tests have been applied to other two methods: DFT [3] and MSFM [7]. 

Y = f(X) y, u(y)x2, u(x2)

x3, u(x3)

x1, u(x1)i1, u(i1)

i2, u(i2)

i3, u(i3)

O = f(I) o, u(o)
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DFT can be considered as a reference, given that, in ideal conditions, provides the 

spectrum of the signal under analysis without error. When synchronous sampling 

is not possible, fitting methods are used [4] [6] in order to avoid DFT errors due to 

spectral leakage. For comparison purposes the same signal, x(t), will be sampled 

and applied to the three methods as shown in Figure 3. The DFT will process syn-

chronous samples of x(t), xs[n], while MSFM and MANNFM will process asyn-

chronous samples of x(t), xa[n], obtained in a set of time instants ta[n], where 

ta[n]=t[n]·(1+ ξa), being ξa the error of synchronism (relative) between generation 

and sampling1. Regarding the Monte Carlo method described in section 3: meth-

ods will be the relationship, f;  time instants and samples applied will be the input, 

I; and spectrum obtained will be the output, O. 

 

DFT

MSFM

MANNFM

XD(f)

XS(f)

XN(f)

x(t)

t[n]

SAMPLING

SAMPLING

xs[n]

xa[n]

ASYNC. ta[n]

 

Fig. 3. Scheme for the comparison of the three methods  

4.2 Uncertainties contributions considered 

For the uncertainty evaluation, two main uncertainty components will be con-

sidered in this work: jitter influence to the time of each sampled point (the sam-

pling jitter); and quantization contributing to the voltage of each sampled point. 

Both of them have been theoretically studied for DFT [17] [18]. Obviously, quan-

tization and jitter are independent variables (one is the effect of the limited num-

ber of codes of the analog to digital converter while the other is due to reasons as 

noise on the sampling impulse signal, clock instability, etc), consequently, as it 

was mentioned in section 3, independent sampling of both inputs distributions will 

be performed. Regarding jitter, a rectangular distribution has been considered. 

                                                           
1 The error of synchronism is due to the differences between generation and 

sampling time bases. Authors expertise (with real and simulated signals) have 

shown that this error affects only to the convergence of the method to global or lo-

cal minima, but not to the value of these minima. So, it will not be considered an 

uncertainty source. Nevertheless, it has been included in simulations just to per-

form the uncertainty evaluation in the more general conditions. 
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 Monte Carlo uncertainty analysis of an ANN based spectral analysis method      7 

Taking into account the specifications of usual laboratory instruments2, two jitter 

values will be contemplated: 3·10-12 s and 1·10-7 s. The first value is the jitter spec-

ification for the National Instruments 5922 digitizer, and the second one is the jit-

ter specifications for the Keysight 3458A digital multimeter used in [9] [10]. So, 

two different rectangular distributions with interval limits of ±1.5·10-12 s and 

±0.5·10-7 s will be used. 

Concerning the quantization, it has been simulated taken into account three 

usual laboratory resolutions or number of bits, Nbits, values: 16, 18 and 21 bits, 

which correspond with 3458A and NI 5922 resolution values derived from high, 

medium and low sampling frequencies, respectively (NI 5922 can provide higher 

resolution values, not considered in this work). Regarding the range, R, 1.2 V has 

been used, which is the full-scale value for the 1 V range of the 3458A in digital 

operation mode. With these parameters [1], the maximum error due to quantiza-

tion, 𝜀𝑄𝑚𝑎𝑥 , could be calculated as 𝜀𝑄𝑚𝑎𝑥 = 2 · 𝑅/2𝑁𝑏𝑖𝑡𝑠. This error distribution 

can be considered uniformly distributed between its limits. So, three different rec-

tangular distributions with interval limits of ±1.83·10-5 V, ±4.58·10-6 V and 

±5.72·10-7 V will be used. 

In order to carry out both an independent and joint evaluation of the impact of 

both contributions to the combined uncertainty for the three methods, the scheme 

presented in Figure 3 will be simulated with three different sampling situations: (i) 

samples only affected by quantization; (ii) samples only affected by jitter; and (iii) 

samples affected by quantization and jitter. Terms q, j and jq, respectively, will be 

used in reference to signals and results related to these three sampling situations. 

4.3 Parameter values  

Several parameters values of the signal to be sampled (those corresponding to 

the most useful for the laboratory calibration work), have been considered in order 

to evaluate their impact on the estimated uncertainty.  

Regarding the ratio R=fs/fac, being fac the fundamental frequency and fs the 

sampling frequency, three values have been selected, around 24, 123 and 262, re-

lated to low, medium and high sampling frequencies, respectively.  

Concerning the number of samples, N, and the number of periods involved in 

the measurement M, it has to be considered that (i) the maximum capacity of the 

Keysight 3458 internal memory (for maximum precision), is 37888 samples, and 

(ii) N and M should not have common factors in order to obtain maximum infor-

mation of the sampled signal. Consequently, three N values (1311, 7073 and 

15457), related to low, medium and high number of samples have been selected 

and used in each ratio value. R can also be expressed as R=N/M. So, variations of 

N keeping R constant implies also to vary M. Table 1 shows the values of R, N and 

                                                           
2 Brand names are used for purpose of identification. Such use does not imply 

endorsement by authors or assume that the equipment is the best available. 
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M considered. In order to assure the DFT conditions, N and M integer values have 

been selected (which imply light variations of the obtained ratio R). 

 
N M R fs 

H 15457 59 261.983 

H M 7073 27 261.963 

L 1311 5 262.200 

H 15457 125 123.656 

M M 7073 57 124.088 

L 1311 11 119.182 

H 15457 625 24.731 

L M 7073 286 24.731 

L 1311 53 24.736 

Table 1. Sampling frequency parameters values considered to estimate the uncertainty of 

the system. H, M, L represents High, Medium and Low, respectively 

Finally, in relation to the error of synchronism, ξa, random values up to ±20%, 

uniformly distributed, have been considered. In order to obtain initial estimation 

of the fundamental frequency for the asynchronous methods, the Interpolated FFT 

(IpFFT) [19] algorithm has been used. No convergence problems have been de-

tected in any simulation. 

4.4 Processing procedure 

All tests have been performed with the selected parameters and the uncertainty 

contributions defined in previous sections. 106 trials of the MCM have been simu-

lated over the three methods in order to obtain a numerical representation of their 

PDF outputs.  

All the obtained PDFs are Gaussian. The values have been expressed in devia-

tions to nominal and those deviations have been fitted to a Normal PDFs by means 

of Matlab© normfit function, obtaining their mean, E, (as deviation to nominal) 

and the standard deviation, σ. In next subsections the most significant results of 

the tests performed, in terms of mean and standard deviation, will be presented. 

4.5 Computational hardware  

In order to perform 106 trials of the MCM over the three methods in the different 

established configurations, large computational resources are required. For this 

work, resources provided by the University of Málaga‘s Supercomputing Centre 

(UMSC) have been used. These computational resources are based on the Cluster 

Intel E5-2670, with shared memory machines with 2 TB of RAM, AMD Opteron 

6176 and ESX virtualization clusters.  
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5 Results for sinusoidal signals 

Detailed information about results for sinusoidal signals can be found in [12]. 

Here we will present just the conclusions of this work.  

First of all, for all different parameter configuration simulated, it was found 

that the mean of deviations to nominal for amplitude and phase were around zero, 

with values always lower than 2·10-3 µV and 2·10-3 µrad, respectively.  

Besides, results also showed that the jointly impact of jitter and quantization 

was equivalent to the quadratic sum of the independent impacts as expected, since 

both effects were generated independently. 

Concerning method comparison, the results of both fitting methods were almost 

identical in all different simulations (which is logical, due both methods solve the 

same optimization problem in a different way). Comparing DFT and fitting meth-

ods, both provided practically identical standard deviation in amplitude, but higher 

(in a factor around 2) was obtained in phase standard deviation by fitting methods. 

About R and N, their effect was the same for the three methods: it was found 

that R value does not affect the standard deviations of amplitude and phase, while 

the N value impacts clearly in the results, so that lower N values produce higher 

standard deviations.  

Finally, concerning the combined effect of jitter and number of bits in methods 

results, it was concluded that for a jitter value of 3 ps, the combined contribution 

to the combined uncertainty could be approximated by the quantization contribu-

tion. Nevertheless, for 100 ns of jitter, it was shown that quantization effect could 

be discarded for 21 bits, while for 18 bits both effects had similar contribution and 

for 16 bit, the jitter effect could be discarded. 

  6 Results for signals with harmonic content 

For the uncertainty study with harmonic content, two signals were considered: 

a sinusoidal half-wave rectified (HWR) signal up to the 10th harmonic, and a trian-

gular (TRI) signal up to the 11th harmonic. The half-wave rectified signal was se-

lected due to its use in laboratory tests for energy meters [20]. On the other hand, 

triangular signal is frequently used in harmonic studies and has a similar spectra 

distribution but in odd harmonics. Hence, for all simulations, input signal, x(t), 

was modelled according to eq. (2). Fundamental frequency, fac, was fixed to 

53 Hz. Tables 2 and 3 presents amplitudes, Ak, and phases, ϕk, for HWR and TRI 

signals, respectively. For both cases, fundamental phase, ϕ1, was generated as a 

random number with rectangular probability between ±π radians and harmonic 

phases were calculated appropriately for each harmonic. 

 𝑦(𝑡) = 𝐶 + ∑  𝐴𝑘 · cos(2𝜋𝑘𝑓𝑎𝑐𝑡 + 𝜙𝑘)𝐾
𝑘=1  (2) 
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k Ak Φk 

0 0.318 309 9  - - 

1 0.500 000 0 -π/2 

2 0.212 206 6  -π 

4 0.042 441 3  -π 

6 0.018 189 1  -π 

8 0.010 105 1  -π 

10 0.006 430 5  -π 

Table 2. Harmonics amplitudes (V) and phases (radians) according to eq. (2) for half-wave 

rectified signal considering peak value of 1V and ϕ1=0 rad 

 

k Ak Φk 

1 0.810 569 5 -π/2 

3 0.090 063 3  π/2 

5 0.032 422 8 -π/2 

7 0.016 542 2  π/2 

9 0.010 007 0 -π/2 

11 0.006 698 9  π/2 

Table 3. Harmonics amplitudes (V) and phases (radians) according to eq. (2) for triangular 

signal, considering peak value of 1 V and ϕ1=0 rad 

6.1 Method comparison  

The same tests performed for method comparison in sinusoidal conditions 

(Maxjitt =100 ns, Nbits = 16, N=15457 and M=625) were carried out with HWR 

and TRI signals. First, results obtained for fundamental frequency will be present-

ed. After that, results for harmonics will be exposed. 

 

6.1.1 Fundamental frequency 

For both signals, Tables 4, 5 and 6 show the results considering the impact on 

the three methods of only jitter, only quantization and the combination of both 

contributions, respectively. Tables show the standard deviations to nominal for 

both amplitude and phase of the fundamental frequency component. For ampli-

tude, standard deviations are presented as relative values (to nominal amplitude, 

A1_n), in order to be able to compare results of different signals amplitudes. 
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Half wave rectified fundamental Triangular fundamental 

  
Ej{ΔA1} 

σj (ΔA1) 

/ 

A1_n 

Ej{ΔΦ1} σj (ΔΦ1) Ej{ΔA1} 

σj (ΔA1) 

/ 

A1_n 

Ej{ΔΦ1} σj (ΔΦ1) 

(µV) (µV/V) (µrad) (µrad) (µV) (µV/V) (µrad) (µrad) 

DFT -2.70E-04 7.72E-02 -5.40E-04 1.31E-01 -1.10E-04 8.50E-02 -2.60E-04 8.49E-02 

MPSF -4.90E-04 7.88E-02 -4.20E-03 2.65E-01 -2.00E-04 8.44E-02 1.20E-04 1.62E-01 

MANNFM -4.90E-04 7.88E-02 -4.20E-03 2.65E-01 -2.00E-04 8.44E-02 1.20E-04 1.62E-01 

Table 4. Mean (E) and standard deviation (σ) of the fundamental frequency component as 

deviations to nominal amplitude (relative) and phase for the three methods - only jitter con-

sidered 

 
Half wave rectified fundamental Triangular fundamental 

  

Eq{ΔA1} 

σq 

(ΔA1) 

/ 

A1_n 

Eq{ΔΦ1} 
σq 

(ΔΦ1) 
Eq{ΔA1} 

σq (ΔA1) 

/ 

A1_n 

Eq{ΔΦ1} 
σq 

(ΔΦ1) 

(µV) (µV/V) (µrad) (µrad) (µV) (µV/V) (µrad) (µrad) 

DFT 1.60E-04 2.46E-01 3.70E-04 2.36E-01 1.60E-04 1.48E-01 2.90E-04 1.50E-01 

MPSF -1.20E-04 2.43E-01 -3.60E-04 3.84E-01 2.30E-04 1.50E-01 1.30E-04 2.84E-01 

MANNFM -1.20E-04 2.43E-01 -3.60E-04 3.84E-01 2.30E-04 1.50E-01 1.30E-04 2.84E-01 

Table 5. Mean (E) and standard deviation (σ) of the fundamental frequency component as 

deviations to nominal amplitude (relative) and phase for the three methods - only quantiza-

tion considered 

 
Half wave rectified fundamental Triangular fundamental 

  

Ejq{ΔA1} 

σjq (ΔA1) 

/ 

A1_n 

Ejq{ΔΦ1} 
σjq 

(ΔΦ1) 
Ejq{ΔA1} 

σjq (ΔA1) 

/ 

A1_n 

Ejq{ΔΦ1} 
σjq 

(ΔΦ1) 

(µV) (µV/V) (µrad) (µrad) (µV) (µV/V) (µrad) (µrad) 

DFT -1.10E-03 2.58E-01 3.70E-02 2.69E-01 5.00E-04 1.70E-01 3.30E-04 1.73E-01 

MPSF -1.70E-02 2.55E-01 -7.80E-02 4.74E-01 2.10E-03 1.71E-01 1.40E-02 3.28E-01 

MANNFM -1.70E-02 2.55E-01 -7.80E-02 4.74E-01 2.10E-03 1.71E-01 1.40E-02 3.28E-01 

Table 6. Mean (E) and standard deviation (σ) of the fundamental frequency component as 

deviations to nominal amplitude (relative) and phase for the three methods - jitter and quan-

tization considered 

 

All conclusions obtained in the comparison for sinusoidal signals can be ap-

plied to the fundamental frequency with harmonic content signals: in all cases 

mean of deviations to nominal are around zero; fitting methods provides almost 

identical results; DFT and fitting methods standard deviations are quite similar in 

amplitude but DFT phase values are slightly better; for the parameters configured, 

standard deviation obtained considering only quantization are higher than those 

obtained considering only jitter; and combined effect of jitter and quantization is 

equivalent to the quadratic sum of the independent contributions.  
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In addition, comparing harmonic and sinusoidal results, other considerations 

can be established. Firstly, the standard deviations obtained (in amplitude and 

phase) for fundamental frequency in harmonic cases are in the same range as in 

the sinusoidal case. For example, for sinusoidal, half-wave rectified and triangular 

signals, amplitude standard deviations considering only jitter contribution to un-

certainty are in the order of 10-2 µV while results considering only quantization 

contribution are in 10-1 µV. Secondly, although in the same range, results are 

slightly different depending on the signal spectral content. Thus, for example, 

while quantization provokes around 2.5·10-1 µV/V in half-wave rectified signal, 

for triangular signal this value is around 1.5·10-1 µV/V and was 1.1·10-1 µV/V for 

the sinusoidal case. Similar considerations can be done regarding phase results. 

   

6.1.2 Harmonic frequencies 

Tables 7 and 8, for TRI and HWR signals respectively, show, for each harmon-

ic, the standard deviations of deviations to nominal values for both amplitude (rel-

ative) and phase. Due to space limitations, mean values (also near to zero, as 

shown in previous section for fundamental frequency component) will not be pre-

sented for harmonics. Similarly, given that fitting methods provide effectively 

identical results, only MANNFM results will be presented from now on.  

As for sinusoidal signal, results show again that: mean deviations are around 

zero; fitting methods provides identical results; DFT and fitting methods results 

are similar in amplitude; DFT phase results are slightly lower than fitting methods; 

and combined effect of jitter and quantization is equivalent to the quadratic sum of 

their independent effects. Considering last point, from now on, combined jitter and 

quantization results will not be presented. 

 

 
  DFT MANNFM 

 
Harm j q jq j q jq 

σ(ΔAi) 

/Ai_n 
 

(µV/V) 

1 8.50E-02 1.48E-01 1.70E-01 8.44E-02 1.50E-01 1.71E-01 

3 7.48E-01 1.32E+00 1.51E+00 7.52E-01 1.37E+00 1.58E+00 

5 2.02E+00 3.76E+00 4.20E+00 2.08E+00 3.67E+00 4.22E+00 

7 3.98E+00 7.32E+00 8.34E+00 4.08E+00 7.22E+00 8.24E+00 

9 6.64E+00 1.19E+01 1.38E+01 6.76E+00 1.18E+01 1.36E+01 

11 1.01E+01 1.79E+01 2.08E+01 1.03E+01 1.76E+01 2.02E+01 

σ(ΔΦi) 

 

(µrad) 

1 8.49E-02 1.50E-01 1.73E-01 1.62E-01 2.84E-01 3.28E-01 

3 7.61E-01 1.31E+00 1.50E+00 8.88E-01 1.49E+00 1.74E+00 

5 2.22E+00 3.74E+00 4.33E+00 2.36E+00 3.92E+00 4.62E+00 

7 4.14E+00 7.18E+00 8.18E+00 4.31E+00 7.54E+00 8.71E+00 

9 6.96E+00 1.18E+01 1.38E+01 6.88E+00 1.20E+01 1.39E+01 

11 1.03E+01 1.77E+01 2.09E+01 1.05E+01 1.85E+01 2.12E+01 

Table 7. Triangular signals. Standard deviations of the deviations to nominal values for 

amplitude (µV/V) and phase (µrad), considering: only jitter (j), only quantization (q) and 

both (jq) 
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  DFT MANNFM 

 
Harm j q jq j q jq 

σ(ΔAi) 

/Ai_n 
 

(µV/V) 

0 1.19E-01 2.65E-01 2.92E-01 1.21E-01 2.65E-01 2.90E-01 

1 7.72E-02 2.46E-01 2.58E-01 7.88E-02 2.43E-01 2.55E-01 

2 2.45E-01 5.59E-01 6.03E-01 2.51E-01 5.62E-01 6.17E-01 

4 1.23E+00 2.84E+00 3.13E+00 1.24E+00 2.90E+00 3.15E+00 

6 2.79E+00 6.66E+00 7.25E+00 2.80E+00 6.43E+00 7.09E+00 

8 5.24E+00 1.17E+01 1.26E+01 5.26E+00 1.20E+01 1.29E+01 

10 8.23E+00 1.87E+01 2.07E+01 8.63E+00 1.86E+01 2.06E+01 

σ(ΔΦi) 

 

(µrad) 

0 -- -- -- -- -- -- 

1 1.31E-01 2.36E-01 2.69E-01 2.65E-01 3.84E-01 4.74E-01 

2 2.59E-01 5.65E-01 6.20E-01 5.28E-01 8.29E-01 9.81E-01 

4 1.31E+00 2.85E+00 3.14E+00 1.61E+00 3.08E+00 3.49E+00 

6 3.08E+00 6.69E+00 7.30E+00 3.40E+00 6.89E+00 7.71E+00 

8 5.42E+00 1.22E+01 1.34E+01 5.75E+00 1.22E+01 1.35E+01 

10 8.36E+00 1.83E+01 2.03E+01 8.80E+00 1.90E+01 2.09E+01 

Table 8. Half wave rectified signals. Standard deviations of the deviations to nominal val-

ues for amplitude (µV/V) and phase (µrad), considering: only jitter (j), only quantization 

(q) and both (jq) 

Regarding frequency dependence, Fig. 4 shows standard deviations of ampli-

tude and phase deviations to the nominal values for both HWR and TRI signals 

considering only quantization (similar figures are obtained for jitter and combined 

effects). It can be observed that: 1) in both, for amplitude and phase, there is a re-

lationship between standard deviation and frequency; 2) different signals produce 

different behaviors3; 3) amplitude results are very similar for DFT and fitting 

methods; and 4) phase results of DFT and fitting methods become more similar as 

frequency increases.  

 
Fig. 4. Standard deviations of amplitude and phase deviations to nominal for HWR and TRI 

signals for different harmonics - only quantization considered 

                                                           
3 Only in the case of amplitude considering exclusively jitter, for both signals, 

very similar behaviors are appreciated. In the rest of cases (included phase devia-

tions considering exclusively jitter) different behaviors are observed.  
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6.2 Impact of R and N  

In order to reduce the number of simulations and taking into considerations si-

nusoidal results, R and N effects were studied separately. Firstly, it was confirmed 

that the results do not depend on the particular value of parameter R. That was 

tested considering points of high number of samples (N=15457) from Table 1. 

Half wave rectified signal was used, with 100 ns of jitter value and 16 bits of 

quantization. Detailed results are included as tables in Appendix I, while figures 5 

and 6 show standard deviations to nominal values, for amplitude (µV/V) and 

phase (µrad) respectively. R values are indicated in labels. 

 
Fig. 5. Standard deviations of amplitude deviations to nominal of the HWR signal harmon-

ics, with 100 ns jitter, 16 bits of quantization, 15457 samples and different R values, con-

sidering: a) jitter considered, b) only quantization 

 
Fig. 6. Standard deviations of phase deviations to nominal of the HWR signal harmonics, 

with 100 ns jitter, 16 bits of quantization, 15457 samples and different R values, consider-

ing: a) jitter considered, b) only quantization 
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 Monte Carlo uncertainty analysis of an ANN based spectral analysis method      15 

From results shown in Fig. 5 and 6 it is clear that, for all methods and all har-

monics amplitudes and phases, there is no dependence of standard deviations with 

the R value. Besides, both figures also confirm conclusions obtained in section 

6.1.2. 

Consequently, results’ dependence with N was tested for just one R value 

(R=24), considering the last three points from Table 1. Again, half wave rectified 

signal was used, with 100 ns of jitter value and 16 bits of quantization. Detailed 

results are included as tables in Appendix II, while Fig. 7 and 8 show standard de-

viations to nominal values, for amplitude (µV/V) and phase (µrad) respectively. N 

values are indicated in labels. 

Figures 7 and 8 show clearly that, for all methods and all harmonics amplitudes 

and phases, there is a dependence of the standard deviations with the value of N 

(as it was concluded in [12] for sinusoidal signals). More precisely, it can be 

checked that amplitude and phase uncertainties, for both jitter and quantization, 

are inversely proportional to the factor √𝑁, as it is expected for DFT [17] [18]. Fi-

nally, conclusions of section 6.1.2 are confirmed again. 

 

 
Fig. 7. Standard deviations of amplitude deviations to nominal of the HWR signal harmon-

ics, with 100 ns jitter, 16 bits of quantization, R fixed to 24 and different N values, consid-

ering: a) jitter considered, b) only quantization 
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Fig. 8. Standard deviations of phase deviations to nominal of the HWR signal harmonics, 

with 100 ns jitter, 16 bits of quantization, R fixed to 24 and different N values, considering: 

a) jitter considered, b) only quantization 

6.3 Impact of jitter and the number of bits  

In order to evaluate the effect of jitter and the number of bits on the method be-

haviour with the minimum number of points, results obtained in [12] were taken 

into consideration. As it can be seen in [12], for maximum jitter value 3 ps, jitter 

effect can be discarded for any number of bits. To confirm this conclusion with 

harmonic content, for maximum jitter 3 ps, a simulation was performed in the 

point where jitter and quantitation contributions are closer, that is, 15457 samples 

with 21 bits of resolution (with low ratio, R=24). As it can be seen in Table 9, 

simulation results show that even in this point, jitter effects are three orders of 

magnitude lower than quantization effects. Consequently, only the maximum jitter 

value of 100 ns was considered for simulations (R was fixed to the low value), so 

that only 9 points were simulated. Detailed results for DFT and MANNFM are in-

cluded as tables in Appendix III, while figures 9 to 12 presents these results graph-

ically. 
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  Amplitude Phase 

Method Harm j q j q 

DFT 

0 3.61E-06 8.26E-03 -- -- 

1 2.36E-06 7.40E-03 3.95E-06 7.76E-03 

2 7.30E-06 1.73E-02 7.60E-06 1.79E-02 

4 3.62E-05 8.86E-02 3.89E-05 9.06E-02 

6 8.46E-05 2.09E-01 9.54E-05 2.05E-01 

8 1.55E-04 3.73E-01 1.59E-04 3.69E-01 

10 2.49E-04 5.99E-01 2.51E-04 5.90E-01 

MANNFM 

0 3.57E-06 8.26E-03 -- -- 

1 2.31E-06 7.65E-03 7.82E-06 1.21E-02 

2 7.46E-06 1.79E-02 1.56E-05 2.58E-02 

4 3.58E-05 8.92E-02 4.73E-05 9.51E-02 

6 8.75E-05 1.99E-01 9.81E-05 2.13E-01 

8 1.54E-04 3.73E-01 1.64E-04 3.76E-01 

10 2.53E-04 5.57E-01 2.47E-04 6.01E-01 

Table 9. Standard deviation of HWR harmonics deviations to amplitude nominal values 

(µV/V) and phase nominal values (µrad) for 3 ps of maximum jitter, 21 bits of resolution 

and 15457 samples, considering: only jitter (j), only quantization (q)  

For the nine points simulated, figures 9 and 10 show standard deviations to 

amplitude (µV/V) and phase (µrad) nominal values respectively, considering only 

jitter. Number of bits values are indicated in labels. Due to space limitations, 

methods are labelled as D (DFT) and M (MANNFM). 

 
Fig. 9. Standard deviations, considering only jitter, of amplitude deviations to nominal of 

the HWR signal harmonics, with 100 ns jitter, R fixed to 24 and different number of bits 

values, for N values: a) N=1311, b) N=7073, c) N=15457 
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Fig. 10. Standard deviations, considering only jitter, of amplitude deviations to nominal of 

the HWR signal harmonics, with 100 ns jitter, R fixed to 24 and different number of bits 

values, for N values: a) N=1311, b) N=7073, c) N=15457 

For the nine points simulated, Fig. 11 and 12 show standard deviations to am-

plitude (µV/V) and phase (µrad) nominal values respectively, considering only 

quantization. Number of bits values are indicated in labels. Due to space limita-

tions, methods are labelled as D (DFT) and M (MANNFM). 

 

 
Fig. 11. Standard deviations, considering only quantization, of amplitude deviations to 

nominal of the HWR signal harmonics, with 100 ns jitter, R fixed to 24 and different num-

ber of bits values, for N values: a) N=1311, b) N=7073, c) N=15457 
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Fig. 12. Standard deviations, considering only quantization, of phase deviations to nominal 

of the HWR signal harmonics, with 100 ns jitter, R fixed to 24 and different number of bits 

values, for N values: a) N=1311, b) N=7073, c) N=15457 

 

Concerning results considering only jitter, it is clear from figures 9 and 10 that 

there is a dependence only with the number of samples, decreasing amplitude and 

phase standard deviation as N gets higher.  

Concerning results considering only quantization, figures 11 and 12 show the 

expected behaviour respecting resolution for both amplitude and phase standard 

deviations. The overlap on the ordinates of different N value sub-figures shows 

graphically, as it was introduced in [12], that the increase of standard deviation 

due to a necessary resolution reduction can be partially compensated increasing 

the number of samples. From figures it is also clear that not all reductions can be 

completely compensated4. 

 Regarding the contribution of jitter and quantization in the combined uncer-

tainty, it can also be seen from figures 9 to 12, independently of the N value, that:  

 for 16 bits of resolution, quantization is the most important effect 

(combined value is slightly higher than the quantization value);  

                                                           
4 For example, for amplitude standard deviation, supposing a starting point of 21 bits and 1311 

samples and a resolution reduction from 21 to 18 bits, it can be mostly compensated if N=15457 

is fixed. Nevertheless if, in the same starting point, the reduction is from 21 to 16 bits, the uncer-

tainty obtained with 16 bits at 15457 samples is one order of magnitude higher than the initial 

one. 
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 2) for 18 bits of resolution, although jitter is slightly higher, both ef-

fects contribute to combined uncertainty;   

 3) for 21 bits of resolution, jitter becomes one order of magnitude 

higher than quantization and the combined effect can be approximated 

just by its contribution.  

Finally, figures show clear that both methods behaviour:  

 regarding amplitudes, MANNFM and DFT have virtually identical 

standard deviations; 

 regarding phases, DFT have lower standard deviations than 

MANNFM, although the higher the harmonic, the lower the differ-

ence, so that above 5th harmonic values are virtually identical. 

7 Conclusions  

In this article we have carried out an exhaustive analysis to evaluate the uncer-

tainty of the multiharmonic artificial neural network fitting method, MANNFM, 

with MCM. The analysis has been performed also as a comparison of MANNFM 

with the MSFM and DFT methods, in order to establish similarities between 

methods’ behaviours. This analysis was performed for sinusoidal signals in [12] 

and has been widely extended here for the case of signals with harmonic content.  

 

The signals with harmonic content have been carefully chosen so that results 

obtained are useful in normal calibrations. Thus, analysis performed for sinusoidal 

signals and signals with harmonic content (up to 10th harmonic), has provided two 

principal outcomes: first, a comparison of the three methods, MANNFM, MSFM 

and DFT in terms of uncertainty; and second, a set of practical standard deviation 

values of these methods for its use in practical laboratory measurements. Tables 

with the obtained values have been included in appendixes.  

 

Regarding method comparison, results show that, in both amplitude and phase 

parameters, deviations to nominal of fitting methods, MANNFM and MSFM, have 

virtually identical mean and standard deviations for all the cases and signals stud-

ied. This result is the expected one, because both methods solve the same optimi-

zation problem in different ways. Compared with DFT, in all simulations per-

formed fitting methods provides similar standard deviation in amplitude but higher 

in phase. Nevertheless, harmonic tests have shown that the higher the frequency, 

the more similar the phase standard deviation values are, becoming practically 

equal from the 5th harmonic. This conclusion is very significant, since it implies 

that, from the fifth harmonic (where contributions to uncertainty becomes substan-

tial for laboratory measurements), fitting methods and DFT can be considered 

identical in terms of standard deviations of amplitude and phase, which implies, in 

fact, that in those situations where synchronous sampling is not possible, spectrum 

analysis with asynchronous methods can be performed without incurring in uncer-
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tainty increases. And, even more, that conclusion implies that fitting methods’ un-

certainties can be approximated analytically from DFT state of the art [17] [18].  

 

Regarding the set of values obtained - for 95.5% of confidence level (2σ) -, for 

sinusoidal signals, in the worst case (N= 1311, Nbits=16, Maxjitt=100 ns), results 

show uncertainties lower than 1.7 µV and 2.1 µrad for amplitude and phase, re-

spectively. Concerning signals with harmonic content, the study shows a slightly 

dependence of the results with the signal spectrum. Same test performed for si-

nusoidal signal has also been carried out for half wave rectified signal and the re-

sults have been presented. In the worst case, standard deviations for amplitude 

reach 140 µV/V, while 157 µrad are obtained for phase both for the 10th harmonic 

of the half wave rectified signal. 
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Appendix I 

Tables I.1 and I.2 show standard deviation results obtained for amplitude and 

phase of half wave rectified harmonics for the case of a jitter value of 100 ns and 

16 bits of quantization, 15457 samples and different R values. In order to unify da-

ta as much as possible, both tables simultaneously present values obtained consid-

ering only jitter (j) and only quantization (q).  
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  j q 

  R R 

Method Harm 24 123 262 24 123 262 

DFT 

0 1.19E-01 1.20E-01 1.19E-01 2.65E-01 2.65E-01 2.65E-01 

1 7.72E-02 7.83E-02 7.73E-02 2.46E-01 2.43E-01 2.40E-01 

2 2.45E-01 2.44E-01 2.44E-01 5.59E-01 5.59E-01 5.63E-01 

4 1.23E+00 1.21E+00 1.21E+00 2.84E+00 2.88E+00 2.79E+00 

6 2.79E+00 2.79E+00 2.82E+00 6.66E+00 6.55E+00 6.70E+00 

8 5.24E+00 5.28E+00 5.24E+00 1.17E+01 1.18E+01 1.18E+01 

10 8.23E+00 8.39E+00 8.40E+00 1.87E+01 1.84E+01 1.85E+01 

MANNFM 

0 1.21E-01 1.20E-01 1.19E-01 2.65E-01 2.65E-01 2.65E-01 

1 7.88E-02 7.84E-02 7.71E-02 2.43E-01 2.44E-01 2.40E-01 

2 2.51E-01 2.47E-01 2.44E-01 5.62E-01 5.61E-01 5.60E-01 

4 1.24E+00 1.22E+00 1.23E+00 2.90E+00 2.88E+00 2.81E+00 

6 2.80E+00 2.77E+00 2.84E+00 6.43E+00 6.55E+00 6.76E+00 

8 5.26E+00 5.16E+00 5.22E+00 1.20E+01 1.20E+01 1.18E+01 

10 8.63E+00 8.24E+00 8.25E+00 1.86E+01 1.85E+01 1.87E+01 

Table I.1. Standard deviation of HWR harmonics deviations to amplitude nominal values 

(µV/V) in high number of samples points of Table 1, considering only: jitter (j), quantiza-

tion (q)  

 

 

  j q 

  R R 

Method Harm 24 123 262 24 123 262 

DFT 

1 1.31E-01 1.31E-01 1.30E-01 2.36E-01 2.41E-01 2.37E-01 

2 2.59E-01 2.59E-01 2.56E-01 5.65E-01 5.68E-01 5.70E-01 

4 1.31E+00 1.32E+00 1.31E+00 2.85E+00 2.90E+00 2.86E+00 

6 3.08E+00 3.03E+00 3.13E+00 6.69E+00 6.53E+00 6.59E+00 

8 5.42E+00 5.28E+00 5.27E+00 1.22E+01 1.19E+01 1.21E+01 

10 8.36E+00 8.42E+00 8.34E+00 1.83E+01 1.87E+01 1.87E+01 

MANNFM 

1 2.65E-01 2.66E-01 2.69E-01 3.84E-01 3.84E-01 3.79E-01 

2 5.28E-01 5.30E-01 5.34E-01 8.29E-01 8.21E-01 8.15E-01 

4 1.61E+00 1.60E+00 1.64E+00 3.08E+00 3.14E+00 3.05E+00 

6 3.40E+00 3.37E+00 3.47E+00 6.89E+00 6.91E+00 6.69E+00 

8 5.75E+00 5.70E+00 5.68E+00 1.22E+01 1.20E+01 1.22E+01 

10 8.80E+00 8.73E+00 8.70E+00 1.90E+01 1.92E+01 1.88E+01 

Table I.2. Standard deviation of HWR harmonics deviations to phase nominal values 

(µrad) in high number of samples points of Table 1, considering only: jitter (j), quantization 

(q)  
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Appendix II 

Tables II.1 and II.2 show standard deviation results obtained for amplitude and 

phase of half wave rectified harmonics for the case of a jitter value of 100 ns and 

16 bits of quantization, R fixed to 24 and different N values. In order to unify data 

as much as possible, both tables simultaneously present values obtained consider-

ing only jitter (j) and only quantization (q).  
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  j q 

  N N 

Method Harm 1311 7073 15457 1311 7073 15457 

DFT 

0 4.24E-01 1.76E-01 1.19E-01 9.23E-01 3.88E-01 2.65E-01 

1 2.74E-01 1.15E-01 7.72E-02 8.21E-01 3.55E-01 2.46E-01 

2 8.59E-01 3.63E-01 2.45E-01 1.92E+00 8.38E-01 5.59E-01 

4 4.11E+00 1.79E+00 1.23E+00 9.79E+00 4.22E+00 2.84E+00 

6 9.29E+00 4.16E+00 2.79E+00 2.30E+01 9.61E+00 6.66E+00 

8 1.78E+01 7.73E+00 5.24E+00 4.06E+01 1.75E+01 1.17E+01 

10 2.89E+01 1.21E+01 8.23E+00 6.49E+01 2.77E+01 1.87E+01 

MANNFM 

0 4.23E-01 1.78E-01 1.21E-01 9.23E-01 3.88E-01 2.65E-01 

1 2.73E-01 1.15E-01 7.88E-02 8.22E-01 3.55E-01 2.43E-01 

2 8.58E-01 3.65E-01 2.51E-01 1.93E+00 8.51E-01 5.62E-01 

4 4.11E+00 1.74E+00 1.24E+00 9.71E+00 4.17E+00 2.90E+00 

6 9.36E+00 4.14E+00 2.80E+00 2.33E+01 9.87E+00 6.43E+00 

8 1.80E+01 7.72E+00 5.26E+00 4.10E+01 1.73E+01 1.20E+01 

10 2.82E+01 1.23E+01 8.63E+00 6.43E+01 2.78E+01 1.86E+01 

Table II.1. Standard deviation of HWR harmonics deviations to amplitude nominal values 

(µV/V) in last three points of Table 1, considering: only jitter (j), only quantization (q) 

 

  j q 

  N N 

Method Harm 1311 7073 15457 1311 7073 15457 

DFT 

1 4.50E-01 1.88E-01 1.31E-01 8.36E-01 3.58E-01 2.36E-01 

2 8.91E-01 3.76E-01 2.59E-01 1.94E+00 8.55E-01 5.65E-01 

4 4.46E+00 1.89E+00 1.31E+00 9.71E+00 4.14E+00 2.85E+00 

6 1.04E+01 4.48E+00 3.08E+00 2.30E+01 9.63E+00 6.69E+00 

8 1.84E+01 7.99E+00 5.42E+00 4.07E+01 1.73E+01 1.22E+01 

10 2.86E+01 1.22E+01 8.36E+00 6.36E+01 2.79E+01 1.83E+01 

MANNFM 

1 9.12E-01 3.87E-01 2.65E-01 1.34E+00 5.59E-01 3.84E-01 

2 1.82E+00 7.72E-01 5.28E-01 2.83E+00 1.22E+00 8.29E-01 

4 5.54E+00 2.36E+00 1.61E+00 1.06E+01 4.47E+00 3.08E+00 

6 1.15E+01 4.98E+00 3.40E+00 2.37E+01 1.01E+01 6.89E+00 

8 1.92E+01 8.36E+00 5.75E+00 4.10E+01 1.78E+01 1.22E+01 

10 2.96E+01 1.27E+01 8.80E+00 6.46E+01 2.75E+01 1.90E+01 

Table II.2. Standard deviation of HWR harmonics deviations to phase nominal values 

(µrad) in last three points of Table 1, considering: only jitter (j), only quantization (q)  
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Appendix III 

Tables III.1 and III.2 show standard deviation results obtained for amplitude 

and phase of half wave rectified harmonics for the case of a jitter value of 100 ns, 

R fixed to 24, different N values and different number of bits. Due to the amount 

of data to be included values obtained considering only jitter (j) are presented.  

Tables III.3 and III.4 show standard deviation results obtained for amplitude 

and phase of half wave rectified harmonics for the case of a jitter value of 100 ns, 

R fixed to 24, different N values and different number of bits. Due to the amount 

of data to be included both tables present only values obtained considering only 

jitter (q).  
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  N 

  1311 7073 15457 

  Nbits Nbits Nbits 

Method Harm 16 18 21 16 18 21 16 18 21 

DFT 

0 4.24E-01 4.19E-01 4.01E-01 1.76E-01 1.75E-01 1.80E-01 1.19E-01 1.20E-01 1.21E-01 

1 2.74E-01 2.72E-01 2.62E-01 1.15E-01 1.13E-01 1.15E-01 7.72E-02 7.87E-02 7.90E-02 

2 8.59E-01 8.61E-01 8.33E-01 3.63E-01 3.70E-01 3.66E-01 2.45E-01 2.43E-01 2.42E-01 

4 4.11E+00 4.16E+00 4.17E+00 1.79E+00 1.81E+00 1.78E+00 1.23E+00 1.21E+00 1.21E+00 

6 9.29E+00 9.46E+00 9.63E+00 4.16E+00 4.35E+00 4.06E+00 2.79E+00 2.82E+00 2.80E+00 

8 1.78E+01 1.76E+01 1.80E+01 7.73E+00 7.63E+00 7.59E+00 5.24E+00 5.18E+00 5.29E+00 

10 2.89E+01 2.82E+01 2.82E+01 1.21E+01 1.24E+01 1.21E+01 8.23E+00 8.29E+00 8.33E+00 

MANNFM 

0 4.23E-01 4.15E-01 4.02E-01 1.78E-01 1.76E-01 1.79E-01 1.21E-01 1.19E-01 1.18E-01 

1 2.73E-01 2.73E-01 2.63E-01 1.15E-01 1.13E-01 1.15E-01 7.88E-02 7.71E-02 7.82E-02 

2 8.58E-01 8.57E-01 8.31E-01 3.65E-01 3.76E-01 3.66E-01 2.51E-01 2.49E-01 2.47E-01 

4 4.11E+00 4.19E+00 4.14E+00 1.74E+00 1.81E+00 1.78E+00 1.24E+00 1.19E+00 1.23E+00 

6 9.36E+00 9.24E+00 9.56E+00 4.14E+00 4.15E+00 4.23E+00 2.80E+00 2.92E+00 3.02E+00 

8 1.80E+01 1.75E+01 1.79E+01 7.72E+00 7.74E+00 7.82E+00 5.26E+00 5.14E+00 5.36E+00 

10 2.82E+01 2.77E+01 2.87E+01 1.23E+01 1.24E+01 1.24E+01 8.63E+00 8.39E+00 8.49E+00 

Table III.1. Standard deviation of HWR harmonics deviations to amplitude nominal values (µV/V) for 

Maxjit=100 ns, Nbits and N values simulated, considering only jitter (j) 

 

  N 

  1311 7073 15457 

  Nbits Nbits Nbits 

Method Harm 16 18 21 16 18 21 16 18 21 

DFT 

1 4.50E-01 4.44E-01 4.46E-01 1.88E-01 1.93E-01 1.91E-01 1.31E-01 1.32E-01 1.28E-01 

2 8.91E-01 8.82E-01 8.93E-01 3.76E-01 3.84E-01 3.88E-01 2.59E-01 2.53E-01 2.57E-01 

4 4.46E+00 4.42E+00 4.50E+00 1.89E+00 1.96E+00 1.94E+00 1.31E+00 1.30E+00 1.31E+00 

6 1.04E+01 1.02E+01 1.04E+01 4.48E+00 4.50E+00 4.64E+00 3.08E+00 3.18E+00 3.11E+00 

8 1.84E+01 1.83E+01 1.81E+01 7.99E+00 7.92E+00 8.01E+00 5.42E+00 5.30E+00 5.50E+00 

10 2.86E+01 2.85E+01 2.79E+01 1.22E+01 1.23E+01 1.24E+01 8.36E+00 8.38E+00 8.39E+00 

MANNFM 

1 9.12E-01 9.05E-01 8.98E-01 3.87E-01 3.92E-01 3.86E-01 2.65E-01 2.61E-01 2.68E-01 

2 1.82E+00 1.82E+00 1.79E+00 7.72E-01 7.82E-01 7.69E-01 5.28E-01 5.19E-01 5.36E-01 

4 5.54E+00 5.56E+00 5.50E+00 2.36E+00 2.38E+00 2.31E+00 1.61E+00 1.58E+00 1.58E+00 

6 1.15E+01 1.16E+01 1.17E+01 4.98E+00 5.09E+00 5.18E+00 3.40E+00 3.27E+00 3.33E+00 

8 1.92E+01 1.92E+01 1.89E+01 8.36E+00 8.56E+00 8.59E+00 5.75E+00 5.46E+00 5.57E+00 

10 2.96E+01 2.95E+01 2.93E+01 1.27E+01 1.31E+01 1.32E+01 8.80E+00 8.25E+00 8.55E+00 

Table III.2. Standard deviation of HWR harmonics deviations to phase nominal values 

(µrad) for Maxjit=100 ns, Nbits and N values simulated, considering only jitter (j) 
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  N 

  1311 7073 15457 

  Nbits Nbits Nbits 

Method Harm 16 18 21 16 18 21 16 18 21 

DFT 

0 9.23E-01 2.30E-01 2.88E-02 3.88E-01 9.90E-02 1.24E-02 2.65E-01 6.61E-02 8.26E-03 

1 8.21E-01 2.11E-01 2.70E-02 3.55E-01 8.86E-02 1.13E-02 2.46E-01 5.92E-02 7.80E-03 

2 1.92E+00 4.85E-01 6.14E-02 8.38E-01 2.07E-01 2.61E-02 5.59E-01 1.39E-01 1.74E-02 

4 9.79E+00 2.46E+00 2.99E-01 4.22E+00 1.07E+00 1.30E-01 2.84E+00 7.09E-01 8.99E-02 

6 2.30E+01 5.58E+00 6.92E-01 9.61E+00 2.39E+00 3.04E-01 6.66E+00 1.67E+00 2.07E-01 

8 4.06E+01 1.01E+01 1.23E+00 1.75E+01 4.28E+00 5.37E-01 1.17E+01 2.98E+00 3.70E-01 

10 6.49E+01 1.56E+01 2.00E+00 2.77E+01 6.91E+00 8.41E-01 1.87E+01 4.79E+00 5.93E-01 

MANNFM 

0 9.23E-01 2.30E-01 2.88E-02 3.88E-01 9.90E-02 1.24E-02 2.65E-01 6.61E-02 8.26E-03 

1 8.22E-01 2.12E-01 2.70E-02 3.55E-01 8.83E-02 1.11E-02 2.43E-01 6.12E-02 7.60E-03 

2 1.93E+00 4.79E-01 6.11E-02 8.51E-01 2.04E-01 2.64E-02 5.62E-01 1.43E-01 1.81E-02 

4 9.71E+00 2.49E+00 2.92E-01 4.17E+00 1.08E+00 1.30E-01 2.90E+00 7.13E-01 8.80E-02 

6 2.33E+01 5.76E+00 7.17E-01 9.87E+00 2.40E+00 3.03E-01 6.43E+00 1.59E+00 2.03E-01 

8 4.10E+01 1.01E+01 1.27E+00 1.73E+01 4.45E+00 5.57E-01 1.20E+01 2.99E+00 3.72E-01 

10 6.43E+01 1.58E+01 1.95E+00 2.78E+01 6.79E+00 8.67E-01 1.86E+01 4.46E+00 5.93E-01 

Table III.3. Standard deviation of HWR harmonics deviations to amplitude nominal values (µV/V) for 

Maxjit=100 ns, Nbits and N values simulated, considering only quantization (q) 

 

  N 

  1311 7073 15457 

  Nbits Nbits Nbits 

Method Harm 16 18 21 16 18 21 16 18 21 

DFT 

1 8.36E-01 2.13E-01 2.60E-02 3.58E-01 8.88E-02 1.09E-02 2.36E-01 6.21E-02 7.37E-03 

2 1.94E+00 4.86E-01 5.97E-02 8.55E-01 2.08E-01 2.58E-02 5.65E-01 1.43E-01 1.78E-02 

4 9.71E+00 2.39E+00 3.07E-01 4.14E+00 1.05E+00 1.34E-01 2.85E+00 7.25E-01 8.94E-02 

6 2.30E+01 5.67E+00 7.15E-01 9.63E+00 2.46E+00 3.04E-01 6.69E+00 1.64E+00 2.06E-01 

8 4.07E+01 9.90E+00 1.26E+00 1.73E+01 4.43E+00 5.51E-01 1.22E+01 2.95E+00 3.72E-01 

10 6.36E+01 1.60E+01 1.96E+00 2.79E+01 6.73E+00 8.64E-01 1.83E+01 4.72E+00 5.96E-01 

MANNFM 

1 1.34E+00 3.32E-01 4.16E-02 5.59E-01 1.43E-01 1.72E-02 3.84E-01 9.68E-02 1.17E-02 

2 2.83E+00 7.00E-01 8.78E-02 1.22E+00 3.05E-01 3.75E-02 8.29E-01 2.07E-01 2.55E-02 

4 1.06E+01 2.57E+00 3.33E-01 4.47E+00 1.13E+00 1.44E-01 3.08E+00 7.61E-01 9.80E-02 

6 2.37E+01 5.84E+00 7.24E-01 1.01E+01 2.49E+00 3.11E-01 6.89E+00 1.70E+00 2.05E-01 

8 4.10E+01 1.05E+01 1.30E+00 1.78E+01 4.44E+00 5.54E-01 1.22E+01 3.01E+00 3.77E-01 

10 6.46E+01 1.57E+01 2.01E+00 2.75E+01 7.05E+00 8.60E-01 1.90E+01 4.81E+00 5.65E-01 

Table III.4. Standard deviation of HWR harmonics deviations to phase nominal values 

(µrad) for Maxjit=100 ns, Nbits and N values simulated, considering only quantization (q) 
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