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Abstract

PVM methods can be considered as approximations of the Roe method in which
the absolute value of the Roe matrix appearing in the numerical viscosity is replaced
by the evaluation of the Roe matrix at a chosen polynomial that approximates the
absolute value function. They are in principle cheaper than the Roe method since
the computation and the inversion of the eigenvector matrix is not necessary. In this
article, an efficient implementation of the PVM based on polynomials that interpolate
the absolute value function at some points is presented. This implementation is based
on the Newton form of the polynomials. Moreover, many numerical methods based
on simple Riemann solvers may be interpreted as PVM methods and thus this im-
plementation can be also applied to them: the close relation between PVM methods
and simple Riemann solvers are revisited here and new shorter proofs based on the
classical interpolation theory are given. In particular, Roe method can be interpreted
both as a SRS and as a PVM method so that the new implementation can be used.
This implementation, that avoids the computation and the inversion of the eigenvector
matrix, is called Newton Roe method. Newton Roe method yields the same numerical
results of the standard Roe method, with less runtime for large PDE systems. Nu-
merical results for two-layer Shallow Water Equations and Quadrature-Based Moment
Equations show a significant speedup if the number of equations is large enough.
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1 Introduction

Roe method (see [21]) is one of the most popular conservative methods to solve systems of
conservation laws. Its natural extension to non-conservative systems was given by Toumi
(see [25]) and reformulated as a path-conservative method in [20] and [19]. Nevertheless its
application to large hyperbolic systems can be costly as it requires the complete knowledge



of the eigenstructure of the system matrix. To overcome this difficulty, different families
of methods have been proposed in the literature. Two of them are the Approximate
Riemann solvers (ARS), in the sense of Harten et al. [I1], and the Polynomial Viscosity
matrix (PVM) methods, introduced in [4].

In the expression of Roe method two different terms can be distinguished: a centered
numerical flux (or a centered fluctuation in the nonconservative case) plus a viscous term
that involves the product of the absolute value of the Roe matrix by the difference of
the states at both sides of the inter-cell. In PVM methods, the absolute value of the
matrix is replaced by the evaluation of the Roe matrix at a chosen polynomial what
avoids the necessity of computing the eigenvalues and eigenvectors. In many cases, the
chosen polynomial interpolates the absolute value function at some points (either in the
Lagrange or the Hermite sense): we will call interpolatory PVM to these methods for
simplicity. A new implementation of interpolatory PVM methods is presented here. This
new implementation is based on the Newton form of the polynomials that is known to be
the more efficient way to evaluate the interpolation polynomials.

Approximate Riemann solvers on their side are based on the approximation of the
solutions of the Riemann problems associated at each inter-cell. In the case of the so-called
simple Riemann solvers (SRS) these approximations consist of some constant states linked
by jump discontinuities that travel at constant speed. ARS and SRS were generalized
for nonconservative hyperbolic systems using the path-conservative framework in [19].
As it has been pointed out in [I§], there is a close connection between PVM and SRS
methods. In particular, under certain assumptions, a SRS method can be interpreted
as an interpolatory PVM. In this case, the efficient implementation of PVM methods
introduced here can also be applied to the SRS. For the sake of completeness, the main
results of [I8] are revisited here: in order to clarify and simplify the results shown there,
new shorter proofs based on the classical interpolation theory are given.

Interestingly enough, Roe method can be interpreted itself as a complete SRS and as
a PVM, as it was pointed out in [4]. Therefore, the implementation based on the Newton
form of the corresponding interpolating polynomial can be used: this new implementation
will be called Newton Roe method here. The advantage of Newton Roe method compared
to the standard implementation is that (a) the eigenvectors have not to be computed and
(b) no matrix inversion is required. This new implementation shows a significant speedup
if the number of equations of the hyperbolic systems is large enough. In particular we are
interested in solving large nonconservative hyperbolic systems like those corresponding
to the multi-layer shallow-water system (see for example [5]) or the Quadrature-Based
Moment Equations (QBME, see [12] and the references therein) where the number of
equations is a parameter of the model, either given in terms of the number of layers in the
first case or the number of moments in the second one.

Although the application of the methods to general nonconservative systems is consid-
ered here for the sake of generality, all of them reduce to conservative methods for systems
of conservation laws so that the new implementations can be used as well in this particular
case.

The outline of this paper is as follows: in Section 2 PVM methods are briefly presented.
Then, the implementation of interpolatory PVM methods using the Newton form of the
interpolating polynomial is introduced together with a study of the complexity. In Section
3, after recalling the definition of SRS, its relation with PVM methods is analyzed. Section
4 is devoted to the description of the Roe method as a PVM solver that allows us to
apply the Newton form of the interpolation polynomial to improve the computational



efficiency of its implementation. Several numerical tests to compare both methods are
presented in Section 5. Two well known nonconservative systems are considered: the
two-layer shallow-water system and the QBME moment models in primitive and partially
conservative variables. Following [17], Ferrari’s formuls is used to compute the eigenvalues
of the two-layer shallow water system. In the case of the QBME model the eigenvalues
are explicitly known but the full eigenvector decomposition might be costly to compute.
Moreover, the number of equations increases when considering more moments, leading
to large nonconservative hyperbolic systems. Finally, in Section 6 we summarize the
conclusion of this work.

2 PVM methods

2.1 Definition

We consider a general nonconservative system

W + AW)o,W =0, ze€R,t>0, (2.1)

where W (x,t) takes value in an open convex subsetQ, of R, and

A:Q— Myxn(R)
W — A(W) ’

is a smooth locally bounded map. We assume that the system is strictly hyperbolic, i.e.,
for each W € € the matrix A(W) has N real distinct eigenvalues

M(W) < ... < Anv(W),

with associated eigenvector Ry (W), ..., Ry(W). The characteristic fields R;(W) can be
either genuinely nonlinear or linearly degenerated.

In order to define a PVM method for (2.1 it is necessary to introduce the concept of
a generalized Roe matrix in the sense of Toumi in [25] based on a family of paths, i.e. a
Lipchitz-continuous function

B:[0,1] % Qx Qo Q
(& Wi, WR) — (& Wi, Wg)

that satisfies:
(I)(O; WL, WR) = Wl, (13(1; WL, WR) = WR, VWL, Wgr € Q, (2.2)

and

O(GW, W) =W, VEe[0,1],W € Q. (2.3)

Given a family of paths ®, a function Ag : 2 X Q — Mpyxn(R) is called a Roe
linearization if it verifies the following properties:

e For any Wi, Wg € Q, Ae(Wp,W,) has N distinct real eigenvalues.

e For any W € Q, Ae(W, W) = A(W).



e For any Wy, Wg € Q,

1 oD
A (Wi, We) (W — W) = /0 A@EWL W) (W Wayde.  (2.4)

23

Remark 1. If the system is conservative, i.e. if A(W) is the Jacobian of a flux function
F, (2.4) reduces to the usual Roe property

As(Wr,Wr)(Wg — W) = F(Wg) — F(Wy),

and thus the usual notion of Roe matrix is recovered.

We also need to chose a polynomial at every inter-cell:

i+s j
a; *al. (2.5)
j=0
Definition 1 The PVM method corresponding to the Roe linearization Ag and the poly-
nomials pz+2 s the numerical scheme that writes as follows:

A:c

wrtt =wr - == (D', + D 2.
where
+ + n n 1 n n
DiJr% =D (Wz ’ i+1) = §Az+ ( z+1 - W ):l: Q ( z+1 - W; ) (27)
with
Ai—‘,—% = A@(Win7 i11)7 (28)
and the numerical viscosity matriz
i+1 NPT R
Ql = Pr 2(~AZ+%) = Z(:)O‘j ZAZJF%' (29)
‘]:

PVM methods are path-conservative in the sense introduced in [I9]. The idea behind
these methods is the following: if instead of a polynomial, the absolute value is chosen to
compute the viscosity matrix, i.e.

Q1 =[], (2.10)

the resulting numerical scheme is the standard Roe method. The idea is then to choose

a polynomial pZTJr% that approximates the absolute value function so that the numerical
scheme is expected to be close to the Roe method but computationally less expensive, since
the evaluation of the Roe matrix at the polynomial may be cheaper than the computation
of its absolute value (that requires the knowledge of the eigenstructure).

In this paper we only consider polynomial approximations of the absolute value func-
1

tion that are based on Lagrange or Hermite interpolation, i.e. pfr? is the polynomial of
degree less or equal than r — 1 that interpolates the absolute value function at r different

p01ntsa+/2,j:1,...,r

i+3, i+1/2
pr 2oy ) =

i+1/2
J 9

7 9 ]:1?""T7




i1
or the polynomial p;jQ of degree 2r — 1 that interpolates the absolute value function and

i+1/2

its derivative at r different points o; ,i=1,...,m:
iti o i41/2 i4+1/2 it i+1/2 ) i+1/2 )
o 2 (02 = o () (0 = sign(afTR), =1,
where
-1 z <0,
sign(z) =<0  x =0,
1 x > 0.

Well known conservative methods like Rusanov, Lax-Friedrichs, HLL, FORCE, GFORCE,
etc. can be interpreted as PVM methods based on interpolating polynomials: see [4].

Remark 2. When one of the interpolation points J;H/ % is equal to 0, the interpolated

value is taken to be € > 0 instead of 0 as an entropy fix technique to avoid the appearance
of 'dog-leg’ phenomena.

2.2 Implementation: the Lagrange case

Once the interpolation points and values have been chosen, the most efficient way to
evaluate the interpolation polynomials pfnﬂ/ % is using its Newton form, based on the well-

known divided differences. Let us describe an algorithm to compute the product
Qi+%( i1 — W) (2.11)

based on this form of the polynomial. For the sake of simplicity, the dependency on the
inter-cell will not be explicitly written, so that indexes and super-indexes i + 1/2 will be
dropped. Moreover, Wy and Wg will be used instead of W/ and W} | for simplicity.

Using this notation, one has that, in the case of Lagrange interpolation, (2.11]) writes as
follows:

QWr—-Wr) = pr(A)(Wr—Wp)

T 1—1
= [l Wr=W5)+ ) [o1,....0 [[ (AWr = Wi) = 0;(Wg — W1)),
i=2 j=1

where the divided differences are recursively defined as follows:
o [oi]=loil, j=1,...,7.
e Given k + 1 indexes {ig,...,ix} C {1,...,7},

Tivs ey Oir | = |Tigyeens Oip
(Gigs Tiyy oo i) = 0112+ 0] = [0+ Tip], (2.12)
.

Once the divided differences have been computed, the following algorithm can be used
to compute (2.11) in an optimal way:

o Vo =Wg—-Wr,

e Fori=1tor:
Vi=AVi_1 —o;Vi_1,



and finally,
pr(A)(Wg — W) = [01)Vo + [o1,02)V1 + ... + [01, ey 00| Vi1 (2.13)
The operations needed to compute are thus the following:
. gr(r + 1) operations to compute the divided differences;

e r matrix-vector products;
e 2r scalar-vector products;
e 2r vector sums.

Therefore, the total number of operations is
3 2
ir(r +1)+7r(2N° — N) +4rN.
Since in practice r is at most O(NV) the complexity of the algorithm is
O (2rN?). (2.14)

The complexity of the computation of D¥, that involves another matrix/vector product
is the same.

2.3 Implementation: the Hermite case

In the case of Hermite interpolation, (2.11)) writes as follows:

QWr—-W) = par(A)(Wg—WL)

2r i—1
= [(JWr—W5)+ Y 61,6 [[ (AWr = WL) — 6;(Wr — W1)),
=2 j=1
where
O9j—1 =025 =05, j=1,...,m

and the divided differences are defined in the same way with the following exceptions:
e [02j_1,02j] = sign(oj), j=1,...7.
The algorithm to compute is then the same and its complexity is, in this case:
O (4rN?). (2.15)

Remark 3. This algorithm can be easily adapted to PVM based on a polynomial that
interpolates the absolute value and its derivative at some points and only the absolute
value at some other points.



3 Simple Riemann solvers

3.1 Definition

According to [19], the generalized definition of simple Riemann solver (SRS) for (2.1) is
as follows

Definition 2. Let us take a family of paths ® in Q2. We suppose that for every pair of
states Wi, Wgr € Q, a finite number s > 1 of speeds

00 =—0< 0] < ... <0 < 0gy1 = +00, (3.1)
and s — 1 intermediate states
Wo=Wr, Wi, ... Ws_1, Wy = Wg, (3.2)
are chosen. The function R: R x Q x Q — Q given by

WO = IA/'L7 'Lf o< o1,
Wr, if o1 <0 <og,
R(o; W, Wg) =< W;, if o0;<0<0jq1 (3.3)
Ws_1, if o0s-1 <0 <o,
Ws=Wg, if os<o,

is said to be a SRS for if it satisfies

R(o; W, W) =W, VW €Q, (3.4)
and
> ! 0P
Doy = Wyn) = | A Wi W) T (6 Wi W) (3.5)
j=1
Any SRS for leads to a path-conservative numerical method:
W, =W - E(D+(Wi—1,Wi )+ D™ (W, Wiiy)), (3.6)
where
([t 0P ,
| AW W) Wi Wi if o <o
0
Di(WLa WR) = Z Uj+1(Wj+1 — Wj) Zf o1 <0< Os, (37)
0j+1<0
0 if o1 >0.
and
(0 if o5 <0,
i Z ojt1(Wjg1 — Wj) if o1 <0<os,
D (WLa WR) = 0j+41>0 (3-8)
! 0P ,
/ A(®(& W, WR))afg(& Wi, Wg)d§ if o1 >0.
0

7



3.2 Relation between PVM and SRS methods

In [I8] the relation between PVM and SRS methods was studied: the main results shown
there are revisited here and new shorter proofs are given. The following result gives a

necessary and sufficient condition to have the equivalence between a PVM method and a
SRS.

Theorem 1. Given a PVM and a SRS method based on the same family of paths, the
following statements are equivalent:

1. DFy (Wi, Wr) = Dpo(Wr, Wg), YW, Wg € Q,
2. For every Wi, Wgr € Q:

> ol (Wi = Wii1) = p(Ae(Wi, W) (Wg — WL). (3.9)
=1

Proof. Taking into account (3.5 and (2.4)) we have the following equality:

> i (W = Wji1) = Ae(Wr, Wr)(Wr — W), (3.10)
=1

where Ag is the Roe linearization chosen to define the PVM. Now, given Wy, Wg € Q,
we have:

Diyy(WL,WR) = Dips(Wr, Wg)

1 1
& §A®(WL7 Wr)(Wgr — W) + §p(A¢>(WL7 Wgr))(Wr —Wrp)
= Y o (Wi — W)
0j4+1>0

1 1
& §A¢)(WL, Wgr)(Wg — W) + §p(«4¢>(WL, Wr))(Wg — W)

1 1
=5 > oWy = W) + B > oy (W = W)
j=1 j=1

& p(As (WL, WR))(Wr — W) = Z loj|(W; — W,_1),
j=1
where (3.10) has been used. The proof of the equivalence between
Dpy (W, Wr) = Dgps(Wr, Wr)

and (3.9) is similar. O

3.3 PVM based on Lagrange interpolation

We first show that any PVM method based on Lagrange polynomial interpolation can be
seen as a SRS. More precisely, the following result holds:

Theorem 2. Any PVM based on a polynomials p, of degree less or equal than r-1 that
interpolates the graph of the absolute value at r different points o;, i = 1,...,7 can be
interpreted as a SRS with speeds o;, 1 =1,...,r.



Proof. Let us consider the Lagrange polynomial basis [;(A\),7 = 1,...,7, where [; is the
polynomial of degree r — 1 such that:

_s _JLaf i=y,
li(og) = 0 = { 0 if i#j.
Then p, can be written in its Lagrange form:

r

p(N) =Y loilli(M)-

=1

Let us define:
V= li(.Acp(WL, WR))(WR — WL), 1=1,...,1.

The intermediate states W;, ¢ =0, ..., r given by
o Wo=Wr;
.Wi:‘/’£+Wi—17 j:]-?"‘ar

together with the speeds o;, i = 1,...,r define a SRS. In effect, from the equality

T

Y li(A)=1, VAeR

i=1
we deduce
Wy = (W, = Wo) + Wo = > Vi+Wo = (Wg—Ws) + Wy = Wkg.
=1

Now, (3.4) is trivially checked and ({3.5]) is easily deduced from the Roe property (2.4]) and
> oili(A) =X, VAER.
i=1
Finally, we have:
> oilVi =D lolli(Ae (W, Wr))(Wr — W) = p(Ae(Wi, Wr))(Wr — Wi,).
i=1 i=1
Therefore, using Theorem [I] the SRS solver coincides with the PVM method. [

Let us prove now a kind of reciprocal:

Theorem 3. A SRS with r speeds o;, 1 = 1,...,r such that V; = W;—W,;_1,i=1,...,7, are
linearly independent, can be interpreted as the PVM based on the polynomial p of degree
less or equal than r — 1 that interpolates the points

{(giy|oil)}, =1, ,r



Proof. First, if r < N, the set of linearly independent vectors {V7,...,V;} is completed
to obtain a basis {Vi,...,Vy} of Ry and the set of real numbers o1, ..., 0, is completed
to obtain a family of pairwise different numbers o1,...,0n. Then we consider the ma-
trix Ag (W, Wgr) whose eigenvalues are o1, ...,0n and the corresponding eigenvectors are
{W1,...,Vn}. We also consider the polynomial p such that p(o;) = |o;|, i =1,...,r. Let us
see that the PVM associated with Ag and p is equivalent to the SRS. Using the property
(3.5) we have that:

As(Wr, W) (Wg — W) = As(Wi,Wg) (Zv) (3.11)

= Zam (3.12)
=1

0P

5 (€ We Wde. (313)

1
- /0 A@(¢: Wy, W) 22

Therefore, Ag defines a Roe matrix. Moreover:
p(Ae(Wi, Wr))(Wr = Wi) = p(Ae(WL, W) D _Vi=> _ploi)Vi= > _|o|Vi,
i=1 ; i—
and using again Theorem (1} we have that the PVM is equivalent to the SRS. O

Therefore, when a SRS satisfies the hypothesis of Theorem [3]it can be interpreted as
an interpolatory PVM and the implementation described in the previous section can be
thus applied.

3.4 PVM based on Hermite interpolation

We show now that any PVM method based on Hermite interpolation can be seen as a
SRS solver.

Theorem 4. Any PVM based on a polynomial ps, of degree less or equal than 2r — 1 such
that

por(07) = |oil, i =1,....r, ph.(0;) = sign(o;), i=1,...,r,

where 01 < 09 < ... < 07 <0< o741 < ... < gy, can be interpreted as a SRS with r + 1
speeds o;, 1 =1,...,r, and 0.

Proof. Let us consider the Hermite polynomial basis h;(A), ¢ = 1,...,7r, ki(N), i = 1,...,r,
i.e. the polynomials of degree less or equal than 2r — 1 such that

hi(oj) = bij, hi(o;) =0, Vi,j,
ki(oj) =0, ki(oj) = i j, Vi, J.

Using this basis, the interpolating polynomial can be written as follows:

par(A Z loi|hi(N) + Z sign(o;)k;( V. (3.14)

10



Let us define:

Let us consider the function:

VY = hi(Ae)(Wr —Wy), i=1,...,r,
V;l :kii(A@)(WR—WL), 1=1,...,7,
WiOZVI/Z'O—l_{_VViov 1= 1"'5T,
1
W}:—iv‘il, i=1,..,1—1,
1
wh ==y}
I o1 I
W1’+_ 1 Vl
I _UI+1 I+1>»
1
wh=—-——— V! j=T+1,..,r—1.
7 Oitl — O i+1> ¢ + gy T
Wy, if o <o,
W1:W10+W11 if o1 <0 <o9,
Wi =WP +W[, if or1<o<o,
W, =W+ W, if or<o<0,
W — 0 o+ ) (3.15)
I = I+WI lf 0<0—<O—[+1,
Wi =W+ Wiy if o1 <o <org
Wi = Wﬁ_l + er—l if o1<o<oy
W,p if o <o.

Let us verify that R is a SRS. First, reasoning like in the proof of Theorem [2| and taking
into account the equality

we obtain

=1

11



Next, (3.4)) can be trivially checked. Let us check property (3.5):

I-1

or (WP + W= W)+ > oy (W + W =W, — W)
=2

407 (WIO + Wll’_ — Wlo_l — W10_1> + 0141 (WPH + Wll+1 - WIO - WIH_)

r—1
+ > a (W W =W - W) o, (W =W W)
i=1+2
r -1
= ZO‘AWP—WP_Q—F (O‘i—O'l;l)VVil —I-O'[WIl’i —O‘[_;,_1VV11’+
=1 1=1
r—1
+ > (oi—oi )W}
i=1+2

= i GiViO + i V;l
i=1 i=1

= (i(aihi + kﬂ) (Ao)(Wgr — Wp)
i=1

= Ae(Wgr —Wp)
1 OP
- /0 AQB(E W W) G (6 W W)

where the Roe property and the equality

(i(azhz + kﬂ) ()\) =\ VA

i=1
have been used. Therefore, R is a SRS. Let us finally check ({3.9)):

I-1

oo | (WY + WL = WL) + > Joal (WP + W =W, — W)
=2

+o7| (WIO + le’i - WP, - WIO—I) + |or41] (W?-‘rl + Wiy — WP — W11+)

r—1

+ ) ol (WP W =W = W) + o (W) = W — W)
=142

12



r I—1
=Y ol (W2 = W2y) + > (ol = loia YW} + oW}~ = Jora W)
1= =1

r—1
+ Y (loil = o)W}

i=1+2
_Zwvo ZV1+ Z Vi
i=I+1
- (anzh + sign(o;) z)) (Ae)(Wr — W)
=1

= por(Aa)(Wg — Wp),

and thus the PVM is equivalent to the SRS.
O

Remark 4. The main advantage of having an expression of a PVM method as a SRS is
that this form makes easier to prove properties such as the positivity of the method: see
[18].

4 Application to the Roe method

4.1 Standard form

As it has been said in Section 2, given a Roe linearization Ag, the standard form of the
Roe method is given by (2.6 with:

1 n n
Di%:Di(Wzn> H—l) 2A¢+2( 2+1 W ‘A<I> i—‘,—l)}( H—l Wn)

where

"A<1><Win7 zﬁ-l)’ = Rq’(Winﬂ ﬁi—l)‘A@(Win7 zr-Li-l)’R ( i iﬁ-l)? (4'1)
being |Ag (W, W} )| the diagonal matrix whose coefficients are the absolute value of the
eigenvalues of Ag (W', W/ ), and Re(W", W/ ) is the matrix whose i-th column is a
right-eigenvector associated to the i-th eigenvalue.

4.2 SRS form
The Roe method can be interpreted as the scheme corresponding to the complete SRS

Wo=Wpg, if <A,
R\ Wp,Wg) = Wi, if A< A< A1 (4.2)
Wn = Whp, Zf AN < A,

where A;, 1 = 1,..., N, are the eigenvalues of Ag and the intermediates states W; verify:
Wi —W,_1=aq;R;, i1=1,....,N,

where R; is the right eigenvector associated to \; and «; is the i-coordinate of the vector
Wgr — Wy, in the RV*! basis defined by the eigenvectors. The reciprocal is also true: any
complete SRS, i.e. any SRS with N speeds, is equivalent to a Roe method.

13



4.3 PVM form
According to Theorem [3] a Roe method can be written as the PVM method based on the

1
polynomial pZ]\—;Q of degree less or equal than N — 1 that verifies:

o) = [Ni|, i=1,..,N. (4.3)

Therefore, it can be implemented following the algorithm proposed in Section what
leads to the Newton Roe method. Since » = N, in this case the complexity of the algorithm

is (see (2.14)): o
O (2N”).

Observe that, with this implementation, it is not necessary to compute the eigenvectors
what, in many cases, may constitute an important saving of computational time. If the
eigenvectors are explicitly known or easy to compute, still the computation of the absolute
value of the matrix requires the inversion of the eigenvectors matrix. If, for instance, the
inverse is computed by solving N linear systems using the LU factorization, the complexity

would be 5 .
O <2N3 + 2N3> =0 <2N3> ,

so that still the Newton Roe implementation is cheaper.

Remark 5. Let us suppose that a Roe matrix Ag and some approximations 5\1, cen AN
of the wave speeds are available that do not coincide with the eigenvalues of the Roe
matrix. One could then implement the PVM based on the Roe matrix and the polynomial
that interpolates the absolute value function at the approximated speeds. The resulting
PVM method would be then equivalent to a new Roe method whose matrix .Zq, has the
approximated speeds as eigenvalues and the states V; given in the proof of Theorem [2] as
the corresponding eigenvectors.

4.4 Close or double eigenvalues

In some cases, the Roe matrix has eigenvalues that are very close or even identical (if
the system is not strictly hyperbolic). In these cases, the divided differences are not well-
defined or involves close to zero denominators. In order to fix this difficulty, the following
strategy can be used: let us suppose that Ay =~ Apy1 or Ay = Agy1, then instead of
considering the Lagrange interpolation:

p(N) =1|N], i1=1,..,N
the following interpolation is used:
p(N) = [Nl i # R+ 1, p'(Ak) = sign(Ag).

This is again an advantage compared to the implementation of the standard form of the
Roe method, since in the case of a double eigenvalue the computation of the Jordan form
is necessary to compute the absolute value of the matrix.

14



5 Models and numerical tests

In this section Roe method and Newton Roe method will be applied to the following
models:

e the two-layer shallow water equations,
e the Quadrature-Based Moment equations for rarefied gas.

The methods have been implemented in C++ and run on the linux-subsystem of a 64-bit
Windows 10 YOGA 720 with Intel Core i7-7200 2.5 GHz machine. The Eigen library [10]
has been used to compute all matrix-vectors operations.

5.1 Two-layer shallow water equations

We consider the homogeneous two-layer 1-D shallow water system (see [3]):

((Oh1  Oq1

o +gx - 1 oh

q1 a1 2 2

b T (VT e

6t+8x<1+2g 1) YR -
Ohy Oy _ 5.1)
ST e oh

92 9 (4% L 42\ _ _PL_, 01

ot oz <h2+2gh2> p29h2 or

Index 1 refers to the upper layer while index 2 refers to the lower layer. This system
uses the following notation:

e h; = hi(x,t) > 0 is the thickness of the i-th layer at the section of coordinate = at
time t.

e g = ¢;(x,t) is the discharg of the i-th layer at the section of coordinate z at time t.
e g is the intensity of the gravitational field.

e p; refers to the constant density of the i-th layer.

The bottom is assumed to be flat. Folowing [§], this system can be written in the form

oW + F(W), + BIW)W, =0, (5.2)
where
) q1
h 1
cnl }?Tl + 59hy
W = , F(W)= 1 ,
ho ( ) ) q2
q2 q3 1 9
== + —gh
I + 592
0 0O 0 O
- 0 0 gh1 O
B(W) 0 0o o0 o0 |’
grhs 0 0 O



with 7 = p1/pa. System (5.1]) can be rewritten in the form:
W + AW)o,W =0,

with
or
ow

The eigenvalues of A(WW) are the roots of the characteristic polynomial:

A(W) = J(W) + B(W) = S= (W) + B(W).

p(A) = (A2 = 2u1 A + u? — gh1) (A2 — 2up\ + u3 — gho) — rghighs, (5.3)
where u; = ¢;/h;, i = 1,2. When r = 1, first order approximations of the eigenvalues were

given in [22]:
Uul hl + U2h2

\E = hi+h 4
ext — hl n h2 g( 1+ 2)7 (5 )
ho + ushy hiho (w1 — ug)?
AE, = Wz <1 B S 2 5.5
int = TR by T hi+ ho 9(h1 + ha) (5:5)

where ¢’ = (1 —r)g.
The exact expression of the eigenvalues can be obtained by using Ferrari’s method
to find an analytical solution for quartic equations: following [I7], this expression is as

follows:
@y \Z+,)-A-ZFE
A, =2 vz, (5.6)

ext — 9

CtVZF,)-A-ZF 2
AE = vz (5.7)

nt 9 )

b ovmn () 4)

0 = arccos ( A ) ,
2,/83
3a®
T
B =2¢—ab+ a4,
Ay = b + 12d — 3ac,
A1 = 27a%d — 9abe + 263 — 72bd + 2762,

where:

A=2b—

with:
a = —2(U1 + UQ),

b=wu; — ghy + 4dujus + u% — gho,
c= —2U2( —ghy) — 2u1(u2 gha),
d = (uf — gh1)(u3 — ghs) — rghigha,
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being a, b, ¢, d the coefficients of the polynomial p written in the form:
p(A) = M+ a4 0A? +eX +d.

Given an eigenvalue A, an associated eigenvector is given by:

1
R, = A
I

AL
where:
()\ — U1)2
gha
A more detailed description of the calculation of the eigenvalues and eigenvectors of this

system can be found in [I7].
We consider the Roe matrix of the system based on the family of straight segments

w= - 1.

CI)(S; Wi, WR) =Wr+ S(WR — WL)

described in [5].

5.1.1 Test 1: Dam-break problem

We consider the internal dam-break test introduced in [8]: the equations are solved in the
space interval [0, 10] with initial conditions:

(02, if z<35,
hl(x’o)_{ 0.8, if x>5,

(08, if x<35,
hQ(“T’O)_{ 0.2, if z>5,

q1(z,0) = g2(x,0) = 0.

Roe and Newton Roe methods are run in the time interval [0, 10] with CFL = 0.9. Since
both methods are equivalent, the numerical results are identical to machine precision and
therefore we don’t compare them. In Table |1 the CPU times in (s) corresponding to both
implementations using meshes with different number of cells are shown.

#Cells | Standard Roe | Newton Roe
1250 10.09 9.80
2500 28.96 28.73
5000 102.85 100.09

10000 362.65 349.47

Table 1: Test 1: CPU times in (s) for meshes with different number of cells for the standard
Roe scheme and the Newton Roe scheme.

It can be seen that here is a small speedup for the Newton Roe method for this system,
for which N = 4.
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5.2 Hyperbolic Moment Models for rarefied gases

An application that involves larger systems of hyperbolic PDEs is given by continuum
models for rarefied gases. In addition to the standard conservation laws, the accurate de-
scription of non-equilibrium flows in rarefied gases requires further equations [23]. These
equations model the evolution of higher order moments of the underlying particle distribu-
tion function, see e.g. [24]. The resulting so-called moment models based on the work in
[9] are not always hyperbolic, but have been modified to yield hyperbolicity using different
frameworks, see [3, [0, 13]. There are many applications of these models, e.g. for shock
tube computations and 2D flows, see [15] [7]. The modifications lead to nonconservative,
hyperbolic PDE systems, such as the QBME system, which was numerically investigated
n [16]. The QBME model is very suitable for the application of the Newton Roe solver,
because the eigenvalues are analytically known, whereas the full eigenvector decomposi-
tion is difficult to compute. In addition, the model contains more equations leading to a
large potential speedup.

5.2.1 QBME moment models in primitive variables

In the following, we will briefly describe the QBME model equations, for more details see
[12]. The general form of the model equations is already given in the form

oW + Aumr (WM) O Wi = S(WM) (5.9)
where Wy, € RM*1 is the vector of unknown variables given by

WM:(P7U,9af3»-~an)T (510)

with density p, velocity v, temperature 0, and the f;,i =0,..., M with fo =1, f1 =0, fo =0
are the so-called moments, coeflicients from the expansion of an underlying distribution
function, and the transport matrix Ay, € RMAD*(M+1) depends on Way.

The right-hand side S € RM*+1 denotes the collision term, which will be the same for
all models. It will be approximated by the BGK model [I] and reads

1
S(Whr) = —;BWM, (5.11)

for non-linear relaxation time 7 = % with Knudsen number Kn and diagonal matrix

B = diag (0,0,0,1,...,1) € RIMF)X(M+1), (5.12)

corresponding to conservation of mass, momentum and energy and a relaxation of the
higher order coefficients towards equilibrium.
For the QBME [12] [I3] the system matrix can be written as Ay =

v P
% v 1
26 v 6
0 P
4f3 % v
0F. 37.
_73 5f4 = 0 5
_O0fm—2 Mfay (M*Q)fM2—2+9fo4 - M(M;él)fM _3fzz73 0 v M
_efl\;)ffl (M +1)fur I 9f1»2173 3(M:91)fM _ 3f1\272 0 v

(5.13)
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The characteristic polynomial of the system matrix Ay reads

Vo

The real eigenvalues \; are thus the shifted and scaled roots of the probabilists’ Hermite
polynomial Heps i1

XM(/\) = Q%HGM_H ()\ _ U) s (5.14)

Nj=v+Vlc;, j=1,...,M+1, (5.15)

where the ¢; are now the Hermite roots such that Hepr1(cj) = 0. The system is thus
globally hyperbolic.
The entries of the eigenvectors v; can be derived as

vjir = pHeo(c)),
Uj}g = 91/2H61(Cj),
vj3 = OHex(c)),
1
vj4 = §p93/2Heg(cj),
1
Vi = @P94/2H€4(Cj)—f3\/§cj,
2
v = —pf*/Hes(c;) 01— _ e,
5,6 = 5!p €5(Cj + f3 B fa Cj,
L o1y 1-¢
VM = mﬂe Henr—1(¢j) + fru—30 5 — fa—aVocy,
VM4l = MW Heps(cj) + frr—20 5 —fM_1\/§cj+(M+1)fMT.

Remark 6. Other hyperbolic moment models such as the ones mentioned in [2} 14] exist,
but the models are all given in a similar form with analytical eigenvalues and eigenvectors
in the primitive variables. We thus chose the QBME model exemplarily to focus on the
numerical method.

5.2.2 QBME model in partially-conservative variables

To ensure exact conservation of mass, momentum and energy, the moment model above
needs to be written in terms of the partially-convective/partially-conservative variables
up € RM+1L with

Uy = (p, pv, (V2 4 0)p,v(v? +30)p + 6f3, fa,. .., fM)T . (5.16)

The transformation matrix from primitive to partially-conservative variables is

1 0
v P 0
517 v2+0 2up P
Y | v(v?+30) 3(w?+0)p 3vp 6 5.17
0
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and its inverse

1 0
v 1
~p ’ 0
v2-0 20 1
-1
A 518)
oW = T T2 % ) '
0

1

Choosing Ujys as the vector of unknowns results in a new system of equations that
describes the same physical behavior but with different variables, with the benefit of exact
conservation of mass, momentum and energy as the first three variables in Up;. Assuming
the new variables Uj; can be computed from W3, with Jacobian gVUV—JI”\fI e RIMA)x(M+1)
which is a lower triangular matrix depending on the entries of Wy, the change of variables

can be performed. We use (g%’f{) BWy = EWM, with

B = diag (0,0,0,6,1,...,1) € R+ (M+1) (5.19)

The resulting system

— 1~
O:Upy + Apyp 0, Uy = —— BW)yy. (5.20)
T
uses a new transformed system matrix
— [ dUy Uy \ "
= = — 5.21
At (aWM>AM (8WM> (5:21)

with the same eigenvalues as Ajy.
We know from the previous section, that we can write the primitive system matrix
using its eigenvalues ([5.15)) and corresponding eigenvectors as

Ay = VTIAY, (5.22)

where V is the matrix containing the eigenvectors and A is a diagonal matrix containing
the eigenvalues. The corresponding eigenvectors and eigenvalues are given in section [5.2.1

The eigenvalues of the partially-conservative models will be the same as those of the
primitive variables. However, the eigenvectors change according to the following compu-

tation
-1
T - 6UA<6U>

aw\aw
_aU U\
—awVAVQW>
= VAV

for V the corresponding eigenvector matrix of the partially-conservative system matrix.
This matrix is thus given by

V=V (%) - . (5.23)
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As V and (g—VUV)71 are analytically given, the exact eigenvectors can be computed analyti-
cally during the simulation, even though already their evaluation might be computationally
expensive during a standard Roe scheme.

The QBME model in partially-conservative variables can be computed analytically by
following the transformation of the variables. The final system reads

-ZQBME = fTM,l + Anra. (5.24)
with .ZM,l =
0 1
0 0 1
0 0 0 1
—vt + 6020 — 36% — % 4 (113 — 300 + %) —6v2 + 66 4v 24
3v2f3—5g£3—10vf4 . U(U2g39)0 %(’U2 - 9) —3vf;°,)—|—5f4 _%9 + % % v
bis ba s b3 5 bis 0 v 6
bi,v—1 ba -1 bsvi—1 bav—1 0 v
b1,m ba M b3 nr ba,m 0

(5.25)
and the following entries in the first four columns

fica (u® = 360u) + 0fig (u* = 0) + fizy ((1 — Du? — 0(i + 1)) — 2(i + L)uf;

bi; = % .
by — 3fi—a (0 —u?) = 20ufi_s — 2(i — Dufi1 +2(i + 1) f;
: % ;
bys — Ofi—s+3ufi—o+ (i — l)fi_l’
: 2
by; = —fi72,
: 2

Note that for entries by ;, we need to use the coefficient f = 0.
The second matrix in (5.24]) contains seven additional terms in the last two rows such
that the modification is given by

M (M +1) 0
2p0 My—1,1 MM—12 MyM—13
M1 mpr2 muy3 MMA

Apip = : (5.26)

The terms in the second but last row are given by

ma-11 = fu (0—u?),
my—-12 = 2ufum,
my-13 = —fu.

Note, that for M = 4, the three entries above need to be multiplied by 6, due to the
variable transformation that basically scales the fourth equation. This does not affect the
other cases with M = 4.
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The additional entries in the last row are defined as
02 frr—1 — ud far — Ou(ufar—1 — 3fur)

my = i :
. (—39fM + 3u2fM + 29ufM_1)
mp2 = y
M
~ _ (efol + 3UfM)
mmp3 = — M ’
. _ fm

Similarly as in the shallow water model, we use a linear path with one Gauss quadra-
ture point to compute the Roe linearization of the system matrix and for the numerical

. . W +Why, .

treatment of the source term S;, 1 we simply evaluate S in % For more details
2

on the proper numerical discretization of the nonconservative QBME system, we refer to

[16].

5.2.3 Test 2: Shock tube case

The one-dimensional shock tube problem is considered by choosing the initial conditions

Wk ifz <0,

5.27
WE if 2 >0, (5.27)

War(0,2) = {

and non-linear relaxation time 7 = X2

We consider the system in primitive and partially-conservative variables. According
to the tests in [2], the left and right states are chosen as

Wil =(7,0,1,0,...,00",  wWf=(@,0,1,0,...,07, (5.28)
or equivalently
Uk =(7,0,7,0,...,00", Ul =(1,0,1,0,...,0)", (5.29)

corresponding to a jump in density at the discontinuity at = = 0.
We consider Kn = 0.05 representing a relatively small Knudsen number close to the
continuum flow regime and we will take z € [-2,2], CFL = 0.3, and t.,q = 0.3s.

Primitive variables

We are going to compare the runtime for M = 5 (i.e. the system has 6 equations) and
M = 11 (i.e. the system has 12 equations) in primitive variables. We show in Figure
the numerical solution of the problem using both ways of writing the Roe scheme in
order to see that both give the same result. A detailed comparison of numerical solutions
for this test case can be found in [16]. In Tables 2| and |3| we show the CPU runtimes in (s)
for different discretizations of the domain and for M =5 and M = 11, respectively, using
the standard Roe scheme and the new Newton form. Here we observe a big difference in
CPU times between both ways of writing the Roe scheme, due to the larger complexity
of the model and the additional number of equations. We see that taking 12 variables
(M = 11) the difference is getting bigger.

In Table 4] and in Figure [2| we observe that for 1000 cells of the domain, as we increase
the number of moments M, the speedup of the new Newton Roe scheme is increasing.
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Figure 1: Numerical solution of the problem 1) computed in the primitive variables
with M =5, 1000 cells, CFL = 0.3 at time ¢t = 0.3. Starting from the left the density p,
pressure p = pf and velocity u are plotted.

#Cells | Standard Roe | Newton Roe | Speedup
125 0.31 0.22 1.40
250 0.62 0.36 1.74
500 1.61 0.63 2.56
1000 4.14 1.49 2.79

Table 2: Test 2: CPU times in (s) for different number of cells of the domain obtained for
the usual Roe scheme and the Newton Roe scheme with M = 5 (average of 5 runs) and
using primitives variables.

#Cells | Standard Roe | Newton Roe | Speedup
125 0.77 0.38 2.04
250 2.10 0.73 2.88
500 7.40 2.55 2.91
1000 21.40 5.92 3.61

Table 3: Test 2: CPU times in (s) for different number of cells of the domain obtained for
the usual Roe scheme and the Newton Roe scheme with M = 11 (average of 5 runs) and
using primitives variables.

M | Standard Roe | Newton Roe | Speedup
5 4.14 1.44 2.03
7 8.14 2.85 2.86
9 14.78 4.60 3.22
11 21.40 5.92 3.61

Table 4: Test 2: CPU times in (s) for 1000 cells of the domain obtained for the usual Roe
scheme and the Newton Roe scheme with different number of moments M (average of 5
runs) and using primitives variables.

Partially-conservative variables

We are going to compare the runtime for M = 5 (i.e. the system has 6 equations) and
M = 13 (i.e. the system has 14 equations) in partially-conservative variables. This time
we are not going to show the results of the numerical schemes because the standard Roe
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Figure 2: Number of moments M vs CPU time (s) for the standard Roe scheme and its
Newton’s form using primitive variables.

scheme and the Newton Roe scheme again give the same solution. A detailed comparison
of numerical solutions for this test case can be found in [16]. In Tables |5 and |§| we show
the CPU runtimes in (s) for different discretizations of the domain and for M = 5 and
M = 13, respectively, using the standard Roe scheme and the new Newton form. Again we
observe a big difference in CPU times between both ways of writing the Roe scheme and
this difference is even bigger than when we were using primitive variables because with
partially-conservative variables we have to add the computation of the eigenvectors as was
seen in . We see that taking 14 variables (M = 13) the difference is increasing.

#Cells | Standard Roe | Newton Roe | Speedup
250 0.72 0.30 2.37
500 2.15 0.65 3.29
1000 5.30 1.65 3.21
2000 18.32 5.53 3.32

Table 5: Test 2: CPU times in (s) for different number of cells of the domain obtained for
the usual Roe scheme and the Newton Roe scheme with M = 5 (average of 5 runs) and
using partially-conservative variables.

In Table[7] and in Figure [3| we observe that for 1000 cells of the domain, as we increase
the number of moments M, the speedup of the new Newton Roe scheme is increasing. As
observed before, the differences between both ways of writing the Roe scheme are bigger
using the partially-conservative variables. The new Newton Roe solver yields a significant
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#Cells | Standard Roe | Newton Roe | Speedup
250 3.70 1.06 3.49
500 12.23 2.87 4.27
1000 40.62 9.09 4.47

2000 166.48 39.10 4.26

Table 6: Test 2: CPU times in (s) for different number of cells of the domain obtained for
the usual Roe scheme and the Newton Roe scheme with M = 13 (average of 5 runs) and
using partially-conservative variables.

speedup in all test cases for the QBME model.

M | Standard Roe | Newton Roe | Speedup
5 18.32 5.53 3.32
7 39.10 11.10 3.52
9 71.97 19.23 3.74
11 106.73 25.84 4.13
13 166.48 39.10 4.26

Table 7: Test 2: CPU times in (s) for 2000 number of cells of the domain obtained for
the usual Roe scheme and the Newton Roe scheme with different number of moments M
(average of 5 runs) and using partially-conservative variables.

Remark 1. We only present results for odd M here as the computation using even M
leads to very different runtimes in our simulation software, due to specifications of the
underlying linear algebra libraries. However, the resulting flow solutions are still the same
as for the standard Roe scheme.

6 Conclusions

In this paper, an efficient implementation of the PVM methods that are based on inter-
polation polynomials has been presented: the Newton form of the polynomial is used to
reduce the number of calculations. Next, the relation between SRS and PVM, already
studied in [18], has been revisited. In particular, it has been shown that many SRS can be
interpreted as PVM methods based on a Lagrange interpolation polynomial, what allows
one to use the implementation based on the Newton form of the polynomial. In partic-
ular, Roe method can be interpreted in terms of a complete SRS and thus as a PVM
method, what allows us to implement it using the Newton form of the polynomial. We
have numerically compared the efficiency of the standard implementation of Roe method
and the new one for two different models: the two-layer shallow water equations and the
Quadrature-Based Moment equations for rarefied gases. According to our results, a small
speedup has been obtained using the Newton Roe method compared to the standard one
for the two-layer shallow-water system, as the number of equations is not big enough. In
the case of the QBME model the speedup increases with the number of moments: Newton
Roe method is about 3.5 times faster than the standard Roe method for the 11 moment
equations in primitive variables. In the case of the partially-conservative formulation of
the QBME model the results are even better: Newton Roe method is 4.1 times faster than
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Figure 3: Number of moments M vs CPU time (s) for the standard Roe scheme and its
Newton’s form using partially-conservative variables.

the standard one, due to the fact that the standard implementation requires the compu-
tation of the eigenvectors. Moreover, this factor increases when the number of moments
increases. Therefore, we can conclude that the Newton Roe method yields an improvement
of the standard Roe scheme for systems with a large number of equations.
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