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INTRODUCTION

Algebras associated with graphs such as path, Leavitt path and Steinberg
algebras, arise from different contexts independently, although they are related.
For instance, Leavitt path algebras are quotient of path algebras and they also are
a Steinberg algebra of a suitable groupoid. In addition, the three of them have
in common that the link between the graph and the algebra is strong enough
to obtain algebraic properties from geometric conditions in the graph and vice

versa.

If we consider an algebra A, then it is possible to view its A-modules as a family
of vector spaces connected by linear maps. These graphical representations took
place in the late forties with A. Grothendieck [59] and P. Gabriel [48]. They became
more popular in the seventies with the results of Gabriel [49, 50] where the notions
of directed graph (or quiver) and their linear representations were formalized.
A representation of a graph is a collection of vector spaces, one per each vertex,
and a collection of linear maps, one per each edge. We will say that the graph is
of finite type if it has a finite number of isomorphism classes of indecomposable
representations. In this context, quiver (or path) algebras are important in

representation theory because any algebra over an algebraically closed field is
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morita equivalent to a quotient of a quiver algebra. One of the most famous
results is called Gabriel’s Theorem [12, Theorem 5.10] which says that a quiver
algebra has only finitely many indecomposable modules up to isomorphism if
and only if the quiver is a disjoint union of Dynkin diagrams of types A, D and
E. As a consequence of this result, the representation theory of graphs became
more popular and led to several papers and books [12, 36, 68, 81, 94].

Although the popularity of the representations of graphs has been increasing
during the years, there are not many references that deepen in the path algebra by
itself. There are some notions in the mentioned citations, but more as a tool rather
than a goal. In notes by W. Crawley-Boevery [32] and P. Smith [97] there are a
few results about perfection and finiteness conditions on this algebra. However,
they do not enter in full detail and even Crawley-Boevery defines them as “rather

testing exercises”.

On the other hand, we can set the origin of Leavitt path algebras in the late
tifties and the early sixties with the investigations of W. G. Leavitt about rings that
fail the Invariant Basis Number property [78, 79]. That is, Leavitt gave examples
of a ring R such that R" =~ R™ with n # m. One of these examples is the Leavitt
algebra Lg(1,n) and more generally, the class Lx(n,m). If K = C, then L¢(1, 1) is
the unique unital nontrivial complex algebra generated by the elements xy, ..., x,
and y1,...,yn such that 337" ) x;y; = 1 and y;x; = ;1 for all 7, j < n. Independent
of Leavitt’s work, Cuntz on the search for an explicit description of a separable
simple infinite C*-algebra developed the following Theorem [33].

Theorem (Cuntz’s Theorem). Let n € IN. Consider a Hilbert space H, and a set
{Si}_, of isometries (i.e., SFS; = 1) on H. Assume that 3} | S*S; = 1. Let O, denote
C*(51,52,...,5n) the C*-algebra generated by {S;}!' ,. Then the infinite separable
C*-algebra O, is simple.

After Cuntz’s work, Cuntz and Krieger generalized the algebra O, in [34]
and nearly twenty years later, Kumjian, Pask and Raeburn developed a class
of C*-algebras from a graph [74]. Finally, in the early 2000’s, Ara, Moreno and
Pardo on one side [8]; and Abrams and Aranda Pino on the other [2], introduced
the Leavitt path algebras. The first ones were inspired by the works of Cuntz and
Krieger whereas the second ones were inspired by the results of Leavitt and their
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connection with the C*-graph algebras. From that moment, many authors have
been interested in this family of algebras. This has led to a plethora of works
as well as a monograph that have helped to consolidate a solid research line in

research years [1].

Leaving aside path and Leavitt path algebras, if we think of Steinberg algebras,
we can set a similar origin to the second ones. Both of them arise from the study
of C*-algebras. In particular, Steinberg algebras first appeared in [100] and [46].
These +-algebras are built from a groupoid. A groupoid is just a small category
where every arrow is an isomorphism. If we consider a Hausdorff topology in
a groupoid G and ring R, we can take the family of locally constant, compactly
supported functions f: G — R which is a R-algebra together with the convolution
product. This is named as the Steinberg algebra. If we consider a directed graph
E and its corresponding graph groupoid, introduced in [74], then its Steinberg
algebra is the Leavitt path algebra of the graph. In this way, Steinberg algebras
generalize these last ones. Not only that, but it also includes: group algebras,
semigroup algebras and Kumjian-Pask algebras. In this way, Steinberg algebras

have been a strong tool to use [42, 85, 84, 101, 102, 104]

These three associative algebras, even though they have different origins, they
are narrowly related. They are constructed from a combinatorial structure, a
directed graph. In this way, algebraic properties in the algebra and geometric
properties in the graph are linked. As we have already mentioned, Steinberg
algebras generalize Leavitt path algebras. It is just enough to consider the
Steinberg algebra of a path groupoid. On the other hand, if we consider the path
algebra of the extended graph, then the Leavitt path algebra is a quotient of it.
Not only that, but the path algebra is a subalgebra of the Leavitt path one.

Even though we will study these algebras independently, we want to obtain
a common tool for them. This is what we will denote as algebraic entropy. The
entropy is a physical magnitude. It is original from thermodynamics and it has
been extended to fluids dynamics and statistical mechanics. In the early fifties,
Shannon introduced the entropy in information theory. It became very popular
since then and it gave place to many papers in information theory. During the
late fifties entropy theory evolved again. Sinai constructed the concept of entropy
in dynamical systems [96]. Kolmogorov, on the other hand, works with entropy

in a similar way using Lebesgue spaces [72].
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It was not until 1965 when Adler, Konheim and McAndrew established the
topological entropy [4] and it became more popular among mathematicians.
Since then, the production of articles has been fruitful in the different areas. In
C*-dynamics we can find several papers by Kerr and Voicolescu [70, 71, 105] as
well as some others related to graphs and Exel-Laca C*-algebras [66, 67]. More
recently we can find [56] by Gongalves, Royer and Tasca about entropy in shift
spaces. The concept of entropy influenced the group theory too. We can find
papers like [25] by Bowen and [63] by Hood. Not long ago we can find the works
of Giordanno Bruno and Dikranjan [37, 38, 39, 40, 39].

In 1966, one year after the introduction of the topological entropy, Gelfand and
Kirillov added a new dimension function in [51] which later would be called the
Gelfand-Kirillov dimension. This new algebraic measure was based in the way

that algebras grow.

Definition o.1. [51] Let A be an algebra, which is generated by a finite-dimensional
subspace V. Then, gy(n) := dim V" < w0 is the growth function of V. If gy (n) is
polynomially bounded, then the Gelfand-Kirillov dimension of A is defined as

. ) log gv(n)
GKd A) =1 2o 7
m(4) el Tlog(n)

This new dimension makes sense for algebras with polynomial growth. Natu-
rally, there can be a measure for algebras with exponential growth. Inspired by
this, in [87] M. E. Newman and C. Schneider construct the entropy for graded
algebras. This last construction will be the inspiration for our notion of entropy

in filtered algebras.

As a recap, we encourage the reader to keep in mind the following. During the
course of this manuscript we will work mainly with path and Steinberg algebras,
Leavitt path algebras will take a second place. We will focus on their structure
and their algebraic properties, taking inspiration from other results in Leavitt
path algebras. After this, we will develop the theory of algebraic entropy for
tiltered algebras and we will apply it to path and Leavitt path algebras. Finally,
we will try to extend the independence of the base field property that these
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algebras present. In order to do so, we will make use of category theory and

Hilbert’s Nullstellensatz for a possibly infinite set of variables.

In the Preliminaries section (part i) we describe the basic concepts that we
will need in future sections. In particular, in Chapter 1 we describe the path
algebras. In order to do so, we study in Section 1.1 the definition of directed
graphs which is, roughly speaking, a set of vertices and arrows. In addition, in
Subsection 1.1.1, we briefly extend the concept of graph to k-graph. In Section
1.2, we focus in one of the topological properties of the graph, its connectivity.
To be specific, we define connected and strongly connected. Consequently, they
lead to the connected and strongly connected components of the graph. After
that, in Section 1.3 we define the path and Leavitt path algebra of a directed
graph being in Section 1.4 where we study some properties of the path algebra:
ideal generated by a set of paths, collapse of a graph, etc. In addition, we see
that the path algebra has local units and also a complete system of orthogonal
idempotents, allowing the Peirce decomposition as a tool for the description of
the algebra. In particular, we will focus on the path algebra of a cycle of n vertices,
KCy.

In Chapter 2, we focus our attention in the Steinberg algebras. To do so we first
give the definition of groupoid in 2.1 and see some examples. Some groupoids
have a topological structure compatible with the operations in the groupoid, we
define then in Section 2.2 topological, étale and ample groupoid. Once that we
have an ample groupoid, we can construct, as we do in Section 2.3, the Steinberg

algebra.

Part ii is focused on studying the structure path algebras and Steinberg algebras.
Although, both of them are interesting, we are going to pay more attention to
the first ones. This part goes from Chapter 3 to Chapter 7. Through this text we
explore finiteness and perfection conditions of path algebras together with the
centroid, extended centroid and central closure of KC,. In addition, we deepen
the socle theory of the Steinberg algebras, taking inspiration from the papers

[10, 11, 27].

In Chapter 3, we describe Artinianity, semiartinianity and left (resp. right) socle
of a path algebra in terms of the geometric properties of the graph. In Section
3.1, we centre in describing the Artinianity and the left (resp. right) socle of the

\%
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path algebra. Our study leads to Proposition 3.2 that states that a path algebra is
Artinian if and only if the graph is finite and acyclic. Moreover, we characterize
the minimal left (resp. right) ideals in Proposition 3.4 and consequently, we obtain
a full description of the left (resp. right) socle of a path algebra in Corollary
3.7. We also include Section 3.2 for self-containment. It is completely based on
the book by James Dugundji [41]. There, we just select the basic definitions and
results about well-ordered sets and ordinals needed in Section 3.3. One of the
key results is Theorem 3.20 that states all the properties of the class of ordinals.
In the next Section, we define (Definition 3.21) the socle chain and, in general, the
left (resp. right) socle of order «. That is why we need all the previous ordinal
theory. In addition, we will say that an algebra is left (resp. right) Loewy if the
left (resp. right) socle chain is stationary in the whole algebra. Since the left
(resp. right) socle is related with the sources (resp. sinks), analogously we state
in Definition 3.22 the concept of a-source (resp. a-sink) or source (resp. sink) of
order x. These elements will be the ones that generate the socles of higher order.
After that, we give in Definition 3.26 the notion of semiartinian algebra which
is an algebra such that for every ideal I different from the whole algebra, the
socle of the quotient of the algebra by the ideal has socle different from zero. As
a tool to characterize semiartinian path algebras we prove Proposition 3.25 that
says that if an ideal I verifies soc;(KE/I) = {0}, then I contains all the possible
a-sources. Consequently, we declare Theorem 3.27 and prove that a path algebra

KE is semiartinian if and only if all the vertices in E are a-sources.

In Chapter 4, we learn about the socle of the Steinberg algebra. In particular,
we put our eyes on a type of Steinberg algebra that generalises the Leavitt path
and Kumjian-Pask algebras. In Section 4.1, we study the minimal left ideals (the
right ones are analogous) in our algebras. If we have a groupoid G such that
there is an open compact bisection {x} € B%(G(")), with xGx a finite group, then
it is possible to build a minimal left ideal as in Theorem 4.3. As we can observe,
with less detail, the existence of open compact bisections with one element leads
to minimal ideals. However, this condition is not only enough, it is necessary.
In Proposition 4.6 we prove that the existence of minimal left ideals implies that
there exits this type of open compact bisections. In Section 4.2, we finally describe
the socle and the homogeneous components of the Steinberg algebras. All of this
is compiled in Theorem 4.12. There, we prove that the socle is generated by the
functions 1y, with {x} € B (GO,
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Chapter 5 centres its attention in the perfection conditions of a path algebra.
In particular, we study simple, prime, semiprime and primitive path algebras.
These conditions are related to the type of connection that the graph presents. In
Section 5.1, we characterize semiprime and prime path algebras. In [95] Mercedes
Siles Molina characterises semiprime path algebras using Leavitt path algebras.
In addition, in [32, 97] there are some results about prime path algebras by
Crawley-Boevery and P. Smith. However, we include the proof of these results
in Propositions 5.3 and 5.4 because we want to make use of the path algebras
and add as much details as we can. For example, we verify that a path algebra
KE is prime if the graph E is strongly connected. Next, in Section 5.2 we give
details of the simple and primitive path algebras. The simple path algebras come
from graphs formed by an isolated vertex. On the other hand, a path algebra
KE is primitive if and only if E is strongly connected and every cycle has an exit
(Theorem 5.7). In particular, a path algebra KE is primitive if and only if the
graph E is strongly connected and is not a cycle. In Section 5.3 we focus on the
structure of semiprimes path algebras. As we describe in Theorem 5.11 we see
that the directed graph of semiprime path algebras consists of isolated vertices,

isolated cycles and strongly connected components.

After this, we study, in Chapter 6, the centroid of a path algebra. This structure
is non-trivial only when the graph is a cycle. This is the reason why we also study
the extended centroid and central closure of KC,,. In Section 6.1, we characterize
the centroid of a path algebra. This is a result that appears as an exercise in
[32]. However, it does not contain any proof and we consider that this is not
a trivial result. That is why we decided to include it. In Definition 6.1 we see
that the centroid is the set of all the bimodule automorphisms of the algebra.
This structure extends the center of the algebra. Since the centroid of a direct
sum of algebra is the direct sum of the centroids, in the path algebra context
we can consider that the graphs that we are taking are connected. That being
said, in Theorem 6.13 we see that if T € C(KE) (centroid) such that there is a
vertex u € E® with T(u) = ku with k € K, then T = kIdgg. This result, together
with Lemmas 6.14 and 6.15, allow us to declare Theorem 6.16. In this sense,
the centroid of a path algebra of a connected graph is either the ground field
or the algebra of polynomials in one variable. In Section 6.2 we focus on the
extended centroid and the central closure of KC,. Since KCj, is a PI-algebra, then
the extended centroid is the field of fractions of the centroid, in this case, K(x).

However, for the central closure we need the description given by Baxter and
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Martindale [13]. The extended centroid is the set of all equivalence classes of
admissible pairs. This is described with more detail in Definition 6.20. In order
to prove the desired isomorphism, we make use of Lemma 6.21. After that, we
construct in Proposition 6.22 the isomorphism which make easier to compute the

central closure of KC,, as we do in Theorem 6.27.

Chapter 7 is dedicated to the study of left (resp. right) Noetherian and J-
semisimple path algebras, that is, those with trivial Jacobson radical. In order
to do so, we also characterise the radical. Both descriptions are “rather testing
exercises” as we quote from Crawley-Boevery in [32]. However, due its complexity
and the lack of a proof of both results in the literature, we decided to include it in
this work. The main goal of Section 7.1 is describing left (resp. right) Noetherian
path algebras. This are related with the cycles without entries (resp. exits). First,
in Proposition 7.3 we study the case that the graph only has a cycle without entries
(resp. exits). After that, we prove by induction in the number of cycles that a path
algebra KE is left Noetherian if and only if E is a finite graph and every cycle does
not have an entry (resp. exit) (Proposition 7.4). Using the Peirce decomposition
we see in Proposition 7.5 that the Noetherian path algebras are formal upper
triangular matrix rings. In Section 7.2 we check out the Jacobson radical of path
algebras. In particular, in Proposition 7.10 we see that it is generated as a vector
space by the path without return. Furthermore, in Theorem 7.11 we prove that
the radical is the ideal generated by the edges without return. The main goal in
Section 7.3 is studying the structure of J-semisimple path algebras, that is, with
trivial radical. These path algebras are semiprime too, and we already know their
structure from Chapter 5. In addition, we can consider that the algebra is left
(resp. right) Noetherian. Consequently, we have Theorem 7.18 where we make

use of a result from [65] and describe the whole structure.

Part iii is dedicated to the study of algebraic entropy. Most of the results
that appear here are in the papers [21, 22]. In Chapter 8 we focus on the
study of the algebraic entropy of filtered algebras. We apply this concept to the
path and Leavitt path algebras. For this purpose, we take inspiration from the
Gelfand-Kirillov dimension and the entropy of graded algebras. In Section 8.1
we construct the entropy for a filtered algebra. First, we define the notion of
filtration in Definition 8.2 and later, define the algebraic entropy in 8.5. This
new magnitude is conditioned by the chosen filtration. This fact manifests in

Proposition 8.7. In Section 8.2 we focus on how the entropy behaves with the
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direct sum of algebras, monomorphisms and epimorphisms. In Proposition
8.10 we see how the entropy contracts in the presence of an epimorphism while
in Proposition 8.11 we prove that the entropy expands with a monomorphism.
Lastly, in Proposition 8.13 we check that the entropy of direct sums of algebras is
the maximum of the entropies of each addend. Section 8.3 we centre our attention
in the entropy applied to path and Leavitt path algebras of finite graphs. If we
want to make use of our definition of entropy, we need to construct filtrations for
each algebra. In Definition 8.14 we construct what we call the standard filtrations.
By using Propositions 8.11 and 8.10 we prove Proposition 8.20 where we see that
for a finite graph E, the entropy of Lk(E) is lower bounded by the entropy of KE
and upper bounded the one of KE. Furthermore, by applying Proposition 8.13
we see that the entropy of a path and a Leavitt path algebra is the maximum of
the entropies of its connected components (Proposition 8.22). We end this Section
with Proposition 8.24 where we see once more the dependency of the entropy
with chosen filtration. In this case, for a path and Leavitt path algebra we can
obtain a value of entropy as small as we want. After this, we centre our attention
in Section 8.4 in the computation of the algebraic entropy of path algebras of
finite graphs. For this reason, we see in Lemma 8.28 that it is possible to obtain
this value by using a norm of the adjacency matrix and its powers. Furthermore,
in Proposition 8.30 we prove that eventually, the entropy is the logarithm of the
spectral radius of the adjacency matrix of the graph. From this result, we induce
Proposition 8.33 where the entropy of a path algebra is dictated by the strongly
connected components of the graph. In Section 8.4.1 we experiment with the
entropy of some Leavitt path algebras. Once again, the adjacency matrix of the
graph is very useful, together with the software MATHEMATICA. In this way, we
check numerically in Examples 8.37, 8.39, 8.40 and 8.41 that the algebraic entropy
of the path algebra and the Leavitt path algebra coincide. The question that we
ask ourselves is if this equality always holds. We explore this in Section 9.1, where
we prove the truth of this assertion. For that, we use Lemma 8.46 where we study
the entropy of the algebra Cg(E) in terms of the adjacency matrix of the graph.
To end this Section, taking into account some results of Banach algebras we get to
Theorem 8.48 where we prove the equality of the entropy. Finally, we finish the
chapter with Section 8.6 where we explore the relations of the algebraic entropy
of path algebras and Part ii. There, we see in Proposition 8.49 how the entropy of
Artinian or Noetherian path algebras is zero. Furthermore, the entropy allows us
to distinguish primitive path algebras from simple algebras (Proposition 8.51).
In addition, there are some ideals like the socle or the Jacobson radical that are

IX



X

| INTRODUCTION

superfluous for the computation on the entropy (Proposition 8.53 and Corollary
8.55). We finish this part with Chapter 9 where we explore a generalisation of the
entropy of filtered algebras. In Section 9.1 we construct the direct limit of filtered
algebras and prove that in general, the limit of finite filtered algebras is not a finite
tiltered algebra. In Section 9.2 we set the base of this entropy through Definitions
9.11, 9.12 and 9.13 where we establish the notions of strict monomorphism, strict
system and entropy for a limit of a direct strict system. Once again, the entropy
strongly depends on the chosen system of filtered algebras. We prove this in
Propositions 9.15. Finally, we end this chapter with Proposition 9.16. There we
prove that the new concept of entropy extends the notion of entropy in agreement
with the one given in Chapter 8. In other words, this new method also allows the
computation of the algebraic entropy of a finite filtered algebra as the entropy of
a strict direct system of finite filtered algebras and this value agrees with the one

obtained in Definition 8.5.

Part iv, in particular, Chapter 10 corresponds to the paper [52]. There, we study
some properties of algebras associated with graphs in a categorical way. To give
an example of the kind of result that we pursue, as a byproduct of the research
herein we find for instance that if G, G, are finite groups, the group algebras
CG; and CG; are isomorphic if and only if KG; =~ KG; for any algebraically
closed field of characteristic 0. And we note that we do not need to consider
only the group algebra: path algebras, Leavitt, Steinberg algebras can also be
used. In Section 10.1 we first introduce the concept of algebra functor and,
in Definition 10.3, we establish what is the K-algebra functor A for a certain
K-algebra A. On the one hand, in Definition 10.5, we introduce the extension
invariant functors, which will generalize the “nice” condition that the Leavitt
path algebras satisfy. In fact, we will see that the extension invariant functors
are precisely those of the form A for a certain K-algebra A. On the other hand,
in Corollary 10.8 we remark that, for extension invariant functors 7, G, once we
have an isomorphism F(H) =~ G(H) for some Hopf K-algebra H, this induces
an isomorphism F(K) = G(K). Hence F(S) = G(S) for every commutative and
unital K-algebra S. Besides, we will illustrate, in Example 10.10, an algebra
functor which is not extension invariant thanks to derivations of an algebra. In
Subsection 10.1.1, we include some well-known interesting examples of algebras
which provide extension invariant algebra functors. It is worth to mention
that they are the main motivation for the results presented in this work. As a
first corollary we get that for any two graphs E;, E; and any Hopf K-algebra
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H, then Ly (E;) = Ly(E) if and only if Lx(E;) = Lg(E;) (see Corollary 10.15).
Next, in Section 10.2, we will present the key to develop our machinery for the
isomorphism theorems. According to [77], the Hilbert’s Nullstellensatz Theorem
can be given in terms of infinite indeterminates. To achieve the hypotheses for
Theorem 10.17, it is necessary that either the set of indeterminates is finite (in fact,
the original Hilbert’s Nullstellensatz Theorem) or that the transcendence degree
of the ground field over its prime one has cardinality strictly higher than the
number of variables. To unify those hypotheses in a single condition, we introduce
Lemmas 10.18 and 10.20. This new environment consists of that the cardinal of the
ground field is strictly higher that the cardinal of the set of indeterminates. The
original paper [77] by S. Lang informs that I. Kaplansky obtained independently
the result, but the equivalent formulation of Kaplansky was slightly different
and did not use transcendence degree. Since Kaplansky never published his
work, this encourages us to include the proofs of Lemmas 10.18 and 10.20. The
remaining two sections are devoted, one for the finite-dimensional issue (Section
10.3) and the other for the infinite one (Section 10.4). The first case gives us a
better understanding of the general one. The idea in both situations is analogous:
we need to translate respectively the isomorphism problem into the existence of
zeros of a certain ideal of polynomials. This corresponds to Proposition 10.23
and Corollary 10.24, for the finite-dimensional case, and Proposition 10.36, for
the general one. For the finite dimension, as a consequence of Theorem 10.17 and
Corollary 10.24, we prove Theorem 10.25 where for a field extension K = F with K
algebraically closed, the isomorphism between A ®x F and B ®k F (as F-algebras)
is equivalent to the isomorphism between A and B (as K-algebras). From this
main assertion, varying the hypotheses on the field extensions, it will be derived
a series of Corollaries 10.27, 10.28, 10.29. We complete the finite-dimensional case
by establishing the previous assertions in terms of extension invariant algebra
functors giving a more global vision of the problem; these are Theorems 10.30
and 10.31. In particular, in order to highlight our motivation, we assert Corollary
10.33 and Corollary 10.34 in terms of relative Cohn path algebras. The same idea
is pursued in the infinite-dimensional section by Theorem 10.37. However, we
need the additional hypothesis that the cardinal of the ground field K is strictly
higher than the dimension of the algebras. This hypothesis is essential in order to
apply the Hilbert’s Nullstellensatz Theorem for infinitely many variables. Along
the lines of the finite-dimensional case, Corollaries 10.38, 10.39 and 10.40 are
followed jointly with a functorial interpretation for those extension invariant

ones (Theorem 10.41 and Theorem 10.42). Due to the fact that Leavitt path
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algebras become our major motivation, we include results that could be stated
in the general setting of extension invariant functors, but that we expose in our
particular favourite ambient. So, for instance, for countable graphs E; and E;, an
uncountable algebraically closed field K and K < F;, >, then Lr, (E1) = Lf, (Ey) if
and only if Lr,(E1) = Lf,(E2) (Corollary 10.43).



RESUMEN

Las algebras asociadas a grafos, como las dlgebras de caminos, caminos de
Leavitt y Steinberg, surgen de contextos diferentes y de forma independiente
aunque estdn relacionadas. El dlgebra de caminos de Leavitt es un cociente de
un 4lgebra de caminos y ademads es un algebra de Steinberg para un grupoide
adecuado. Asimismo, el vinculo entre el grafo y el dlgebra es lo suficientemente
fuerte como para obtener ciertas propiedades algebraicas a partir de condiciones

geométricas y viceversa.

Si consideramos un 4dlgebra A, entonces es posible ver los A-médulos como
una familia de espacios vectoriales conectados por aplicaciones lineales. Estas
representaciones gréficas tuvieron lugar a finales de los afios cuarenta gracias a
A. Grothendieck [59] y P. Gabriel [48]. Se hizo méas popular en los afios setenta
con los resultados de Gabriel [49, 50] donde se formalizaron las nociones de
grafo dirigido (o quiver) y sus representaciones lineales. Una representacion de
un grafo es una coleccién de espacios vectoriales, uno por cada vértice, y una
coleccion de aplicaciones lineales, uno por cada arista. Diremos que el grafo es

de tipo finito si tiene un ntimero finito de clases de isomorfia de representaciones
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indescomponibles. Uno de los resultados conocidos es el llamado Teorema de
Gabriel [12, Theorem 5.10].

Como consecuencia de estos trabajos, la Teoria de Representaciones de grafos
se extendi6 convirtiéndose en un tépico relevante y dando lugar a varios articulos

y libros etc[12, 36, 68, 81, 94].

Aunque el uso de la representacion de grafos ha ido aumentando a lo largo de
los afios, no hay muchas referencias que profundicen en el dlgebra de caminos
per se. Hay algunas nociones en las citas antes mencionadas, pero méds como
herramienta que como objetivo. En las notas de W. Crawley-Boevery [32] y P.
Smith [97] hay algunos resultados sobre condiciones de perfeccién y finitud en
esta dlgebra. Sin embargo, los autores no lo abordan con todo detalle e incluso
Crawley-Boevery los define como “rather testing exercises”.

Por otro lado, podemos situar el origen de las dlgebras de caminos de Leavitt
a finales de los cincuenta y principios de los sesenta con las investigaciones de
W. G. Leavitt sobre anillos que no verifican la propiedad de mantener invariante
el nimero de elementos de la base (IBN) [78, 79]. Es decir, Leavitt dio ejemplos
de un anillo R tal que R" = R"™ con n # m. Uno de estos ejemplos es el
algebra de Leavitt Lg(1,7) y con mayor generalidad, la clase Lx(n,m). Si K = C,
entonces Lc(1,7) es la tnica dlgebra compleja unitaria no trivial generada por los
elementos x1,..., %, ¥ Y1,...,Yn tales que D) x;y; = 1y y;x; = 4; ;1 para todo
i,j < n. Independientemente del trabajo de Leavitt, Cuntz en la bisqueda de
una descripcion explicita de una C*-algebra simple infinita separable, obtuvo el
siguiente Teorema [33].

Teorema (Teorema de Cuntz). Sea n € IN. Consideremos un espacio de Hilbert H,
y un conjunto {S;}"_; de isometrias (es decir, S}'S; = 1) en H. Supongamos que
N SiS; = 1. Denotemos por O, a C*(S1,Sy,...,S,) la C*-dlgebra generada por
{S;}!_,. Entonces la C*-algebra infinita separable O, es simple.

Después del trabajo de Cuntz, él y Krieger generalizaron el dlgebra O, en [34]
y casi veinte afios después Kumjian, Pask y Raeburn desarrollaron una clase
de C*-algebras a partir de un grafo [74]. Finalmente, a principios de los 2000,
Ara, Moreno y Pardo por un lado [8]; y Abrams y Aranda Pino por otro [2],
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introdujeron las 4lgebras de caminos de Leavitt. Las primeras se inspiraron en
los trabajos de Cuntz y Krieger mientras que los segundos se inspiraron en los
resultados de Leavitt y su conexion con las C*-dlgebras de grafos. A partir de ese
momento, muchos autores se han interesado por esta familia de dlgebras. Esto ha
dado lugar a un gran nimero de trabajos al igual que a una monografia que ha

ayudado a consolidar una sélida linea de investigacion en los afios recientes [1].

Dejando a un lado las 4lgebras de caminos y de caminos de Leavitt, si pen-
samos en las algebras de Steinberg, podemos establecer un origen similar a las
segundas. Ambas surgen de las C*-algebras. En concreto, las dlgebras de Stein-
berg aparecieron por primera vez en [100] y [46]. Estas C*-dlgebras se construyen
a partir de un groupoide que es una categoria pequefia en la que cada flecha
es un isomorfismo. Si consideramos un anillo R y una topologia de Hausdorff
en un grupoide G, podemos tomar la familia de funciones f: G — R localmente
constantes y de soporte compacto. Esta es una R-dlgebra con el producto de
convolucion, llamada &dlgebra de Steinberg. En el caso de que consideremos un
grafo dirigido E y su correspondiente grupoide, introducido en [74], su dlgebra
de Steinberg es el dlgebra de caminos de Leavitt del grafo. De este modo, las
algebras de Steinberg generalizan a estas tltimas. No s6lo eso, sino que también
incluyen: dlgebras de grupos, dlgebras de semigrupos y algebras de Kumjian-
Pask. De esta manera, las dlgebras de Steinberg han sido una fuerte herramienta

a utilizar [42, 85, 84, 101, 102, 104].

Como ya hemos mencionado, estas tres dlgebras asociativas, aunque tienen
origenes diferentes, estdn estrechamente relacionadas. Se construyen a partir de
una estructura combinatoria, un grafo dirigido. De esta manera, las propiedades
algebraicas en el algebra y las propiedades geométricas en el grafo estdn en-
lazadas. Las dlgebras de Steinberg generalizan las dlgebras de caminos de Leavitt.
Basta con considerar el dlgebra de Steinberg del groupoide del grafo. Por otra
parte, si consideramos el dlgebra de caminos del grafo extendido, entonces el
algebra de caminos de Leavitt es un cociente de ella. No sélo eso, sino que el

algebra de caminos es una subélgebra de la de caminos de Leavitt.

Aunque estudiaremos estas algebras de forma independiente, queremos obtener
una herramienta comtn para ellas. Esto es lo que denotaremos como entropia
algebraica. La entropia es una magnitud fisica. Es original de la termodindmica

y se ha extendido a la dindmica de fluidos y a la mecénica estadistica. A prin-
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cipios de los afios cincuenta, Shannon introdujo la entropia en la Teoria de la
Informacién. Desde entonces se hizo muy popular y dio lugar a muchos trabajos.
A finales de los afios cincuenta, la entropia volvié a evolucionar. Sinai construy6
el concepto de entropia en sistemas dindmicos [96]. Kolmogorov, por su parte,

trabajaba con la entropia de forma similar utilizando espacios de Lebesgue [72].

No fue hasta 1965 cuando Adler, Konheim y McAndrew establecieron la
entropia topolégica [4] y se hizo mas popular entre los matemaéticos. Desde
entonces, la produccién de articulos ha sido fructifera en las distintas dreas. En
C*-dindmica podemos encontrar varios articulos de Kerr y Voicolescu [7o, 71,
105] asi como algunos otros relacionados con grafos y Exel-Laca C*-algebras
[66, 67]. Recientemente podemos encontrar [56] de Gongalves, Royer y Tasca
sobre entropia en espacios de desplazamiento. El concepto de entropia también
influy6 en la teoria de grupos. Destacamos [25] de Bowen y [63] de Hood; ademés

de los trabajos de Giordanno Bruno y Dikranjan [37, 38, 40, 39].

En 1966, un afio después de la introduccién de la entropia topolégica, Gelfand
y Kirillov afiadieron una nueva dimensién en [51] que mds tarde se llamaria
dimensién de Gelfand-Kirillov. Esta nueva medida algebraica se basaba en la

forma en que crecen las algebras.

Definicion o.1. [51] Sea A un algebra generada por un subespacio de dimensién
finita V. Entonces, gy (n) := dim V" < o es la funcién de crecimiento de V. Si
gv(n) es polindmicamente acotada, entonces la dimensién de Gelfand-Kirillov de

A se define como

. . log gv(n)
GKdim(A) :=1 Lo 7.
im(A) nzlsogp log (1)

Esta nueva dimension tiene sentido para élgebras con crecimiento polinémico.
Naturalmente, puede haber una medida para 4lgebras con crecimiento exponen-
cial. Inspirdndose en esto, en [87] M.F Newman y C. Schneider construyen la
entropia para algebras graduadas. Esta tltima construccion sera la inspiracion

para nuestra nocién de entropia en algebras filtradas.

Recapitulando, a lo largo de este trabajo trabajaremos principalmente con

algebras de caminos y algebras de Steinberg. Nos centraremos en su estructura y
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sus propiedades algebraicas, inspirdndonos en otros resultados de las algebras
caminos de Leavitt. Estas tltimas ocupardn un segundo lugar. A continuacién,
desarrollaremos la teoria sobre entropia algebraica para dlgebras filtradas y la
aplicaremos a las algebras de caminos y de caminos de Leavitt. Por dltimo,
y aunque no se haya mencionado, trataremos de extender la propiedad de
independencia del cuerpo base que presentan estas dlgebras. Para ello haremos

uso de la teoria de categorias y del Teorema de los ceros de Hilbert.

En la parte de Preliminaries describimos los conceptos bésicos que necesitare-
mos en secciones futuras. En particular, en el Capitulo 1 describimos las 4lgebras
de caminos. Para ello, estudiamos en la Seccién 1.1 la definicién de grafo di-
rigido que es, a grandes rasgos, un conjunto de vértices y flechas. Ademas, en
la Subseccién 1.1.1 extendemos el concepto de grafo a k-grafos con una breve
definicién. En la Seccién 1.2 nos centramos en una de las propiedades topolog-
icas del grafo, su conectividad. En concreto, definimos conexo y fuertemente
conexo. Consecuentemente, se obtienen las componentes conexas y fuertemente
conexas del grafo. Posteriormente, en la Seccién 1.3 definimos el algebra de
caminos y caminos de Leavitt de un grafo dirigido siendo en la Seccién 1.4 donde
estudiamos algunas propiedades del dlgebra de caminos: ideal generado por un
conjunto de caminos, colapso de un grafo, etc. Ademads, vemos que el dlgebra
de caminos tiene unidades locales y un sistema completo de idempotentes or-
togonales, permitiendo la descomposicién de Peirce como herramienta para la
descripcién del algebra. En particular, nos centraremos en el dlgebra de caminos

de un ciclo de n vértices, KC,,.

En el Capitulo 2 centramos nuestra atencién en las algebras de Steinberg.
Para ello damos primero la definicién de groupoide en 2.1 y vemos algunos
ejemplos. Algunos groupoides tienen una estructura topolégica compatible con
las operaciones en el groupoide, definimos entonces en la Seccién 2.2 groupoide
topolégico, étale y ample. Una vez que tenemos un grupoide ample, podemos
construir, como hacemos en la Seccién 2.3 el dlgebra de Steinberg de un grupoide

ample.

La parte ii se centra en el estudio de la estructura de las 4lgebras de caminos y
de las dlgebras de Steinberg. Aunque ambas son interesantes, vamos a prestar
mas atencién a las primeras. Esta parte va desde el Capitulo 3 hasta el Capitulo

7. A través de este exploramos las condiciones de finitud y perfecciéon de las
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algebras de caminos junto con el centroide, centroide extendido y la clausura
central de KC;,. Ademas, profundizamos en la teorfa de z6calos de las dlgebras
de Steinberg, inspirdndonos en los articulos [27, 10, 11].

En el Capitulo 3 describimos la Artinianidad, la semiartinianidad y el z6calo a
izquierda (o derecha) de un dlgebra de caminos en términos de las propiedades
geométricas del grafo. En la Seccién 3.1 nos centramos en describir la Artinian-
idad y el zocalo a izquierda (resp. derecha) del dlgebra de caminos. Nuestro
estudio conduce a la Proposicién 3.2 que afirma que un &lgebra de caminos
es Artiniana si y s6lo si el grafo es finito y aciclico. Ademads, caracterizamos
los ideales minimales a izquierda (resp. derecha) en la Proposicion 3.4 y, en
consecuencia, obtenemos una descripcién completa del zé6calo a izquierda (resp.
derecha) de un algebra de caminos en el Corolario 3.7. Incluimos la Seccién 3.2
por autocontencién. Se basa completamente en el libro de James Dugundji [41].
Alli solo seleccionamos las definiciones y resultados bésicos sobre conjuntos bien
ordenados y ordinales, necesarios en la Seccién 3.3. Uno de los resultados clave es
el Teorema 3.20 que establece todas las propiedades de la clase de ordinales. En la
siguiente Seccion definimos (Definicién 3.21) la cadena de zécalos y en general el
zo6calo a izquierda (resp. derecha) de orden a. Por eso necesitamos toda la teoria
de ordinales anterior. Ademads, diremos que un algebra es de Loewy izquierda
(resp. derecha) si la cadena de zdcalos a izquierda (resp. derecha) es estacionaria
en toda el algebra. Como el z6calo a izquierda (resp. derecha) esta relacionado
con las fuentes (resp. sumideros), analogamente enunciamos en la Definicién
3.22 el concepto de a-fuente (resp. a-sumidero) o fuente (resp. sumidero) de
orden a. Estos elementos serdn los que generen los z6calos de orden superior. A
continuacién, damos en la Definicién 3.26 la nocién de dlgebra semiartiniana que
es un algebra tal que para cada ideal I distinto del total, el z6écalo del cociente
del dlgebra por el ideal es distinto de cero. Como herramienta para caracterizar
las algebras semiartinianas probamos la Proposicién 3.25 que dice que si un ideal
I verifica soc;(KE/I) = {0}, entonces I contiene todas las posibles fuentes a. En
consecuencia, declaramos el Teorema 3.27 y demostramos que un algebra de
caminos KE es semiartiniana si y s6lo si todos los vértices de E son a-fuentes.

Ademas, probamos en 3.30 que ambas son equivalentes.

En el Capitulo 4 investigamos sobre el z6calo del dlgebra de Steinberg. En
particular, ponemos el ojo en un tipo de &dlgebra de Steinberg que generaliza
a la de caminos de Leavitt y las algebras de Kumjian-Pask. En la Seccién
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4.1 estudiamos los ideales minimales a izquierda (a derecha, son andlogos) en
nuestras algebras. Si tenemos un groupoide G tal que existe una biseccién
abierta compacta {x} € B°(G?), con xGx un grupo finito, entonces es posible
construir un ideal minimal a izquierda como en el Teorema 4.3. Como podemos
observar, con menos detalle, la existencia de bisecciones abiertas compactas con
un elemento conducen a ideales minimales. Sin embargo, esta condicién no sélo
es suficiente, sino necesaria. En la Proposicién 4.6 demostramos que la existencia
de ideales minimales a izquierda implica que existen este tipo de bisecciones
abiertas compactas. En la Seccién 4.2 describimos finalmente las componentes
homogéneas de las algebras de Steinberg. Todo ello se recopila en el Teorema

4.12. Alli demostramos que el zocalo esta generado por las funciones 1y, con

{x} e B(GY).

El Capitulo 5 centra su atencién en las condiciones de perfecciéon de un dlgebra
de caminos. En particular, se estudian las dlgebras de caminos simples, primas,
semiprimas y primitivas. Estas condiciones estdn relacionadas con el tipo de
conexién que presenta el grafo. En la seccién 5.1 caracterizamos las dlgebras
de caminos semiprimas y primas. En [95] Siles Molina caracteriza las 4lgebras
de caminos semiprimas utilizando las algebras de caminos de Leavitt. Ademas,
en [32, 97] hay algunas nociones sobre algebras de caminos primas de Crawley-
Boevery y P. Smith. Sin embargo, incluimos la demostracién de estos resultados
en las Proposiciones 5.3 y 5.4 porque queremos hacer uso de las algebras de
caminos y afiadir todos los detalles que podamos. Por ejemplo, verificamos que
una algebra de caminos KE es prima si el grafo E es fuertemente conexo. A
continuacion, en la Seccién 5.2 damos detalles de las dlgebras de caminos simples
y primitivas. Las algebras de caminos simples no son mds que algebras de grafos
formados por un solo vértice aislado. Por otro lado, un algebra de caminos KE es
primitiva si y s6lo si E es fuertemente conexo y todo ciclo tiene salida (Teorema
5.7). En particular, un algebra de caminos KE es primitiva si y sélo si el grafo E
es fuertemente conexo y no es un ciclo aislado. En la Seccién 5.3 nos centramos
en la estructura de las algebras de caminos semiprimas. Como describimos en el
Teorema 5.11 vemos que el grafo dirigido de las dlgebras de caminos semiprimas
consta de vértices aislados, ciclos aislados y componentes fuertemente conexas.

Ademads, esta descomposicion es tnica.

Después de esto, estudiamos en el Capitulo 6 el centroide de un algebra de
caminos. Esta estructura no es trivial s6lo cuando el grafo es un ciclo. Esta es la
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razén por la que mas adelante estudiamos el centroide extendido y la clausura
central de KCy,. En la Seccién 6.1 caracterizamos el centroide de un 4lgebra de
caminos. Se trata de un resultado que aparece como ejercicio en [32]. Sin embargo,
no contiene ninguna demostracién y consideramos que no es un resultado trivial.
Por eso decidimos incluirlo. En la Definicién 6.1 vemos que el centroide es el
conjunto de todos los automorfismos del dlgebra vista como bimodulo. Esta
estructura extiende el centro del dlgebra. Como el centroide de una suma directa
de algebras es la suma directa de los centroides, en el contexto del dlgebra de
caminos podemos considerar que el grafo que estamos tomando es conexo. Dicho
esto, en el Teorema 6.13 vemos que si T € C(KE) (un elemento del centroide
del dlgebra de caminos) tal que hay un vértice u € EY con T(u) = ku con k € K,
entonces T = kIdkg. Este resultado, junto con los Lemas 6.14 y 6.15, nos permiten
declarar el Teorema 6.16. En este sentido, el centroide de un élgebra de caminos
de un grafo conexo es isomorfo al cuerpo base o al dlgebra de polinomios en una
variable. En la Seccién 6.2 nos centramos en el centroide extendido y el cierre
central de KC;,. Dado que KC,, es una PI-algebra, entonces el centroide extendido
es el cuerpo de fracciones del centroide, en este caso, K(x). Sin embargo, para la
clausura central necesitamos la descripcion dada por Baxter y Martindale [13]. El
centroide extendido es el conjunto de todas las clases de equivalencia de pares
admisibles. Se describe con mds detalle en la definicién 6.20. Para encontrar el
isomorfismo deseado, hacemos uso del Lemma 6.21. Después de eso, construimos
en la Proposicion 6.22 el isomorfismo. Asi, calculamos el cierre central de KC,

como hacemos en el Teorema 6.27.

El Capitulo 7 esta dedicado al estudio de las algebras de caminos noetherianas
a izquierda (resp. derecha) y J-semisimples, es decir, aquellas con radical de Jacob-
son trivial. Para ello, caracterizamos también el radical. Ambas descripciones son
“rather testing exercises”, tal y como dice Crawley-Boevery en [32]. Sin embargo,
debido a su complejidad y a la falta de una demostraciéon de ambos resultados
en la literatura, decidimos incluirlo en este trabajo. El objetivo principal de la
Seccién 7.1 es describir las dlgebras de caminos noetherianas a izquierda (resp.
derecha). Estas estdn relacionadas con los ciclos sin entradas (resp. salidas).
Primero, en la Proposicién 7.3 estudiamos el caso de que el grafo sélo tenga
un ciclo sin entradas (resp. salidas). Después, demostramos por induccién so-
bre el nimero de ciclos que un dlgebra de caminos KE es noetheriana por la
izquierda si y sélo si E es un grafo finito y cada ciclo no tiene una entrada (resp.

salida) (Proposicién 7.4). Utilizando la descomposiciéon de Peirce vemos en la
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Proposicion 7.5 que las dlgebras de caminos noetherianas son anillos matriciales
triangulares superiores. En la Seccién 7.2 caracterizamos el radical de Jacobson
de las algebras de caminos. En particular, en la Proposicion 7.10 vemos que es
generado como espacio vectorial por los caminos sin retorno. Ademads, en el
Teorema 7.11 demostramos que el radical es el ideal generado por las aristas sin
retorno. El objetivo principal de la Seccién 7.3 es estudiar la estructura de las
algebras de caminos J-semisimples, es decir, con radical trivial. Estas dlgebras
de caminos también son semiprimas, y ya conocemos su estructura del Capitulo
5. Ademads, podemos considerar que el dlgebra es noetheriana por la izquierda
(resp. derecha). En consecuencia, tenemos el Teorema 7.18 donde hacemos uso

de un resultado de [65] y describimos toda la estructura.

La parte iii estd dedicada al estudio de la entropia algebraica. La mayoria de
los resultados que aparecen aqui estdn en los trabajos [22, 21]. En el Capitulo
8 nos centramos en el estudio de la entropia algebraica de 4lgebras filtradas.
Aplicamos este concepto a las dlgebras de caminos y de caminos de Leavitt. Para
ello, nos inspiramos en la dimensién de Gelfand-Kirillov y en la entropia de
algebras graduadas. En la seccién 8.1 construimos la entropia para un dlgebra
filtrada. Primero, definimos la nocién de filtracién en la Definicién 8.2 y después,
definimos la entropia algebraica en 8.5. Esta nueva magnitud esta condicionada
por la filtracion elegida. Este hecho se manifiesta en la Proposicién 8.7. En la
Seccién 8.2 nos centramos en como se comporta la entropia con la suma directa
de algebras, monomorfismos y epimorfismos. En la Proposicion 8.10 vemos cémo
la entropia se contrae ante la presencia de un epimorfismo mientras que en la
Proposicién 8.11 probamos que la entropia se expande con un monomorfismo.
Por ultimo, en la Proposicién 8.13 comprobamos que la entropfa de sumas
directas de algebras es el maximo de las entropias de cada sumando. En la
Seccién 8.3 centramos nuestra atencién en la entropia aplicada a dlgebras de
caminos y caminos de Leavitt de grafos finitos. Si queremos hacer uso de nuestra
definicion de entropia, necesitamos construir filtraciones para cada algebra. En la
Definicién 8.14 construimos lo que llamamos las filtraciones estdndar. Usando las
Proposiciones 8.11 y 8.10 probamos la Proposicién 8.20 donde vemos que para un
grafo finito E, la entropia de Lx(E) estd acotada inferiormente por la entropia de
KE y superiormente por la de KE. Ademas, aplicando la Proposicién 8.13 vemos
que la entropia de un 4lgebra de caminos y de caminos de Leavitt es el maximo
de las entropias de sus componentes conexas (Proposicién 8.22). Terminamos esta

Seccién con la Proposicion 8.24 donde vemos una vez més la dependencia de la

XXI



XX

| RESUMEN

entropia de la filtracion elegida. En este caso, para el dlgebra de caminos podemos
obtener un valor de entropia tan pequefio como queramos. Después de esto,
centramos nuestra atencién en la Seccion 8.4 en el calculo de la entropia algebraica
de algebras de caminos de grafos finitos. Para ello, vemos en el Lemma 8.28 que
es posible obtener este valor utilizando una norma de la matriz de adyacencia y
sus potencias. Ademas, en la Proposicion 8.30 demostramos que, finalmente, la
entropia es el logaritmo del radio espectral de la matriz de adyacencia del grafo.
A partir de este resultado, inducimos la Proposicién 8.33 donde la entropia de un
algebra de caminos viene dictada por las componentes fuertemente conexas del
grafo. En la seccion 8.4.1 experimentamos con la entropia de algunas algebras
de caminos de Leavitt. Una vez mds, la matriz de adyacencia del grafo es muy
atil. Hacemos también uso del software MATHEMATICA para realizar los calculos.
De esta forma, comprobamos numéricamente en los Ejemplos 8.37, 8.39, 8.40
y 8.41 que la entropia algebraica del dlgebra de caminos y la del 4lgebra de
caminos de Leavitt coinciden. La pregunta que nos hacemos es si esta igualdad
se mantiene siempre. Exploramos esto en la Secciéon 8.5, donde demostramos
la veracidad de esta afirmacién. Para ello, utilizamos el Lemma 8.46 donde
estudiamos la entropia del dlgebra Cg(E) en términos de la matriz de adyacencia
del grafo. Para finalizar esta Seccién, teniendo en cuenta algunos resultados
de 4lgebras de Banach llegamos al Teorema 8.48 donde probamos la igualdad
de ambas entropias. Finalmente, terminamos el Capitulo con la Seccién 9.1
donde buscamos generalizar la entropia a dlgebras que no son necesariamente
filtradas, sino que son limite de 4lgebras filtradas. Sentamos las bases de este
nuevo concepto en las Definiciones 9.11, 9.12 y 9.13 donde establecemos las
nociones de monomorfismo estricto, sistema estricto y entropia para un limite de
un sistema estricto directo. Una vez mads, la entropia depende fuertemente del
sistema elegido de dlgebras filtradas. Demostramos esto en las Proposiciones 9.15.
Ademads, probamos en la Proposicién 9.16 que es posible calcular la entropia de
un algebra filtrada como la entropia de un sistema directo estricto de algebras
filtradas. No solo eso, sino ambos valores coinciden. Finalmente, acabamos el
capitulo con la Seccién 8.6 donde exploramos las relaciones entre la entropia
algebraica y la Parte ii. Ahi, vemos en la Proposicion 8.49 cémo la entropia de
las algebras de caminos Artinianas o noetherianas es cero. Es mds, la entropia
nos permite distinguir dlgebras de caminos primitivas de simples (Proposicién
8.51). Ademds, existen ideales como el z6calo o el radical de Jacobson que
son superfluos en el célculo de la entropia (Proposicién 8.53 y Corolario 8.55).
Terminamos esta parte con el Capitulo 9 donde exploramos una generalizaciéon
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de la entropia. En la Seccién 9.1 construimos el limite directo de algebras filtradas
y probamos que en general, el limite de algebras finitamente filtradas no es un
algebra finitamente filtrada. En la Seccién 9.2 sentamos las bases para esta nueva
entropia a través de las Definiciones 9.11, 9.12 y 9.13 donde establecemos los
conceptos de monomorphismo estricto, sistema dirigido estricto y entropia de un
sistema dirigido estricto. De nuevo, la entropia depende fuertemente del sistema
dirigido de algebras filtradas. Probamos esto en la Proposicién 9.15. Méas atn
probamos en la Proposicion 9.16 que este nuevo concepto de entropia generaliza
de manera compatible al dado en el Capitulo 8. Es decir, dada una &lgebra
finitamente filtrada, podemos calcular su entropia algebraica como el limite de
un sistema dirigido estricto de 4lgebras finitamente filtradas y este valor coincide
con el dado en la Definicién 8.5.

Finalmente, la Parte iv y en particular el Capitulo 10, corresponde al articulo
[52]. En él se estudian algunas propiedades de las dlgebras asociadas a grafos de
forma categoérica. Como ejemplo de esta clase de resultados, encontramos por
ejemplo que para grupos finitos G; y Gy, las algebras de grupo CG; y CG; son
isomorfas si y solo si lo son KG; y KG; para cualquier cuerpo algebraicamente
cerrado de caracteristica 0. En la Seccién 10.1 introducimos primero el concepto
de functor de &lgebra y, en la definicién 10.3, establecemos qué es el functor
de K-algebras A para una cierta dlgebra A. Por un lado, en la Definicién 10.5,
introducimos los extension invariant functors, que generalizaran la “buena”
propiedad que satisfacen las dlgebras de caminos de Leavitt. De hecho, veremos
que los extension invariant functors son precisamente los de la forma A para
una cierta K-dlgebra A. Por otro lado, en el Corolario 10.8 observamos que,
para los extension invariant functors J, G, una vez que tenemos un isomorfismo
F(H) = G(H) para alguna K-algebra de Hopf H, este induce un isomorfismo
F(K) = G(K). Por lo tanto F(S) = G(S) para toda K-dlgebra conmutativa y unital
S. Ademds, mostraremos, en el Ejemplo 10.10, un functor de algebra que no
es extension invariant gracias a las derivaciones de un algebra perfecta. En la
Subseccién 10.1.1, incluimos algunos ejemplos interesantes bien conocidos de
algebras que proporcionan funtores extension invariant. Vale la pena mencionar
que son la principal motivacién para los resultados presentados en este trabajo.
Como primer corolario obtenemos que para cualesquiera dos grafos Ej, E; y
cualesquiera K-algebras de Hopf H, entonces Ly(E;) = Ly(Ey) si y so6lo si
Lx(E1) = Lg(Ez) (ver Corolario 10.15). A continuacién, en la Seccién 10.2,

presentamos las clave para el desarrollo del capitulo. Segtn [77], el Teorema de
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los ceros de Hilbert puede darse en términos de infinitas indeterminadas. Para
alcanzar las hipétesis del Teorema 10.17, es necesario que o bien el conjunto de
indeterminadas sea finito (de hecho, este es el Teorema de los ceros de Hilbert
original) o bien que el grado de trascendencia del cuerpo base sobre su cuerpo
primo tenga cardinalidad estrictamente mayor que el nimero de variables. Para
unificar esas hipétesis en una sola condicién, introducimos los Lemmas 10.18
y 10.20. Este nuevo entorno consiste en que el cardinal del cuerpo base es
estrictamente mayor que el cardinal del conjunto de indeterminadas. El articulo
original [77] de S. Lang informa de que I. Kaplansky obtuvo independientemente
el resultado, pero la formulacién equivalente de Kaplansky era ligeramente
diferente y no utilizaba el grado de trascendencia. Dado que Kaplansky nunca
publicé su trabajo, esto nos anima a incluir las pruebas de los Lemas 10.18 y
10.20. Las dos secciones restantes estdn dedicadas, una para la cuestiéon de
dimension finita (Seccién 10.3) y la otra para la infinita (Seccién 10.4). El primer
caso nos permite comprender mejor el general. La idea en ambas situaciones es
analoga: necesitamos traducir respectivamente el problema del isomorfismo en
la existencia de ceros de un cierto ideal de polinomios. Esto corresponde a la
Proposicion 10.23 y al Corolario 10.24, para el caso de dimensién finita, y a la
Proposicién 10.36, para el general. Para la dimensién finita, como consecuencia
del Teorema 10.17 y del Corolario 10.24, probamos el Teorema 10.25 donde para
una extension de cuerpos K < F con K algebraicamente cerrado, el isomorfismo
entre A @k F y B®xk F (como F-algebras) es equivalente al isomorfismo entre A 'y
B (como K-algebras). A partir de esta afirmacién principal, variando las hipotesis
sobre las extensiones de cuerpo, se derivardn una serie de Corolarios 10.27, 10.28,
10.29. Completamos el caso finito dimensional estableciendo las afirmaciones
anteriores en términos de “extension invariant” functors, dando una visién maés
global del problema (Teoremas 10.30 y 10.31). En particular, para resaltar nuestra
motivacién, enunciamos el Corolario 10.33 y el Corolario 10.34 en términos de
algebras caminos de Cohn relativas. La misma idea se persigue en la seccién
de dimensién infinita mediante el Teorema 10.37. Sin embargo, necesitamos
la hipétesis adicional de que el cardinal del cuerpo base K es estrictamente
mayor que la dimension de las dlgebras. Esta hipoétesis es esencial para aplicar
el Teorema de los ceros de Hilbert en infinitas variables. En la linea del caso de
dimensién finita, se siguen los Corolarios 10.38, 10.39 y 10.40 conjuntamente con
una interpretacién a través de funtores “extension invariant” (Teorema 10.41 y
Teorema 10.42). Debido a que las édlgebras de caminos de Leavitt se convierten en

nuestra principal motivacién, incluimos resultados que podrian enunciarse en
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el entorno general de los funtores “extension invariant”, pero que exponemos
en el entorno de las algebras de caminos de Leavitt. Asi, por ejemplo, para
grafos numerables E; y E;, un cuerpo algebraicamente cerrado no numerable K
y K € Fi, K, entonces Lg, (E1) = Lf, (E) siy s6lo si Lg,(Eq) = Lf,(Ez) (Corolario
10.43).
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Chapter 1

ALGEBRAS ASSOCIATED TO A DIRECTED
GRAPH

Directed graph theory is fundamental in mathematics, especially in discrete
mathematics and computer science. Its importance lies in its ability to model
asymmetric relationships, interactions or dependencies. For example: data flow,
webpage link services, social networks, etc.

Algebraists also find interest in this object as a tool and aim, in representation
theory [36, 94]. Not only that, since the introduction of Leavitt path algebra, there
is a new field of study related to the graph theory [2, 11, 53]. Furthermore, if
we have an evolution algebra and a natural basis of it, it is possible to define an
associated graph. In this sense, it is possible to collect information of the algebra
through the graph [29, 44].

1.1 DIRECTED GRAPHS

During the course of this work, we will develop a theory of algebras associated
to directed graphs. As it is natural, in order to do so, we first need to know the
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definition of a directed graph and all the related concepts. When we first think
of a directed graph we imagine it as a set of vertices and arrows that connect
those vertices. Most of the times, we picture both sets as finite but the notion of

directed graph is more general.

Definition 1.1. A directed graph consists of a 4-tuple E = (E, E!, s, rg) with E°
and E! two disjoint sets and rg, sg : E! > E% two maps. The elements of EY are
the vertices and the elements of E! are the edges of E. Further, for e € E!, rg(e) and
sg(e) are called the range and the source of e, respectively. If there is no confusion

with respect to the graph we are considering, we simply write r(e) and s(e).

The reader may observe that there is no restriction in the cardinality of the set
of vertices and edges. If the number of vertices and edges is finite, then we will
say that the directed graph is finite or that we have a finite graph.

It is possible to represent graphs, as its name says, graphically. For every vertex
v € EY we draw a dot in the plane and for every edge ¢ € E! we add an arrow from
the vertex s(e) pointing to the vertex r(e). As an example, consider the graph E
given by the tuple (E°, E!,r,s) with E = {u,v,w}, E' = {fu0, fuv, four fuws Quw}
and the maps s,7: E! — E? such that

$(fop) = 0,5(fup) = u,s(fou) = 0, 8(fuw) = 1, 8(guw) = 1,
r(fop) = 0,1(fup) = 0,7(fou) = w,r(fuw) = w,7(Quw) = w.

Following the previous description of the representation of a graph, we can

represent E as in Figure 1.

f u,u f U L)
u
. fuo
fuw < > Suw
7

Figure 1: Example of a directed graph E.

It is possible to classify each vertex depending on the number of edges that

emerge from it is zero, finite or infinite.

Definition 1.2. If E is a directed graph, a vertex v € E? such that s™}(v) = & is
called a sink and a vertex such that r~1(v) = J is a source. We will denote by
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sink(E) and source(E) the set of sinks and sources of E respectively. A vertex that
is a sink and a source is isolated. The vertex v is called an infinite emitter if s~1(v)
is an infinite set. Otherwise, a vertex that is neither a sink nor an infinite emitter
is called a regular vertex. The set of regular vertices will be denoted by Reg(E)
and the set of infinite emitters by Inf(E). If s~!(v) is finite for every vertex in EY,
then the graph is row finite.

In many occasions, we will not only be interested in the whole graph and we
will centre our attention on just a part of it. In other words, we will be concerned
with a subgraph.

Definition 1.3. Consider the directed graph E = (EO, EL sg, re). We will say that
F=(F° F',sp,rr)is a subgraph of E, denoted as F < E, if and only if:

e FOc E%and F' c EL.
e sg(F') < FOand rg(F') < FO.
e sp = Sp|lp and rg = rg|p.

As an example, the reader can check Figure 2 where we have two directed
graphs F c E.

QLN | QLN
NN N N
Figure 2: F (in red) subgraph of E (in black).

When we study directed graphs we do not just focus on vertices and edges.
One of the main elements in directed graph theory are paths. As it is natural, a
path is just a concatenation of edges. However, not every combination of edges
forms a path.

Definition 1.4. Consider a directed graph E. A path of lengthn > 1in E is a
word p = fifs- - fn with f; e El foralli = 1,...,n and r(f;) = s(fi;1) for every
i =1,...,n—1. The set of paths of length n is denoted by E", and we identify
the set of vertices E? with the set of paths of length 0 (trivial paths) and the set of

5
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edges E! as the set of paths of length 1. The set of all paths of E is denoted by
Path(E) and

0

Path(E) = | [ E".

n=0
Given a path y € Path(E) we define the length map ¢: Path(E) — IN u {0} such
that /(u) :=0if u e E®and 4(p) :=nif u = fifo--- fy with fie El fori=1,...,n.
IfA=e1---e,e E"and y = f1--- fu € E™ with r(A) = s(u), then we denote
At =ei---enfi - fmeETHM,

Coming back to the example of Figure 1 we can check that the word f, v fu,uSu,w
is not a path since v = r(fu0) # S(fuu) = u. However, u = fi ufuofouuw is a
path. We can say that it starts in u and ends in w. In addition, the path yu is
formed by the edges { fiu, fuv, fou, Suw} and it crosses the vertices {u, v, w}. All
this information can be described for every path as follows.

Definition 1.5. Consider a directed graph E = (EY, E!,sg,7g) and take a path
pePath(E). If u = f1--- f € E" we define the sets

P‘(O) ={ue EO: if; € s_l(u) U 7’_1(”)}/

Y = A{f1, for oo fu,
and if y € E® then ¢(© = {u} and u(V) = &.

In addition, we define the source and range of a path as the maps s, r: Path(E) —
E? with

() 1= se(f1), rp) == re(f) i () > 1

s(u) =r(pu) == p, if p e E.

In a directed graph there are different types of paths depending on whether
they end at the same vertex they have started or if all the vertices that they go
through are different.

Definition 1.6. Consider a directed graph E = (EO, ELlr, s), we define the follow-
ing:

1. Apath u = fifr-- fu € Path(E) withn > 1 and s(u) = r(u) = v is called a
closed path based in v. Furthermore, if y € E! then u is a loop.

2. A simple path is a path u = f1f>--- fu such that s(f;) # s(f;) fori # j.
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3. A closed simple path based at v is a closed path u = fif>--- f, based at v such
that s(f;) # v for every j > 1.

4. If p= fifo-- fuis a closed path based at v with s(f;) # s(f;) for i # j. Then
u is a cycle based at v. Notice that a cycle is a closed simple path based on
any of its vertices, but a simple closed path based at a certain vertex v may

not be a closed simple path based at another vertex.

5. Consider the path u = fif>--- fu, we say that e is an exit of u if there is i
(1 <i<n)withs(f;) =s(e) and e # f; for every i = 1,...,n. On the other
hand, it is possible to define the dual concept. We say that e is an entry of u
if thereisa j (1 <j < n) withr(f;) =r(e) and f; # e forevery j =1,...,n.

1.1.1 Higher rank graphs

When we represent a directed graph, we can observe that it is pretty similar
to a category. Vertices would be the objects and edges would be the arrows or
morphisms. All the paths would be in bijection with all the morphisms in the
category. We highlight the fact that they are not equal because of the chosen
definition of path. In other references, related to analysis and topology, paths
are described as composition of functions instead of juxtaposition of edges. That
inverts the order of the edges in compare to our convection.

This categorical vision makes possible the extension of the concept of a directed
graph. By using concepts from category theory such us functors, we can describe
what are called as k-graphs. In particular, directed graphs, as we have studied
before, will just be 1-graphs.

Following Kumjian and Pask [73] we have:

Definition 1.7. For a positive integer k we consider the additive semigroup
(N U {0})* as a category with one object (0,0,...,0) and composition given
by the addition. A graph of rank k or a k-graph is a category A = (A% A,s,7)
together with a functor d: A — (IN U {0})* called the degree map with the following
property: If A € A and d(A) = m + n with m, n € (N U {0})*, then there are unique
u,ve Awithd(u) =m,d(v) =nand A = pv. This is referred as the factorization

property.

The factorization property enables the identification of the objects in A? with
the identity morphisms (with degree 0). In this way, we can represent the k-

7
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graph as a directed graph with k colours. Consider cj,cy,...,c; colours and
represent the objects A" as vertices of a directed graph. Then, the edges will be
i

the morphisms A € A with d(A) =¢; = (0,0, .. .,O,T,O,...,O) fori=1,...,k.
The edge A with degree e; will be coloured with the colour c;. This is called the
skeleton of the k-graph. If k = 1 this is just a directed graph and it is enough to
describe the whole 1-graph. However, when k > 2 then the skeleton is not enough
to describe the k-graph, we will also need relations between the morphisms. In
some cases, the relations will be implicit by the factorization property and in

some others it will be necessary to specify.

Example 1.8. Have a look at the skeleton of the 2-graph A represented in Figure
3. We consider that d(e) = (1,0) and d(f) = (0,1). If we take the path ¢f, then we
have that

dlef) =d(e)+d(f) =(1,0)+(0,1) = (1,1).

In addition,

d(ef) = d(e) +d(f) = d(f) +d(e) = (0,1) + (1,0),

so there must be two paths &, 8 € A such that d(a) = (0,1), d(B) = (1,0) and
ef = af. The only possible elements that have degree (0,1) and (1,0) are f and
e. In consequence, ef = fe and the 2-graph is A = (A%, A,r,s) with A? = {0},
AN={e"f":n,meINu{0}}.

-5

f

Figure 3: Skeleton of a 2-graph.

Although along the course of this work we will focus on the directed graph
case, we want to highlight this generalisation since it is used in algebras such us
Kumjian-Pask algebras, Steinberg algebras, etc. In addition, the more we answer
questions related to the path algebra of a directed graph, the more questions
related to the k-graphs will arise. However, answering these ones will not be the
main goal of this thesis.
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. o W

Figure 4: Graph F formed by two components.

If we consider the directed graph F as in Figure 4, we can differentiate at
first sight two main parts or components. We could think that, for example, the
vertices u and w do not belong to the same component because there is not a
path u € Path(F) that connects u and w. However, this is not enough to describe
the existent relation. Although there is not a path that connects v and u, they

belong to the same component. This means that the relation is more general.

Definition 1.9. Consider a directed graph E and two vertices u, v € E* we denote
as u = v if there is an edge e € E with s(e) = u and r(e) = v or s(e) = v and
r(e) = u.

Two vertices u and v are related, u ~ v if there is a collection of vertices
{u1,uy, ..., u,} such that

U=U1=Uyp == Uy = 0.
We denote the equivalence class of a vertex v under this equivalence relation as

[v]-

This last equivalence relation is the transitive closure of =. The equivalence
classes will be the ones that induce the connected components.

Definition 1.10. Consider a directed graph E = (EO, El s, r) and a vertex v € EY.

We construct the subgraph F = (E9, F1, sp, rp) with

FO:= [v], Tpi= T|p
Fl:= s7Y([o]) ur X ([v]), sp:= s|m
denoted as the connected component of E that contains v.

The reader can wonder if there is a topology in the graph that agrees with the
connected components. The answer is positive, the so called DCC topology im-

9
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plies that the elements of Definition 1.10 are precisely the connected components
under this topology [29].

Once again, we refer to the graph F in Figure 4. We can observe that this graph
is composed by two connected components. Perhaps, we could think that the
graph F is a disjoint union of directed graphs. In fact, the disjoint union of its
topological connected components.

Definition 1.11. Consider the directed graphs E = (EO, El sg, rg) and (FO, F! s, rE).
The disjoint union of the graphs E and F, denoted by E L1 F, is the directed graph
given by the tuple (EO L FO EL Fl,r,s) with r,s: E} U F! — EY 1 FO such that

re(e) if e € E

re(e) if f e FL.

)
A~ n
~
~ N
N—
|
)
Tom
—
> o
~ N—
N
~ =
—
“~“ =
~—r S~—
| |

It is obvious that every directed graph E is a disjoint union of its connected
components. When there is only one connected component, as it is natural, we
will say that the graph is connected.

Even though the connection is not described using paths, as it is common
in topology, there is a sense of connection in terms of paths known as path

connection or strong connection.

Definition 1.12. If E is a directed graph, we say that two vertices u,v € E are
strongly related, denoted by u < v, if there are two paths A, y € Path(E) such that
s(A)=u,r(A) =v,s(u) =vand r(u) = u.

The equivalence class of a vertex v € EY under this relation is .

Once again, the reader can easily check that the relation given in the previous
definition is an equivalence relation. This will allow us to define the strongly

connected components of a graph.

Definition 1.13. Consider E = (EO, El s, r) a directed graph. Given a vertex v € EO
we construct the subgraph G = (G% G',sg,rc) with

GO =0, rG = 7"|G1
Gl:= {eeE':s(e),r(e) €0}, sg:i= s|a.

denoted as the strongly connected component of E containing v.

If a directed graph E only has one strongly connected component, then we say
that the graph is strongly connected. Equivalently, a graph is strongly connected if
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for every pair of vertices u,v € E? there is a path A € Path(E) such that s(A) = u
and r(A) = v.

Following the definitions of connected and strongly connected graph, it is
obvious that strongly connected implies connected but connected does not always
implies strongly connected. As an example we can have a look at Figure 5 where
we have a connected graph with three different strongly connected components.

(/%\
N
.

Figure 5: Directed graph G with one connected component and three strongly connected
components (red, green and blue).

1.3 PATH ALGEBRAS AND LEAVITT PATH ALGEBRAS

On one hand, the study of representations of directed graphs, in particular of
quivers (directed graphs with finite number of vertices and edges and without
cycles), is strongly connected to the study of path algebras. In addition, the
analysis of quantum groups is related to representations of quivers [82] and these
are equivalent to the path algebra modules [12, 36, 94]. However, we are not
going to put the spotlight on the representation theory of directed graphs, we are
going to focus on the path algebra by itself. Even though the graph is used as a
compact way to express all the relations in a free algebra, most of the algebraic
properties, perfection, finiteness etc, are related to geometric qualities of the
graph. That will be one of our main purposes in this work, creating connections
between properties of the algebra and geometric configurations in the graph.

On the other hand, Leavitt path algebras arise as a generalisation of the Leavitt
algebra Lg(1,n) [2]. This last one is one of the main examples of an algebra that
fails the so called Invariant Basis Number property. Leavitt path algebras led to a
new research field that has been very fruitful. Algebraists have developed many
results in relation to these algebras [1, 20, 31, 53, 95]. Furthermore, Leavitt path

11
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algebras have also been object of attraction to the analysis researchers since they
are related to C*-algebras and algebras of groupoids [46, 85, 102]. In many cases,
results in Leavitt path algebra will be an inspiration to obtain some answers to
questions in the path algebra context.

The path algebra of a directed graph is constructed as a free algebra with
relations given by the graph.

Definition 1.14. Consider a directed graph E and R a commutative ring with unit.
We call path algebra, denoted by RE to the free R-module generated by Path(E)
together with the product -: RE x RE — RE given by

U A= Gy gn)A if v € E%, A € Path(E),
A0 =y (p) 0 if v € E%, A € Path(E)
A= 6, suAn if A, p e Path(E), £(A), £(p) = 1.

One can view this algebra as a quotient of the free algebra generated by the
set E° U E! under a certain ideal generated by all the combinations that do not
belong to Path(E).

Most of the times we will work with a field instead of a unital ring which we
will denote as K. As a consequence, KE will be a vector space with basis Path(E).
It is important to highlight that this set is linearly independent in the path algebra

since several results in this work will be supported by this fact.

Example 1.15. Consider the directed graph E given in Figure 6 and compute the
elements of KE.

Ue—e D

Figure 6: Directed graph E with just one arrow and two vertices.

Since Path(E) = {u,v, f} we have a three dimensional vector space KE =
Ku ® Kv® Kf. We can compute the multiplications of these elements and reflect

them in Table 1.

ulv|f
ulul{0|f
v (0o |0
f1O0]f1]0

Table 1: Multiplication table of the path algebra of the directed graph of Figure 6.
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The reader can check that the path algebra KE is isomorphic to

T>(K) = {(g ‘Z) :x,y,xeK}.

The length function ¢: Path(E) — IN u {0} plays a key role in the path algebra

of a directed graph. If A, i € Path(E) with r(A) = s(u), then ¢(Au) = £(A) + £(p).

This property allows us to define a Z-grading in the path algebra. Consider a
directed graph E and its corresponding path algebra KE with K a field. Define
the vector spaces

0,
0

-1 .
KE, span/—'(n) ifn>
{0} if n <

In consequence, we have the Z-grading

0
KE = @ KE,.

n=0

The fact that KE is a graded algebra will ease some of the future proofs since
we will be able to work with the homogeneous components of an element in the
algebra.

Once we know the construction of the path algebra we are in conditions to
develop the Leavitt path algebra of a directed graph. In order to do so we first
need to know the definition of the extended graph.

Definition 1.16. If E = (EO, EL sg, rg) is a directed graph, then we define the ghost
edges (E)* = {f*: f € E'} as a copy of E'. The extended graph of E is the directed
graph £ = (£, El, s, rp) with E0 = E0, E' = E' U (EY)* and rp,sp: E' U (EY)* —
EY such that

re(f) :=re(f), sp(f) =se(f) if feEl!,
re(f*) == se(f), sp(f*) =re(f) if f*e(EY)"

The choice of * as a way to differ the copy of the edges to the original ones
is not random. The concept of ghost edge can be extended to a ghost path. 1If

u € E¥ then u* = u and if A € Path(E) with A = ejep - - - ¢, then p* = efie’ |- - et

In addition, if u* is a ghost path with y € Path(E), then (y*)* = u.
The Leavitt path algebra of a directed graph E will be the path algebra of the
extended graph £ with some extra relations.

13
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Figure 7: Directed graph E on the left and its corresponding extended graph E on the
right.

Definition 1.17. For a directed graph E and a commutative ring R with identity,
the Leavitt path algebra of E, denoted by Lg(E), is the path algebra over the
extended graph £ with additional relations

(CK1) e*¢’ = 6,p7(e) foralle, e € EY,

(CK2) D feert: s(e)—n) €€ = v for every v € Reg(E).

As it happened for the path algebras, most of the times we will work with a
field K instead of with a ring. In general, it is not necessary to draw the extended
graph to describe the Leavitt path algebra, but it is important to keep in mind
that the ghost edges exist for the (CK1) and (CK2) conditions. Let us see an
example of the computation of Lg(E).

Example 1.18. If we consider once again the directed graph of Figure 6 we can
this time compute Lg(E) for a field K. In order to do so we first need to know
that all the possible paths of Path(E) are

Path(E) = {u,0} U {(ff*)"f, (f*f)"f*: n e N U {0}}.

However, we must take into account that now we have the (CK1) and (CK2)
conditions. The first one implies that f*f = v whereas the second condition
implies that ff* = u. In consequence, the only elements that generate the algebra
as a vector space are {u,v, f, f*} and Lx(E) = Ku@® Kv® Kf ® Kf* as a vector
space. We can reflect the multiplication in Table 2.

This algebra turns out to be isomorphic to M;(K).

Unlike in the path algebra setting, in Leavitt theory the length map is not as
important. However, there is an analogous map called the degree map. If E is a

directed graph and E is its corresponding extended graph, then we define the
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u (v | f|f*
u (u [0 f|0
v |0 v 0] f*
f 10 [ f]0]|u
fFl1f 10|00

Table 2: Multiplication table of the Leavitt path algebra of the directed graph in Figure 6.

degree map d: Path(E) — Z as d(v) = 0if v € E?, d(e) = 1if E!, d(e*) = —1 if
e* € (EV)* and if x1xp - - - x,, € Path(E) with x; € E' U (E1)* withi = 1,...,n then
d(xpxg - xy) = 2iq d(x;).

Analogously, the degree map induces a Z-grading in Lg(E) for a directed
graph E and a field K. If we define the vector spaces

Ly (E), = span(d~1(n)),

then we have the Z-grading given by Lx(E) = @,,c Lk(E)x.

In the same way that directed graphs can be generalised through k-graphs, it
is possible to extend the definition of path and Leavitt path algebra to these last
ones.

By considering the category algebra [109] of a k-graph A we can define an

analogous to the path algebra. The idea remains the same, if we can concatenate

two paths the product is the concatenations whereas is zero if we can not.

However, there is a slight difference since sometimes the category A would have
relations between the paths which is something that does not happen in the path
algebras.

The equivalent to Leavitt path algebras in k-graphs are known as Kumjian-Pask
algebras. These ones have been object of study for different researchers, many
of those related to the analysis and the C*-algebras. Once again, this topic has
given place to different articles [9, 27, 54, 61, 62].

1.4 BASIC PROPERTIES OF THE PATH ALGEBRAS

It is natural, since the construction of a path algebra comes from a directed
graph, that some properties in the algebra are induced by the geometry of the
graph. We can check, just by definition, that for a directed graph E the path

algebra KE is an associative non-commutative algebra (the reader can check

15
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Example 1.15). Furthermore, in this section we will explore some fundamental

properties and we will obtain more specific results in future sections.

One of the first things that we can wonder from our naive intuition in path
algebras is what happens when we have a disconnected graph. As we know, a
product of paths in the algebra is different from zero if they can be concatenated.
However, if we have two different connected components, there is no way such
that elements in one component can multiply elements in another one and give a
value different from zero. More precisely, if E is a directed graph and {E;}c; are

its corresponding connected components, then

KE = @ KE;
iel
with KE; - KE; = {0} if i # j. That is, the path algebra is the direct sum of the path
algebras of the connected components.

Another property that these algebras present is the existence of local. They are
the vertices, and more precisely, the sums of those. Consider a set of elements
{x1,x2,...,x,} < KE, there is an element ¢ € KE such that ex; = x;e = x; for
every i = 1,...,n. In order to obtain such ¢ € KE we need to observe each
Xj = 2711 kijAij with k;; € K\{0} and A;; € Path(E) for every i = 1,...,n and
j =1,...,m;. To be more specific, we have to focus on V' = {s(A;j),r(Ajj): j =
1,...,m;, i =1,...,n} and define e = >, v. Furthermore, the algebra KE is
unital if and only if |E°| < +o0. In this case, 1 = >}, o .

The existence of local units in an associative algebra A implies that the smallest
two-sided (resp. left or right) ideal generated by the elements x1,xp,...,x, € A is
exactly (x1,x2,...,%,) = Diq Ax;A (resp. D1 Ax;or Y1 x;A). In addition, this
ideal contains the elements xy, ..., x,. If we put our attention in the path algebra
A = KE of a directed graph E and particularize to the case that x; € Path(E) for

every i = 1,...,n, then we have that

!

=
S
R

(X1, %2, ..., Xm) A = spang{Ax;u: A,y e Path(E),i =1,...,n},

~.

R

N
Il
—_

Ax; = spang{Ax;: A € Path(E),i = 1,...,n},

.DG:

~
Il
—_

iA = spang{x;u: yp € Path(E),i =1,...,n}.
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We can deepen even more and consider that all the elements are just vertices
or just arrows. In consequence, we have that the two-sided (resp. left or right)
ideal generated by those elements is the vector space generated by all the paths
that go through (resp. start at or end at) one of those elements. This fact allows

us to prove that certain quotients of a path algebras are also path algebras.

Definition 1.19. Let E = (EY, E!,s,7) be a directed graph and K a field. Consider
a subset X < EY, the collapse of E through the set of vertices X, denoted by E\X, is the
graph given by the tuple (E°\X, (E\X)!,s,7) with (E\X)! = EN\(s7}(X) u r~1(X)).

If Y < E!, then the collapse of E through the set of edges Y, denoted by E\Y, is the
graph given by the tuple (E°, EN\Y,s, 7).

Proposition 1.20. If (X) is the two-sided ideal in KE generated by the vertices in X,
then KE/(X) =~ K(E\X) as K- algebras.

If (Y) is the two-sided ideal in KE generated by the set of edges Y, then KE/(Y) =
K(E\Y) as K-algebras.

The proof of this Proposition is direct and it can be considered general knowl-
edge.

The reader can check Figure 8 as an example of a collapse through a set of
vertices X and through a set of edges Y for the same graph E.

If we consider a directed graph E with a finite number of vertices, that is
|EY| < oo, then, as we have already mentioned, the path algebra KE over the field
K is unital. Not only that, but E? is a complete system of orthogonal idempotents.
In other words, 1 = > _rov and uv = J,,0. Thus, we can perform the Peirce

decomposition of A = KE. Ordering all the vertices as E® = {v1,v,...,0,}, then

n
A= @D A
ij=1
being A;; := v;Av;. Each of the A;; is the vector space generated by all the paths
that connect v; with v;. It is well known that each A;; is a subalgebra of A and
Ajjisan (A;;, Ajj)-bimodule. The algebra A;; is called a corner of A through u;.
These structures are compatible with a matrix representation

A1n A1p - Ay

An,l An,2 An,n

17
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— N
N AN

Figure 8: On the top the graph E with the set of vertices X (red circumferences) and the
set of edges Y (blue dashed arrows). On the right the graph E\X and the graph
E\Y on the right.

with its corresponding matrix product.

The set E? is not the only complete orthogonal set of idempotent elements. If
we take a partition of the vertices EY = V11 V511 - - - 11V, and define

=0 en= Y 0.

veVy veViy

The set {e1, e, ...,en} corresponds to a complete orthogonal system of idempo-
tents with m elements. That is, ¢;e; = J;je; and 1 = >, e1. In this context, we

can write another Peirce decomposition

Bii Bip -+ Biwm
. B%,l 3%2 . szm
Bm 1 Bm,Z te Bm,m

7

with B; ; := ¢;Ae;. This time B; ; is the vector space generated by all the paths that
connect one vertex of V; to a vertex of V;.
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However, these are just some possible Peirce decompositions using different
combinations of vertices, but there are other complete systems of orthogonal
idempotents possibly more general and with more complex description.

Let us see some examples of Peirce decompositions for some characteristic

path algebras.

Example 1.21 (Straight line with 7 vertices.). If we consider the directed graph E as
in Figure 9, we can take the complete orthogonal system of idempotent elements
E® = {v1,v,,...,v,} and find the Peirce decomposition of the algebra A = KE

over the field K. As we mentioned earlier, the set A; ; := v;Av; is the vector space

fl f2 fn—l

0 (%) U3 Un—1 On

Figure 9: Arrow line with n vertices.

generated by all the paths from v; to v;. If we define p;j := fifi 1+ fj1fori <j

we have that
Aii = Kv;

Ai,j = K]/li,]' fori < ]
Ai,ijfori>j

and then
Kvi Kpyp -+ Kuyp
Ao 0 K‘Uz E Kil.z,n
0 0 -+ Koy
In this case, the map
kiivr kippip -0 kit kin kip - ki
0 kopvy -+ kouhon 0 ko -+ kop

is a K-algebra isomorphism between KE and the subalgebra of upper triangular

matrices in M (K).

Example 1.22 (Cycle with n vertices). For the purpose of this example all the
subscripts will be modulo n. Consider the graph C, as Figure 10, with the set
of vertices as C) = {vg,v1,...,v,_1} and C} = {fo, f1,--., fu_1} where s(f;) = v,
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and r(f;) = vjyq fori =0,1,...,n — 1. Besides, define the simple paths y;; := v;,
Mij = fifix1-- firand ¢; = fifizr - fiifor0<ij<n-—1.

vz.fj?\.vl
a
3e * 00

\j\fg

° f4 '
Figure 10: Directed graph C,,.
In this case, if we consider the K-algebra A = KC,, we have that
Aij = Klcilpi,

with K[c;| the polynomial algebra over the variable c;. This leads us to

K[co] Klcolpo1 e Kleolpon—2  Klcolpon-1

Klc1]u1,0 K{cq] E Klci]pin—2  Klei]pin-1

A= K[ealpz,0 Klcalpz1 e Klealpzn—2  Klc2lpzn-1
Klep—1lpn—10 Klen—1lpn—11 -+ Klen—1lptn—1n—2  Klcn—1]

Observe that we have the relation

cifi = ficit1-

This, immediately implies that p(c;) f; = fip(ci+1) for any polynomial p. Conse-
quently,

mijp(ck) = 6jxp(ci)pi
where again p is a polynomial.

Notice that for i > 0 we have pg;u;o0 = co and y;opo,; = ¢;. Furthermore:

ik ifi<j<korj<k<iork<i<j
HijHjk =

Cilix  CC.

n(i,j,k)

So we claim that p; ju;r = ¢; i where n(i,j, k) = 1if and only if (i < k < j)

or (j<i<k)or(k<j<i)(and n(ij, k) = 0 otherwise).
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The Peirce decomposition implies that A = (—BZ”]_:lO Klci]pij and a general
element is of the form ZZ]';lo pij(ci)pij- The product of two elements is then

i,j=0 i,j=0 ijkl—O

n-1 n—1 n—1
(2 Pi,j(Ci)ﬂi,j) (Z %,j(@)ﬂi,j) = > pile) ()i =

Z sz] le(cz)lf‘zﬂ/‘kl = Z Pz; ci) %l 7/‘1]7"],1 =
i,j,k,1=0 i,jl=0

l
= Z Pz] Cz q]l (l] ),uz, :
i,jl=0

Define next the numbers m(i,j) = 1 if i > j and m(i,j) = 0 else. This enables
us to define 7: A — M, (K[x]) such that T (21’;’ Pij(@)#ij) =D pij(x)xm(i'f)Eij
where E;; is the usual elementary matrix. This map is a monomorphism of vector
spaces. We reflect here in Table 3 the values of n(i, jk) and various m(i, j)’s for the

possible scenarios of the triplet (i, ], k):

=
~—

n(i,j, k) | mi,k) | m(,j) | m(

/
//\
»

i<j

i<k<j
j<i<k
j<k<i
k<i<j
k<j<i

/

/

= oo = o=

= OO =IO
=== OO O

0
0
1
1
0
1
d

g

Table 3: Table of coefficients n(i, j, k), m(i, k), m(i, j) and m(j, k) for different relations of

i,jand k.
Consequently, we have:
n(i,j, k) + m(i, k) = m(i, ) + m(j, k) @

forany i,j,k € {1,...,n}. Then, it can be proved that 7 is a K-algebra monomor-

phism by using Relation (1). Thus,

K[x] K|x] K[x] Klx
xK[x] K[x] K[x] Klx
KC, = Im(t) = | xK[x] |

21
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Even though the behaviour of KC,, as a matrix algebra over K[x] is well known,
we have provided an extended proof because we have not been able to find
any detailed reference to cite. Notice that the rotational symmetry of C,; can be
visualized in the above representation. For instance, for KCz the rotation of the
graph induced by 0 — 1 — 2 — 0 gives the automorphism of KCz such that

Poo(x)  poa(x) poa(x) p22(x)  p20(x)  p21(x)
xpro(x)  p11(x) pi2(x) [— | xpo2(x) poo(x) po1(x)
xp2,0(x) xp21(x) p22(x) xp12(x) xpro(x) p11(x)

This is nothing but the restriction of the inner automorphism of M;3(K(x)) such
that M — PMP~! with



Chapter 2

ALGEBRAS ASSOCIATED TO A GROUPOID

Groupoids generalize groups, in that, they are categories where every mor-
phism is invertible. If we consider a “nice” topology, giving place to what we
call as an ample groupoid, then we can construct an Steinberg algebra. These
algebras were introduced, independently in [46] and [100]. They generalize the
Leavitt path and Kumjian-Pask algebras, obtaining in this way a new approach
and technique of study [46, 85].

21 GROUPOIDS

Continuing on the line of the algebras induced by directed graphs, in this
section we are going to introduce the so called Steinberg algebras. This algebra first
appeared in papers [46, 100] as a generalisation of the inverse semigroup algebras
and the Leavitt path algebras. This algebra is constructed from a groupoid, which
can be represented by a directed graph since a groupoid is a small category where

23
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every morphism is an inverse morphism. For those who are not familiar with the

category theory, we will define it more precisely following [91].
Definition 2.1. A groupoid is a system (G ©,G,s,r,m, i) such that:
1. G and G are nonempty sets called the underlying set and unit space;
2. 1,5: G — GO are maps called the range and the source map;

3. m is a partially defined operation on G called composition: in particular, it is

a map from the set of composable pairs

G® = {(gh) € GxG:r(h) =s(g)}

onto G, denoted as m(g, h) := gh, with the following properties:
e s(gh) = s(h) and r(gh) = r(g) for every (g,h) € G?) and
o (gh)k = g(hk) whenever either side is defined;

4. For every x € G there is a unique identity id, € G such that id,g = g
whenever r(g) = x and hid, = h whenever s(h) = x;

5. i: G — G is the inversion map, written as i(g) := ¢~ ! such that s(¢~1) = r(g),

It is important to highlight that we will always identify x € G(¥) with idy € G in
such a way that G (0) is considered a subset of G. The elements of G(O) are called
units.

Let us see some examples of groupoids:

Examples 2.2. 1. If G is a group with unit ¢, then ({¢}, G, s, r,m, i), with m and

i the usual group multiplication and group inverse, is a groupoid.

2. Consider the sets

8(0) = {x,}/}, 8 = {x/ylartx_lllg’lﬁ_l’,y’é}’

and the maps s,7: £ — £0) given by s(7) = r(y) = s(a) = s(B) = «x,
r(0) = s(6) = r(a) = r(B) = y. We can define the multiplication by the
relations

v = ,Bfloc,é = ﬁofl,'yz = X.
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The first and third identities imply that B~'af~'a = x which is equivalent
toaf™! = Ba~! = §and v = B~la = a~!B. Finally, we have that 6* =
Ba~tBa~t = B taa~! = y. Under these conditions, the tuple (£, &, s,7)
together with the respectively inverses and multiplication relations is a

groupoid. The groupoid £ can be represented by Figure 11.

,3_1

Figure 11: Finite groupoid £.

3. Take a group G that acts on a set X on the left. That is, there is a map
¢$: G x X — X with ¢(g, x) := g.x such that e.x = x with ¢ the identity in G
and h.(g.x) = (hg).x for every g,h € G and x € X. Then, there is a groupoid
structure for the set G x X with unit space {e¢} x X. The morphism (g, x)
verifies s(g, x) = (¢,¢~.x) and 7(g, x) = (g, x). The composition is defined by
(g,x)(h,g71.x) = (¢h, x) and the inversion is given by (g, x)~1 = (¢~} ¢ 1.x)
This is called the transformation groupoid.

When we work with groupoids, there are some elements or sets of elements that
will be very useful. If G is a groupoid and x,y € G (0) we will denote xG = r‘l(x),
Gy = s~ (y) and xGy = xG n Gy = r1(x) ns(y). In addition, the set xGx is
a group called the isotropy group based at x. We call the orbit of x to the set
[x] = r(s7*(x)) = s(r"}(x)). The set of orbits is a partition of G). This is a
consequence of the equivalence relation x ~ y if and only if there is y € G such
that 7(y) = x and s(y) = y. A subset U = GO is invariant if for all y € G with
s(7y) € U then r(vy) € U or equivalently if it is a union of orbits.

2.2 TOPOLOGICAL GROUPOIDS

Even though the anatomy of groupoids is interesting by itself, its flavour gets
enriched when we endow the groupoid with a topology compatible with the
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structure. In this sense, we can define a groupoid morphism as a map that preserves
its topological and algebraical structure similarly as a map between Lie groups.
In particular, if G is a groupoid and R is a commutative unitary ring and consider
it as an additive groupoid with the discrete topology, then we can take the maps
f: G — R that are continuous and preserve the groupoid structure. These maps,
under certain conditions, will be the ones that define the so called Steinberg
algebra.

Definition 2.3. A groupoid G = (Q(O), G,s,r,m,i)is a:

1. topological groupoid if (G, T ') is a topological space and m and 7 are continuous
maps with the topology of G (2) inherited from G x G.

2. étale groupoid if it is a topological groupoid and s is a local homeomorphism.

Remark 2.4. For any topological groupoid, since i is a continuous involution, then it
is an homeomorphism. In addition, r and s are continous because s = mo (i x idg)
and r = soi. Moreover, if the groupoid is étale, then r,s and m are local
homeomorphism and the unit space G is open. If G is Hausdorff, then G(%) is

also closed.

When we consider étale groupoids we will be interested in the open sets that
make 7 and s homeomorphism when we restrict to them. That is, if U < G is
an open set such that r|;; and s|; are homeomorphisms onto open sets of G(©),
then U is called an open bisection. Observe that if U is an open bisection, in
particular s|;; and r|;; are injective. Actually, this is enough for an open set U
to be a bisection. This new concept develops an equivalent definition of étale
groupoid. A topological groupoid is étale if and only if there is a base of the
topology formed by open bisections.

Even though we have already enriched our groupoids with very good prop-
erties, we still need more in order to define the Steinberg algebras. We will not
only want our topological groupoid to have a base of open bisections, we will
also want them to be compact.

Definition 2.5. An ample groupoid is a topological groupoid with a Hausdorff unit

space and a base of compact open bisections.

If G is an ample groupoid we denote by B(G) the set of all nonempty compact
open bisections of G and B (G(?)) stands for the set of all nonemtpy compact
bisections of G(©).
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Compact open bisections have several good properties compatible with the
product and inversion in the groupoid. Many of those appear in [88]. For
example, if G is an étale groupoid with G (0) Hausdorff and A, B = G are compact
open bisections then A1 = {a~': a € A} and AB = {aB: (a,B) € (A x B) n G}
are compact open bisections. In addition, if G is Hausdorff, then A n B is an
compact open bisection.

2.3 STEINBERG ALGEBRA OF AN AMPLE GROUPOID

In this section we will consider that G is an ample groupoid. As we have
already mentioned, in order to define an Steinberg algebra we need to consider a
commutative unitary ring R as a discrete topological space. If U < G we define

the function 1;;: G — R as

1u(y) = 1 ifyel,
U= 0 ity e

The support, that is, the set of elements with image different from zero, of this
function is supp = U. In addition, 1; belongs to RY the set of all the functions
f: G — R. The set RY has structure of R-module considering the pointwise
addition and scalar multiplication. Finally, we can define the Steinberg algebra
for an ample groupoid G.

Definition 2.6. If G is an ample groupoid and R a commutative unitary ring, then
AR(G) is the submodule of RY defined by

AR(G) := spang{1y: U is a Hausdorff compact open subset of G}. (2)

The convolution of f,g € Ar(G) is defined as

feglyy= > fla)g(p) (3)

(2,8)eG@ y=ap

for all ¥ € G. The R-module Ag(G), together with the convolution, is called the
Steinberg algebra of G over R.

Following [100], the R-module Ar(G) together with the convolution is an
associative R-algebra which is unital if and only if the unit space is compact. In
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addition, the description of the algebra can be eased by using the compact open
bisections. As [100, Proposition 4.3] states, the Steinberg algebra can be described

as
AR(G) = spang{15: B e B(G)}. @)

Under this description, the convolution product is just a consequence of the
property 14 #1p = 14p for A, B € B(G).

One of the first examples that appear is the Steinberg algebra of a group. If we
consider a group G with the discrete topology, then we are in front of an ample
groupoid. Computing the Steinberg algebra of it we have that Ag(G) = RG with
RG the group algebra. In this sense, Steinberg algebras generalise group algebras.
Furthermore, as it is proved in [46, Proposition 4.3] the Leavitt path algebra (in
general the Kumjian-Pask algebra) is isomorphic to the Steinberg algebra of the
so called path groupoid of a k-graph (a graph for k = 1). The path groupoid
is described in [74] and even though it will be object of inspiration for future
sections in this work, we will skip the details.

One last result that we would like to stand out is the possibility to decompose
any element in a Steinberg algebra with more accessible elements. This translates

into the following result (proved in [91, Proposition 2.5]).

Proposition 2.7. If G is a Hausdorff ample groupoid, B (G) is the set of compact open
bisections and R is a commutative unitary ring, then every element f € Ar(G) is of the
form f =3 rilp, with rj € R\{0} and By, By, ..., By € B®(G) are mutually disjoint.
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Chapter 3

ARTINIANITY, SEMIARTINIANITY AND
SOCLE THEORY OF PATH ALGEBRAS

In the course of this chapter we are going to study the Artinianity and semi-
artinianity of the path algebra. Both of them belong to the so called finiteness
conditions of an algebra and they are linked to the socle of the algebra itself.
Not only to the socle but also to the socle chain of the algebra for which we will
need to extend our knowledge in ordinal theory. Characterising the Artinianity
in the path algebra context will be relatively easy. However, stepping outside
and understanding the behaviour of the semiartinianity will need more complex
tools. The theory of ordinals, or at least being aware of it, will be key for the

following results. That is the reason why we have followed [41] as a reference.

We will anyway include a section where we will show the basic definitions in
ordinal theory to understand the concepts that involve semiartinianity.
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3.1 SOCLE AND ARTINIANITY OF PATH ALGEBRAS

Definition 3.1. Let A be an algebra. We say that A is left (resp. right, resp. two-
sided) Artinian if and only if for every descending chain of left (resp. right, resp.
two-sided) ideals

Lobo >
there is a number 1 > 1 such that I,,, = I, for every n > ny.

Another way to state the last definition is saying that the algebra satisfies the
descending chain condition (DCC). In other words, there is not any infinite strictly
descending chain of ideals.

It is not difficult to check that if the algebra is finite-dimensional, then it is left
Artinian (resp. right) because of the restrictions in the dimension. In the path

algebra context the converse is true, although it is not true in general.

Proposition 3.2. Let E be a directed graph and A = KE the corresponding path algebra

over the field K. The following statements are equivalent:
1. The algebra A is left (resp. right) Artinian.
2. Path(E) does not contain closed paths and |E® U E!| < oo.
3. The algebra A is finite-dimensional.

Proof. It is well known that the second and third statements are equivalent. In
addition, the third one implies the first one. We encourage the reader to try to
prove these concepts by themselves. We only need to prove that the first one
implies the second statement.

Let us consider that A is left Artinian, the proof is analogous for right and
two-sided Artinian. If |[E? U E!| = oo, then |E°| = « or |E!| = o0. Let us suppose
that |E%| = oo (the other case is analogous). We can consider the descending chain

of ideals
EAuD Z Au o Z Au>--- > 2 Au> ---
ueko ueEN{v1} ueEN{v1,05} ueEN{v1,...,0,}

which is strictly descending. Consider that

Z Au = Z Au,

ueEN{v1,...,un} ueEN{vy,...,04,0541}
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this means that v,11 € > g0 (o, y Au. In particular, 0,1 = xqu1 + - +

On,On+1
Xmum With x; € A and u; # v,4q fori =1,...,m. Multiplying to the right by v,
we obtain that v,,, 1 = 0 which is a contradiction.

On the other hand, if we consider that there is a closed path v € A. We

construct the descending chain of ideals

Let us observe that the chain is strict. If it were not true, consider that Ay" =
Aq"*1. Since we have local units, this implies that 7" € Ay"*1. That is there is
an element x € A such that 4" = x9"*1. By using the base of paths in the algebra,
we can write x = >/ ; k;A; with k; € K\{0} and A; € Path(E). Then we have that
At = ST kA"t However, this implies that Y. k;A;7"T! — 4" = 0 and this
is a nonzero linear combination of different paths that equals to zero, which is

not possible. O

In general, left and right Artinian are not equivalent, for example the algebra

(5 %)

is right Artinian but it is not left Artinian [19, 4.2, Example 6]. However, due to
the symmetry of the graph condition, it makes sense that both properties are
equivalent in the path algebra context.

If we consider a left Artinian algebra, since it satisfies the descending chain
condition, it implies the existence of minimal left ideals. That is, left ideals such
that the only ideals that they contain are the trivial and themselves. It makes
sense, in the search of a generalization of the Artinian path algebras, to study
the minimal left (resp. right) ideals and try to characterize them in terms of
the geometry of the graph. The study of these ideals is what give name to the
socle theory of an algebra (or a module) and will be part of the definition of

semiartinianity.

Definition 3.3. Let us consider a K-algebra A and M a left (resp. right) A-module.

We define the left (resp. right) socle of M, denoted by soc(M) as the sum of all the
minimal left (resp. right) submodules of M. If 4A is the natural left A-module
(resp. A4 the usual right module), we define the left socle (resp. right socle) of
A as socj(A) := soc(4A) (resp. soc,(A) := soc(Ay)), that is, the sum of all the
minimal left (resp. right) ideals of A.
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As we will acknowledge in the following proposition, the minimal ideals are
related to the sources and the sinks. When we try to build a minimal left (resp.
right) ideal, the first we think of is building a one dimensional ideal. This ideal
must take the form of I = Kx with x a certain element in KE. If we do not choose
wisely our generator of the ideal, there might be an element y € KE such that
yx # kx (resp. xy # kx) with k € K and I is not one dimensional. However, if
we consider x a source (resp. a sink) there is not any possible path (or element)
y € KE such that yx # kx (resp. xy # kx). This means that sources and sinks will
be related to the minimal ideals that we can construct in KE. We will illustrate

this with more details in the next proposition.

Proposition 3.4. Let us consider E a directed graph and KE its corresponding path
algebra over a field K. The left ideal I is minimal if and only if [ = Kx with x = Y,/ ; k;A;
(ki € K\{0}, A; € Path(E) and A; # A; if i # j) and s(A;) = v with v € source(E), for
everyi=1,...,n. Inaddition, if x = Y | kiA; and x' = 271:1 lipj, we have Ix = Ix'
as a left modules if and only if s(A;) = s(p;) for every 1 < i,j < n,m.

Proof. Let us consider A = KE and I a minimal left ideal. By minimality, it can
be expressed as I = Ax with x € A. If we write x = Y k;A; with k; € K\{0},
Aj € Path(E) and A; # A; for i # j, there is a vertex v € E? with vx # 0. Then, since
the ideal is minimal, I = Avx and without loss of generality we can consider
x = vx, that is, all the paths start in v. If v is not a source this means that there is
an edge f € E' such that fo = f. We can take then fx € Ax\{0}. Again, this means
that I = Afx = Ax, but this implies that there is y € A such that yfx = x. If we
write y = Z;”:l linj with [; € K\{0}, pj € Path(E) and y; # p; if i # j, then we have
that Zl”]zl LikinifAi = 25i_ kiA;. This implies that 2?721 LikipifAi = 2 kidi = 0
which is a non trivial linear combination of different paths equal to zero and it
can not be possible. Let us see this last assertion. If y;fA; = py f Ay, then by the
definition of path, Wi = pj and A; = Ay, If W fAi = A, then A; = A;. However,
using the length, we have that y;fA; # A; and all the paths are different. Thus, v
must be a source and Av = Kv. Finally, I = Ax = Avx = Kvx = Kx.

Observe that the reverse is trivial because the ideal I = Kx is one dimensional.

Let us now consider ¢: Kx — Kx’ an isomorphism of left modules (left ideals).
If we have that v = s(A;) fori =1,...,n, then kx’ = ¢(x) = ¢(vx) = vo(x) = kox’
which implies that v = s(y;). For the converse, we just have to consider the
isomorphism 6: Kx — Kx’ such that 6(x) = x'. O

Remark 3.5. The dual of this result is also true. That is, I is a nonempty minimal
right ideal of KE if and only if I = Kx with x a linear combination of paths that
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end in the same sink. In addition, if x = 37 ; kiA; and x' = 377, [j; we have
that Kx >~ Kx' if and only if r(A;) = r(p;) = v € sink(E) for every 1 <i,j < n,m.

Once we know how the minimal ideals in KE behave we are in conditions to
describe the left and right socle. The first step to do so will be to give details of
the homogeneous components of the socle.

Definition 3.6. Consider a K-algebra A, a minimal left (resp. right) ideal I and
[I] the equivalence class of all the left (resp. right) ideals in A such that are
isomorphic to I. The sum S; = >}y ] is the homogeneous component of the socle
determined by I.

In the case of the path algebras, following Proposition 3.4 we have that the
homogeneous components of the left socle are determined by the set source(E)
and the ones corresponding to the right socle by sink(E). If we fix a vertex
v € source(E) (resp. u € sink(E)), then we have that the homogeneous component
associated to v (resp. to u) is Sy = > ;.\, Kx where Ny, = {x € KE: vx = x} (resp.
Su = 2yem, Ky where M, = {y € KE: yu = y}). Then, the reader might observe
that in this case S, = spang{A € Path(E): s(A) = v} (resp. S, = spang{u €
Path(E): r(u) = u}). Eventually, if A = KE the homogeneous components are
just vA (resp. Au) with v € source(E) (resp. u € sink(E)). Since the socle is the
direct sum of its homogeneous components [64]. As a consequence we obtain the
following result.

Corollary 3.7. Let us consider E a directed graph. Then left socle and right socle of
A = KE are respectively soc|(A) = Dyesource(r) VA and soc(A) = Dyesink(r) Av-
That is, left socle is the ideal generated by source(E) and the right socle is the ideal
generated by sink(E) (both of them two-sided ideals).

Remark 3.8. If the graph that we are facing is a cycle with n vertices, then it is
obvious that its left and right socle is trivial (Corollary 3.7).

We would like to emphasize that, generally, the left and right socle of a path
algebra do not coincide. For example, consider the directed graph represented
in Figure 12 and KE its corresponding path algebra over a field K. In this case,
following Corollary 3.7 we have that soc;(KE) = Ku @ Kf @ Kg and soc,(KE) =
Kv @ Kw.

In the book [64] there is a well based socle theory for modules and rings. In
particular, this theory is enriched once the nondegeneracy hypothesis is added.
An associative algebra A is nondegenerate if xAx = 0 implies x = 0. In this
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Figure 12: Example of a directed graph E which left and right socle of KE do not coincide.

case, left and right socle coincide (as it happens in Leavitt path algebras [11]).
Furthermore, the homogeneous components are isomorphic to a matrix ring over
a certain division algebra. If we put our attention in the left socle of the path
algebra KE, then we can observe that there is only one homogeneous component
and it can not be isomorphic as a matrix algebra over a division ring since its
dimension is 3 which is not a perfect square. In this case, the algebra is degenerate
since fKEf =0 and f # 0.

Being capable of describing the left and right socle of the path algebras in
terms of the directed graph with such a level of detail and without restrictions is
a fact that we would like to highlight. Furthermore, we know the behaviour of

the homogeneous components without the need of nondegeneracy.

3.2 THEORY OF ORDINALS

For the purpose of studying the semiartinianity of path algebras and since
our intention is to make this work as self contained as we can, we are going to
describe first the theory of ordinals. We will not describe the full theory because
it will not be necessary. Hopefully, there will be just enough information to be
able to work with ordinals confidently. As a main reference for this we will use
the book [41]. This segment will be a summary of sections 1, 2, 3 and 5 of the
second chapter. Once again, we want to highlight that these results are not new
and we do not try to claim this theory as our own. That being said, we can start

with a definition the reader might be familiar with.
Definition 3.9. A binary relation R in a set A is called a preorder if

1. for every a € A, aRa (reflexivity),

2. ifa,b,c € A, aRb and bR, then aRc (transitivity).

A set together with a preorder is called a preordered set. The preordered set A is a
chain if every two elements in the set are related.
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We will denote the preorder R by < and a < b will be read as ‘a precedes b’ or
‘b follows a’.
We can add different requirements to a preorder to obtain other types of

ordering relations.

Definition 3.10. A preordering in A with the antisymmetry property, that is, if
a,be Awitha <band b < a, then a = b, is called a partial ordering. A set with a
partial ordering is called a partially ordered set. A partially ordered set which is
also a chain is called a totally ordered set.

One of the goals with this theory is generalize the induction. In order to do so,
we will need a first or smallest element as it happens in IN.

Definition 3.11. A partially ordered set (W, <) is called well-ordered or an ordinal
if for each nonempty subset B = W there is by € B such that by < b for each b € B.
This element is called first element.

Example 3.12. The set IN is a well-ordered set, whereas Z is not since Z~ has no

first element.

As a direct consequence, if W is a well-ordered set, then it is a totally ordered
set. It is enough to consider every subset {a,b} = W to see that it is a chain.

Every element w in a well-ordered set W that has a successor in the set has
what is called an immediate successor. That is, an element 7 in the set such that
w < 7 and such that there is no § # 7, w satisfying w < 6 < 7. In order to
obtain such -y, we just need to consider the set {x € W\{w}: w < x}. However,
an element w may not have an immediate predecessor since there is the possibility
that for each f < w there may always be some ¢y # B,w with B < v < w. For
example, consider the set {{1,...,n}: n € N} U {IN} with the preorder defined
by the inclusion. This is a well-ordered set where every element {1,...,n} has
{1,...,n+ 1} as a immediate successor. However, IN does not have an immediate
predecessor. An element without immediate predecessor is called a limit element.

Even though the theory of ordinals is very useful, there is some controversy as
every area related with the affirmation of the axiom of choice. This is due to the

next theorem.
Theorem 3.13. [41, Theorem 2.1] The following three statements are equivalent:

1. The axiom of choice.

37



38

| ARTINIANITY, SEMIARTINIANITY AND SOCLE THEORY OF PATH ALGEBRAS

2. Zorn’s lemma: Let X be a preoredered set. If each chain in X has an upper bound,
then X has at least one maximal element.

3. Zermelo’s theorem: Every set can be well ordered.

The affirmation of the axiom of choice implies that there is a well order for
every set. In particular, it means that there is a well order for the real numbers,
even though there is no known construction of one. However, this does not infer
that the well order is unique nor has any relation with the structure of the set.

Since every set can be well-ordered (if we assert the axiom of choice), we can
study ordinals in greater detail and define the following.

Definition 3.14. Let (W, <) be a well-ordered set. For every element a € W, the
set W(a) = {x e W\{a}: x < a} is the initial interval determined by a.

The definition of initial interval will allow us to establish the Theorem of

Transfinite Induction which we will make use of in Proposition 3.25.

Theorem 3.15. [41, Transfinite induction] Let W be a well-ordered set and let Q < W.
If W(x) < Q implies that x € Q for every x € W, then Q = W.

This Theorem can be stated in the following form:

Theorem 3.16. Let {P(x): x € W} be a set of propositions. Assume both statements are
true

i P(0) is true for 0, the first element in W.

ii For each x, the hypothesis that every P(a) with o« € W(x) is true implies that P(x)
is also true.

Then, every P(x) is true.

To obtain the equivalent state, it is enough to consider Q = {x: P(x) is true}.

A map ¢ between a well-ordered set (X, <) and a well-ordered (X', <’) is a
monomorphism if it preserves the ordering, that is, if 2 < b then ¢(a) <" ¢(b). We
say that ¢ is an isomorphism if it is a monomorphism and it is bijective. In the
class of all ordinals, we define W = X if there is an isomorphism between both of
them, that is, they are isomorphic. This is an equivalence relation that divides the
class of all ordinals into mutually exclusive classes. We can select a representative
element with good properties such that we will call the ordinal number of the
subclass. In the end, what we will stay is that there is one well-ordered class £
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such that every well-ordered set is isomorphic to an initial interval of £. This
class L is constructed as follows: an element o € £ will be simply an initial

interval £(«). The first five elements of £ are the following:

G} i{a. A0}y DA} A, A} i {a, {0} AD. S} A0, (D} AD. {T}}

In more detail, we have the following.
Definition 3.17. An ordinal number is a set « with the following properties:
1. fxeaandyen, thenxey, yexorx =y.

2. If xeyand y € o, then x € a.

Observe that € is not an ordering in the ordinal numbers since x € x is not true.

However, we say that ‘x precedes y” when x € y. In addition, ordinal numbers

have the following properties.
Proposition 3.18. [41, 6.2] Let a be an ordinal number, then the next statements hold.

1. If & # A < «, there is a unique a € A, called the first element of A, such that
aexora=x foreach x € A.

2. The first element in « is .
3. If z € a, then z is also an ordinal number.

In this way, we can treat ordinal numbers indistinctly as sets or as elements of

sets. There is also a sense of uniqueness in the ordinal numbers.
Proposition 3.19. [41, 6.3] Consider « and B two ordinal numbers.

1. If o # B, then & < B if and only if « € B.

2. Either a« < Bor B C a.

Finally, we have the Theorem that give sense to the theory of ordinals.

Theorem 3.20. [41, 6.4] Let L be the class of all ordinal numbers. Define o < B if and
only if « = B. Then:

1. (£, <) is well-ordered.

2. L is not a set.
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3. Eachaw € Lis a set and L(x) = a.

4. If E is any set of ordinal numbers, there is an ordinal number greater than all the
elements in E.

5. If there is a nonincreasing sequence of ordinal numbers xy > a1 > - - -, then there

is a number n such that a; = w, for every i > n.

6. Each well-ordered set W is isomorphic to a suitable L(«). The element  is called
the ordinal number of W and it is denoted by ord W. Finally,

Following Proposition 3.18, the first ordinal number is ¢ which can be denoted
as 0. The next ordinal number is {} and it can be denoted by 1. As it seems
natural, the next ordinal number {0, 1} is denoted by 2. In general, the ordinal
number with n elements {0,1,...,n — 1} is denoted by n. If we have an ordinal
number a we can construct the successor as a U {a} written as « + 1. Nevertheless,
the axiom of infinity states the existence of ordinal numbers without an immediate
predecessor, these are called the limit ordinal numbers. Finally, Theorem 3.20
allow us to consider every well-ordered set as a set of ordinal numbers.

In general, if there is no confusion we will denote the ordinal numbers without
underlying. We also want to clarify that in general, ordinal numbers are associated

with counting whereas cardinal numbers are related to the size.

3-3 SEMIARTINIANITY

As we know, the left (resp. right) socle of an algebra A is a two-sided ideal [64].
If we consider the quotient A/soc;(A) we obtain a new algebra and we can try
to compute the left socle of it. Once again, soc;(A/soc;(A)) is a two-sided ideal
in A/socj(A) and the ideals of A/soc;(A) come from ideals in A that contain
soc;(A). That is, soc;(A/soc;(A)) = S/soc;(A) with S an ideal in A such that
soc;(A) = S. We can continue this process of computing left socles of different
quotients until we obtain an ascending chain of ideals. In this sense, we can
define the following.

Definition 3.21. Let A be a K-algebra. We define the left (resp. right) ascending
socle chain of ideals as the well-ordered chain of two-sided ideals

0cSicSyc--cSyc---
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with S,11/Sa = soc;(A/Sy) (resp. Syi1/Sa = s0¢,(A/Sa)) and Sy = Un<wSa if w
is a limit ordinal. We say that the algebra A is left (resp. right) Loewy if there is

an ordinal number « such that S, = A.

In the path algebras context, Corollary 3.7 lets us compute the left and right
chain of socles. If we consider a directed graph E and its corresponding path alge-
bra KE, we know that soc;(KE) is the ideal generated by source(E). As we know,
the quotient KE/ soc;(KE) is isomorphic to the path algebra K(E\ source(E)) and
if we want to compute the socle of this new path algebra we need the sources
of the graph E\source(E). The reader might not find difficult to prove that,
following the notation in Definition 3.21, S; is the ideal generated by the vertices
source(E) u source(E\ source(E)). We can keep this reasoning and obtain the
whole ascending socle chain. Although all of these constructions are given in
terms of the left socles and the sources of a graph, it is possible to replicate all
this process in terms of the right socles and the sinks. In fact, during the rest of
this section, we will focus on the left socles but all the results provided here also
hold for the right socles.

In order to ease the notation we establish the next definition.

Definition 3.22. Consider a directed graph E, we define f(E) := source(E). In
general, {)(E) := &, {1(E) := f(E) and {*(E) := § <E\ Uﬁ<a fﬁ(E)> for every ordinal
a > 0. We denote the set of a-sources by §*(E) < E° .

Remark 3.23. With this new notation it is not difficult to check that S, is the two-
sided ideal generated by | Jg<, ff(E). Besides, it will ease the characterization of
the semiartinian path algebras. As we will check, left semiartinian path algebras
are highly connected to the a-sources. We first need these two key results.

Lemma 3.24. If u € {*(E) with a > 1, then there is an edge e € E' such that r(e) = u
and s(e) € fP(E) with B < . In addition, if a is not a limit ordinal, we can consider
a=p+1

Proof. Let us consider u € §*(E) with « > 1, and denote by Fy = E\{Ug, f(E). I
r(e) # u for every e € E! then u € source(E) = f*(E) and this enter in contradiction
with our hypothesis. Thus, there is an edge e € r~!(u). Furthermore, we have that
e ¢ Fl. Indeed, if e € F}, then u ¢ f (F,) = {*(E) which contradicts our hypothesis.
This leads to s(e) ¢ FY which implies that s(e) e Up<a P (E).

Let us also consider that & is not a limit ordinal and suppose that s(e) ¢ f*~!(E)
for every e € r~!(u). Thus, we have that {s(e): e € r'(u)} Uﬁ<¢x—1 fA(E) and
uef (E\ Upzacr fﬁ(E)) — #*=1(E) which is not true. O
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Proposition 3.25. Let E be a directed graph and KE its corresponding path algebra.
Consider a left ideal I such that soc;(KE/I) = {0}, then {A € Path(E): s(A) € f*(E)} <

I for every ordinal a. In particular, *(E) < I for every ordinal w.

Proof. We will approach this proof by transfinite induction in the order of the
sources. Consider A = KE and take a path A with s(A) € f(E) and consider
I n AA. We have two possibilities

o If In AA = {0}, then (I + AA)/I =~ AA/{0} =~ KA and this means that
soc;(A/I) # {0} which is not possible.

o If I n AA # {0}, then A € I by the minimality of AA.

Consider that I contains all the paths that start in a i-source. Let us take a path A
such that s(A) € f**1(E) and consider I n AA.

o If I n AA = {0}, then (I + AA)/I =~ AA is minimal and soc;(A/I) # {0}
which is not possible.

o If I n AX # {0}, then we have two possibilities. If thereis 0 # x € I n AA
with x = 2}1:1 kiAiA + kA with A; # Aj if j # j, k, ki € Kand k # 0, then
A=kt x— 2.j—1kjAjA) € I because AjA € I for every j = 1,...,n by our
induction hypothesis. If there is no such element, this means that

AL I+ As(A)

RV 1

and soc;(A/I) # {0} which is not possible

Finally, for v € §“(E) with w a limit ordinal, the proof is analogous because

Lemma 3.24 is for sources of every order. N

Definition 3.26. We say that the K-algebra A is left (resp. right) semiartinian if for
every proper left (resp. right) ideal I we have that soc(A/I) # {0}.

Now we have the tools to characterize the semiartinianity of a path algebra in
terms of geometric conditions of its graph.

Theorem 3.27. Let E be a directed graph and A = KE its corresponding path algebra
over the field K. The algebra A is left semiartinian if and only if for every u € E° there is

an ordinal number « such that u € §*(E).
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Proof. Consider that KE is left semiartinian and suppose that there is a set of
vertices X = EV such that for every u € X there is not any ordinal number a such
that u € §*(E). If we consider I the ideal generated by the vertices Y = E%\X
we have that KE/I ~ K(E\Y). There are not any sources in the graph E\Y and
by Corollary 3.7 we have that soc;(KE/I) =~ soc;(K(E\Y)) = {0} but this is only
possible if X = .

For the converse, consider a left ideal I such that soc;(KE/I) = {0}. By Propo-
sition 3.25 the ideal I contains all the a-sources, in particular, E° = I by our
hypothesis which implies that I = KE. Proving that KE is left semiartinian. [

Remark 3.28. If the algebra KE is left semiartinian, we will see that this implies that
the graph E has no cycles: if we consider the ideal I generated by all the vertices
that do not belong to a cycle, denoted by X, we have that KE/I =~ K(E\X) has a
trivial socle since E\X is a graph without sources (each connected component
in the graph is strongly connected). The only possible way for this to happen
is that I = KE, that is, X = EY. In addition, this result, together with Theorem
3.27, implies that the vertices that are basis of a cycle are not sources of any
order. Besides, if the graph is finite, the algebra KE is not only left semiartinian,
Proposition 3.2 implies that KE is a finite-dimensional, thus, we have that E is a

tree.

Corollary 3.29. Consider E a finite directed graph and A = KE the corresponding path
algebra over the field K. The following assertions are equivalent:

1. The algebra A is finite-dimensional.
2. The algebra A is left Artinian.

3. The algebra A is left semiartinian.
4. The graph E is acyclic.

Proposition 3.30. If E is a directed graph, then the path algebra KE is left (resp. right)
semiartinian if and only if it is left (resp. right) Loewy.

Proof. As it has been usual, we will prove just the left case. The right one is
analogous. Consider that KE is left semiartinian. By Theorem 3.27, this means
that every vertex u € E is a a-source for a certain ordinal number a. Following
the theory of ordinals, in particular Theorem 3.20, there is an ordinal w which is
an upper bound of all the numbers «. This implies that S, is the ideal generated
by Up<w f*(E) = E° which is the whole algebra and KE is Loewy.
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For the converse assume that KE is left Loewy, then there is an ordinal w such
that S, = KE. In particular, this means that every vertex is an a-source. Indeed,
if there is a vertex u € EY such that it is not an a-source for every ordinal number,

then u is not in the ideal generated by all the a-sources, which contradicts that
KE = S. O

Example 3.31. Consider the directed graph L which set of vertices is L? =
{o} U f{u;j: i€ N\{0},1 < j <i}and set of edgesis L' = {fj;: i e N\{0},1 <j <1}
with s(f; ;) = u; ; for every pair (i,j), r(fi;) = uij41if j < iand r(f;;) = v for every
i € IN. We denote this as the Levi graph. One can think of the Levi graph as an
countable infinite union of increasing finite lines connected through the same
vertex v. The reader can find a graphic representation of the Levi graph in Figure
13. For a finite ordinal & we have that f*(L) = {u;,: i > a} and for the limit
ordinal w = IN we have that (L) = {v}. In particular, (L) u (s, f*(L)) = LY,
that is, every vertex is a i-source and the path algebra KL is semiartinian.

N
N/
N

*—>0—> 00— 00— > 0<+—0

A
VAN
SN
/ N\

S

Figure 13: Levi graph.

In general, being acyclic is not enough to imply that the path algebra is
semiartinian (if the graph is not finite). In Figure 14, we have an example of

a directed graph which its corresponding path algebra is not semiartinian. It

Figure 14: Directed graph E such that there is no sources and no cycles.

is very important to highlight the fact that all these previous result have their
corresponding dual. Instead of talking about left semiartinian, right socle and

sources of order «, we refer to right semiartinian, right socle and sinks of order
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«. All of the proofs above are analogous for the dual results just by taking the
proper considerations.

If the directed graph E and KE is left semiartinian, then we can consider a total
ordering in the set E¥ such that the adjacency matrix A is upper triangular. We
just need to order each set §*(E) (Zermelo’s Theorem) and consider if u € f(E)
and v € f*(E) such that 8 < a, then u < v and if u, v € §/(E) we just consider the
previous established order. Following this order of the vertices and by Lemma

3.24 the adjacency matrix Ag is upper triangular.
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Chapter 4

SOCLE THEORY OF STEINBERG
ALGEBRAS

The main purpose of this chapter is obtaining a socle theory for Steinberg
algebras that can generalise the socle theory of the Leavitt path algebras [11] and
of the Kumjian-Pask algebras [27]. We take inspiration for this from previous
papers and also from the group algebra of a finite group, since the three algebras
involved can be studied as Steinberg algebras. Similarly as we did in Chapter
3, the first step will be to study minimal left and right ideals. Following [11,
Theorem 3.4], the existence of minimal left (resp. right) ideals, corresponds to
the presence of special elements in the graph. For the Steinberg algebra case, this
will be related to particular elements in a groupoid with notable properties. They
will be elements in the unit space whose isotropy group is finite (and trivial in
most cases), such that a singleton set containing one of them forms a compact

open bisection
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4.1 MINIMAL LEFT IDEALS OF A STEINBERG ALGEBRA

We first need a well known Lemma before giving a description of our canonical
example of a minimal left ideal in a Steinberg algebra. Since we want this work
to be as self-contained as possible and it is just general groupoid knowledge, we
will include the proof.

Lemma 4.1. Let us consider a groupoid G and x,y € GO). If the set yGx is not empty,
then |xGx| = |yGx|. As a consequence, |zGx| = |yGx| for every z,y € r(s~1(x)).

Proof. Since yGx # J, there is B € yGx, consider the map ¢: xGx — yGx such that
v — ¢(y) := By. This map is bijective since : yGx — xGx with § — 1(8) := B~16
is its inverse. Then |yGx| = |xGx]|. O

Observation 4.2. The reader should remember that in this Chapter we are work-
ing with groupoids and in this case the range and the source of the arrows are
inverted. For the composition of a8 we have that s(x) = ().

Due to the symmetry on the results and the proofs, we will focus on the
minimal left ideals and the left socle. The right minimal ideals and socle will be
characterised in an analogous way.

In general if G is a finite group of cardinal # we can consider the n-dimensional
group algebra KG for K a field. This algebra has nontrivial socle, that is, it
possesses minimal left (resp. right) ideals. In fact, the ideal K(2,,c¢ §) is minimal.
Defining e = > .. § we have that e? = ne. Then left minimal ideals are present in

two flavours:

(i) Those generated by division idempotent. This case corresponds to the

1

characteristic of K not dividing n because ¢’ = -.¢ is a division idempotent.

(ii) And those generated by absolute zero divisors. Concretely, if the character-
istic of K divides n, then e is an absolute zero divisor, that is, e(KG)e = 0.

In particular, e is nilpotent of nilindex 2.

In case KG is a semiprime algebra, notice that the left minimal ideals of the
second type (ii) do not exist. This dichotomy appears also in our study, as the
following theorem shows.

Theorem 4.3. Let G be an ample groupoid and x € G, If {x} is a compact open
bisection such that |xGx| = n < oo, then the left ideal I = Ag(G) Xpergy Lia} 18
minimal. Furthermore:
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1. If the characteristic of K does not divide n, then e :== + " wexGx Lay 1S an idempo-
tent.

2. If the characteristic of K divides n, then ), .cy (s} is a nilpotent element of
nilindex 2.

Proof. Consider xGx = {ay,ay,...,a,}. Since {x} is a compact open bisection,
then {«;} is a compact open bisection for every i = 1,...,n and the previous ideal
I is well defined. In order to prove that I is minimal, we have to verify that for
every f € Ax(G) such that f« 7" 14,4 # 0 we can find g € Ax(G) such that g «
foe 30 Ly = D 1,y Take f = 37_; bjlp, with B; a compact open bisection
and b; € K for every [ = 1,...,t. Since f D1 1y = f o Ly (X 1) # 0,
then f =1,y # 0 and without loss of generality we can assume that f « 1, = f,
thatis, f = >_; bjlys, with s(6)) = x.

After a reordering, we can divide this sum in groups such that

tm
f= Zbll{éz}+ Z bilgy +-+ Y, bilyy

I=t;+1 I=ty_1+1

with 7(6;) = xi for every #y +1 < I < ;41 and x; # x; if i # j. For instance the
J; in the first addend (I = 1,...,t;) have r(J;) = x1 so that §; = ya; for some
1 < k < n and a fixed 1 whose source is x and range x; (take into account
Lemma 4.1). In virtue of the mentioned Lemma, we can take {y1,...,vm} < G
such that r(7y;) = x; with x; # x; for i # j and s(7y;) = x forevery j = 1,...,m and
write f =37 Yk 4jil{y,q) Withay € Kforeveryj=1,...,mandk=1,...,n
If we multiply f« 371" 1., then we have that

m n

e ;1{% > ”jkl{v]-akaifzz kL) Zl{akaz}

j=1ik=1 j =

The sum )" 1,4, depends of k = 1,...,1n. However, it is just a reordering
of the original sum ;" ; 1y, (since we are multiplying all the elements of the

isotropy for a fixed element of the group) and we have that

fe) il = (Z (2 ”J’k> 1{vj}) (th) :
i1 =1 \k=1 i-1
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Since f + 3L 1, # 0 there is at least one j such that }y_; aj # 0. Without loss
of generality we can fix j = 1 and take g = %1 o with Q = Y/_; ayx # 0. Then
we have that

g+ f+ Zl{a} m{x} (2%}) = 2 Ly
i=1

If char(K) { n the element ¢ defined in the statement of the theorem is an

idempotent
1 n n 1 n
2 Z Z 1{“1'04;‘} - ﬁn Z Ly =,
i=1j=1 i=1

otherwise (3} ; 1{041-})2 = 0. O

Corollary 4.4. Consider G an ample groupoid and x € G©) with {x} a compact open
bisection such that xGx = {x}, then Ag(G)1(y, is a minimal left ideal.

In an associative algebra with local units, like a Steinberg algebra, minimal left
(resp. right) ideals are of the form Ak (G)a (resp. aAx(G)) with a € Ax(G). As a
tirst thought, the minimality of the ideal make us think that the element a has to
be ‘very small’. Our intuition says that if the compact open bisections implied
in the decomposition of a are very small (very few elements in them), then our
element is small and possibly the ideal that it generates is minimal. However,
there is the possibility that the ideal is not generated by a ‘small’ element but it is

isomorphic to one. In this sense, we describe a result analogous to [27, Lemma
3.1].

Lemma 4.5. Consider G a Hausdorff ample groupoid and Ag(G)a is a minimal left
ideal of Ax(G). There is a set C € B°(G")) and an element b € 1c Ax(G)1¢ such that
Ax(G)a = Ak(G)b are isomorphic as left-modules.

Proof. Consider a = Y} a;1p, with B; non-empty compact open bisections and
Bin Bj = & for every i # j. If we multiply a by 1, U then we have that
1 B4 = apls(py) + it ail BB, Let us see that all the compact open bisection
implied in this new element are disjoint, which will imply that 1 ;14 # 0. Suppose
that BalB,- N Bo_lBj # 4, then there exist 7,0 € By, « € B; and B € B]- such that
v~ la = 671B8. Hence, r(y~!) = r(671), that is, s(y) = s(6) and since both of
them are elements of the same compact open bisection we have that 7 = 4. In
consequence, x = 3 but B; n B]- = (J and this is not possible. Furthermore, we
have that r(Bo_lBi) c r(Bo_l) = s(Bp) =: C, so we can consider without loss of
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generality that a = aglc + > ;_; a;1p, with C € BCO(Q(O)), CnBi=J,BinBj =
for every i # j and r(B;) < C. Hence, we have that 1ca = a. If we compute 1calc,
then 1calc = aplc + X1 a1l B.c # 0 because all of the compact open bisections
involved in this sum are disjoint (using the same argument as we did before). If
we take b = 1calc € 1cAg(G)1c, we have that the map Ry.: Ax(G)1ca — Ax(G)b
such that Ry.(f) = flc is an isomorphism. It is injective because Ax(G)1ca is

minimal. In addition, it is surjective by construction. O

Under the conditions of the previous Lemma, we can prove what we were

expecting. Minimal left (resp. right) ideals are related to compact open singletons.

Proposition 4.6. Let us consider G a Hausdorff ample groupoid and I = Ag(G)a a
minimal left ideal, then there is an element u € GO such that {u} is a compact open
bisection with u € supp(a).

Proof. Since I is a minimal left ideal we have that I = Ag(G)a with a € I. Without
loss of generality, we can consider a as in the proof of Lemma 4.5, that is,
a=aglc + 25.:1 a;jlp, with # C € B°(GY) and a; # 0 fori = 0,1,...,1. In other
words, there is a unit u € C < supp(a). We will prove that {u} is open, thus it
will be a compact open bisection. Suppose that {1} is not open, then GO\ {u}
is not closed. Since G is Hausdorff (and G(©) is closed) we can consider that
there is a sequence (x;),>1 < GO\{u} such that x, — u and x; # x; for every
i # j. Taking into account that supp(a) n G(¥) is an open neighbourhood of u
and x, — u we can assume that (x,),>1 < G ~ supp(a)\{u}. Take x; # u, since
G is Hausdorff there exist V; and U; two compact open bisections such that
x1€ V4 < GO~ supp(a), u € U} < GO ~ supp(a) and V3 nU; = &. Then, we
have that 1y,a # 0 and 1y;,a # 0. Since the ideal I is minimal, this implies that
I = Ax(G)1ya = Ak(G)1y,a. In particular, there is a function g € Ag(G) such
that gly,a = 1y, a. If we evaluate both sides in u we have that 1;,a(u) = a(u) # 0,
then gly,a(u) = Zu=7ﬁ(58(’)’)1vl(,3)“((5) # 0. Taking into account that the sum is
different from zero, this means that there is some <, 8,6 € G with u = yBd and
g(7)1y,(B)a(8) # 0. This necessarily means that g € V; = GO\U; and we have
that &1 := 6 and a~! := 7. In summary, we have found an element #; € G such
that s(a1) = u, r(a1) € V7 and g(ocl_l)a(ocl) # 0, that is, a1 € supp(a). In addition,
there is an element 1, such that x, € U; for every n > n; and we can repeat the
same process as we did before. In this way, we construct V5, U, € B(G(?)) such
that x,, € Vo, u e Uy, Von Uy = & and U U V, < Uj. Again, by the minimality of
the ideal I this implies that there is some ay € G such that s(a) = u and r(az) € V2
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and a(ay) # 0. If we iterate this process infinitely many times, we can construct
a sequence (a,),>1 < supp(a) with a,, # ay, for n # m, s(a,) = u and r(ay) € Vy,
for every n € V,,. However, a = aplc + 25:1 a;1p, and its support contains at most
I + 1 different elements with source u which is a contradiction. O

Corollary 4.7. If G is a Hausdorff ample groupoid and I is a minimal left ideal of
Ax(G), then there is a compact open singleton {x} = GO such that I =~ Ax(G)a with
ace 1{x}AK(g)1{x}.

Proof. Consider I = Ag(G)b a minimal left ideal where b = >/ ; r;1p, # 0 with
ri € K, B; compact open bisection such that B; n B; = ¢J. By Proposition 4.6
there is a unit x € supp(a) such that {x} is a compact open bisection. Thus,
a = lyyblyy # 0since a = Y7 il with xBix n xBjx = . Taking into
account the minimality of the ideal we have that

I= AK(Q)b = AK(Q)l{x}b = AK(Q)l{x}bl{x} = AK(g)IZ

]

On the one hand, Proposition 4.6 implies that the existence of minimal left
ideals is related to the presence of compact open singletons. On the other hand,
Theorem 4.3 implies that under certain conditions of the isotropy group, we can
form minimal left ideals. However, not every compact open singleton allows the
existence of a minimal left ideal. As an example, we will see that if {x} GV isa
compact open bisection such that xGx ~ Z, then Ax(9)1y,, is not a minimal left
ideal. This result and its corresponding proof, is a translation of [11, Proposition
2.5] into the Steinberg context. In order to prove that, we first need the next

Lemma.

Lemma 4.8. If G is an ample groupoid and {x} € B®(G")) with xGx = Z, then
LAk (9)1 = K| ,y~ '] as K-algebras.

Proof. If xGx =~ Z, then there is an element 7 € xGx such that generates all the
group. That is, for every a € xGx, a = 4* with k € Z. Finally, it is enough to just
consider the K-algebra isomorphism ¢: 1,Ax(G)1, — K[y, y~'] with ¢(ly) =y
and ¢(1,,-1,) =y . O

Proposition 4.9. Let G be an ample Hausdorff groupoid. If we consider that {x} is a
compact open bisection with xGx =~ Z, then there is not any element a € 1{x}A k(G )1{x}
such Ax(G)a is a minimal left ideal.
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Proof. Let us consider 7y € xGx =~ Z the generator of the isotropy group. The ele-
ment 4 can be written as 4 = a,1(ny + an,ll{vn_l} o taolpy + o+ amligom
with a; € K and a,, # 0. If Ax(G)a is a minimal left ideal, then it coincides with
Ak(9)1{,ma, so we can consider that 4 is a combination of elements of positive
degree, that is, a = > ja;1 {71} If the ideal I = Ag(G)a is minimal, then every
nonzero element f € Ag(G) such that fa # 0 generates the ideal I. In other
words, there is an element ¢ € Ag(G) such that gfa = a. If we express a as
a polynomial in the same way as Lemma 4.8 using the morphism ¢, then we
have that q(y) := ¢(a) = Xl ;4,4 and we can consider y — b a polynomial that
does not divide ¢(a). We then multiply a times f := 1(,; — b1,y and fa # 0. In
consequence, we need to find g € Ax(G) such that gfa = a. If this element g exists
then 1,141,182 = a and we can consider that g € 1(,3Ag(G)1(,;. Using once
again Lemma 4.8 we have the equality, p(y,y 1) (y — b)q(y) = q(y). Multiplying
both elements by an appropriate power of y, we have that y*p(y,y~!) = r(y) and
r(y)(y — b)q(y) = y°q(y) which is not possible (no matter the g chosen). O

As a summary of what we have already proven, we know that minimal left
ideals are related to open compact singleton. If we have a minimal left ideal,
then it will be isomorphic to one in a family of minimal left ideals that we can
construct under some conditions in the isotropy groups. However, one of the
question that we have is if this is enough. The answer is negative, we still need
some properties in the groupoid to be able to characterise all minimal left ideals.
This is because Steinberg algebras generalise group algebras, and characterising
the socle of these algebras, in general, is tough.

Remark 4.10. Consider G a Hausdorff ample groupoid, {x} € B°(G®) and I =
Ak(G)a a minimal left ideal with a € 1) Ax(G)1(y;. Take

] = 1l = 11 Ax(G)1na # {0},

then ] is a minimal left ideal of the algebra 1;,; Ak(G)1y}. The fact that ] is a left
ideal of 1(,}Ax(G)1yy) is a direct consequence of

L Ak(G)1 ) = L Ak(9) Ly L Iy = 1 Ax(9) LIy < 1 Iy = T

Let us verify that | is minimal. Consider f € 1,3 Ak(G)1(y such that fa # 0,
since I is a minimal ideal, there is an element g € Ag(G) such that ¢fa = a and
since 1, f = f and 1,4 = a, this means that 1,141, fa = a. Thus, we can take
h = 181y € 113 Ak(9)1yy such that hga = a. In addition, 1, Ax(G)1(yy is
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an unital algebra with unit 1,,. This fact, together with the previous equality
imply that | is a minimal left ideal of 1(,} Ax(G)1,;. As a summary, if the algebra
14x}Ak(G)1y,) does not contain minimal left ideals, then I can not be minimal. In
this way, we have a necessary condition. The next we ask ourselves is if there is
any characterisation of the minimal left ideals of the algebra 1) Ax(G)1(,;. The
answer of that depends on the structure of the isotropy group xGx.

Remark 4.11. Taking into account [3, Proposition 2.3], we have that if G is an
ample groupoid and x € G(© with {x} a compact open bisection, then the algebra
1x}Ak(G)1y, is isomorphic to Ax(xGx), that is, the Steinberg algebra of the
isotropy group xGx.

Remark 4.10 and Remark 4.11 imply that the minimal ideals of a Steinberg
algebra are related to the minimal ideals of a group algebra. In general, finding
the minimal ideals of a group algebra is a problem that has not been resolved yet.
There are partial answers to that but there is not any complete characterisation.
The reader can find some of them in [16, 45, 90]. In this sense, and with the
objective of generalise the socle of the Leavitt path and Kumjian-Pask algebras,
we are going to focus on the case that G is a Hausdorff ample groupoid such that
for every x € G0, soc(Ag(xGx)) # {0} if and only if xGx = {x}.

4.2 THE SOCLE OF A STEINBERG ALGEBRA

In this section we are going to give the final characterisation of the socle of
a Steinberg algebra. Remember that we consider groupoids such that for every
x € GO, soc(Ag(xGx)) # {0} if and only if xGx = {x}. In case of a Leavitt path
algebra of a directed graph E, if we consider the path groupoid G, for every
element x € G(© we have that the isotropy group is {x} or isomorphic to Z.
However, when xGx =~ Z, we have that soc(KZ) = {0} and we are under the
claimed condition. Similarly happens to the Kumjian-Pask algebras.

Theorem 4.12. Let G be a Hausdorff ample groupoid such that soc(Ax(xGx)) # 0 if
and only if xGx = {x}. Then the left socle of the algebra Ax(G) is the ideal

soc(Ak(9)) = (14: (x} € BY(GY), xGx = {x}). (5)
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If Iy = Ak(G)1yy is a minimal left ideal, then its corresponding homogenous component
is

M=) T= (1) (6)

I=I,

where (1(y,) is the two-sided ideal generated by 1.

Proof. Let I be a minimal left ideal. We can consider that I = Ag(G)a and

by Proposition 4.6 there is a compact open bisection {x} with x € supp(a).
This means that 1(,;a # 0 and by minimality, we have that I = Ag(G)1,a.

Not only that but I =~ Ag(G)1yalyy = | as Ax(G)-modules. Since | is a
minimal left Ag(G)-ideal, 1(,)]1,, it is also a minimal left 1,y Ax(G)1y;-ideal. In
consequence, by Remark 4.11, soc(Ag(xGx)) = soc(1y} Ak(9)1(yx) # {0} which is
only possible if and only if xGx = {x}. To sum up, we have that I = Ag(G)1,ya
with {x} € B°(G©) and xGx = {x}, then I < (1{x}; {x} € B2(G©), xGx — {x})
and soc(Ag(G)) = (1gxy: xGx = {x}).

Now consider x € GO with {x} € B(G(®) and xGx = {x}. Then, by Corollary

4.4 we have that I, = Ag(G)1y,, is a minimal left ideal and I, < soc(Ak(G)).

Since 1, € Ag(G)1y < soc(Ak(G)) and the socle is a two-sided ideal, we have
that (1(,: xGx = {x}) < soc(Ax(G)).

In order to prove the second part take an ideal I such that I =~ I,. As we have
mentioned before, we can consider I = Ag(G)a witha e I. If ¢: I — I, is a

Ak(9)-module isomorphism, then we have that ¢(a) = 1, and 4>*1(1{x}) = ga.

Making use of this we get a = ¢~1(p(a)) = ¢_1(f1{x}) = 4)‘1(f1{x}1{x}) =
fl{x}q)_l(l{x}) = fliyga € (1) and I < (1y). As a consequence, M < (1yy}).
For the counterpart, since I, is a minimal ideal we have that I, ¢ M. And

because M is a two-sided ideal we have that

(Liy) = Ak(G)1(x}Ak(G) = Lt Ak(G) = M.

Remark 4.13. It is important to highlight that we can be more precise with the
description of the socle. If we define the equivalence relation R as xRy if and
only if there is v € G such that r(7y) = x and s(y) = y. In this case, we have that if
{x} € B°(G©)) and xRy then (Lxy) = (1)- If xRy, then there is 7y with 7(7) = x
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and s(y) = y. The rest is immediate from the fact that 1(,; = 1(414,31;,-1) and

{r
Lyy = 14131z} As a consequence, we can describe the socle as

soc(Ak(G)) = (111 [x] € GO/R, xGx = {x}).

In the description of the homogeneous components, there are elements that
generates the ideal that are redundant. We can give a more precise result as
follows.

Proposition 4.14. Let G be a Haussdorff ample groupoid such that for every x € G\©)
we have that soc(Ax(xGx)) # 0 if and only if xGx = {x}. If M is the homogeneous
component of the socle corresponding to [x] then

M= (1) = @AK )1y

Proof. First we check that it is a direct sum:

(Ak(G)gyy) 0 (ZAK 1{y}){0}

Yi#FY

for every y,y; € [x] with y # y; for each i. If there is an element in the intersection,
this means that there are f, g; € Ax(G) such that f1¢,y = > ., ¢il(,,;. Multiplying
both sides to the right by 1y, we get that flg,y = >, ., &l 1y = 0 as we
claimed. Define | = @[ Ak(9)1(y;- Now, we will prove M = ]. Consider
flyy € Jand v € yGx (xGy # & because y belongs to the orbit of x), we have that
flyy = fli1g1, 1y € M. As a consequence, | < M.

Take 0 # fly;¢ € M, in particular 1;,;¢ # 0 and without loss of generality
we can assume 1y1g = ¢ = i a;ly;y with 7(d;) = x and s(5;) = y; € [x]. Thus,
fliyg =2 aif 131y, € J. Then M < . O

Remark 4.15. Following [91, Proposition 2.8] the map (>}, 7;1p,)* := > 11 B 1 is an
involution on Ag(G), hence taking into account Proposition 4.14 the homogeneous
component M = (1y,;) satisfies M* = M, so the left socle is self-adjoint. Since the
involution applied to the left socle is the right socle, then we have the coincidence
of both socles.

Assume that G is a Hausdorff ample groupoid with {x} € B®(G(®) such
that xGx = {x}. Then we know that 1, Ag(G)1l; = Klyy. In addition
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it is easy to check that End s, g)(Ak(9)1(y) = Kl with isomorphism Q) :
End 4, (g)(Ak(9)1(x}) — Klyyy given by O(¢) = Pp(1yy).

By using [65, Theorem 1, Chapter IV, §3] the homogeneous components of the
socle of a semiprime algebra A (with minimal left ideals), are simple algebras
with nonzero socle. In fact, the minimal left ideals are of the form I = Ae
for a division idempotent. Then A := eAe is a division algebra e. If A is
simple then A =~ End,(I). In the particular case of a homogeneous component
M = (1y,) of a semiprime Steinberg algebra with nonzero socle we have seen that
Endy, ) (Ak(9)1(yy) = A = K. So M = Endg(I) is of the form M,,(K) where n
is finite or infinite. We know that n = dimg(I).

Corollary 4.16. Let G be a Hausdorff ample groupoid such that Ax(G) is semiprime and
soc(Ak(xGx)) # 0 if and only if xGx = {x}. Then

soc(Ax(G)) = P M| (K). (7)
[x]eGO) /R : xGx={x}

Proof. By [65, Theorem 1, Chapter IV, §3] the homogeneous components of
the socle are simple algebras. The socle is a completely reducible module in
the terminology of Jacobson, hence [65, Corollary, Chapter 1V, §2] gives that
the socle is the direct sum of its homogeneous components which are of the
form Endg(Ak(9)1{y}) = Mu(K) where n = dim(Ax(9)1yy}) (possibly infinite).
In order to compute 1, note that the set C = {1y,: 7 € s7(x)} is a system of
generators of Ag(G)1yyy. Indeed, for any B € B(G) we have 11,y = 11y, = 1(y
for some ¢y € s~ 1(x) or 1 plix} = 0. So let us prove that C is a linearly independent
set. Assume Y\ 71,y = 0 where the ; € s~(x) for every i = 1,...,m. Take
one 7 of those in the previous sum and compute 1 ) it 7ilgy,y = 0. We have
0=> ri1{7;1}1{%} = ril{vl:l%} = r¢lyy implying 7 = 0. Thus, C is a basis of
the ideal Ag(G)1(,}. Then the homogeneous component

End(Ax(G)1() = M (K).
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Chapter 5

PERFECTION CONDITIONS

Once we have characterized certain finiteness conditions on KE, such as Ar-
tinianity and semiartinianity, directly from the geometry of the graphs, we now
pursue to describe perfection algebraic properties of KE. In this chapter, as a main
goal we will study simple, primitive, prime and semiprime path algebras. And
again, we will do it through conditions on their corresponding graphs. In general,
perfection conditions are related, being each one of them stronger/weaker than

the others. In general, the relation is as follows:

Simple — Primitive — Prime — Semiprime.

These properties will be translated into how strongly is the graph connected.
From being just one vertex to having different strongly connected components.
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5.1 PRIME AND SEMIPRIME PATH ALGEBRAS

Definition 5.1. An associative algebra A is said semiprime if and only if for a € A
such that aAa = 0, then a = 0. In other words, if a # 0, then aAa # 0. It is said
prime if and only if for every a,b € A with aAb =0, thena = 0 or b = 0. That is,
ifa#0and b # 0, then aAb # 0.

These conditions are well known to be equivalent to:
1. For any ideal I of A, =0 implies I = 0 (semiprimeness).
2. For any two ideals [ and | of A, I] = 0 implies I = 0 or | = 0 (primeness).

Remark 5.2. In case of the algebra A is graded, there is another characterisation
of primeness and semiprimeness in terms of the homogeneous components.
Consider A = @,,.z Am a Z-graded associative algebra. The algebra A is
semiprime if and only if a2 € A;, with aAa = 0 implies a = 0 for every m € Z. In
addition, A is prime if and only if a € A,,b e A, with aAb = 0 implies a = 0 or
b = 0 for every n,m € Z.

As we have already mentioned, the next result is proved by M. Siles Molina in
[95] in the Leavitt path algebras context. In this case, we prove it just making use
of the path algebra.

Proposition 5.3. Let E be a directed graph and K a field. The path algebra KE is
semiprime if and only if for every path u in E there is another path A with s(A) = r(u)
and r(\) = s(u). In other words, if there is a path u from u to v, with u,v € E°, then
there is another path A from v to u.

Proof. First, consider A = KE semiprime and take any path p. By definition, this
path verifies that Ay # 0. This is only possible if there is a path A with yAu # 0
(s(A) = r(p) and r(A) = s(p)).

On the other hand, consider that for every path y from u to v there is another
path A from v to u and let us take an homogeneous element a € A, different
from zero. We can consider a = >, k;p; with k; € K\{0}, £(p;) = m for every
i=1,...,nand p; # p; for i # j. Fix a certain path y; with 1 <1 < n. As our
hypothesis says, there is another path A with s(A) = r(y;) and r(A) = s(y;). If we
compute alAa, then we have that

n n n
ala = <2 ki‘Lli) A (Z kjyj) = Z kikjpidp; = Z kikipirp;,
=1

i=1 ij=1 (i,j)e]
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where | = {(i,]): r(ui) = r(m),s(pj) = s(m)}. The set | # & because (I,1) € J.
Also, kik; # 0 and all the paths p;Ap; are different. Suppose that pAp; =
uiApp. Since all the paths have the same length, this implies that p; = py
and y; = py which is only possible if i = i and j = j’. We have then a non
trivial linear combination of different paths (linearly independents) and so aAa =
2.(i,j)eg kikjpiAuj # 0. This implies that aAa # 0 and A is semiprime following
Remark 5.2. O

Now let us focus on primeness of KE. Again, there is an approach (in a specific
ambient) in [95, Theorem 3.5]. On the other hand, the reference [32] mentions,
but not proves, that primeness of KE is equivalent to the strongly connectedness
of the graph E. Also P. Smith in [97] proves the equivalence of primeness of
KE with the strongly connectedness of E. Though the ambient graph in the
aforementioned references is supposed to be finite, the statement in [97, Lemma
2.11] is also true for arbitrary graphs. This reference is not easily accessible and
as far as we know has not been published in a regular journal or book. That is

why we consider suitable to include an ample proof of the result.

Proposition 5.4. Let E be a directed graph and K a field. The path algebra KE is prime
if and only if for every pair of vertices u,v € E there is a path A with s(\) = u and
r(A) = v. That is KE is prime if and only if E is strongly connected.

Proof. Let us consider that A = KE is a prime algebra and take u,v € E°, then we
have uAv # 0 and necessarily there is a path u with uAv # 0. If not, uAv = 0
which enters in contradiction with the algebra being prime. As a consequence,
s(A) =uand r(A) = v.

On the other hand, take into account that for every pair of vertices there is a
path that connect them. Consider a € A, and b € A, with a,b # 0. These two
elements can be described as a = 25:1 kipi and b = Z;I:l k;-vj with k;, k;. e K\{0}
foralli =1,...,land j = 1,...,I". Also, all the paths in a are different but
with the same length n and all the paths in b are different with the same length
m. Take two paths y;; and vj, in the respective linear combinations. Consider
u = r(p;,) and v = s(vj,). As our hypothesis says, there is a path A with s(A) = u
and 7(A) = v. Then,

1 4 Ly
we <Z kmi) ' (Z k?-Vf) = > kikjpidvy = 3 kiKipid;
j=1

i=1 ij=1 (if)e]

61



62

| PERFECTION CONDITIONS

where | = {(i,j): r(p;) = s(A),s(vj) = r(A)}. We have that | # J because
(io,jo) € J. Besides, all the paths p;Av; are different for the different pairs (i, j). If
niAvj = ppAvy, since £(u;) = n for every i = 1,...,n, this implies that, y; = py
and v; = v; which is only possible if i = i’ and j = j'. In consequence, we have
a nontrivial linear combination of different paths, then aAb # 0 and aAb # 0.

Following Remark 5.2, this means that A is prime. [

5.2 SIMPLE AND PRIMITIVE PATH ALGEBRAS

Let E be a connected directed graph and KE its corresponding path algebra
over the field K. If we consider that E is formed by just one vertex without edges,
that is, EY = {u} and El = ¢, itis easy to see that KE = Ku =~ K and then, A is
simple. Conversely, if E is a directed graph with A = KE being simple. Then,
take u € E¥ and define the two-sided ideal I = AuA. Under our hypothesis, this
means that I = 0 or I = A. It is clear that I # 0 because Ku < I. If there is
another vertex v € E? with v # u, then we have that v ¢ I and I # A. In addition,
if there is an edge f € E!, necessarily 7(f) = s(f) = u and the ideal ] = AfA # 0
is different from A since u ¢ J. Finally, E® = {u} and E! = &. In this way, we
have that the algebra KE is simple if and only if the graph E is just a vertex.

Once we have characterized prime, semiprime and simple path algebras, the
next logic step is to study primitive path algebras. The associative context of the
path algebras allow us to use two different characterizations of primitive algebras.

One in terms of representations (modules) and the other one in terms of ideals.

Definition 5.5. Consider R a ring, a left R-module M is said to be simple or
irreducible if for every left R-module N such that {0} € N € M then N = {0} or
N = M. In addition, we say that M is faithful if the only r € R such that rM = {0}
is r = 0. A ring R is said left (resp. right) primitive if there is a faithful simple left
(resp. right) R-module.

In the Leavitt path algebras context, the primitive algebras have already been
characterized. This is stated in Theorem [1, 4.4.10]. The algebra Lg(E) is primitive
if and only if the graph E is downward directed and satisfies Condition (L).
The graph E is downward directed if we consider two vertices u,v € E? there is a
third vertex w € E® and two paths A, u € Path(E) with s(A) = u, s(4) = v and
r(A) = r(u) = w. This is also equivalent to Lx(E) being a prime algebra. On
the other hand, condition (L) means that every cycle has an exit. In the path
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algebras context, characterization of primitive algebras is amusingly similar to
the Leavitt path algebra case, but adapting Condition (i) in [1, Theorem 4.4.10] to
the equivalent in path algebras. It is also important to highlight that the study of
primitive Leavitt path algebras is done row finite directed graphs. However, for
the path algebras context we do not need any conditions of finitude.

In order to give place for the main theorem of this section, we first need some
previous results. If X is a set, we denote by Assk(X) to the unital associative
K-algebra freely generated by the set X. This set is generated as a K-vector
space by the words of X. It can be proven that the corners of a path algebra are
isomorphic to this type of algebras.

Lemma 5.6. Let E be a directed graph and K a field. Consider u € E° and X,, < Path(E)
the set of all paths A = f1fo--- fy with £(A) =1, s(A) = r(A) = u and r(f;) # u for all
i=1,...,n—1.If A = KE then uAu = Assg(Xy).

Proof. 1f we consider the morphism

o: Assg(Xy) — uAu
1 = U
A — A

It is obvious that this morphism is surjective. In order to prove that it is injective,
we consider any polynomial p € Assg(X,,) with o(p) = 0. To check that p = 0, we
need to verify thatif § = AqA2--- Ay and g = A{AS - - - A}, are two monomials such
thato(q) = o(q') theng = q'. If & = 0(q) = MAz---Ayand B = o(q') = AjAS--- AL,
(as paths), then these paths go through u the same amount of times because
« = B. The path « crosses n + 1 times, while 8 crosses m + 1 times, then n = m.
Suppose without loss of generality that £(A1) > ¢(A]). As a = B, this means that
A1 = Al7v, but Aq goes through u twice while A}+y three times, then v = u and
A1 = A]. Then, we have that ApAz--- A, = AJA% - - A}, Repeating this argument
we have that A; = Al fori =1,...,n and g = ¢’. The previous polynomial p can
be described as p = Zi’:l a;q; with g; monomials in Assk(Xy), a; € K\{0} for every
i=1,...,land g; # g; for i # j. Thus, we have that o(p) = >,;_; 2,0(q;) = 0 with
o(q;) € Path(E) and o(q;) # 0(q;) by the previous result. Finally, we have a linear
combination of linear independent elements (different paths) equal to 0 which is

only possible if a; = 0 for every i = 1,...,n and this implies that p = 0. O

In addition to this Lemma, we need a result that ease the characterisation of the
primitive algebras. The idea behind this is trying to prove what conditions make
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the algebra primitive at least in a local way. Once this is true, we can generalise
for the whole algebra. This was stated in the next result by J. A. Anquela and T.
Cortés.

Corollary. [7, 1.2] Let R be a prime associative algebra such that eRe is left (resp. right)
primitive for some idempotent O # e € R. Then R is left (resp. right) primitive

Using Lemma 5.6 and Corollary [7, 1.2], together with the characterisation of
the primitive Leavitt path algebras [1, 4.4.10] we can state the following Theorem.

Theorem 5.7. Let E be a directed graph and K any field. The path algebra KE is left
primitive if and only if:

(i) E is strongly connected, and
(ii) E satisfies Condition (L).

Proof. Let E be a directed graph and K any field. Consider that the path algebra
A = KE is left primitive, in particular, this implies that A is prime [75, Propostion
11.6]. Following Proposition 5.4, the graph E must be strongly connected. On the
other hand, suppose that A is a primitive algebra and there is a cycle without
exit, this mean that there is a vertex u € E? with the corner uAu = K[x] which is
not a left primitive algebra by [76, Proposition 11.8], this enters in contradiction
with A being left primitive because all the corners must be left primitive.

For the converse, let us suppose that E satisfies conditions (i) and (ii). Once
again, condition (i) implies that A is prime (Proposition 5.4) and this allow us
to use [7, Corollary 1.2]. If we prove that there is an idempotent element e € A
with eAe primitive, then A is primitive. Consider a vertex u € E°, we have that
uAu = Assg(Xy,) with X, the set of closed paths A € Path(E) withs(A) = r(A) = u
and go through u just these two times (see Lemma 5.6). Conditions (i) and (ii)
imply that |X;| > 2 and this leads to uAu being primitive. This last result was
proved by E. Formanek and appears in [75, p. 185] before [75, Theorem 11.27]. [

Corollary 5.8. Let E be a directed graph with KE primitive, then KE is simple if and
only if soc;(KE) = soc,(KE) = K.

Remark 5.9. In general, left primitivity and right primitivity are not equivalent.
There are examples of left primitive algebras that are not right primitive [17].
In the Leavitt path algebras context, the existence of an involution makes left
primitivy and right primitivity equivalent notions. Despite the fact that in the path

algebras context we do not have an involution, the symmetry in the conditions
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of Theorem 5.7 makes left and right primitivity equivalent. That is to say, the
dual condition in Theorem 5.7 would be that every cycle has an entry. However,
if the graph E is strongly connected, every cycle having and entry is equivalent
to every cycle having an exit, which makes left and right primitivity equivalent.

5.3 STRUCTURE OF SEMIPRIME PATH ALGEBRAS

Primeness and semiprimenss of algebras are related, prime implies semiprime,
but they are also linked to simpleness and primitiveness of algebras. As we know,
simple implies primitive and primitive implies prime. In the path algebras context,
they are even more related. As we will see, the basic blocks of what semiprime
path algebras are constructed are: simple, primitive and prime algebras. To be
more precise we will see that any semiprime algebra is a direct sum of simple
path algebras, path algebras of cycles and primitive path algebras.

Let us consider a directed graph E such that its path algebra A = KE is
semiprime. We can consider each connected component in the graph E and
describe A as a direct sum of path algebras. That is, if {E;; };,en are the connected
components of E, then A = @, ; A; with A, = KE,,. If A is semiprime, Proposi-
tion 5.3 implies that each E,, is strongly connected, that is, each A, is a prime
algebra (Proposition 5.4). In this case, the algebra A;, can be simple, primitive
(but non-simple) or prime (but non-primitive). If E,, is just a vertex, then the
corresponding algebra is simple; if E;; has just one cycle, then E;; = C,, and A,
is prime; if E;; has more than just one cycle, then every cycle has exit and A, is a

primitive algebra. In conclusion, we have the following decomposition:

e~ (@x) s (1c,) o (@)

with {u;};c; all the isolated vertices in E, {an }jej all the isolated cycles and {E;}jer
all the strongly connected components that are not an isolated vertex or a cycle,
that is, KE; is primitive but not simple. The next question that we ask ourselves
is if this decompositions is unique. In order to do so we need to add a result of
Jacobson that appears in [65, p. 204] and extend it to the case that we have an
algebra with local units and a decomposition with infinite ideals.

Let A be a K-algebra with local units and assume that A splits as A = ®;c4R;
where the R;s are indecomposable ideals (so they are also indecomposable as
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algebras on its own). The meaning of the term “indecomposable ideal”of an
algebra A is that it is not a direct sum of nonzero ideals of A. Consider any
ideal nonzero B < A and take an arbitrary b € B. Then there is a local unit for
b, that is, an element e € A such that b = be. We have e = ), ,r; with r; € R;
(only finitely many of them being nonzero). Thus b € } ;. 4 BR;. Consequently
we have B = ),y BR;. Furthermore the sum is direct because for any i we
have BR; n>};i BRj © Rin2};,; Rj = 0. So we have a splitting of B as a direct
sum of ideals B = ®;c 4BR;. Thus if B is an indecomposable ideal of A there
is a unique i € A such that B = BR;. Moreover, with a similar argument there
is a unique j € A such that B = R;B. Next we prove that i = j: we have
B = BR; = R;BR; = Rjn R; hence if j # i we have B = 0 contrary to our

assumption. So far we have:

Proposition 5.10. If an algebra A with local units is a direct sum of indecomposable
ideals, A = ®jc g R;, then any indecomposable ideal of A is one of the R;s. Furthermore,
the decomposition is unique, that is, if there is another decomposition A = @)jeBR; in
indecomposable ideals, then there is a bijection o: B =~ A such that R;. = Ry(j)-

Proof. We have already proved the first part prior to our statement. We just need to
prove the unity. If we have two decompositions as direct sum of indecomposable
ideals A = @jcaR; = 69]-(_:31{;., applying Proposition 5.10, for each j € B there is a
unique i € A such that R} = R;. So we have an injective map o: B — A such that
R;- = Ry(j)- Now given any i € A there is a unique k € B such that R; = R}. But
then R} = R, so i = (k) which proves that ¢ is also surjective. Summarizing

there is a bijection 0°: B = A such that R} = R,(;) for any j € B. O
Finally, we are in conditions to state the following Theorem.

Theorem 5.11 (Structure Theorem for semiprime path algebras). Let E be a
directed graph and K a field. Every semiprime path algebra KE can be decomposed as

KE = (—BKui@(—DKan(@@KEl
iel jeJ leL

with I the set of indices such that EY = {u;} for every i € I, ] the set of indices such that
Ej = Cy, for every j € ], L the set of indices such that KE; is primitive (non-simple) and
\I| + |J| + |L| the number of connected components of E.



Chapter 6

CENTROID, EXTENDED CENTROID AND
CENTRAL CLOSURE OF A PATH ALGEBRA

This chapter is dedicated to the commutative structures associated to an algebra
such as the center. In particular, we will put the spotlight on the centroid and
extended centroid of a path algebra, and the central closure of the path algebra of
a cycle. Previously, the center of a path algebra has already been characterized in
[31]. Following the results of that paper, we study the structure of the extended
centroid, that generalises the centre of a path algebra. A characterization of this
set is given by W. Crawley [97] as a “rather testing exercise”. In our case, it
has been a bit more challenging and since we have not found any reference that
proves this statement, we have decided to include it in Section 6.1. However, we
will not just leave it there. Since the centroid of a path algebra is linked to the
existence of cycles without exits and entries, we study the extended centroid and
central closure of the path algebra of a cycle. This will make an appearance in
Section 6.2.
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6.1 CENTROID OF A PATH ALGEBRA

In this section we will focus our attention on the centroid of a path algebra.
Not only will westudy its elements, but also we will describe its structure as an
algebra. In relation to this, we will work with the center of an algebra. Both

concepts are really close and even are isomorphic when the algebra is unitary.

Definition 6.1. Consider an associative K-algebra A. The centroid of A, denoted
by C(A), is the K-vector space of all linear maps T: A — A such that

T(xy) = T(x)y = xT(y)

for any x,y € A.
The center of A, denoted by Z(A), is the K-vector space of the elements that

commute with all of the elements of the algebra, that is,
Z(A)={xeAlxy=yxVye A}

Observation 6.2. The centroid is also a K-algebra under composition. In particular
if A2 = A, then C(A) is commutative. Indeed, if x = abe A> = Aand T, T € C(A),
then

TT'(x) = TT'(ab) = T(aT'(b)) = T(a)T'(b) = T'(T(a)b) = T'T(ab) = T'T(x).

The elements of C(A) will be called centralizers. For any centralizer T € C(A)
its kernel and image are both ideals of A. Thus, in the case of a simple algebra,
each T € C(A) is invertible and the centroid C(A) is a field. If A is prime and
T,T' € C(A) with TT' = 0, then for any x,y € A one has T(x)T'(y) = T(xT'(y)) =
TT' (xy) = 0 so Im(T)Im(T’) = 0 and since Im(T), Im(T") < A, we have Im(T) = 0
or Im(T’) = 0 by primeness of A. Thus, in this case C(A) is a domain.

Instead of speaking of general K-algebras, we can now focus on the path
algebra context. We consider KE the path algebra of the directed graph E over
the field K and choose T € C(A). For a path u € Path(E) we have that

T(p) =T (s(up) =T (s(u)p =T (ur(p) = uT (r(n)) .

As we can notice, the image of any path is characterised by the image of its
starting vertex (thanks to the duality, it can also be characterised by its ending
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vertex). Even though this condition seems enough, this is not the case. Let us

consider u,v € E? with u # v. The element T verifies
T(u) = T(uZ) =T(w)u =uT(u), 0=T(0) = T(uv) =uT(v) = T(u)v.
Lastly, if f € E!, u = s(f) and v = r(f) we have that

T(f) = T(uf) = T(u)f = T(fv) = fT(v).
If we collect all these equalities we have that

T(u) = T(u)u = uT(u) VYuceE°,
0=uT(v) =T(u)v Vu,ve E°, u # v, (8)
T(u)f = T(f) = fT(v) VfeE!withu =s(f),v = r(f).

Definition 6.3. Let E = (EO, El s, r) be a directed graph and A an associative
algebra. A map ¢: E — A is a pair (¢, ¢1) where ¢g: E% - A and ¢1: E! - A.
In general, we will use the notation ¢ for both maps and we will know which
one we are using by context. If A = KE then we say that a map ¢: E® — KE is
centralizable if it verifies the conditions

o(u) = po(u)u = ugo(u) Vue E°,
0 = ugo(v) = ¢o(u)v Yu,ve E°, u # v,

po(u)f = ¢1(f) = feo(v) Vf € E' with u = s(f), 0 = r(f).

Remark 6.4. It is not difficult to notice that if T € C(A), then ¢ = (¢o, ¢1) where
¢o := T|po and ¢1 := T|p is centralisable.

Before entering in the main result of this section, we first need some Lemmas
that will ease the description of it. One of them corresponds to an easy way
of describing the elements of the centroid just by knowing how the centralisers
behave on E° and E.

Lemma 6.5. Let E be a directed graph and ¢: E — KE a centralisable map. Define the
linear map T: KE — KE as the map given by the image of paths y € Path(E)

T(p) := ¢o(s(p))u- (9)

Then T € C(KE).
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Proof. First of all, it is easy to notice that T|z0 = ¢ and by the definition of T and
the equations that ¢ verifies, we have that

T(u) := do(u)u = u¢o(u) = ¢po(u) Yu € E°,

T(f) = T(s())f = go(s())f = 1(f) = fpo(r(f)) = fT(r(f)) ¥f € E'

Let us now consider & = fify--- fu, p = €162 - - - ey € Path(E), then

T(ap) = T(s(f1))ap = T(a)p.
On the other hand,

T(s(f1))aB =T(s(f1)) fifz - fuerea-em = fiT(r(f1))f2- " fnere2- - em =
= AT((f2))fo- - fuere2--em = - =
= fifa--- fuT(s(er))erez - -em = aT(P)

and so T(aB) = aT(B) = T(x)P for a, B € Path(E). Observe that these conditions
together with linearity imply that for any a,b € KE we have T(ab) = aT(b) =
T(a)b. N

Corollary 6.6. There is a one to one relation between the set of elements of C(A) and the

set of centralisable maps.

As we have seen in Section 1.2 it is possible to decompose a graph in its
connected components. If E is a directed graph with {E;};cj its corresponding
connected components we have that

KE = P KE;.

iel

As a direct consequence,
C(KE) = @ C(KE;).
iel
In conclusion, if we characterise the centroid of a path algebra whose directed
graph E is connected, we will be able to describe the centroid of any path algebra
known just by studying its connected components.

Lemma 6.7. Let E be a connected directed graph and A = KE the path algebra over the
field K. If we consider an edge f € E! with r(f) = v,then Ranna(f) nvA = 0, where

Ranny(f) = {xe A: fx =0}.
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Proof. Let x € Ranny(f) nvA. First of all x € vA, so we can describe it as
x = iy kip with k; € K\{0}, p; # p; if i # jand s(y;) = v for every i = 1,...,n.
On the other hand, x € Ranny(f) verifying that fx = 0. Thus, >, k;fu; = 0.
From the fact that s(y;) = (f) = v for every i € I we have that fu; # 0 for every
i€ 1. This leads us to fx = > ; kifu; = 0 which is a linear combination of linear
independent elements (if fu; # 0 and fu; # 0, then fu; # fu; if i # j) equal to
zero. The only way this could be possible is by taking k; = 0 for everyi =1,...,n.
In other words, x = 0. l

Proposition 6.8. Let E be a connected directed graph and A = KE the path algebra over
the field K. Let us take u € E® and T e C(A) verifying T(u) = ku for some k € K. If
there is an edge f € E' with s(f) = u and r(f) = v € E°, then T(v) = kv.

Proof. Under the previous conditions, taking into account that T € C(A), we can
verify that T(f) = T(uf) = T(u)f = kuf = kf = f(kv) and T(f) = T(fv) = fT(v).
As a consequence f(kv — T(v)) = 0, then kv — T(v) € Ranny(f). It is true that
T(v) = T(vv) = vT(v) € vA and v = vv € vA, then kv — T(v) € vA. Finally
kv — T(v) € Ranny(f) nvA and considering Lemma 6.7 kv — T(v) = 0 and
T(v) = kv. N

Corollary 6.9. Let E be a connected directed graph and A = KE the path algebra over
the field K. Let us take u € E® and T e C(A) verifying T(u) = ku for some k € K. If
there is a path y with s(u) = u and r(y) = v € EY, then T(v) = ko.

As a direct consequence of the dual property of the path algebras, we have the
dual of Lemma 6.7, Proposition 6.8 and Corollary 6.9.

Lemma 6.10. Let E be a connected directed graph and A = KE the path algebra over the
field K. If we consider an edge f € E' with s(f) = v. Then, Lann4(f) n Av = 0 where

Lanna(f) = {xe A: xf = 0}.

Proposition 6.11. Let E be a connected directed graph and A = KE the path algebra
over the field K. Let take u € E® and T € C(A) verifying T(u) = ku for some k € K. If
there is an edge f € E' with r(f) = u and s(f) = v € E°, then T(v) = kv.

Corollary 6.12. Let E be a connected directed graph and A = KE the path algebra over
the field K. Let us take u € E® and T € C(A) verifying T(u) = ku for some k € K. If
there is a path y with r(u) = u and s(u) = v € EY, then T(v) = k.
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Corollaries 6.9 and 6.12 imply the first theorem that will be necessary to

characterise the centroid.

Theorem 6.13. Let E be a connected directed graph and KE the path algebra over the
field K. Consider T e C(KE), if there is some u € E° that verifies T(u) = ku for a k € K,
then T = k1dgg.

Proof. First of all, as a direct consequence of Corollaries 6.9 and 6.12, we can prove
that T(u) = ku for every u € E°. Let us consider an edge f € E! with s(f) = u,
then T(f) = T(uf) = T(u)f = kuf = kf. Next, take a path u = f1fo--- fy, it is
easy to verify that T(u) = T(fifo---fu) = T(f1)f2- - fu = kfifa-- fu = kp. We
have proven that T(y) = ku for every element of the basis of KE, by linearity it is
direct that T = kIdgg. O

As we have done previously in Section 5.2, we are going to study the centroid
of the path algebra from local to global. That is, we will study this structure on
the corners of the algebra and we will try to generalise from there. In this way,

we first need some ‘local results’.

Lemma 6.14. Let E be a connected directed graph and A = KE the path algebra over the
field K. Consider T : A — A with T e C(A). If u € E°, then T(u) € Z(uAu).

Proof. Under the previous conditions, in order to prove T(u) € Z(uAu) we have
to demonstrate T(u) € uAu and T(u)a = aT(u) for every a € uAu.

1. T(u) = T(uuu) = uT(uu) = uT(u)u € uAu.

2. Leta € uAu, then a = ua = au = uau. Since T € C(A) we have that
aT(u) = T(au) = T(ua) = T(u)a proving that T(u) € Z(uAu).

Lemma 6.15. If X is a set with |X| > 1, then Z(Assg(X)) = K.

Proof. In order to prove this result, for an element z € Assg(X) we define the set
C(z) := {a € Assk(X)| az = za}. It is not difficult to observe that

Z(Assg(X) = (] Cla).

z€Assk(X)

Following Theorem [18, 5.3] we can affirm that C(z) = K|z] for every z € Assg(X).
As a consequence, Z(Assg(X)) = [\,eassi(x) Kl2z] = K. O
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Theorem 6.16. Let us consider E a connected directed graph and A = KE the correspond-
ing path algebra over a field K. If E = Cy, (a cycle with n vertices), then C(A) = K[x],
in other case C(A) = K1d 4.

Proof. For every u € E? we denote by X, the set of all closed paths based at u
such that they go through u just twice (in the same way as Lemma 5.6). We have
two possibilities:

1. There is a vertex u € E° such as |X,| # 1. In this case we have two

possibilities.

a) If | X,| =0, that is X;, = &, then we have by Lemma 5.6 that uAu ~ K.
In particular, uAu = Ku. Consider T € C(A), following Lemma 6.14,
T(u) e Z(uAu) = Z(Ku) = Ku. Then, T(u) = ku. Theorem 6.13 implies
that T = kId and C(A) = KId4 as a consequence.

b) In case that | X;| > 1, by Lemma 6.15, we have that Z(Assk(X,)) = K.
In the same way as before, if T € C(A), then T(u) € Z(uAu) = Ku and
T(u) = ku. We apply Theorem 6.13 once more and we obtain T = kId 4.
This leads us to C(A) = KId 4.

2. For all u € E° we have that |X,| = 1. Under this condition uAu =
Assg(Xy) = K[x]. In particular, uAu = K]c,] being c, the only closed
path based u. Observe that, c, is also a cycle. If not, this will imply that
|Xu| = 2. Under this hypothesis, we have two more possibilities:

a) Suppose that E is not a cycle. Take u € E° and ¢, the only cycle based
at u. Without loss of generality, we can suppose that there is an edge f
such that s(f) = u and r(f) = v ¢ ¢). Furthermore, by hypothesis of the
case 2, there is another cycle c, based at v. Otherwise, it would not be
true that |X,| = 1 for every u € E°. If ¢ n c) # (7, once again we enter

in contradiction with |X,| = 1 for every u € E° because w € ¢!, n ¢},

would verify |X;,| = 2. As a consequence ¢ N ¢)) = ¢J. An example of

this situation is represented in Figure 15.

Consider T € C(A). From Lemma 6.14 we have that T(u) is an element
of T(u) € Z(uAu) = K[c,], that is T(u) = kou + .1 | k;cl, with k; € K.
In a similar way, we also have that T(v) = lpv + Z;”:l ljc{, with [; e K. If
we are familiar with the properties of the elements of C(A), on the one
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b)
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Figure 15: Example of a graph with |X,| = 1 for every u € E°.

hand we have T(f) = T(uf) = T(u)f = kof + S kic', f. On the other
hand T(f) = T(fv) = fT(v) = lof + X" ifc). In this way,

(ko—lo)f + Y. kiclf — Y Lifch = 0.

i=1 j=1

From our previous hypothesis we have that all paths in this last linear
combination are different, and therefore ko = Iy = k, k; = 0 for every
i=1,...,nand lj =0forallj=1,...,m. This allows us to prove that
T(u) = ku and using again Theorem 6.13, we have that T = kId 4. This
give us C(A) = KId4.

The last possibility is that E is a cycle ¢ with a finite number of vertices.
This means that the algebra is unital and in consequence, C(A) = Z(A).
Following [31, Theorem 1] we have that C(A) =~ Z(A) = K][x|.

]

Corollary 6.17. Let E be a directed graph with {E;}c] its corresponding connected

components. If KE is the path algebra associated to E over the field K then we have that

C(KE) = K[x] @ KV

where | < 1'is | = {j € I: Ej is a cycle}.

6.2

EXTENDED CENTROID oF KC,

Once we have studied the centroid of the path algebras, the next step lead

us to identify the extended centroid and the central closure. Theorem 6.16 and
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Corollary 6.17 state that the existence of non-trivial components in the centroid of
a path algebra depends on the existence of isolated cycles in the directed graph.
In any other case, the extended centroid is trivial (isomorphic to copies of the
ground field). Since the path algebra of a cycle is prime (Proposition 5.4) the
extended centroid is a field containing the centroid.

Following [26, Theorem 4.1] the extended centroid of Pl-algebras (algebras
satisfying a polynomial identity) is isomorphic to the field of fractions of its center.
In Example 1.22 we prove that the algebra KC, is isomorphic to a subalgebra
of M,,(K[x]), which means that KC, is a PI-algebra because M (K|x]) is also a
Pl-algebra by Amitsur-Levitzki Theorem [6]. Following Section 6.1, this implies
that the extended centroid of the path algebra of a cycle, denoted by I'(KC,,), is
isomorphic to K(x), the field of polynomial fractions. However, knowing this will
not be enough. In order to use the construction of the central closure given in
[13] we will need the explicit isomorphism I'(KC,) — K(x).

The construction of I'(KC,,) will be in line with [13] so we will skip some mean-
ingless details. One of the hypotheses of this process is considering a semiprime
algebra. In our case, by Proposition 5.3 we have that KC, is a semiprime algebra.
Indeed, it is prime by 5.4. In addition, we will need to work with the essential
ideals of the algebra.

Definition 6.18. Consider A an algebra and I # {0} an ideal of A. We say that I
is essential if for every ideal | # {0} of A it satisfies that I n | # {0}.

Remark 6.19. Observe that since KC, is a prime algebra, every ideal is essential. If
I # {0} is an ideal and consider any ideal | # {0}, then we have {0} # IJ < I n].
This means that we do not have to worry when we work with the essential ideals
of KC, since every ideal is essential. In addition, it is important to remember that

KC, is a unital algebra because |CY| = n < +co.

Definition 6.20. [13] Let A be a semiprime K-algebra. An admissible pair is a pair
(f,I) with I an essential ideal of A and f: I — A is a morphism of A-bimodules.
In the set of all admissible pairs of we define the equivalence relation given by

f, D)~ () = f‘[n] = 8\1m]-

We denote by (f,I) to the equivalence class of the admissible pair (f,I). The
extended centroid of A is the K-algebra given by the set

I'(A)={(f,I): (f,]I) is an admissible pair}
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together with the operations:

k-(f, 1) = (kf, 1)
D+(g])=(f+gIn])
)-8 ]) = (fog g M)

Before building the isomorphism I'(KC,;) — K(x) we would like to remark that
the notation that we will be using for all the computations is the one used in
Example 1.22.

Lemma 6.21. Let us consider KCy, the path algebra over K of Cy, the oriented cycle of n
indexed vertices. If I is an ideal of KC,,, then there is a polynomial q(x) € K[x] such that
J= @l] 0]1,]-, with J; i := (q(ci)) i, is a nontrivial ideal | < I. Here (q(c;)) denotes the
ideal generated by q(c;) in K|c;]. In addition, this polynomial verifies that if there is an
ideal ' < I with ]{/]. = (q'(ci))pij, then J' < J.

Proof. Denote A = KC,, and observe that A;; = v;Av; = K[c;] is an algebra and
Ii,i = TJI'ITJZ' is an Aili-ideal. That is

Ai,ili,i = UZ'AUZ'ZJZ'IUI' o UZ'IZJI' = Ii,i

and
Ii,iAz',i = Z)iIUiUiAUZ' - Z)ill)i = Ii,i-

The algebra K|c;] is an euclidean domain, thus, I;; is a proper ideal generated
by a polynomial g;(c;). Take q(x) = lem{g;(x),i = 0,...,n — 1} and consider
J = @l] 0]1,] with J;; := (q(c;))p;; for 0 < i,j < n—1. We can observe that, by
definition, J;; is an ideal of A;; contained in I;; since ¢;(c;) divides g(c;). Since we
are working with the Peirce decomposition of the path algebra of the cycle, in
order to prove that | is an ideal of KC,, contained in I, it will only be necessary
to verify:

1. Jij < Ljjforevery 0 <i,j<n-—1
2. Ajilij < Jijand JixAyg; € Jijforevery 0 <i,jk<n—1.

For the second part we have that J;; = (q(c ));41] - (ql(c,))yi,]- = liipij =
vilvip;jv; < vilv; = I; ;. On the other hand, we have that

Aixlrj = Kleilpix(q(en)) pr,j = Kleilpi g, j((c)))-
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Depending if I(p;x) + I(px,j) = n or not, the product p; x iy ; can be either p; xpuy j =
Cifij OF Hikhy;j = Mij- In both cases A;iJi; < Klcil(g(ci))pij = (q(ci)pij = Jij-
The contention J; Ay ; € J;j is proven analogously.

The first result implies that | < I while the second one implies that | is an ideal
of KC,.

For the last part consider ] < I with ]{,]- = (q(ci))pij. We have that Ji; =
vi]J'v; < vilv; = I;; = (qi(c;)) for every i = 1,...,n. This implies that g;(x) divides
q'(x) forevery i =1,...,n. Thus, g(x) = lem{g;(x),i = 1,...,n} divides 4'(x) and
]{/]-g]i,]- for everyi,j=0,...,n—1. Thus, J' < J. N

Let us consider A = KC,, the path algebra of a cycle with n indexed vertices
over the field K. If we consider an admissible pair (f,I) and take | < I and
g(x) € K[x] as in Lemma 6.21. It is obvious that (f,I) ~ (f,]). Furthermore,
f(q(ci)) = f(vig(ci)vi) = vif(q(c;i))v; € v;iAv; = K|[c;]. This means that for every
i =0,...,n—1 there is a polynomial p;(x) € K[x] such that f(q(c;)) = pi(c;).
On one side, we have that f(q(c;)u;;) = f(q(ci))pi; = pi(ci)pij, whereas on the
other, f(q(ci)pij) = f(uijale;)) = mijf(alc;)) = mijpi(c;) = pj(ci)uij. Thus, we
have that p;(c;) = pj(c;) = p(c;) for every 0 < i,j < n—1 and as a consequence
f(q(ci)) = p(c;) for every i = 0,...,n —1. This will allow us to consider, for an

admissible pair (f, I), a quotient of polynomials Zg—z))

Proposition 6.22. If we consider KC,, the path K-algebra of a cycle of n indexed vertices.

The map
O: T(KC,) — K(x)

FH o~ o(FD) =53
where q(x) € K[x] is the one from Lemma 6.21 and p(x) € K[x] with f(q(c;)) = p(c;)

~—

foreveryi=0,...,n—1,isa K-algebra isomorphism.

Proof. The first thing the readers might ask themselves is if the map is well
defined. In order to do so we just need to prove that the image of (f, 1) is the
same independently of the element of the equivalence class. If we consider
(fly,I') with I’ < I we have that (f|,,I') ~ (f,I). Following Lemma 6.21
there is an ideal J' = I’ = I with good properties. However, the maximality
of the ideal | corresponding to I implies that ]’ < J. In particular, this means
that J;; = (9'(ci)) < (q(ci)) = Ji; for certain g(x),q'(x) € K[x]. This implies that
g(x) divides ¢4’(x), that is, there is some r(x) € K[x] such that ¢q'(x) = r(x)g(x).
Consequently, f(q'(c;)) = f(r(ci)g(c;)) = r(ci)p(c;) for every i = 0,...,n— 1.

Finally, this admissible pair is in correspondence with :g))’;g; = %. For the
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second part, we need to prove that this map is a morphism of K-algebras. In
other words, it is compatible with the sum, the product and the product of scalars.
Consider an admissible pair (f,I) with f(gi(c;)) = p(c;) and k € K, the map
k- f:1— KCy verifies kf(q(c;)) = kp(c;) for every i =0,...,n —1, then

S — kp(x X -
Q(k-(F1) =0 ((KF D) = [Z(x)) - kZ((X)) — k-0 (D).
Now take (£,1), (z,T) € T(KC,) with f(q(c;)) = p(c;) and g(q'(c))) = p'(c;) for
i=0,...,n—1with g(x),q'(x) € K[x] as in Lemma 6.21. If we consider go(x) =
lem{g(x),q'(x)} and Jo an ideal with (Jo);; = (qo(ci))pij fori,j =0,...,n—1. It
is not difficult to check that, by construction, [ < J < I and Jy < J' < I, thus,
JocInl'(J<Iand ] < I asin Lemma 6.21) . Take Q(x) = gcd{g(x),q'(x)},
it verifies that go(x)Q(x) = g(x)q’(x). Observe that, by the properties of the

great common divisor and the lower common multiple, gg;, g((?) e Klx]. In

consequence,
(f +8)(qo(ci)) = f(qo(ci)) + g(qo(ci)) =
_ (1B q(x) ;) _ 7x) q(X) o
-7 (L0 ) +5 (52 = S saten + Tsiq'
- L) + 20y

foreveryi =0,...,n —1. If we do some computations, then

Q(FD+ED) -a(FrelnD) = 0((Frgh)) -

PEOLES + PV OLE  pd )+ pa)
a do(x) a Q(x)qo(x) a
_ PG + P g(x) _px) P
q(x)q'(x) q(x)  q'(x)
-a((FD) +0(E D)

)1ij, then we have that

Now if we consider L an ideal in KC,, with L; ; = (q(c;)q'(c;)
= q(c)p'(cipij € Jij < 1

L = g (I) because g(q(c;i)q (ci)mij) = q(ci)g(q’(ci))pi
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for every i,j = 0,...,n —1. In this sense, f(3(q(c))q'(c;)) = f(ale)p'(c))) =
f(q(ci)p'(ci) = plc ) (ci) foreveryi=0,...,n—1and
Q(FD- @) =0 ((Fogg ') = (FogD) -

- RS —a (D) (D).

In this way, we have already proved that () is a well defined K-algebra morphism.

Finally, we need to check it is bijective. It is not difficult to check that () is
surjective. For an element % e K(x), we just need to consider the class (f, J) with
J an ideal verifying J;; = (g(c;))p;; and f: ]—> KC, defined as f(q(c;)) = p(c;) for
everyi,j=0,...,n—1. Thus, Q) ((f ])) £ For the injectivity, if there is (f I)
with Q) (( , I)) = 0 this means that there is an ideal | = I with J;; = (q(c;))pi;
and f(q(c;)) = 0 fori = 0,...,n—1. As a direct consequence, f(J) = 0 and

(f, D) =(©7])=0. H

Now that we know how the isomorphism Q: I'(KC,) — K(x) behaves, we are

in conditions to construct the central closure of KC,,. We will define and construct
the central closure of the algebra following [13].

Definition 6.23. Consider a K-algebra A. For every a € A we define the left and
right multiplications morphisms as

L;: A — A R,: A — A
x = Lg(x):=ax x = Ry(x):=xa

If Endg(A) is the algebra of endomorphisms of A, then M(A) is the subalgebra
of End4(A) generated by the left and right multiplications. This is called the
multiplication algebra and in our case

M(A) := Assg({La, Rp: a,b e A}).

The readers can introduce themselves deeper in the multiplication algebras
following the article by D.R Finston [47].

Remark 6.24. If A is a unitary associative K-algebra, then L, and R, commutes for

every a,be A,and L; = Ry = Id4. As a consequence,

n
M(A) = {Z LoRy,: a;,bie AVi= 1,...,n}.

i=1
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Definition 6.25. Let A be a semiprime K-algebra and I'(A) its extended centroid
as in Definition 6.20. If A ®k I'(A) is the usual tensor product of K-algebras, then
an element x € A I'(A) is vanishing if there is a representation > ;" ; ax ® Ay
with g € A and Ay = (m) for every k = 1,...,m, verifying

m

P(ag)fi(z) =0
P

for every ze I and P € M(A).

The vanishing elements will play a key role in the construction of the central
closure of the algebra. In particular, if A is a semiprime K-algebra with I'(A) its
extended centroid and M is the set of vanishing elements of A ®x I'(A), then we
have the next Lemma.

Lemma. [13, 2.6] M is an ideal.
Finally, we have all the necessary to build the central closure of an algebra

Definition 6.26. Let A be a semiprime K-algebra. The central closure of A is the

quotient given by
.- AekI(4)
' M
where I'(A) is the extended centroid of A and M is the set of vanishing elements.

Even though we have a construction of the central closure of KCj,, the descrip-
tion of the algebra is a bit confusing and lacking of interest. However, Proposition
6.22 will let us characterise the central closure of KC,, as a better understanding
algebra.

Theorem 6.27. Denote by A = KC,, the path algebra of a cycle of n vertices, then the
central closure A is isomorphic to M,,(K(x)).

Proof. Let us consider the morphism of K-algebras

6: KC,®I'(KC,) — M, (K(x))
Yt m @A = 0 (L ;e ®Ax) = YL T(a) Q(Ayg),

with 7: KC;, — M, (K[x]) the injective morphism given in Example 1.22 and
O: I'(KC,) — K(x) the isomorphism given in Proposition 6.22. The reader can
check that 6 = (7,Q)) the coproduct morphism. For this reason, it will only be
necessary to prove that ker(f) = M and that 6 is surjective.
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Take a vanishing element >} ; ay ® Ay with a; € KC,, and Ax = (f, I) for every
k=1,...,msuch that " ; P(ay)fx(z) = 0 for all P € M(KC,,) and z € I. Consider
the ideal | = I with J;; = (q(ci))yi]- fori,j=0,...,n—1 as in Lemma 6.21 and
fe(q(ci)) = pr(c;) for every k =1,...,m. If we take z = >/ ' q(c;) € ] = I, then by
hypothesis we have

m n—1 m n—1
> afe (Z q(Ci)> = > & (Z Pk(@')) = 0.
k=1

k=1 i=0

The morphism 7: KC,, — M, (K[x]) is injective so

m n—1 m n—1 m
T (Z Ak (Z Pk(cz’)>) = > @)t (Z pi(ci ) . T(a)pi(x
k=1 k=1

k=1 i=0

Dividing by g(x) we have

m
:Z (a)?

m m

Z /\k)—Q(Zak@Ak)-

k=1 k=1

This proves that M < kerf. In order to prove the other contention we will
make use of the maximality of M given in Lemma [13, 2.11]. This Lemma
establish that M is the unique maximal ideal of KC, ® I'(KC,) with Iy € M and
M n (KC, ®1) = 0. Here Iy denotes the ideal generated by the elements of the
form z®A — f(z) @ 1 where A = (f,1) e T(KCy), z € I and 1 = (Idgc,, KCy). Then,
the only thing we need to verify is that kerf n (KC,, ® 1) = 0 because this will
mean that ker0 € M. If a®1 € ker0, then 0(a®1) = t(a)QQ(1) = 7(a) = 0 and
because T is injective it is true that a = 0 and a ® 1 = 0.

Finally, we need to prove that this morphism is surjective. Let us consider a

matrix
P1,1(0) P12 (x) L P10 (%)
71,2(x) 91,2(x) 91,0 (X)
pA(®) 2™ pa(®)

42,1:(0 '12,2:(” ) qz"':m € Mn(K(x)>

Pa®  Par® paal)
n,1 (%) n,2 (%) 1 (x)

We can multiply and divide by x each element below the diagonal and express

the matrix as
p1,1(x) P12(x) P1,n (%)
71,1 (x) 91,2 (%) o 91,1 (X)
xpa1 (%) P2(x) o paa(®)
xq,1 (%) 92,2 (%) 42,1 (%)

Pan® a2® ()
X X X
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Lastly, by calculating common denominator of all the entries of the matrix, we
can rewrite it as
na(x) () e e (x)

1 g (x)  rp(x) e ()

q(x)

Ba® wa® )
In consequence, this matrix is the image by () of the element a ® A, where

a= ZZ]';lO rij(ci)pijand A = (f, 1) with I;; = (q(c;))pi; and f(q(c;)) = v; € C for
0<ij<n-—1. O

Describing the central closure of the algebra of a cycle as an algebra of matrices,
with coefficients in the field of fractions of polynomials, instead of as a quotient of
a tensor product, eases the computations and the understanding of the behaviour
of this algebra. Also, working with algebras of matrices over a field allow us to
use, under certain conditions, well known theorems such that Wedderburn-Artin

Theorem.

Before using those theorems, we need some results about central closures. It
will be useful to know how the central closure behaves under isomorphism and
direct sums. This is general knowledge, however due to the lack of a reference to
appeal we find it a good opportunity to include it here. The extended centroid
and central clousure behaves as expected and the reader can skip this part if they

want and continue with the next chapter.

Proposition 6.28. Let us consider A and B two prime associative K-algebras with unity.
If A and B are isomorphic, then T'(A) = I'(B) and A=~B

Proof. First of all define the map

['(0): T(A) - TI'(B)
(D) ~T(@) (£ D) = (o faoT,a(D)

where 0: A — Bis anisomorphism. This map is well defined. If we consider | < I

and (f;,]J) ~ (f,I) we have that ¢(]) < ¢(I) and o o f|]0(7_1 = ((Tofoa_l)‘g(])

and then (0o f|; o o~ Lo(]) ~ (0o foot,o(I)). Also, this map is an isomor-
phism of K-algebras. If we consider (f,1), (g, ]) € T(A) we have that

o(kf(e™ W) =k (oo foor™)
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and then

r(@) (k(F D) =) ((kF,1)) = (koo fooT),0(I) =
— k(oo fooL,a(l)) = KI[(0) ((ﬁ)) .

For the sum we have that

co(f+g)ooct=cofortt+oogoor™!

and c(I nJ) = c(I) no(J) because ¢ is an isomorphism. As a consequence

I'(0) ((ﬁ) + (g,_])) =T(0) ((JT&I N ]) -
_ (UofOO'_l +oogoo,o(I) NT(])) =
=(cofooL,o(I)+(cogoo,o(]) =
1) (D) +T(0) (1)

For the product we can check that
0'ofogoo'_1 = <0’ofoo'_1> o <o'ogoo'_1>
and also 0(g7(I)) = (cog oo™t (¢(I)). This implies that

1@ (D @D) = I ((Fogs D) -

((Tofo c-lo gogo o1 (Uog_l o 0'_1) ((7([))) =
<(Tof0(7_1,(7([)> . (aogoa—l,a-(])> -
r@) ((FD) T (@)

Finally, we need to find the inverse of I'(¢). The reader may find that ['(c—!): T(B) —
I'(A) given by

@D~ (e Togeo,o ()

is the inverse of I'(0).
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Once we have proven that I'(A) = I'(B) we are in conditions to prove that their
corresponding central closures are isomorphic too. The properties of the tensor
product imply that A®TI'(A) =~ BQTI'(B) through the algebra isomorphism

c®T(0): AQT(A) - BQT(B)

m

D a® A= Y o(ar) @T(0) (Ag).

k=1 k=1
If we consider M4 and Mg the set of vanishing elements in A ® I'(A) and
B®TI'(B) and prove that c ®I'(0)(M4) = Mp we have that the central closures
are isomorphic. It will be only necessary to check that c®I'(c)(M4) < Mp, the
other contention will be a direct consequence of e~ ! ® I'(c—!)(Mp) < M, which
is proven in the same way. Let us take a vanishing x € M, that is, there is a
representation of x = > ;' ; a4y ® Ay with Ay = (fi, I) that is I-vanishing. What we
are going to verify is that c ® I'(¢')(x) is o(I)-vanishing. But before that, the reader
might check that the multiplicative algebras M(A) and M(B) are isomorphic. This

isomorphism is induced, again, by sigma
M(c): M(A) — M(B)
Top = M(0)(Tap) := To(a),o(0)
with T, , = L,R, and a,b € A. It is easy to check that
M(o)(TopTe,a) = M(O)(Tacpa) = To(ac),o(vd) =
= To()o(e)ov)o(d) = To(a),o®) To(e)o@ = M) (Tap) M(0)(Tea)-

Also, it is true that
0o Ty = To@)em) ©0

and in consequence

To(ayom) =00 Topoo L.
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Let us come back to the proof and check that > ; o(ax) ® T'(0)(A) is o(I)-
vanishing. Consider P € M(B) and ¢(z) € ¢(I) with z € I. We have that

for every z € I, and finally

> Ple(a)- (¢o froo ™ (o(z))) = o(0) =0
k=1

as we hoped to obtain, finishing here the proof. O

We can say that the central closure and the extended centroid are good defi-
nitions because they keep being isomorphic for isomorphic algebras. Checking
this fact was not difficult but needed of some computations. Proving that the
extended centroid and the central closure commutes with direct sums will not be

less. We will need some previous computations that will ease the proof.

Lemma 6.29. Let us consider Ay and Ap two prime associative K-algebras with unity.
Then 1 < A = A1 @ Ay is an ideal if and only if I = I ® I, with I; = A; an ideal of A;
fori=1,2. The ideal Iy ® I, is essential if and only if I; # {0} for i = 1,2.

Proof. Because of A;A; = 0 for i # j, it is immediate that Al = (A1 ® A2)(; ®
L) = A1L® Azl and TA = A1 ® LAy, If I} and I, are ideals of Ay and
Ajp respectively, we have that I = Iy @ I is an ideal of A. Let us consider
I < A an ideal of A and define ¢; = 14, and [; = ¢;I = Ie;. If we multiply
Ail; = Aejeil = Ae;l = Ale; < Ie; = I; and [;A; < I; analogously. This means that
I; € A;is an ideal for i = 1,2. We just need to prove that I = I; @ I;. Because
e; € Aitisobviousthat ; € [ fori=1,2and [ &, < I. If x € I we have that
x=x-1=x(eg+ep) =xe1+xep€ [ D Ip.
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Let us consider I an essential ideal of A and | a nonzero ideal. It is not difficult
tocheckthat In] = (I1 n J1)® (I n J2). Wehave that (I n ])e; < le;nJe; = 1;n ];
and if x e [n];, x e In] and x = xe;, so x € (I n])e;. The intersection
In]=(0Ln])® (L) is different from zero if and only if I; n J; # {0} or
I n ], # {0}. And because A; is a prime algebra (the essential ideals are the
nonzero ideals), this last assertion is true if and only if I; = 0 fori = 1,2. ]

Lemma 6.30. Let us consider Ay and Ay two prime associative K-algebras with unity.
The extended centroid I'(Ay ® Ajy) is isomorphic to I' (A1) ®@T'(Az).

Proof. Let us consider f: I — A a bimodule morphism and define f; = f|,. We
have that f;(I;) = f(e;I) = e;f(I) < e;A = A;, and we can consider f;: [; - A; a

morphism of A;-bimodules for i = 1,2. The morphism f also verifies that
f(x) = f(xer + xez) = f(xer) + f(xea) = fi(xer) + fa(xez).
Once we know this, we are in conditions to define the morphism

¢: T(A1@Ay) - T(A1) @T(A2)
FD ¢ (D) = (A1) + (o B).

This map, as the reader might have thought, is the isomorphism we were looking
for.

If ] < I, itis also true that J; = Je; < Ie; = I; fori = 1,2. If we consider g: | — A
a morphism of A-bimodules with ¢ = f[,, we have that g; = g[, = f|, = fil;.
Under this conditions, (f,I) ~ (g,]) and (f;, I;) ~ (gi, Ji) for i = 1,2. This implies
that ¢ is well defined. Now we need to prove that it is a morphism. Take k € K
and (f,1),(g,]) € T(A). First, we can observe that (kf); = (kf)ly, =k fl;, = kfi
and this implies that

$(K(F,1)) = p(kF,D) = (kfi, T) + (Kfo, T) = k (7, 1) + (For 2) ) = kg((F, D).

On the other side, we have (f + g)|(1iﬂfi) - f|(1iﬁfi) + g|(liﬁ]z‘) - fi|(1iﬂ]i) + gi|(1iﬂ]i)
for i = 1,2. This implies

o(f,D+@&))=¢0(f+gIn))=(fit+t8.hnh)+(+8 L)) =
(fi, ) + (g1, 1) + (fa, 2) + (82, J2) = (fr, I1) + (fo, 2) + (g1, J1) + (82, )2) =
= ¢((f, D) + (g ]))-
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For the last part, we have that ¢ 1(I) = ¢ {1 @ L) = ¢ () ®g (L) =
(81)7'(I1) @ (2)'(Io). Also, the composition verifies that (f o g)|,-1(;) = fo
8ligy-1ay = f o 8iligyray = iy © Siligy 10 = fio iligyr0y = Ui 8il g1y
for i = 1,2. This implies

$(FDET) = 9(Fogg (D) = (Ffroge, &0 () + (2o 82, (82) (E)) =
= (fi, )& 1) + (f2, ) (82, J2) =
= (A + (k) (G0 + @) =

= ¢((f, 1)9((8,])).

Now that we have proven that ¢ is an isomorphism, we just need to check that
is bijective. If ¢((f,1)) = 0, this means that (f;,I;) = 0 and (fp,I;) = 0. Then
fi =0and f, = 0. In consequence, (f,I) = 0 and ¢ is injective. The morphism

¢ is also surjective because for a pair (f1,I1) + (f2, ) we can find (f,I) with
o((f, 1)) = (fi, ) + (fo, ). It is enough to consider [ = [ @ and f: [ — A
defined as f(x +y) = fi(x) + fo(y) for xe Iy and y € L. O

Remark 6.31. It is obvious that under the right conditions

i=1 i=1

Once we know the extended centroid of the sum of algebras, we can calculate
its central closure by quotienting with the vanishing elements. The tensor product

preserves isomorphism and this implies

(A1@A2) ®T (A1 @ Az) = (A1 @ A2) ® (I'(A1) DT (A)) =
= (A1®T (A1) ® (A1 ®T(A2)) © (A2 QT(A1)) @ (A2 ®T(A2)) .

In the second term appear algebras like A; ® I'(A;) for i = 1,2 which makes us
think that the central closure of the sum is the sum of the central closures, but
there are also terms A; ® I'(A;) for i # j. These last terms, once we calculate
the vanishing elements and make the quotient, will not be problematic. Before
that, we need to know how the multiplicative algebra M(A; @ A;) is related with
M(A;) and M(A3), because it will help us to understand the vanishing elements
in (A1 @A) QT (A1@ Ap).
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Lemma 6.32. Let us consider Ay and Aj two associative K-algebras with unity. If
> Lo +,Re,4a, € M(A1 ® Az) with aj,c; € Ay and b;,d; € Ay fori=1,...,n, and
consider x1 + xp € A1 @ Ap with xj € Aj for j = 1,2, then

n n n
Z Lai—l—b,'Rci—l—d,'(xl + Xz) = Z L,ZiRCi(xl) + Z LbiRdi(x2)
i=1 i=1 i=1

with Y 1 La,Re, € M(Aq) and > 1 Ly, Ry, € M(Ay).

Proof. This proof is pure computation. First, we need to check is that L,R, = 0
forae Ajandbe Ajfori#j. If xe Aande; =14, fori =1,2, we have

LaRy(x) = La(xb) = axb = a(xe; + e;x)b = axe1b + aexxb =0+ 0 = 0.

This implies that

n
Z L,Z +b; Rc +d, X1 + XQ Z Lal + Lb Rci + Rdi)(xl + xz) =
i=1 i=1

n
= Y (LaRe; + Lo;Ra, + Ly Re; + Ly Ry, (x1 + x2) =
i=1

n
= Y (LaRe; + LyRg) (x1 + x2) =

=1

n
Z a; Cl x1 + X2 + Z Lb Rd (x1 + XZ)
i=1 i=1

n n
= Y LoRe,(x1) + Z La,Re;(x2) + Z Ly Ry (x1) + Y Ly, Ry, (x2) =
i=1 i=1 i=1 i=1

n n
= 2 L”iRCi (Xl) + Z Lbl.Rdl.(xz).
i=1

i=1

Theorem 6.33. Let us consider A1 and A; two associative prime K-algebras and take
A = A1 ® Ay If My and M, denote the sets of vanishing elements in A QT (A),
A1 ®T (A1) and Ay ® T'(Ay) respectively. Then

ART(4) L A®T(A) A ST(A)

M My My
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Proof. As we have mentioned before, we have that
AR F(A) ~A1® F(Al) PAI® F(Az) DAR F(Al) DAR F(Az).

Let us find the vanishing elements of A ®I'(A) in terms of the vanishing elements
of Ay ®I'(A;) and A ®T'(Ay). If x e A®QT(A) is a vanishing element, we can
write
n
X = Z ar @ Ay
k=1

with Ay = (fi, I) for k = 1,...,n and for every element P € M(A) and z € I we

Zn: P(a) fi(2)

In virtue of Lemmas 6.30 and 6.32, we can consider a; = ax1 +axp € A1 @ As
with gy, € Ajfork=1,...,nandi =1,2,z=2z1+z €I = [ ® L, with z; € ];
for i = 1,2 and fi(z1 + 22) = fi1(z1) + fro(z2) with fi.: I; — A; fori = 1,2;
P = Z;”:l Laﬁﬁ].Rarij with aj,vj € Ay and Bi,dj € Az forj=1,...,n; and obtain

have

n

> Pl fr(2) Z (Z a8, Ry j+6; (K1 +ﬂk2)) (fi1(z1) + fra(z2)) =

k=1
= Z Lo Ry (ag1) + Z LgRs, ﬂkz)) (fi1(z1) + fra(z2)) =
k=1 \j=1
= ZLa,R7] a1 )fkl z1) Z (Z LRy, ﬂk1)>fk,2(zz)+
k=1 \j=1 k=1 \j=1
2 Z LgRs; (ax2 )fm z1) 2 (Z Ro; (a2 )fk,z(ZZ) =0.
k=1 \j=1 k=1 \j=1

The reader should not forget that A; Ay = 0 which means that the second and
third term in the last expression are zero. This leads us to

> P(a) fi(2) Z (Z La;Ry, ﬂk1))fk1 z1) + Z (Z Lg;Rs; ﬂkz))sz(zz) = 0.

k=1 k=1 j=1
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This identity is true if and only if

n m
> (Z Lochvj(ak,l))fk,l (z1) = 0 for every z; € I, aj, 7 € Ay

i=1
] (10)
n m
Z (Z L/s]R(sj(ﬂk,z)>fk,2(Zz) = 0 for every z; € Ip, Bj,0; € A.
k=1 \j=

1

This equivalence translates into: > _q aAg = D p_q(ak1 + ax2)(Ak1 + Agp) is I =
I; ® L-vanishing if and only if >}_; a; 1Ak 1 is [;-vanishing and Y}}_; agoAx o is

I-vanishing. Then, M = M; ® (A1 ®T'(A2)) ® (A2 ®TI'(A1)) ® M. Finally, we
have that

lle

ART(A)  (A1®T(A1)® (A1 QT (A2)) ® (A2 ®T (A1) ® (A2 ®T(A))

M M @ (A1 ®T(A2)) @ (A, ®T (A1) & My -
L A1 ®T(Aq) ® Ay ®T(Az)
B M My



Chapter 7

NOETHERIAN PATH ALGEBRAS

Developing a condition for a path algebra to be Artinian has not been difficult.
We have been able to work with the descending chain condition successfully. In
the following, we will work with the ascending chain condition, that is, we will
develop a characterisation of Noetherian path algebras. This time it will not be
as easy, but the results are promising. As we have already mentioned previously,
some of the ideas of this chapter are not new, for example Proposition 7.4 appears
in [32]. However, we decided to include it since we have not found any proof in
the literature and we consider that it is not a trivial result.

71 NOETHERIAN PATH ALGEBRAS

Definition 7.1. Let A be an algebra. We say that A is left (resp. right, resp. two-
sided) Noetherian if and only if for every ascending chain of left (resp. right, resp.
two-sided) ideals

Lechc - Ic- -
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there is a number 19 > 1 such that I,,, = I, for every n > ny.

The left Noetherianity of path algebras is mentioned in [32] to be equivalent
to the graph being finite and every cycle having no entries. However, the proof
of this result is not given. In order to prove so we first need to see that the
algebra KC, is left (resp. right) Noetherian. This is immediate following the

Peirce decomposition that we described in Example 1.22 and Proposition [58, 1.7].

Proposition. [58, 1.7] Let R be a left (resp. right) Noetherian ring and S a subring of
the matrix ring M, (R). If S contains the subring

F0 - 0
’ Or - 0
00 - r

of all “scalar matrices’, then S is left (resp. right) Noetherian. In particular, M, (R) is a
left (resp. right) Noetherian ring.

Lemma 7.2. The path algebra KC,, of a cycle with n vertices over a field K is left (resp.
right) Noetherian.

Proof. Since K[x| is a left (resp. right) Noetherian algebra and by Example
1.22 KC,, is isomorphic to a subring of M, (K[x]) that contains the so called

‘scalar matrices’, by [58, Lemma 1.7] the path algebra KC, is left (resp. right)

Noetherian. n

Lemma 7.2 establishes that a cycle with n vertices, as in Example 1.22, is left
and right Noetherian. The next question is: what happens when we build more
complex graphs? For example, by adding exits or entries to the cycle? If we
add an exit to a cycle with n vertices, the left ideals of the path algebra do not
change substantially. However, right ideals get easily affected. This could lead,
as a first impression, to the path algebra still being left Noetherian but not right
Noetherian.

Proposition 7.3. Consider a directed graph E with only one cycle without entries (resp.
exits) and |E® U EY| < co. Then, the path algebra A = KE, with K a field, is left (resp.
right) Noetherian.

Proof. We will prove this result for the left Noetherian case. The other one is
analogous (or dual). The arguments of the proof will rely on several results of
[58] and the Peirce decomposition of KE.
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Consider ¢ the cycle without entries and F = E%\c(®). Without any loss of
generality, we can order the vertices of E® such that u; € ¢ fori =0,...,n—1

and u; € FO for i = n,...,n +m. Let us take the complete ortogonal system of

n+m

idempotent elements e; = Z;:ol ui and ep = >, " u;, that is, eje; = ee; = 0,

e = ej for j =1,2 and ey + e, = 1. As we know ¢ has no entries, thus there is no

]
path from a vertex in FO to a vertex in ¢(?) and Ay := epAe; = 0. In consequence,

A;SB
0T

with S := ejAe;, T := epAey and B := ejAey. Following [58, Proposition 1.8],

we have that

if we prove that S and T are left Noetherian and B is a finitely generated left
S-module, we will prove that A is left Noetherian. As we know from the Peirce
decomposition, S and T are subalgebras of A and B is a (S, T)-bimodule. The
algebra S is isomorphic to the path algebra of a cycle and following Lemma 7.2, S
is Noetherian. If we consider the algebra T, we have that it is finite-dimensional
because there is a finite number of paths connecting vertices in F° (there are no
cycles and the number of vertices and edges is finite). As a consequence, T is left
Noetherian.

For the last part, we need to prove that B is finitely generated as a left S-module.
If X = {u e c0): s7H(u)| = 1}, then we consider G = E\X the subgraph of E
obtained by removing the vertices in the cycle that do not have exits. The reader

can check Figure 16 for an example of this.

)
J

Figure 16: On the left side we have the graph E, a cycle without entries. On the right
side we have the graph G, a product of eliminating in E the vertices in the
cycle that are not part of an exit.

It is not difficult to check that the graph G, under our hypothesis, does not
contain any cycle and |G® U G!| < +o0. This means that | Path(G)| < +o. Let us
now prove that B = >} cpan(c) Si- As we know, B is the vector space generated
by all the paths that start at some vertex in c() and end in a vertex in F*. From
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that, it is easy to verify that B’ = 2 uepath(G) SH < B. On the other hand, if we
consider a path A € B such that s(A) € ¢(9), we have that A = Bu with  a path in
the cycle, that is s(8), 7(8) € ¢(?) and u € Path(G). Finally, for all the paths in B we
have that A = Bu = S < B’ and B < B’. This proves that B is finitely generated

as a S-module and concludes the proof. O

Now that we know some examples of Noetherian path algebras, and we are
aware of how the quotient of path algebras over ideals generated by vertices

behave (Proposition 1.20), we are in conditions to prove the next characterisation.

Proposition 7.4. Let E be a directed graph and K a field. The path algebra KE is left
(resp. right) Noetherian if and only if |E® U E'| < +o0 and every cycle does not have
entries (resp. exits).

Proof. We will prove the left Noetherian case. The right one is analogous. In fact,
it is the dual result.

First, suppose that A = KE is left Noetherian. Consider that EY U E! is not
finite. This means that EY or E! are infinite sets. If E¥ is not finite there is a set of

vertices {u;}?°; € E° and then we can construct the ascending chain of left ideals
n
Aup c Auy+ Aup < - Y Auj < -
i=1

Let us verify that u,q ¢ >, Au; for every i > 1. If u,q € >, Au;, then
Un+1 = 21 kiA; with k; € K\{0} and A; € Path(E) with 7(A;) € {uy, ..., u,} for
every j = 1,...,m. Multiplying both sides by 1,1 on the right we have u,, .1 =0,
which is not true. As a consequence, we have constructed a strictly ascending
chain of left ideals. This can not be possible because KE is Noetherian. That is,
|E| < +oo.

In a very similar way, if |E!| = o, then there is a set of edges {f;}°; < E! and
we can construct the ascending chain of left ideals

n
Afic Afi+Afac - c Y Afic -
i=1

To prove that it is a strict chain, let us verify that f,.1 ¢ >/ 1 Afi. If fu1 €
Z?:l Afi, then f,11 = Z;ﬂ:l k])\]fzj with k] e K\{0}, )\]‘fi]. € Path(E) and Affij #
Ajs fl-],, for every j = 1,...,m and j # j. We can rewrite the expression as
Z;-”:l kjAifi; — fa+1 = 0 which can not be possible since all the paths in the linear

combination are different. In consequence, |E!| < +o0 and then, |E® U E!| < +c0.
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Suppose that there is a cycle ¢ € Path(E) with an entry f € E!, that is, 0 # fc e
Path(E). In the same way as we did before, we can construct the ascending chain
of left ideals

n
Afcc Afc+ Afcd e c Y Afctc -
i=1

Once again, and using similar arguments as before, this chain is strict that enters
in contradiction with the fact that KE is left Noetherian. As a consequence, every
cycle does not have entries.

Let us prove the reciprocal implication. Consider E a graph with |E? U E!| < +oo
and every cycle does not have entries. We will prove that KE is left Noetherian
by induction on the number of cycles.

If E has no cycles, we have that KE is a finite-dimensional K-algebra and this
means that KE is left Noetherian.

The case n = 1 is just a consequence of Proposition 7.3.

Suppose as our induction hypothesis that if the graph has n cycles, then KE is
left Noetherian. Consider a finite graph E with n + 1 cycles without entries. Let
us take c any cycle and consider I = (c(?) the two-sided ideal generated by the
vertices of c(?). Following Proposition [58, 1.2], if we prove that I and KE/I are
KE-Noetherian, then KE will be Noetherian.

As we know from Proposition 1.20 it is true that KE/I = KF where F = E\c(*)
(the collapse of E through the set of vertices c(?)). Since all the cycles in E do
not have entries, the graph F has n cycles without entries, and by our induction
hypothesis, this implies that KF is KF-Noetherian. In addition, all the KE-
left modules in KE/I are KE/I-left modules in KE/I and viceversa. This is a
consequence of the surjectivity of the canonical projection. Then, we have that
KE/I is KE-Noetherian.

Finally we just need to prove that I is KE-noetherian. Consider the subgraph
G = (G Gl,s,r) with

G = {ue E%: 3 eI nPath(E) with u e y(o)}

Glz{feElzHyeImPath(E)withfey(l)}.

we can think of this subgraph as the graph formed by selecting all the vertices
and edges in the paths that generate I. The reader can check Figure 17 for a

better understanding.

It is important to notice some things.
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Figure 17: Process of building the graph G of the proof (in blue) from the graph E (in

black).

1. The graph G has only one cycle. This fact is because every cycle in E has no

entries. This means that there is no path u € I of the form y = cAc’, with ¢/
another cycle. That is, there is no path connecting two cycles.

. The set I is contained in KG. As we know, the ideal I is generated by all the

paths that go through some vertex u € ¢(9) and all of them are in Path(G)
by construction. Then I < KG. Finally, because G is a subgraph of E, KG is
a subalgebra of KE implying that I is an ideal of KG.

. All the KE-modules contained in I are KG-modules contained in [ and

viceversa. If v € Path(E)\ Path(G), then v- (c(¥) = 0. Take J a left KG-
module contained in I. Consider a € KE, we can write a = >,/ ; a;i; +
>it1bjA; where a;,b; € K\{0}, p; € Path(G) with p; # p for i # I and
A;j € Path(E)\ Path(G) such that A; # A for j # k. Then a] = (3iL; aip; +
Z}":l biAi)] = (2 aipi)] < J and ] is a left KE-module. In addition, all
the left KE-modules contained in I are left KG-modules because KG is a
subalgebra of KE.

Finally, thanks to the case n = 1 we have that KG is left Noetherian and this
implies that I is left Noetherian as a KG-module. However, all the left KE-
submodules in I are left KG-submodules in I and vice-versa which means that I
is left Noetherian. O
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Once we know the geometric property of a graph for its path algebra to be
left or right Noetherian, we would like to get to know better the structure of the
Noetherian path algebras. The Peirce decomposition gives us a first clue o this.

Proposition 7.5. Let us consider a directed graph E and A = KE the corresponding path
algebra over the field K. If the algebra A is left or right Noetherian, then A is isomorphic
to a triangular matrix algebra. That is, A is isomorphic to

S B
0T
with S and T two K-algebras and B a (S, T)-bimodule.

Proof. As we know from Proposition 7.4, being left (resp. right) Noetherian means

that |E° U E!| < +o0 and all the cycles in the graph do not have entries (resp.
exits). Considering these facts, if we define S° = {v € E°: v is in a cycle} (resp.

S¥ = {v e E%: vis notin a cycle}) and T° = E®\S". These two sets will allow us
to construct a complete system of orthogonal idempotents e; = >, .07, € =
> wero . For the last part we just need to consider the Peirce decomposition with
S =e1Ae1, B =e1Ae; and T = epAey. It is not difficult to check that under our
hypothesis e Ae; = 0. O

Observation 7.6. The reader may not find very difficult to check that if A is left
(resp. right) Noetherian the algebra S (resp. T) is of the form

S 0 -+ 0
0 S -~ 0
0 0 --- Sy,

with m the number of cycles and S; the algebra of a cycle for everyi =1,...,m.

7.2 RADICAL OF A PATH ALGEBRA

Once we have a characterisation of the Noetherian path algebras, we would
like to obtain a structure theorem for them. The Jacobson radical of an associative
algebra, together with the central closure of the path algebra of a cycle, will be
key to achieve our aim. The central closure is discussed in Section 6.1 and the
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characterization of the Jacobson radical of a path algebra is mentioned (without a
proof) in [32] for finite acyclic graphs. However, we will prove the same result for

arbitrary graphs.

Definition 7.7. The Jacobson radical of a ring R is the set
rad(R) := {r € R: rM = {0} for all simple module M} .

Remark 7.8. 1t is well known that the Jacobson radical is also the intersection of
all maximal left (resp. right) ideals of R (the reader can check [75, Chapter 2]). In
case A is an associative algebra over a field K, then the Jacobson radical of A is

defined analogously. It is important to remember that this set is an ideal.

Consider a ring R, not necessarily unital, and define the product
aob:=a+b—ab.

An element z € R is said to be quasi-reqular if there exists z’ € R such that
zoz =2z oz =0 (see [64, p. 8]). Then, in [64, Proposition 1, p. 9] it is proved that
the radical is the set of all z € R such that azb is quasi-regular for any a,b € R.

In the path algebra context, the Jacobson radical will be related to what will be
called the path without return.

Definition 7.9. Consider a directed graph E. We say that A € Path(E) is a path
without return if there is no u € Path(E) such that s(i) = r(A) and r(p) = s(A).

Proposition 7.10. If E is a directed graph and KE is the path algebra of E over the field
K, then rad(KE) is the vector space generated by the set of paths without return, that is,

rad(KE) = spang {A € Path(E): £(A) > 1,} y € Path(E), s(u) = r(A), r(u) = s(A)}.

Proof. Consider A a path without return. Following [64, Proposition 1, p. 9],
we have to prove that aAb is quasi-regular for any a,b € KE. First, observe
that zo (—z) = (—z) oz = z%. In this sense, if z := aAb, then we are going
to prove that z2 = 0. This being said, (aAb) o (—aAb) = aAbaAb and if we
write ba = ' 1 k;7; with k; € K and 7; € Path(E), we have AbaA = Y k;ATA.
However, since A is a path without return, if A;A # 0, then s(7;) = r(A) and
r(t;) = s(7;) which can not be possible. Then, AT;A = 0 for every i = 1,...,n
and aAbaAb = a (3}, kiATiA) b = 0. Thus, aAb is quasi-regular for every a,b € KE
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implying A € rad(KE). Consequently, rad(KE) contains the linear span of all
no-return paths because the Jacobson radical is an ideal.

Conversely, consider z € rad(KE), we can express this element as z = >/ ; k;A;
with k; € K\{0}, A; € Path(E) foreveryi =1...,n. If

J={ie{l,...,n}: A;is a path without return},

then we can decompose z as z = > kjAj + Deqr . apykiAi. Following the
previous implication, we have that z’ = Z]-E jkjA;j € rad(KE) and since rad(KE)
is an ideal z —z’ € rad(KE). As a consequence, we can assume that z is a
linear combination of paths with return. Consider z := }"_; k;A;, since rad(KE)
is an ideal, uzv € rad(KE) for every u,v € E* and we can assume that z :=
Yii—1kiA; € rad(KE) where s(A;) = u, r(A;) = v forevery i = 1,...,n and A; # A;
if i # j. Furthermore, given that the A; are paths with return such that s(A;) = u
and r(A;) = v for every i = 1,...,n, there is a path u € Path(E) such that
s(u) =vand r(u) = u. Then, zu € rad(KE), and once again we may assume that
z := Y kiA; € rad(KE) with k; € K\{0}, A; € Path(E), s(A;) = r(A;) = u for each
i=1,...,nand A; # Aj. But then, taking into account [64, Proposition 1, p. 48],
z € uKEu nrad(KE) = rad(uKEu) = 0. We have that rad(uKEu) = 0 because
uKEu is a free associative algebra by Lemma 5.6 and there are two possibilities. If
uKEu =~ K or uKEu =~ K[x], then it is well known that their radical is null. If uKEu
is generated by more than one element, the by [75, Proposition 11.23], the algebra
is left primitive. Since being primitive means that there is a faithful irreducible
module, hence its radical is zero. Finally, this means that every nontrivial element
in the radical is a linear combination of paths without return, which ends the
proof. O

Although we have already obtained a characterisation of the Jacobson radical of
a path algebra in terms of its generators as a vector space, we can go deeper and
describe it in terms of its generators as an ideal. This is shown in the following

theorem.

Theorem 7.11. Consider a directed graph E and a field K. If KE is the path algebra of
the graph E over K, then rad(KE) is the two-sided ideal generated by the set of edges

without return, that is,

rad(KE) = (e € EL: 3\ e Path(E) with s(A) = r(e), r(A) = s(e)) .
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Proof. Define I = (ee E': §A € Path(E) with s(A) = r(e),7(A) = s(e)) the ideal
generated by the set of edges without return. First of all, Proposition 7.10 directly
implies that I < rad(KE). Second of all, if we prove that every path without
return is in I, then rad(KE) < I by Proposition 7.10. Consider A a path without
return, that is, A = fif,--- f, € Path(E) such that there is no path u € Path(E)
with s(u) = r(A) and r(u) = s(A). Then, there is an edge f; with i € {1,...,n}
such that f; is an edge without return. If this were not true, then for every
i =1,2,...,n there would exist a path y; € Path(E) such that s(y;) = r(f;) and
r(pi) = s(fi). In this way, we could consider the path y = pyp,—q - - - 1 € Path(E)
which is a return path for A and this can not be possible. In particular, A € I. [

Remark 7.12. If E is a finite graph without cycles, known as a quiver, then we
denote KE. as the ideal generated by E!. In this case, following Theorem 7.11 we
have that KE; = rad(KE).

7.2.1 Semiprime radical

We have fully characterised the Jacobson radical of a path algebra. In fact, as
we will see in this subsection, it coincides with the Semiprime radical of the path
algebra.

Definition 7.13. An ideal I of an algebra A is said to be semiprime if the quotient
A/l is a semiprime algebra. Equivalently I is a semiprime ideal when xAx c I
implies x € I.

Note that if {I,},cx is a collection of semiprime ideals, the intersection (), Iu
is also a semiprime ideal.

Definition 7.14. If S — A is a subset of the algebra A, the intersection of all
semiprime ideals containing S will be called the semiprime ideal generated by S.

If we compute then the intersection of all the semiprime ideals, then we have

the minimal semiprime ideal.

Definition 7.15. The semiprime radical of an algebra A is defined as the intersection
of all the semiprime ideals of the algebra. We will denote this ideal Srad(A).

Note that A := A/Srad(A) is a semiprime algebra. The semiprime radical
could be defined as the least ideal I such that U/I is semiprime.
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We say that an element a € A is an absolute zero divisor if and only if a # 0
and aAa = {0}. Following Definition 5.1 an associative algebra A is semiprime if
and only if there are not absolute zero divisors. Observe that, for any semiprime
ideal I, if a is an absolute zero divisor aAa = {0} < [, then a € I. This means that
Srad(A) contains all the absolute zero divisors. Actually, by minimality, Srad is

the semiprime ideal generated by the set of absolute zero divisors.

Proposition 7.16. Consider E a directed graph and K a field, then

Srad(KE) = rad(KE).

Proof. If Y is the set of edges without return, then by Theorem 7.11, rad(KE) is the
ideal generated by Y. Consider f € E! an edge without return, then s(f) # r(f)
and there is not any path A € Path(E) such that s(A) = r(f) and r(A) = s(f). This
means that fKEf = 0 and f is an absolute zero divisor. Since Srad(KE) is an
ideal, we have that rad(KE) < Srad(KE).

As we have already mentioned, the Jacobson radical of a path algebra is an ideal
generated by a set of edges, this means that KE/rad(KE) is isomorphic to the path
algebra of the collapse E\Y. The graph E\Y is a disjoint union of all the strongly
connected components of E. Following Proposition 5.3, K(E\Y) is semiprime. In
other words, rad(KE) is a semiprime ideal and Srad(KE) < rad(KE). O

7-3 STRUCTURE OF NOETHERIAN PATH ALGEBRAS

The fact that the Jacobson radical of a path algebra is an ideal generated by
edges is really interesting. This means that the algebra KE/rad(KE) is isomorphic
to a path algebra of a new graph. In particular, by Proposition 1.20 we have
that it is isomorphic to the path algebra of the graph F = E\Y with Y the set
of edges without return. Furthermore, KE/rad(KE) is a semiprime algebra. By
eliminating all the edges without return in the graph E all that we have left are
paths with return and that is the condition needed for the path algebra to be
semiprime (Proposition 5.3). In consequence, following Theorem 5.11,

KE/rad(KE) ~ (P Kv; ® P KC,, ® P KF, (11)
iel je] leL
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where {v;}ic; U {Cy;}jef U {F1}ier are the strongly connected components of the
graph E. The set {v;};e; corresponds to isolated vertices, {Cy,}jej isolated cycles
and {F };c; strongly connected cycles with entries (exits). In particular, KF; is
primitive for every I € L, KCy, is prime for every j € | and Kv; is simple for every
iel.

As we know from Proposition 7.5, the Noetherian path algebras (left or right)
are isomorphic to upper triangular matrix algebras. In order to study their
corresponding Jacobson radical we obtain the following result.

Proposition 7.17. Let us consider a directed graph E with A = KE its corresponding
path algebra over the field K. If A is left Noetherian, following the description given in
Proposition 7.5, the Jacobson radical of A is

0 B
rad(4) = ( 0 rad(T) ) '

Analogously, if A is right Noetherian, then

rad(A) = ( racz)(S) ﬁ ) :

Proof. These results are immediate to prove following Proposition 7.5 and Corol-

lary [60, II.1]. Since A is Noetherian, by Proposition 7.4 is an upper triangular

A:(gg).

In addition, by [60, Corollary II.1]

rad(s B)_(rad(S) B )
0T 0 rad(T)

If A is left Noetherian and S is the component in the Peirce decomposition related

matrix ring with

to the vertices that belong to cycles, then by Theorem 7.11 rad(S) = {0}. On the
other hand, if A is right Noetherian, in this case, T is the component related to
cycles and rad(T) = {0}. O

Finally, after all the results obtained above, we are in conditions to develop an
structure theorem for the Noetherian (left and right) path algebras. We will make
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use of the concepts of socle of a path algebra (Proposition 3.4) the radical of a

path algebra (Theorem 7.11), together with Proposition 7.5.

Theorem 7.18 (Structure Theorem for Noetherian path algebras). If E is a directed
graph with KE left (resp. right) Noetherian, then

KE/rad(KE) (@ sz> ® ((ja KCn].> .
j=1

Consider two directed graphs E and F, and denote by s and t the number of cycles in the
graph E and F respectively and nj, m; (fori=1,...,sand j=1,...,t) the number of
vertices in the corresponding cycle. If KE and KF are left (resp. right) Noetherian and
KE = KF, then |E°| = |F°|, s = t and there is a permutation o € S such that n; = mg
fori=1,...,s

Proof. If E is a directed graph such that KE is left Noetherian (resp. right
Noetherian), then by Proposition 7.4 E is a finite directed graph such that every
cycle does not have entries. In addition, the Jacobson radical of KE is the ideal
generated by the edges without return (Theorem 7.11). In our case, these are
the edges outside the cycles. Finally, by Proposition 1.20, KE/rad(KE) =~ K(E\Y)
where Y the set of edges without return which coincides with the set of edges

outside the cycles. This means that
KE/rad(KE) @ Kv; @ @ KCy,

where ng is the number of vertices outside the cycles, s is the number of cycles
and n; is the number of vertices in a cycle for every j = 1,...,s.

For the second part of the result, consider A; = KE and A, = KF left Noethe-
rian algebras (for the right Noetherian algebras is analogous). By Proposition 7.5
we have

S t
A s [ B KCu B D KCy B
0 T 0 T,

In addition, rad(A;) = rad(A;) by Theorem [69, Theorem o0.1.4]. Following
Proposition 7.17, we can express this as

(o B \_[(0 B \_.
rad(y) = (0 rad(Th) > B (O rad(Tp) ) = rad(Ay).
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Define A; = A;/rad(A;) and Ay = Ap/rad(Ay). Since the path algebras and
their radicals are isomorphic, we have that Aj =~ A, which means

s t
A~ < @i_1 KCyy 0 ) ( @f=1 KCm], 0 ) ~ A,
0 Ko 0 Ko

lle

with 1y the number of vertices outside the cycles of E and m( the number of
vertices outside the cycles of F. Now, by Theorem [69, 9.1.4], we have that the
socles are isomorphic, soc(A1) = soc(A). By Corollary 3.7, soc(A;) = K" and
soc(A;) = K™, and since they are isomorphic this means that ng = my. Finally,
@i, KCy, = @]t-=1 KCp,; because Ay = @;_; KCp, @K™ = @;:1 KCpy; @K™ = Aj.
Since the path algebra of a cycle is prime (Proposition 5.4) this is a decomposition
in indecomposable ideals. Consequently, we can apply Proposition 5.10 and
we have that s = t and there is a permutation ¢ € 5; such that KC,, =~ KCmg(i).
Consequently, n; = m;(;. Indeed, consider the commutator of KC,, denoted
by [KCy,KCy]. If f € CL, then f = [f,r(f)] € [KCy,KCy], which means that
KCp/[KCy, KCp] = K". If KCy; = KCyp;), then

K" = KCy,/[KCy,, KCp,] = KCp /[KCiny y, KCr ] = K"et0

Mg (i

O
In order to describe the structure of left Noetherian path algebras KE, we first

approach its quotient KE = KE/rad(KE). Equivalently, we consider a left Noethe-
rian Jacobson semisimple path algebra KE. Then KE = soc(KE) ® Ann(soc(KE))
and the socle is a finite direct sum K" (with componentwise product). A first
invariant under isomorphism is the pair (soc(KE), Ann(soc(KE)). We have
Ann(soc(KE)) = @;KCy, (finite direct sum). Since the central closure of each
KCy, is @ >~ M;,(K(x)) we have that the central closure of Ann(soc(KE)) is an
Artinian semisimple K(x)-algebra and, in fact, is isomorphic to the (finite) direct
sum ®; M, (K(x)). Therefore, an isomorphism of left Noetherian J-semisimple
path algebras KE = KF directly leads to an isomorphism of Artinian semisim-
ple K(x)-algebras. Consequently the tuples (n,...,ns), (my,...,m;) of both
algebras have the same length and up to a permutation the 7;’s and the m;’s
coincide. Summarizing: the tuple (1,14, ...,n;) determine completely KE and
KE = K" @®KCy, & - - - ® KCy,. Furthermore, n = dimg(soc(KE)) and each n? is
the dimension (as K(x)-vector space) of the simple components of the Artinian
semisimple part Ann(?(;aKE)). Alternatively, one can see that each n; is the
uniform dimension of KCy,.
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Chapter 8

ENTROPY OF PATH AND LEAVITT PATH
ALGEBRAS OF FINITE GRAPHS

In the study of algebras, the notion of dimension plays an important role when
trying to classify them. It is, in most cases, the first clue if two algebras are
isomorphic or not. However, when we are working with infinite-dimensional
algebras it does not make much sense. But, instead of the dimension, one
can categorize an algebra by the growth of the dimension of finitely generated
subalgebras, if the algebra is finitely generated. For commutative algebras, this
results in the Krull dimension, see e.g. [43] or in the Gelfand-Kirillov dimension in
the general case, see e.g. [51, 98]. Even so, this new concept does not deal with the
problem that we had before. There are many examples of algebras with infinite
GK-dimension. For this purpose, in the case of groups and graded algebras,
the notion of algebraic entropy is introduced, see e.g. [37, 87]. The concept of
entropy itself was sketched for the first time by Adler, Konheim and McAndrew
for compact topological spaces [4]. They define the topological entropy via covers
and apply it to dynamical systems and endomorphisms of abelian groups. A
generalisation of this notion is given by D. Gongalves, D. Royer and F. A. Tasca
in [56] which is used in infinite alphabet shift spaces. The algebraic entropy
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for groups was later studied by Weiss [108]. A different definition was given
by Peters [89] for automorphisms of abelian groups. It coincides with the one
by Weiss on endomorphisms of torsion abelian groups. Recently, the algebraic
entropy was used and generalized in group theory in e.g. [38, 55]. For graded
algebras the entropy was studied in [87]. This is where we will find inspiration
to generalise this to the filtered algebras. The reader might be familiar with the
concept of entropy in physics. In statistical mechanics the entropy consists of
counting the number of possible states that a system can be in. The algebraic
entropy can be considered similarly. The microstates that Boltzmann [24] used
in his definition of the entropy are replaced by the span of finite-dimensional
subspaces generating the infinite-dimensional algebra. The growth is then defined

as the dimension of consecutive factor spaces.

8.1 ENTROPY OF FILTERED ALGEBRAS

We say that a K-algebra A is a finitely generated algebra if there is a finite set
S = {a,...,a,} < A such that every element in A can be obtained by sums,
linear combinations and products of elements in S. In particular, for every
element a € A there is a polynomial p € K{xy,...,x,) (the polynomial ring of
non-commutative variables) such that a = p(ay,ay,...,a,). If we consider the
vector space V generated by the set S, then we say that A is generated by a finite-
dimensional vector space. Defining V" = span{v; ---v,: v;€ V, i=1,...,n} and
Vu =V +V24...4+ V" the algebra A is generated by the space V if and only if
A= Uff:l V,. In this sense, the Gelfand-Kirillov dimension can be defined.

Definition 8.1. [51] Let A be an algebra, which is generated by a finite-dimensional
subspace V. Then, gy (n) := dim V" < o is the growth function of V. If gy (n) is
polynomially bounded, then the Gelfand-Kirillov dimension of A is defined as

GKdim(A) := limsup M.
oo log(n)
The GK-dimension does not depend on a choice of the generating space V as

long as dim(V) < oo. If the growth of A is not polynomially bounded, then
GKdim(A) = 0.

Note that if gy (n) = n, then GKdim(A) = k and if the algebra A is finite-
dimensional, then GKdim(A) = 0.
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For a graded algebra A = ®_ A, with dim(A,) < 4+, the algebraic entropy
of A has been defined in [87, Equation (1), p. 85] as

H(A) := limsup {/dim(Ay).
n—aoo0
However, this definition is only restricted to a certain family of algebras. That is
why we want to give a step forward and try to obtain a more general definition

of algebraic entropy by using filtrations.

Definition 8.2. A K-algebra A is said to be filtered if it is endowed with a collection
of subspaces F = {V,};7_; such that

1. 0csVic--.cV,cV,,1€---CA,

2. A == Ui’l?l Vn,
3. ViV < Vi

The collection of vector spaces F is called a filtration of A. We say that the
filtration is finite if it also verifies

4. dim(V;,/V,,_1) < +o for every n > 2.

Observation 8.3. We really want to highlight that during the course of this work
all the filtrations that we are considering are finite. The reason for this will be

explained in Section 9.1.

Remark 8.4. If the K-algebra A is finitely generated by a vector space V, then
F={Vu};,withV, =V + V2 4 ... 4+ V" is a finite filtration for A. The first and
second items are easy to check, let us verify the third one. Consider x € V;; and
y € Vi, in particular, we can express x = 3} ; x; and y = 3i; y; with x; € %4
and y; € Viforeveryi=1,...,nand j =1,...,m. Then, xy = Z?]’Zl x;yj. Each
element x;y; in the sum belongs to V'V/ = V'*/. In particular, we have that
xyeV+ Vg qymtm vy Finally, the fourth one is immediate since

every vector space V, is finite-dimensional as V" is too.

If A is filtered K-algebra with (finite) filtration F = {V,})"_;, then we can define

A, = Vu/Vy_1 for n = 2 and Ay := V;. In addition, we can take A := D1 A,
and define the product

(x + Vn—1)<y + Vm—l) =Xy A+ Vn+m—1
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where x +V,,_1 € V;,/Vy_1, y+ Vi1 € Viu/Vy—1. This product is well defined.
Indeed, consider x,x’ € V, such that x + V,,_1 = x’ + V,,_1. This means that
x—x" € V,_q. If we take y € V,,, then xy — x'y € V,,,,,_1 which means that
xy + Vyem1 = X'y + Vyym_1. Analogously, if y + V,,_1 = v’ + V,,_1 we have that
xy + Viem—1 = xy + Vyi 1. Finally,

X+ V)W + Vi) =Xy + Vi1 =
= xy' + Vn+m—1 =Xy + Vn+m—1 = (x + Vn—l)(y + Vm—l)

and the product does not depend on the element of the class chosen. In this way,
A, with the defined product and together the usual scalar multiplication and
sum, is a K-algebra. Furthermore, it is a graded algebra. This allows us to define
a notion of algebraic entropy for filtered algebras.

Definition 8.5. Let A be a filtered K-algebra with finite filtration F = {V,};;.
Hence, we define the algebraic entropy of A for the filtration F as

0 if dimA < +o0,
lim sup log (dlm(vn/vn—1)>

n—00 n

hag(A, F) 1= (12)

otherwise.

Remark 8.6. The only care we should have with this definition is that in case

there is some step in the filtration for which V,,_; = V,;, then we have a —o0 in
log(dim(Vy/Vy—1))
n

the sequence. So the sequence takes values in R U {—x}. Thus,
the above limit could be —x if the filtration stabilizes at some point. But this is
only possible when A is finite-dimensional and we have defined hyg(A, F) = 0

in this case.

As it is natural, this new definition of entropy extends the one given for
graded algebras. Consider an infinite-dimensional graded algebra A = @, A,
where dim(A;,) < +oo for every n > 0. We can define the family of vector
spaces F = {V,})°_; given by V,, := @;_, A;. Indeed, F is a finite filtration. By
construction, it is natural that

0§V1§V2§'~-§VngVn+1g...gA

and A = |J;_; Vu. In addition,

n m n,m n+m
ViV = <6—> Ai> (@ A,‘) (= Z AiA]' - @ Ak = Viim.

i=0 i,j=0 k=0
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Finally, dim(V,,/V;,_1) = dim(A,) < +o0. If we compute the entropy of A for the
filtration F, we have that

hag(4, F) = lim sup log (dim(V,,/Vy—1)) _ lim sup log (dim(A,))
n—ao0 n n—ao0 n
= lim sup log ( " dim(An)> log <hm sup \/CT) log(H(A)).
n— n—00

This means that for a suitable filtration both entropies ‘coincide’.

Whereas the Gelfand-Kirillov dimension is independent of the finite-dimensional
system of generators chosen, the concept of entropy is more subtle. Actually, it is
strongly tied to the filtration selected.

Proposition 8.7. Let A be a filtered algebra with finite filtration F = {V,}°"_. Consider
log(dim(Vy/Viy—1))

that the sequence { ” } ) is convergent. If we define the family of vector
n=
spaces G = {Wy,}>>_; such that Wy, := Vy for any n > 1 and a fixed k € IN*, then
1. G is a finite filtration for A and
2. halg(A/ Q) = khalg<A/ ./_")

Proof. First of all, it is obvious, by the properties of the filtration that

0= ViV S V3 S S Vik © Vi

and taking into account that W, = V,;; we have that G forms a chain. Secondly,
consider x € A. By the properties of the filtration, there is a number m > 1 such
that x € V};,. Considering a proper number n € IN such that m < nk we have that
x € Viy € Vo = Wy, and x € | J;_; W, proving that A = | J;; Wy. In addition
WiWi = VikVik © Vingmyk = Watm. Finally, we have that

dim (Wy, /Wy, 1) = dim (Vy/Vi—1)x) = dim(Vie) — dim (V1)) =

Zdim(V k) —dim(Vig_1) + dim(Vig_q) — - - + dim(Vi_1)41) — dim(Vi—1yx) =
k-1

Z Vik— ] dlm( nk—j— 1 2 dim (Vnk—j/Vnk—j—l) <+
j=0 j=0

and G is a finite filtration for A.
Let us now focus on the second item. For every n > 1 we have seen that

k—1

dim(Vix/ Vi) = Y, dim(Vigk—j/ Virk—j-1)-
=0
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Then, we have that

haig(A, ) = lim sup 28 (Wa/Wu-1)) _

11— +00 n

log (dim (V,i/V,,,_ =l
= lim sup og( 1m( K/ (n 1)k)) = limsupllog (Z dim(an]'/anjl)).

a0 n n—+o M j=0

Take into account that for two sequences {a,},>0 and {b,},>0 with a,,, b, > 0
the following equality holds

lim sup M, lim sup

n—+00 n n—=400

lim sup log(@n + bu) = max {

n—>—400 n

Consequently, we have that

1 di Vn w Vn e
halg(A/g) = 1max {limsup og( 1m( k—j/ Vak—j 1))}

0<j<k—1 | notoo n

lOg(dim(Vn/anl))
n

Since the sequence { } ) is convergent, then
n=

—jlog (dim (V,;_:/V, 1.
hao(A,G) = max lim nk — jlog (dim (Vi J/ wk—j-1)) _
8 0<jgk—1 | n—>+0 N nk —j

_ Ogjg(_ ) {khag(A, F)} = khag(A, F).

]

Proposition 8.7 is the perfect way to picture the dependence of the entropy of
the algebra with the filtration chosen. Not only that, if we would try to avoid this
problem by taking the supremum between all the possible entropies, Proposition
8.7 will make this impossible.

Corollary 8.8. If A is a filtered algebra with F a finite filtration verifying the conditions
of Proposition 8.7 and hao(A, F) # 0, then there is a family of finite filtrations {Gi};”
such that

lim hgg(A, Gr) = +oo.

k—+o0

In this way, if we define the entropy of a filtered algebra as

haig(A) = sup{h,(A, F): F finite filtration},



8.2 ENTROPY UNDER DIFFERENT CONSTRUCTIONS |

in most of the cases, h,j(A) = +c0 and we are facing an useless way of measuring
algebras. The other possible way of avoiding the dependence of the filtration is
using the infimum instead of the supremum. However, as we will see in Section
8.3, it will give us trouble too. For this reason, we will focus on this chapter on

computing the entropy for specific filtrations.

8.2 ENTROPY UNDER DIFFERENT CONSTRUCTIONS

In this Section we study how the entropy of an algebra behaves under epimor-
phisms, monomorphisms and direct sums. In order to do so we think of (finite)
filtered algebras as elements in a category.

Definition 8.9. We consider the category of filtered (resp. finite filtered) K-algebras,
denoted by Falgk (resp. falgk). Its objects are the couples (A, F) where F is a
filtration (resp. finite filtration) in A and its morphisms (A, F) to (B, G) are the
K-algebra morphisms f: A — B such that f(V,,) € Wy, for all V,, € F and W, € G.

Note that an isomorphism f: (A, F) — (B, G) implies dim(V},) = dim(W,,) for
any n. Moreover, if the filtrations consist of finite-dimensional subspaces, then
f(Vy) = Wy, for any n.

8.2.1  Epimorphisms and entropy

Consider an epimorphism of algebras f: A — B. If F = {V,}"_; is a finite

filtration on A, then we can construct on B a family of vector spaces simply

oe]

applying f to the subspaces of F. Furthermore, the family G = {f(V,,)};2; is a

finite filtration on B.

1. Since V,; < V,41 then f(V,,) < f(V,,+1) and the family of sets G forms a

chain.

2. Consider y € B, f is an epimorphism and this means that there is some
x € A such that f(x) = y. In particular, x € V, for some n > 1 and

f(x) =y e f(Vy). In consequence, B = | J;_1 f(Vn).

3. Take y € f(V,) and ¥’ € f(Vy,), then there are x € V,, and x’ € V,, such

that f(x) = y and f(x') = . Thus, yy/ = f(N)f(¥) = f(xx') € f(VaVin) <
f(Viugm) which means that (V) f (Vin) S f(Vatm)-
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4. For every n > 2 it is possible to define a map f: V;,/V,,_1 — f(Vu)/f(Vi_1)
such that f(x + V,_1) := f(x) + f(V,_1). This map is well defined and is
surjective. Take x,x" € V}, such that x + V;,_1 = x’ + V,,_; which means that
x —x" € V,_1. Since f is a linear map f(x —x') = f(x) — f(x') € f(V,,_1),
thus f(x) + f(V,—1) = f(x') + f(V,_1) and the map is well defined. To see
that it is surjective consider y + f(V,,_1) with y € f(V},), in particular there
is an element x € V,, such that f(x) = y. Then,

fx+Voa) = f(x) + f(Var) =y + f(Vi1)-

In addition, the reader can easily check that the map f is linear. In conse-

quence, f is an epimorphism of vector spaces which leads to

dim (f(Vy)/f(Va_1)) < dim (Viy/Vy_q) < +00.

Ultimately, we have an epimorphism in the category of filtered algebras which
we denote as f: (A, F) — (B, G). If there is no danger of confusion, we use the
same symbol f for both the epimorphism of algebras and of filtered algebras. As
the epimorphisms contract dimensions, not only in the subspaces but also in the
quotients, then we have that

<

(B, G) = limsup 128 M U o) /o)

n—0o0
< lim sup log (dim(V;,/V;,-1))

n—00 n

= halg(A/ F )
Eventually, we can summarise this in the following result.

Proposition 8.10. If A is an algebra with finite filtration F and f: A — B is an algebra
epimorphism, then the family of vector spaces G = f(F) is a finite filtration for B such
that f: (A, F) — (B, G) is an algebra epimorphism and

halg(B/ g) < halg(ArJT)'

8.2.2 Monomorphisms and entropy

Take a monomorphism of algebras g: B — A. If A is a filtered algebra with

finite filtration F = {V},};_;, then we can construct a family of vector subspaces
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of B by considering the preimages of the elements in / by g. Not only that but
= {g71(Vu)}“_, is a finite filtration on B.

1. The vector spaces in F form a chain, that is V;, < V},;1 for every n > 1, then
g (V) € g H(V,4q) for every n > 1.

2. Take y € B, then g(y) € A Since A = | J;_; Vi, there exists n > 1 such that
¢(y) € Vy, thatis, y e g~ cUpZ18 1 (Vy). Then, B = ;18 1 (Va).

3. Let x € ¢~ 1(V,)) and y € ¢~ 1(V},), we have that g(xy) = ¢(x)g(y) € V,,Viu
Viim- Then, xy € ¢ (Viyym) and ¢71(Vi)g ™ (Vi) € £ 1 (Vim)-

4. For every n > 2 we define the linear map ¢: ¢~ 1(V,,)/¢ 1 (V,i_1) — Viu/V,i1
such that gy + ¢t (V1) := ¢(y) + Vu1. In addition, this linear map is
injective. If §(y+¢ '(Vu-1))) = 0, then g(y) + Vo1 = 0+ V,,_1 which
implies that g(y) € V,_1 and y € g~ 1(V,,1). In part1cular y+g H V) =
0+ ¢ 1(V,_1). Since the map g is injective, we have that

dim (g_l(Vn)/g_l(Vn_l)) < dim (Vy/Vy_1) < +o0.

As a summary, we have constructed a monomorphism in the category of
filtered algebras which we denote as g: (B,G) — (A, F). We will use the same
symbol g for both the monomorphism of algebras and of filtered algebras. As
the monomorphism ‘expands” dimensions, then we have that

log (dim (¢~ (V,) /g1 (V1))

hae(B,G) = limsup <
n—0o0 n
< limsup log (d1m(r§/n/Vn_1)) = hag(A, F).
n—0o0

Eventually, we can summarise this in the following result.

Proposition 8.11. If (A, F) is a filtered algebra and g: B — A is an algebra monomor-
phism, then the family of vector spaces G = ¢~ '(F) is a finite filtration for B such that
g: (B, G) — (A, F) is an algebra monomorphism and

halg(B/ g) < halg(A/f)'
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8.2.3 Direct sums and entropy

Take two K-algebras A and B with filtrations {V,}"_; and {W;} "_; respectively,
we can consider the algebra A ® B and check that the set {V, ® W,}", is a
filtration. First of all, by contruction the elements of {V,, @ W, };"_; form a chain,
thatis V, @ W, < V,,11 ® W,,41 for every n > 1. Secondly, if x + y € A@ B, then
since A = Un 1 Viwand B = Un 1 Wy, we have that there are n,m > 1 such that
x € Vy, and y € Wy,. Without loss of generality we can consider n > m and
then x +y € V, ® Wy, < V, ® W,, which means that A®@B = (J,_; (V, & Wp,).
In addition, if we consider A,B < A @® B as subalgebras of the direct sum, we
have that A - B = 0, which implies that (V,, ® W,,) (Vi @ Wi,) = Vi Vi @ W, Wy, <
Vitm @ Wiy Finally, if both of the filtrations are finite

dim (V, @ W)/ (V1 @ Wy1)) = dim(V,, @ W) — dim(V,,_1 ®W,,_1) =
= dim(V},) — dim(V},_1) + dim(W,,) — dim(W,,_1) =
= dim(V,,/V,,_1) + dim(W, /W, _1) < +o©

Definition 8.12. In the previous settings, we denote by sum filtration to the family
of sets

JT:@Q = {Vn@wn};ozy

Proposition 8.13. Consider (A, F) and (B, G) two filtered algebras with finite filtrations
= {Vulyyand G = {(Wy}" 1. If A® B is a filtered algebra with the sum filtration
H =F®G, then

halg<A @ B,H) = maxX {halg<A/ f),ha1g<B, g)} .

Proof. Define H,, := V,, @ W,, for n > 1. First observe that for every n > 2,

dim =dim| —————— | =dim + dim .
(Hn—l Vici ®@ Wy Vi1 W1

Secondly, as we did in the proof of Proposition 8.7, we take into account that for

two sequences {a;,},>0 and {b,},>0 with a,,, b, > 0 the following equality holds:

lim sup log(an) ,lim sup log(bn) } .

11— 400 n 1—>-+00 n

lim sup log(@n + bu) = max {
n—-+o0 n



83 ENTROPY OF PATH AND LEAVITT PATH ALGEBRAS |

Consequently, we have that

has(A® B, H) = limsup log (dim (Hy+1/Hn)) _

n—>+00 n

_ limsup log (dim (V},11/Vy) + dim (W,,41/Wy)) _

n——+0oo n
— max {Iimsup log (Vi+1/Va) . log (Wn+1/Wn>} B

,lim sup

= max {halg(A]:),halg(B, Q)} .

83 ENTROPY OF PATH AND LEAVITT PATH ALGEBRAS

On the study of path algebras and Leavitt path algebras, the Gelfand-Kirillov
dimension has been a new tool to consider. This new invariant has been analysed
in both cases on the references [5, 86]. The next natural step, at least for us,
consists of using the entropy. There is an approach of this in [56] where they
compute it via covers and via metric spaces. Our point of view will be different,
although we will eventually agree, as we will compute the algebraic entropy of
path and Leavitt path algebras as filtered algebras. First, we will focus on the
finite graph case and later we will generalise it to locally finite graphs via direct
limits of algebras.

In order to compute the entropy by our definition, it is necessary to define
a finite filtration in KE and Lk(E). If the directed graph E is finite, then both
algebras are finitely generated and we can construct a filtration as in the Gelfand-
Kirillov dimension. For the path algebra, the generators are E° U E!, so we
consider V = spang(E? U E'). If we compute the next V, as in the Gelfand-
Kirillov dimension, then

Vi=V;, Va=V+V?=spang(E° UE' UE?);
V3=V + V24 V3 =spang(E° UE' UE? U E?)

and in general V;, = spany (Uy_, E¥).
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In the Leavitt path algebra case, the generators are E U E! U (El)*. Conse-
quently, considering W = spany (E® U E! U (E!)*, we have that

Wi =W, Wo =W+ W2 =sgpan, (ECUE' U (EN* UE2 U (E?)* U EYEY*);
pang

Wiz =W+ W2+ W3 =
— span, (EO UEL U (EY)* UE2 U EY(EY)* U (ER)* U E3 U E2(EY)* U EY(ER)* U (E3)*>

and in general W, = spang (UZZO UL, Ek_i(Ei)*) Keep in mind that in order to
compute these products it is necessary to take into account the relations (CK1)
and (CK2).

Definition 8.14. Consider E a finite graph and K a field. We define the standard
filtration for the path algebra KE as the family of vector spaces F = {V,}7_; with

Vi = spang {u € Path(E): {(u) < 1},
Vo = spang {u € Path(E): {(u) <2},

I (13)
Vi, = spang {y € Path(E): {(u) < n},

In addition, the standard filtration of the Leavitt path algebra Lg(E) is the family of
vector spaces G = {W,};_; with

Wi = spang{Au*: A, u € Path(E), £(A) + £(n)
Wo = spang{Au*: A, u € Path(E), £(A) + ¢(p)

NN

: (14)
Wy = spang {Au*: A, pu € Path(E), £(A) +£(pn) < n},

In general, during the course of future sections, we will omit the filtration in the
computation of the algebraic entropy of path algebras and Leavitt path algebras of
finite graphs since we will always be using the corresponding standard filtrations.
That is, we will refer to

halg(KE)
halg(LK( ))

alg(KE 'F)

h
halg( ( ) g)

Example 8.15. Consider the m-petals rose R, as in Figure 18,
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Figure 18: Graph R, of the m-petals rose

where R, = {u} and R}, = {e1,...,en} with s(e;) = r(e;) = u for every i =
1,...,m. Let us obtain the algebraic entropy of the path algebra KR,. Remember
that in order to do so we have to compute the dimension of the quotients. Since
the vector spaces in the standard filtrations are generated by the path of length less
or equal a certain 1, and these are linearly independent, by counting the number
of paths of length less or equal than n we can compute the dimension of the

quotients. Define A, the number of paths of length n. Since every combination of

edges is possible, we have that Ag =1, Ay = m, Ay = m? and in general A, = m".

In the end, we have
n n—1
dim(V,,/Vy—1) = dim(V;,) — dim(V,—1) = DS A= D" A= Ay = m”
k=0 k=0

and

i n
haig (KRy) = limsup log (dim(Vsy/ V1)) = limsup log (m") =

n—>+00 n n—>+00

= lim sup log(m) = log(m).
n—+00
Now that we have computed the entropy for the path algebra, let us obtain it for
the Leavitt path algebra, this case will be harder since we have to keep in mind
the ghost edges and the (CK;) and (CKj) conditions. To be more specific, we have
that u = Y /" ; ¢;e; which means that {u,ee], ..., ene},} are linearly dependent
and we have to be careful with the computations. A system of generators of V, is
that of V,,_1 plus the elements of | JI' , E"~/(E?)*. To get a linearly independent

set we must remove from each E"(E))* with i = 1,...,n — 1 the elements
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of E""""leje*(E'"1)* (apply [1, Corollary 1.5.12]). That is, we are removing
m"~i=lmi=1 = ;"2 elements. Finally, for n > 2 we have that

n n—1

dim(Wn/anl) _ U En_i(Ei)*\ U En—i—leleik(Ei—l)* =
i=0 i=1

=m"+(n—1)(m" - m”_z) +m" =m+1)m" — (n— 1)m”_2

7

and we can compute

halg(LK(Rm)) = lim sup log [(Tl + 1)mn — (1’1 _ 1)mn_2] )

n—+00 n
1 n-2 Dm? —n+1
_ limsup og[m" 2 ((n+1)m* —n+1)] _
n—>400 n
_ limsup (n—2)log(m) +log [(n+1)m* —n + 1] _
n—-+0o0 n
= log(m).

Remark 8.16. Following [5, 86] the Gelfand-Kirillov dimension is infinite for both
the path and the Leavitt path algebra of the graph R,,. However, the algebraic
entropy is finite, having a first example of a way of measuring algebras that is
finite when the dimension and the Gelfand-Kirillov is not.

The entropy of the algebra of the m-petal rose is a good first example since it
allow us to observe the following.

Remark 8.17. If E is a finite directed graph, then the path algebra KE is gener-
ated by the vector space V = span(E? U E!). The reader can easily check that
V" = spang(E"). In addition, V" n V" = {0}. Indeed, each V" is an homoge-
neous component of the usual grading in KE. Then, V,, = V@ V?®--- @ V"
and dim(V,/V,,_1) = dim(V") = |E"|. This fact eases significantly the com-
putation of the algebraic entropy. However, this is not the case for the Leav-
itt path algebra Lg(E) because of the (CK2) condition. In particular, if we
consider the graph R,, we have that Lx(R,,) is generated by the vector space
W = spang{u, e, e, ..., em €5,€;5,...,e,} and the square of it is

*

2 _ . p.
W< = spanK{ele],ele],

ejej: 1<i,j<mj,
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but W n W2 # {0} since u = Y " ; ¢;ef. This means that we are not facing a direct
sum as it happened in the path algebra case and the computations get more
difficult.

Even though there will be cases where the algebraic entropy of a Leavitt path
algebra will be complex to obtain, we can still find certain bounds of its value by
using the properties described in Section 8.2. If E is finite directed graph and E is
its extended graph, there is a natural epimorphism of algebras p: KE — Lg(E)
since Li(E) is a quotient of the path algebra KE by the ideal generated by the
relations (CK1) and (CK2). Take F = {V},}°_, the standard filtration of KE and
G = {W,}*, the standard filtration of Lg(E), then p(V,) = W, and we have
a filtered algebras epimorphism p: (KE, ) — (Lx(E),G). In consequence, by

Proposition 8.10 we have the next Lemma:

Lemma 8.18. If E is a finite directed graph and K is a field, then

A

haig(Lk(E)) < hag(KE). (15)

Not only that, there is also a natural monomorphism i: KE < Lg(E) since
the subalgebra generated by E° U E! in Lg(E) is isomorphic to KE. If F =
{Vi}2_, is the standard filtration of the path algebra KE, then V, = i1 (Wy)

and i: (KE, F) — (Lk(E),G) is a monomorphism of filtered algebras. Applying
Proposition 8.11 we have the following Lemma.

Lemma 8.19. If E is a finite directed graph and K is a field, then
haig (KE) < haig (Lk (E))- (16)

That is, the entropy of the Leavitt path algebras is bounded by the entropy of
two path algebras

Proposition 8.20. The entropy of the algebra Lx(E) of a finite graph is bounded as

A

halg(KE) < halg(LK(E)) < halg(KE)'

Example 8.21. As another example, consider the cycle with m vertices C;;, and the
extended graph C,, as in Figure 19. Let us compute the algebraic entropy of KC,y,
and KC,, in order to bound the possible values of Lx(E). As we have already
mentioned, in order to evaluate the entropy of a path algebra we need to count
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° ) ._,
~_ v

Figure 19: Extended graph C,,.

the number of paths of a certain length. For each vertex u € CJ, there is only a
path of length n that starts from 1, which means that dim V" = m. Consequently,

h1e (KCpy) = lim sup

n——+0oo

1
BT 0.
n

Counting the number of paths of length 7 in C,, is trickier. If we start at a certain
vertex u € CJ,, then we can go to another one by an edge or a ghost edge. In
consequence, the number of paths of length 7 that start from a vertex u coincide
with the number of words in the alphabet {f, b} where f means ‘go forward” and
b means ‘go backward’. Thus, there are 2" possible words. Since there are m
vertices, we have 2"m paths of length 7 in total. Finally,

log(2"m) nlog(2) + log(m)

halg(Kém) = limsup = lim sup

n—>+00 n n—>+00 n

= log(2).

By Proposition 8.20 we have that 0 < hyg(Lk(E)) < log(2).

Another property of the entropy of filtered algebras that we can apply to the
path and Leavitt path algebra is the one corresponding to direct sums of filtered
algebras. If E is a finite directed graph with {E;}!" ; its connected components,
then KE = ;2 KE; and Lg(E) = @i’ Lx(E;). Not only that, if {F;}I", and
{G;}" | are families of standard filtrations with ; and G; corresponding to each of
the components KE; and Lk (E;), then F = @i’ F; and G = @}, G; are standard
filtrations for KE and Lk(E) respectively. As a direct consequence of this and

Proposition 8.13 the next result holds:

Proposition 8.22. Consider E a finite directed graph with {E;}" , its corresponding
connected components, then

halg(KE) = max {halg(KEi): i = 1,.. .,m} ’
halg(LK(E)) = maX {halg(LK(Ei)): i = 1,... ,m} .
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We have computed the entropy for different examples. If we observe them, we
can see that if there is a vertex which is base of two different cycles, the value of

the entropy is different from zero. Indeed, this is always true.

Proposition 8.23. Let E be a directed graph, if there is a vertex u € E° which is a base of
two different cycles, then
ha1g(KE) > 0.

Proof. If u € E? is a base of two different cycles A and p, then take 1, := £(A) > 1
and n, := {(u) > 1 and consider the ordered sequence S = {(ki,k2)un}; 1 =
{(1,1),(1,2),(2,2),(2,3),(3,3), ..., (k1,k2),...}. Observe that this sequence veri-
ties the following:

o (k1,kp) < (K, k%) if and only if ky < k| and kp < k5,

o (ki,ko) < (K, k) if and only if ky < kj and kp < kf, or ki <k} and ko < k),

if (ky,ka) < (K, Kb), then npky + myky < nyk) + 1k,

if (kl,kz) < (k/l,k/z), then n k1 + ﬂykz < nAk’l + nyk’z,

if n — oo then ky/kp — 1.

This means that {n ky + nykz}(k, r,)es forms a strictly ascending sequence of
natural numbers. Consequently, we have that, following Remark 8.17
| n| log |En)‘k1+n”k2|

1
ha1g(KE) = lim sup 8 > limsup ks ik

n—0 n nyki+nyuko—o0

The set of paths of length 1,k + 1,k contain all the paths product of combina-
tions of k; times the path A and k; times the path u. For example, if we consider
(1,2), then

(A2, g, 42N} © EMt2m,

Furthermore, we have that

|E”Ak1+”yk2| - k1 + ko _ (kl +k2)!
“\ K k1!

which leads to

kq+kp)!
log <( kllJ!rkzzl) )
nyky + ﬂykz '

log |El/l)\k1+n’4k2’
nyky + ﬂykz

lim sup
nykq +n}4k2~>00

> limsup
I/l)\k1+1’lyk2~>00
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Stirling’s formula states that log(n!) = nlogn —n + O(log(n)) where |O(logn)| <
Clogn with C > 0 for a big enough n. Using this formula we will prove that the
last sequence is convergent and the value of its limit is positive.

k1 +ko)!
log <—( klﬁkj) ) log[(ky + ka)!] — log(ky!) — log (k»!)

li —_ = li
H)Lkl-i-}’ll:‘]tz—)oo n/\kl + nykz ﬂ/\kl-i-:?l’lI:}(z—)OO n)\kl + nykz
ki log (1 4 %) 1 ka log (1 + ’,j—;)
= lim
n/\k1+7’l}¢k2—>00 n)\kl + nykz
N lim O(log(ki + kz)) — O(logk;) — O(logkz) _
nyki+nyky—c0 nyky + nykz
log 1+% +lﬁlog 1+58
lim ( kl) b z < k2> = 2 log2 > 0.
nyky+nyky—c0 n}\"‘”yﬁ ny +ny

When we defined the concept of algebraic entropy we emphasized the depen-
dency of this value with the chosen filtration. A possible way to avoid this was
considering the supremum of the possible values of the entropy. However, in
many cases, this value would be infinity. The other possible solution to this
would be taking the infimum. However, this gives us some trouble too. Consider

a finite directed graph E and define for a natural number k > 2 the family of

vector spaces Hy = {HX 7_11in KE as

H{‘ := spany(EY),
HE = spang(EY),

H,’:_l = spanK(EO),
H,’(‘ := spany (E° U EY),

Hk

kel = spanK(EO U El),

and in general HX := spany <U}f i 0 E’”). This family of vector spaces it is pretty
similar to the family of vector spaces given by the standard filtration. The main

difference is that we start with the vector space generated by just the vertices and
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we do not increase the length of the paths until we get to a multiple of k. Indeed,

if 7 = {V,};_, is the standard filtration, then
H,Ié = l % | if n > k.

The family H is also a finite filtration of KE. By construction it is immediate that
0c HF c Hfc .- c HX c and |J;_; Hf = ;1 Vu = KE and since all of the
vector spaces in the family are finite-dimensional then dim (HE/ n—l) < oo for

every n > 2. Finally for every n,m >k

k 17k
Hubm = VigVign < Vigiz

%
and since |x| + |y] < |x + y] for every real number x,y € R we have that
k r7k k
HnHm < V[%J-i—[%] c Vln-ls;mJ Hn+m

If n < k, then H, = spang(E®) which is the space generated by the local units in

the path algebra. As a consequence H,V = V for every vector space V in KE.

Then,
HrHE = HE < HE

n+m:

Let us compute the entropy of KE under the filtration Hj. First of all, observe
that forn > k
dim(Hf/HE ) = dim ( 2/ Vi, )

which is only different from 0 when k|n, that is, when n = gk with g € N. Thus,

we have that

log(dim(H;;/Hy log(dim V, /V,_
g (KE, Hy) — lim sup BRI HL) o Togldim Vy Vo)
n—00 n g—0 l]k
1 log(dlm(Vq/Vq_l))
= hI;LSogp P q = haig (KE).

By considering different values of k, we have decreasing values of entropy.

Proposition 8.24. Consider E a finite directed graph and K a field
inf{h,g(KE, F): F finite filtration } = 0.

We are now in a dead end as we can not make use of the supremum or the

infimum and the entropy strongly depends with the chosen filtration. However,
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the family of filtrations that do not make possible the use of the infimum is very
artificial. That is, this new filtration does not preserve certain properties that the
standard filtration has. That is why, there is still certain hope as we could restrict
the infimum to a certain family of filtrations with ‘good” properties.

84 ENTROPY AND THE ADJACENCY MATRIX

One of the advantages of working with finite graphs is that we can make use
of the adjacency matrix. In this matrix we have all of the information of the
geometry of the graph and it even allow us to obtain information of the paths
just by computing powers of it.

Definition 8.25. Let E be a finite directed graph with vertices EC = {v1,v0,...,0m)}.
We define the adjacency matrix of E as the matrix

AEg := (aij)mxm where a; ; = |{e € El:s(e) = v;,r(e) = vj}|-

The size of the matrix indicates the number of vertices and each entry codes
the number of edges from a vertex to another one. Not only that, if Af is the
adjacency matrix associated to a graph E, then (Af); ; is the number of paths of
length n from the vertex v; to v;. Since what we need compute the entropy of the
algebra KE is the number of paths of length 7, just by adding all of the entries in
A% we have what we wanted.

Definition 8.26. Consider a square matrix A = (a;;) € M;(C). We denote by
|- ]11: Mu(C) — [0, +20) to the norm defined as

n

[Al11 = D) il

ij=1

Lemma 8.27. The norm | - |1 1 is submultiplicative.
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Proof. Take two matrices A,B € M,;(C), we have that (AB);; = >}_;a;xby;
and [AB|1,1 = i1 [ X1 ikbx;|- By the properties of the module of complex

numbers

n

n
|ABl11 = > | > aieby,

n n
< 0D agllbej| =
ij=1k=1

ij=1 k=1
n n
= D laigllbyjldg < D0 laillbjl =
ik =1 k=1
n n
= D2 laiel | { D0 1Byl | = | Al1,10B],1
ik=1 =1

Using the matrix norm that we have defined we have the next result.

Lemma 8.28. Let Afr be the adjacency matrix associated to a finite directed graph E.
Then .
halg(KE) = limsup M.

n—00 n

Proof. 1f A% = (a;;), then a;; > 0 is the number of paths of length n from the
vertex v; to the vertex v; in the graph. This implies that

m m
A1 = D] laigl = ). aij = |E"| = dim (Vy/V,i_1)
ij=1 i,j=1
with {V,,}°_; the standard filtration of KE. O

Example 8.29. Let E be the finite directed graph given in Figure 20.

Uy /TZQ
N A

Figure 20: Directed graph E.

0

1 :
11 ) . It is easy to prove by

The corresponding adjacency matrix is Ap = (

n_ fﬂ—l fn
AE - ( fn fn+1> ’

induction that

127



128

| ENTROPY OF PATH AND LEAVITT PATH ALGEBRAS OF FINITE GRAPHS
where fop =0, f1 =1, fo =

1,and f, = fy—1+ fu—p forn >

3. Denote
SREAE and 125
Q4 = 5 Q= 5 .
Diagonalizing we have that A% = PD"P~! where

D = 9+ 0 and P = —¢-
0 ¢ 1
that is,

1 ("1 — ot
An _ +
E — \/* (
Finally,

9L — 9~
—" gttt
|AE| =

5 ( "’EH) '

ha1g(KE) = lim sup

— gL+t -
In order to compute

log ([ AE])
n

n—aoo

bounded such that lim,,_, 4 -

real numbers sequences such that {b,},>1 is strictly positive, increasing and not
a +1 an

we apply Stolz criterion. This criterion says that if {a,},>1 and {b,},>1 are two
byi1—bn

= L, then lim,,_, —ZZ = L. This results in
1 An+1
li og([|AE"|) —

log (JAEI) . |AE
o n+1—n = i 1og | T
n+1 n+1 n n
i log ((m gty
e P — 9" + @Y

q)—l,- - q)— n + 1 - QD
— | = lim log
Since |¢+| > |@_| we have that

+
PL 14’—
- " +q)+ _q) Q)+

-1 19~
gT TP TPy
= limlog<(P++11> = i
n—aw0 1+ 7

¢+ +1) _
- lim log (<0+ +1> = log(¢+)
Consequently,
halg(KE)
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Observe in detail Example 8.29, after all the computations done, the value of
the entropy coincides with the logarithm of the biggest eigenvalue. This is not
a coincidence. The spectral radius of a square matrix A, denoted by p(A), is the
maximum of the modules of its eigenvalues, see [92, 18.8 Definition, p. 355].
Then, the formula for the spectral radius in a Banach algebra [92, 18.9 Theorem,
p- 355] states that for a matrix norm | - |

lim {/JA] = p(A).

As a direct consequence of this formula and Lemma 8.28 we have the next
Proposition.

Proposition 8.30. Let E be a finite directed graph and Ag its adjacency matrix. If KE is
the corresponding path algebra we have that the entropy of KE is finite and

hajg(KE) = log(p(AE)) (17)
with p(Ag) the spectral radius of Ag. In particular,

~ lim log dim(V;,/V,,—1)

n—ao0 n

h,i(KE) = lim sup log dim(Vy/Vy—1)

n—00 n

for the standard filtration F = {V;,};_;.

Remark 8.31. As we have proved in Example 8.21, the entropy for the path algebra
of a cycle Cj, is halg(KCn) = 0. This means, by Proposition 8.30, that the spectral
radius of the adjacency matrix of a cycle is 1.

We want to emphasize that Proposition 8.30 is not a new result. In the book
by Lind and Marcus [80] they prove this ([8o, Theorem 4.3.1]). Actually, using
Perron-Frobenius they prove that there is a unique positive eigenvalue such that
the entropy of a subshift space associated to a graph is the logarithm of it. The
coincidence of both results is immediate even though the contexts are different.
Once we translate both definitions of entropy to the adjacency matrix of a graph,
the computations remain the same. We decided to add our prove because it just
makes use of the properties of the matrix norm which will be handy in Section8.5.

As a direct consequence of Proposition 8.30 it is possible do certain transforma-
tions in the graph that do not modify the value of the entropy of the algebra. For

example, eliminating sources and sinks does not change the algebraic entropy.
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Corollary 8.32. Consider E a finite directed graph and X < sink(E) u source(E). Then
haig(KE) = hajg(KE\X).
Proof. We will just need to prove this for the case that X = {v} < E° with v being

a sink and iterate this argument. When v is a source the proof is analogous. If we
consider the adjacency matrix Ag, then we have that

with the i-th row of zeros corresponding to the vertex v. If we eliminate the i-th
row and column, then we get the adjacency matrix of E\{v}. If pE, p\ (o} € K[x]
are the characteristic polynomials of Ag and Ag, (), then pg(x) = xpp (1 (x). As
a consequence, the spectral radius is

p(Ap) = max{0,p(Ap)} = p(Ap\(0})-

By Proposition 8.30 we get that h,j(KE) = hye (KE\0). N

One direct consequence of the properties of the entropy with direct sums, is
that for a finite directed graph, the entropy of the path algebra is the maximum
of the algebraic entropies of each component. Actually, the result is stronger, to

prove so we just need to make use of the adjacency matrix.

Proposition 8.33. Let us consider E a finite graph and {E;}" | the strongly connected
components of E, then

halg<KE> = max{halg(KEl)/ halg(KEZ)/ s /halg(KEm)}'
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Proof. For every finite directed graph, there is an enumeration of the vertices E? =
{v1,v2,...,0,} in such a way that the adjacency matrix Ar is upper triangular by
blocks. In particular,

AE] E3 * *
0 Ap =+ - s
Ag=| 0 0 Ag - =
0 0 0 - Ag,

where A, is the adjacency matrix of the strongly connected component of E; for

i=1,...,n. In this case,

p(Ag) = max{p(Ag, ), p(AE,), ..., p(AE,)}

and by Proposition 8.30 we have the desired result. O

It is also possible to relate the algebraic entropy of a path algebra with its

Gelfand-Kirillov dimension. In order to do so we make use of a result in [86].
Theorem. [86, 3.12] Let E be a finite graph

(i) The path algebra KE has finite Gelfand-Kirillov dimension if and only if E satisfies
condition (EXC).

(ii) Assume that E satisfies condition (EXC). If t denotes the maximal length of chains
of cycles in E, then GKdim(KE) = t.

Cycles C and D are said to be disjoint if there is no common vertex. We will
say that a cycle C is an exclusive cycle if it is disjoint with every other cycle;
equivalently, no vertex on C is the base of a different cycle other than a rotated of
C. Otherwise, we will say that C is a non-exclusive cycle. We say that E satisfies
Condition (EXC) if every cycle of E is an exclusive cycle. In other words, a graph
with Condition (EXC) is one without non-disjoint cycles. A chain of cycles of
length 1 is a sequence of cycles Cy, Cy, - - -, C; such that there is a path from C; to
Ci41 for each i < n. This chain has an exit if the last cycle C,, has an exit.

Lemma 8.34. Let E be a finite directed graph satisfying Condition (EXC) and without
sources and sinks. Then hye(KE) = 0.
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Proof. It will only be necessary to prove this result for connected graphs, the case
of non-connected graphs is a direct consequence of Proposition 8.22. We will
proceed to make our proof by induction on the number of cycles. If E has one
cycle without sinks and sources, then E = C,, and we have proven in Example
8.21 that hyo(KE) = hye(KCy) = 0. Let us assume that this result is true for k
cycles. Let us consider a graph E with k + 1 cycles without sources or sinks. This
implies that there is at least one cycle without entries or a cycle without exits.
Without loss of generality, suppose there is a cycle C, without entries. For a
suitable order of the vertices, the adjacency matrix of E is:

A *
Ap=| ¢
0 Ar

with F = E\CY. Accordingly, p(Ag) = max{p(Cy),0(Ar)} = max{1,0(AF)}. The
graph F has k cycles, but we may have sinks or sources. However, Corollary
8.32 implies that we get the same entropy even if we eliminate all the sources
and sinks. Now we are under our induction hypothesis so h,jo(KF) = 0 and this
means by Proposition 8.30 that p(Ap) = 1. Finally, p(Ag) = 1 and h,4(KE) = 0.
O

Summarizing we obtain the following trichotomy:

Theorem 8.35. Let E be a finite directed graph and KE its associated path algebra over a
field K, then

i) dim KE < 4o, GKdim(KE) = 0 and hy(KE) = 0;
ii) dim KE = +o0, 0 < GKdim(KE) < +o0 and hys(KE) = 0;
(iii) dim KE = +00, GKdim(KE) = +o0 and 0 < h,g(KE) < +0.

Proof. For the first statement apply [86, Theorem 3.12] and the definition of
entropy. Now we prove item (ii). If 0 < GKdim(KE) = k < o, then by [86,
Theorem 3.12] the graph satisfies Condition (EXC) and the maximal length of
chains of cycles in E is k. By removing subsequently all sinks and all sources
we get a graph with the same entropy (Corollary 8.32) and by Lemma 8.34, each
connected component has null entropy. By Corollary 8.22, we obtain h,,(KE) = 0.
Moreover, the dimension of KE is infinite since the graph E has at least one cycle.
Finally, for item (ii7), if GKdim(KE) = +00, then by [86, Theorem 3.12] there is a
vertex which is base of two different cycles. This means that dim KE = +c0 and
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ha1¢(KE) > 0 by Proposition 8.23. For a finite matrix the spectral radius is finite,
consequently h,g(KE) < +c0. O

The recent theorem is highly significant in the path algebra context. The
Gelfand-Kirillov dimension enlightens the study of infinite-dimensional algebras,
however it is not enough since there is a family of algebras with infinite Gelfand-
Kirillov dimension. In this sense the entropy goes one step further since it allows
us to differentiate them.

8.4.1  Computing the entropy for a Leavitt path algebra

The adjacency matrix of a graph has been very handy for the computation of
the entropy of paths algebras. However, it has not been very useful for the Leavitt
path algebras yet. Remember that the computations of the dimension are harder
since we have to take into account the (CK1) and (CK2) conditions. If E is a finite
directed graph and G = {W,};_; is the standard filtration for the Leavitt path
algebra Lg(E) we have that:

dim(W,,/W,,_1) = dim(W,,) — dim(W,,_1).

Since W, is generated by the elements of the form Ap* with ¢(A) + ¢(u) < n, then
the dimension of W,,/W,,_; coincides with the number of linearly independent
elements of the form Au* with ¢(A) + ¢(u) = n. The authors W. Bock and A.
Sebandal prove in [23, Theorem 40] the following:

Theorem 8.36. [23, Theorem 40] Let E be a finite graph, Ag its corresponding adjacency
matrix of size m. In Lx(E) the number of linearly independent elements of the form Au*
such that ¢(A) + £(p) = n =2, A, u € Path(E), that is dim(V,,/V,,_1), is equal to:

> (i(A%»,j) <i<Ag—s>i,j> Ny (i (45 ) <i (ar1y )

s=0,j=1 \i=1 i=1 s=1,j=1
(18)

where v; = 0 ifZ,’f:l(AE)]-,k =0, else yj = 1.

The reader can check that the notation chosen is different to the one provided
n [23], this is because the publication of the article in a journal was after the
development of the results that appear in this section. We have decided to use
this notation because it is consistent with the previous theory.
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Even though we have a formula, computing each element in the sequence is not
easy and the limit is even harder. However, we can make use of the Mathematica
software (Mathematica-Wolfram Research, Inc.) to approximate the value of the
entropy numerically. This is the code that we used:

p[A_, n_, a_, b_] := Module[{m}, m = Length[A];
If[n == 0, IdentityMatrix[m][[a, b]], (MatrixPower[A, n])[[a, bl11ll;

The above command p[A,n,a,b] computes the (a,b)-entry of the n-th power

of the matrix A. The next one, cond[A, j], codifies the Vi function defined in
(18):

cond[A_, j_] := Module[{m}, m = Length[A];
Sign[Sum[p[A, 1, j, n]l, {n, m}]1]];

The function aux[A, j,s,m] computes the second part in (18) when v = 1, that
is, when cond[A, J] evaluates to “TRUE".

aux[A_, j—, s, k] :=
Module[{m}, m = Length[A];
Sum[p[A, s - 1, i, j], {i, m}] Sum[p[A, kK - s - 1, i, jl, {1, m}]];

And finally h[A,n] computes the element h;,, = IOg(dim(Zv”/ Waz1) of the Leavitt
path algebra which graph has adjacency matrix A, based on the computations of

linearly independent elements Au* given by equation (18).

h[A_, n_] := N[Log[Module[{m}, m = Length[A]; Sum|
Sum[
Sum[p[A, s, i, jI, {i, m}] Sum[p[A, k - s, i, j1, {i, m}I, {3,
myl, {s, 1, n - 1}] -
Sum[Sum[aux[A, j, s, n] cond[A, j1, {j, m}], {s, 1, n - 1}] +
2 sum[p[A, n, 1, jl, {i, m}, {3, m}111/n];

By using the above Mathematica code, all the examples considered below seem
to suggest the coincidence of both numbers hje (L (E)) and hgo (KE).

Example 8.37. Consider the graph E from Figure 21:
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1 ©2<<4>

Figure 21: Directed graph E in Example 8.37.

log(dim(W/Wn-1)) 1 e best

n
numerical approximation to h,e(Lk(E)). For instance, we get with Mathematica
that

Taking into account formula (18), computing

log(dim(W1000/Wo99))
1000

On the other hand, the logarithm of the spectral radius (the maximum of the

= 0.0145107.

absolute values of the eigenvalues of Ar) equals 0, having h,o(KE) = 0 by

Proposition 8.30. Increasing the value of n we approximate more closely to 0.

Example 8.38. Next we take the graphs F; and F; as in Figure 22:

Figure 22: Directed graphs F; and F, in Example 8.38.

Again by formula (18), according to the calculations made with Mathematica

Log(dim (Wiooo/ Woso)) = 1.1061 (for both graphs) and

we have that 1000

halg(KFl) = halg(KFZ) = log(3) ~ 1.09861.

We observe again the same phenomenon. In addition, notice that it seems to be
independent of the orientation of the edges (as it happens in the path algebra case
as the entropy is just the maximum of the entropies of the strongly connected
components).

Example 8.39. Now suppose the graph G is the one given in Figure 23.

log(dim(Wu/Wau1)) _ 4 00352636 and
n

In this case, for n = 1000 we obtain
h,1¢(KG) = 0 having convergence once more.
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()
—2_ 374

1.\/

5

Figure 23: Directed graph G in Example 8.39

2

o

Figure 24: Directed graph D in Example 8.40

Example 8.40. Let D be the following graph:
log(dim(Wy/Wy-1))
n

For n = 1000, Mathematica gives us = 0.842187 and

hag(KD) = log (%) ~ 0.834115.

Example 8.41. Consider the graph of Figure 20. Computing h,o(Lk(E)) with
14456

Mathematica we have numerical convergence to log(¢, ) where ¢, = ~5%2.

At first glance, since the number of generators in the Leavitt path algebra
grows with relation to the path algebra, we might think that the entropy would be
larger. This agree with the bound given in Lemma 8.19 where for a finite graph
E, hae(KE) < hge(Lk(E)) < halg(KE). However, after doing several numerical
examples, the experience suggests that both values of the entropy coincide.
Actually, this is the case in general. Both entropies, the one of the path algebra
and that of the Leavitt path algebra are the same.

85 AGREEMENT OF THE ENTROPY

To prove that h,e(KE) = hae(Lk(E)) we are going to use all the tools available
so far and even more. We will need the adjacency matrix of the graph, the matrix
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norm, some results in Banach algebras and more. The first step will consist of
defining the relative Cohn path algebras.

Definition 8.42. Let E be a directed graph, K a field and X < Reg(E). The Cohn
path algebra relative to the set X, denoted by C¥(E) is the algebra KE together with
the relations

(CK1) e*¢’ = 6,p7(e) foralle, e € EY,
(CK2) D lfeerr: s(e)—n) €€" = v for every v e X.
In particular, if X = ¢J then we have the Cohn path algebra denoted by C(E).

In general, since the algebra C (E) is finitely generated by E® U E! U (E)* we
can construct in a analogous way a standard filtration. This filtration will be
generated by the vector space V = spang(E? U E U (EV)*) as V,, 1= V + V2 +
RN VA

Definition 8.43. Let E be a finite directed graph, X < Reg(E) and K a field. We
define the standard filtration for C¥ (E) as the family H = {H,}*°_,

Hy =spang{Au*: A, p € Path(E), {(A) +{(u) <1
Hy =spang{Ap*: A, e Path(E), {(A) + £(p) <2

- (19)
H, =spang{Au*: A,y ePath(E),{(A)+ (i) < n},

Observe that the description of the family of vector spaces in the filtration is
the same as in the Leavitt path algebra case. This makes sense since the reader
can observe that if X = Reg(E) then C{(E) = Lg(E). In addition, even though
the generators are the same ones, the relations are different. In consequence the
vector spaces and the dimensions are different.

In general, the algebraic entropy of CX(E) over the standard filtration will be
denoted by halg(CI)({(E)).

Proposition 8.44. Let E be a finite directed graph and X < Reg(E). Then

halg<KE> < halg(cl)g(E))'
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Proof. As it is natural, the path algebra can be embedded in the relative Cohn
path algebra i: KE — CX(E). If F = {V,,}*°; and H = {H,})°_;, then we have

n=1/

that i~*(H,) = V,, for every n > 1. Then, by Proposition 8.11 we have that

halg(KEz }_) < halg(cl}(((E)/ H)

In addition, if E is a finite directed graph and X < Y < Reg(E), then CY(E) ~
CX(E)/I for I the ideal generated by the elements v — >, 1. ees—1(v) With v €
Y\X. In particular, there is a projection p: C{(E) — CY(E) which preserves the
standard filtration in each of them. Once again, we can apply Proposition 8.10
and obtain the following bound.

Proposition 8.45. If E is a finite directed graph and X < Y < Reg(E), then
haig(Ci (E)) < hag(CK (E)). (20)

In particular,
haig(Lk(E)) < hag(Ck(E)). (21)

Putting all the bounds that we have together,
haig(KE) < haig(Lk(E)) < hag(Ck(E)).

If we were able to prove that h,o(Ck(E)) = hae(KE), then we would have that
haig(Lk(E)) = haig(KE). Not only that, but hy,(CX(E)) = hag(KE). As a first
Lemma, we need a way to compute the algebraic entropy of h,,(Ck(E)) using

the adjacency matrix.

Lemma 8.46. If E is a finite directed graph with Ag its corresponding adjacency matrix
and A} its transposed matrix, then
1 Vl_ AS (A
hag(Cx(E)) — limsup 8 (20 | AEAD ), (22)

n—aoo n

Proof. By the definition of the standard filtration of Cx(E), the dimension of
H,/H,_1 is equal to the number of linearly independent elements of the form
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Au* with A, y € Path(E) and ¢(A) + ¢(u) = n. Following the formula in Theorem
8.36, if m is the size of the matrix Ag, then

dim(Hy,/Hy 1) = Z (Z(ASE)L]) (Z(A’Es)i,j>- (23)
s=0,i=1 \i=1 i—1

Observe that, on the contrary of the formula in Theorem 8.36, the negative part it
is omitted since it was necessary to consider the (CK2) condition and that is not
necessary in Cg(E). Then

dim(Hy/Hy 1) = (i )(i (A, ) _

s=0,j=1 \i=1
n,m
_ Z (AS) Ans Z ZAS ij A*ns)],l—
5=0;i,j,I=1 s=0;i,/1=1j=1
n m
:ZZAS A*nszl_ZHAs AE)n 5”11
s=01,l=1 5=0

Finally,

. 1 n AS(AX =S

n—00 n n—00 n

Before proving that the entropies of a Leavitt path algebra and of a path algebra
agree, we recall the following well-known result about holomorphic functional
calculus (see [93, Definition 10.26, formula (2) and Theorem 10.27]).

Theorem 8.47. [93, Theorem 10.27] If A € M,,(C), then for every n =1

rn—i—l

A" =
27

27T
J eit(n+1)<reit1 _ A)fl dt,
where r is larger than the spectral radius p(A).

Theorem 8.48. If E is a finite directed graph, then has(Ck(E)) < hag(KE). Conse-
quently,
haig(KE) = haig(Lk(E)) = haig(Ck(E)).
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Proof. Write A := Afg the adjacency matrix of E with size m, A* the corresponding
transposed matrix of A and suppose r > p(A). First we compute H (re''1 — A)~1 Hl v
A A '

. 1 .
On the one hand, (re''I — A)™' = Ze7 [T+ — + —— +-
r reit  (reit)?

> if HAHLl <r.So

A A?

1 A Al
< = <|I|1,1 + H Hl,l I H !1,1 T ) _
r r T

Al
1 S 1 1A]11
~ 7 (””1_@) B (’“r—AM '

7

joert-ay], =

27T )
On the other hand, we bound J et (et — A)71dt| . In fact, we have

0

1,1

27T
J eit(n+1)(reit1 _ A)fl dt

27T
0 <J e~ a1 ar <

11
11 Y0

1 IA]1,1 )
<-|\m+——— )27,
r < r—|[Al1q

taking into account the previous computation. Hence by Theorem 8.47, for every

n > 1, we obtain

e [ A1 AT
A'lig < 5—- Al ) 2= r— Al )
1A% < 27 r<m+r—||A||1,1) A (m+V—A1,1)

At this point recall that by Lemma 8.46

n—0 s=0

. 1 5 -
haig(Ck(E)) = limsup —log (Z |A*(A")" Sl,l) :

Consider ||A*(A*)"~%|1,1. Since the eigenvalues of A coincide with the eigenvalues
of A*, then p(A) = p(A*) and we have that

[ A (AT g < 1A%l (A% <

2
|A]1,1 ) _ ( |A*]1,1 ) < 1A]11 )
<r\m+—>7>—— ) m+r—) =" m+—=— .
( r—|[Aliq r—[A*11 r—|Aliq
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Therefore, Z |A%(A")" 11 < 7" (m + ﬁ) (n+1). Finally,
= — 1Al

/

1 S _ log(n +1) 2 < | Al >

—lo E A3 (A*)3 < —=—2+log(r)+—log(m+——-—],

n g (SZO H ( ) 1,1) n g( ) n g r— HAHLl
which means, h,,(Ck(E)) < log(r) whenever r > p(A). In particular,

halg(CK(E)) < log(p(A)) = halg(KE)

by Proposition 8.30. Finally, taking also into account Lemma 8.19 and Proposition
8.45 we have that for every finite graph E,

haig(KE) < haig(Li(E)) < haig(Ck(E)) < hag(KE).

8.6 ENTROPY AND PATH ALGEBRA ALGEBRAIC PROPERTIES

The goal of this section is to relate Parts ii and iii. In this sense, we search for
an algebraic motivation of the use of the entropy.

Proposition 8.49. If E is a graph with KE Artinian or (left or right) Noetherian, then
hag(KE) = 0.

Proof. If KE is Artinian, then dim KE < +00 and h,g(KE) = 0. In case that KE is
Noetherian, then by Proposition 7.4, the graph E satisfies Condition (EXC) and
this means that GKdim(KE) = 0 ([86, 3.12]). Finally, by Theorem 8.35 the equality
holds. O

Proposition 8.50. Tuke E a finite graph with KE semiprime, hao(KE) = 0 if and only
if KE is left (and right) Noetherian.

Proof. We have already proved in Proposition 8.49 that if KE is noetherian, then
hyig (KE) = 0.

Conversely, consider KE semiprime with h,,(KE) = 0. By Proposition 5.11,

alg
if {E;}!"; are the connected components of E, each E; is strongly connected.

Following Proposition 8.33, h,1o(KE) = max;_1, .. »{hag(KE;)}. Let us focus on
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each E;. If E; is an isolated vertex (resp. cycle), then h,o(KE;) = 0. However, if
there is v € EY which is a base of two different cycles, that is, E; has a cycle with
entries and exits, then by Proposition 8.23 we have that h,;(KE;) > 0. This enters
in contradiction with the fact that h,,(KE) = 0. Consequently, E is a disjoint
union of isolated vertices and cycles. Finally, KE is left and right Noetherian

because of Proposition 7.4. O

Proposition 8.51. Consider a finite directed graph E with KE primitive. The path
algebra KE is simple if and only if hye(KE) = 0.

Proof. If the path algebra is simple, then the graph |E°| = 1 and |E'| = 0, which
means we have finite dimension and h(KE) = 0.

If the path algebra is primitive but not simple, then by Theorem 5.7 the graph
E is strongly connected and every cycle has an exit which means that there is a

vertex u € E? base of two cycles. Consequently, following Proposition 8.33 we

have that h,j;(KE) > 0. O

We have seen in previous sections that if we consider a finite graph E and
erase sinks or sources then the entropy of the path algebra does not change.

Furthermore, since all the sources generate the left socle and the sinks generate

the right socle, we have.

Proposition 8.52. Consider E a finite graph, then
halg(KE) alg(KE/ SOCI(KE)) alg(KE/ SOCr(KE>)

Proof. Since the left (resp. right) socle is the ideal generated by the sources (resp.
sinks), the rest is given by Corollary 8.32. O

Taking into account the socle chain of a path algebra, we have that.

Corollary 8.53. Consider a finite graph E and S, the left (resp. right) socle of KE of
order . Then
halg(KE> alg(KE/Soc>

Furthermore, if we eliminate edges without return the entropy remains the

same.

Proposition 8.54. If E is a finite directed graph and e € E' is an edge without return,
then

haig(KE) = hqg (K(E\{e}).
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Proof. If e € E! is an edge without return, then s(e) # r(e). Consider u := s(e)
and v := r(e), then u and v belong to different strongly connected components of
the graph. On the contrary, there is a path A € Path(E) such that s(A) = v and
r(A) = u and the edge e has a return. Consequently, the edge e does not belong
to the graph of any strongly connected component and this means that if we
erase it, they do not change. Since the strongly connected components remain
the same, by Proposition 8.33

haig(KE) = haig(K(E\{e})).
]

If we eliminate all the edges without return, then we get a new graph where
each connected component is strongly connected and the entropy of the new path
algebra remains the same.

Corollary 8.55. Consider E a finite graph, then
ha1e (KE) = hye (KE/ rad(KE)).

Since the Jacobson radical of a path algebra coincides with its semiprime radical
and it is generated by a set of edges, the quotient KE/rad(KE) is a semiprime
path algebra of a new graph. In this sense, we are able to construct a graph which

its associated path algebra is semiprime and its entropy remains the same.
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Chapter 9

ENTROPY OF LIMITS OF FILTERED
ALGEBRAS

Denote the graph Che, given by vertices ChY, = {v,}* | and edges Chl =
{en, fn};_q with s(ey) = r(fn) = vy and r(en) = s(fu) = vn11. We call it the infinity
chain and represent it as in Figure 25. Consider the path algebra KCh. If we

vl.mx—\r—\ AT
S~ ¥ ~_ ¥ ~~_ ¥ ~—_ ¥

Figure 25: Infinity chain.

think of its standard filtration F = {V,,},-_;, then we can observe that

Vi = spang{A € Path(E): {(A) < n},

and
dim(V;,/V,,_1) = |[{A € Path(E): £(A) = n}| = 4
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which means that the filtration is not finite. If we forgot that we have defined the
entropy for finite filtrations, we would have
ha1g(KChy) = limsup dim (Vay/ V1) = 40.

n—0oo n

On the other hand, consider the graph Ch;, given in Figure 26,

01 o2 et e

Figure 26: Chain of two links Chs,.

its adjacency matrix is Ay = and by Proposition 8.30 we have that

S =k O
—_ O =
S = O

haig(KChy) = 51og(2) =~ 0.34657.

If we now take the graph Chs as in Figure 27, then the adjacency matrix is

vl.mr_\r—\.
S~ ¥ ~_ ¥ ~~—_ ¥

Figure 27: Chain of three links Chs.

0100
{1010 s
A=101 0 1 andhalg(KChg)—log< 5 )_0.48121.
0010

The reader can observe that, in general, we can consider the families of graphs

{Chy};"_, with adjacency matrices

10 0
1 01 0

A= 010 - 0 |eMy(R).
000 1

Using the software Mathematica we have computed numerically the values
ha1g(Khy) for several n:

THe reader can check the numbers in Table 4 and observe that there is a certain
tendency to the value log(2) ~ 0.693147 which is quite opposite to the +oo that we

have obtained before. Our intuition says that if we want to extend our definition
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n halg (KChn)
5 0.549306
15 | 0.673745

105 | 0.692708
203 | 0.693029
275 | 0.693082

Table 4: Algebraic entropy of the family of graphs Ch,, for different values of n.

of entropy to algebras of infinite graphs, it has to be compatible with the one that
we already have. For this purpose we restrict ourselves to finite filtrations.

Q.1 LIMIT OF FILTERED ALGEBRAS

In this section, we explore the concept of direct limit of a family of filtered
algebras. In the category Falgk this limit exists, however in general it is not in
falgk (see Definition 8.9). That is why we need to be cautious when we want to
define a new notion of entropy.

First, we need to know what we are talking about when we refer to a “family”
of objects.

Definition 9.1. Consider a category C and I a directed set. A direct system in C is a
pair ({X;}icr, {ij}i<j) where X; is an object of C for every i € I and ¢;;: X; — X;
is a morphism in C for every i < j such that

1. @;; is the identity,
2. @ik = @jxo ¢ijforeveryi <j<k.

A pair (X, {@;}ic1), where X is an object in C and ¢; : X; — X is a morphism for
every i € I, is a target of ({Xi}ic1, {9ij}i<j) if ¢i = ¢j o ¢ij. We say that the target
(X, {@i}ic1) is a direct limit if for any other target (Y, {¢;}ic;) there is an unique
morphism 6: X — Y such that ¢; = 0 o ¢, for every i € I. The object X usually is
denoted as X = lim X;. This can be represented as the commutative diagram of
Figure 28.

In general, not every direct system has a direct limit. However, there are some
categories where every direct system has. For example the category of groups,
algebras, rings, etc. We include some examples for self-containment, however
these are not new and can be checked in [83].
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Figure 28: Commutative diagram of the direct limit of a direct system.

Example 9.2. 1. Limit of vector spaces. In the category of K-vector spaces, the

direct limit is analogous to the limit of K-algebras. If ({Vi}icr, {;}i;) is a
direct system, then the direct limit is the vector space

V=limV; = | |Vi/~
iel

where x; € V; and x; € V; are related if there is some k > i, j such that

@if(xi) = @jx(xj)-

The morphisms ¢;: V; — V are the maps that send each element to its
equivalent class. In this set, the elements of the equivalence class are
denoted by [x] € lim V; and the structure of vector space is given by the

well-defined operations

A [Xi] = [)\Xi] VA e K,
[x;] + [x]] = [goi,k(xi) + gojlk(x])] with i,j < k.

. Limit of algebras. It is well known that if ({A;}icr, {¢i;}i<j) is a direct

system of K-algebras, then

A=limA; =| |Ai/ ~.

iel

The morphism ¢;: A; — A is the one that sends each element to its equiva-

lent class. The product in this algebra is given by

[xillxj] = [@ix(xi)pjx(xj)] with i, j < k.
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Consider a direct system of filtered algebras {(A;, F;)}ic; where F; = {V] * 1
is a filtration and ¢; ;: (A;, F;) — (A;, F;) is a filtered algebra morphism for every
<.

Lemma 9.3. The pairs ({Ai}ie1,{¢i,j}i<j> and ({Vﬁ}iel,{q)@jw}ig) forany n > 1,
are direct systems .

Proof. It is trivial to check that the first pair is directed. The second one is also

directed because goi,]-(V,i) c V) for every n > 1 and i < j. Consequently:

1. @i Vi = Id|w;,

2. (Pi,k\v,;’ = (Gf’j,k(Pi,ﬁ\vnf = %k\v,g Pijlyvi-

]

Following the previous lemma, it makes sense to consider the direct limit of
the family of algebras once we forget that they are also filtered. This leads to the
construction of the limit of filtered algebras.

Proposition 9.4. Let S = ({(Ai, Fi)}ic1» {(Pi/]'}igj) be a direct system of filtered algebras
with F; = {Vy},_1. If we consider A = lim A; with ¢;: A; — A given by x; — [x]
and F = {V,}*_ | with Viy = ;) @i(V}h), then (A, F),{@i}ic1) is the direct limit of
the system S.

Proof. We need to check that (A, F) € Falgk, ¢; is a morphism of filtered algebras
foreveryie I, ((A,F),{¢i}ic) is a target and it verifies the universal property.
To see that F is a filtration we follow Definition 8.2.

1. By construction Vi c Vo, < ---cV, c V1 < ---.

2. If [x] € A, then there is i € I such that x € A;. Since F; is a filtration in A;,

there is some 7 such that x € V} and ¢;(x) = [x] € V.

3. Take [x] € V,, and [y] € V};, then there are some i, j € I such that x € V/ and
ye V). If we take k > i,j, then @;r(x) € V,f, (p]-/k(y) € V,ﬁ and goi/k(x)(p]-,k(y) €
V., which means that [x][y] = [¢;@(y)] € Vs

We already know that ¢; is a morphism of algebras and by definition it
verifies that ¢;(V}) < V,. Consequently, ¢;: (A;, F;) — (A, F) is a filtered
algebra morphism. In addition, since (A, {@;}ic) is already a direct limit for
({Ai}icr, {@ij}i<j), it satisfies that ¢; = ¢;¢; ;.
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Finally, we just need to check that ((A, F), {@;}icr) satisfies the universal prop-
erty. Take a target ((B,G), {i}ici), we need to find an unique 6: (A, F) — (B, G)
such that ¢; = 0o @; for every i € I. If we have x; € A;, then 6 has to verify
that ¢;(x) = 0(¢(x;)) = 0([x;]). In this sense we define §: A — B such that
0([x]) := i(x;) where x; € A; and [x;] = [x]. This map is well-defined and is
unique by construction. Indeed, take some x; € A; with [x;] = [x;], then there is
some k > i,j such that ¢;(x;) = ¢;k(x;). Thus, if we compose with ¢ we have
that

0([xj]) = ¥j(x}) = Y@ (x))) = Pe(@ije(xi)) = Pi(xi) = O([xi]).

Lastly, it is a filtered algebra morphism. Consider G = {W,}_,, if [x] € V;, then
there is some x; € Vi such that [x;] = [x] and 0([x]) = ¢;(x;) € W,, because ¥; is a

filtered algebra morphism. In addition, if A € K, x; € A;, Yyi € A and k > i, j, then

OA[xi] + [yj]) = 0([@ix(Axi) + @ik (x)]) = Pr(@ix(Axi) + @jx(x))) =
AMpr(@ix(xi) + i@k (yj) = Api(xi) + 9;(y;) = A0([x;]) + 0([y;])-

and

0([xilly;]) = 0([@ix(x) @ik (x))]) = Yr(@ix(xi)pji(x})) =
V(@i (i)W (@jx(yj) = $i(xi)wi(y;) = 0([x:])O([y;])-

Remark 9.5. The reader can check that in the context of the previous Proposition,
Vi = lim Vi since (Vi { @ilyi Yier) satisfies the universal property. To check so we
only need to find an unique map 6: V,, — | |Vi/ ~ such that ¢; = 6 o ¢; with
¢;: Vi — Vi/ ~ the map that sends x to X € Vi/ ~. We change the notation for
the new equivalence class in order to distinguish the one in Vj, to the one in
Vi/ ~. The needed @ is just the map that satisfies 6([x;]) = x;. It is well-defined
since [x;] = [x;] if and only if there is some k > i,j such that ¢;(x;) = @;x(x;)
which is equivalent to X; = ¥;. Finally, highlight that since V,, = lim V;; we will
not make distinction between them or their respective equivalence classes and
use the [-] notation.

Even though the direct limit exists in the category of filtered algebras, this is
not true in the categories of finite filtered algebras. More specifically, the direct
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limit of finite filtered algebras as in Proposition 9.16 in general is not a finite
tiltered algebra.

The path algebra KChy, with Ch, the infinity chain is a good example of this.

Consider the direct system ({(KCh;, F;) ?izr{(l)i,j}?g‘:z) with ¢;j: KCh; — KCh;
the natural inclusion for j > i and F; the standard filtration of KCh;. In this
case, the direct limit is ((KChe, F), {9;},) with ¢;: KCh; — KChy, the inclusion

and F the standard filtration (a way to prove this is using [57, Lemma 2.5]).

However, the standard filtration is not finite for the path algebra of the infinity
chain whereas the standard filtrations for the graphs in the direct system are.
Instead of a particular example, we can see more generally that the limit of
finite filtered algebras is not (in general) a finite filtered algebra. We can see
this by computing the dimension of quotient of the limit. We will need for that
Lemmas 9.6, 9.7 and 9.9. Some of them can be considered general knowledge
and a person who is familiar with category theory and direct limits might think
of them as a triviality. If that is the case, the reader can skip the proofs of the next
results until Section 9.2. However, since we want to be as self-contained as we
can and we do not want to deviate the content from our problem, we include the

explicit proofs of the desired lemmas.

Lemma 9.6. If S = ({Aj}ier, {9ij}ijer) is a direct system where ¢;;: A; — Ajis a
monomorphism for every i < j, then the morphisms in the direct limit (A, {@;}icr) of S
are injective for every i € .

Proof. First of all, consider A = | | A;/ ~, since A also is the direct limit of S, then
A =~ A. By the universal property, we just need to prove that the morphisms

A; — A are injective. Remember that

Y

pir A —
x = [x]

and consider x,y € A; with [x] = [y]. This means that there is some k > i such
that ¢;1(x) = ¢;«(y) and since all the morphisms ¢; ; are injective, x = y as we
expected. O

Consider S = ({(Aj, Fi) }ic1, { @i j}ije1) a direct system of filtered algebras with
Fi = {Vu};_, for i € I. The map ¢;; is a filtered algebra morphism, then
(Pi,j(V,i_l) c V) _,. In a similar way to what we did for Propositions 8.10 and
8.11, we can induce a vector space morphism ¢; ;: Vivi_ -V V;Ll such that
ij(x+ Vi_y) = @ii(x) + V.

151



152

| ENTROPY OF LIMITS OF FILTERED ALGEBRAS

Lemma 9.7. Let S be a direct system of filtered algebras as before. The family of vector
spaces {Vi/Vi_}icr together with the morphisms {¢i}i<j is a direct system and for
every n = 2

|_|z'eI V;;/ T~ |_|iel Vré/vé—l

| lier V;iq/ ~ ~ (24

as K-vector spaces.

Proof. First we need to check that ({V// V;;_l}ie 1. {9ij}i<j) is a direct system. If
xi+Vi_ e V,ﬁ/Vé_l and i < j <k, then

Gii(xi+Vi_) =Td(x + Vi) =x;+ Vi,
and

ik + Vi_y) = @ix(xi) + Viy = 9i(@i(x0) + Vi =
Pkl @i(6) + V1) = 90 §ij(xi + Vi)
To prove (24) consider V,, = | |i; Vi) ~and V,_1 = | |;c; V! _;/ ~. We define the
map
Q: % = Vu/Via
[xi + Vaq]l = [xi] + Vi
which is an isomorphism of K-vector spaces. In order to prove so we need to

verify that it is well-defined, linear and bijective:

1. Consider two elements x; + Vé_l and x; + Vi_l related. This means that
there is certain k € I with k > i,j such that @; x(x; + VI ) = @jx(xj + Vi_l).
In particular, ¢;x(x;) + V& | = @j k(X)) + VE | which implies that ¢; i (x;) —
jj(xj) € V. Then, [@;k(xi) — ¢j(xj)] = [xi] — [x]] € V1 and

O ([ + Via]) = [xi] + Vir = [xj) + Vier = Q ([ + V) 4]) -

2. Take A € K, then

QA [x;+ Vi_q]) = Q([Ax; + Vi_4]) = [Axi] + Vyoq =
Axi] 4+ Vier = A= ([xi] + Ve1) = AQ([x; + V).
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Consider [x; + V!_,], [x; + Vyjl._l] M then we have

O ([xi + Vioal + 1%+ V) 41) = O (sl + Vi) + @il + Vi_y)]) =
=0 ([q)i,k(xi) +@jk(x)) + V,L]) = [@ik(xi) + @j(x))] + Vi1 =
= [xi] + [x] + Vier = ([xl] + V1) + ([xj] + Vi) =
ZQ( VL +Q(x]+vi 1])

3. To prove the injectivity, take [x; + VI ;] with Q([x; + V! |]) = 0. That
s [xi] + V4,1 = 0, which means that [x;] € V,_1. In particular, there is
axje V;Ll such that [x;] = [x;] € V,,_1, that is, there is k > 7,j with
@ik(xi) = @jk(xj). Since, @) is a filtered algebra morphism and x; € v
then ¢;r(x;) = @jx(xj) € V,f_l. Then, @; i (x;) + V = 0 and @;(x; +

M this means that

Vi ) = 0. Consequently, by the relation ~ in
[x; + VI_,] = 0. The surjectivity of the map is immediate by construction. If

we take [x;] + V,_1 € V;i/V,_1, then Q([x; + VI _]) = [x;] + Vi1

Remark 9.8. There is a smarter way to prove this using exact functors. If Vectx
denotes the category of K-vector spaces and [ is directed set, then Vectk is the
category which objects are direct systems of vector spaces. Its objects are direct

systems ({Vi}icr, {@ij}i<j) and if S, 5" € Vectk then a morphism 0: S — S is a

family of maps {6;}c; with 6;: V; — V/ such that 90;, ;o 0; = 0j0 ¢, for every i <.

Under this context, we can define the functor F: Vecty — Vectx such that if
S = ({Vi}ielz{(l)i,j}igj)/ S = ({‘/j/}iell{q);',j}ié]') and 0: S — S/I then F(S) = 11_1'1')1‘/1
and F(0): lim V; — lim V] is the only morphism given by the universal property

such that ¢} o 0; = F(0) o ¢;. This functor is exact ([10y7, Theorem 2.6.15]), that is,

if
0—5 =5 =S5 —0

is an exact sequence, then

0 — F(S1) = F(S2) > F(S3) > 0
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is also an exact sequence. In particular, if ({(A;, Fi)}icr, {@ij}ijer) is a direct
system of filter algebras with F; = {V;}%_; then there is a exact sequence in Vectl
induced by

0V | ViV /Vi  —0.

Consequently,

0 — lim V;;_q < lim Vy; — lim V;/V;_; — 0

is an exact sequence because F is an exact functor. Finally this implies that
lim V,/lim Vy_y = lim V3 /Vy 4

Lemma 9.9. Consider ({V;}ic1, {@i}i<j) a direct system of vector spaces with ¢;;: V; —
Vj injective for every i < j. If V- =lim V;, then

dim V = sup{dim V;} (25)
iel

Proof. Firstly, we consider the case that dim V = n < +o0. By Lemma 9.6 we have
that dim V; < dim V for every i € I. Take a basis B = {[x; |, [x;,], ..., [xi,]}. Since
I is directed, there is some k € I such that k > ij for every j = 1,...,n. In addition,
[xl-j] = [goij,k(xij)] for every j = 1,...,n and without loss of generality we can
consider a basis B = {[x1], [x2],...,[xx]} of V, with x; € V) for everyi=1,...,n.
Since B is a set of linearly independent vectors in V, it is easy to check that
{x1,..., x4} are linearly independent in V}. Consequently n < dim V; < n and
dim V = sup,_;{dim V;}.

Secondly, if dim V' = 400, then there is a sequence of finite-dimensional vector
spaces {W,};__; such that W, € V and lim; .., dim W,, = +c0. Using the previ-
ous argument, we can construct a sequence of vector spaces {V; }>°_; such that
dim W, < dim V; . Consequently,

dimV = +ow = sup{dim V;}.

iel

Remark 9.10. By Lemmas 9.7 and 9.9 we have that

dim V;,/V;,_1 = dim lim V,f;/V,Ll = sup {dim V;;/V,ifl} .

iel

This makes possible that dim V,,/V,,_; = +0 leading to a non-finite filtration.
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Q.2 ENTROPY OF STRICT DIRECT SYSTEMS

It is important not to lose the spotlight in our problem. We are trying to obtain a
definition of the entropy that generalise the one that we have for filtered algebras
and that is compatible with the previous one. To do so we take inspiration from
the infinity chain. In this case, for a field K, we have that KCh; is included in
KChy, by the usual inclusion i: KCh; < KChy,. In addition, if F = {V},}’"_, is the

n=1

standard filtration of KCho, and F; = {V/}% . is the standard filtration of KCh;,

n=1
then i~1(V},) = Vi. Following these ideas, we define:

Definition 9.11. Let (A, F) and (B, G) be two filtered algebras with F = {V,})"_;
and G = {W,}_,. We say that a monomorphism of filtered algebras f: (A, F) —
(B,G) is strict if and only if V,, = f~1(W,,).

Definition 9.12. A direct system of filtered algebras S = ({(A;, Fi)}ic1, {9 }i<j)

is strict if ¢; ; is a strict monomorphism for every i < j.

Once we know the concepts of strict monomorphism and strict direct system,

we can define the entropy of an algebra as the entropy of a strict direct system.

Definition 9.13. Let A be a K-algebra such that there is a strict direct system S =
({(Ai, Fi)Yier, { @i }i<j) of finite filtered algebras with A = lim A; as K-algebras.
Then, we define the entropy of A for the system S, denoted by h,(A4, S), as

haig(A, S) = sup{hag(A;, Fi)}

iel
Let us compute the entropy of the path algebra of the infinity chain.

Example 9.14. Consider S = ({(KCh;, F;)}i>1,{¢i;}i<j) a strict direct system of
filtered algebras with F; the standard filtration and ¢;;: KCh; — KCh; the

inclusion. The adjacency matrix of Ch; is A; = 2?2_11(Ej,j+1 + Eji1,j) where Ej
is the elementary (j, k)-matrix (which unique nonzero entry is 1 in the (j, k)
place). This matrix is symmetric. By Proposition 8.11 the sequence of entropies
hi := hqg(KCh;, F;) is non-decreasing h; < h;;1 and bounded since each Ch; is a
subgraph of the extended graph of a cycle with i + 1 vertices, denoted by C; 4
(see Figure 29).

The entropy of the KCj.qis log 2 (Example 8.21) and does not depend on the
number of vertices, then we have an upper bound for {/;}°, which is log2. So

{hi}72, is convergent and sup,.,{h;} < log2.
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\'3

/ﬁ\

Figure 29: Extended directed cycle with i vertices.

Our next goal is to prove the equality sup;_,{h;} = log2. From Proposition
8.30 we have that h; = log p(A;). Computing the spectral radius of the different
matrices is a complex computational problem. However, we can obtain an smart
lower bound that will prove our assertion. For every symmetric matrix A of size

m with spec(A) the set of its eigenvalues, we have that

(App<t(A)= > A< > [Al<mp(A).

Aespec(A) Aespec(A)

Thus, the following inequality holds

(A")1,1 < mp(A") < mp(A)".

In particular {/(A")11 < /i + 1p(A). If we apply this to the adjacency matrix A;

of Ch; we have that
(AN < Vi+1p(A))

for every n > 1. On the other hand, for every n, each entry (A?"); ; counts the
number of paths of length 2n from the vertex v; to v1. It can be seen that this
number is also the number of Dyck’s words of length 2n. By Corollary 6.2.3 (ii)

or (iii) of [99], the number of Dyck’s words of length 2n is given by the Catalan

number ¢, = (2:)”1? Then (A?");1 = ¢y where {c;},>1 denotes the Catalan

numbers. Thus, ¥/c, < R/i+1p(A;) for every n and every i > 2. Since the
logarithm is an increasing function, we have that

log(i +1)

—logc, < +logp(A;) = — + h;

1 1og( +1)
2n 2n

for every n and every i > 2. Using Stirling formula we have that lim;, % logc, =
log 2. Consequently, if n tends to infinity, then log2 < h; for every i > 2. Finally,

log2 < sup h; <log?2

i=2
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which means that the equality holds. In particular, h,,(KChy, S) = log2.

Similarly as it happens for the entropy of filtered algebras, the entropy of an

algebra which is direct limit of a strict system S depends on the chosen system.

Proposition 9.15. Consider S = ({(A;, Fi)}ic1, {¢i;}i<j) a strict direct system of finite
filtered algebras with A = lim A; and F; = {(Vitier. If we take G; := (Wi w1 fora
fixed k > 1 such that W}, := V} , then we have the following:

1. 8" = ({(Ai, Gi) Yier, {9ij}i<)) is a strict direct system of finite filtered algebras,
2. halg(A/ S/) = khalg<A/ S)

Proof. First of all, we have to prove that S’ is a strict direct system of filtered
algebras. By Proposition 8.7, the family §; is a filtration. In addition, by con-
struction, the system is strict. The morphisms ¢;; remain being injective and
9ij (Wa) = 97 (Vi) = Viyy = Wi

For the second part, observe that, by Proposition 8.7

halg(Air gl) =k halg(Ai/ ]:1)
Consequently,

halg(A/ S/) = Sup{halg(Air gl)} =

iel
= sup{khag(A;, Fi)} = ksup{h(A;F;)} = khag(A,S).
iel iel

]

Under this setting we ask ourselves if the entropy of filtered algebras and the
entropy of direct limits are compatible. That is, if (A, F) is a finite filtered algebra
and A = lim A; with ({A;}ic1, {@ij}ijer) a direct system where ¢; ;1 A; — Ajis a
monomorphism, is there a strict direct system S such that h,(A, F) = hag(A, S)?
If 7 = {Vy};”,, then by Proposition 8.11 we can construct a finite filtration in
each A; of the form F; = {(pi_l(Vn)}f:l.

Proposition 9.16. Let (A, F) be a finite filtered algebra with A = lim A; for a direct
system ({A;}ic1, {@ij}ijer) where ;2 Aj — Ajis a monomorphism for every i < j. The
pair S = ({(Ai, Fi)Yier, {9ij}i<j) is a strict direct system of finite filtered algebras such
that

halg(A/ f) = halg(A/ S)'
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Proof. If (A,{@i}ic;) is the direct limit, then by Lemma 9.6, the map ¢; is a
monomorphism for every i € I. Following Proposition 8.11 each F; is a filtration
and

ha1g<Ai/ E) < ha1g<Ar ]:)

for every i € I. If we take the supremum, then
halg(A/ S) = sup{halg(Ai/ 'E)} < halg(A/ f)
iel
In order to prove that h,jg(A, F) < hyg(A,S) we need to check that lim Vi =V,

First observe that S is a direct system of finite filtered algebras. Indeed, we
only have to check that (p,-/]-(V,l;) C Vj. Since ¢; = @j© ¢;j, then

9i (V) = @ii(0; (V) = @i <(9"J’ ° (Piff)_l(v’“)> -
-0 (03] (9 W0)) = i

Consequently, by Lemma 9.7 the pair S,, = ({Vi}ep, {®i;}i;) is a direct system too.
Finally, to verify that lim V}; = V; we are going to see that it verifies its universal
property. Consider a target (W, {¢;}ic;) for the direct system S,. For a element
v € V,,, there exists a i € I such that (pi_l(v) e Vi (which is unique since ¢; is a
monomorphism). Then, we define the map

0: V, — W
v (g7 (0).

By construction it is direct that ¢; = 8 o ;. However, we need to prove that the
map 6 is well-defined, that is, it does not depend on the chosen i € I. Suppose
j € I with go]._l(v) e V), there is some k > i,j with ¢; = P o @ix, ¥j = Yo @ik,
@i = ¢xo @i and Pj = Pk° Pjjs then

i1 (0) = Yr(@i((pr o @i) 1 (v)) =
Vel pix(9i (91 (0))) = (@i ' ()

Analogously we have that l[Ji(q}j_l(U)) = ¢k(gok‘1(v)) and 0 is well-defined. Conse-
quently, lim Vi = V,. Using Lemma 9.7 and since lim Vi =V, we have that

dim(V,/V,_1) = sup {dim (V,;' /V,i_l)} (26)

iel
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because the maps ¢; ; are injective.
For the last part, check that

log(dim(V,i/VLl) < limsu log(dim(V,ﬁ/Véfl)
n = n_,oop n

for every i € I and every n > 2, then

sup
iel

< sup
iel

lim sup

n S n

{mg(dim(v,;' JVi D) } { log(dim(Vi/Vi_))) } )

for every n > 2. Finally, we have that

halg<A, -F) = lim sup log (dlm(vn/vn—l)) _

n—0o0 n
_ limsup log (sup,e; {dim(V,/V;_1)}) _
n—00 n
log(dim (Vi /V? log(dim(V}/ V!
= lim sup Sup{ o8 unsq n n_l)} < sup {limsup o8l 1m51 n/ ”_1)} —
n—0o0 i€l i€l n—0oo

= sup {hag(A;, Fi)} = hag(A, S).

iel
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Chapter 10

ISOMORPHISMS INDEPENDENT OF THE
FIELD

One of the isomorphism problems for Leavitt path algebras is the following:
when E; and E; are graphs, K a field and Lx(E;) =~ Lg(E) asK-algebras, can
we have a K’-algebra isomorphism Lg/(E1) =~ Lg/(E;) for some other field K'?
In the literature, there are positive answers to closely related problems. For
example, in [28] it is proved that the graph groupoids of directed graphs E; and
E; are topologically isomorphic if and only if there is a diagonal-preserving ring
+-isomorphism between the Leavitt path algebras of E; and E,. More generally,
we can find questions dealing with the equivalence between the existence of
graded isomorphism of groupoids and diagonal-preserving graded isomorphism
of Steinberg algebras, like in the works [1, 30, 103]. Another isomorphism-type
problem is the following: assume K < K’ is a field extension and Lg/(E7) = Lg/(Ep)
as K'-algebras. We would like to know under what conditions this implies
that Lx(E;) = Lg(Ep) as K-algebras. This kind of results could be termed as
‘descending conditions for isomorphism’. In case such a condition exists for
an extension K < K/, then Ly/(Eq) = Lg/(E;) implies Lg#(E1) = Lgn#(E;) for any
superfield K” o K. When trying to give partial solutions to these questions, we
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find that there is no need to focus on Leavitt path algebras. We can answer
them using suitable functors. Such are the so-called extension invariant functors.
One of the main tools that we use is the Hilbert’s Nullstellensatz Theorem for
polynomials with possibly infinitely many variables. This is a result of S. Lang
[77] which generalizes the classical Nullstellensatz Theorem but imposes an
additional condition on the cardinal of the ground field.

10.1 ALGEBRA FUNCTORS

For a commutative, associative and unital ring K we denote by alg the category
of associative and commutative K-algebras with non-zero unit where morphisms are
given by the unit preserving K-algebra morphisms. In addition, we will denote
by Algy the category of all K-algebras with the morphisms given by the K-algebra

morphisms.

Definition 10.1. A functor F: algy — Algy such that F(R) is an R-algebra for
any R € algy will be called a K-algebra functor.

We will identify the category alg, with the category of (associative commuta-
tive and unital) rings, usually denoted rng. Some well-known examples are in
order.

Example 10.2. 1. Take a positive integer n and consider the algebra functor
M, : rng — Alg, such that M,,(R) is the R-algebra of n x n matrices with
coefficients in R with the usual matrix product.If ¢: R — R’ is a morphism
of rings, then

Miu(9): M (R) - Mu(R')
a1 My e A1y p(a11) e
a1 @y v gy p(az1)

Ayl 2 T n,n ¢(ay,1) ¢(an2) T (ann)

is a Z-algebra homomorphism. This functor produces associative unitary
algebras.

2. Again, for a positive integer 1, consider sl,,: rng — Alg,, such that

sly(R) := {X € Mu(R): tr(X) =0},
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where tr(X) denotes the trace of the matrix X, with the Lie product
[X,Y]:=XY-YX
for any X, Y € sl,(R).

Another algebra functor is Another source of algebra functors, that we will use
in the sequel, is the following:

Definition 10.3. Let A € Algy, we are able to define the K-algebra functor
A: algy — Algy given by A(R) := A®g R = Ag. Furthermore, for any R, R’ €
algy, if « : R — R’ is a morphism in algy, then A(«x): A(R) — A(R’) is defined as
A(a) =Idy ®ka: A®k R - A®g R’ such that a ®k 7 — a ® a(r).

Observation 10.4. When it is understood by the context, the tensor product will

be simply denoted by ® instead of ®x.

As we previously mentioned, this set of functors are well behaved. If K is
a commutative and unital ring, R € algy, S € algy and A € Algy, then it is
straightforward to prove that (A®x R) ®r S =~ A®k (R®r S). As a consequence,
(AR)s = Ag as S-algebras. For more details, define wgs: (Ag)s — Ag the
morphism (of S-algebras) such that wrs((a ®x 7) ®r s) := a Qg rs.In fact, it is
an isomorphism since ¢: As — (Agr)s given by ¢p(a®7rs) = (a®7r) ®s with
ae A, re Rands e S. Not only that but wgg is natural in S, that is, for any
B € homgy (S, S’) we have the commutativity of the diagram:

(AR)s —% As
Idag ®Rﬁl lIdA ®kp (28)

(AR)s “orer” Ag
Indeed, if we consider (4 ®71)®s € (Agr)s, then
wrs (Ida, ®B((a@7) ®s)) = wrs (A7) ® B(s)) = a@TB(s).
Since f is a R-algebra morphism, we have that

wrs(Ida, @B((@® 1) ®5)) = a®@rp(s) = a®B(rs) =
=Idy®Ba®rs) = 1ds ®B(wrs((a® 1) ®5)).
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One important property associated to K-algebra functors that we will use along
this work is introduced now.

Definition 10.5. Let K be a commutative and unital ring. A K-algebra functor
F:algy — Algy is said to be extension invariant if for every R € algy there is an
R-algebra isomorphism tz: F(R) — F(K)®k R in Algy which is natural in R,
that is, for any a: R — R’ homomorphism between R, R’ € algy the following

diagram is commutative:

F(R) —2— F(K)®@k R
F (“)l llf(K)(@K“ (29)
Proposition 10.6. If F is an extension invariant functor, then F(S) = F(R) ®g S as

S-algebras for any R € algy and S € algg. Furthermore, the above isomorphism can be
chosen to be natural in S.

Proof. The isomorphism is the composition 7¢ Lors(tr ®1dg): F(R)®r S — F(S)
and it is natural in S because for any homomorphism of R-algebras f: S — S/,

we have the commutativity of the three squares in the diagram:

1

FRY®x S "% (F(K) @x R) @ § —% F(K) @k S —— F(S)
Id7(r) @Rﬁl Id )@k R ®Rﬁl Id 7 x) @Kﬁl § l}-(ﬁ)

R S/ TR@RIdS/

FR)® (FK) @ R) @R ' 5 FK) @k S —— F(S')

The first square on the left commutes since

(Tr ®r Ids/) © (Id 7(r) ®rB) = TR ®R B = (IdFK)0R ®B) © (TR ®R 1ds).
The second and third squares commute because of (28) and (29). [

Remark 10.7. Observe that if F: alg, — Alg, is a K-algebra functor which is
extension invariant, we can consider A := F(K), then 7 =~ A. Indeed, take R €
algy, since F is extension invariant there is a natural isomorphism tr: F(R) —
F(K) ®k R such that F(R) = F(K) ®k R = A(R). Conversely, if A € Algy, then
the functor A is extension invariant. We need to find a natural isomorphism t
such that A(R) = A(K)®k R. We just need to define 1g: A(R) — A(K)®x R given
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by tr(a®r 1) = (a ®k 1) ®k r with inverse given by Tlgl((a Rk k) ®x 1) = a g kr.

Finally, we need to see that it is natural. Consider a € homg (R, R'), then

TR oA@)(a®rT) = TR(a®k (1)) = (a®k 1) O a(r) =
= Id Ak ®a((a @k 1) @k ) = (Id g (k)@ ®) © TR(A QK 7).

As a consequence, A is extension invariant.
That is, the extension invariant functors are precisely those algebra functors

which are (naturally) isomorphic to some A.

Consider R, S € algg and ¢: R — S a morphism in their category. Then, it is
possible to endow S with a structure of R-algebra by considering the product:

RXS —> S
(r,s) — @(r)s.

As a consequence of Proposition 29 we have the next result.

Corollary 10.8. If F,G: algy — Algy are extension invariant functors and ¢: R — S
a homomorphism in algy, then F(R) = G(R) as R-algebras implies F(S) = G(S) as
S-algebras. In particular for R € algy, if we have an homomorphism : R — K, then
F(R) = G(R) as R-algebras implies that F (K) = G(K), which means that F(S) =~ G(S)
for every S € algy.

Note that Corollary 10.8 is true for any Hopf algebra since by definition a Hopf
algebra is endowed with a homomorphism to the ground field called augmentation
(see [106, Section 1.4 (page 8)]). In other words, we can verify that two extension
invariant functors are isomorphic just by checking in a Hopf algebra. Any group
algebra is a Hopf algebra, so observe that we are in the conditions of Corollary
10.8: we deduce that if for some group G and extension invariant functors F and
G we have F(KG) = G(KG), then F(S) = G(S) for any S € algy.

Next, we recall an extension algebra functor from which we will derive some

subfunctors (derivations, centroid).

Example 10.9. Let V be a vector space over a field K and denote by Endg(V)
the K-algebra of all K-linear maps V' — V. If R € algg, we will also denote
Endgr(VR) the R-algebra of all R-module endomorphisms Vg — Vg. There is a
functor &: alg, — Algy such that &(R) := Endgr(Vg) and for any a: R — R’
(in algy) we have &(a): Endr(Vgr) — Endg/(Vr/) given by &(a)(T) = T’ such
that T': Vg — Vg is defined by T'(v ® 1g/) := (Idy ®«)T(v ® 1g) whenever
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T € Endgr(VR) (1g € R and 1g/ € R’ are the units in R and R’ respectively). We
will call & the endomorphism functor. This algebra functor is well-known and the
reader can find it in [35, p. 185]

In order to see that it is extension invariant, consider the map

Qg EndK(V) ®k R — Endgp Vx
fer — Qr(f®r)

where
Or(f®r) VR — VR
v®s  —  f(v)®rs
is a R-lineal map. Not only that but, () is a natural isomorphism. Indeed, first
observe that

Or((f@N)(f @) (v®s) = Qr(ff @r')(0®s) = f(f'(v)) ®rr's =
= Or(f@7)(f'(0) ®1's) = Qr(f @ 1) (AWR(f @T)(v®5)) =
= (R(f®r) o Or(f ®@71))(v®S5)

which indicates that it is a morphisms of R-algebras (the R-linearity is immediate).
To prove the surjectivity consider By = {e;}ic; a basis of V and Br = {uj}jc; a
basis of R as K-vector spaces. Consequently, {¢; ® u;};c] ] is a basis for V. Let
S € Endg(VR) and suppose

S(ei®1) = Z )Lf’qep®uq
pelqe]

with Af ‘¢ K and only a finite number of Af 4+ 0. Now consider the K-linear
endomorphism
T7: V — Vv
ei = T e) = Y A ey,

It is straightforward to check that

Qg (2 T‘7®uq) (er®1) = > Tle)@ug = >, Ae,@uy = S(e;®1),

qej gej pel,ge]

that is, Qg (qu i T1 ®uq> = S and the map is surjective. Secondly, we have
to see that () is injective. Assume that Q(Zzzl T,®rp) = 0 for T, € Endg(V),
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rp € R with Ty(e;) = X keg t';,iek where t];,l. € K (a finite number of t’;,i # 0) and
rp = qu I 'y?,uq where ')/Z e K (with a finite numer of ')/Z # 0). In particular, we
have that for every i € I

n n
0= ZTp@rP (e;®1) :2 (e;) ®ry = Z t’;liek®rp:
p=1 p=1 p=1kel
k 4
= Z tp,i')’pek Qug = 2 Z tp z'Yp ex Q ug.
p=L1kelge] kel,ge] \p=1

Since {ex ® ug}e 4e7 is basis of Vr we get
n
2ty =0 (30)
p=1

for every i,k € I and g € J. If we consider the map

E;, V — 1%
ey — Ezj(ep) —5lpej

then we can express T = ;| t’;,,-Ei,k and
n n
ZTp®rp= Z tk 1’ypElk®uq— Z thlfyp Eiy®u;=0

p=1 p=Likel,ge] ikel,gel \p=1

which is zero by 30.

EndK(V) Xk R L) EndR(VR)

Idgng, (v) ®“l l@ﬁ(oc) (31)
EndK(V> (29)7% R’ Q—> EndR/(VR/).
R
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Finally, in order to prove that it is natural, take a: R — R’,T € Endg(V) and
r € R, for every v € V we have that

&(a) (WR(TRT)) (v@1rr) = (Idy @a)(Qr(TR7)(v @ 1R)) =
= (ldy ®a)(T(v) ®r) = T(v) ®a(r) = Qr(T@a(r)) (v LR) =
= Qs ((Idgnay vy @) (T®T)) (0@ 1)

Consequently
&(a) (Qr(TQ7)) = Qs ((Idgnd, vy @) (T ®71))
for every T ®r € Endg (V) ®k R, which means that

Qi(oc) o QR = QRI o (IdEndK(V) ®0€)

The following example gives an algebra functor which is not extension invari-

ant.

Example 10.10. For a K-algebra U, denote by Der(U) the derivations of the corre-
sponding algebra, that is to say, all the K-linear applications d: U — U satisfying
d(ab) = ad(b) +d(a)b for any elements a,b € U. it can be proved that R — Der(Ug)
is the object map of a functor

D: algy — Algy

which is a subfunctor of the endomorphism functor &. However, even though &
is extension invariant, D is not. Following [14, Theorem 1] or [15, Remark 2.31],
if we consider a perfect finite-dimensional nontrivial K-algebra U, then we have
that

Der(U ® K[x]) = (Der(U) ® K[x]) ® (C(U) ® Der(K[x])),

where C(U) is the centroid of U. Taking into account that Der(K[x]) # 0 (since
the well known diferential that we study in school is a derivation) and C(U) # 0
(because the identity is always in the centroid of any algebra) we have that
D(K[x]) # D(K) ®k K[x]. In fact, this construction gives us an example of a non

extension invariant subfunctor of an extension invariant functor.
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10.1.1  Algebra functors associated to graphs

Even though we have worked most of the times during the course of this
dissertation with a field K, the definition of path, Leavitt path, relative Cohn path,
Clark and Steinberg algebra allow the use of a unitary commutative ring. In this
way, for a certain algebra associated to a graph we can obtain an algebra functor.

Moreover, a extension invariant functor.

Definition 10.11. Consider a directed graph E, we define the path functor _E: rng —
Alg, such that sends a ring R into RE and a morphism «: R — R’ into the mor-
phism

RE — R'E
Yiaridi o Mg alri)As
Take X < Reg(E), we define the relative Cohn path functor CX(E): rng — Alg,
such that R — CX(E) and if a: R — R’ then

=

CX(E)(«): CX(E) — CX(E)
S il = 2l a(r) Ay

In particular, if X = Reg(X) then define the Leavitt path functor denoted by
L(E) := CRe8(X)(E).

Remark 10.12. As an important fact, by [1, Corollary 1.5.14], we have that
CS(E) = CR(E)®r S

for any unital commutative ring R and any unital commutative R-algebra S. It
is easy to check that this isomorphism is natural, therefore the functor CX(E) is

extension invariant.

Definition 10.13. Consider G an ample Hausdorf groupoid, then we define
the Steinberg functor, denoted by A(G): rng — Alg,, to the functor such that
R — AR(G) and for an homomorphism a: R — R’ we define

AG)(w):  Ar(9) —  Ar(9)
i rilg, — Z?=1“(ri)13i'
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In the particular case that the groupoid is a group G, we might consider the group
ring functor _G: rng — Alg, such that R — RG. For any a: R — R/, we define

Q: RG — R'G
Z?:l rigi — Z?:l o(ri)gi-

Remark 10.14. All the functors defined in this section are extension invariant. We

will omit the proof since it is analogous to previous ones.

Also, as a consequence of Corollary 10.8 and due to the fact that the Leavitt
path algebra functor is extension invariant, we conclude our first isomorphism
result in the following context:

Corollary 10.15. If E1 and E, are graphs and H any K-algebra endowed with an
augmentation (in particular any group K-algebra), then Ly (Eq1) = Ly(E,) if and only if
Lk(E1) = Lk(E2).

10.2 ON THE HILBERT'S NULLSTELLENSATZ THEOREM

Definition 10.16. Let A be an indexing set. Consider K[x,] the polynomial ring in
the indeterminates {x,},c4 with coefficients in the field K and an ideal i < K[x].
Following [77], a zero of i is an element (), 4 Where each ¢, is in some extension
field of K such that p(¢,) = 0 for all p € i. A zero of i will be called algebraic if
all ¢, lie in K. The set of all algebraic zeros of an ideal i will be called the variety
defined by i denoted by

V(i) = {a e KA: p(a) = 0 for any p € i}.

The Hilbert’s Nullstellensatz Theorem is in general not valid if the number of
indeterminates is infinite. However, the main result of [77], that we recall in this
section for self-containedness, holds.

Theorem 10.17. [77] Let K be an algebraically closed field and {x,} a set of indetermi-
nates indexed by A. The following three statements are equivalent:

S1. Ifiis an ideal of K[x,| and p € K[x,| vanishes on the variety defined by i, then
p™ € i for some integer m.

S2. Ifiis an ideal of K[x,] and i # K[x,], then i has an algebraic zero.
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S3. A ring extension K[G,] by elements ¢, in some extension field of K is a field if and
only if all ¢, lie in K.

Furthermore, the three statements hold if one of the following two conditions is satisfied:
(i) Ais a finite set.

(ii) Let A have cardinality a. Let the transcendence degree of K over the prime field Q
have cardinality b. Then a < b.

As pointed out by S. Lang in his paper [77], Professor 1. Kaplansky informed
him that he had obtained the above theorem independently. It is also mentioned
in [77] that the two conditions (i) and (ii) can be replaced by the single condition
that the cardinality of the field K itself should be greater than the cardinality of

A. We include a proof for self-containment.

Lemma 10.18. If Q is a finite field or the field of rationals and {x,}.c 4 an infinite set
of variables, then the extension field Q(x,) of Q containing all the indeterminates x,
has cardinal | A|. As a consequence, if {b;}ic] is an infinite transcendence basis of an
extension field K = Q, the cardinals of the fields Q(b;) and K are also |I|. In particular,
if a field K has transcendence degree over its prime field greater than a given infinite
cardinal b, then |K| > b too.

Proof. Since {x4}4cq S Q(xy) we have |A| < |Q(xy)|. The polynomial ring in
all the indeterminates Q[x,] has cardinal |.A|. Furthermore, the field of rational
functions Q(x,) has the same cardinal |.A|. Note that if we have an extension of
tields such as the smallest field is infinite and the largest one is algebraic over the
tirst, then it is well known that both fields have the same cardinal. Consequently,
since K is algebraic over Q(b;) (and this is infinite) we have |K| = |Q(b;)| = |I|. O

Remark 10.19. Consider a field Q with |Q| = Ng. If {by,...,b,} is a finite tran-
scendence basis of the extension K > Q, then the cardinal of Q(by,...,by,) is
Ny.

Next, we have a converse for the Lemma 10.18:

Lemma 10.20. Let K be a field and {x,} 4 4 an infinite set of indeterminates. If |[K| > | A|,
then the transcendence degree of K over its prime field is greater than |.A|.

Proof. Assume |K| > | A| and A is not finite. Let {b;};c] be a transcendence basis of
K over Q and b the transcendence degree of K over Q, that is b = |{b;};c/|. Every

element in K is a root of a unique minimal monic irreducible polynomial with
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coefficients in Q(b;) because K is algebraic over Q(b;). We say that two elements
k, k' € K are related if and only if they have the same minimal polynomial.
Consider the quotient set K/R with R the previous equivalence relation. After
this, we can take the map that for each equivalence class corresponds its minimal
polynomial. This map, from K/R to the set of irreducible polynomials with
coefficients in Q(b;) is injective, which means that

[K/RI < Qi) [x]| = Ro|Q(by)].

In addition, since in every equivalence class there is a finite number of elements
of K, we have that |K| < Rg|K/R| < N3|Q(b;)| which means that

K] < Ro|Q(by)]. (32)

If b is infinite we apply Lemma 10.18. From (32) we obtain |K| < b. Since
|A| < |K| we get the result.

Next, we prove that b is necessarily infinite. If b is finite, |Q(b;)| = |Q| = Np
(Remark 10.19) but |[K| > Xy by hypothesis. Then equation (32) gives

Rg < |K| < V% =R
which is a contradiction. O]

In view of the results obtained in the previous Lemmas 10.18 and 10.20 we can

replace item (ii) of Theorem 10.17 for the next one:

(ii)" Let A have cardinal a. Let b be the cardinal of the field K. Then a <b.  (33)

10.3 THE FINITE-DIMENSIONAL CASE

In this section A will denote an algebra (associative or not) over a field K. The
prime field of K will be denoted by Q.

Definition 10.21. For an K-algebra A and a basis B = {e;};ca of it as a K-vector

space, the structure constants {’yf.‘j}i,j,ke A relative to the basis B are those elements

'yf.‘]. € K such that
2 k
61'6]' = 'yijek

keA
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for every i,j € A. For every pair (7,j) € A x A, denote the set
k
Zi,j = {k AN | ’)/i,j #* O}

Observe that each A; ; is finite. In particular, ¢;e; = ZkeZi,j 'yff i€k

Remark 10.22. Take a K-algebra A with basis Bx = {e;}ica. If K < F is a field

extension, then Ar is a F-algebra with basis Br = {¢; ® 1};cp as a F-vector space.

In particular, if {’yf‘ j}i,]',ke A are the structure constants of A for the base Bk, it is

also the set of structure constants of Ar for the base Br. That is,

(@)@ (E®1) =ee;®@1 =) 7e®l.
keA

Note that the isomorphism question for finite-dimensional algebras can be
translated into a problem of existence of zeros for suitable systems of algebraic
equations. This is formulated in the next proposition.

Proposition 10.23. Let A and B be finite-dimensional K-algebras with bases By =
{ei}ien and Bp = {u;}ica, respectively. Let {’yff ]-}i,]',k,e A and {Tl’fm} I mnen be the structure
constants of A and B relative to the bases B and Bpg, respectively. Then A and B are
isomorphic K-algebras if and only if there exist {tﬂ}i/je AU {sf}i,]'e A € K, such that the
following equations are satisfied:

Z ’)fﬁfjtz = Z T[’lmtﬁtf forevery i, j,n € A,

ke I,meA ( )
; 34
Z tfs;-‘ =ik for every i,k € A.
jeA

Proof. Assume first that f: A — B is an isomorphism of K-algebras. Let t{: eK
be such that f(e;) = >jicp tiu;. The hypothesis of being f a homomorphism of
algebras means f(e;e;) = f(e;)f(ej) for every i,j € A. Then

f (z 7) S Y P,

ke leA meA
Skfe) = >t
keA I,meA

PINTDIATEID I LD I

keA neA 1,meA, neA
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Then, taking into account the linear independence of the u,,’s we have, for any

Dkt = D) T,

ke I,meA

i,j,ne

The following step is to impose that f is bijective. If this is the case, f~! denotes
the inverse of f and f~!(u;) = jeZ/]\ s{ej, where sﬁ € K. Then

= Ff(e) = Zt]u] = Z t{s}‘ek,

jeA jkeA
hence
|k
jeA
The converse follows immediately. O

Let A and B be K-algebras having the same finite dimension as K-vector
spaces, and let {’Yf'(]'}z’,j,k,e A and {Ti’;}i,]-,ke A be the structure constants of A and B,
respectively, relative to certain bases indexed in a set A. Consider

X = {T/}ijen v {Si}ijen

a set of indeterminates and let K[ X] be the K-algebra of commuting polynomials

in the indeterminates of X. For every i,j,n € A, define

pl,], Z ’Yz] Tk 2 TlmTle (35)
ke A I, meA
and for every i,k € A,
Qi = Y, TISK =6k (36)
jeA

Since A and B are finite-dimensional, then the sets of polynomials { Pi,j,n}i,j,ne A
and {q; x}i kea are finite.

Corollary 10.24. In the previous conditions, let i be the ideal of K[X] generated by
the polynomials of the set Px := {pijn}ijnen Y {qik}iken- Then the set of isomorphisms
f : A — B is in one-to-one correspondence with the points of the algebraic variety V (ix),

that is, the common zeros of the polynomials in Pg.
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Now that we have translated the isomorphism question of finite-dimensional
algebras to a problem of varieties, we can exploit the Hilbert’s Nullstellensatz
Theorem in the following result.

Theorem 10.25. Let K < F be a field extension, with K algebraically closed. Consider A
and B two K-algebras having finite dimension as K-vector spaces. Then Ar and Br are

isomorphic as F-algebras if and only if A and B are isomorphic as K-algebras.

Proof. Let X = { Tij Vijea U {Sf }ijen be a set of commuting indeterminates, and
consider the polynomial algebras K[X] and F[X]. Take, as in Corollary 10.24, the
ideals ix and ir of K[X]| and F[X] generated by the polynomials in Px and Pr
respectively. Observe that since the structure constant remains the same after
the field extension, then Px = Pr. Consequently, the K-algebra monomorphism
i: K[X] — F[X] maps ik into if so that if 1 € ix, then 1 € ir. If Ar and Bf are
isomorphic as F-algebras, then V(ir) # ¢ by Corollary 10.24, which implies
1 ¢ ig. Therefore i # K[X] and by the Hilbert’s Nullstellensatz Theorem we get
V(ix) # . Again, by Corollary 10.24, this implies that A and B are isomorphic
as K-algebras. O

Remark 10.26. The hypothesis of being algebraically closed field cannot be elim-
inated. For example, consider the quaternion division algebra H and M,(IR),
which are non isomorphic R-algebras. However, their complexifications are

isomorphic as C-algebras.

Firstly, as an immediate consequence of the previous theorem, we contemplate

the case when we have two fields containing another algebraically closed.

Corollary 10.27. Let F; and F, be two fields containing an algebraically closed field
K. Consider A and B be two K-algebras with finite dimension. Then A, and B, are
isomorphic as Fi-algebras if and only if A, and Br, are isomorphic as F>-algebras.

Proof. Let us consider Ar, and B, as Fj-algebras. By Theorem 10.25 these two
algebras are isomorphic if and only if A and B are isomorphic as K-algebras.
Again, by Theorem 10.25 A and B are isomorphic if and only if Ar, and Bf, are

isomorphic as F,-algebras. By transitivity, we have our claim. O

Secondly, we may have the situation when two algebraically closed fields
contains another one which is not necessarily algebraically closed.

Corollary 10.28. Let Fy and F, be two algebraically closed fields containing a field
K. Consider A and B two K-algebras with finite dimension. Then A, and Br, are
isomorphic as Fi-algebras if and only if A, and Br, are isomorphic as F-algebras.
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Proof. First, we know that if A is a K-algebra and Ky, K; are two fields verifying
K c Kj € K, then (Ak, )k, = Ak,. Due to the fact that F; and F, are algebraically
closed, it is clear that K < F;, F;, with K denoting the algebraic closure of K.
Therefore, we can consider Ay and Bg two K-algebras. We are now in the
conditions of Corollary 10.27 implying (Ag)r, = (Bg)r, if and only if (Ag)r, =
(Br)E,- O

On the other hand, we can establish a more general case but taking into account
that the algebraic closure of the prime field of the smallest one is contained in

one of the largest fields.

Corollary 10.29. Let K € F; for i = 1,2 field extensions. Consider Q the prime field of
K and A and B two K-algebras of finite dimension which structure constants (relative to
suitable bases) are in Q. Suppose Q < F, if Ap, = Br,, then Af, = Bp,.

Proof. Since Af, = Bp,, then Ap = By because K < Fi, F,. Applying Corollary
10.28 we have Ap, = Bp . Suppose {a;}icn and {b;};ca are respectively the bases of
A and B as K-algebras with structure constants in Q. Write X = @,., Qa; and
Y = @), Qb; as Q-algebras with the product given by the structure constants in
A and B respectively. Therefore, we have that X = Y, because A, =~ Bg,. Since
Q € b, by Theorem 10.25, X = Y. Finally, Af, = Bf, considering the fact that
Q c h. [

To end this section, we can restate all the results in terms of algebra functors
which will give a more global vision. To begin with, we show that Theorem 10.25
could be rewritten in a functorial way giving Theorem 10.30. In other words,

both statements are equivalent.

Theorem 10.30. Let K < F be a field extension with K algebraically closed. Let
F,G: algy — Algy be two extension invariant algebra functors and assume that F(K)
and G(K) are finite-dimensional as K-algebras. Then F(K) = G(K) if and only if
F(F) = G(F).

Proof. Note that it is straightforward considering, in Theorem 10.25, A := F(K)
and B := G(K). O]

Also, as a consequence of Theorem 10.25, we get the following results in terms

of extension invariant functors.

Theorem 10.31. Let F,G: rng — Alg, be two extension invariant algebra functors
and assume that for some field K we have F (K) =~ G(K) isomorphic as finite-dimensional
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K-algebras. Let Q be the prime field of K and R any ring containing Q as a subring.
Then F(R) =~ G(R).

Proof. First we take A := F(Q) and B := G(Q). Since F is extension invariant,
F(K) = G(K) implies F(K) =~ G(K) as K-algebras. Then, taking into account
that A and B are finite-dimensional Q-algebras, by Theorem 10.25, we know that
F(K) = G(K) implies F(Q) = G(Q) as Q-algebras. Finally F(R) = A®y R =
B®g R = G(R) as desired. ]

Remark 10.32. Analogously to the equivalence between Theorem 10.25 and Theo-
rem 10.30, we can rewrite Corollaries 10.27 and 10.28 in terms of functors. That
is, under the corresponding hypotheses (K algebraically closed field and F;, F,
containing K) in each result, we have that for 7, G: alg, — Algy extension invari-
ant functors it is straightforward that 7 (F;) =~ G(F) if and only if F(F) = G(F).
So we have freedom to replace a field with another one and still to have an
isomorphism, as long as both contain an algebraically closed one. Respectively
for Corollary 10.29 we could say F(F;) = G(F;) implies F(F,) = G(F).

We can specialize Theorem 10.31 to any extension invariant functor. Since our
main motivation comes from Leavitt path algebras and related structures (path,
Cohn and Steinberg algebras), we claim:

Corollary 10.33. Let C;El (Eq) and C;Ez (Ez) be isomorphic finite-dimensional relative
Cohn path algebras. Let Q be the prime field of K, then for any field K' of the same
characteristic that K such that Q < K', we have C;(,E YEp) = CI)E,E 2(Ey) as K'-algebras.

Also an immediate consequence of Corollary 10.27 for the relative Cohn path
algebras is the following;:

Corollary 10.34. Let K and K’ be algebraically closed fields of the same characteristic
and assume that C;(El (Eq) is finite-dimensional. Then C;(El (Eq) = C;Ez (Ez) if and only
if Clt (Ep) = Co2 (Ey).

As a consequence of these results, take for instance an algebraically closed field
K and extensions K < F; for i = 1,2. Then, for finite-dimensional Steinberg alge-
bras we have Ar, (G1) = Af,(Gy) if and only if Ar,(G1) = Af,(G2) for groupoids
Gy and G,. In the same vein, being G; and G, two finite groups and using the
group ring functors suitably, we have F;G; =~ F; G, if and only if ;,G; = F,Gs.

Being aware that, in the setting of relative Cohn path algebras, the finite-dimen-
sionality imposes a strong restriction to the algebras under study, we will try to
relax the hypothesis on finite-dimensionality of the algebras in the next section.
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10.4 THE INFINITE-DIMENSIONAL CASE

Now we will extend some of the results of the previous section to the case in
which the algebras are of arbitrary dimension.

Definition 10.35. Consider A and B two K-algebras with bases B4 = {e;}ica
and Bp = {u;}ien respectlvely Let f : A — B be an isomorphism of K-algebras.

Assume f(e;) = Z]eA ujand f Yuy) = Z]eAs ej for certain {t Yijens {s tijen € K.
By Isomf(A, B) we will understand the set of all isomorphisms g from A into B

such that if g(e;) = Z]eA lujand g7 (u;) = Z]eAs ej, then t] = 0 implies t] =0
and s} = 0 implies s/ = 0. Note that, in particular, f € Isom¢(A, B).

As we did in Section 10.3, we can translate the isomorphism question for
infinite-dimensional algebras in terms of the existence of zeros of a certain ideal
of polynomials.

Proposition 10.36. Consider A and B two K-algebras with bases By = {e;}icp and
Bp = {u;}ien. Let {fyf]}ijkeA, {Tlnm}lmneA be the structure constants of A and B
relative to the bases 184 and By respectively. Assume that f: A — B is an zsomorphzsm
of K-algebras. Let {t]}ljeA and {s }ijen e subsets of K such that f(e;) = Z]eA iuj and

f_ (u;) = ZjeA sl.e]-. Define
A= fen|ti 20}, AN = {jeA|s 20}, = tke A| 75 =0)
i i ’ i : i ’ Ly 1 :
Now, consider a set of indeterminates X = {Tij Yijea U {SZ: Yijen and the polynomials

pi,j,n = Z ’)/fc,]Tl? - Z Tl?mTilT]m/ dik = Z TZ'JS;'(_(Si,k/

ke, leA{,meA{ jeA{
. . L (37)
= > SITE 6y, TIGeA), SlGeal),
jEA{i1

for every i,j, k,n € A. Denote by IIJQ the ideal of K| X] generated by all the polynomials
defined above. Then there is a bijective map from V(IIJE) into Isom¢(A, B).

-1
Proof. Note that, by construction, A{ , A{ and Y, are finite sets. In particular,
this implies that the polynomials p;j,, gix and r; are well-defined.

Letz = <(t;]), (s?)) be a zero in V(II];); given any i € A we have that the number

of nonzero elements in {t;] Jjen and {s;]}]-E A is finite. This allows us to define
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g : A — B as the linear map having (t;j ) as the associated matrix relative to the
bases B4 and Bg. Let h : B — A be the linear map whose associated matrix
relative to the bases Bp and B, is (57 ). Since z is a zero of the polynomials
in (37), it is clear that g is a homomorphism of K-algebras and that hg = 14
and gh = 1p (similarly to Proposition 10.23). Moreover, taking into account the
construction of ¢ we deduce that g € Isom(A, B). This way, we can define a map
P V(I{;) — Isomy(A, B) such that z — g.
Conversely, take g € Isom((A, B). Denote by (a{: ) and by (b{ ) the matrices of g
and g*1 relative to the bases B4 and Bpg. Notice that

j_ YN

{Z] AT (39)
=0 ifjé A .

Since g is the inverse of ¢~! (and conversely), we have that z = ((a{), (b{ )) is a
zero of {q; k}iken U {Tik}iken. Apply that g is a homomorphism of K-algebras to
get that z is a zero of {p; . }ijnca and also of Tij and S{: because of (38). Thus we
can define a map ¥: Isom¢(A, B) — V(II];) and it is not difficult to prove that 1 is
the inverse of ¢, again similarly to Proposition 10.23. O

Since the algebras we are dealing with are possibly infinite-dimensional, in
order to apply Theorem 10.17, we need to consider additional hypothesis about
the cardinal of the ground field to proceed similarly as in Section 10.3.

Theorem 10.37. Let K < F be a field extension with K algebraically closed. Let A
and B be K-algebras of the same dimension w. Assume that the cardinal of K is strictly
higher than w. Then A and Br are isomorphic as F-algebras if and only if A and B are
isomorphic as K-algebras.

Proof. For the nontrivial part assume that Ar ~ Br. Let f: Ar — Br be an
isomorphism. Let A be a set of cardinal w. Fix bases B4 = {e;}jcp of A and
Bp = {u;}ica of B. Assume that the structure constants of A and B relative to the
bases B4 and Bp are respectively given by:

k k
eiej = . Vi, ks iy = . T il (39)
ke A ke A
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Note that the structure constants of Ar and Br relative to the bases {u; ® 1};ca
and {e; ® 1}, are in K. Assume that

fle;®1) = Y t(u;@1) and f (w;©1) = Y sle;®1)
JEA jeA

for any i € A. Define now the sets A{ p A{ " and 2, as in Proposition 10.36.
Consider the set of indeterminates X = {T,-]}i,je AU {Sf}i,je A- In the polynomial
algebras K[X] and F|[X], define respectively the ideals 11]2 and I]]; generated by
the polynomials p; ., qik, ik Tl] (with j ¢ A{ ) and SZ (with j ¢ A{ _1). Then
V(I{; ) # & whence 1 ¢ II{ . Observe that IIJz c I{; because the polynomials defined
as in (37) have their coefficients in K. Thus 1 ¢ IIJE implying V(IIJQ) # J by
Hilbert’s Nullstellensatz Theorem 10.17 taking into account condition (33). So
there is an isomorphism A — B. ]

Corollary 10.38. Let F; and F, be two fields containing an algebraically closed field K.
Consider A and B two K-algebras with the same dimension w. Suppose that the cardinal
of K is strictly higher than w. Then Af, and Br, are isomorphic as Fy-algebras if and
only if Ar, and Bp, are isomorphic as F>-algebras.

Proof. Let us consider Ar, and B, as Fj-algebras. By Theorem 10.37 these two
algebras are isomorphic if and only if A and B are isomorphic as K-algebras.
Again, by Theorem 10.37, we have that A and B are isomorphic if and only if Af,

and Bf, are isomorphic as F,-algebras. By transitivity, we have our claim. O

Corollary 10.39. Let F; and F, be two algebraically closed fields containing a field K.
Suppose that A and B are two K-algebras with the same dimension w and the cardinal of
K is strictly higher than w. Then Af, and Br, are isomorphic as Fi-algebras if and only
if Ar, and Br, are isomorphic as F-algebras.

Proof. Due to the fact that F; and F, are algebraically closed, it is clear that
K c F, F,. Therefore, we can consider Ag and By as two K-algebras. Observe
that the cardinal of K is bigger than w. We are now in the conditions of Corollary
10.38 implying (Ag)r, = (Bg)r, if and only if (Ag)r, = (Bg)f,- O

Corollary 10.40. Let K < F,; for i = 1,2 be extension of fields. Consider A and B two
K-algebras with the same dimension w. Suppose that the cardinal of K is strictly higher
than w and K < F,. Ipr1 ~ Bpl then AFz = Bg,.

Proof. Since Af, = B, then Ap, = By, taking into account K < F;. By Corollary
10.38 we have Ag = Bg. Because of K = F,, we get Ar, =~ Bp,. O
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Finally, we can express the previous results in terms of extension invariant
algebra functors. Concretely, Theorem 10.37 gives Theorem 10.41 and from

Corollary 10.38 we obtain Theorem 10.42.

Theorem 10.41. Let K < F be a field extension with K algebraically closed. Let
F,G: algy — Algy be two extension invariant algebra functors and assume that
|K| > dim(F(K)),dim(G(K)). Then F(K) = G(K) if and only if F(F) = G(F).

Theorem 10.42. Let F; and F, be two fields containing an algebraically closed field K.
Consider F and G two extension invariant algebra functors with |K| > dim(F(K)), dim(G(K)).
Then F(F,) and G(Fy) are isomorphic as Fy-algebras if and only if F(F,) and G(F,) are
isomorphic as Fy-algebras.

In fact, if A and B are two K-algebras such that dim(A) = dim(B) = N,
then for any uncountable algebraically closed field K we meet the hypothesis of
Corollary 10.38. For the path algebras, if E; and E, are countable graphs and
K c F i =1,2, we have that F{E; = F E; if and only if F,E; =~ F,E;. Moreover,
for Steinberg algebras of countable dimension one has Af, (Gy) = Afp(Gp) if
and only if Af,(G1) = Ar,(Gy) for groupoids G; and G,. In order to highlight
the corresponding result, in the case of Leavitt path algebras, we establish the
following corollary:

Corollary 10.43. Suppose that Ey and E; are countable graphs, K an uncountable
algebraically closed field and K < Fy, F, two field extensions. Then Lf,(E1) = Lr, (Ep) if
and only if Lr,(E1) = Lr,(Ep).

Note that if K is an uncountable algebraically closed field, E; and E; countable
graphs and R, S commutative and unital K-algebras, then Lr(E;) = Lr(Ey) as
R-algebras if and only if Lg(E;) =~ Lgs(E;) as S-algebras. Indeed, assuming
Lr(E1) = Lgr(E) we consider the field K’ = R/m where m is any maximal ideal of
R. We have a field extension K < K’ and from the isomorphism Lg(E;) = Lgr(E3)
we deduce an isomorphism L/ (E;) = Lg/(Ez) so that Corollary 10.43 implies the
existence of an isomorphism Lk(E;) = Lx(Ez) whence Lg(E;) = Lg(Ej).
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Chapter A

FURTHER QUESTIONS

A1  ORLOFF ALGEBRAS

The Steinberg algebra works as a generalisation of the Leavitt path algebras
and the group algebras. However, that is not the case for the path algebras. The
existence of an inverse in the groupoid is not compatible with the path category
of a directed graph. That is why the next question is: Is there a generalisation
of the Steinberg algebra without the use of inverses? In other words, is there a
similar generalization of the path algebra?

A.1.1  Monoidoids

During the definition of a groupoid and the construction of a path algebra,
we can omit the existence of an inverse and just consider that we are facing a
small category or as we will call it: a monoidoid. Following the description of
Definition 2.1 we have:
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Definition A.1. A monoidoid is a system (C © ¢,s,r, m) such that:

1. The nonempty sets C and C() are called the underlying set and unit space
respectively;

2. the maps 7,5: C — C(©) are called the range and the source map;

3. m is a partially defined operation on C called composition: in particular, it is
a map from the set of composable pairs

C? = {(g,h)eCxC:r(h) =s(g)}

onto C, denoted as m(g, h) := gh, with the following properties:
o s(gh) = s(h) and r(gh) = r(g) for every (g,h) € C® and
o (gh)k = g(hk) whenever either side is defined.

4. For every x € C(%) there is a unique identity id, € C such that id,g = g
whenever r(g) = x and hidy = h whenever s(h) = x.

In a similar way as we did in the groupoid case, we will identify the elements
x € C) with id, € C in such a way that the set C(¥) will be a subset of C.

Observation A.2. Observe that the term groupoid generalizes the concept of
group. Then, the natural expression to generalize a monoid would be monoidoid.
Even thought it is quite amusing, we decided to use this term instead of small
category. This is because in Subsection A.1.2 we add a topology to this structure
and the name “topological category” is referred to something else.

Example A.3. There are many examples of monoidoids. Here are some interesting

ones:

1. Take N a monoid with unit € we can consider it as a monoidoid with one

unit and morphisms the elements of N.

2. Let X be a set with a reflexive transitive relation >. We define the monoidoid
of pairs
Cx ={(x,y) e XxX:x <y}

with unit space X and view the morphisms (x,y) with source y and range x.
The morphisms (x,y) and (w, z) are composable if and only if y = w, and

composition is defined as

(v, y)(y,2) = (x,2).
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3. If E is a directed graph, then we can consider the path category of the graph E
as Cg = (E°, Path(E), s, r, m) with multiplication described by m(A, u) := Au
if r(A) = s(u). As it is expected, it is a monoidoid.

A.1.2 Topological monoidoids

If we intend to replicate the construction of the Steinberg algebras for a general
monoidoid, then we will need to make use of a topology. Nevertheless, we have
to be careful since we do not have an inversion map available. In this case, we

will have to introduce additional assumptions and generalize our definitions.
Definition A.4. A monoidoid C = (C 0 ¢,s,7, m) is a:

1. topological monoidoid if (C,7T) is a topological space and r,s and m are

continuous maps.

2. étale monoidoid if it is a topological monoidoid and 7,5 and m are local
homeomorphisms.

Remark A.5. On the one hand, if C is an étale monoidoid, then C 0) s open in
C. On the other hand, if it is a Hausdorff topological monoidoid, then C(© is
closed. In general, for a topological monoidoid the maps r x s: C x C — C(0) x C(®)
and (r,5): C — C x C( are continuous. In addition, if the monoidoid is also
Hausdorff, then the diagonal A := {(x,x): x € C(0} is closed and as a consequence
C? = (r x s)~1(A) is closed too.

Since the definition of an open bisection does not make use of the inversion

map, the reader might wonder if we can replicate this concept in this new context.

And again, a monoidoid is étale if and only if there is a base of open bisections.

Definition A.6. An ample monoidoid is a topological monoidoid with a Hausdorff
unit space and a base of compact open bisections.

We will denote by B(C) to the set of all nonempty compact open bisections of
C and B°(C?)) will denote the set of all compact open bisections in C(?).

We are almost ready to construct an analogue of the Steinberg algebras for
a general monoidoid, but we will need first to introduce a Lemma that will be

handy later. The proof is similar to the one provided in [91, Lemma 2.1].

Lemma A.7. Let C be an étale monoidoid with C(*) a Hausdorff space. If A, B < C are

compact open bisections, then
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1. AB = {aB: («,B) € (A x B) n CP} is a compact open bisection
2. If C is Hausdorff then A n B is a compact open bisection.

Proof. 1. If AB is empty, then it is a compact open bisection. Otherwise,
AB = m((A x B) nC®). Since C? is closed, then (A x B) n C? is closed
in the relative topology of A x B. In addition, A x B is compact, then
(A x B) nC? is compact in A x B and in consequence (A x B) n C?) is
compact in C?). Finally, since m is continuous AB is compact.

To prove that AB is open, observe that A x B is open in C x C, then (A x
B) n C? is open in the relative topology of C(?). Finally, since  is also a
local homeomorphism we have that is open which means that the image
AB is open.

Lastly, we need to prove that it is a bisection. As we have mentioned
previously, it is only necessary to check that s|,; and |45 are injective.
Consider 7,7 € AB with s(v) = s(7’). This means that there are a,a’ € A
and B, B’ € Bwith v = ap, 7' = a/f and s(ap) = s(a’p’). Thus, s(B) = s(p)
and since B is a bisection, we have that f = /. As a consequence, s(x) =
r(B) = r(B') = s(a’) and again this implies that « = «’. Finally, 7 = 9/ and
s| 4p is injective. We work analogously to prove that r| 4 is injective.

2. A n B is an open bisection just by definition. Let us see that it is compact.
Since C is Hausdorff, then A and B are closed and the finite intersection
of closed is closed. Finally, since A n B is a closed contained in a compact,
then it is compact.

O

The importance of Lemma A.7 (1) shows that the structure of B°(C) for an
ample monoidoid is compatible with a monoidal structure.

Under a little bit of work, by using Lemma A.7 (2) it is possible to prove that
when an ample monoidoid C is Hausdorff, then B®(C) is closed under finite

intersections.

A.1.3  The Orloff algebra of an ample monoidoid

As the reader might find obvious, now that we have all the base to construct
the analogue of the Steinberg algebra, the next step is to give a proper definition
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of what we will call Orloff algebra. The reason why we chose this name to denote
this algebra is because the researcher Lisa Orloff Clark has made important con-
tributions to the study of Steinberg algebras, Leavitt path algebras and groupoids
[46, 54, 85]. In addition, she has been the one who has introduced us in this field

and gave the motivation to deepen into the generalisation of Steinberg algebras.

Definition A.8. If C is an ample monoidoid and R a commutative unitary ring,
then Zg(C) is the submodule of R¢ defined by

Ir(C) := spang{1y: U is a Hausdorff compact open subset of C}.

The convolution of f, g € Ir(C) is defined as

fegn) = > fl@g(p)

(,8)eC@ y=ap

for all v € C. The R-module Zy(C), together with the convolution, is called the
Orloff algebra of C over R.

The name ‘algebra’ is not arbitrary. As we will prove later Zr(C) is an asso-
ciative algebra. However, we will need to do some preparatory work: verifying
that the sum is finite, the convolution is closed and the product associative. The
results here shown will be analogous to the ones in [91] but we will have to be
careful when the inverse map is used.

The following results, proper of the Steinberg algebras theory, appear in [91]
and do not make any use of the inverse map. That is why we will just write them

without a proof just changing the hypothesis.

Proposition A.9. Let B be a base for an ample monoidoid C consisting on compact open
sets, with the property:

n n

{ﬂ B;: B; e B, U B; is Hausdorﬁf} < Bu{g}.

i=1 i=1

Then Ir(C) = spang{1p: B € B}.

Corollary A.xo0. If C is a Hausdorff ample monoidoid and B is a base of compact open
sets that is closed under finite intersections, then Ig(C) = spang{1p: B € B}.
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Corollary A.11. If C is an ample monoidoid, then the Orloff algebra is finitely generated
as an R-module by the characteristic functions of compact open bisections. That is

Zr(C) = spang{lp: B e B“(C)}.

Now that we know that the Z(C) has a system of generators, it makes sense
to find what is the convolution product of these elements.

Lemma A.12. Let A,B € B®(C) then 14 =15 = 14p.

Proof. By definition we have that 14« 15(7) = 2., g 1a(@)18(B) = 2, _spueapen 1-
Suppose that v € AB, since A and B are compact open bisections, then there
exist unique elements & € A and B € B such that v = af. This means that
1a=1p(y) =1.

On the other side, if v ¢ AB and y = af3, then a ¢ A or B ¢ B because if that is
not true, then v € AB. Thus, we have that 14 =15 = 0. O

Finally we are in condition to state the following result:

Proposition A.13. If C is an ample monoidoid, then the R-module Zr(C), equipped with
the convolution, is an associative R-algebra.

Proof. The R-linearity can be easily proved by definition. In addition, Lemma
A.12 and Corollary A.11 imply that the convolution is an internal operation.
Furthermore, both of them, together with the fact that the multiplication in a

monoidoid is associative, prove that convolution is associative. O

As a first example, take a directed graph E and its corresponding path category
Ce. We can endow this monoidoid with the discrete topology, becoming an
ample Hausdorff monoidoid. If R is commutative unitary ring, then it is possible
to prove that the path algebra RE is isomorphic to Zr(Cg). Every finite set
B = {aq,a,...,a,} is a Hausdorff compact open subset of Cr. In addition, since
the singletons (sets with just one element) are compact open bisections, we
can decompose 1p = >}’ 11,,. In consequence, we can write every element
f € Ir(CE) as f = >} _qrily,, with r; € R\{0} and 7; € Path(E) for every i =
1,2,...,n. Lastly, we consider the map

(p:RE - IR(CE)
Siitivi = M tilgg
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which is an surjective homomorphism of R-algebras. We have to prove the injec-
tivity. Suppose that ¢ (i1 7;7i) = 2 il{,,y = 0. If we evaluate ¢ (31 7;7;)
in ;, then we have that r; = 0 for every i = 1,...,n. In consequence, Zle rivi =0
and ¢ is injective. We want to highlight the importance of this last example since
it was the motivation to try to find a generalisation of the Steinberg algebras.

After all these constructions the natural questions that we ask ourselves are:

1. Is it possible to prove different path algebra result using Orloff algebras?
2. How do these algebras behave in compare to the Steinberg algebras?

3. What are their finiteness and perfection conditions? What is the structure
of the socle?

In general, many questions arise from this new structure due to its relation

with the Steinberg and path algebras.

A2 ENTROPY INDEPENDENT OF THE FILTRATION

During the course of Chapter 8 we have insisted in the fact that the entropy
strongly depends on the chosen filtration. Proposition 8.7 and Proposition 8.24
prevent to use the supremum or the infimum respectively in the definition of
entropy. If we look at Proposition 8.24 we should observe that the filtration is
quite pathological. The selection is quite specific and it makes use of properties of
the graph algebras, such as the existence of local units. Not only that, filtrations
like the standard filtration have a very interesting property: if 7 = {V,}*° ; and
V=V, thenV, =V +V2+...4+V" for every n > 1. However, the filtration
in 8.24 does not achieve that. We can say in this case that the filtration is not
multiplicative

Lemma A.14. Consider E a finite graph an the path algebra KE for a field K. The
filtration Hj = {H,},_, given right before Proposition 8.24 is not multiplicative.

Proof. Since H := Hj = spany(EY) we have that H + H? + H® + --- + H" = H for
every n > 1. In particular, we have that Hy # H + H? + ... Hk ]

Although the filtration in 8.7 deny the possibility of using the supremum, the
family of filtrations that do not allow this are multiplicative. The reader can check
that. In this sense, the natural way of defining the entropy of a filtered algebra is
the following:
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Definition A.15 (Conjecture). Let A be a filtered algebra and F is the family of
all multiplicative filtrations of A. The entropy of A is the magnitude defined as

h(A) := inf {hy4(A, F): F e F}.

This new definition is not a solution to our problem unless we find an example
of an algebra with a value of entropy different from 0. The possible solution that
we propose is the path algebra of a two-petals rose R, (Figure 30)

-

f

Figure 30: Two-petals rose

Conjecture A.16. Let R; be the two-petals rose and KR its path algebra, then
h(KRj) = log(2).

If Conjecture A.16 is true, then we can translate all of the results in Chapter
8 to the new definition of entropy. It would need a little bit of more work, but
it is not impossible. Furthermore, the next question that arises is: in the case of
the graph algebras, does the algebraic entropy of the standard filtration coincide
with the entropy of the algebra defined with an infimum? We conjecture that this

is true.

Conjecture A.17. Let E be a finite graph with Af its corresponding adjacency

matrix, then

h(KE) = log(p(AE))

with p(Afg) the spectral radius of Af.
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