ON TWO WEIGHT ESTIMATES FOR ITERATED
COMMUTATORS

ANDREI K. LERNER, SHELDY OMBROSI, AND ISRAEL P. RIVERA-RIOS

ABSTRACT. In this paper we extend the bump conjecture and a particular case
of the separated bump conjecture with logarithmic bumps to iterated commuta-
tors Ty™. Our results are new even for the first order commutator 7}}. A new bump
type necessary condition for the two-weighted boundedness of T;" is obtained as
well. We also provide some results related to a converse to Bloom’s theorem.

1. INTRODUCTION

Let T be a Calderén-Zygmund operator, and let b be a locally integrable function
on R™. The commutator [b, 7] of T" and b is defined by

b, T]f(x) = b(x)T(f)(x) = T(bf)(x).
The iterated commutators 7;", m € N, are defined inductively by
T f=bT Y T, f=[bTIf

By a weight we mean a non-negative, locally integrable function. In this paper
we study two weight estimates

[omares [ e o>

with emphasis on A, type conditions on a couple of weights (u,v).

This subject has a long history, and in our brief exposition below we mention
only several papers of specific interest to us. Consider first a Calderén-Zygmund
operator T' (which formally can be regarded as 7). In the one-weighted case when
u = v = w, the A, condition,

1 1 N\
(@) Ga o) <

is the sufficient (and for a subclass of non-degenerate Calderén-Zygmund operators
is also necessary) condition for 7" to be bounded on LP(w) (see, e.g., [35]).
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It is well known that the two weight problem is much more complicated, and, in
particular, the A, condition for a couple (u,v),

o ()G

is no longer sufficient for 7" : LP(v) — LP(u).

There was a great deal of effort to find slightly stronger bump conditions which
are sufficient for 7' : LP(v) — LP(u). To formulate such conditions, define the
normalized Luxemburg norm (for a Young function ¢) by

. 1
Il =int {r>0: (o0 [ ollr@ Ay <1}

If p(t) = tPlog”(e +t),ac > 0, we will use the notation || || zr(0g 1)e,0. Observe that
in this notation, (1.1) can be written in the form

sup [ gllo ™, < .
where % + z% = 1. The bump conditions strengthen this condition by replacing the
L? norms by slightly larger Luxemburg norms.
We say that a Young function A satisfies the B, condition if floo %% < 00. Let A
denote the Young function complementary to A. The bump conjecture of D. Cruz-
Uribe and C. Pérez (see [7, p. 187]) says that if A and B are Young functions such

that A € B, and B € B,,p > 1, and

(1.2) Sup [ agllo™ |l 5o < oo,

then 7" : LP(v) — LP(u). The bump conjecture was solved positively in [31] for p = 2
and in [23] for all p > 1. ) )
Observe that typical examples of A and B satistfying A € By and B € B, are

(1.3) At) = tPlogP (e +1) and B(t) = t” log? (e 4 1),

where ¢ > 0. Such functions are called the logarithmic bumps.
The separated bump conjecture (probably first formulated in [10]) asserts that T
is bounded from LP(v) to LP(u) when (1.2) is replaced by

Sup lu? || ogllv™ 7l 5. < 00 and Sup [Pl aqllv™ll 1 g < o0

This conjecture is still open, in general. In [10], D. Cruz-Uribe, A. Reznikov and
A. Volberg established that in the particular case of A and B in (1.3), this conjecture
is true (see also [15] for a different proof of this result).

We also mention the works of M. Lacey [19] and K. Li [29] where some different
variants of the separated bump conjecture were obtained (which in the particular
case of the logarithmic bumps in (1.3) provide yet another approach to the result
in [10]). In Section 4.2 below a more detailed exposition of the results in [19, 29] is
given.
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Turn now to the commutators 7;". Our first goal is to extend the bump conjec-
tures to Ty". It was shown in our previous works [27, 28] (we recall the proof in
Lemma 3.1) that 7} (for b € BMO) is controlled by the (m + 1)-th iteration of Ag,
denoted by AZT! where Ag is the standard sparse operator defined by

AsF@) = 3 faxal@) (fq = @ [ n
Qes Q@
Observe that in the case m = 0 this result is well known, see [5, 16, 20, 24, 25, 26].
A domination of T' by Ag is the standard tool in most of the works dealing with
the bump conjectures for 1. Therefore, it is not surprising that in our attempt of
extending these results to T;" we deal with AZ*!. We will show (Lemma 3.2) that
A?H is essentially equivalent to T, + 7’7, where T,, is a positive linear operator
controlled by
Avos s (@) = S os 1ym@Xa(@)
QeS
Thus, the operator Ay o )m s is the key object in our analysis. The LP(v) — LP(u)
bounds for Ty™ follow from the corresponding bounds for Ay o 1)m,s and their dual
counterpart.
In what follows, it will be convenient to use the notation

[\, plas = Sup Mgl B.o-

Our extension of the bump conjecture to 7;" is the following.

Theorem 1.1. Let S be a sparse family. Assume that m € Z, and p > 1. Let oy,
be an arbitrary Young function such that o, € By. Neat, let 3,,, be an arbitrary

Young function such that B, (t)¢™ (t) = pmory, where ¢ € By, Then

||AL(10gL)m’S||Lp(’u)—)LP(u) 5 [ul/p7v_1/p]

ap,Bp,m*

If T is a Calderon-Zygmund operator with Dini-continuous kernel, then
(1.4) 1T | zr @) 2oy S N0IBs0 (4P, 07 oy + [P 075, ).

Observe that if m = 0, then 5,9 = a,y. Hence in this case the first and the second
terms in (1.4) coincide, and we obtain the bump conjecture for T stated above.

In the case m = 1, D. Cruz-Uribe and K. Moen [9] obtained different bump-
type sufficient conditions. We give an example (in the Appendix) showing that
the conditions in Theorem 1.1 provide a wider class of weights (u,v) for which
T e ()= ey < 00

The standard computations show that typical examples of o, and 3, ,, in Theo-
rem 1.1 are

(15)  ap(t) = Plog (e +1),  Bym(t) = ¥ log™ V149 (c 4 1),

Our next result is an extension of the separated bump conjecture with logarithmic
bumps to 7;". Here we fix o, and f3,,, precisely as in (1.5).
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Theorem 1.2. Let S be a sparse family. Assume that m € Z, and p > 1. Take o,
and Bym as in (1.5). Define also

Yom(t) = 7 logm(pur‘s)(e +1).
Then

[ul/p’ Ufl/p] ul/zo7 Ufl/p]

||AL(10gL)m,S||LP('U)—>LP(u) S tP,Bp,m + [ pYp,m *

If T is a Calderon-Zygmund operator with Dini-continuous kernel, then

1T oo S 100Buro ([P, 07 Pl gy + 2,07,

(1.6) oMo, +[u1/P7U—1/P]7p/7m7ap,>'

The proof of this result is much more involved than the proof of Theorem 1.1. It
is based on some extension of the works [19, 29].

If m = 0, then 3,0 = ay and 7,9 = . In this case the second line in (1.6)
coincides with the first line and we obtain the above mentioned separated bump
conjecture with logarithmic bumps from [10]. In the case m > 1 one can see that our
estimates are not totally in the spirit of the separated bumps. Simple manipulations
with terms involving 7, in (1.6) allow us to get the following.

Corollary 1.3. For m € N define
wp,m (t) _ tp/ 10gmax((m+1)p/,1,mp/+1)+5(e + Zf).
Then, with T as above,

1T v 2o < 10l Bar0 ([, 0™ Py [, 07, ).

Remark 1.4. At this point it is worth comparing Theorems 1.1, and 1.2. Note that
the joint bump conditions in Theorem 1.1 hold for arbitrary bumps in contrast to
the conditions in Theorem 1.2 that hold just for certain bumps but allow to derive
separated log bump conditions as we show in Corollary 1.3. For the choices of bumps
for which Theorem 1.2 holds, even though we have four conditions, those conditions
are much better than the two conditions in Theorem 1.1, and hence they are new
sufficient conditions.

Remark 1.5. Observe that the preceding Corollary in the case p = 2 yields
b L2w)—L2w) S 0l BMmo R R0 R PYORCE R
I S bllzo ([72, 07 2 a0y + 072, 07 20

where ¢(t) = t2log?™ V=1 (¢ 4 t). In this case this estimate generalizes the loga-
rithmic separated bumps estimate from [10] to commutators of any order.

We conjecture that the terms with 7, ,, in (1.6) can be fully avoided.
Conjecture 1.6. Let T" be as above. Then

1T vty vty S 100 Bss0 (077,07 4 2,072, 0.
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It is interesting that Corollary 1.3 coincides with Conjecture 1.6 in the case p = 2
but for every p # 2, Conjecture 1.6 provides a better result.
Turn to a necessary condition for the two-weighted boundedness of 7;".

Theorem 1.7. Let T be a non-degenerate Calderon-Zygmund operator. Letm € Z,
and p > 1. Assume that for every b € BMO,

15" fll ooy S ol BAro 1 f 1 2o )-

Assume additionally that u is a doubling weight. Then

(1.7) Sup a2 @llo™ Pl 10 1yt < 00

Consider first the case m = 0. Then (1.7) is just the usual A, condition for (u,v).
In this case, when T is the Hilbert transform, the necessity of the A, condition was
obtained by B. Muckenhoupt and R. Wheeden [30] without assuming the doubling
condition on u. However, it is not clear to us whether this condition can be removed,
in general. In a very recent work [6], a similar statement was obtained assuming
a slightly weaker directionally doubling condition. In [21], it was shown that the
doubling condition can be avoided but assuming 7" : LP(v) — LP*°(u) for a family
of operators.

To the best of our knowledge, in the case m > 1, Theorem 1.7 is new. Its proof is
based on a special construction of BMO functions which goes back to P. Jones [18].

By duality, it follows from Theorem 1.7 that if T,""' : LP(v) — LP(u) and u and
v~ are doubling, then, additionally to (1.7) (with m -+ 1), we also have that

Sgp Hul/pHLP(logL)("”'l)p,Q||U_1/p”Lp/,Q < 00.

Hence, assuming also that T is Dini-continuous, by Corollary 1.3 for m > 1 and
by the separated bump conjecture with logarithmic bumps for m = 0, we obtain
that T;" : LP(v) — LP(u). Observe that by a well-known intuition, 7} is more
“singular” than T. Therefore, it is natural to expect that T,"™' : LP(v) — LP(u)
implies 7" : LP(v) — LP(u) even without assuming the doubling conditions on u
and v'~?". However, we do not know any direct proof of this fact even in the case
m = 0, and, in particular, it is not clear to us whether these doubling conditions
can be removed. See also Remark 5.4 for some comments about this.

In this paper we also obtain several results related to Bloom type estimates. We
recall the following result, see [14, 28] and the references therein. It’s sufficiency
part in the case m =1 is due to S. Bloom [2].

Theorem 1.8. Let T be a non-degenerate Calderon-Zygmund operator with Dini-
continuous kernel. Let m € N and p > 1. Assume that \,pn € A,. Further, let

1/pm
n= (’f) P Then
b€ BMO, = |T;"||rr(v) S 1l Brio, 1 1ze ()
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and
1T flleey S I flleeqey = b€ BMO,,.

It is natural to ask whether this result remains valid under more general assump-
tions on A, i and . We conjecture that this is not the case.

Conjecture 1.9. Let m € N and p > 1. Let A\, u and n be arbitrary weights such
that the following holds:

b€ BMO, = | T,"[rrv) S 110l Erio, 1 1ze
and
||TbmeLP(/\) S ||f||LP(M) = be BMO,,.

Then \,p € A, and 1 ~ (%)l/pm.

Unluckily, our current tools are still far away from enabling us to establish this
conjecture in full generality. However we still manage to provide several partial
results in Section 6.

The remainder of the paper is organized as follows. Section 2 contains some pre-
liminary results and definitions. In Section 3 we gather some sparse bounds that will
be crucial to establish our main results. In Section 4 we prove Theorems 1.1 and 1.2.
Section 5 is devoted to prove Theorem 1.7. In Section 6 we discuss the partial re-
sults related to Conjecture 1.9. Finally, in the Appendix we provide an example
comparing our sufficient condition in Theorem 1.1 with the condition from [9].

Throughout the paper we use the notation A < B if A < C'B with some indepen-
dent constant C. We write A~ Bif A< Band B < A.

2. PRELIMINARIES

2.1. Calderén-Zygmund operators. We say that K is an w-Calderén-Zygmund
kernel if |K(x,y)| < \wg—}yjl’”z # vy, and

|z — 2| 1
K(z,y) — K(2',9)| + |K(y,z) — K(y, 2’ gw( :
K(.9) = K@)+ K (a) = K)o (E= ) o=
whenever |z — y| > 2|z — 2’|, where w : [0, 1] — [0, 00) is the modulus of continuity.
A linear, L? bounded operator T is called w-Calderén-Zygmund if it has a repre-
sentation
Tf(z)= [ K(z,y)f(y)dy forall z & supp f,
RTL
where K is an w-Calderén-Zygmund kernel.
An w-Calderén-Zygmund kernel is called Dini-continuous if fol w(t)% < oo.
We say that an w-Calderén-Zygmund kernel is non-degenerate if w(t) — 0 as
t — 0, and for every y € R" and r > 0, there exists x &€ B(y,r) with

K (.y)| > .
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This definition was given by T. Hytonen [14] (in the case when K(z,y) = k(x — y),
a similar notion was introduced by E. Stein [35, p. 210]).

We sat that T' is a non-degenerate Calderén-Zygmund operator if T" and its adjoint
T™ are associated with non-degenerate kernels. In other words, we require that if T’
is associated with kernel K, then K (z,y) and K (z,y) = K (y, ) are non-degenerate.

The following result is contained in the proof of [14, Prop 2.2].

Proposition 2.1. Let K be a non-degenerate kernel. Then for every A > 3 and
every ball B(yo, 1), there is a disjoint ball B = B(xo, 1) at distance dist(B, B) ~ Ar

such that
1
K ~
| K (20, yo)| A

and for ally € B and x € B, we have

K (,y) = K(xo,0)| S 5

where e4 — 0 as A — oo.

2.2. Dyadic lattices and sparse families. By a cube in R"™ we mean a half-open
cube @ =[]\ [ai,a; + h),h > 0. Denote by £ the sidelength of Q. Given a cube
Qo C R", let D(Qy) denote the set of all dyadic cubes with respect to Qo, that is,
the cubes obtained by repeated subdivision of )y and each of its descendants into
2™ congruent subcubes.

A dyadic lattice Z in R" is any collection of cubes such that

(i) if @ € 2, then each child of @ is in Z as well;
(i) every 2 cubes @), Q" € & have a common ancestor, i.e., there exists Q) € &
such that @', Q" € D(Q);
(iii) for every compact set K C R", there exists a cube Q € Z containing K.

For this definition we refer to [25].

A family of cubes S is called sparse if there exists 0 < o < 1 such that for every
@ € S one can find a measurable set Eg C @ with [Eg| > «|Q)|, and the sets {Eg}
are pairwise disjoint.

In our results the sparseness constant o will depend only on n, and its precise
value will not be relevant.

2.3. Young functions and normalized Luxemburg norms. By a Young func-
tion we mean a continuous, convex, strictly increasing function ¢ : [0,00) — [0, c0)
with ¢(0) =0 and ¢(t)/t — oo as t — oo.

The Orlicz maximal operator M, is defined for a Young function ¢ by

M, f(z) = sup || fllp.0
Q>

where the supremum is taken over all cubes @) containing the point z. If ¢(t) = ¢,
then M, = M is the standard Hardy-Littlewood maximal operator. It was shown
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by C. Pérez [34] that
(2.1) v € By = [Mfllr S flle (0> 1)

Given a Young function ¢, its complementary function is defined by
o(t) = Sli]g (st —(s)).

Then ¢ is also a Young function satisfying ¢ < @~ !(t)¢~1(t) < 2t. Also the following
Holder type estimate holds:

(2.2) el / F@)g(@)ldz < 2|l allgllsc.

There is a more general version of (2.2).

Lemma 2.2. Let A, B and C' be non-negative, continuous, strictly increasing func-
tions on [0,00) satisfying A~ (t)B~1(t) < C~(¢t) for allt > 0. Assume also that C
1s convex. Then

1fglleq < 2l fllaellgllse-

This lemma was proved by R. O’Neil [33] under the assumption that A, B and C'
are Young functions but the same proof works under the above conditions (see [27]
for the details).

Recall the well-known facts (see, e.g., [37, Ch. 10]) that

(2.3) T / M (fx0) S 1 llzos i

where M* denotes the k-th iteration of the maximal operator, and

1
(2.4) I soe 2120 = 157 /Q |f(2)| log® (% + e) dx.

Dealing with the logarithmic bumps of the form *log®(e + t), we will frequently
use the following estimates. First, since ||[f|"[o.0 = [If[[}4r) o for any 7 > 0, we
have

1
121 2o 2ye.@ = 111 g 1900

Second, it follows from (2.4) and Hélder’s inequality that for any 0 < § < 1,

< 1) 1-6
||f||L(10gL)°‘,Q ~ (|f|Q) ||f||L(10gL)1aT5,Q‘

3. SPARSE BOUNDS FOR ITERATED COMMUTATORS

Let T be a Calderén-Zygmund operator with Dini-continuous kernel, and assume
that b is a locally integrable function. Consider the m-th iterated commutator 7;".
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Recall the following pointwise sparse bound established for m = 1 in [27] and for
m > 11in [17]: for every bounded and compactly supported f, there exist 3" sparse
families S; C %; such that for a.e. x € R",

BL) @IS Y > Ible) —bo™ " (ﬁ /Q [b— bQ!k!fl) xQ(@).

j=1 Q€S; k=0

Next, it was shown in [27, Lemma 5.1] that given a sparse family S C 7, there
exists a sparse family S C Z containing S and such that if ) € S, then for a.e.

r € Q,
(32) ) ol <27 30 (i [ 1= bel ) (o)

PeS, PCQ
Suppose now that 7 is a weight, and b € BMO,,, namely,

1
16| 7o, = sup / b(z) — bgldx < .
Q 1(Q) Q N

Then (3.2) allows to transform the right-hand side of (3.1) in the following way.
Given a sparse family S, define the sparse operator As by

Asf(x) =) foxo(x).

QeS

Further, consider the operator Ag, defined by

Asqf(x) =nAsf(z).
Denote by Ag, the m-th iteration of As,.

Lemma 3.1. Let m € N. For every bounded and compactly supported f and for
every b € BMO,, there exist 3" sparse families S; C 9; such that for every g > 0,

3n

(3:3) (T £ 90 S IblIEs0, D (As, (AE ,1f1), 9)-

j=1

This result is contained implicitly in [27] for m = 1 and in [28] for m > 1. We
outline briefly its proof for the sake of the completeness.

Proof of Lemma 3.1. By (3.1),
3" m

(3.4) (T F 0l S DD Y (b= bol*IfDalb = bal™ *lg))el@l-
j=1 QES; k=0

Next, by (3.2), there exist extended families S; such that for a.e. z € Q,
b(x) = bo| < bllsro, Y nexe(@).

PeS;, PCQ
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Since the cubes from Sj are dyadic, for every [ € N,

l
( Z UPXP) S Z nep, - - -NMpXP,-

PeS;, PCQ P,CP,_1C--CP1CQ, PES,;

Combining this estimate with the previous yields

[ b=l S Pllsuio, [ A1l
Q Q

Therefore, replacing the right-hand side of (3.4) by a larger sum over Sj and
redenoting S; again by §;, we obtain that

(T £ )| S 116l o, ZZZ &l fDa(AZ F9)elQl,
j= 1Q€S k=0

where Agj7n| fl = |f|. It remains to observe that, since Ag is self-adjoint,

D (AL, De(AE, F0)al@Ql = (As(AS,|F1), A%, )

QeS
= (nAs(As, | f1), As(A5, 1)) = (As(AS 1 fD), A5, ' g)
== (As(A5,[f1), 9)-

This along with the previous estimate completes the proof. 0

Lemma 3.1 says that if b € BMO (that is, n = 1), then T}" is controlled by AZ"".
Let us show that in this case the right-hand side of (3.3) can be further transformed.
Given m € N, define the operator 7T, by

1
Tuf(x) =) 1l > > /
Qes PIES:PICQ  Pm€S:PuyC P
where we assume that Fy = (). Observe that the adjoint operator 7} is given by
Tif@=> 1 >, - >, fr]xel
QES Py ESIQgpl P’mESZPm—lanL
(this can be easily checked by changing the summation and switching the indices).

Lemma 3.2. For all f,g > 0 and for every m € N,
(AGTf,9) S (Tnf9) +(Thf, 9)-
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Proof. The proof is by induction on m. In the case m = 1 we have

(A3f.9)=> > ’P|;|Q’9Q/Pf

QES PeS

=330 [ 14X X ge [ o< misa) + ik

QeSS PCQ QEeS P:QCP

Suppose that the lemma is true for m = k£ — 1, and let us prove it for m = k,
k > 2. Since Ag is self-adjoint and by the inductive assumption,

(AsTf.9) = (Asf. Asg)
S (Terf Asg) + (Ti_1 f, Asg)
= <f7 T;,1A$g> + <f7 Tk—lASg>'
It follows from this that the proof will be completed if we show that
(3.5) max (Ty-14s9, Ti_1Asg) S Thg + Ti g
Consider first Tp_1Asg. We have
’Pk N Pk_1|
3o [ A = Y
P Z |Pk|

PLeS

= Z /Pkg+ Z |P;)—1|

PLeS:PLCPr_4 PLeS:P,_1CPy | k| Py,

Py

Therefore,

(3.7) Ty-1Asg < Trg + Z ar(g, Q)xaq,
Qes

where

1 P4
(3.8) ak(g,Q):@ S 3 $ IP!

PIES:PICQ Py 1€8:Py 1CPy s PLES:Py 1C Py Pl Sy
Transform the last two sums in (3.8) as follows:

P P D D D DD

Py 1CPy o Pp:Pr_1CPg Py _1CPy o PP 1 CPyCPy_2  Pr_1CPx_2 PPy _oCPy

= 2 2t >

PyCPy_o Py 1CPy Pr1CPr—2 Pr:Pr_2CPg

> [

PyCPy_o

By the sparseness,

|P]€—1|/ <
2 2 Bl Jp 0

Py CPy o P 1CPg
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- P P
Py P
Z Z 1P| 95 Z 1P| g
Py _1CPy_o Py:Pp_oCPhg k P PPy _oCPy k B
It follows from this that
(3.9) Z ar(9, Q)x@ S The-19 + Z ar-1(9: @) xq
Q€S Qes

and

Z az(9, Q)xq < Tig + 17 g.
Qes

Therefore, iterating (3.9) yields

k—1
> ar(9.Qxe Y _Tig+Tig S Teg + Tig,
QeS 7=1

which, along with (3.7), proves the first part of (3.5).
The proof of the second part of (3.5) is similar. Consider T} ;Asg. Applying
(3.6), we obtain

(3.10) Ty 1 Asg < Tig+ Y bi(g, Q)xo:
Qes
where
1 1
B11) (e, Q == >, Y > s
@l PIES:QCPI Py 1€S:Py_2CPy_y PLES:PLCPy, |Pe-il S,
Transform the last two sums in (3.11) as follows:

P S P D DD DD D

Pr_1:Py_2CPy_1 PrCPr_1 Pr_1:Py_2CPy 1 PrCPy_2 Pr_1:Px 2CPy_1 Pr oCP,CPr 1
= > 2t >
Py 1:Py 2CPy 1 PrCPx_2  PrpiPx oCPx Py 1:PxCPr 1

Using the standard fact that ZQE@, PCO @H < we obtain that

IPI

Z Z |pk N Png Z

Pi1:Py—2CPy_1 PuCPy_o PLCPy_ | k= 2| Pk

1 1
> 2. o)t 2 ml)e
PyiPyaCPy Py 1:P CPe_y K11 P PyiPyochy, I R P
It follows from this that
(3.12) > bi(9:Qxe ST+ D be1(9, Q)xe

QeSs QeS

and
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and

> b9, Q)xe S Tig + Tt g.
QEeS

Therefore, iterating (3.12) yields

N

-1

> b9, Qxe S Tr9+Tg S Teg + Tiy,
QEeS 1

<.
Il

which, along with (3.10), proves the second part of (3.5).
This completes the proof of (3.5), and therefore, the lemma is proved. O

We end this section with a lemma which will be quite useful for our purposes.

Lemma 3.3. Let T be a Calderén-Zygmund operator with Dini-continuous kernel.
Let m € Zy and p > 1. Let u,v be weights. Then

||Tb ||LP )= LP(u < ||AL longSHLP (v)—=LP(u + ||AL(longS||LP (ul— P)_>LP (v1— P)
Proof. First we note that by Lemmata 3.1, 3.2 and by duality,
115" | 2o )2y S N Tl o) Loy + 1Tl g -2y = L7 (o127
Consider the expression defining 7,,,. Since S is sparse,
3 / rs M(fxm)S | M(fxn).
Pp€S: Py CPp— P, ES: Pmcp Ep,, P
Applying subsequently this argument implies
S o > [ s [ i)
PieS:PiCPy Pn€S:PpCPy 1
Therefore, by (2.3),
) S 1 lLaos ym @Xe ()

QES
and we are done. O

4. PROOFS OF THEOREMS 1.1 AND 1.2

4.1. Proof of Theorem 1.1. By Lemma 3.3, it suffices to prove the first part of
Theorem 1.1 for Ay o5 1y s. Consider the bilinear form

<AL(10gL)m,Sf7 g) = Z ||fHL(10gL)vagQ’Q|‘

Qes
By Holder’s inequality (2.2),

9 < 2[[u'” o, @lgu™ " s, q-
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Further, using the fact that if C(t) = tlog™ (e + t), then C~'(¢) ~ and

applying Lemma 2.2, we obtain

t
log™ (e+t)’

||f||L(10gL) ,Q ~ ||f,U1/p||LP7Q||,U 1/p||/3p WL7Q

Therefore,

(41) <AL(10g L)’”,Sf? g> g [ul/pv U_l/p]&paﬂp,m Z ||fU
QES

6,0l QL.

Using that S is sparse and by Hoélder’s inequality along with (2.1),

D 10 leallon™ o, lQl £ 3 [ Mol(f07) M, (gu”/7)d

QeS QeS

S | M(fo''?) Mg, (gu™V/P)de < || M, (fvl/”)llellMap(gu )|

avl Rn
S eroll9l oy

This combined with (4.1) proves, by duality, the desired estimate for Arogrym.s,
and therefore, Theorem 1.1 is proved.

The proof of Theorem 1.2 requires some preliminaries which we mention in the
following subsection.

4.2. Auxiliary statements. Given a sparse family S and a non-negative sequence
{T0}ges, consider the operator Ts, defined by

Ts.f(x) = mofoxe(z
Qes
Given a cube R, denote S(R) ={Q € S: Q C R} and
Té, f(x) = ) 1afoxe(®).
QeS(R)

The following result is due to M. Lacey, E. Sawyer and 1. Uriarte-Tuero [22] (see
also [13, 36] for different proofs).

Theorem 4.1. Let p > 1. We have

|Ts+(-0) | e P Nsupw sup HT&T(U”’”'(G)
S, Lr(o)—LP(u) Res o(R)V/p nes w(R)UY

Let p > 1. Suppose that A € B, and ¢ is a decreasing function such that
< oo. In [19], M. Lacey established that the condition

1
f1/2 ©® t)p t

lo"/7]

(4.2) sup(ug) P |lo” || 100 | 22 | < o0
Q@ @ (og)t/P
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implies that
| > ooxa| | som
LP(u)
QES(R)
It was also shown in [19] that this result implies a particular case of the separated
bump conjecture with logarithmic bumps proved in [10].
In [29], K. Li provided a different proof of a slightly stronger result where (4.2) is
replaced by

oQ (og)V/P
(4.3) sup(ug)*/? % ( < 0.
o P o7lag” \NloV7]lag

Observe that, by Holder’s inequality,
(O.Q)l/P - HUI/Z)IHA,Q
o' /?llag = (o)

and therefore (4.2) is stronger than (4.3).
We will need the following extension of the above results.

Theorem 4.2. Let p > 1, and let p and v be increasing functions such that

> 1 1 dt
/1/2 <90(t)p' " w<t>p')? =

Let S be a sparse family, and let {\g}qes be a sequence such that A\g > 1 for every
QeS. IfAe B, and

K = sup(uQ)l/pAQ¢(AQ) 70 g0< (UQ)I/p > < 00,
Q

%]l a7 \llo¥?llaq
then
H > )‘QUQXQ‘ ()SJKU(R)W-
LP(u

QES(R)

The proof of this result is a minor modification of the corresponding proof in [29].
In particular, as in [29], it is based on the two following statements.

Proposition 4.3. [3, Proposition 2.2 let & be a dyadic lattice, and let p > 1. For
any non-negative sequence {ag}toey and for every weight w,

. 1/p
H%WQ\M:<Q%@Q(@ > agu(@)’ w<@>> .

Q€2,Q'CQ
Proposition 4.4. [13, Lemma 5.2] Let S be a sparse family, and let 0 < s < 1. For
every weight w,

Y. (we)’|Ql S (wr)’|RI.

QES,QCR
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Proof of Theorem 4.2. For k,m > 0 define the sets

(UQ)I/p 2m+1}.

o k k+1 om
Sk,m—{QGS( )28 < A <2872 _Hal/”HAQ

Then, applying Proposition 4.3 yields

44 H A H <9 2’“”
(4.4) > Xeoaxe ) S >
QeS(R)

k,m>0 QESk,m

1/p

SY 2 Yoalig X ceu@) u@

k,m=>0 QESk,m Q'ESK,m,Q"'CQ

Suppose first that p > 2. Then, by Proposition 4.4,

1 1——L1_
Y. oeu@) = Y oq(ug)T(ug) Q]
Q'E€SK,m,Q'CQ Q' E€SK,m,Q'CQ

/

K P -1
< (mmmemy) 2, 07

Q'ESKm,Q'CQ

/

K P - L
< (w07

Therefore, by (4.4),

as) | SK D, ¢(2k)271n¢(2m) (> "(Q)>l/p'

QeS(R) ke;m>0 QESk.m

From this, using that o(Q) < 2mp||01/p||in|Q| for Q € Sk, we obtain

p3 AQ"‘”‘Q” SE m( >l lel)

QeS(R k,m>0 QESk,m
/ 1/p

1/p
! ’ 1/p||p
" (k%o (W> ) Z Z lo*/ 1%.01Q

k7m20 Qesk,m

© 9 1/p o q 1/p y
5 K / —/dt) (/ —/dt) ol/r|P Q
( 1/2 Y(t)P 12 ()P Z lo777[1%,01Q

QES(R)
1/p
(/ My crl/pXR ) SU(R)I/”.

AN

1/p

N
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Consider now the case 1 < p < 2. Then, by Proposition 4.4,

Y ou@) = > (@) ugiog) Q]

Q'ESk,m,Q'CRQ Q'€Sk,m,Q'CQ

K ’ 2—p)
& <2kw(2k)2m¢<zm>) Yo (o) IR

Q'ESk,m,Q'CRQ

K p 2 p
< (2%(2%)2%(%)) SO

Therefore, by (4.4),

H > )‘QUQXQ‘LP

QES(R)

. 1/p

< k K P p—1 2—p
S M5 o 3" oo((00)ug)* Q|

e P(2F)2mp(2m) ois
SKY (Y o@)”

p(2)2mp(2m) 7 ’
k,;m>0 QESK,m
and we again arrived at (4.5), which completes the proof. U

4.3. Proof of Theorem 1.2. As before, by Lemma 3.3, it suffices to establish the
first part of Theorem 1.2 for A (ogym,s.
Note that in [29], K. Li found a characterization of a similar inequality

1> 171

Qes

rrXQllrw S Ifllrwy (1 <7 <p).

We partially follow his approach.
It will be more convenient to deal with an equivalent form of the statement written
as

(4.6) 1Y I follngos ymoxellzee S 11 lle)

Qes
where o = v'*'. Note that in terms of ¢, the assumptions that

[ul/p7 U—l/p] p U—l/p] < 00

9,8 m + (U

Qp,Yp,m

can be rewritten in the form

(4.7) SngQHUH < 00

L(log L)(m+1)p —14+6 Q
and

(4.8) sup el 2giog Ly-1+3,QU 1S 1 s g < 00
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We will use the notation

1% = inf {A ~0i /Q ¢(|f(y)|/A>0(y)dy}

and fg, = ﬁfQ fo.
We start by observing that

1
(4.9) [ follLaog ym.q = @/ flog™ < ffgg)Q + e) o

f o
!@|/f1°g (fQU *6)
f 1 o
< m( _J . m [ Y
N\@|/Qf1°g (fQ,a“)"ﬂ@\/Qflog <aQ+e)"

Take 1 < r < p, which will be specified later on. By Holder’s inequality,

o 1 ! o 1/r
|Q|/flog (_+6> < ol flzre (m/@log <%—|—e> a)

~ 1/ o
= 0] g 1y (@) 1170

Next,

! " f g 1/ T o
Q| /Q flog (fQ - e) o = 0| [l g rymo S HU“L/(IOgL)W/,Q(UQ)l/ 1£11% 0

Therefore, by (4.9),

1 !
T AR (7 [ 7

We obtain that (4.6) will follow from

1/r r o
(4.10) 1Y 10l g e 0 (@@ 118 Xl S 1F ario)-
Qes
Observe that (4.10) is equivalent to
1
(4.11) ) N o e e / fo)xallzraw S 1 lerie
;s L(log L) o(Q) o (u) (o)

Indeed, on the one hand, (4.11) follows from (4.10) by Hoélder’s inequality. On the

other hand, since
1
fllg s—/ M, f)o,
H HL ,Q U(Q) Q( ) )

and M7 is bounded on L?(o) (here is important that r < p), we obtain that (4.11)
implies (4.10).
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g mr!
/\Q _ <|| ||L(logL) ,Q)

9Q
By Theorems 4.1 and 4.2, in order to establish (4.11), it suffices to show that there
exist A € By, B € By and functions ¢, v, p, 0 satisfying

o0 . . d
/1/2 <S0<1)p’ + wé)y)% < oo and /1/2 <p(}f)P n 9(1)[))% .

such that

Denote
1/r

1/p 1/p’ ||Ul/pl| AQ
(4.12) sgp(uQ) AQ(AQ)llo [ 4.0 (00) /7 < 0
and
: w7l 5.0
(4.13) sgp(acg)l/p Aapr(AQ)llu? |5 <—(UQ)1/p <0
We start by verifying (4.12). In what follows we introduce several parameters that
will be fixed later on. Take ¢(t) = 9(t) = log(e + t). Next, let A(t) = —1og1+t:(e+t)'

Then A € B, and A(t) ~ ¥ log%(e +t).
Take 0 < v < 1 such that i—‘y‘ = 14 2u. Then, by Holder’s inequality,

1/p
/ 1 / o
I 10 ~ o177 ., 5(<0—Q>”||o—u“ ) .

Hence, setting

o]l Lizy
L(log L) P~1 .Q

9Q

tg =

v 1—v
and using that sup;s, t_?go(tT) < 00, we obtain

’ O'l/p/H’ , _ v 1—v

4.14 1/p'|| - H—A’Q < 1/p t p’ tp’

(4.14) o HA,Q¢< (oo S HUIILUOgL)l;_Qu’QQ o(ty")
< ol 1,

Similarly, by Holder’s inequality, if s < r, then
1/r

1/s
||O-||L(10gL)m7J,Q < ||0-||L(logL)m.s”Q
O'Q ~ O'Q ’

B HUHL(log L)™' .Q
oQ

Therefore, setting

7Q
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. i _ 1 / .
and using that sup,~, t= 7 (t'/%") < 0o, we obtain

1/s’ 1/s’ 1/ 1/s'—1/r' 1/s’
(4.15) At(Ng) S 1wy = 1 T ()

1 !
HUHL(log L™ Q r
O'Q '

From this, and by (4.14), the left-hand side of (4.12) is controlled by

1/r
g ms!
(4.16) (u )l/pH Hl/p Lz <” HL(logL) ,Q) '
L(log L) P=1.,Q oQ

A

Let 0 < ¢ < 1 and sg < s. Then, by Holder’s inequality, the expression in (4.16)
is at most

1/p HOHL lom L1784 s'/sg
_ o ,Q
(417)  (ug)"? (<0Q>q||a||1 T ) ( (og )%

L(log L) 7=D0=0) @ oQ

We now fix the parameters in such a way that
1 !0
4_ 5 nd _ msgr
P sor p-11=-q &
It follows from this that

!/

mp s
and msy = F((m +1)p' —1).

1= mp+ 1
Since sg < s, we have s; > s, and hence " < %. Therefore, the additional
assumption on r is that ";f:ll <.

Let § be a constant from condition (4.7). Take s < r in such a way that

/

(4.18) %((m + 1 = 1) < (m+1)p — 146

Also fix g > 0 such that
at most

T = . We obtain that the expression in (4.17) is

1
(ug)? o))

L(log L)(m+1)p' =145 ()

which, by (4.7), proves (4.12).
The proof of (4.13) is based on similar ideas. As before, set p(t) = 6(t) = log(e+t).

Next, let B(t) = iz Then B € By and B(t) ~ 7 logM P (e 4 ¢).
The same arguments as above show that

1/p|| -
1 Ju ”B,Q 1/
||U /pHB,Qe < (uQ)l/p S ||u||L(]130gL)(1+2u)(p71),Q'
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From this and from (4.15) we obtain that the left-hand side of (4.13) is at most

1/r
1/ 1/ HUHL(logL)mS/,Q
HUHL(I;ogL)(H?u)(p 1)Q<‘7Q) v ( -

1 1/p
(4.19) S Ml gy QoI g 1ymer

Observe that our current assumptions on s and r (guaranteeing that (4.12) holds)
are TS < r < pand s < rsuch that (4 18) holds. We now assume additionally
that and r are so close to p that s < p’ + 4. Fix also p such that 2u(p — 1) = 6.
Then we obtain that the expression in (4.19) is controlled by condition (4.8), and
therefore, Theorem 1.2 is proved.

Proof of Corollary 1.3. Recall that
ﬁp’m@) — 1Og(m+1)p'—1+6(e + t), ’Yp,m(t) — 1Ogm(17'+6)(6 + t)

and
@ij,m( ) _ tp logmax (m+1)p'—1,mp +1)+£(e + t)

It suffices to prove that, with suitable choice of ¢,

/

[Ul/p’ U—l/p]tp e

+ [ul/pjv—l/p] < [u p oy /p] 1/p7v—1/p]

tpﬂl’p,m + [u
This would provide the estimate for . Since the right-hand
side here is self-dual, from this and from Lemma 3.3 we obtain the desired bound
for 17"

Observe that for 6 < ¢ we have 3,,, < 1. Therefore,

[ul/p’ Ufl/p]tp < [ul/p’ Ufl/p]

»Wp,m —

ﬁp,m Qp,Ypm ~v

p/,'m7

tpva,m N

Hence, the result will follow if we show that

(4.20) [ul/p7 U—l/p] 1P 4 1/p]

1/p’ U—l/p] )

tpva,m + [U/ tp -

Qp,Ypm ~v [ ! mo

By Holder’s inequality, for 0 < a < 1,

VPl ol

1/p
6 s g1+ % I ARy

and
1/pHLP QHUﬁl/p”a (logL)m(p(;Jré) Q'

Therefore, the left-hand side of (4.20) is at most

1/p —1/p “ -1/p 1/p e
(421) (Ju?)lzs g0 ||Lp,(logL)m<,,;+5>’Q) (™2l gl 1, ess )

Hvil/pHLP/(logL)m(P 6.0 N < o

Fix « in such a way that % = (m+1)p—1. Then a = T and mp =mp' +1.

Hence, taking 6 such that ‘%m < ¢ and ﬁ < g, we obtain that the expression
in (4.21) is bounded by the right-hand side of (4.20), and therefore, the proof is
complete. O
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5. A NECESSARY CONDITION

5.1. On a theorem of P. Jones. In [18], P. Jones established a rather general
result allowing to decide whether a function from BMO(2), where 2 C R" is a
connected open set, can be extended to a function from BMO(R™).

We will need a particular version of this result when 2 = @ is a cube. Observe
that the proof of a general result in [18] is long and involved. In the particular case
we need, it is much simpler. Therefore we outline the proof below.

Theorem 5.1. Assume that f € BMO, and let R be a cube such that fr = 0. Then
there ezists a function ¢ such that o = f on R, ¢ =0 on R" \ 2R and

HSDHBMO f, ||f||BMo-

Remark 5.2. In the one-dimensional case this statement can be found in [12, Ex.
3.1.10, p. 167].

Remark 5.3. The proof we give is an adaptation of the method in [18]. In particular,
as in [18], we shall make use of the Whitney covering theorem. We refer to [1, p.
348] for the statement and various properties of Whitney’s cubes.

Proof of Theorem 5.1. Let E = {Q;} and E' = {Q}} be the Whitney coverings of
the interiors of R" \ R and R, respectively.

Take a = «,, with the following property: for every @); € E with {o, < alp
we have ; C 2R, and, moreover, there exists the nearest cube PJ/ € E’ such that
|Pj| > ]@Qj|. Denote

F={Q; € E:ly <alg},
and define
o=TIxr+ Y frixa,
QjEF

Observe that each cube P} € E' may appear in this sum not more than k = k,
times. .

Denote R = R U (Ug,er@;). To prove that ||o|lgyo S ||fllBumo, it suffices to
show that for every cube @), there exists ¢ € R such that

1 QN Q| ~ Q\ R, ,
Q] QmR ‘+Z 1QI|Pj| /<f C)‘Jr Q] lc| S IIf IBazo-

Denote A={Q; € F:QNQ; #0}. If A= 0, then ecither Q C Ror Q C R"\ R,
and this case is trivial. Therefore, suppose that A # (). There are two main cases.
(i) Suppose that £g, < 4£¢ for every Q; € A.

If |Q \ R| > 0, then there exists Q); € A such that dist(Q;,0R) ~ diamR,
and hence |R| < |Q|. In this case we take ¢ = fr = 0. Then the left-hand

(5.1)
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side of (5.1) is bounded by
=Tl Z/ = £ S 737 [ 1 = 1l S Ul

Q;EF
Suppose that |Q \ R| = 0. It follows from the definition of Pj that for
every ; € A with (g, < 4{q the corresponding Pj is contained in (@),
where 8 = f3,. Therefore, taking ¢ = fzo, we obtain that the left-hand side
of (5.1) is bounded by

1 1
@/BQ'f—fﬂQ'ﬂ@Z/ - ng|N|Q| 1F = fsal S If Izaro.

Q,;eF
(ii) Suppose that there exists Q;, € A such that (o < %LEQ;'O' Then Q C %Qjo,
and hence Q N R = (). Tt follows from the properties of Whitney cubes that
every other cube ); € A touches Q;,, and therefore |Q;| ~ |Q;,|, and the
corresponding cube P is contained in vQ;,, where v = .
Now, if |@ \ R| = 0, we take ¢ = f+q,,- Then the left-hand side of (5.1) is
bounded by

1
3 / I~ Fanl S g /Q 1 Franl < [ llsaro.

|Q]0 Q;EF

If |Q\ R| # 0, then |Qj,| ~ |R|. In this case, taking ¢ = fg, we obtain
that the left-hand side of (5.1) is bounded by

1 1
R
\@m\/v@m’f el £ 17 [, M = founl S o

This completes the proof of (5.1), and therefore, the theorem is proved. O
5.2. Proof of Theorem 1.7. We start by observing that, by duality, the estimates
175" fllzroe ) S 0l Baroll fllze o)

and
(5.2) ") fll oo iy S 0l Baro |l f full Lo

are equivalent.
Note that

17 (0) = [ (o) = b)) "K ) )y (o & supp )

Hence (T;")* is essentially the same operator but associated with K(z,y) = K (y, z).
Since K is non-degenerate (by our definition of a non-degenerate Calderén-Zygmund

operator), it suffices to prove the theorem assuming that (5.2) holds for 7;" instead
of (T")*.
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Next, by the reasons explained in Section 2.3, (1.7) is equivalent to
1

0 () (o ()

Let Q be an arbitrary cube. Define
M(vlp’x@(x))

o) =o' (MG

It is well known [4] that ¢ € BMO and ||g||smo < 1. Also, using that (see, e.g.,
11, Ex. 2.1.5, p. 100])

[ (fo))5<(|Q|/\f\)6|Q! (0<d<1),
we obtain

(5.4) 9o S 1.

By Theorem 5.1, there exists a function ¢ such that ¢ = g —gg on @ and ¢ =0
outside 2@Q), and ||¢|lpmo S 1. Let B be the ball concentric with @ or radius

~Y

r = diam (). In accordance with Proposition 2.1, take the corresponding ball B of
the same radius at distance dist(B, Z—?) ~ Ar, where A > 3 will be chosen later.

Let f be a non-negative function supported in B. Set b = ¢. Observe that b is
supported in B, and hence b = 0 on B. Thus, for z € B,

TP () = / (b(x) — b(y))™ K () f (v)dy

—— /B K (2, 9)f (y)dy

Therefore, by (5.2) (with T;™),

/‘/Kwy )yl

From this, and by Proposition 2.1,

// 1/p
An /’|mp1p fBN(/‘/KiUO,yU y)dy ‘90|mp1pd33)
1/p’
< ([ ([ 1560 - Kl stopan) oo a2)
1/p'
</‘/ny y)dy |g0|mp1pdx)

gA mp' ) /
S An / ‘90| P vl p fé + HfX];’/u”Lp’,l(u)
B

lemp P dr S/l
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Therefore, taking A large enough, we obtain
mp’ 1—p' 1/17/ <
(5.5) ([ 1ol =) i S U/l

Setting here f = u and using that [|x |10, =~ ([5 u)'/? yields

(i fo) (o) =

Note that |B| ~ |Q| and Q C B, where v depends only on A and n. Therefore,
since u is doubling (recall that this means that there exists ¢ > 0 such that u(2Q) <
cu(Q) for every cube @), we obtain

N

We now observe that the same proof with the choice b = xp shows that (5.6)
holds with m = 0. Combining this with (5.4) yields

(@ fe) ) =

which, in turn, implies (5.3), and therefore, the theorem is proved.

Remark 5.4. As we have mentioned in the Introduction, if 7" is non-degenerate
Calderén-Zygmund operator with Dini-continuous kernel, and if both weights u and
v!7?" are doubling, then T;"*' : LP(v) — LP(u) implies T} : LP(v) — LP(u). We
add two remarks here. First, it is easy to see that under the above assumptions
we actually obtain that AZ*! : LP(v) — LP(u), and therefore in the conclusion
T : LP(v) — LP(u), T can be replaced by any Calderén-Zygmund operator with
Dini-continuous kernel.

Second, the assumptions that both u and v' " are doubling can be replaced by
that either u or v'™* belongs to A. Indeed, assume, for example, that u € A
and that T;"*! : LP(v) — LP(u). Then, by Theorem 1.7,

i w1 o QU0 ™71l 1o g Lyt < 00

Since u € A, it satisfies the reverse Holder inequality, and therefore, the above
condition can be self-improved to

Slclgp ||U1/pHL’"p,Q ||vil/pHLP'(logL)(m-H)p’,Q <00

with some r > 1. It is easy to see that this condition is stronger that the assumptions
of Theorem 1.2, and therefore 7} : LP(v) — LP(u).
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6. ON A CONVERSE TO BLOOM’S THEOREM

Throughout this section we assume that 7" is a non-degenerate Calderén-Zygmund
operator with Dini-continuous kernel, and m € N.

As we announced in the introduction, we obtain several partial results related to
Conjecture 1.9, being the first of them the following theorem.

Theorem 6.1. Let A\, ;u € Ay, p > 1. Let n be an arbitrary weight such that

(6.1) b€ BMOy = |17 ooy S 10l1Bas0, 1f | 2o
and
(6.2) T2 fllzoy S I Fllovge) = b € BMO,,.

Then n ~ (‘X‘)l/pm almost everywhere.

In the following theorem we assume that n = 1.
Theorem 6.2. Let p > 1. Let A\ and p be the weights satisfying either one of the
following conditions:
(i) A€ A, and p is an arbitrary weight;
(ii) A € Ay and p' 7 € Ay.
Suppose also that

(6.3) b€ BMO = Ty lex) S 101 Baroll fll 2o
and
(6.4) 1Ty fllzeony S W fllzeuy = b€ BMO.

Then X\ >~ 1 almost everywhere and \,u € A,.

As we will see below, Theorem 6.2 is more difficult than Theorem 6.1. In par-
ticular, in the simplest case when A = 1, p is an arbitrary weight and m = 1 this
result says that the implication b € BMO < ||T}) f|lzr S || f]lLr(u) holds if and only
if u ~ 1. Even in such a simple form this result seems to be new.

6.1. Auxiliary propositions. We first recall several standard properties of A,
weights (see, e.g., [11, Ch. 9]):
(i) if w € A,, then w is a doubling weight;
(ii) if w € A, then w € Ay, which means that there exist ¢, p > 0 such that for
every cube () and any subset F C @),
121"
(6.5) w(E) <c Ql w(Q);

(iii) if w € A, then for every cube @) and any subset E C @,

w 1/p
(6.6) B] < ]} (%) Q.
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wo-ap () (o)

(iv) if A € A,, then there exists € > 0 such that A\!™¢ € A,.

where

Proposition 6.3. Let A and p be arbitrary weights such that (6.1) holds. Then for
every ball B = B(yo, 1), there is a disjoint ball B = B(xo,7) at distance dist(B, B) ~
r such that for any f >0

(6.7) ()P (™) / i

Proof. Let B be an arbitrary ball, and let B be the corresponding ball from Proposi-
tion 2.1. Set b = nxp. We trivially have that ||b||sa0, < 2. Then, following exactly
the same argument leaded to (5.5), we obtain (6.7). O

Corollary 6.4. Let A and p be arbitrary weights such that (6.1) holds. Then
AP
almost everywhere.

Proof. This follows immediately by taking f = 1 in (6.7) and applying the Lebesgue
differentiation theorem. 0J

Corollary 6.5. Assume that \ and p satisfy the conditions of Theorem 6.2. Then
(>‘7 :U’) = AP'

Proof. This follows at once from (6.7) (with = 1) by taking f = p'~?" and using
that A is doubling. O

Proposition 6.6. Let v be a weight such that v & L>. Then there exists a sequence
ay T oo with the following property: for every sequence 0 < O, < 1 there exist
pairwise disjoint cubes Qy and subsets Ey C Qp with |Ex| > 0x|Qk| such that oy <
v < 2aqp on E.

Proof. For j € N denote

Q; ={r:2 <v <2
Since v is unbounded, there is a subsequence j; — oo for which the sets 2;, have
positive measure. Denote oy, = 27+,

By the standard density argument, there exist cubes @ such that |Qy N Q;, | >
0x|Qk|. Moreover, since the sets 2;, are pairwise disjoint, the cubes @) can be taken
pairwise disjoint as well (taking them as small as necessary). Setting Ej = QN €2,
completes the proof. O

Lemma 6.7. Let ny,ne be the weights such that Z—; g L>*. Then there exists b €
BMO,, \ BMO,,.
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Proof. Apply Proposition 6.6 to the weight v = Z—; with 0, = % We obtain that there
exists an unbounded sequence «y, and there are sequences of pairwise disjoint cubes
@y and measurable subsets Ey C Q) such that |Ey| > %]Qk| and o < % < 204
on Ej.

Next, there exists i, € Z such that the set

E, ={zx € B : 2" < my(x) < 211}

has positive measure. Denote 3, = 2.

Let z, be the density point of £} and the Lebesque point of 5. Then there exists
a cube Ry centered at xjp and containing in Q) such that n (R N E) > %T}Q(Rk)
and |Ry N E}| > 3|Ry|.

Choose Ay, C Ry, N Ej, such that |A;| = $|Ry], and set

b= Z L BrX A, -
e

Since b < 7y, we trivially obtain that b € BMO,,.
Let us show that b ¢ BMO,,. Note that bp, = %akﬁk. Hence

1 1 1
b(x) — bp, |dr > —/ o — — dx
2Ry, Rkl (@) = bn = n2(Ry) Ak’ s 2 ki
1 | Ry.|
= —« )
1 kﬁkm(Rk)

On the other hand,
o (Ry) < 2mp(Ri N Ey) < 48| Ryl

Therefore,
i [ 1bte) = b=
x) — T > —Qp.
n2(Ri) Jr, S T
This completes the proof since «y, is unbounded. O

Lemma 6.8. Let A € A,. Assume that p is a weight such that A < p and § & L>.
Then there exists a weight u & L™ such that (Au,p) € A,.

Proof. Apply Proposition 6.6 to the weight v = £. We obtain the corresponding
sequences ag, 0k, Qr and Ej. Denote G = Qi \ Ey. Then |Gi| < (1 — 6;)|Qx|. Set
also o), = /\_Til.

Let us show that taking suitable sequence J, one can choose the sets A, C %Qk
of positive measure and satisfying the following properties:

(i) |Ax] = 7%|Q%|, where >, axyp < oo, and p is the constant from the A
property (6.5) with w = \;
(i) if Q C Qg and Q N Ay # (), then

1

(6.8) QN Gr) < o, o (Q).
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Define the weighted local maximal operator
Monaif )= s o | 1flon
Q32.QcQr OA(

and consider the sets
1

Bk:{xEQk UAQkXGk< >>akp1}'

Observe that o) € A,, and therefore it is a doubling weight. Thus, by the
weighted weak type estimate for M,, along with (6.5),

1

(Bk) < Cnp ,\O./k 0’)\<Gk) < C )\Oé (1 — 5k)80'>\(Qk>.
Hence, by (6.6),

/v’
Bl < ol (ool (1= 607) 1l
= ()P (a[w]a, ) P(1 = 6) 7 Qxl-

Take now & such that (¢, )" (agw]a, )P (1 — 6,)/" = 2n+1
We have that |By| < 57 |Qk|. Take 75 such that >, apy < oo and v < 57
for all k. Then there exists Ay C %Qk such that |Ax| = %|Qk| and AN B, = . We
have that property (i) is satisfied, and property (ii) holds as well: if Q C Q) and
QN A, # 0, then QN (Q \ Bx) # 0, and hence, by the definition of By, (6.8) holds.
Taking the sets Ay that satisfy properties (i) and (ii), define

u = Z OékXAk + XRn\UkAk'
k

Let us show that (Au, n) € A,.

Denote
Fle)= (\@!/A“) (|Q|/ ) |

Assume that @) is not contained in any @ and @ N %Qk = () for every k. Then

- () G )=

Assume that () is not contained in any (), and the set

1
K:{k:ngQkanéQk?é@}
is not empty. Then Q) C 7Q) for every k € K. We obtain

(6.9) /QAug;Cak/Akwr/QA



30 A. K. LERNER, S. OMBROSI, AND I. P. RIVERA-RIOS
Applying (6.5) along with the doubling property of A and (i) yields

Zak/ )\<cZakfyk/

kek ke

<c apyr /)\gc’/k.
(zk: k) Q Q

Combining this with (6.9), we obtain [, Au < ¢ [, A, which implies
F(Q) < c[Ma,

It remains to consider the case when there exists k such that ) C Q. Observe
that

1 1 1
. — A — A — A
(6.10) !@\/Q us 1@\/Q *(\@1 /Q )O““

and
1 1 1
6.1 — 1 < T b= 1 —1 . Nr=u
(6:-1) |Q|/Q“ < o |Q|/ @ e
If
1 1
— A — [
<|@1/Qm4k )‘“ r@|/Q
then, by (6.10),
F(Q) < 2[\]a,.

Assume that

@l (i Lo e

Then @ N Ax # (0. Hence, by property (ii) along with (6.10) and (6.11),

@/Q)\USQ(J%@/Q)\ and @/Q/fpilg kp1|Q]/)\_p

From this,
F(Q) < 2°[Na

and therefore, the proof is complete. O

p?

Property (iv) of A, weights mentioned in the beginning of this section along with
Lemma 6.8 implies the following.

Corollary 6.9. Let A € A,. Assume that p is a weight such that X < p and § & L>.
Then there exist € > 0 and a weight u & L™ such that ((Mu)'™e, plt) € A,.

Finally, an important role in our proofs will be played by the following result of
C. Neugebauer [32].
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Theorem 6.10. Let A and p be the weights such that (X", pu") € A,,p > 1, for some
r > 0. Then there exists a weight w € A, such that

ASwSp
almost everywhere.

6.2. Proofs of Theorems 6.1 and 6.2.

Proof of Theorem 6.1. By Corollary 6.4, it remains to prove that

S A
almost everywhere. Assume that this is not true. Define 7 = (u/A)Y/™. Then
i/n & L.
In order to get a contradiction, it suffices to show that
(6.12) [As(AS 5. )Moy S 1Nl 2e g,

where Ag'; is the m-th iteration of As;f = Asf. Indeed, from this, by Lemma 3.1,
we obtam that for b € BM O3,

15" fllze ooy S 101 Baso, 1 | o
which, by Lemma 6.7, contradicts (6.2).
To show (6.12), we will use the well-known fact that Ag is bounded on LP(w) for
w € A, (see, e.g.,[8]). Also, by Holder’s inequality,
AP = A mpm € Ay (k=0,...,m).

Hence,

[As(AS i leey S IIAS ey S NAE G fllLr e

S o S As e S M llzeg

proving (6.12). O
The proof of Theorem 6.2 is similar but now Lemma 6.8 along with Theorem 6.10

will play the crucial role.

Proof of Theorem 6.2. By Corollary 6.4, A < p a.e., and therefore it remains to
prove the converse estimate. Assume that this is not true. As in the previous proof,
it suffices to show that there exists a weight u & L> such that

(6.13) [ As(AS W zroy S 1 llzrgy-

Assume first that A € A, and p is an arbitrary weight. Corollary 6.9 along with
Theorem 6.10 shows that there exist u ¢ L> and w € A, such that

A" < w S p.

It follows from this that
AP < A=
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Also, by Hélder’s inequality, A= mwm € A,. Hence,

IAsAZ Doy S 1A Alzsiy = 1AS@AZZ s
S IAS@AZL Dl oty S 1AZE i b
Arguing similarly, we have that
A P < AL
and A =mwm € A, for all 2 < k < m. Therefore, iterating this argument yields
(R . < I As(uAs*f)

mwmul’
S 14521

”LP )\l_ﬁw%)
S [ Asfllr) S 1 ey S 1 llze,

Lr Al—ﬁwmup) N '

which proves (6.13).

Consider now the assumption A, u' 7" € A,,. Observe that if 4 € A, then '™ €
A, and then, by duality, the situation is reduced to the previously considered case
(and we even do not need to use that A € Ay). Therefore, assume that & A,.

Combining Corollary 6.5 and the fact that A and p'~? satisfy the reverse Holder
inequality, we obtain that there exists r > 1 such that (A", u") € A,. Therefore, by
Theorem 6.10, there exists v € A, such that A S v < p a.e. Since p & Ay, we have
that £ ¢ L>°. Therefore, we are in position to repeat the previous argument with A
replaced by v. This completes the proof. O

7. APPENDIX

D. Cruz-Uribe and K. Moen [9] showed that the condition
(7.1) Sup 71| (10 £y20-142,Q 110 ™7l ot 0 £yert 1405, < 00

is sufficient for

(7.2) 15 fllzrw S Ibllsaoll fllzrw).

and also they showed that this result is not true for e = = 0.
On the other hand, by Theorem 1.1,

(7.3) i 121 oo yp-142. @ 1077 | Lot 10y —105. g < 00
and
(7.4) i 1?1l o 1og Lyen-1+2. @10 ™2l ot g Ly —145,@ < 00

provide another sufficient condition for (7.2).
It is obvious that condition (7.1) implies (7.3) and (7.4). We give an example
showing that (7.3) and (7.4) are weaker than (7.1), in general.
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Theorem 7.1. There exist weights u and v on R such that

(7.5) sup Hul/pHLP (log L)P~2 IHU?l/pHLP (log L)' =31 <0
and

(7:6) sep HUI/pHLP(logL -3 1” _l/p”Lp’(logL)"/*%,I < 0,
while

(7.7) S‘}P ||u1/pHLp(10gL)2p_lJ||U71/pHLPl(logL)QP'—l,I = 0.

7.1. Auxiliary propositions. We say that a Young function ¢ is submultiplicative
if there exists k > 1 such that

(7.8) ®(ab) < kP(a)dP(b)
for all a,b > 0. It is easy to see that the function
p(t) = tlog*(t+e) (a=0)

is submultiplicative.
In the following propositions we assume that ® satisfies (7.8).

Proposition 7.2. Let I,J C R be the intervals such that J C I. Then

1
< —_—
[/ e,y < Hquan)fl (1M>
k||
Proof. By (7.8),
¢ (%’) = %(D |f|1 J|
1 (1]
AD- <H| |>
Using also that J C I, we obtain

1 £ i
) (%) <m /o ot (1)

Hence if A = || flle.r 5 (1 Ty the latter is controlled by 1, and the desired conclusion
w7

follows. U

Proposition 7.3. Let I, J C R be the intervals such that |JNI| # 0. If supp f C I,
then

—_

=

\fllos < | fllesni—————
o1 (

FRY
[JnI
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Proof. The proof is similar to the previous. By (7.8),

|f] /] |f]
(P(T)SlJﬂH@ )\q;—l(l |J] )

% [0
Therefore,
\% J¢<‘§|) = U;” qu) AP-1 ‘{JL)
w TJA]
Hence if A = || f]|e, Jm[m, the latter is controlled by 1, and the desired
conclusion follows. O

7.2. Localized weights. Let 0 < a < b < 1/2 be the numbers such that

b=1log 2(1/a).
We also assume that a is small enough so that
(7.9) a < (b/2)mexp=LL),

Let m any real number. We define two functions on the interval I = [m, m + b]
as follows

(7.10) () = éx[m,mﬂ] (%) + AXrss_amas) (@)
and
(7.11) vi(x) = 1X (x )+alog P(1/a)x ().

1
a’ |[mm+b—aP— 1) [m+b—aP~—1 m+b]

Observe that, by (7.9),
m+a<min(m+b—a,m+b—ap%1).

Proposition 7.4. We have

1/p —1/p
(712) HuI ”Lp logL)P*Q IH I HLP 10gL)2p *% I 5 17
1
(7.13) 1" sog 2y 3 077 N gyt 1 S 1
and
1 -1 1
(714) /i 301 007 77 g 1 ~ 3
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Proof. The proof is based on the observation that for any «, 8 > 0

1 1 -1 1-p | 1/p'
x| zoog mye s ~ larl g pye s a0 07 2l o og 1o ~ 1077 g 15 10
and on a straightforward computation by (2.4).
We have
1 / ]_ ! ! /
(ur)r = 5(1 +d?) and (v; ") = E<(b —a7)a” + log?’p(l_p)(l/a)>.

Therefore, by (2.4),

) i foow ()
u o a gy — u -— (&
g (L) P (1)
= — 10 —_ e i €
b & (U[)[CL b & (U[)[

1 b 1
~ Elogo‘ (5 +e) ~ Eloga(l/a).

Similarly,
—p ]. 1—p/ 'U}_pl
HUl PNl Lo L6,1N—/U Plog’ | =L +e
et R G,
1
1 1 1 ar-1
= —(b—ar1)arT log” — +e
b( ) ((U}_p )1 >
1 - a7 1og®177)(1/a)
—l—glog”(1 »)(1/a)log” ( T +e
(v " )r
1 / / 1 /
~3 log®#)(1/a) log” (balfp + e> ~ 5 log?=3P®' =1 (1 /a).
From this,

1 -1 2
e Neotos cye.tllor N og s~ Flog?* 7 (1/a)

which implies the proposition. 0
7.3. Proof of Theorem 7.1. For each n > N, where N is large enough, set a, =
e, by, =n"% and m, = . Set I, = [m,, m, + b,], and define u, () = u, ()
and v, (x) = vy, (x) as described in the previous section.

Finally, set

o0

@) =) un(2)

n=N
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and

V(Z) = X(—oo,eN) T Z vn(2) + Z "X (entbp.ent1) (T).
n=N n=N
By (7.14),
1421 oo y20-1 1 1072 | 1ot s g1, ~ 112,

which proves (7.7).

[t remains to show that (7.5) and (7.6) hold, namely that for every interval J C R,

1/ vV
(715) || p||Lp (log L)P~ j JH p”LP'(logL)Qp/_%,J 5 1
and
(716) ||UI/p||Lp(logL 21’** || _1/p||LP (log L)? li%,] S 1.

We shall consider several subcases.

Case 1: J C I, for some n. We split I, as
L,=1"UI*ur,

,m—+by).

where
1 1
I'=m,m+a,), I*=[m+a,,m+b,—al ") and I®=[m+b,—al’
There are four possible situations:
(i) J C I’ for some 1.
o If J C I, then, since u and v are constant on I*,
||u1/p||Lp(logL)P—1/2,J = Hul/p||LP(logL)2P—1/2,J = aﬁl/p

and
(7.17) Hv_l/pHLP'(logL)2P'*1/2,J = Hv_l/pHLP/(logL)p’*l/aJ = a711/p'

If J C I3, then, since u < a,, on I3,
(7.18) Hul/pHLP(logL)Pfl/{J = Hu Il e (log L)2P—1/2 ] = < al/p

Also, since v is constant on I3,

-1/p

||U_l/p||Lp’(1ogL)2p'—1/2,J = ||U_1/p||Lp’(1ogL)p’—1/2,J = (an 10g3p(1/an))
In both cases (7.15) and (7.16) hold.

e Suppose that J C I%2. If p’ > p then v = 0 on J. Otherwise v < a,, on

J, and hence, in both cases (7.18) holds. Also,

||U_1/p||LP/(logL)2PI*1/2,J = ||U_1/p||LP/(10gL)P'*1/2,J = arlz/pv
and hence we again obtain (7.15) and (7.16).

(i) JNI" # 0 for every i. Then |J| ~ |I,|. In this case (7.15) and (7.16) follow

from a combination of Propositions 7.2 and 7.4.
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(i) JNIY £ @, JNT* # @ and JNI? = (. Then (7.17) holds, and also, by
Proposition 7.3,

maX(||u1/pHLp(logL)P*1/2,J7 Hul/pHLP(logL)QP*lm,J) S aﬁl/p

which implies (7.15) and (7.16).

Y

(iv) JNI' =0, JNI?# (0 and J N I3 # (. Then, arguing as above,

max(||u e HLP (log L)P=1/2_J> ||U Pl o (log L)2r—1/2 J) S al/p

and

max([|0 =Pl ot og Ly 12,5 107l 1ot gy -172,5) S (0 Log™ (1/an)) 717,

and therefore, (7.15) and (7.16) hold.
Case 2: JN I, # () for just one I, but J ¢ I,. In this case, by Proposition 7.3,

HU% HLp(logL)P EN N HU” HLP (log L)P=1/2 JnI,
and
a2 | 0g £yon-172,1 S 167 | 2o iog yzw-172, 0,
On the other hand we note that for any z,y € J with z € J\ [, and y € [,
v7r(z) S v v (y). Hence,

||U_1/p||Lp’(1ogL)2p “1/2 7 ||U HLP'(logL)?P'*l/Q,JﬁIn
and

v~ ||LP (log L)' =1/2, ] ||U HLP'(logL)P/—l/Q,JﬂIn'
This reduces us to the previous case and hence we are done.

Case 3: JN I, # () for more than one I,,. Using that

|fllgog )o@ S 1 fllr @

for r > 1, it suffices to show that for » > 1 small enough
||UHL7"J <1 and ||U1 - ||L7"J < 1.

Let ng and ny be the smallest and the largest integers such that J N I,,, # () and
JN I, #0. If ng > N, then J C [eV,00) and |J| ~ e™. If ng = N, then one
can write J = L U R, where L C (—o0,e") (possibly L = ) and R C [eV, 00) with
|R| ~ e,

Since wu is supported in U,>n1,, we obtain that

/u <Z e" +e3”><e”1<|J\

n=ng
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Now, if ng > N, then for r < p,

ni+1 3 o
/ (1—p)r < Z ( nr(l—p’) e 1 (n p> (1 p)e_n(p/_1)> < e < |J|
en ~Y Y

n=ngp—1

In the case if ng = N and J = L U R represented as above, then

[ = S R = L
J R

This completes the proof.
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