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ABSTRACT. Let S, be the multilinear square function defined on the cone with aper-
ture o > 1. In this paper, we investigate several kinds of weighted norm inequalities for
Sa. We first obtain a sharp weighted estimate in terms of aperture o and @ € Az. By
means of some pointwise estimates, we also establish two-weight inequalities includ-
ing bump and entropy bump estimates, and Fefferman-Stein inequalities with arbi-
trary weights. Beyond that, we consider the mixed weak type estimates corresponding
Sawyer’s conjecture, for which a Coifman-Fefferman inequality with the precise A
norm is proved. Finally, we present the local decay estimates using the extrapolation
techniques and dyadic analysis respectively. All the conclusions aforementioned hold
for the Littlewood-Paley g} function. Some results are new even in the linear case.

1. INTRODUCTION

Given a > 0, let S, be the square function defined by

Sulf) () = ( Il e m@)ﬁffff)%,

where ¢, (z) = t " (x/t) and T', () is the cone at vertex = with aperture «. Lerner [30],
by applying the intrinsic square function introduced in [46], proved sharp weighted norm
inequalities for S,(f). Later on, he improved the result in the sense of determination
of sharp dependence on « in [32] by using the local mean oscillation formula. More
precisely,

max{%,p—il}

|Sallzew)—Lr@w) S Oén[U)]Ap , 1 <p<oo. (1.1)
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The preceding result is among the plenty important results in the fruitful realm of
weighted inequalities concerning the precise determination of the optimal bounds of the
weighted operator norm of different singular integral operators. We refer the interested
reader to [24, 25, 27, 31] and the references therein for a survey on the advances on the
topic.

Let us recall the definition of multilinear square functions considered in this pa-
per. The standard kernel for multilinear square functions was introduced in [45]. Let
U(x,y) == Y(x,y1,...,Ym) be a locally integrable function defined away from the diag-
onal z = y; = -+ = g, in (R")™"1. We assume that there are positive constants § and
A so that the following conditions hold:

e Size condition:

A

m mn+6
(142205 = wil)
e Smoothness condition: There exists v > 0 so that

L Alz —2']?
[(x,§) — (', )] < TS o= gl

whenever |z — 2’| < 1 max; |z — y;|, and

[z, 9)] <

Aly: — yil”
|1/}<I',g) _w(‘rayla"wyz/'?"wym” S : o 5
(L4320 [ — gal) ™0
whenever |y; — yi| < 3 max; |z — y;| fori =1,2,...,m.

For ¢t > 0, denote

i3 1 T Y1 Ym -
e =g [ 05 ,T)foyj)dyj,

for all = ¢ (;Z, supp f; and f= (fiy- oy fm) € S(R™) x -+ x S(R™).
Given o > 0 and A > 2m, the multilinear square functions S, and g} are defined by

- (//a@;) |¢t(f)(y>|2%)l/2,

where [y (z) = {(y,t) e R 1 |z —y| < at}, and

s(F@) (// ) )

Hereafter, we assume that for A > 2m there exist some 1 < py1,...,p,n < 00 and some
0 < p < oo with ;} = pil + -+ —, such that ¢gf maps continuously LP'(R™) x --- x
LPm(R™) to LP(R™). Under this condltlon it was proved in [45] that g% maps contmuously
LY(R") x - - - x LY(R™) — LY™>(R") provided A > 2m. Moreover, since S, is dominated
by g5, we also get that S, maps continuously L'(R") x --- x L*(R") — LY/™>(R").
These two mutilinear square functions were introduced and investigated in [45, 47].
Indeed, the theory of multilinear Littlewood-Paley operators originated in the works of




THE MULTILINEAR LITTLEWOOD-PALEY OPERATORS 3

Coifman and Meyer [14]. The multilinear square functions has important applications
in PDEs and other fields. In particular, Fabes, Jerison, and Kenig brought very impor-
tant applications of multilinear square functions in PDEs to the attention. In [21], they
studied the solutions of Cauchy problem for non-divergence form parabolic equations
by obtaining some multilinear Littlewood-Paley type estimates for the square root of
an elliptic operator in divergence form. Also, the necessary and sufficient conditions
for absolute continuity of elliptic-harmonic measure were achieved relying upon a mul-
tilinear Littlewood-Paley estimate, in [22]. Moreover, in [23], they applied a class of
multilinear square functions to Kato’s problem. For further details on the theory of
multilinear square functions and their applications, we refer to [8, 12, 13, 14, 21, 23] and
the references therein.

In this paper, we investigate some weak and strong type estimates for multilinear
Littlewood-Paley operators. This kind of inequalities has its origin in classical potential
theory. A big breakthrough in understanding Poisson’s equation, made by Lichtenstein
[37] in 1916, raised problems that have been central to analysis over the past decades.
The theory of singular integral operators owes its impetus to the change of point of view
of potential theory generated by this work. The action of singular integral operators on
the standard Lebesgue spaces LP(R"™) was for a long time the main object of study. But
these operators have natural analogs in which R"™ is replaced by a Lie group or Lebesgue
measure on R” is replaced by a weighted measure. It is in the setting that our work is
focused on.

The contributions of this paper are as follows. Based on the ideas from Fefferman’s
celebrated paper [19], in this work, we first prove the upper bound for S, is sharp in
the aperture a on all class Az which proves a conjecture given in [2]. Secondly, we
focus on bump and entropy bump estimates, mixed weak type estimates, local decay
estimates, and multilinear version of Fefferman-Stein inequality with arbitrary weights
for multilinear square functions respectively. These interesting estimates have aroused
the attention of many researchers. For example, A, bump conditions may be thought of
as the classical two-weight A, condition with the localized L” and L¥ norms ”bumped
up” in the scale of Orlicz spaces. These conditions have a long history, we refer to [20, 43].
Muckenhoupt and Wheeden [38] first formulated the mixed weak type estimates for
Hardy-Littlewood maximal function and the Hilbert transform on the real line although
Sawyer [44] considered a more singular case, namely he showed that if © € A; and
v € Ay, then

Sz ) (1.2)
Lteo(uv)

4

and conjectured that such an inequality should hold with M replaced by the Hilbert
transform. Later on Cruz-Uribe, Martell and Pérez [15] extended Sawyer’s result to
higher dimensions and also settled Sawyer’s conjecture and extended that result for
general Calderéon-Zygmund operators reducing it to the case of maximal functions via
an extrapolation argument. That extrapolation argument allowed them to take u € A
and v € A,. That led them to conjecture that (1.2) should hold u € A; and v €
A. Recently, that conjecture was settled by Li, Ombrosi and Pérez [36]. That result
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was extended to maximal operators with Young functions [3]. Analogous results were
obtained for commutators [4], fractional operators [5] or in the multilinear setting [35].
Also quantitative estimates have been studied in [6] and [39]. Local exponential decay
estimates for CZOs and square functions, multilinear pseudo-differential operators and
its commutator were studied in [40] and [7] respectively.

The main results of this paper can be stated as follows. We begin with a sharp
weighted inequality in terms of both o and [w] 4.

Theorem 1.1. Let a > 1 and%:p—l%—n-—l—ﬁ with 1 < p1,...,pm < oo. If W € Ay,
then

/

= mn max{1, 2L ... p m }
[Sa(F)lo(ra) S e [w] ’ H 1 fill £7i ) (1.3)

where the implicit constant is independent of o and 0. Moreover, (1.3) is sharp in o on
all class Ay.

In order to present two-weight inequalities for square functions, we give the definition
of bump conditions. Given Young functions A and B = (B, ..., B,,), we denote
1
1 7 )
sup ||up ||p7Q H;nzl ||,Uj " ||Bj7Q? if 1< p S 2a
= Lo Q
H<U7U)HA,B,;5"_ 2 1 m 7% )
Sup [ur 3o IT52: lv; 7 B, 2 <p <oo.

Theorem 1.2. Let a > 1, A > 2m, and1:p1+---+i with 1 < py1,...,pm < 00. If

the pair (u,5) satisfies |[(u, )|, 5, < oc with A € Byyay (2 <p < oc) and B, € By,
then

1Sa(F)ll e < @™ A H £l 275 w,) (1.4)
19 Pl S sl — H 1632250 (15)
where )
u, ' B if1<p<2,
oo M0 TELB

[ (u, 17)||A,B,p[A]B(pf2), H;nzl[gj]géj)pjv if 2 <p < oo
For arbitrary weights, we have the following Fefferman-Stein inequalities.

Theorem 1.3. Let o« > 1 and A > 2m. Then for all exponents 110 = pil 4+ -+ Ii with

O0<p<2andl<pi,...,pm <00, and for all weights ¥ = (wy, ..., W),

[Sa(F)lLr@ws) S ™ H 1 fill o (M. (1.6)

lgx (e < W IIfzIILpz<Mw1 (L.7)
onO—2m) _
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where vg = H;nlwp/p’

We are going to establish entropy bump estimates. See Section 5 for the entropy bump
conditions |&,v]2 5 2, and |, v]za..
ﬁ, Rabar N Et]

Theorem 1.4. Let o > 1, A > 2m, andlet%:ijL---—l—i with 1 < p1,...,pm < 00.
Let v and & = (o4, . . am) weights. Assume that € is a monotonic increasing function
on (1,00) satisfying fl E(t < 00. Then,

1Sa(fo)lrw) S @™ Age [T I llericons (1.8)

i=1
g (fo) ) Qn@ 2 Hllfllm (1): (1.9)

where

1 .
q/’/_’ = Lo” I/J ZQI 7177 > 777""17 Zfo < p S 27
pe T

)

Lo_:v VJ;,Q,&’ Zf2 <P <00
. . 2 2 2 2
wzthp: (p17"';pm7p/) and p: = (17_/1;7%75)

Next, we turn to the weak type estimates for Littlewood-Paley operators.

Theorem 1.5. Let o > 1 and A > 2m. Let @ = (w1, ..., wy,) and u =[], wil/m. If W
and v satisfy

(1) weAfanduvl/mero, or (2) wy,...,w, € A and v € A,

then we have

Salf) -
‘ ) STl s (1.10)
v Ll/m,oo(u,ul/m) i=1
a(f -
‘ ) SHHfiHLl(wi)- (1.11)
v Ll/m,oo(u,ul/m) i—1

In particular, both S, and g5 are bounded from L*(wy) x - - x L' (wy,) to L™= (vg) for
every W € Aj.

Theorem 1.6. Let « > 1 and A > 2m. Let Q) be a cube and every function f; € L¥(R™)
with supp(f;) C @, j = 1,...,m. Then there exist constants c; > 0 and c; > 0 such
that

{2 € Q: Sul (@) > tM(f)(2)}] < cre™P|Q), (1.12)

{z € Q: gi(N)@) > tM(f)(@)}| < cre Q) (1.13)
for all t > 0, where By = a™ 2™ and By = (1 — 277A-2m)/2)2,
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2. PRELIMINARIES

2.1. Multiple weights. The multilinear maximal operators M are defined by

() —SupH][ | £5(y)|dy;,

Q3

where the supremum is taken over all the cubes containing z. The corresponding theory
of weights for this new maximal function gives the right class of multiple weights for
multilinear Calderén-Zygmund operators.

Definition 2.1. Let 1 < py,...,pn < 00. Given a vector of weights W = (wy, -+, Wy,),
we say that @ € Ay if

L m
[W] 4, := sup (][ V@diﬁ)p <][ wil_p;dx> ' < oo,
pUre) U,

1 _ 1 1 — T ,P/Pi _ L=p; 5 \1/p;
where o = p—1+---—1—_pl—m and vg = [[i_,w;""". When p; = 1, (wii dx) 18

understood as (infg w;)

S

The characterizations of multiple weights were given in [33] and [10].

Lemma 2.2. Let i = pil +- 4 i with 1 < py,...,pm < 00, and po = min{p;};. Then
the following statements hold :

(1) Ay € Ay, forany 1/py <rp <ry < oo.
<2) A Ul/p0§r<1 Arﬁ"

(3) W € Ay if and only if vg € Apyp and wil*p/i € Ay, i=1,...,m. Here, if p; =1,

w P

i € Apy is understood as w™ e A

2.2. Dyadic cubes. Denote by £(Q) the sidelength of the cube (). Given a cube Qg C
R™, let D(Qo) denote the set of all dyadic cubes with respect to Qq, that is, the cubes
obtained by repeated subdivision of ()q and each of its descendants into 2" congruent
subcubes.

Definition 2.3. A collection D of cubes is said to be a dyadic grid if it satisfies

(1) For any Q € D, £(Q) = 2* for some k € 7Z.

(2) Forany Q,Q' € D, QNQ" ={Q,Q,0}.
(3) The family Dy = {Q € D; £(Q) = 2F} forms a partition of R™ for any k € Z.

Definition 2.4. A subset S of a dyadic grid is said to be n-sparse, 0 < n < 1, if for
every Q € S, there exists a measurable set Eg C Q) such that |Eg| > n|Q|, and the sets
{Eq}ges are pairwise disjoint.

By a median value of a measurable function f on a cube ) we mean a possibly
non-unique, real number m (@) such that

max {[{z € Q: f(x) > mp (@} {z € Q: fla) < mp(@)}} < |QI/2.
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The decreasing rearrangement of a measurable function f on R" is defined by
fft)=inf{a>0:[{zr eR": |f(x)] > a}| <t}, 0<t<o0.
The local mean oscillation of f is
wa(f; Q) = inf ((f =a1g)"(AN@QD), 0<A<1,
Given a cube @)y, the local sharp maximal function is defined by

M o, f(x) = sup. wr(f; Q).

Observe that for any 6 > 0and 0 < A < 1

1/5
my Q) < (/10)°(1Q1/2) and (Flo) (MQ)) < (ﬁ /Q \frédx) @

The following theorem was proved by Hytonen [25, Theorem 2.3] in order to improve
Lerner’s formula given in [30] by getting rid of the local sharp maximal function.

Lemma 2.5. Let f be a measurable function on R™ and let Qg be a fized cube. Then
there ezists a (possibly empty) sparse family S(Qo) C D(Qq) such that

|f(z) —ms(Qo)] <2 Z wa-n—2(f;Q)1g(z), a.e. x € Q. (2.2)
QES(Qo)

2.3. Orlicz maximal operators. A function ¢ : [0,00) — [0,00) is called a Young
function if it is continuous, convex, strictly increasing, and satisfies
O(t (¢
lim on and limﬁzoo
t—0+ t—oo {
Given p € [1,00), we say that a Young function @ is a p-Young function, if U () = ®(¢'/?)
is a Young function.

If A and B are Young functions, we write A(t) ~ B(t) if there are constants ¢, co > 0
such that c; A(t) < B(t) < o A(t) for all t > t, > 0. Also, we denote A(t) < B(t) if there
exists ¢ > 0 such that A(t) < B(ct) for all t > ¢, > 0. Note that for all Young functions
o, t < ¢(t). Further, if A(t) < ¢B(t) for some ¢ > 1, then by convexity, A(t) < B(ct).

A function @ is said to be doubling, or ® € A,, if there is a constant C' > 0 such that
®(2t) < CO(t) for any ¢t > 0. Given a Young function @, its complementary function

® : [0,00) — [0, 00) is defined by
(t) :=sup{st — ®(s)}, t>0,

s>0

which clearly implies that
st < O(s) + ®(t), s,t>0. (2.3)
Moreover, one can check that @ is also a Young function and

t<o et <2,  t>0. (2.4)
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In turn, by replacing t by ®(¢) in first inequality of (2.4), we obtain

@(@) <o), t>0. (2.5)

Given a Young function ®, we define the Orlicz space L®(€, i) to be the function
space with Luxemburg norm

1 fllze@, = inf{/\ >0: L@(@)dmx) < 1}. (2.6)

Now we define the Orlicz maximal operator

Mo f(x) == sup || f|le,q := sup ||f||L‘1’(Q,d—I)7
Q3 Q>x @l

where the supremum is taken over all cubes @ in R". When ®(¢) =, 1 < p < o0,

Fllog = ( ]g If(x)\pdx)p — 1 flhe.

In this case, if p = 1, Mg agrees with the classical Hardy-Littlewood maximal operator
M;ifp > 1, Maf = M,f := M(|f[P)Y/P. If ®(t) < U(t), then My f(z) < cMyf(x) for
all x € R™.

The Holder inequality can be generalized to the scale of Orlicz spaces [16, Lemma 5.2].

Lemma 2.6. Given a Young function A, then for all cubes @,

]é Folde < 21 lacllgll i (2.7)

More generally, if A, B and C are Young functions such that A~*(t)B~(t) < c;C~1(¢),
for allt > tq > 0, then

1fglleq < callfllaellglse- (2.8)

The following result is an extension of the well-known Coifman-Rochberg theorem.
The proof can be found in [26, Lemma 4.2].

Lemma 2.7. Let ® be a Young function and w be a monnegative function such that
Mow(z) < 0o a.e.. Then

[(Myw)®] 4, < cns, V6 €(0,1), (2.9)
[(Mcpw)_)\]RHoc < Cn\s VA > 0. (210)

Given p € (1,00), a Young function @ is said to satisfy the B, condition (or, ® € B,)

if for some ¢ > 0,
*O(t) dt
/ () dt < 0. (2.11)
Lt
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Observe that if (2.11) is finite for some ¢ > 0, then it is finite for every ¢ > 0. Let [®]p,
denote the value if ¢ = 1 in (2.11). It was shown in [16, Proposition 5.10] that if ® and
® are doubling Young functions, then ® € B, if and only if

[ (&) e

Let us present two types of B, bumps. An important special case is the “log-bumps”
of the form

A(t) = tPlog(e + )P0, B(t) = t* log(e + t)P "1, § > 0. (2.12)

Another interesting example is the “loglog-bumps” as follows:
A(t) = tPlog(e + t)P ' loglog(e® + )P~ 10§ >0 (2.13)
B(t) = t" log(e + t)” ~loglog(ef + )P 10§ > 0. (2.14)

Then one can verify that in both cases above, A € By and B € B, for any 1 < p < co.

The B, condition can be also characterized by the boundedness of the Orlicz maximal
operator Mg. Indeed, the following result was given in [16, Theorem 5.13] and [26, eq.

(25)].
Lemma 2.8. Let 1 < p < co. Then Mg is bounded on LP(R™) if and only if & € B,.

Moreover, || Mg || rrmn)—rr@n) < C’mp[(I)]]ép. In particular, if the Young function A is the
same as the first one in (2.12) or (2.13), then

_1
HMA||LPI(R7L)_>LZJI(RTL) S Cnp25 7’/, VC; - (O, 1] (215)

Definition 2.9. Given p € (1,00), let A and B be Young functions such that A€ By
and B € B,. We say that the pair of weights (u,v) satisfies the double bump condition
with respect to A and B if

1 1
[w, v]aBp = Sup [urllaellv*lseq < oo (2.16)

where the supremum is taken over all cubes @ in R™. Also, (u,v) is said to satisfy the
separated bump condition if

1 _1
[, v]ap = Sup lurllaqllv7llyq < oo, (2.17)

1 1
[, v]p8 = Sup [urllp.llv™ (5@ < oo (2.18)

Note that if A(t) = t? in (2.17) or B(t) = t? in (2.18), each of them actually is two-
weight A, condition and we denote them by [u,v]a, := [u,v],,. Also, the separated
bump condition is weaker than the double bump condition. Indeed, (2.16) implies (2.17)
and (2.18), but the reverse direction is incorrect. The first fact holds since A € B,y and
B € B, respectively indicate A is a p-Young function and B is a p/-Young function. The
second fact was shown in [1, Section 7] by constructing log-bumps.



10 CAO, HORMOZI, IBANEZ-FIRNKORN, RIVERA-RI'OS7 SI, AND YABUTA

Lemma 2.10. Let 1 < p < oo, let A, B and ® be Young functions such that A € B,
and AN (t)B7(t) < @7N(t) for any t > to > 0. If a pair of weights (u,v) satisfies
[u,v], 5 < 00, then
1
Mo fllzrw) < Clu, vlp,5[Alg, [ fllrw)- (2.19)

Moreover, (2.19) holds for ®(t) =t and B = A satisfying the same hypotheses. In this
case, A € B, is necessary.

The two-weight inequality above was established in [16, Theorem 5.14] and [17, The-
orem 3.1]. The weak type inequality for Mg was also obtained in [16, Proposition 5.16]
as follows.

Lemma 2.11. Let 1 < p < oo, let B and ® be Young functions such that t%B_l(t) <
O~L(t) for any t >ty > 0. If a pair of weights (u,v) satisfies [u,v], 5 < 0o, then

| Ma fl ooy < Ol f || Leew)- (2.20)
Moreover, (2.20) holds for M if and only if [u,v]a, < cc.

3. SHARPNESS IN APERTURE «

The goal of this section is to give the proof of Theorem 1.1. To this end, we establish
some fundamental estimates.

Lemma 3.1. ¢(z,y) is continuous at (2o, Y1,0,- - -, Ymo) With o # yj0, 7 =1,2,...,m.

Proof. Let xg # y;jo for j =1,2,...,m, and let

o ol < § min (o — ol Iy~ wiol < 5 iz — yiol}.
Then we get
[y — yjo0l < %Wo — Yjol
and .
20 = yjol < lzo =il + 195 = yjol < lwo = g5l + Flwo = yjol
and so

|20 — yjol <2|z0—y;|l, j=1,...,m,
which implies
1 1 .
|z — 20| < Z—l|$0 —Yjo| < §|Z‘o —vyil, j=1,...,m,
Therefore, we have

W(%Z/l, s 7ym) - w(a:anl,Oa v 7ym,0>’
S |¢(x7y1a"'7ym) _¢<x0ay17"'7ym)|

+ Z (20, Y1,05 -+ - Yj=1,05Yjs Yjt1s - - - Yim)
7j=1
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- ¢(x0, Y1,0y---5Yi-1,0,Y5,0, Yj+1, - - - 7ym>|
m

< Az — 0P 3 Aly; = ysol?
T AL gl (14222 |0 — gal)mmtowy

=1

This shows v(z,) is continuous at (xo, Y10, - -, Ymo) € RV with zy # y;0, j =
1,2,...,m. L]

Lemma 3.2. There exist xp € R", 19 > 0, to > 1 and f; € S(R™), j =1,...,m, such
that

A= [ ol P Payd € (0.00), (3.1)
where Qg 1= B(0, |xo| + 70) x [1, 1]

Proof. Since 1 is a non-zero function in R™™*V  there exist g, 10, - - -, Ymo € R" such
that xg # vio(i = 1,...,m) and ¥ (o, Y10, --,Ymo) # 0. By Lemma 3.1, there exists
ro > 0 such that ¢(z,9) > 0 or ¢(x,y) < 0 for all x € B(zg,70) and y; € B(y;0,70),
j=1,...,m. Without loss of generality, we assume the case ¥ (z,¥) > 0. Keeping these
notations in mind, we set

-1
tO _ (1 - 2max{|$0|7yrlo7o|7_._7ym70|}) ) maX{\l“oL \?ﬂ,o!, I |ym,0‘} 2 To;

2 otherwise.

)

We claim that

’%—x0‘<ro and ‘%—yi,o <ry, t=1,...,m, (3.2)
for all 1 < ¢t < to, |[x — 29| < 2 and |y; —yio| < 2, i = 1,...,m. Indeed, if
max{|zol, [y10l,-- - |Ymol} < ro, it follows

— 1
= = ol < L t“")' + (1= ol < |x—xoy+@ <7,
and similarly we get |% —y; 0| <7, i =1,...,m. In the case
Yio,0 := max{|zol, [y1,0],- - -, [Ymol} = 70,
we have
1y — Yiol o
; |y — yiol 9
and
1 1 o o
1—-) ol < (1——) o] = 1—(1——> o=
< t |y]0,0| tO |y]0,0| ( 2|yj0,[) |yjo,0 9

As a consequence,
Yi
? —Yio0

Similarly, we get |7 — xo| < ro. This shows (3.2).

<rg, t=1,...,m.
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Thus, wehave@/)(t,t)>0for1<t<t0and|x wo| < B |yi—yiol < Fi=1,...,m.
Pick non-negative valued f; € S(R"), j = 1,...,m such that supp f; C B(y;o, 20) and
fi(y;) >0 for |y; —y;ol <%, 7=1,2,...,m. Then it follows from (3.2) that

- 1 Ty Ym T ,
P =g [ o e O LT >0

0,8) % %X B(ym.0,73)

for all 1 <t <ty and |z — z0| < %. Therefore,

// [0 (F)(y)| dydt > 0.
B(xo,m)x[l,to]

In particular, since B(xo, %) C B(0, |zo| 4 70), we have

Ay = // Wt \ dydt > 0. (3.3)
B(O,‘on»To)X[l,to}
On the other hand, by using the size condition of ¥, we obtain for every (y,t) € Qo,
= 1 y ym> =
< 29 Im (u)ldus
NI < g [ oG5 [T15 )l

iy [ )l T Il
mn o ly—v1| ly—yum] mn+6 — tmn '
R <1+%+...+_yty >

This immediately yields that

T 15117 "
A < // e dydt STT A < oo 5.4
j=1
Consequently, the desired result follows from (3.3) and (3.4). -

Lemma 3.3. Let 0 < A < 2m and% <p< % Then gy s not bounded from LP* x - .- x
LPm to L7, where%:pil%—--~+$ with 1 < py, ..., pm < 00.

Proof. By Lemma 3.2, there exist o € R, rg >0, {, > 1 and f; € SR"), j=1,...,m,
such that 0 < Ay < oo, where Ay is defined in (3.1). Write Ry := 2(|xo| + 79 +t9). Then
for all |x| > Ry and (y,t) € Qo,

x
B ol ol < 4l =yl <[] ol + 10 < 2]

Thus, t + | — y| =~ |z|. This gives that for all |z| > Ry,

//QO - |:A )y Pyt

Ag
dydt = .
N, |n)\/ [o(f) ()P dy |
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/ dx
nip =0
@|>Ro |2| 2

On the other hand, for f € S(R") x --- x S(R"), we have [T% 1 filles < 00, As a
consequence, g is not bounded from LP* x --- x LP™ to LP whenever A\ < %.

Therefore, for any A < %,

[=INTLS]

lgs (NI Z A

In particular, for 0 < A < 2m (equivalently = < 2) and p € (+,2), 1 <p1,...,pm <
oo with % =144 ]%, gy is not bounded from LP* x --- x LPm to LP. O

P

Proof of Theorem 1.1. It follows from [2] that
= mn max{1, il =L p m )
1Sa(ALrwe) S @™ (@], H 1fill i o) (3.5)

for all % = pil 4+ 1% with 1 < py,...,pn < 00, and for all W € Ay, where the implicit
constant is independent of o and w. Now, we seek for v(a) = " such that

= max{ , /,-~ ,%} ik
1Sa()llzr ey S v(@)]d] 4, TT 1 ill e -
i=1

We follow Lerner’s idea to show r > mn for any 1/m < p < oco. In fact, for the case
r < mn we can reach a contradiction as follows. This means that the power growth
v(a) = @™ in (3.5) is sharp.

Using the standard estimate

g ()(x) < Si(f) +22 2 Sy () (2), (3.6)

we get forsomeﬁxed%:qil+-~-+qiWith1<Q1,'~,Qm<OOa and y(a) = a™

,m 7 a{v [ qm}
e HM,M(Zz 2“) s Humm

This means that if A > 22 g% is bounded from L% (w;) X -+ x L™ (w,,) to LI(vg).
From this, by extrapolation(see [34]), we get g5 is bounded from LP* x --- x LPm to LP
for any p > 1/m, whenever \ > 2”’. But by Lemma 3.3, we know ¢} is not bounded
from LP' x --- x LP™ to LP for A < 2m and + < p < <. If rg < mn, we would obtain a
contradictlon to the latter fact for p sufﬁ(nently close to 1/m. O

4. BuMP AND FEFFERMAN-STEIN INEQUALITIES

In this section, we will prove bump inequalities (Theorem 1.2) and Fefferman-Stein
inequalities (Theorem 1.3). Our strategy is to use the sparse domination for the multi-
linear Littlewood-Paley operators.
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Proof of Theorem 1.2. Given r > 1 and a sparse family &, we denote
m 1
- (S ITtatew) -
QeS i=1

The sparse domination below will provide us great convenience:

3n
Saf() < cua™ > AL (If])(z), ae xR, (4.1)
j=1
c ik
9 (@) < WTZM ZlA?sj(’ )(z), ae zeR", (4.2)
j:
where §; is a sparse family for each j = 1,...,3". These results are explicitly proved in
[2]. By (4.1) and (4.2), the inequalities (1.4) and (1.5) follow from the following
IAS ()l o) < A H 1fill 273 (o) (4.3)

for every sparse family S, where the implicit constant does not depend on S.

To show (4.3), we begin with the case 1 < p < 2. Actually, the Holder inequality (2.7)

gives that

A = [ (S IT003160) wwie < 3 105D

QES] 1 QeS j=1

<ZH\|fg pJH - ollv; o 15, 0llurl7.0lQ
QeS j=1
P
< ABpZH(meB f] )> \EQ\
QeS j=1
p/Dj

< I(u, v ABp (/ MB fJ )pjdx>
< H Mg, 11705 oy | Fi 5 o,

where Lemma 2.8 is used in the last step.
Next let us deal with the case 2 < p < co. By duality, one has

—

IS (Do = IAG oy = sup As(f)(@)*h(z)u(@)dz.

0<heL®/2) (y) JR™

”h‘”L(p/Q), (w)=1

(4.4)
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Fix a nonnegative function h € L®/?'(u) with |All /2y = 1. Then using Holder’s
inequality (2.7) and Lemma 2.8, we obtain

As(f)(@)*hl(z)u(z)de S H £l o (hu)elQ)

R Qes j=1
a % 2 -L 9 1-2 2
SOOI 1, ol 7 15, @llhu' ™7 [l 4 gllur aql@]
QeS j=1
2
< | inf Mg, (fjv; )> (infMA(hul_p)) |Eol
§H< SRR

< (u, / HMB (ol ) (@ M~ 3) (@)
< NI, 5 ) T M, 50 ol M)l e
7j=1

m 1
P _2
< || (u, U)HZ,E,ﬁH HMéj(ijf])H%pj(Rn)HMA(hul ) L2y meny
j=1

< (w91 5 pH 1M 5, 25 oy 13 2 o 1M o0 oy B o2y (446

where
||MB]- | (zrs @ny) = ||MBj 273 (R L7 (R
and
HMAHL(L@/Q)’(R")) = HMAHL(P/Q)’(R")HL(P/QV(R”)'
Therefore, (4.3) immediately follows from (4.4), (4.5) and (4.6). O

Proof of Theorem 1.3. Fix exponents }D = p% + e+ i with 1 < py,...,pm < 00,
0 < p < 2 and weights @ = (wy,...,wy,). Note that v;(z) := Mw;(x) > (w;)q for
any dyadic cube @ € S containing x. For each i, let A; be a Young function such that

A; € B,,. By Lemma 2.8, we have

1

1M, (fiof i@y S W fill iy, i=1,...,m. (4.7)

Thus, using sparse domination (4.1), Holder’s inequality and (4.7), we deduce that

3™ m
ISPy S @™ > TTUADGa(@

j=1 QeS; i=1

< Oépmnz Z H Hfz pl

j=1 QeS; i=1

1
N qra(Q)

hellvi
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3" m 1
e 9 (17

j=1 QeS; i=1

<apngZH(1nfMA (fiv/ ))p‘EQ|

Jj=1 Q€S§; i=1

(g™ (va)alQ|

m

1
S aPmn / [T M, e Y@ oo T M, (fuc? e

=1 i=1

< OzpmnH HszLm (vi) — apmnH HleLpl (Mwg)”

This shows (1.6). Likewise, one can obtain (1.7). O

5. ENTROPY BUMPS

In this section, we will prove entropy bump inequalities (Theorem 1.4). By the sparse
domination for Littlewood-Paley operators, see (4.1) and (4.2), it suffices to prove the
results for Ag, r > 1.

Let us call (o) = (a1, g, . . ., av,). We will denote (a;)izj = (0a, ..., 051, g1, ..., Op).
Having that notation at our disposal we define the following sub-multilinear maximal

function.
M@z () (x) := sup H <Ui>%i
T€Q 1, m} it
and given p'= (p1,...,Pm)
1 T Pi
M7 (F)(x) == sugH<<7i>8

Let1<p1,...,pm<ooand%:pil#—---%—]%. We define

_ ( /Q Ms<oiXQ><w>d$) ( /Q iﬁ@(m);dx)_l'

In the scalar case we shall denote just

P (@ Q/MVXQ
00) —

Given an increasing function ¢ : [1,+ (0, +00) let us denote
pepe(Q) = pas(Q)e(pz5(Q) and  p,o(Q) := pu(Q)e(pn(Q)).

With the notation we have just fixed, we are in the position to introduce the entropy
bump conditions. For weights & = (071, ...,0,,) and v, we define
m P

7.0 =0 (H«méﬁ) V) oprse(@puc (@), (5.1)

i=1
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Also, if ¢ = (01,...,0,), we denote
Sy M@z (5x ) o Sy MO @PDis Gy ) o
Lo J app0d SUPH f 01/(91%) P f 01/(9191)
Q 1 Li#j Q 1Lli#j

%
Denote fo := (fi01,..., fmom). Armed with the notation and the definitions of the
entropy bumps just introduced, we can finally state and prove the main theorems of this
section.

Theorem 5.1. Letizpiljt---—i—i withp >r and 1 <py,...,pm < 00. Letoy,...,0pn

and v be weights. Assume that € is a monotonic increasing function on (1,00) satisfying

floo Elt) < 00. Then

— . 1
[As(fo)llrwy S 10, v]5,, H 1f1 i (@) (5.2)

Note that the theorem above extends to the multilinear setting [28, Theorem 3.2].

Theorem 5.2. Leté = pil—i--~-—|—1% withp <randl <pi,...,pm <o0. Letoy,...,o.,

and u be weights. Assume that p is a monotonic increasing function on (1,00) satisfying
[° = < oo and p(2t) < Cp(t) for t > 1. Then

pT (t)

1

14573l ooy Slovls ;e mHHIIfIIwaZ (5.3)

p
wh@r@ﬁ: (p17~--7pm7p/> (Lnd;l%: (i,,ﬁ;g)

Note that in this case the linear version of the estimate obtained is slightly different
from [28, Theorem 3.3| since the entropy bump constant involved in that case is the

following
(fQ (oxq 3) ’
fQU’

Also the integrability condition imposed on p does not match the one in [28, Theorem
3.3].

T3

p’

5 (JgMloxo)
9.7} (5 1) g 2 = SUPLNG () (QT)

5.1. Proof of Theorem 5.1. We need a multilinear version of Carleson embedding
theorem from [11].

Lemma 5.3. Let & = (01,...,0m,) be weights. Let 1 < p; < 0o and p € (1,00) satisfying
l + +17 Assume that {ag}gep is a sequence of non-negative numbers for which

the followmg condition holds

agr < A Upl dr, VQ €D. (54)
S <af1l

Q'cQ
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Then for all f; € LPi(0;)

1 m
(Y H][fzdm ") < AT
QeD =1

With this result in hand, we are in the position to settle Theorem 5.1 following ideas

(5.5)

in [29].
Proof of Theorem 5.1. First we split the sparse family as follows. We say that ) € S,

if and only if
3 ) )o@

(H<w>d

P e (Q)Y W~ 20,
i=1
Let us begin providing a suitable estimate for each of those pieces of the sparse family.
|v(z)dz. Assume that g € L®/™) (1)

Given a weight ~y let us denote (h)} := Q) Jolh
By duality we can write
< Z <H<fiai>Q> 1Q79V>
QES. i=1
= > (T1t93) (TTtee) ol
QeS. i=1 i=1
g (9 - 1l

AN/ /Y

0 rHi:Iwi)cﬁ pyi(g)l/(lﬂ/r) (9)6 - 1Q

i V(Q)l/(p/r)/

=1
M N1 0i(Q)
SJ 2° <fi>o.l = T Y, g Q
QES, <E Q> p&,ﬁ,e(@)p pV,&(Q)l/(p/ )
<o ) =) (5 e .
(%Mo) Vo) (Z oo
For the second term, we would like to get that
r)’ V<Q> r
i = Sl o (5.6)

Z (<g>6) pu,s(Q)

QRESa
We omit the proof of (5.6) and focus on the first term above, since the argument that

we are going provide, essentially contains the linear case. For the first term, it needs to
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show

P
T—’

> (Twe) T <

QES, =1 P

<TI0 (5.7)
=1

Taking into account Lemma 5.3, it suffices to verify that (5.4) holds with

p

17 (@)
ao=1 rep@ @ ES

0 otherwise.

Indeed, let us call Sa(R) the set of cubes of §, that are contained in R € D. Then

Qesar) 17 (@) (@)
Qesa(R)
> D
[[i2, oi(P)™
>y oy e
j=1 maximal Q€S,(R) PCQ 7,p\e

ps Q)27 P€Sa(R)

j=1 maximal Q€S ( PCQ
o5 5(Q)~27 PGS (R)

2 2 2<2f) ME(o:1q) (x)da

J=1 maximal Q€Sa(R)
pz,5(Q)~27

(110) ]Zg (Ha;i)(}z)/jot;%.

This provides the desired bound.
Collecting (5.6) and (5.7), we have shown that

(S ([tode) 1000 ) £ 2 TNy - lolhioiris
=1

QeS, =1

N

Since for the largest a for which S, is not empty we have that |7, v| g’me ~ 2% summing
in a yields

9l sy )

(3 (TTte) 1090) 17,0 TVl

Qes i=1

Consequently,

— 1
[As(fo)lzrw) S [0 V], H | fill o o)
This shows Theorem 5.1. [l
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5.2. Proof of Theorem 5.2. To settle Theorem 5.2 we are going to follow the scheme
in [48]. First we borrow a result from [9].

Lemma 5.4. For every 1 < s < oo we have that for every positive locally finite measure
o on R" and any positive numbers \g, Q) € D, we have

[ (% i) o = S afot@” 5 00)
v QeD 0co

Given a sparse family S contained in a dyadic grid D, for every ) € S we will denote
S(Q) the family of cubes of S that are contained in Q). For § and & = (wy,...,wy), we
denote

m
- . i
Wlan pici=sSUp Wi
L Jq,p,pﬁu,s QESE< Z>Q(

The following lemma is a particular case of [48, Lemma 2.3]. The proof is also essen-
tially contained in the earlier work [18, Proposition 4.8].

Lemma 5.5. Let f31,...,Bm > 0 be such that 5 :=)"" ; <1. Let S C D be a sparse
family. Then for every cube Q) € S and all functions wy, ..., Wy,

> QM wng < QI w)g:
=1 i=1

Q'esS(Q)

1/(9pz) 1/(9191)

fp MO/ (G 0) > ’ (f MOz (Gxg) ) ’
)

fQ i#£j fQ i#j Y

The following lemma will be one of the fundamental pieces to settle Theorem 5.2.

Lemma 5.6. Let j € {1,...,m}, s1,...,8, € R with s; > 0 for each i € {1,...,m}
with i # j, and qi, ..., ¢y > 0 with ¢; = l—i-sj be such that

Si
s < g, ! < min 2.
Z Z Z qZ ’L;léj ql
Let S be a sparse family such that fm’ every @ € S and some 0 > 0

M 1/ gpl i#£] w

or < f ( XQ) < 2T+1
f wl/((?pz) ’
Q LLli#j

where p; € (0,400). Then, if p is a monotonic increasing function on (1,00), for every
0 < a < oo we have that

of = [ (S TTtwdsrre) o < 5mese 57 0/ [Ty

QeS i=1 QES i#£j

(5.8)

Proof. The left-hand side of the conclusion is monotonically decreasing in a and the
right-hand side does not depend on «, so it suffices to consider small «, in particular we
may assume o < 1.

It follows from the hypothesis that for sufficiently small « there exists an € such that
O./Zisi 1 . Oési+5ij}

, in
> i 1/a — qi

<e§min{
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where as usual d;; = 1if i = j or 0 otherwise. By the assumption o < 1 and Lemma 5.4,

o < Z |Q! H ocsz+(5”< Z |Q | ﬁ asﬁré”)_l'

QeS i=1 QeS(Q) ] z:l

Taking into account the definition of |&| s and (5.8), we get

(T’ﬁ7p707j7

Lﬁjlf,ﬂ ,0,3,S E(é ozsl—l—&” |Q/| o asi+0ij—eq; é—l
ox () o (3 S TTe )™

Qes i=1 Q'eS(Q)

Observe that as; +9;j —eq; > 0 and >, (as; + 0;; — €g;) < 1. Hence, Lemma 5.5 implies
that

1

19350045\ 5 - A
d 5 ( q,P,P5Y,], ) ’Q‘ QS,-‘F 1]( O(Sl+ (¥ €q1>
) el (i T
— € l—1)
LWJ"“ 0,7.S G 51 +s;—€q; 771)
- ()" e
p( ) QEeS =1
By construction 1 —¢(1/a—1) > 0, and again by the definition of |&] ;. , . ¢ and (5.8),
we conclude that
o < q;np, JS Z [e] H 5w+82 %

and we are done, since q; = 1 + s;. 0

Now we present a stopping time condition. Let S C D be a finite sparse family and
let \; : S — [0,00), Q — A be a function that takes a cube to a non-negative real
number. Then we have that JF; is the minimal family of cubes such that the maximal
members of S are contained in F;, and if F' € F;, then every maximal subcube F' C F
with A\; pr > 2);  is also a member of F;.

For each cube @, let 7;(Q) (the parent of @ in the stopping family F;) be the smallest
cube with Q C m(Q) € F;. We write .. . for the sum running over F; € F;. We
also write

MM\ (z) == sup A\ g.

r€QeD
Lemma 5.7. Let m > 2,0 < p1,...,pm_1 < 00. Define o := Z’:;—ll 1/p; and assume

1 9 ) < )

l—a, 72=m.
Assume that S is a sparse family such that for every Q € S,
(CE

2r = f - 1/ Oépz)
Q 1

(5.9)
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Then, if p is a monotonic increasing function on (1,00) and p(2t) < Cp(t) fort > 1

one has

B S | Wappamp(2) H M A|] 2rs wi)

where
m—1
1
B = ( AE, / Z lQH wi)g “”) dwm)
Fi,..,.Fpn—1 i=1 QV]JTJ(Q) F; =1
Proof. We will estimate & by means of Lemma 5.6 letting s; — §; = (s; —dim) /v, i < m,
¢ — Gi = qi/a and 0 — «. We can provide such an estimate since

ZO@ZZ (1—a) Zl/pz—Zsi—1:Za§i.

i<m i<m <m i<m i<m

This yields that the first inequality in the hypothesis of the lemma holds, and for i < m
we have ¢; < s;, verifying the second inequality. Then, there holds

sy I i S o i)

Q5,7 (Q)=F; =1

(5.10)

Fi,...Fp—1 =1

Note that
. % f M(l/(oépi))i;ém(w’XQ) @ f M(l/(api))i;ém(wXQ) o
L] 5 pvms SUPH“%Q T /e P [T /)

Q Q Wi

’L

Jo M(l/(ap’ ”“”(wXQ) Jo Mer) #m(iﬂxc;)) "\ *
p 1/ @P)

- 1/ ap;) f -
Q 1

fQ z
a—1 Y. = «@ 17%
fQ 1/ ap;) L;ém(wXQ) f M(l/(apz z;em(wXQ)
X p - 1/ ap’L

- 1/(0‘171) fQ

Jo Iz w;

<2T+1)1-a<p<2r+1>>1-%.

:
o
e
g
Q‘s

Q=

S @]

~ G,7,p,0m
The sparseness of S enables us to continue as follows

) .IQIH YD F|EQ|(nﬁ<wz~>z§);

=1

Q4,7 (Q)=F} Q:Vj,Wj(Q): ¥
< 3 MOt (v 0) < / MO i (i
Q:vj, ﬂ_] Q)= F Eq Fin--NFy_1

Thus, it follows from (5.9) and Hélder’s inequality that

,a,m 2T+1 ol ol 1 r ol @
o FlmmFm 1 i=1

% < [Waspam W] g5p0m
(27) p(2r) FiooiFont i=1
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<o ([T E i)

m—1 1

WG 5p.0m 1 az b
s I (/mime)”

=1

We end the proof noticing that

(Z 1Fz)\EFZ)a ~ M)\Z,
F;

since at each point, the sum on the left-hand side is geometrically increasing and, con-
sequently, it is comparable to the last term. O

Lemma 5.8. Let m > 2 and 0 < p;,8; < 00, 1 <@ < m, and let a := Z:i_ll 1/p;.
Suppose q; := s; — 1/p; > 0 for i < m and let g, == a. Then for every sparse family S
and o > 1,

m—1 m—1
‘ > I Melw)sig S @ zapam | ] IMAll Loy (5.11)
QeS i=1 LY/ (wm) i=1

provided that p is a monotonic increasing function on (1,00), [~ A < 00 and p(2t) <

pe (b)t
Cp(t) fort > 1.
Proof. First we split S as follows

ST Mot ZZ;RH 1o,

QES =1

where

(1/(api))iztm (473 a
JoM . (wXQ)) < gitl

. J
Qes; = 2 < ( f —1 1/ (epi)
Q 'L

Then one has

[ (ST rotmizne) v f (5 Mo o

QeS i=1 QeS; i=1

Q=

Note that each term in the right-hand side of the preceding equation can be estimated

by
/< > WIL_[AF > sz s’lQ)I/adwm)-

Fi,... . Fp—1 t=1 QV]ﬂ'J(Q F =1

By subadditivity of the function @ — 2/®, this is bounded by

1/0/ Z H w;) 511Q>1/adwm.

Fl,...,Fm 1 =1 QV],TI'] :F =1
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Therefore, Lemma 5.7 applied with s, = 1 gives

m—1 & i
/ (Z 11 Aa@<wi>31Q> um 2 _L0) E (H 1M o ) ,
QeS i=1 o
7o (H M| o wn)
Consequently

é @ m—1
/ (Z H /\ZQ w’ ) Wm 5 (Z 1» 1) Lw q.p,p,a,m H ||M)‘z‘||LPi(w)
€S i=1 - o

i=1

’ngb—t

Q=

VR
™
e}
—~
2| —
N—
Q=
\_/
—
él
’QIQ\'—‘

and (5.11) holds as desired.

Proof of Theorem 5.2. We rewrite

%
A5 T 1 = \

(H fioi) )

=04, Wm+1 =V, )\7Q (
¢; := 1 —r/p; and by Lemma 5.8

> (ﬁmmmym

Qes

L (0m+1)
For m + 1, w;

0' _ m oy
Q) . S; r,andoz—p—zizlpi,wehave

L% )

m
S |_53, I/J é,ﬁ’p,%,m+l r[ H(Mm'f)THL%(Ui)
1=

m
L&, VJ p%,ﬁ,s,%,erl H HMolf I

m
‘Lpi(ai) S 1o, VJp%,ﬁ,s,g,mH H Hf”im(ai)-
i=1 i=1

Hence,

1A5(Fo) 0y = ‘

> (ITthee) 1o

Qes Ni=1

m
1
L e | L PR
1=

L7 (v)
as we wanted to show.

6. MIXED WEAK TYPE ESTIMATES

The goal of this section is devoted to presenting the proof of Theorem 1.5. To this end,
we first establish a Coifman-Fefferman inequality with the precise A,, weight constant

6.1. A Coifman-Fefferman inequality.

Theorem 6.1. Let o« > 1. Then for every 0 < p < oo and for every w € A,

MM )- (6.1)

NI

1Sa (Pl oy S @™ (p + 1)[w]}
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e Sparse approach for p > 2. Considering (4.1), we are going to show that

IS o) S WA NM Doy,  p > 2. (6.2)
Without loss of generality, we shall assume that f; > 0,7 =1,...,m. Note that
||A?9(f>||%7’(w) = sSup

0<geL®/? (w)
Hg”L(p/Q)/ (w)=1

> ﬁ<fi>%]£9dww(62>‘. (6.3)

Qes i=1

Fix 0 < g € L®/?'(w) with 191l w2y iy = 1. We are going to split the sparse family in
terms of principal cubes. Set

T(P) = H<fz>?3f g dw,
i=1 P
and consider Fy the family of maximal cubes of S. We define
F = UE and F; = U {P C @ maximal : 7(P) > 27(Q)} .
i=0 QEFi—1

For this family of cubes, we have that

Z H<fi>é][ g dww(Q)

QeS i=1
< ST fotw > @
PeF i=1 QeS:7(Q)=P
ST f gdww(P)
PeFi=1
S lwlae | M(P)(@)*Myg(e) w(z)d
Rn
S 1] M) vy 19l ooy - (6.4)
Thus, (6.3) and (6.4) immediately lead (6.2). O

° Mg approach. We next deal with the general case 0 < p < co. Recall that the sharp
maximal function of f is defined by

M) = supint f rfé—crdx) .

er ceR

It was proved in [41] that for every 0 < p < oo and ¢ € (0, 1),

1 2oty S (0 + Dlwlan M) zogu)- (6.5)
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Let @ be a fixed Schwartz function such that 1 1)(7) < ®(z) < 13(0 2)(x). We define

Py

= (Lo

— ~ — —

Sa(f)(x) < Sa(f) (@) < Saalf)(2).

It is easy to verify that

We note here that

156 (Pl g1moe ) S @™ H £l 22 ey

In fact, by [2, Lemma 3.1] and the endpoint estimate for S;, we get

HSa(f)HLl/mvoo(R") < HSZa(f)HLl/m,oo(Rn)

S OémnHSl(f)HLl/moo R™) mnH 1 £5ll 21 ey

Now, combining (6.7), (6.5) and Lemma 6.2 below, we conclude that

150 (Allrer < 180l Dlzrw) < 18alF 12,20
< (0 Dl MG, 2
MG,

= ™ (p + Dwld [MFllmw

where we have used that for suitable choices of ~,

M(Sa(f))(@) S @®™M(f)(2)?, z€R™

PNISIES

Sa™(p+1)[w]

(6.6)

(6.7)

(6.8)

Hence to end the proof of Theorem 6.1, it remains to settle that pointwise estimate.

Lemma 6.2. For every a > 1 and 0 <y < 5-, we have
MA(Sa(F)) (@) £ an"M(f)(x)z, x € R™.

Proof. Let x € Q. It suffices to show that for some cg chosen later

1

(][ Su( )2() — cdex) LS M(f) (@)
For a cube Q C R", we set T(Q) = Q x (0,4(Q)). We then write
Sal (@) = E(f)(z) + F(f)(x),
where
o T = o dydt
B = [ o(* WP

(6.9)

(6.10)
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o, dydt
= )Wt( YW -

Let us choose cg = F(f)(zq) where z¢ is the center of ). Then we have that

J < <][ 1E(f' de)i + (éyF(f)@) —F(ﬁ(wwdxy — i+ T (6.11)

Let us first focus on J;. Set f0 := (f2, - 2, 2 = fixos, and [ = fix(o#)e,
t=1,...,m, where Q* = 8Q). Then we have

E(f)(z) SE(f*) (@) + > B(f, ..., for)(x), (6.12)

a€ly

where Zy = {a = (a,..., ) : o € {0,00}, and at least one a; # 0}. Using Kol-
mogorov’s inequality and (6.8) we have

(f E(f)(@ Wda:) (f S |2”dw)
Bl ) S 0 (Hfmwx). (6.1

On the other hand, for each a € 7,

(f e '”x) IQ\/ /e

dyd
<ol e ><y>|2tfi+f 7 (6.14)

since [p, @(%)dw < ¢p(at)™. By size estimate, for y € 2Q) and « € Zy, one has

() S (E(t—@)ﬁ(ﬁ £ 1las) (6.15)

Then, (6.14) and (6.15) give that for every a € Z,,

(fymrrora)
{22 M(H]ékcg‘fjﬂ !Q\//zcz ( ) dy%

s{zz(n ]ékQ|fj|dx)]

<an g 2—’“5(1:_1[1]2@ | £l d:v)2, (6.16)

dyd
(Fo) )P
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where the Cauchy-Schwarz inequality was used in the last inequality. Gathering (6.12),
(6.13) and (6.16), we obtain

T < o™ M(f)(z). (6.17)

To complete the proof it remains to provide a bound for J,. From [2, eq. (4.6)], we have
that for any = € Q,

00 m 2
P~ Pl S o S (TTf, Iplae) . a9
k=0 j=172"Q
Hence, (6.10) is a consequence of (6.11), (6.17) and (6.18). O

6.2. Proof of Theorem 1.5. In view of (3.6) and A > 2m, it is enough to present the
proof of (1.10). We use a hybrid of the arguments in [15] and [35]. Define

Tih(x)
VK]’

WE

Rh(z) =

J=0

where K > 0 will be chosen later and T, f (x) := M(fu)(z)/u(zx) if u(x) # 0, T, f(z) =
otherwise. It immediately yields that

h<Rh and T,(Rh)<2K,Rh. (6.19)
Moreover, we claim that for some r > 1,
Rh-uvm’ € Ay, and IRAN sty < 2B s - (6.20)

The proofs will be given at the end of this section.
Note that
1N e ) = I T paco iy, O <Prq < oo (6.21)
This implies that

—

B e
v L%’m(uv%) v Lrvoo(uv%)
=  sup 1S, () (@) h(z)u(z)v(z)m da
I, =t R
L™t (uvm)
< sup |Sa(f)(x)|$Rh(x)u(x)v(x)ﬁdx

Iy =1 B

Invoking Theorem 6.1 and Holder’s inequality, we obtain
1S () (@) |7 RA(z)u(z)v(z)m da
R

s [ Ml F) (@) Rh(z)u(z)v(z) 7 dz

— 1

= [ (P55 Rttt s
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()

<AL

IRal

1
1 Lt (uom)
Lmoe (uvm )

Ml

Lm>» oo(uvm)
where we used (6.21) and (6.20) in the last inequality. Here we need to apply the

weighted mixed weak type estimates for M proved in Theorems 1.4 and 1.5 in [35].
Consequently, collecting the above estimates we get the desired result

Saf M(f
H & ) H b LV<IIWNUW

v
It remains to show our foregoing claim (6.20). The proof follows the same scheme
of that in [15]. For the sake of completeness we here give the details. Together with
Lemma 2.2, the hypothesis (1) or (2) indicates that u € A; and v € Ao. The former
implies that

1
Lm > (u

1T ey < e (6.22)

The latter yields that vm € Ay, for some gy > 1. It follows from A, factorization theorem

that there exist vy, vy € A; such that vm = vlvé_qo.

Additionally, it follows from Lemma 2.3 in [15] that if vy, vy € Aj, then there exists
€0 = €o([v1]ay, [v2]a,) € (0,1) such that viuj € Ay, and vau§ € A, for any 0 < € < €,

qo 1
u; € Ay, and ug € Ay, 1 < py,py < 0o. Then uvs®™" € Ay if we set pg > 1+ (g0 — 1) /eo.
Thus, we have

1 90— i 1—po
utPoym = v <uv2p° > € Ap.
It immediately implies that
It oy = I s oty < €1 e (6.23)

By (6.22), (6.23) and Marcinkiewicz interpolation in [15, Proposition A.1], we have T,,
is bounded on LP(uvw ) for all p € (py, 0o) with the constant

K(p) = 2¢ (c (pio _ %)_1 + 02>,

and ¢y := [v]4,. Note that K(p) is decreasing with respect to p. Hence, we obtain

TN o iy < Bl SN s ey 2 2 210, (6.24)

where Ky :=4po(c1 + c2) > K(2po) > K(p).

The inequality (6.19) indicates that Rh - u € A; with [Rh - u]a, < 2K,. Let 0 < e <
min{ e, 2}%0}, and 7 = (1)". Then (Rh - u)v§ € A, and the second inequality in (6.20)
follows from (6.24). By A, factorization theorem again, we obtain

Rh - uvmr = [(Rh - u)ui] ‘U;_[(qo_1)€+l] € Agy—yer1 C Ao
The proof is complete. ]
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7. LOCAL DECAY ESTIMATES

To show Theorem 1.6, we need the following Carleson embedding theorem from [26,
Theorem 4.5].

Lemma 7.1. Suppose that the sequence {aq}qep of nonnegative numbers satisfies the
Carleson packing condition

> ag < Aw(Qo), VQo € D.

QeD:QCQo
Then for all p € (1,00) and f € LP(w),

g;%(@ [, 7 dx)p); < 430l

We also need a local version of Coifman-Fefferman inequality with the precise A,
norm.

Lemma 7.2. For every 1 < p < oo and w € A,, we have

Cn’
g3 (Dllzz(@u < T tmzmyrse

1Sa Pl 20 < Cnpa™ [w]3 [M(
)

for every cube Q and f; € L withsupp f; CQ (j=1,...,m).

Proof. Let w € A, with 1 < p < oo. Fix a cube ) C R". Recall the definition of Sa
n (6.6). Pick 0 < € < 3. By (2.1), Kolmogorov’s inequality, (6.8) and f; € L2° with
supp f; C @, 7 =1,...,m, we have

o (A2
mg, 72(Q) < 1Sa(f) ”LE(Q,‘%‘) S [15a(f )HL”"”O(Q @)

m 2
< ,2mn zd < an.f./\/l_» 2’
(L ) <2 inf w7
which implies that

ms, 7 (Qu(Q) S a¥™ /Q M(F) (2)Pw()d. (7.3)

On the other hand, from [2, Proposition 4.1], one has for every cube @,

e m 2
G s S rm (TTf o)
=0 i=1 7 2Q

o0

< g2 Z 9—3d iSIfM( F)? < o ig,fM( F)2, (7.4)

J=0
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where 0 < dy < min{d,3}. Thus, together with (7.3) and (7.4), the estimate (2.2)
applied to Qp = @ and f = S ( f) gives that

1S (P IZ2(0u) S s, 52(@Q + > w2 (Sa(H)% Q@)
Q'eS(Q)
P M) Faguy T ™ D ing(ﬁQw(Q’)-
Q'eS(Q)

From this and (6.7), we see that to obtain (7.1), it suffices to prove

> inf M(FPu(@) S fwla, IM(D 0.0 (7.5)

Q'ES(Q)

Recall that a new version of A, was introduced by Hyténen and Pérez [26]:

[w]'y = sup / M(wlg)(z
By [26, Proposition 2.2], there holds
cnlwy, < [wla, < [w]a,. (7.6)
Observe that for every Q" € D,

Y. w@)= ), (wel@ls ) inf M(wlen)|Eq|
QeS(Q)Q'cQ" QeS(Q)Q'cQ" QeS(Q)Q'cQ"
S | Mwle)(z)de < [wly w(Q") < [w]a,w(@Q"),
Q//

where we used the disjointness of { Eg }gres(g) and (7.6). This shows that the collection
{w(Q")}res(q) satisfies the Carleson packing condltlon with the constant c,[w]4,. As a
consequence, thls and Lemma 7.1 give that

> M@ < Y (o [ MU ewds) w(@)

Q'esS(Q) QesS(Q)
S [w]a, IM(F) 1ol 2wy = [w]a, IM(F) 1l 2@

where the above implicit constants are independent of [w],, and Q. This shows (7.5)
and completes the proof of (7.1).

Finally, the estimate (7.2) immediately follows from (7.1) and the fact that

oo
= = _ kln =

a(f)x) < 51 (f) (@) + 2 Sorn (f) ().

k=0

This completes the proof. 0
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Proof of Theorem 1.6. Let p > 1 and r > 1 be chosen later. Define the Rubio de
Francia algorithm:

MFh
Rh=Y o
Z < 2M| M|,

L
Then it is obvious that
h<Rh and |[|RA[ gy < 2/|Al L gn)- (7.7)
Moreover, for any nonnegative h € L' (R"), we have that Rh € A; with
[Rh]ay S 2| M| pw S cpr (7.8)

By Riesz representation theorem and the first inequality in (7.7), there exists some
nonnegative function h € L (Q) with ||h|| (@) = 1 such that

Fi = e € Q: SulHx) > tM(F)(@))]}

— —

= {z € Q: Sul (@) > EM(f) (@)}

1 (;Eg) < tig/Qsam?hM(W

=P

L™(Q)
< t_2HSC¥(f>H%2(Q,w)7 (7.9)

where w = wywy 7, wy = Rh and wy = M(f)2# =, Recall that the m-linear version of
Coifmann-Rochberg theorem [40, Lemma 1] asserts that
Cn, 1

1))%)a, < Vo € (0,—). 7.10
(M) < 7 W5 (0,2) (7.10)
In view of (7.8) and (7.10), we see that wy,ws € A; provided p > 2m + 1. Then the
reverse A, factorization theorem gives that w = wlw;p € A, with
[wa, < [wi]a,[walfy ! < cn (7.11)
Thus, gathering (7.1), (7.9) and (7.11), we obtain

T < ent? 2m[w]Ap||/‘/l(fj||%2(Q7w)

= cot” 2Oé2mn[w]Ap”RhHLl(Q)

< cat 0 ], [IRA] 1 |QIF

< eat 20w, |l g @1

< cnrt_2a2mn|Q|%.

Consequently, if ¢t > /c,e a™", choosing r > 1 so that t?/e = ¢,&®™"r, we have

2
% < (ca@®™rt2)|Q| = e77|Q| = € et Q). (7.12)
If 0 <t < \/c,ea™" it is easy to see that

Fo <1Q| < e e merm Q). (7.13)
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Summing (7.12) and (7.13) up, we deduce that

Fo=r € Q: Salf)(z) > tM(P)@)}] < cre™ /™ |QL, Vit > 0.
This proves (1.12).
To obtain (1.13), we use the same strategy and (7.2) in place of (7.1). O

Next we present another proof of Theorem 1.6. In view of (4.1) and (4.2), following
the approach in [42], it suffices to prove the following.

Lemma 7.3. There exist ¢; > 0 and co > 0 such that for every sparse family S C D
and for every cube Qq,

{z € Qo+ AZ(f) > tM(f)}] < cre™"|Qul.
where f = (fi,.- ., fm) are supported on Q.
Proof. Fix a sparse family & C D and a cube @)y. First we observe that

o € Qo A3 > M = | {o € @us T TT0AD, > PR |

QeSs i=1

Now we consider the family of at most 3" cubes @); € D such that |Q;| ~ |Qo| and
|Q; N Qo] > 0. We have that adding those cubes to S it remains a sparse family, we
shall assume then that (); € S. For such @);, we define

T =Y J[UAD31e and TH/) = H|fz

QES:QCQ; i=1 Qes
Then, one has
.
k<Y {r QT+ () > PMUPY|

=1
]3" 2 o . 3"

<33 H:c €Q;  THF) > eat M( )2}‘ =Y (K} + K2
j=1 i=1 j=1

We recall that in [41, Theorem 2.1], it was established that

{x €Q: Y g >t}' <ce Q|, VQ. (7.14)

Q'eS, Q'CQ
For K}, taking into account (7.14), we obtain

{:E €Q; : Z 1g(x) > cntz}‘ < ce " |Q;| ~ ce= " |Q.

QRES,QCQ;

1
Kl <

For Ile-7 since f is supported in )y, we deduce that

K< [{req THf 10, > cnt2ﬁ<|fi|>z?o}‘
=1



34

CAO, HORMOZI, IBANEZ-FIRNKORN, RIVERA-RI'OS7 SI, AND YABUTA

< H$ €Qj: Z (ﬁ |Q0|/|Q|>21Q(x) > C"tQH

QReS,Q2Q; =1

< H:L‘ € Qj :ZQ’MJ > cntZH.

Jj=1

Observe that if ¢ is large enough, then

o

Hx €Qj : 22—2mj > cntz}‘ =0.
j=1
Consequently,
ICJZ S e_tQIQoy-
We are done. 0
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