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Abstract We study a bi-objective problem which aims to minimize distance
and latency of a single-vehicle route designed to serve a set of client requests.
This route satisfies the Hamiltonian cycle definition and we aim to simultane-
ously minimize the traveled distance of the vehicle as well as the total waiting
time of the clients along the route. This problem is considered relevant in con-
texts where both client service and company profit are priorities. We call it
the Minimum Latency-Distance Problem (mldp) and present a mixed-integer
mathematical formulation, a computational analysis, and the introduction of
two metaheuristic methods created for this particular problem: one based on
a classic multi-objective algorithm as well as a novel genetic algorithm which
involves an intelligent selection of the neighborhoods in its local search proce-
dure to approximate the Pareto fronts.
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1 Introduction

Multi-objective optimization refers to decision making based on several objec-
tives and the identification of a suitable trade-off among them (Ehrgott 2005;
Sengupta et al 2016). In this paper we formulate a bi-objective problem that
commonly arises in the context of logistic activities of companies that offer
delivery or maintenance services by taking into consideration two objective
functions: an economic objective to preserve the profit of the company, and a
customer-centered objective to improve the quality of the service by minimiz-
ing the total waiting time of each client. This bi-objective problem combines
the Minimum Latency Problem (mlp) (Blum et al 1994; Chaudhuri et al 2003;
Garćıa et al 2002; Lucena 1990; Nagarajan and Ravi 2008) and the Traveling
Salesman Problem (tsp) (Applegate et al 2007; Gutin and Punnen 2006; Hoff-
man et al 2013; Laporte 1992); the former aims to minimize the total waiting
time of a set of clients in a route meanwhile the latter aims to minimize the
total distance traveled by the vehicle.

Our bi-objective formulation assigns the same importance to the traveled
distance and to the waiting time, hence taking into account distance-dependent
quantities such as fuel cost simultaneously with quality-of-service aspects such
as the waiting time of the clients. Our main contributions are the development
of a mixed-integer model to represent this bi-objective problem, an analysis
of the computational complexity as well as the design, development and com-
parison of two metaheuristics methods, both based on the classic NSGA-II
algorithm (Deb et al 2000).

The rest of the paper is organized as follows: in Section 2 we present a
literature review. Section 3 introduces the assumptions made to formulate
this problem as well as the mathematical formulation for it. In Section 4,
the computational analysis of this problem is presented. Section 5 presents
the metaheuristic algorithms proposed and Section 6 shows the comparison
among them. Finally, in Section 7, the conclusions and potential future lines
of work are described.

2 Literature review

The tsp is a classic combinatorial problem studied in Operations Research
(Applegate et al 2007; Gutin and Punnen 2006; Laporte 1992), which stands
for the simplicity with which it is stated and the contrasting complexity it actu-
ally has (Applegate et al 2007). In literature, there are several formulations de-
signed to minimize the distance of a single-route vehicle (Laporte 1992; Miller
et al 1960; Orman and Williams 2007), generalizations for m-vehicles (m-tsp)
(Bektas 2006; Noon and Bean 1993), and numerous approximation algorithms
(Chvátal et al 2010; Dorigo and Gambardella 1997; Lin and Kernighan 1973).

In recent years, the interest in the mlp has grown in the Operations Re-
search area (Blum et al 1994; Chaudhuri et al 2003; Garćıa et al 2002; Lucena
1990), leading to the development of several formulations to study the min-



A biobjective study of the minimum latency problem 3

imization of the latency objective (Angel-Bello et al 2013; Gouveia and Voß
1995; Méndez-Dı́az et al 2008; Picard and Queyranne 1978; Sarubbi et al
2008). This objective has been specially studied in humanitarian logistic re-
search (Ferrer et al 2016; Kovács and Spens 2009, 2007; Stephenson 2017;
Tomasini et al 2009; Vargas et al 2017) in recent years. Nonetheless, as by
definition, latency refers to the delay between the moment a request for an
action is made and the moment that action is executed, the study of the mini-
mization of the waiting time can also be found in Medicine (Darcis et al 2017;
Littner et al 2005; Paniagua-Soto et al 2013; Squires et al 1975; Sternberg
et al 1978) and Telecommunications (Crowcroft et al 2015; Grout et al 2007;
Gummadi et al 2002; Joo Ghee et al 2009; Kao et al 2017; Lichtsteiner et al
2008; Lu et al 2007; Schurgers et al 2002).

Our proposed bi-objective approach considers a single-vehicle route and
aims to minimize simultaneously the distance and the latency of that route.
This combination of objectives has been seen in several medical (Bair et al
2003; Fischer et al 1987; Salami et al 2003) and network applications (Borah
et al 2017; Depuy et al 2001; He et al 2015; Kim and Na 2017; Madhyastha et al
2006; Patterson 2004; Sarddar et al 2010, 2011) with the goal of measuring
a specific growth that depends on the distance. We propose considering both
objectives in a routing context with the purpose of turning a classic routing
problem into a client-centered one. The motivation of such an approach is
to provide an equilibrium between the two objectives in the decision-making
process: the client and the company. This approach aims to the improvement
of several aspects a classic approach might not consider such as the attempt
of incorporating a quality of the service factor to the routing decision, so as
to improve the competitive position of the company as well as the clients
satisfaction (Gary L. Clark and Rink 1992; Oliver 1987). We call this problem
the Minimum Latency-Distance Problem and, hereinafter, it will be referred
to as mldp.

3 Minimum Latency-Distance Problem

To define the mldp, let us consider a company that provides a service to a set
of clients through a single agent. This agent departs from a known depot and
returns to it at the end of the day, visiting each of the clients exactly once. The
main goal of this single-vehicle route is the minimization of the total traveled
distance of the agent as well as the minimization of the total waiting time
of the clients waiting to be served. To obtain a formulation for the mldp,
we assume that the duration of each service, the exact distance between the
depot and the clients, as well as the distance between all the clients are known
with certainty. The direct proportionality of travel time to distance traveled as
well as the sufficient capacity of the agent to attend all the clients in a single
route are assumed as well. Note that because of the assumption of linearity
between travel time and travel distance, we refer to the two indistinctly in the
parameter definition.
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Fig. 1: Multi-level Network used to formulate the mldp.

This problem combines two different objectives that are not calculated
with the same metric (Blum et al 1994). Angel-Bello et al (2013) state that it
is inconvenient to employ a formulation designed for the minimization of the
distance of a route to handle an objective of minimizing the total latency along
the route. We hence part from a model developed for the objective of latency,
into which we incorporate the distance objective. Several formulations for the
mlp exist in the literature (Gouveia and Voß 1995; Méndez-Dı́az et al 2008;
Picard and Queyranne 1978; Sarubbi et al 2008), the best-performing models
being those of Angel-Bello et al (2013); we base our model on their reported
“Model A”.

Let us consider a vertex set V = {v0, v1, v2, . . . , vn}, where v0 represents
the depot and the remaining vertices represent n clients. We define a matrix T
that contains for each pair (vi, vj) a weight ti,j ≥ 0, where the diagonal element
ti,i represents the service time of client i. This service time refers to the time
the agent takes to fulfil the service to the client. For i 6= j, ti,j represents the
travel time from vertex vi to vertex vj , this is to say ti,j represents the distance
from client i to client j by considering the distance and travel time linearity
assumption discussed before. The values ti,j and tj,i may or may not be equal
— symmetry is not assumed in our formulation. We set d0,0 for the depot to
complete the matrix. From T, a cost matrix C is computed as follows:

ci,j = ti,i + ti,j . (1)

This formulation is based on a multi-level network (see Figure 1) with n+1
levels, inspired by the proposals of Picard and Queyranne (1978) for a time-
dependent tsp. In each level Li, i > 0, all vertices vi are represented. As the
solutions to mldp are permutations of V with the depot in the first position,
like the solutions of the tsp and mlp, every solution can be represented in such
a multi-level network by selecting one vertex from each level. We represent
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these selections with boolean decision variables xi,k,

xi,k =

{
1, if vi is selected on Lk,
0, otherwise,

(2)

where both i and k take values from 1, . . . , n. Note that the depot v0 forms
L0, meaning no selection is made there as every feasible mldp tour initiates at
the depot. This multilevel network is helpful in representing a tour but with
the exception of the returning arc traveled by the agent which, by definition
of tsp, is considered in the calculations of the total traveled distance for the
route. For ensuring that only one vertex is selected per level, we require

∀k :

n∑
i=1

xi,k = 1, (3)

and for making sure that each vertex is selected exactly once, we write

∀i :

n∑
k=1

xi,k = 1. (4)

We denote the resulting n×n matrix of decision variables by X. Addition-
ally, we write as an auxiliary notation

fi,j(k) = xi,kxj,k+1, (5)

meaning that fi,j(k) = 1 if and only if vi is selected on Li and vj is selected on
Li+1, and zero otherwise1. With the above notation, the travel distance from
the depot to the first client is defined as

T0 =

n∑
i=1

c0,ixi,1, (6)

the travel distance from the last client to the depot is defined as

Tn =

n∑
i=1

ci,0xi,n, (7)

and hence the total travel distance from the depot back to the depot, after
visiting all the clients, is

T = T0 + Tn +

n−1∑
k=1

n∑
i=1

n∑
j=1

ci,jfi,j(k). (8)

1 This is a nonlinear combination, but the model can be adapted for linear solvers by
defining O(n3) additional decision variables yi,j,k to capture the values fi,j(k) and O(n2)
restrictions to require that ∀k, firstly, that ∀i the sum of yi,j,k over all i 6= j equals xi,k, and
secondly, that ∀i the sum of yi,j,k over all i 6= j equals xi,k+1. As X is binary, it will not be
necessary to explicitly require these yi,j,k to take on binary values, as the restrictions will
enforce that. This linear version can be found in a preliminary work by Arellano-Arriaga
et al (2017).
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Fig. 2: This figure depicts a route in terms of each objective involved in this
problem; in both sides, the depot is denoted as 0 and each clients is represented
by a letter. Identical routes are depicted in both sides. Note that in Figure 2a,
the distance objective (Droute, Equation (8)) is represented as the total sum of
all travel times involved in the route since the agent leaves the depot until he
returns to it. In Figure 2b, the sum of the total latency (Lroute, Equation (10))
of the clients in the route is shown. By definition, this objective accumulates
the time the agent spent in every previous client to the actual node he is in,
this is denoted by the several arrows in the graph. Note that the return of the
agent to the depot is not considered part of the total latency of the route.

Similarly, as each of all the n clients will have to wait for the agent to reach
the first client, we write

W0 = n

n∑
i=1

c0,ixi,1, (9)

and then express the latency, total waiting time, over the set of clients (as
each client has to wait through the services of all the previous clients and the
intermediate travel times) as

W =W0 +

n−1∑
k=1

n∑
i=1

n∑
j=1

(n− k)ci,jfi,j(k). (10)
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Note that the depot is not waiting for a service and that the time it takes
to return from the last client to the depot is not considered part of the total
latency of the clients, although it is included in the calculation of the total
travel distance in Equation (8). Figure 2 exemplifies the calculation of the two
objectives.

In terms of the above definitions, mldp can be stated as finding an as-
signment to X that minimizes both Equations (8) and (10) and satisfies both
Equations (3) and (4). This non-linear formulation consists of O(n2) decision
variables and O(n) constraints.

4 Computational Analysis

In this section, we proceed to study the computational complexity of the mldp.
We begin with the description of the required definitions, along with the de-
scription of several instances of this problem considered to argue that the
problem is NP-hard.

The goal of an optimization problem Oσ is to find the best solution ac-
cording to a set of constraints that describes the environment of the problem.
Each optimization problem is associated to a decision problem Dσ which dif-
fers from Oσ in the sense that the objective is treated as a constraint. Given a
bound B for the constraint representing the objective of Oσ, the answer to the
decision problem is whether or not an assignment exists that satisfies both the
original constraints and the new constraint with bound B. Hence the decision
problem Dσ has only two outcomes: yes or no. If the decision problem Dσ

is proven NP-complete, then the optimization problem Oσ is proven NP-hard
(Garey and Johnson 1990; Papadimitriou 1994).

A complexity class is defined by several parameters such as non-determinism
and restrictions on the amount of computational resources available (namely
time and space) (Papadimitriou 1994). NP stands for non-deterministic poly-
nomial time meaning that the class is defined by bounding the execution time
polynomially under non-deterministic computation: given an input for a prob-
lem Dσ, an “oracle” can guess a correct solution in polynomial time. To prove
the inclusion of any problem Dσ in the class NP it suffices to demonstrate
that any given solution of Oσ can be verified as an actual solution of Oσ in
polynomial time. Both of the single-objective optimization problems that are
merged into mldp are NP-hard (Afrati et al 1986; Papadimitriou 1994). In this
section we demonstrate that also mldp itself is NP-hard.

This demonstration is subject to the same assumptions as the model pre-
sented in the previous section: we consider one single agent with no capacity
restrictions that visits all of the clients in a single tour. This requires efficiently
reducing a known NP-complete problem Oσ to our problem (Garey and John-
son 1990). We first define the decision problem Dmldp associated to mldp, then
show that mldp belongs to NP, and finally establish that an efficient reduction
from a known NP-complete problem to our problem exists.
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Fig. 3: Illustration of some particular instances of the mldp, which were stud-
ied in the complexity proof. In Figure 3a, the general case is shown: in this
case, service and travel times take all different arbitrary values. In Figure 3b,
a simpler case is shown: all service and travel times are equal to a constant u.
Lastly, in Figure 3c, the simplest case is shown: all service times are zero but
all travel times are equal to a constant u. This constant can take an arbitrary
non-negative value, as long as in the last two cases, all travel times are equal.

By definition, the mldp consists in finding a route which visits all clients,
leaves from a established depot and returns to it, while minimizing the total
latency of all the clients and the total traveled distance of an uncapacitated
vehicle. To prove the complexity of mldp, several cases were revised (see Figure
3). We study a general case, which refers to a more real-life situation for the
agent, this case considers arbitrary non-zero traveling and service times, (see
Figure 3a). We also consider some special cases of this problem (see Figures
3b, 3c) to ensure that in simpler and more arbitrary cases the complexity
holds. In this particular study we present the general case with non-zero and
arbitrary values for both travel and service times (see Figure 3a). In a previous
study, Nucamendi-Guillén et al (2016) discuss latency objective and propose
Equation (11), where tij refers to travel time among clients i and j, as well as
si and sj refers to their corresponding service times.

1

2

n−1∑
k=1

(n− k)

n∑
i=0

n∑
j=0

tij + (si + sj). (11)

Using Equation (11), we redefine non-zero travel and service times for com-
puting the bounds used to define the decision problem Dmldp associated to
mldp.

The corresponding decision problem is the following: given the costs (Equa-
tion (1)), an upper bound T ≤ Θ to Equation (8), and an upper boundW ≤ Ω
to Equation (10), is there an assignment X that satisfies all the original con-
straints as well as the upper bounds set on the objectives?
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Itsp Rtsp,mldp MmldpImldp
“NO”

“YES”

Mtsp

Fig. 4: Reduction diagram from tsp to mldp (both as decision problems).
The main box in the figure depicts an algorithm to solve the tsp problem
that takes as input an instance of tsp and determines whether the answer is
“yes” or “no” to this instance. To prove the complexity of mldp, a reduction
algorithm must transform a tsp entry into a mldp one. This mldp input is
then solved and receives a yes or no answer. As a whole, the process takes a tsp
instance, reduces it into an mldp instance, solves the reduced instance with
an algorithm for mldp, and responds correctly “yes” or “no” to the original
instance.

We first establish that the feasibility of a given X can be verified in
polynomial-time: each X captures a permutation that starts at the depot and
the permutation can be efficiently recovered from the assignment matrix X
as a visit sequence v(0), v(1), . . . , v(n) where v(0) is always the depot and the
visits from v1 to v(n) correspond to the clients. We need three accumulator
variables, one to measure time along the route, one to count the total travel
time, and the third to count the total latency. We also need an array of n bi-
nary variables, one per each client, to verify that each one is properly visited.
We proceed in the visiting order, denoting the source by i and the destination
by j adding the value of ti,j to both the time accumulator and the travel-time
accumulator, then adding the service time ti,i to the time accumulator, and
then the current value of the time accumulator to the latency accumulator,
making the client j as visited. If at the end of the permutation, all n binary
variables are one, the travel-time accumulator respects its upper bound Θ, and
the latency accumulator respects its upper bound Ω, the solution is feasible.
As the verification is a polynomial procedure, Dmldp ∈ NP.

To establish NP-completeness, we reduce the traveling salesman problem
(tsp) in its decision version to Dmldp, as illustrated in Figure 4. In the decision
version of tsp, the input is a cost matrix C for the travel costs between n clients
(with the diagonal elements being zero) together with an upper bound to the
total cost of the tour, C, and the question is whether a permutation over the
set of clients exists that produces a tour with the sum of costs of the segments
not exceeding C.

In order to transform the input for the decision version of the tsp into
an input for Dmldp, we will use the elements of C as T , set Θ = C, and only
need to compute efficiently an adequate value for the latency bound Ω. We do
this in terms of the worst-case costs, computing from the cost matrix C the
largest cost per each row (that is, as if the agent at each client chose the most
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expensive segment to continue the tour) in O(n2) time, and then sort these
worst-case segments from largest to smallest in O(n log n) time to construct
an upper bound to the worst-case latency (the service times in tsp are the
diagonal elements of the cost matrix that are all zero): the worst-case total
latency is the sum of the cumulative sums of the sorted list of costs and we
use this as Ω. Hence, Dmldp responds “yes” to the transformed input if and
only if the decision version of tsp would respond “yes” for the original input.

By reducing tsp to mldp, we show that mldp is at least as difficult as
tsp. Thus, Dmldp is NP-complete and therefore mldp is NP-hard.

5 Solution methods

In the previous section we establish that mldp is an NP-hard problem and
therefore exact methods are only expected to solve efficiently very small in-
stances, making heuristic approaches a necessity. In this section, we discuss
the design and implementation of the procedures we implement to obtain the
Pareto fronts for a set of instances. We describe our implementations for ob-
taining the exact mldp Pareto fronts of these instances, as well as the descrip-
tion of two heuristic approaches we construct to obtain the approximations of
these Pareto fronts.

5.1 Exact method

mldp, as stated before, is a problem which deals with the minimization of two
objective functions. A well-known classic technique for exact solution of multi-
ple objective problems is the ε-constraint method (Ehrgott 2005). Nonetheless
the ε-constraint has some aspects to improve. Mavrotas (2009) developed a
technique called Augmecon which guarantees Pareto optimality in the pay-off
table of the obtained solution, as well as in the generation process, parting
from the idea of the classic ε-constraint to constraint one objective to the
rest of them. Augmecon is a capable algorithm that works for multiobjective
problems with two or more objective functions.

In particular, Mavrotas and Florios (2013) developed an improvement of
Augmecon called Augmecon2. This procedure is an update of a previous work
by Mavrotas (2009), and while it keeps the same idea of the ε-constraint, by
solving the mono-objective version constrained to the rest of the objectives, it
exploits the information from the slack variables in every iteration leading to
a significant reduction on computation time as well as the avoidance of many
redundant iterations.

In our particular implementation of this algorithm, we keep the distance
objective of Equation (8) as the main objective and solve the problem subject
to the original constraints along with the latency objective of Equation (10); in
our case, this produces a single-objective problem which minimizes the distance
of the route constrained to its total latency. The order of the objectives could
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be reversed, but according to Angel-Bello et al (2013); Blum et al (1994), as
well as the complexity analysis of the latency objective, the alternative would
be more time consuming. As a normal ε-constraint, Augmecon2 takes a step
to make a grid and find the Pareto points. In our case, we define this step by
δ = 1/2n, where n denotes the size of the instance. Note that this method is
able to find optimal solutions, optimal in terms of efficiency, but it may not
find non-supported points in the Pareto front, in other words, all the points
in the true Pareto front.

In order to use Augmecon2, which is a linear solver, we linealize our formu-
lation with additional variables and constraints as mentioned in Section 3. As
both of the single-objective problems that mldp may reduce to in this manner
are also NP-complete (Afrati et al 1986; Papadimitriou 1994), the asymptotic
complexity of computing a Pareto front is exponential in the size of the in-
stance, which in this case is measured in terms of the number of clients. In
case the latency objective of Equation (10) is the one being fixed and the
problem is solved subject to the original constraints along with the distance
objective of Equation (8), an NP-hard problem is expected as well. Therefore,
a metaheuristic approach is justified and desirable; next sections describe two
memetic algorithms to solve this biobjective problem. In Section 6, we present
experimental results for all of the proposed solution strategies.

5.2 Metaheuristic method I. Strategic Memetic Search Algorithm

As an efficient but heuristic alternative, we design and implement a memetic
algorithm to approximate the Pareto fronts for larger instances.

Algorithm 1 Basic memetic algorithm. Based on the algorithm proposed by Deb

et al (2000)

1: t := 0
2: Generate an initial population P0 of size np

3: Generate an offsprings population, Q0 of size np from P0

4: R0 := P0
⋃
Q0

5: repeat
6: Divide Rt in non-dominating fronts Fi

7: Pt+1 := 0 and i := i+ 1
8: while |Pt+1|+|Fi| < np do
9: i:=i+1

10: Pt+1 := Pt+1
⋃
Fi

11: Mutation
12: i:=i+1
13: end while
14: Sort each front by crowding distance and preserve the best np

15: Generate an offspring population Qt+1 of size np from Pt+1

16: Rt+1 := Pt+1
⋃
Qt+1

17: t:=t+1
18: until reaching a stopping condition
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We take as framework the NSGA-II metaheuristic (see Algorithm 1) by
Deb et al (2000), which is an elitist multi-objective evolutionary algorithm
operating on a population of solutions. In the following subsections each step
and the adaptations made in the design of this strategic memetic search algo-
rithm, hereinafter will be called as SMSA, to solve the mldp are explained in
detail.

5.2.1 Generation of initial population P0

In our SMSA implementation, the generation of the initial population of size np
(step two) consists of 60% of random solutions and 40% of solutions obtained
using the cheapest insertion heuristic (Rosenkrantz et al 1974). From the latter,
half of them are obtained using a distance metric and half using a latency
metric.

5.2.2 Local search

Our algorithm is a memetic algorithm, that is, our mutation process is based
on a local search procedure. We define two neighborhoods by two different 2-
opt (Croes 1958) movements, each of which removes two arcs from the actual
solution and reconnects it in a different way to obtain a new solution; the
first neighborhood (defined as i = 0 in Algorithm 2) is guided by the distance
objective and the other is guided by the latency objective (defined as i = 1 in
Algorithm 2), meaning we include a distance-improvement neighborhood and
a latency-improvement neighborhood.

The main part of the mutation process is the ability of the SMSA to move
from one neighborhood to another in order to add quality to the approximated
front. Despite the movement chosen is a basic 2-opt, the stop criterion is set by
a counter which sets to zero once the local search cannot find a better solution
and it switches to the other non-explored neighborhood (see Algorithm 2).

Algorithm 2 Strategic memetic search mutation process algorithm
1: u := 1
2: Select i ∈ {0, 1} randomly and select neighborhood Ni accordingly
3: while u 6= 0 do
4: Explore current neighborhood Ni

5: if Exploration yielded no improvement then
6: u := 0
7: else
8: u := u+ 1
9: end if

10: end while

5.2.3 Generation offsprings population Q0

In our implementation, the selection of each parent is made through a binary
tournament. After selecting both parents, we apply a combination method
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based on the OX crossover introduced by Davis (1985), described in detail
by Oliver et al (1987). Prins (2004) modified this method and presented it
in such a way that the combination of the parents brings up to eight differ-
ent offsprings. We apply the modified OX crossover previously described in
Prins (2004), up to eight different offsprings; we apply this modified crossover
repeatedly until a population of the desired size is obtained.

5.2.4 Division of R0 in non-dominating fronts

In our implementation of Algorithm 1, we consider the ranking process de-
scribed by Deb et al (2000). The core idea of this ranking is based on the
knowledge that to identify a dominating solution i, it is iteratively compared
to the other solutions to identify which ones it dominates, recording for each
solution the set of solutions that dominate it as well as the set of solutions
that it dominates, thus making it faster to rank the solutions.

These two sets consequently allows us to rank each solution in a faster way.
This procedure corresponds to step six of Algorithm 1, and has an asymptotic
complexity O(Mn3), where M refers to the number of objectives involved and
n refers to the size of the population (Deb et al 2000).

5.3 Metaheuristic method II. Evolutionary algorithm with Intelligent Local
Search

Due to the complexity of mldp, we also propose an evolutionary algorithm to
approximate the true Pareto fronts and in this section we describe it.

Algorithm 3 Evolutionary algorithm with Intelligent Local Search algorithm
1: g:=0
2: Generate initial population Pg of size np := n2

3: repeat
4: Evaluate fitness of Pg

5: Group Pg into non-dominating fronts
6: Place the best ne := dnp/2e solutions into the set Elite (Pe)
7: Define nc := dne/2e of couples of solutions labelled as parents
8: for each couple in the Elite set do
9: Apply crossover

10: end for
11: g:=g+1
12: Pg := Pg

⋃
Pe

13: for each solution in Pg do
14: NumNeig := 0
15: while NumNeig ≤ 7 do
16: Apply the intelligent neigborhood selection until NEvalWS consecutive itera-

tions produce no local improvement
17: NumNeig := NumNeig + 1
18: end while
19: end for
20: until reaching a stopping condition
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We name this algorithm as Evolutionary algorithm with Intelligent Local
Search and hereinafter will be refer to as EiLS. It is based on the Pareto
ranking scheme with crowding distance proposed by Deb et al (2000) in their
NSGA-II procedure.

EiLS takes the idea of this classic Pareto ranking scheme used in NSGA-II,
but with specific crossover and mutation operators. On one hand, the com-
putationally heavy crossover (combining routes is non-trivial) is substituted
by a random shake procedure (described in detail in Section 5.3.4), and on
the other hand, mutation is replaced by an intelligent local search over vari-
ous neighborhoods (described in Section 5.3.5). A general overview of EiLS is
given in Algorithm 3.

5.3.1 Solution representation and initial solutions generation

Solutions are represented as a permutation of the nodes, this is to say, a vec-
tor P = (P1, P2, . . . , Pn) where Pi represents the ith visit along the route. All
initial solutions are created generating random permutations of the n nodes.
The depot is not permuted but instead placed as thee first node in all order-
ings, hence producing only feasible solutions. This corresponds to step two in
Algorithm 3.

5.3.2 Fitness assignment

We use the same fitness assignment that Deb et al (2000) propose for NSGA-
II. The main idea of this ranking is described in detail in Section 5.2.4 for
SMSA. This procedure corresponds to step five of Algorithm 3, and has an
asymptotic complexity O(Mn3), where M refers to the number of objectives
involved and n refers to the size of the population (Deb et al 2000).

5.3.3 Selection operator

In step six of Algorithm 3, we define a ne-member elite set Pe containing the
individuals with the best fitness values. In step seven, we select nc couples of
parents among the elite set using binary tournament selection. We set np = n2,
ne = dnp/2e, and nc = dne/2e.

5.3.4 Crossover operator

Each couple produces two new individuals with the following procedure. First,
one of the parents is randomly selected (p1) copied to the first offspring (o1).
Once copied, we apply the following perturbation: the positions of two non-
overlapping blocks of size m are exchanged in the route; the value of m is an
integer selected uniformly at random in [2, 0.3n].

Table 1 shows an example for obtaining an offspring from a 10-client so-
lution with m = 3. Notice the first two rows denote p1 as parent one and o1
as the first offspring generated. At this point of the crossover, o1 is simply
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p1 copied. The following two rows depict the perturbation made from p1 to
o1. This procedure is then repeated with the second parent; note that the
two individuals are processed independently. This corresponds to step nine of
Algorithm 3.

Table 1: Crossover operator example in a 10-client instance. D and Pi depicts
the position of the depot and of each vertex in the solution.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

p1 0 2 3 4 1 5 6 8 10 9 7
o1 0 2 3 4 1 5 6 8 10 9 7

p1 0 2 3 4 1 5 6 8 10 9 7
o1 0 8 10 9 1 5 6 2 3 4 7

The elite population and the new offsprings are combined, as described in
step twelve of Algorithm 3.

5.3.5 Mutation operator

Instead of a traditional mutation, each individual of the current population
undergoes an intelligent local search. For diverse exploration of neighboring
solutions in terms of both of the objectives, we locally optimize a compromise
function with random weights as proposed by Molina et al (2007). The purpose
of a compromise function is to aggregate the weights of the original objectives
to diversify the resulting Pareto front by presenting a balance among the
different objectives. The construction of a compromise function is described
in Algorithm 4.

Algorithm 4 Construction of an objective for local search
1: Pick t ∈ {True, False} uniformly at random
2: if t = True then
3: Select uniformly at random one of the objective functions as such
4: else
5: Generate a random linear combination of the objective functions
6: end if

Once the objective function to optimize is selected, several neighborhoods
Nk for k = 1 . . . kmax are explored; in total we use twelve neighborhoods, which
are described in Section 5.3.6. As proposed by Molina et al (–), the order
in which the Nk neighborhoods are applied depends on their performance.
The performance is measured in terms of the quantity of the improvement to
the local solution using the objective constructed by Algorithm 4. Each Nk
neighborhood is explored until a maximum number of consecutive iterations
with no improvement is reached (we use NEvalWS = 10n). After this first
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iteration, the performance of the neighborhoods Successk is updated according
to the improvements obtained (see Algorithm 5 for its calculation).

Algorithm 5 Success indicator per explored neighborhood
1: LocalSuccessk := the number of times the current solution was improved using Nk in

any local exploration
2: Callsk := the number of times that Nk has been called so far

3: Successk := LocalSuccessk
Callsk

Algorithm 6 Intelligent Neighborhood Selection in EiLS algorithm.
1: Update: Successk values
2: NSelected := 0
3: while NSelected = 0 do
4: a random number neig ∈ {1, kmax}
5: a random number prob ∈ [0, 1]
6: if prob ≤ Successneig then
7: NSelected := neig
8: end if
9: end while

From this moment on, neighborhoods are selected in decresing order start-
ing by the highest-success performing one. With this design, each Nk iterates
until it is unable to improve its current solution for NEvalWS iterations instead
of iterating for a fixed number of evaluations despite the size of the instance.
Algorithm 6 shows how each neighborhood has probability to be chosen and
a local search is performed until a maximum number of consecutive iterations
with no improvement is reached (we use 10n). After this, the performance
of the neighborhoods is updated with respect to the improvements obtained.
This is repeated sequentially, using the best solution of the preceding round
as the starting solution of the following round, seven times for each individual
of the current population. The final scheme of the Mutation Operator for the
proposed EiLS algorithm is shown in Algorithm 7.

Algorithm 7 Mutation Operator for the EiLS method.
1: Choose a objetive function to optimize using Algorithm 4
2: NumNeig := 0
3: while NumNeig ≤ 7 do
4: Choose a Neighborhood structure Nk using Algorithm 6
5: Apply neighborhood exploration using Nk till NEvalWS consecutive iterations pro-

duce no local improvement
6: NumNeig := NumNeig + 1
7: end while

This mutation operator corresponds to step fourteen in Algorithm 3.
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5.3.6 Neighborhood structures

In this section we describe the twelve different Neighborhood structures Nk we
propose for the Mutation Operator of our EiLS algorithm, previously described
in Section 5.3.5.

– N1: Two clients are randomly chosen and their positions are exchanged.
This neighborhood mutates a solution s1 by exchanging the positions of
two nodes, selected uniformly at random.

– N2: Three clients chosen at random and their positions are exchanged by
moving the earliest one to the position of the middle client, the middle
client to the position of the last client, and the last client to the position
of the first client. Table 2 shows an example of a 15-client solution with a
N2 move.

Table 2: N2 neighborhood example in a 15-client instance.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

s1 0 11 8 12 15 7 6 5 13 1 2 14 3 4 10 9
ms1 0 10 8 12 15 7 11 5 13 1 2 14 3 4 6 9

– N3: One client is selected at random and its position is exchanged with
another client that is selected in such a way that the second client must
be at most closeness = 0.5n steps away from the first client. Table 3 shows
an example of a 10-client solution with a N3 move.

Table 3: N3 neighborhood example in a 10-client instance. In this example,
the selected node = 3 and the closeness of the clients is defined by closeness =
0.5 · 3 = 1.5.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

s1 0 2 3 4 1 5 6 8 10 9 7
ms1 0 2 3 1 4 5 6 8 10 9 7

– N4: A client is randomly selected, and then two other clients are selected
with the restraint that their positions in the permutation have to be closer
to the first selected client by a parameter closeness = 0.5n. The position of
these three clients are exchanged using the exchange scheme in N2. Table
4 shows an example of a 15-client solution with a N4 move.

– N5: A client is randomly selected and its position is exchanged with the
previous client in the permutation.

– N6: Same structure as N3, but with a different value of the parameter
closeness, namely closeness = 0.8n.
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Table 4: N4 neighborhood example in a 15-client instance. selected node = 8
and the closeness = 0.5 · 8 = 4.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

s1 0 11 8 12 15 7 6 5 13 1 2 14 3 4 10 9
ms1 0 11 8 12 15 7 6 5 3 1 13 14 2 4 10 9

– N7: Same structure as N4, but with a different value of the parameter
closeness, namely closeness = 0.8n.

– N8: The client with the highest cost is selected, for clarity this node will
be referred to as Vs, where the cost of the i− th client in the permutation
is (n − i) · di,i−1, being di,i−1 the distance to the previous client in the
permutation. Once Vs is selected, another client is randomly selected and
their position is exchanged. Table 5 illustrates a 10-client example of a N8

move, row si denotes the current solution to modify according to N8. Row
n− i and row di,i−1, together denotes the cost per arc and row msi shows
the interchange between the highest cost client and a random one.

Table 5: N8 neighborhood example in a 10-client instance where Vs = 1.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

s1 0 2 3 4 1 5 6 8 10 9 7
n− i 10 9 8 7 6 5 4 3 10 2 1
di,i−1 15 8 12 4 7 9 5 4 10 9
s1 0 2 3 4 1 5 6 8 10 9 7
ms1 0 6 3 4 1 5 2 8 10 9 7

– N9: A client is randomly selected in the last half of the positions in the
permutation, and its position is exchanged with a client randomly selected.
Table 6 shows a 10-client example of a N9 move.

Table 6: N9 neighborhood example in a 10-client instance.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

s1 0 2 3 4 1 5 6 8 10 9 7
ms1 0 2 3 4 9 5 6 8 10 1 7

– N10: A client is randomly selected in the last half of the positions in the
permutation, let p be its position. Another client is selected in the last
n − p positions, this is, a posterior client is randomly selected, and their
positions are exchanged. Table 7 shows a 10-client example of a N10 move.
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Table 7: N10 neighborhood example in a 10-client instance. In this example
p = 7 and n− p = 3.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

s1 0 2 3 4 1 5 6 8 10 9 7
ms1 0 2 3 4 1 5 6 7 10 9 8

– N11: Two blocks of clients of size m with empty intersection are randomly
selected, and their position is exchange in the permutation. The size of
the blocks, m, is randomly selected in [2, 0.3n]. Table 8 shows a 15-client
example of a N11 move.

Table 8: N1 neighborhood example in a 15-client instance, where m = 3.

D P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

s1 0 11 8 12 15 7 6 5 13 1 2 14 3 4 10 9
ms1 0 11 2 14 3 7 6 5 13 1 8 12 15 4 10 9

– N12: Two positions, p and p∗, are randomly selected. The client in the
position p is moved to position p∗.

Note that neighborhoods N6 and N7 are the same as N3 and N4, but using
the parameter closeness = 0.8n instead of closeness = 0.5n. Experimental tun-
ing of this parameter showed no specific value to be clearly superior throughout
all the problems. So, instead of fixing it, we duplicate the neighborhood struc-
ture with these two different values of the parameter and let the intelligent
selection system choose the most suitable one, based on its performance.

6 Computational experimentation

We study the performance of the three methods: our implementation of the
Augmecon2, our SMSA implementation, as well as the implementation of the
EiLS algorithm.

We experiment on instances inspired by Angel-Bello et al (2013), with
adjustments to create client locations and service times more similar to real-
world settings. We first create c cities with uniform random coordinates in
(X,Y ) ∈ R, X,Y ∼ Unif(0, 1), and place n clients, selecting for each client
a city, randomly2 and then computing the coordinates of the client as the
coordinate of its city with normally distributed offsets ∆X,∆Y ∼ Norm(µ, σ),
where µ and σ are parameters. We compute the travel distances ti,j for i 6= j as

2 Each city is selected with a probability proportional to the current number of clients
attached to it in order to create a population pattern similar to real-world cities.
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Euclidean distances between the clients with an exponential delay δ ∼ Exp(λd)
and the service times ti,i ∼ Exp(λt) (forcing the service time at the depot to
zero, while locating the depot as if it were another client). We experiment
with n ∈ {10, 16, 20, 32, 40, 64, 80, 128, 160} clients with c = blogs nc cities,
µ = 1/c, σ = 1/

√
n, λd = 1/5

√
n, and λs = 1/

√
n, creating 35 instances

of each size. Note that by multiplying all the service times by a constant,
the relative balance between service and travel times can be adjusted without
regenerating the instance.

Augmecon2 was solved using the MILP solver ILOG CPLEX C++ Concert
Technology. Both heuristic procedures are coded in C++ and every instance
was solved in a Xenon R© Intel R© CPU E3-1245 v3 @ 3.40GHz, with 16 GB of
RAM with each of these methods. All results are in terms of average values for
each size, over sets of 35 instances. For comparison purposes a six and a half
hour time limit, per instance, was fixed for Augmecon2. The same instance
sets are solved by all three solution approaches. CPU Times Elapsed can be
seen in Table 9.

To compare the performance of the two proposed metaheuristics against the
exact Pareto fronts obtained with the Augmecon2, we consider five metrics: the
number of points on the front, the size of the space covered (SCC) (Zitzler and
Thiele 1999), the k-distance (labeled as k-D in the comparative table) (Zitzler
et al 2002), the distance between the exact Pareto front and the approximate
Pareto front (M∗

1 ) (Zitzler 1999) and the coverage of the frontiers (Zitzler
and Thiele 1999). The averages values per instance of this metrics can be
found in Table 10, where the superiority of the EiLS procedure is shown.
This algorithm is able to use its intelligent neighborhood selection to improve
the density of the approximated Pareto fronts while keeping good quality in
the solutions. The coverage of the fronts is presented in Table 11, where the
superiority of the EiLS algorithm is evident. Note that because Augmecon2 is
able to find optimal solutions but it may not find non-supported points in the
Pareto front, leading to less points and less variability, we only report EiLS
and SMSA coverages. The superiority of the EiLS is able to obtain more points
in the fronts, as well as a better spread of them in a shorter time than the two
other algorithms.

Table 9: Average CPU Times obtained by the three proposed solution methods.
These times are shown in averages per each set of instances and measured in
seconds.

Instance Size Augmecon2 SMSA EiLS
MLDP 10 10 41.038 2.925 0.230
MLDP 16 16 179.722 6.443 1.778
MLDP 20 20 800.531 7.948 6.880
MLDP 32 32 1537.099 101.345 75.754
MLDP 40 40 22088.572 327.655 223.579
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7 Conclusions

In this study, we propose a bi-objective approach which combines two well-
known combinatorial problems with the goal to integrate the client as an active
part in the decision making process of a routing problem. In this problem,
which we call the Minimum Latency-Distance Problem (mldp), we propose
to minimize the travel distance and the total latency of an assumed infinite-
capacity route to improve two important aspects of the problem: the economic
decisions of the company and the degree the company’s clients service, by
the minimization of the total waiting time of all the clients in the route. By
considering not only the economic aspects of a classic routing problem but
also incorporating the social aspect in the decision making process, we aim to
improve the general benefit of the company by having a quality service and
therefore, a better position in the market.

We present a study of the computational complexity of the mldp in or-
der to prove this bi-objective problem is an NP-hard problem, and justify
the employment of approximated solution methods. We propose a non-linear
formulation for this problem, which, by the addition of several linearization
variables, can be solved to obtain the exact Pareto fronts. We provide a set
of new instances which take into account several adjustments to recreate real-
world settings and were able to find the exact Pareto front of all instance
sets containing from ten to forty clients. As approximated solution methods
are desirable, we propose a comparison between a metaheuristic based on the
classic multi-objective NSGA-II algorithm which we call Strategic Memetic
Search Algorithm (SMSA) and an intelligent neighborhood selection method
which we call Evolutionary algorithm with Intelligent Local Search (EiLS).
We found that the EiLS method, guided by an intelligent selection of a more
appropriate neighborhood in the local search procedure, is superior than the

Table 10: Comparison among the metrics obtained per algorithm. These values
are in average terms per set of instances.

Augmecon2 SMSA EiLS
n # Pts SCC k-D M∗

1 # Pts SCC k-D M∗
1 # Pts SCC k-D M∗

1
10 4.622 0.912 1.414 0 8.446 0.938 0.213 0.295 35.218 0.939 <0.001 0.016
16 5.727 0.876 0.098 0 9.743 0.892 0.326 0.146 91.422 0.975 <0.001 0.023
20 7.249 0.904 0.057 0 9.893 0.891 0.166 0.292 138.261 0.915 <0.001 0.013
32 9.326 0.978 0.193 0 11.327 0.879 0.085 0.299 201.319 0.881 <0.001 0.055
40 9.785 0.962 0.058 0 11.994 0.816 0.068 0.107 592.368 0.819 <0.001 0.068

Table 11: Average coverage of the approximated fronts obtained by the SMSA
and EiLS procedures.

Instance Size c(SMSA,EiLS) c(EiLS,SMSA)
MLDP 10 10 <0.001 0.796
MLDP 16 16 0.062 0.832
MLDP 20 20 0.183 0.857
MLDP 32 32 0.195 0.847
MLDP 40 40 0.237 0.914
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SMSA method, in terms of density of the fontier, hypervolume percentage,
computational time required and other quality metrics.

In future work, it is desirable to consider real-world conditions to develop a
more realistic mathematical formulation, the easiest modification to point out
is the introduction of several vehicles to visit the set of clients as well as the
introduction of capacity in each one of these vehicles. It would be advisable
to consider the stochastic version of this problem as well as the redefinition
of the assumptions made for the linearity between traveling time and traveled
distance.
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