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1. Introduction

For theory of Lie superalgebras, the reader may consult [18], [4], [16], [9]. The rule
of signs of the super case is explained in [16, §A.2.2]. The basics of multilinear algebra
can be consulted in [10], although some proofs there require characteristic 0; there, the
reader may consult the definition of the permanent of a matrix, and its properties. The
dual pairings for alternating (exterior) powers and also for symmetric powers of a finite-
dimensional vector space over an arbitrary field can be found in [14, Appendix A] (we
point out that it is incorrectly stated that the isomorphism in [14, Corollary A.24(b)]
holds in arbitrary characteristic); we have not found a good and detailed reference about
this topic in the super case. Some surveys about metric Lie algebras (also known as
quadratic Lie algebras, self-dual Lie algebras, and many other names) are [17], [2]. For
affine group schemes, see [19] or [5, Appendix A]. The Faulkner construction was dis-
covered in [6], and extended to the super case in [1]. In [7], invariant bilinear forms on
generalized Jordan pairs are studied.

A description of good bases of the exterior and symmetric superalgebras of a finite-
dimensional vector superspace is well-known, as a certain version of the Poincaré-
Birkhoff-Witt Theorem (PBW Theorem) [16, Th. A.2.8]; we include a different proof
of that result in Notations 5.5 and 6.5 of the present paper, where we deal with bilinear
forms; we have not found our approach for the super case in the literature (however,
the bilinear forms that extend the determinant and permanent that were studied in [12]
seem to be related to the ones in the present paper).

Without further mention, we will always assume that the base field F has charac-
teristic different from 2. If char ' > 0, sometimes we will need to assume that the
characteristic is large enough so that certain bilinear forms are nondegenerate. In the
present work, as explained in § 2.1, when we say “Lie superalgebra” we always mean
“weak Lie superalgebra”.

This paper is structured as follows:

In §2, we will recall some of the most basic definitions used in this work. In §3, the
tensor superproduct of Lie supermodules is revisited and some notation is introduced
to be used in further sections. In §4, we focus on metric generalized Jordan superpairs,
for which the restricted tensor superpowers are studied, and the tensor superproduct is
revisited.

In §5 and §6, we recall the basics of alternating and symmetric superpowers of Lie
supermodules; although not all results there are original, some results involving dual
pairings and superminors are expected to be original (as generalizations of well-known
results of the non-super case).

The main goal of this paper is reached in §7 and §8, where the Faulkner construction
is used to transfer the constructions of alternating and symmetric superpowers to the
class of metric generalized Jordan superpairs. We also provide two examples involving
decompositions of the simple Jordan pairs of types II and III, which was another of the
main motivations of our study.
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Motivation: Let Vz% denote the simple Jordan pair of type I of parameters p < ¢, with
its generic trace t. In [1, Ex.4.7, eq.(4.14)] it was shown that V,% is isomorphic to a

tensor-shift of the tensor product VSI)) ® Vl(i)]. Let Vy(ln) and T(LHI) be the simple Jordan

pairs of types II and III of parameter n, which are Jordan subpairs of Vy(,l)n Note that
the vector spaces of VS,)Z are both M, ,(F), the vector spaces of VI are given by the
antisymmetric matrices A, (IF), and the vector spaces of V,(LHI) are given by the symmetric
matrices H,(F). Since M,,(F) = A, (F) ® H,(F), we have a decomposition of subpairs
(but not ideals) Vr(LI)n = Vy(ln) @ V,SIH). On the other hand, recall from the Schur-Weyl
duality ([4, Chap.3], [16, Chap.11], [8, §6]) that we have a decomposition of irreducible
GL,(F) x Sy-modules M, (F) = My ,(F)®2 = A My ,(F) & \/> My ,,(F) where we
can identify A, (F) = A\*> M, (F) and H,(F) = \/*> M, (F) through the isomorphism.
From [1, Prop.4.3.4) & eq.(4.14)] it follows easily that (GL;(F) @px GL,(F)) x Sy <
Aut(Vy(LI,)n, t) (because Aut(VgT)L, t) =2 GL,(F) and where S5 corresponds to the swapping
automorphism of VSL@VS?I), where the groups GL,, (F) and S3 & Z4 inducing the Schur-
Weyl decomposition appear. Then, it is natural to study which is the relation between
the Jordan pairs 7(111), SII) and the Jordan pairs /\2 Vl(le, \/2 Vl(le. In the present work,
we will show that the former ones are isomorphic to the latter, up to a tensor-shift and

up to similarity of the bilinear forms.

Notation changes and corrigendum from [1]: The classes of objects GJSP, FLSM will
be renamed, with a better notation, as MGJSP, MFLSM. By misuse of language, for
bilinear forms, the term “homogeneous” was used with the meaning of “homogeneous of
degree 07 (in the present paper, we will use the term “even” instead). We point out that
the definition of Kantor pair was miswritten. We point out that there is a nontrivial detail
not explained in [1, Rem.3.9], which is how to identify L_5 with the dual Lie module of
L in a natural way (it will not be explained in the present work). A notational error
appearing in the proof of [1, Prop.4.3] is also fixed here, see Remark 2.3 below.

2. Preliminaries
2.1. Lie supermodules

Given a group G, a G-grading on a vector space V is a vector space decomposition
r. vs= @gEG Vy. If A is an F-algebra, then a G-grading on A is a grading on A as
vector space

T: A:@Ag

geG

such that A, A, C Agy, for all g, h € G. The subspace A, is called homogeneous compo-
nent of degree g, any 0 # x € A, is called a homogeneous element of degree g, and we
write deg(z) = g. The support of the grading is the set Supp I' := {g € G | A, # 0}.
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Recall that if V', W are G-graded vector spaces and f: V — W is a nonzero linear
map, then f is called homogeneous of degree g if f(V3,) C Wy, for each h € G; if V and
W are finite-dimensional, then Hom(V, W) is a G-graded vector space, and in particular,
End(V) becomes a G-graded algebra.

A wvector superspace is a Zo-graded vector space V = V; @ V;. The subspaces Vj
and Vj are called the even and odd components, and their nonzero elements are called,
respectively, even and odd elements. The degree map is given by e(x) :==a if 0 £z € V,
and is called the parity map. A homogeneous subset {v;}7; of V will be said to be
parity-ordered if there is some 0 < k < m such that v; is even for i < k and odd for
i > k. A superalgebra is a Zo-graded algebra A = Aj & Aj.

Given a finite-dimensional vector superspace V', let B be a parity-ordered basis of
V. Then, taking coordinates in B, each h € End(V') corresponds to a supermatrix M =

Mo | Mo

Mg | Mz
Mg := Mgs, M7 := Mj3, so that M = diag(Mg, M7). The superalgebra of supermatrices
is denoted by M ) (F), where m = dim V5, n = dim V.

If R is an associative, commutative, unital F-algebra, we will denote by Vg :=V @ R

> . In the case that h is even we have Mg = (0) = M7ig, and we may denote

the corresponding scalar extension. The group of even invertible linear maps V' — V will
be denoted by GL°(V), instead of GL(V), to avoid ambiguity with the automorphisms
of V regarded as a vector space.

For homogeneous elements in a Zs-grading, we will denote

Moy = (—1)7@W), (2.1)
Ney.s = (—1)F @@ Fe@)ez)te(z)e() (2.2)

Recall that a weak Lie superalgebra (see [13, Remark 3.1.1]) is a superalgebra L =
L ® Ly, with product denoted by [-, ], such that

[,y] = —neyly, 2], (2.3)
[xa [y,zﬂ = [[CL‘,y],Z] +77x,y[y» [2672]], (2'4)

for any homogeneous elements x,y,z € L. If char F # 2,3, the definition of Lie su-
peralgebra coincides with the definition of weak Lie superalgebra, and otherwise some
additional conditions are required. In particular, if char F = 3, a Lie superalgebra is
a weak Lie superalgebra such that [z, [z,z]] = 0 for any odd element z. (Since we al-
ways assume char ' # 2, we are not concerned with the additional conditions required
for characteristic 2.) By abuse of terminology in the present paper, when we say “Lie
superalgebra” we will always mean “weak Lie superalgebra”.

Recall that if A is an associative superalgebra, then A becomes a Lie superalgebra
with the Lie superbracket

[x,y] == 2y — N yyx (2.5)
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for any homogeneous elements x,y € A. In particular, if V' is a vector superspace,
then End(V') becomes a Lie superalgebra with the Lie superbracket, which is denoted
by gl(V5|Vi); similarly, the Lie superalgebra of supermatrices M ,|,)(F) with the Lie
superbracket is denoted by gl(m|n).

Given a superalgebra A, a superderivation of degree a is a homogeneous linear map
d: A — A of degree a € Z5 such that

d(zy) = d(2)y + na,zxd(y) (2.6)

for any homogeneous z,y € A, where we denote e(d) := a. The vector space of su-
perderivations of A is a Lie subsuperalgebra of gl(m|n), where m and n are respectively
the even and odd dimensions of A.

Let L be a Lie superalgebra. An L-supermodule is a vector superspace M = Mg ® M;
with a bilinear map L x M — M, (x,v) — x - v, such that L, - M, C M, for any
a,b € Zo and

[y - v=a-(y-v) =Ny (x-v) (2.7)

for any homogeneous z,y € L, v € M.

Let L be a Lie superalgebra and b: L x L — F a bilinear form. Then we will say
that b is homogeneous of degree 0, or even, if b(z,y) = 0 for any homogeneous elements
x,y € L with e(x) 4+ &(y) # 0. On the other hand, if

for any z,y, z € L, then b is called invariant. Besides, if

b(x,y) = 12y b(y, ) (2.9)

for any homogeneous elements =,y € L, then we say that b is supersymmetric.

Let L be a finite-dimensional Lie superalgebra and M a finite-dimensional L-
supermodule. Recall that the dual space M* inherits a dual Zs-grading such that the du-
ality bilinear form is even. We will usually denote the dual pairing by (-,-): M*xM — F.
The dual (or left-dual) L-supermodule of M is the Zs-graded vector space M* with the
dual action x - f given by

(- fiv) = (@ f)) == fx-0) = —ne s (f,2-0) (2.10)

for any homogeneous z € L, f € M*, v € M. We will denote it as M or M* (there is
also a notion of right-dual supermodule).

Given a homogeneous ¢ € End(M), its dual (or left-dual) map, denoted by ¢* (or
©*), is defined by
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(@ ()sv) = np, 1 {f, p(v)), (2.11)

for any homogeneous f € M*, v € M. There is an analogous notion of right-dual, denoted
@
For a Lie supermodule (L, M), define

Aut(L, M) := {(¢, h) € Aut(L) x GLG(M) | h(z-v) = (x) - h(v) Ve € L, v e M}.
(2.12)
The automorphism group scheme Aut(L, M) is defined similarly.

2.2. Generalized Jordan superpairs

Recall that a trilinear pair is a pair of vector spaces ¥V = (V~, V") with a pair of
trilinear maps {-,-,-}7: V7 x V77 x V7 — V7 o € {4+, —}. Denote

D7 ,(2) =A{,y,2}° (2.13)

for z,z € V7, y € V™79, 0 = £. The superscript o may be omitted for short.

Let G be an abelian group and V a trilinear pair; consider two decompositions of
vector spaces I'7: V7 = @gec Vg then we will say that I' = (T—,TT) is a G-grading
on Vif {V7 V7, Vi} C V7, for any g,hk € G and o € {+, —}. The vector space
V, @ V; is called the homogeneous component of degree g. If 0 # x € V7 we say x is
homogeneous of degree g. For homogeneous elements z,y of degrees g, h, the map D7 ,
is homogeneous of degree g + h.

A trilinear superpair is just a Zo-graded trilinear pair V = (V~, V71); in particular, V'~
and VT are vector superspaces. A generalized Jordan superpair is a trilinear superpair
V where we have that

[Dg,y’ Dg,w] = D%gwyz,w - nr,y,zD;Dyj;w» (214)
for any homogeneous z,z € V7, y,w € V™7, and 0 = =+ (here [-,-] denotes the Lie

superbracket in (2.5)).

Let V be a generalized Jordan superpair, D = (D=, D%) € End(V ™) x End(V™"), and
fix a € Zy. We say that D is a superderivation of degree a of V, of parity (D) := a, if
Dovy C V7, for any 0 = =+, b € Za, and

DU({xa Y, Z}) = {DU(:E),y, Z} + nD,z{x7Dia(y)v Z} + D,D,,, {xvya DU(Z)} (215)

for any homogeneous z,z € V7, y € V7.
Given a generalized Jordan superpair V and homogeneous elements x € V™, y € VT,
denote

v(z,y) = (D, —77,37yD;:1) € End(V™) x End(V"), (2.16)
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and

v(y,z) = —ng v (x,y). (2.17)

Write V, :=V, @V for a € Z. Recall that the inner structure (Lie) superalgebra of a
generalized Jordan superpair is the Lie superalgebra

inste(V) := span{v(z,y) |z € V7 ,y € V} < gl(Vy V1), (2.18)

and its elements are superderivations called inner superderivations of V.

Let V = (V~, V1) be a generalized Jordan superpair with a bilinear form (-,-): V= x
YVt — F. We say that (-,-) is superinvariant (or left-superinvariant) if

<D$,yz7 ’LU> = Ux,y,z(% Dy,xw> (219)

for any homogeneous elements z,z € V™, y,w € V. If (x,y) = 0 for any homogeneous
x € V™, y € VYt such that e(z) # £(y), then the bilinear form is said to be homogeneous
of degree 0 or even. We say that (-,-) is supersymmetric (or left-supersymmetric), if we
have

.Da:7 2, W) = 1D, y,Ds w Dz,wxay ’
(Dy 2, w) wDe§ ) (2.20)

<x’ Dy,zw> = nDz,y;Dz,w <Z7 Dw7my>

for any homogeneous z,z € V™, y,w € V.

A homomorphism p:V — W of trilinear superpairs (in particular, for generalized
Jordan superpairs) is a pair of even linear maps ¢ = (¢, "), with 7: V7 — W7,
such that o7 ({z,y,2}7) = {¢7(z), 0" (y), ¢ (2)}? for any z,z € V7, y € V77, 0 = +.
The automorphism group and the automorphism group scheme of ¥V will be denoted, re-
spectively, as Aut(V) and Aut(V). Note that Aut(V)(R) := Autr(Vg) where we denote
Vi = (Vz,V}), where Vg ==V’ ® R.

2.3. Faulkner construction

Now we will recall some facts that we need from the Faulkner construction [6,
Lemma 1.1], [1, Prop.3.2], and the Faulkner correspondence [1, Th.3.6].

Notation 2.1. If L is a Lie superalgebra and b: L x L — F is a nondegenerate even
invariant supersymmetric bilinear form, then we will say that (L,b) is a metric Lie
superalgebra. If (L, M) is a Lie supermodule and (L,b) is a metric Lie superalgebra,
then we will say that (L, M,b) is a metric Lie supermodule. Let MLSM denote the
class of finite-dimensional metric Lie supermodules. We will also denote by MFLSM
(or MFLM for the non-super case) the subclass of elements (L, M,b) of MLSM such
that (L, M) is faithful. The subgroup of elements of Aut(L, M) preserving the bilinear
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form b will be denoted by Aut(L,M,b), and similarly we can consider the subgroup
scheme Aut(L, M,b) < Aut(L,M).

If V is a generalized Jordan superpair and (-,-): V= x VT — F is a nondegenerate even
superinvariant supersymmetric bilinear form, then we will say that (V, (-,-)) is a metric
generalized Jordan superpair. We will denote by MGJSP (or MGJP for the non-super
case) the class of finite-dimensional metric generalized Jordan superpairs. The subgroup
of elements of Aut(V) preserving the bilinear form (-, -) will be denoted by Aut(V, (-, -)),
and similarly we can consider the subgroup scheme Aut(V, (-,-)) < Aut(V).

We recall that the Faulkner correspondence gives a bijective correspondence (for the
isomorphism classes) between MFLSM and MGJSP (which restricts to a bijection
between MFLM and MGJP); also, for corresponding objects we have Aut(L, M, b) ~
Aut(V, (-,-)). On the other hand, the Faulkner construction sends each object in MLSM
(the supermodules are not required to be faithful) to another object in MGJSP.

Notation 2.2. Given (L, M,b) € MLSM, the Faulkner construction produces an ob-
ject (W, (-,)) € MGJISP, defined as follows. The vector superspaces are given by
V = Vi = (M*,M). The bilinear form is just the dual pairing of Lie supermodules
() M*x M —F, (f,v) = (f,v), and we will use the convention (v, f) = ns.,(f,v).
By nondegeneracy of b, a term [f,v] € L is defined for each v € M, f € M*, if we impose

b($7 [f7 ’U]) = <.’L‘ ’ f7U>7 (221)

forany z € L,v € M = VT, f € M* = V™. Similarly we define [v, f], which satisfies
[v, f] = —ns.[f, v]. Then the triple products of V are defined by

{fo.g}” =1f0lg. {v,fw} =l fl w, (2.22)

for homogeneous v,w € M = V¥, f,g € M* = V~. The inner structure algebra of
(L, M,b), denoted inste(L, M), is the Lie subsuperalgebra of L spanned by the elements
of the form [f,v]. Also, the map

T:inste(L, M) — inste(Vp p) < gl(M* @ M),

(2.23)
[fsv] = v(f,v) == (D, =1f,0Do,r)s

defines an epimorphism of Lie superalgebras. If (L, M) is faithful, then L = inste(L, M) =
inste(V ar) (see [1, Prop.3.3)).

Remark 2.3. In the present paper, we will use the Faulkner construction (but not the
correspondence) to transfer the definitions of alternating and symmetric superpowers.
In the proof of [1, Prop.4.3-2)], there is a notational error where terms of the form [f, v]
should appear instead of v(f,v), inside the bilinear form b, and it is also necessary to
apply the epimorphism Y in (2.23) at the end of the proof; we will revisit that result in
Proposition 4.3 below.
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Notation 2.4. We will denote by G, := GL; the multiplicative group scheme and by u,,
the group scheme of the n-th roots of unity. Fix V, W € MGJSP. Recall that for each
A € R* there is an automorphism ¢y = (cy , ¢}') € Autr(Vg) defined by () := A7z for
x € V§, and we can identify G,,(R) = R* ~ {cx | A € R*} < Aut(V)(R) = Autr(Vg).
Thus we can consider the central product relative to Gy, (see definition for groups in
[11, Chap.2, p.29])

Aut(V) ®g,, Aut(W) := (Aut(V) x Aut(W))/ Ty, (2.24)
where T1(R) := {(cx, ¢y ') € Autp(Vg) x Autgr(Wg) | A € R*}.

Remark 2.5. Let the map F: MLSM — MGJSP denote the Faulkner construction.
The Faulkner correspondence (bijection for isomorphism classes) is given by

F := FlmrLsm: MFLSM — MGJSP .
Let  := F~!1 o F: MLSM — MFLSM, thus
Fokr=F. (2.25)
Any n-ary operator §: MLSM" — MLSM induces a map for faithful supermodules,
OF :=ko6: MFLSM" — MFLSM, (2.26)

which can be transferred through Ftoa map

0:=Fobpo(F 'x...xF'): MGISP" — MGJSP. (2.27)

From (2.25), we get that

0=Fobo(F 'x.. xF, (2.28)

which is used in further sections to transfer the definitions of tensors from MLSM to
MGJSP.

Notation 2.6. Recall from [1, Notation 4.6] that each 1-dimensional object in MGJSP is
determined uniquely by a parameter « = (A\,a) € G :=TF x Zs (where a corresponds to
the parity), thus we can denote it by V,. Given V € MGJSP, the tensor superproduct
Vel .= Y@V, in MGJSP will be referred to as a tensor-shift by a of V. Recall also
that, up to isomorphism, we can identify V[ with the vector superspaces of V, with
shifted degrees €[4)(7) := e(x) + a, with the shifted metric

<x+ayi>g] = 77a,w<x+vyi>+ = na7y<x+,y7>+,

(2.29)
(@Y ) oy = Malaa (@™, y 7)™ = Natlay (@™, y7)7,
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and with shifted triple products given by

{l‘, y? Z}?;] = na,y({x,ya Z}Jr + )\<(£, y>2),

(2.30)
{2y, 2} o) = Natay ({2, 9, 2}~ + Mz, 9)2),
where 7, := (—1)%®), 5, := (—1)?. In the non-super case, we take « = \ € F.
Note that for the metric in (2.29) we are using the notation (x,y)” := (z,y) and

(y, )" :=ny 4 (x,y)” to distinguish both maps of the metric (which arise by “the rule
of signs” in the Faulkner construction).

3. Tensor superproducts of Lie supermodules

For ¢« = 1,...,n, let M; be an L;-supermodule for a Lie superalgebra L;. We may
write ®;v; to denote a pure tensor v1 ® --- @ v, € ®?:1 M;. Consider the trivial action
of L; on M, for i # j. Then, it is well-known that the pair (@;_; L;, @, M;) defines
a Lie supermodule with the action determined by

n

T (@) = Z(H nx,vk)m R @@ )@ Ry (3.1)

=1 k<i

for each homogeneous = € @;_, L;, v; € M;, where the parity map is given by £(®;v;) :=
S e(v;). We will refer to (D], Li, ®;—, M;) as the (general) tensor superproduct of
the Lie supermodules (L;, M;). In particular, we can consider the n-th (general) tensor
superpower (., L, ®" M) of a Lie supermodule (L, M).

Consider now the case where L; = L are the same Lie superalgebra. It is also well-
known that eq. (3.1), for homogeneous = € L and v; € M;, defines an L-supermodule
on @, M;, where the parity is defined again by e(®;v;) := Y., £(v;). When this
action is considered, we will denote X7 M; = @, M;, and the pair (L, X/, M;)
will be referred to as the restricted tensor superproduct of the Lie supermodules (L, M;).
In particular, we can consider the n-th restricted tensor superpower (L,[X" M) of a Lie
supermodule (L, M). The aim of the “[X]” notation is just to avoid ambiguity with the
general tensor superproduct, and for dealing with vector superspaces it is unnecessary.
Note that for a general tensor superproduct (D), L, @;_, M;) and the diagonal Lie
subsuperalgebra

n

z:diag< L) = {(x,...,m)|x€L}§@L, (3.2)

i=1

the restricted action defines a Lie supermodule (E,@?:l M;) which is isomorphic to
the restricted tensor superproduct (L, X ;M;), which follows from the isomorphism
¢o: L - L, v — (x,...,2). In particular, for objects (L, M;,b) € MLSM, we have
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R, Ml,g) ~ (L, X M;,nb) with b =17, b, because E((p(ac),go(y)) = nb(x,y).

However, the pairs of the last isomorphism are metric only if char F does not divide n

(which ensures nondegeneracy of the bilinear forms b and nb). The binary operators X

and ® are both associative. (Some authors refer to ® and X as outer and inner tensor

products, and denote them with different notation [16].)

Given Lie supermodules (L;, M;), for i = 1,...,n, the Lie supermodule (;_, L,

., M;) is called their direct sum, where we consider the trivial action of L; on M;
for ¢ # j. Similarly, the direct sum of objects (L;, M;,b;) € MLSM is defined by

(@?:1 Lia @?:1 Mia J-?:1 bl)

Remarks 3.1.

1)

Recall that for vector superspaces V, W, we have the braiding of superspaces
cyw: VAW =WV, v®wi— ny,w®v. This determines natural isomorphisms
(by permutation of the components and the “rule of signs”)

C{'/hm‘vn VeV, — Vo-—l(l) R Vva—l(n)7 (33)

for any vector superspaces Vi,...,V, and ¢ € S,,, where the composition of isomor-
phisms corresponds to the composition of permutations; in particular this defines an
action of S,, on V™, Note that if V, W are L-supermodules for some Lie superalgebra
L, then f = cy,w is a supermodule isomorphism, because

fla-(vew)=f(@v)@w+ N, (= w)
= N, wNow®W Q@ (T V) + Ny (@ - W) QU =1yt (WRV) =2z flvOw),
for each homogeneous z € L,v € V, w € W. Consequently, the natural maps ¢y, .
are supermodule isomorphisms.
Given an L-supermodule M over a Lie superalgebra L, since the bilinear pairing

M*x M — F, (f,v) — f(v), is a pairing of Lie supermodules, it follows that the

evaluation map
eval: M* @ M — T, feuv— (f,v):= f(v), (3.4)

is a homomorphism of L-supermodules (with the trivial action on F). Indeed, for
each homogeneous x € L, v € M, f € M*, we have

eval(a:-(f@v)) :eval((:z:-f)®v+n;c7ff®(x-v)) =(x- f,v) +ng s {f,x-v)
= N,y ([s2-0) + 0 g (fy2-v) = 0=z eval(f @v).

The following result is well-known, but the authors have not found a good reference.
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Proposition 3.2.

1) For i = 1,...,n, let L; be a Lie superalgebra and M; a finite-dimensional L;-
supermodule, and consider the dual pairings of L;-supermodules {-,-): M x M; — F.
Then the bilinear form (-,-): Qi M} x Q;_, M; — F defined by

n

H nf117vj) (H<fz‘7’Uz'>), (3.5)

1<j<i<n i=1

(®ifi, ®;v5) :

produces a dual pairing of z—supermodules for the (general) tensor superproduct,
where L := @?:1 L;. Consequently, {-,-) defines an isomorphism of z—supermodules
®?:1 Mz‘* = (®Z‘L:1 Mi)*f [ <f7 >

2) Let L be a Lie superalgebra. For i = 1,...,n, let M; be a finite-dimensional L-
supermodule, and consider the dual pairings of L-supermodules (-,-): M} x M; — F.
Then the bilinear form (-,-): X M} x X" M; — F defined by the formula
(3.5) produces a dual pairing of L-supermodules for the restricted tensor super-
product. Consequently, (-,-) defines an isomorphism of L-supermodules X M} =

(IEZ’L:IMZ')*; f — <f7>

Proof. Let F: (Q;—, M) ® (Q:_; M;) — F be the composition of the isomorphism
M@ - @M!QM & - @M, - M{ QM QM;QMy®---& M} R M, defined as in
(3.3) (here, the permutation o is a shuffle that moves M; after the corresponding M),
and the tensor product of the evaluation maps M ® M; — . Note that F' is exactly
the linear map associated to the bilinear pairing (-,-) in eq. (3.5). By Remarks 3.1,
it follows that F' is a composition of supermodule homomorphisms. Therefore F' is a
supermodule homomorphism, thus the associated bilinear pairing in eq. (3.5) is a pairing
of Lie supermodules. Case 2) follows by restriction to the diagonal in eq. (3.2). O

Definition 3.3. The bilinear form (-,-): @, M} x ., M; — F in Proposition 3.2 is
called the tensor superproduct of the dual pairings of supermodules M x M; — F.

4. Tensor superpowers of metric generalized Jordan superpairs

In this section, restricted tensor superpowers in MGJSP are introduced. Also, (gen-
eral) tensor superproducts in MGJSP are revisited (these were studied in [1]).

Definition 4.1. Take objects (V;,(-,-)) € MGJISP and their corresponding objects
(Li, M;,b;) € MFLSM, for ¢ = 1,...,n. By the Faulkner construction, the ten-
sor superproduct of supermodules (@), L;,®;_, M;, L™, b;) defines an object
(®: Vi, (-,-)) € MGJISP that we will call the (general) tensor superproduct of
the objects (V;,(-,-)). Given (V,(-,-)) € MGJISP and its corresponding object
(L, M,b) € MFLSM, the restricted tensor superpower (L,[X"M,b) defines an object
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(X"V, (-,)) € MGJSP that we will call the restricted tensor superpower of (V, (-,)).
We can also consider the (general) tensor superpower Q™ V of V. By the Faulkner cor-
respondence, we can consider the corresponding operations in MFLSM, which define a
(general) tensor superproduct and a restricted tensor superpower in MFLSM, although
we are not interested in these.

Proposition 4.2. Let V be a nonzero object in MGJISP, 1 < n € N, and consider the
restricted tensor superpower W = X" V. Then:

1) The bilinear form (-,-) on W is given by the tensor superpower of the bilinear form
of V, that is,

n n

(®ifi, ®v) = H(H nf'hvk)<fi7vi> = ( II nf'ivvj) (H<fivvi>)'

i=1 k<i 1<j<i<n i=1

2) The generators of instt(W) are of the form

V(@i fi, ®ivi) = ( 11 nfi,vj) i(H<fk,Uk>)V(fi,Ui)~

1<j<i<n i=1 k#i

3) The triple products on W, for homogeneous elements x;, z; € V°, y; € V™7, are given
by

{®iri, ®iyi, @iz} =

n

- ( 11 nmi’yf) ) (H”ﬂ«’i»zmyi»%) (H<xkvyk>)21 ® - @ {7, ¥, 2}

1<j<i<n ij=1 t<j ki
® e ® zn'

4) Aut(V,(,-))/ p, S Aut(W, ().

~

Proof. 1) Consequence of the isomorphism of supermodules (XI"M)* = X" M* pro-
duced by the bilinear pairing of L-supermodules X" M* x X" M — F, which is given by
the tensor superpower of the bilinear pairing of L-supermodules M* x M — F.

2) Take homogeneous elements = € inste(V), f € V=, v € V. We claim that

77I7f7793,v<f7 U> = <f7 U>' (41)

Indeed, if e(f) = e(v) we have that 1, 1., = 1, otherwise we have that (f,v) = 0
because (-, -} is even, and in both cases the claim follows. Then

b(z, [®ifi, ®vi]) =21y (T (®ifi), ®50;)
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—Z(H”m) 1® @@ fi)® @ fa,®;0))

i k<i
([T (T ) () () 50

= (T T ) S (TT s ) (T 0o 5 ) =
- (H nfi»”j) Z(H<fk’vk>>b(x’ )

i ket
= b(x, (H nfiyvj) Z(H(fk, Uk)) [firvi),
j<i i ket

and since b is nondegenerate we get [®; f;, ®;v;] = (Hj<i 77fi,vj> Do (Hk#(fk, vk)) [fisvil,
and then applying the epimorphism T in (2.23), the property follows.
3) The triple product for homogeneous elements is given by

{ ®i 24, ®;y;, 2k} = v(®iTi, ®;Y5) - (R 2k)

- () ([Tt e

- ([T ) () ([T )

.Zl®...®(V(mi7yi).Zj)®...®zn

= (H Uxi,yj) Z(H naci,ztnyi,zt) (H<xk7yk>>zl Q- {wi, ¥i, 2} - @ 2p.

j<i i,j t<j ki

4) Let ¢ € Autg(Vg, (-,-)) and consider the pair of maps ¢®" := ((¢7)®", (¢T)®")
where ® = ®@g. We will first show that (-,-) is ¢®"-invariant. Given homogeneous ele-
ments f; € V7, v; € VT, we have that

(7)), (1) (@10)) = (@™ (fo), ©a* (01))
=TI o) (0™ (i), 0™ ()

i=1 k<i

ﬁ (H 77fi,vk) (fisvi) = (R4 fi, @ivi),

i=1 k<i

which proves that (-,-) is p®"-invariant. On the other hand,

{(@)®™ (@), (0™ (®54;), (07)®" (®r2k)} = {®i™ (i), @07 (y), O™ (21)}
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_ - +
- (H nw‘(azi),sﬁ(yg‘)) Z(H 7790_(wi)v¢_(zt)nW+(yi)7W_(Zt)) (H@ (x1), (yk)>)
i<t i,5 t<j k#i
p (21) @ @{eT (@), 0 (W), 0 ()} @ @97 (2n)

= (T e ) o (TT oo ) (T o) )™ o) @+ @ 7 (i 25 })

Jj<i i, t<j k#i
® - ® 90_ (Z’I’L)

= (¢7)?"({®izi, ®;yj, Q2K }),

and similarly we get

{(e™)®™(@izs), (7)2™(®515), (7)™ (@nz1)} = (07" ({@is, ®jY5, On2r}).

We have proven that ¢®" € Autgr(Wh, (-,-)). Thus we have a morphism of affine group
schemes

®2: Aut(V,(-,-)) — AutW, (-,-)), (4.2)

whose kernel is given by ker(®®)r = {cx | A € R*, A" = 1} ~ u,(R), and the result
follows. O

The following result is a minor generalization of the case n = 2 in [1, Prop.4.3], and
includes (general) tensor superpowers as a particular case. (See also Remark 2.3 above.)

Proposition 4.3. Let V; be nonzero objects in MGJSP fori=1,...,n and consider the
tensor superproduct WW = ®?:1 Vi. Then:

1) The bilinear form (-,-) on W is given by the tensor superproduct of the bilinear forms
of the V;, that is,

(®ifi, ®ivi) = ﬁ(H ﬁfi,vk)<fi7vz‘> = ( H nfi,vj) (ﬁ(fi,vz‘>)~
i=1 k<i 1<j<i<n i=1
2) The generators of inste(W) are of the form
v(®fi, ®iv;) = ( H ﬁfi,vj) zn:(]:[<fk,vk>)”(fi,vi)'

1<j<i<n i=1 ki

3) The triple products on W, for homogeneous elements x;, z; € V°, y; € V™9, are given
by
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{®izi, ®iyi, @iz} =

n

= ( H Uzi,yj> Z(H nIi,Ztnyi,Zt><x17y1>Zl ® - @ {wi, ¥, 21}

1<j<i<n i=1 t<i

[N <xn7yn>zn-

4) For the automorphism group schemes, we have
X c.. Aut(V;, () < Aat(W, (-,)).
i=1

Proof. The four properties follow easily by induction from the case n = 2 in [1, Prop.4.3].
Note that 2) also follows from the calculations in the proof of Proposition 4.2-2). Property
3) can also be proven using the calculations in the proof of Proposition 4.2-3) as a
shortcut, where we get that the triple product for homogeneous elements is given by

- (H ”xmyj) Z(H<Ik,yk>> Z(H nxi7ztnyi72t>zl ® @ (@i, ¥i) 7)) @ Q2

7<1 [ k#i 7 t<j
= (H nIi,y]‘) Z(H@%ﬂ yk>) (H nﬂ?i,ztnyi’zt>zl - ® (V(whyi) : Zl) Q- Qz2n
j<i ik t<i

= (H %-,yj) Z(an,i,zmyi,zt)<x17y1>21 ® @ {Ti,Yi, 2} @ ® (T, Yn)2n. O

j<i iot<i
5. Alternating superpowers of Lie supermodules

Throughout this section, unless otherwise stated, we will assume that M is a nonzero
finite-dimensional L-supermodule, where L is a Lie superalgebra. Note that the results
for supermodules also hold for vector superspaces, since these can be thought as Lie
supermodules over L = 0. The results where the L-action is unimportant will be stated
in terms of a finite-dimensional vector superspace V.

Definitions 5.1. Let n > 2 and consider the L-supermodule X" M. For 1 < i < j < n,
let 7;; € End(®" M) the linear map swapping the i-th and j-th components of pure
tensors, that is,

TV ®- - ®up) (=1 ® U1 QU QU1 ® QU1 QU RV ® - ®Up. (5.1)
Consider the vector subsuperspace of X" M given by

ﬁn = En(M) = span{ @k Vk 41, vy, Tiik1 (Drvr) | 0 # vp € MgUM7,1 < i < n}. (5.2)
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~ ~

We will also denote R = R (M) := R, (M*). It is not too hard to see that

R, ={v—sgn(o)o-v|veX"MoecS,} (5.3)

with the action o - v defined as in Remarks 3.1-1).

The elements of the vector superspace A" M := (X" M)/ R,, will be called alternating
supertensors. Note that if M is even, then A" M is an alternating power of M, and if
M is odd, then (as a vector space) A" M is a symmetric power of M. We will use the
convention /\1 M := M. The projection of a pure supertensor v1 ®- - -®uvy, in A" M will be
denoted by v1 A - -+ A vy, or just A;v;, and referred to as a pure alternating supertensor.
Note that the parity map of A" M is given by e(A;v;) := >, e(v;) for homogeneous
elements v; € M. We will say that A;v; is parity-ordered if there exists k € {0,1,...,n}
such that v; € Mg for i < k and v; € M3 for j > k.

Note that ]/%\n is an L-subsupermodule of X" M, because for elements x € L, v €
X"M, o € S,, we have

~

z- (v—sgn(o)o-v) =z-v—sgn(o)o- (z-v) € Ry.

Consequently, A" M becomes an L-supermodule with the action given by

n

x - (ANwg) == Z(Hnw)vk)vl Ao AT v) AN Ay (5.4)

i=1 k<i

for each homogeneous x € L, v; € M. We will refer to (L, \" M) as the n-th alternating
(or exterior) superpower of the Lie supermodule (L, M).

Remark 5.2. Let dy := dim Mj, d; := dim M; be the even and odd dimensions of
the Lie supermodule M, and d := dimM = dg + dj. Note that for an even Lie su-
permodule M (i.e., a Lie module), A" M is just the usual alternating power, so that
N*M = 0 for n > dim M. Without further mention, we will only consider the cases
with A" M # 0, i.e., we will assume ‘ n<djifdi =0 ‘ On the other hand, we will also

assume ‘ char F =0 or char F >n if d; >0
bilinear form F defined in (5.8).

, which will grant nondegeneracy for certain

Notation 5.3. Let L be a Lie superalgebra and M a finite-dimensional L-supermodule.
Our next goal is to construct a bilinear pairing of L-supermodules A" M* x A" M — F.

Let (-,-): @" M* x ®" M — F be the bilinear form defined as in (3.5), where we
consider M; = M for each i = 1,...,n. Recall that S,, acts on @" M by means of the
automorphisms in (3.3). We claim that

<U : f,U> = <f70_1 'U> (55)
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forall f € Q" M*, ve®" M, o € S,. To prove the claim, first consider the case n = 2.
Let 7= (1 2) €Sy, fix homogeneous elements v,w € M, f,g € M*, and note that

(T-(f®g),vew) =g @ f,v@w) =ns4m5.(9,0)(f, w)
= 77w,v77w,g<g,v><f’w> = <f X g, No,wW ®'U> = <f®g;7— : (U ®w)>'

For an arbitrary n and any elementary transposition 7 = (i i+1) € Sy, the calculation
is analogous; and since elementary transpositions generate S,,, the claim follows easily.
Now define a new bilinear form by

F:X"M*xX"M —TF,  F(fv):= > sgn(o)(f,o-v), (5.6)
oeSy,

for all f € @" M*, ve@" M. Now we claim that
F(f,O'-U):SgH(O')F(f,’U):F(U'f,v), (57)
forall fe @"M*,ve®" M, o € S,. Indeed, the left equality follows from a straight-

forward calculation, and the right equality follows using (5.6) and (5.5). Since S,, acts
by automorphisms of L-supermodules, we have that

F(fiz-v)= ) sen()(f,o-(z-v)= Y sen(o){f,cf;. (@)

ocESy, oESy,
=Y sen(o){fow-cfr () = D seu(o)(fz- (0-0))
ocES, €Sy
= s Y sen(o) (@ foov) = —nesF(a- fL0),
gESy

forallz € L, f € " M*, v € @" M; in other words, F is also a bilinear pairing of
L-supermodules.
By (5.7), it follows that F' satisfies the properties

F(f,vfsgn(o)om) :O:F(ffsgn(a)a-f,v),
so that F(®" M*, R,)=0= F(Z—AB;‘L, ®" M). Thus F induces a bilinear map
F: \M*x \M —F, (5.8)

which is also a pairing of L-supermodules. (We will show in Notation 5.5 that Fis
nondegenerate.)
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Notation 5.4. Our aim now is to obtain an explicit expression for the bilinear form Fin
(5.8).

For a = (a1,...,q,) € Z%, consider the homogeneous subspace of ®" M given by
&, M = Q;_; Mq, and note that @" M = P,cz; ®, M. Given a € Z3, define the
ordered sets (j(a) := {i1,...,ix} and ¢t1(e) := {j1,.- ., Jn—k}, where iy < --- < i) are
the subscripts 4 where a; = 0 and j; < --- < j,_ are the subscripts j where o = 1.
For 0 < k < n, let ®(k’"_k) M denote the direct sum of the subspaces ®QM such
that o has 0 appearing in k entries and 1 appearing in n — k entries. We will denote
the image of ®@*" ™ M on the quotient A" M by A" M. (For k > dg, we have
/\(k R Af = 0, which can be proven as for alternating powers in the non-super case.)
The relations in R, show that /\(k F) M is also the image of ®F My ® ®" " M; on
the quotient.

Let RS .= R, n Q%" M, then it is easy to see that R, = @p_, R&" ",
and it follows that

min(dg,n) (k,n—k)

/\M— EB N M. (5.9)

Let F(:n=k) denote the restriction of F to A" ¥ M+ x A®"¥ M. By (5.6) and
(5.9), we have that
F =1 pmtdon) plkn=k), (5.10)

For convenience, we introduce the detper operators, defined as a combination of the
determinant and the permanent. For 0 < k <n and A = (a;5)i; € Mu(F), set

detperk’nfk(A) = det((aijhgi,jgk) per((aij)k<i,j§n)a (5.11)

where we use the convention det()) = 1 = per(f}) for the “empty submatrix”. For 0 <
k <n, denote

wi = (—1) Dozt = (—1) "5 = (=1)(3). (5.12)
Note that
wpwit1 = (—=1)*. (5.13)

Fix 0 < k < min(dg,n). We will now prove that Flkn—k) jg given, for parity-ordered
elements, by

(k,n—k) (k,n—k)

Fn=h. A M x N M-—F, (5.14)

(Aifi, Njvj) — wnop detpery , (((fi, Uj>)ij)'
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Fix parity-ordered elements A;f; € /\(k’nfk) M*, Njv; € /\(k’"fk) M. Let f] = Qi<kfis
15 = Qiskfis V] = Qi<pi, Vh = Q> ;. Identify Si x S,,_j with the subgroup of S,, that
fixes the sets {1,...,k} and {k+1,...,n}. Note that the nonzero terms contributing to
the sum ﬁ(/\ifi, A;v;) correspond to the permutations in Sy x S, _j, thus

ﬁ(/\ifi,/\jvj) = F(®:fi, ®jv;) = Z sgn(0)(®i fi,o - ®;v;)

0=0102ESK XSk

= ( Z Sgn(01)<f{a01'vl1>>< Z Sgn(02)<f2/>02'vé>>

01ESk 02€Sn &

:( Z sgn (o) H (fi7vall(j)>>'

01E€Sk 1<i,j<k
( Z sgn(ag)(sgn(og)wn_k) H <fi,v021(j)>>
02€Sn & k<i,j<n

= Wn—k det(((f,», vj>)1Si,j§k) pef((<f¢, 'Uj>)k<i,j§n>
= wn—k detpery, ,, (((fn Uj>>,;j)'

We have proven eq. (5.14).
In general, for parity-ordered elements A;f; € /\(T’n_r) M*, Nju; € /\(s’”_s) M, we
have

ﬁ(/\iﬁ7 AjUj) = Wp—y detper,.,, . (((fi, vj>)ij> = wn_s detperg , (((fi, vj>)ij>,
(5.15)
because detper,.,, . (((fl, Uj>)ij) = 0 = detper, ,, (((fl, Uj))ij) if r # s.

Notation 5.5. Finally, we will describe some properties of the bilinear form F in (5.8).
For 0 < k < min(dg,n), consider the family of ordered n-tuples

i(k,nfk) _ f(k,nfk) (M)

=1 = (i1,...,in) |1 <idyp < -+ <ig <dg < ipyr < -0 < iy, < dY, (5.16)
and

~ A (k—k
T,=-Z,m:= U 2" (5.17)
0<k<min(dg,n)

~ ~(k,n—k)
The elements of Z,, and 7

where k and n — k correspond to the number of indices coming from the even and odd

will be used as sets of ordered indices of supermatrices,

subspaces, respectively.
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Fix a basis B = {v;}¢_, of M such that By := {Ui}?il and By := {Ui}g:d@—&-l are bases
of Mg and M7, respectively. Let B* = {fi}{_, be the dual basis of B. Thus B} := {fl}flil
and B := { fi}‘ii:dﬁ 41 are the dual bases of B and By. The relations given by ﬁn show
that A" M is spanned by the set

By = {é1 = Nicv; | I €1,}, (5.18)
and similarly A" M* is spanned by
B, = {&; = Nerfi | T €T} (5.19)
Note that F(¢],é,) = 0 for all &} € B,,, é; € By, with I # J. On the other hand, given
I €1, let My

(thus >, m; = n), and k the number of even coordinates v; for the element é; = A;crv;.
Then, define

(myq,...,m;) denote the sequence of multiplicities of the entries of I

Kl i= Wn_k H m! = wp_pmq! - -myl, (5.20)
meMr

with wy,_j as in (5.12). Then, by (5.15) it is clear that
F(éj,e) = k01,5 = KJjOr,J. (5.21)

Since we are assuming that char F = 0 or char F > n whenever d; > 0, it follows
from (5.21) that F defines a dual pairing (i.e., Fis nondegenerate), and also that B,
and gz are bases of \" M and A" M*, respectively. Unfortunately, B, and gz are not
F-dual bases in general. It is clear that

n min(dg,n)
) PN ~ dg\ (di+(n—k)—1
dim AM = |B,|=|Z.| = o)t . 22
! /\ Bl =1Zn] — ( k‘) < n—k > (5:22)

Since [ is a dual pairing of supermodules, it defines an isomorphism of L-supermodules

Definition 5.6. The Lie supermodules duality map F defined in (5.8) will be referred to
as the n-th alternating superpower of the corresponding Lie supermodules duality map
M* x M — F. It will be denoted by (-,-) in further sections.

Notation 5.7. Let L be a Lie superalgebra. Given a homomorphism of finite-dimensional
Lie supermodules, h € Homp (M, N), it is clear that h®" € Homp(®" M,X" N),
and h®"(R,(M)) C R,(N) because h is even. Thus h®" induces an element h"\" €
Homp (A" M, \" N), given by h""(A;x;) = Ash(x;) for any elements x; € M. It is also
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clear that the composition of two homomorphisms, hy and hs, satisfies the property
(hg o b)) = h4™ o h{™.

Consider now the case M = N, i.e., h € Endy(M). Let h* be the dual map of h for
the bilinear pairing (-,-): M* x M — F, and (h"")* the F-dual map of h"™. Then for
parity-ordered elements A; f; € /\(k’n_k) M* and Ajv; € /\(k’"_k) M, we get

F(nifis W (Ag03)) = (A fis Nih(v;) = wnr detperg i (((fish(v,));)
o detperkm_k<(<h*(fi)’vj>)ij> = F( A h*(f), Ajvy)
= F((h)"™(Nifi)s Agoy).
thus (h*)\* = (B\")*.

Notation 5.8. Let 0 < k < min(dg,n) and identify Sy x S,,_; with the subgroup of S,
~(k,n—k

that fixes the sets {1,...,k} and {k+ 1,...,n}. Let I = (i1,...,1,) € I( ) and

consider the parity-ordered element é; := Ajcrv; = Awv;, € By,. For each permutation

0 € Sy, let 5gny ,, (o) denote the sign defined by

(5.23)

NierV; = Sgnk,n—k(g) Nt Vig (s

and note that sgny ,,_,(op) = sgn(o) for o € Sk, p € Sy

Notation 5.9. Let V' be a finite-dimensional vector superspace. Consider the action
of S, on S = {1,...,d}" given by U((il,...7in)) = (lg-1(1)s -+ s lg-1(n)). Fix I =
(i1,...,0n) € fn(V) C S and take H = Stabg, (I), O = Orbg, (I). By abuse of notation,
we will denote by Sy, (I) any left transversal of H in S,,. Note that by the Orbit-Stabilizer
Theorem, the multiset {o(I) | o € S,,} is the orbit O, where each element has multiplic-
ity |H|, whereas the multiset {o(I) | o € S, (I)} has the same elements with multiplicity
one. We will use the notation S, (I) for parametrizations of O without repetitions. In
particular, S, (I) will be used as a set of indices for sums where we do not want to repeat
elements of O (if char F = 0, this is equivalent to iterate on S,, and divide the sum by
|H|). If all entries in I are different, then we have S,,(I) = S,,.

Notation 5.10. Let V be a finite-dimensional vector superspace. Let I = (i1,...,4,) €
f(p’n_p)(V), J = (J1,---jn) € f(q’n_q)(V) with 0 < p,q¢ < min(dg,n). Take an

even supermatrix A = (a;;);; = diag(Ag, A7) € M(ay)a;)x(r)s)(F) = Maxn(F), with
A € Mayxr(F) and A7 € Mg;«s(F). Identify as subgroup S, x S,—, < S, (as in
Notation 5.8). We define the (alternating) (I, J)-superminor of A by

Mpg(A) = Y sgi,, (0[] i (5.24)
oeSn(I) =1
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We may also refer to alternating superminors as detper-superminors. By the block struc-
ture of A it follows that

M\I’,I(A) = (Z sgn(o) ﬁaia(twt)( Z ﬁ aip(t),jt) (5.25)

o€S,y PESn_p(I) t=p+1

Note that M\I,J(A) = 0if p # q. If I = J, then the superminor will be said to be a
principal superminor.

Consider the case withn=d—1. For 1 <4,j <n,let ; =(1,...,i—1,i+1,...,d),
I = (1,...,5 = 1,j + 1,...,d). Then the term M;;(A) := M, 1,(A) will be called
the (alternating) (i, j)-superminor of A. Also, (i, j)-superminors will be referred to as
(alternating) first superminors.

The following result generalizes [3, Chap.3, §8.5, Prop.9 & Prop.10].

Proposition 5.11. Let V and V' be finite-dimensional vector superspaces. Let B = {v;}L_,
and B = {v] ?,:1 be parity-ordered bases of V and V', respectively. Consider the associ-
ated bases B, = {éf}lefn(v) and gn = {ég"}l’efn(w) of \"V and \" V', defined as in
(5.18) by using B and B'. Then:

1) Take a parity-ordered subset {w;}"?_; C 'V, with {w;};_, C V5 and {w;}7_. ., CV;
for some 0 < r < min(dg,n), let s =n—r, and set wj = Zle a;jv;. Consider the
even supermatriz A = (ai;)i; = diag(Ag, A1) € Mdyd;)x(r]s)(F) = Maxn(F), with
Ag € Mayxr(F) and A; € Mg, xs(F). Let J = (1,...,n). Then

Njwj = Z M 5(A)er, (5.26)
IeT, (V)
where ﬂLJ(A) =04fI¢ f(r’nir)(V).
2) Let h: V. — V' be an even homomorphism of vector superspaces, and let A =
(aij)ij = diag(Ag, A1) € M jay)x(dgldy) (F) = Marxa(F) be its coordinate matriz
on the bases B and B’, which is an even supermatriz with A € Mdéxdﬁ (F) and
Az € Mt xay (F). Then, the coordinate matriz of h\" in the bases B,, and g; 18

An o, A
AN = (MI,J(A))I,ei“(v,))lein(v). (5.27)

~(rn—r) ~(s,n—s)

(Here, ./T/l\[/J(A) =0ifr#s, where [ €T V), I'eZ v".)

Proof. 1) Let B* = {fi}%_, be the dual basis of B, and B\Z the F-dual basis of B,
constructed from B* as in (5.19). Then
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d

Ajwj = A, (Z az‘j”i) = Y Nlakvr) =Y (ﬁl akt,t) (/\tvkt>-

i=1 By ki ki,ookn ¢

k .
)(V), the coefficient of A;crv; € B, in the coordinates of

Ajwj in B, is given by m;lﬁ( Nier fis /\jwj). Besides,

~(kn—
For I = (i1,...,in) € 7'

~

K7 VF( Nier fin Ajwy) = Nflﬁ( Nier fis Z (H am,t) (/\tvkt>) =(x), Not. 5.9
t=1

kl:---;kn

= /il_lﬁ( /\’LEI fi) Z (H a,ia(t%t) (Atvig(t))) :(5‘23)

T€Sa(I) t=1

n
= ’f;l Z S/gﬁk,nfk(o')ﬁ( Nier fi, (H aia(t),t) Nier 'Ui)

oceSn(I) t=1

= Z Sg/\nk,nfk(o—) H iyt = MIJ(A)'
t=1

UGSH(I)

In equality (x) we have used eq. (5.21), so that the terms not proportional to A;cyv; can
be dropped (any permutation of the indices in I has to be included).

~(k,n—k
9) Let T = (i1,...,in) € 2" (V). Then

d/
h/\n(éI) — h/\”(/\jvij) = /\j (h(’UZJ)) = /\]’ (Z at)ijvé) = Z M[I)I(A)é/p,
t=1

IeZ, (V')
where the last equality follows by 1). O

Definition 5.12. The matrix A", defined as in (5.27) from an even supermatrix A =
diag(Agp, A7), will be called the n-th alternating superpower of A. Then A" can be
regarded as an even supermatrix whose rows and columns are indexed by fn(V’ ) and
Z,(V), respectively.

Notation 5.13. Let V' be a finite-dimensional vector superspace. Consider the morphism
of affine group schemes ¥,,: GL°(V) — GL(A\" V) given by

(Un)r: GLY(V)(R) := GLY(VR) — GLO(/\ V)(R) := GLY(\ V), @+ "
(5.28)

/\n)fl —

Given @ € GL%(VR), it is clear that "™ is even and invertible, with inverse (¢
(e~ 1" and therefore ¥, is well-defined. Moreover,

g (R) = {ridy |r € R, v =1} < ker(¥,)r < GLY(Va).
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A description of the affine group scheme ker @n is given by the following result.

Proposition 5.14. Let V' be a finite-dimensional vector superspace. Let @n be defined as
above.

1) If V is even and has dimension n, then ker \Tln ~ SL,,.
2) Otherwise, ker ¥,, ~ ...

Proof. Let ¢ € ker(@n) r for some associative commutative unital F-algebra R. No-
tice that Proposition 5.11 also holds for the scalar extension Vg. Let A = (a;)i; =
diag(Ag, A7) € GL(d 1a;) (1) be the coordinate matrix of ¢ € GL%(VR) in a parity-
ordered basis B, and consider the associated basis B, of A"V asin (5.18). As usual, we
can regard A as an even supermatrix. Si/rice Y E ker(A )r and by Proposition 5.11-2),
we have that (6[7J)I7Jei-n(v) = AN = (MI,J(A))I’Jan(V).

In particular, if V' is even of dimension n we get (1) = A" = (det(A)), which
proves case 1). Now consider the case where V is even and n < d = dim V. Let S be a
principal submatrix of A of order n + 1 (by principal, we mean that we take the same
indices of rows and columns). Then, all minors (respectively, principal minors) of S are
minors (respectively, principal minors) of A. It follows that the principal first minors of
S are 1 and the non-principal first minors of S are 0. Thus, the adjugate matrix of S is
adj(S) = I,4+1. By the inversion formula, we get det(S)I,+1 = Sadj(S) = S. Since this
holds for any principal submatrix of A of order n + 1, it follows that A = rI; for some
r € R*, and therefore ¢ = ridy. Since A" = (d1,7)
have proven the property for the case where V is even.

1,763, (V) We must have r” = 1. We

From now on, assume that the odd dimension is d; > 0. We claim that A7 = rl;.
for some r € R* such that ™ = 1. To show the claim, we will only consider indices 4
and j corresponding to the rows and columns of the block Aj. For I = (4,...,%) € fn,
we get 1 = ;1 = M\I,I(A) = al*, and consequently a;; € R*. For i < j, take I=
(iy...,1) €7, and J = (4y...,4,7) EIn, andweget 0=141 —M]J( ) ar; 1a”, SO
that a;; = 0. For i < j, take I = (j,...,J) €Z,and J = (i,j,...,j) € In, and we get
0=14r5= M\I,J(A) =aj 1aﬂ, so that aj; = 0. For ¢ < j and I = (4,...,4,)) €1,
we get 1 =077 = My (A ) (n — 1)ali 2a;;a; + aly taj; = ali ' ajj, so that a; = ajj.
We have proven the claim, and the case 2) follows if V' is odd. Assume now that V is
not odd. If ¢ is an index corresponding to Aj and j is an index corresponding to Aj,
take I = (4,4,...,J) € fn, and we get 1 = 51 = /(/1\171(14) = a“a”
a;; = r. If i # j are indices corresponding to Ag and k is an index corresponding to Aj,
take I = (i,k,...,k) € I, and J = (j,k,..., k) € I, so that 0 = &; ; = My s(A) =
aijazk_l = aijr"_l, thus a;; = 0. We have proven that A = rl;, and the result follows. O

P a;r™ 1, thus

Notation 5.15. We claim that if (¢,h) € Autgr(Lgr,Mg), then we have (¢, h"") €
Autg(Lgr, A" Mz). Indeed, by Notation 5.13, we know that h"" € GL% (A" Mg). Be-
sides, for homogeneous = € Lg, vy € Mg we have that
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R (x . (/\ivz) = p"" <Z (H N, Uk)vl Ao AN(T-v) A A vn>

i k<i

= Z(H%,m)fl(vl) A ANh(x-v) A Ah(vg)

i k<i
= > (TT e nton ) A1) Ao A (o) - blw)) A+ A ()
i k<i

= () - (A h(vy)) = @(x) - (K™ (Aivi)),
and there exists (o, ")t = (¢, (h™1)"") € Autp(Lg) X GL%(/\" Mpg), which proves

the claim. Consequently, there is a morphism of group schemes ®,: Aut(L,M) —
Aut(L, \" M) determined by

(Pn)r: Aut(L, M)(R) := Autr(Lp, Mg) — Aut(L, /\ M)(R) := Autr(Lg, /\ Mr),

(. h) — (o, "),
(5.29)

Moreover,
Mn(R) = {(idL,T’idM) ‘ re R, r" = ].} < Au‘ER(LR,1\4]:‘{)7
thus p,, < ker(®,,).

Proposition 5.16. Let ®,, be defined as above. Then ker ®,, = Aut(L, M)N (1 x ker ¥,,).
In particular:

1) If M is even and has dimension n, then ker 3, = Aut(L,M)N(1xSL,).
2) Otherwise ker ®,, = 1 x pu, >~ p,,, and therefore Aut(L, M)/ p,, < Aut(L, \" M).

~

Proof. This follows from Proposition 5.14 and Notation 5.15. 0O
6. Symmetric superpowers of Lie supermodules

Throughout this section, unless otherwise stated, we will assume that M is a nonzero
finite-dimensional L-supermodule, where L is a Lie superalgebra. As in the previous
section, the results where the L-action is unimportant will be stated in terms of a finite-
dimensional vector superspace V' (which is just the case M =V, L =0).

Definitions 6.1. Let n > 2 and consider the vector subsuperspace of X" M given by

R, = ]v%n(M) i= span{ @k Uk — v, vy Tiit1 (Drvr) | 0 # vp € MagUM7,1 < i <n}, (6.1)
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where 7;; is the map defined in eq. (5.1) for 1 < i < j < n. We will also denote

R, = RZ(M) = R, (M*). It is not too hard to see that
Ro={v—c-v|veX"M,oe8,}, (6.2)

with the action o - v defined as in Remarks 3.1-1).

The elements of the vector superspace \/™ M := (X" M)/R,, will be called symmetric
supertensors. Note that if M is even, then \/" M is a symmetric power of M, and if M
is odd, then (as a vector space) \/"" M is an alternating power of M. We will use the
convention \/1 M := M. The projection of a pure supertensor vy ® - - - ® v, in \/" M will
be denoted by vy V- - -V, or just V,;v;, and referred to as a pure symmetric supertensor.
Note that the parity map of \/" M is given by e(V,v;) := >, e(v;) for homogeneous
elements v; € M. We will say that V,v; is parity-ordered if there exists k € {0,1,...,n}
such that v; € Mj for i < k and v; € M3 for j > k.

Note that R, is an L-subsupermodule of X" M, because for elements x € L, v €
X"M, o € S,, we have

~

z-(v—o-v)=z-v—0-(x-v) € R,.

Consequently, \/" M becomes an L-supermodule with the action given by

n

x - (Vi) == Z(Hnw,vk)vl Ve V(zov) Ve Vo, (6.3)

=1 k<i

for each homogeneous x € L, v; € M. We will refer to (L,\/" M) as the n-th symmetric
superpower of the Lie supermodule (L, M).

Remark 6.2. Let dj := dim Mj and d; := dim M7 be the even and odd dimensions of the
Lie supermodule M, and d := dim M = dg + dj. Note that for an odd Lie supermodule
M, \/" M (regarded as a vector space) is just the usual alternating power, so that
V"M = 0 for n > dim M. Without further mention, we will only consider the cases
with \/" M # 0, i.e., we will assume ‘ n<difdg=0 ‘ On the other hand, we will also

assume ‘ char F =0 or char F > n if dj > 0
bilinear form F defined in (6.6).

, which will grant nondegeneracy for certain

Notation 6.3. Let L be a Lie superalgebra and M a finite-dimensional L-supermodule.
Our next goal is to construct a bilinear pairing of L-supermodules \/" M* x \/" M — F.

Let (-,-): @"M* x ®" M — F be the bilinear form defined as in (3.5), where we
consider M; = M for each i =1,...,n. Now define a new bilinear form by

F:X"M* xX"M —F,  F(fv):= Y (fo-v), (6.4)

gESy
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for all f € @"M*, v e @®"M. With the same arguments used in Notation 5.3, one
checks that

F(f,O"’U):F(f,U)ZF(O"f,’U), (65)

for all f € Q" M*, v e ®"M, s € S,, and also that F is a bilinear pairing of L-
supermodules.
By (6.5), it follows that F' satisfies the properties

F(f,?)*O"U)ZOZF(f*O"f,’U),

so that F(®" M*,R,) =0 = F(IV%Z, ®" M). Thus F induces a bilinear map

F: \n/M*x\n/M—>IF, (6.6)

which is also a pairing of L-supermodules. (We will show in Notation 6.5 that Fis
nondegenerate.)

Notation 6.4. Our aim now is to obtain an explicit expression for the bilinear form Fin

(6.6).
As in Notation 5.4, we will consider the vector superspaces @, M for o € Z%, and the
vector superspaces ®(k’n_k) M. For a = (g, ...,a,) € Z%, consider again the ordered

sets ¢5(a) and ¢7(a). We will denote the image of ®(k’”_k) M on the quotient \/" M
by \V*" 8 M. (For k such that n — k > dy, we have \/®" ™) Af = 0, which can be
proven as for alternating powers in the non-super case.) The relations in R, show that
\/(k’"_k) M is also the image of ®" Mz © ®" " My on the quotient. ( :
- (kEn—k

 (k,n—k
Let R; : = R, ﬂ®kn ¥ M, then it is easy to see that Rnf@k o ,
and it follows that

min(dy,n) (n—k,k)

\/M_ @ \V M (6.7)

« (k,n—k) ~ n— n— ,
Let F denote the restriction of F' to \/(k’ MM x \/(k’ M M. By (5.6) and

(6.7), we have that

P min(di,n = (n—Fkk)
F=min(din) G0 (6.8)

For convenience, we introduce the perdet operators, defined as a combination of the
permanent and the determinant. For 0 < k <n and A = (a;5)i; € My (F), set

perdet,, , (A) = per((aij)1§i7j§k) det((aij)k<i,j§n>, (6.9)
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where we use the convention det()) = 1 = per(f)) for the “empty submatrix”. Also,
consider wy, defined as in (5.12).
Fix k with 0 < n —k < min(d;, n). With the same arguments as in Notation 5.4, it is

« (k,n—k)
not too hard to see that F' is given, for parity-ordered elements, by
(k,n—k) (k,n—k)

« (k,n—k) N
a :\/ M*x \/ M—F, (6.10)

(Vifis Vjvj) ¥ wn_j perdety, ,, (((f,, vj>)ij).

In general, for parity-ordered elements V;f; € \/(7"’"_7") M*, Vv, € \/(s’n_s) M, we
have

F(\/ifi, vj”j) = Wn—r perdetr,nfr ((<fza vj>)w) = Wn—s perdets,nfs <(<f27 ’U]>)U) ’
(6.11)
because perdet,.,, . (((ﬁ7 vj>)ij) =0 = perdet, ,, (((fz, vj>)ij) if r # s.

Notation 6.5. Finally, we will describe some properties of the bilinear form F in (6.6).
For k such that 0 < n — k < min(dj, n), consider the family of ordered n-tuples

=1 (M)
== (1, in) | 1< <o <ig < dg < ipeyr <00 < < d},  (6.12)
and
-~ -~ ~(n—k,k)
In=T,(M):= U 7 (M). (6.13)
0<k<min(dj,n)
-~ ~(k,n—k)
The elements of Z,, and Z will be used as sets of ordered indices of supermatrices,

where k and n — k correspond to the number of indices coming from the even and odd
subspaces, respectively.

Fix a basis B = {v;}¢_; of M such that By := {vi}fil and Bi = {vi}f:d()H are bases
of My and My, respectively. Let B* = {f;}&, be the dual basis of B. Thus B = {fz}fil
and B := { fi}fz dg+1 ATe the dual bases of By and B;. The relations given by R, show
that \/"™ M is spanned by the set

Bn = {é[ = Vierv; ‘ Ie .'\Z/-n}, (614)
and similarly \/" M* is spanned by

B, = {& = Vies fi | 1 €T,). (6.15)
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Consider ky defined as in (5.20). Then, by (6.11) it is clear that
F(é? €y) = k101 g = Kjor,J. (6.16)

Since we are assuming that char F = 0 or char F > n whenever dj > 0, it follows
from (6.16) that F defines a dual pairing (i.e., Fis nondegenerate), and also that B,
and B’Z are bases of \/" M and \/" M*, respectively. Unfortunately, B,, and BZ are not
F-dual bases in general. It is clear that

n min(dy,n)
. = =~ di\ [dg+ (n—k)—1
im0 ) e

k=0

Since F is a dual pairing of supermodules, it defines an isomorphism of L-supermodules

Definition 6.6. The Lie supermodules duality map F defined in (6.6) will be referred to
as the n-th symmetric superpower of the corresponding Lie supermodules duality map
M* x M — F. It will be denoted by (-,-) in further sections.

Notation 6.7. Let L be a Lie superalgebra. Given a homomorphism of finite-dimensional
Lie supermodules, h € Homyp (M, N), it is clear that h®" € Homp(®" M,R" N),
and h®" (Rn(M)) C R,(N) because h is even. Thus h®" induces an element hV™ €
Homp, (\/" M,\/" N), given by hV"(V;x;) = V;h(x;) for any elements x; € M. It is also
clear that the composition of two homomorphisms, hy and hs, satisfies the property
(hg o hy)V™ = hy™ o hY™.

Consider now the case M = N, i.e., h € Endp(M). Let h* be the dual map of h for
the bilinear pairing (-,-): M* x M — F, and (hV")* the F-dual map of A¥™. Then for
parity-ordered elements V; f; € \/(k’n_k) M* and V,v; € \/(k’n_k) M, we get

F(Vafi, BV (Vjv5)) = F (Vi fi, Vih(0))) = wns perdetk,nfk(«fiv h(vj)>)ij)
= e perdety, i (((0*(f2),03)),; ) = F(Vi " (£3), Viy)
= F((h*)vn(\/ifz‘)7\/j“j)’
thus (R*)V™ = (hV™)*.
Notation 6.8. Let k be such that 0 < n—k < min(d;,n) and identify Sy x S,,_j with the
subgroup of S,, that fixes the sets {1,...,k} and {k+1,...,n}. Let T = (i1,...,i,) €

~(k,n—k) -~
7 and consider the parity-ordered element é; := Viecrv; = Vyv;, € B,. For each

permutation o € Sy, let sgny, ,, ;. () denote the sign defined by

Viervi = S8y, , 1 (0) Vi Vi), (6.18)
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and note that sgn, ,,_,(op) = sgn(p) for o € Sk, p € Sy

Notation 6.9. Let V' be a finite-dimensional vector superspace. Let I = (i1,...,i,) €
V( = ) v( = )

o V), J = 1y n) EIq ! (V) with p and ¢ such that 0 < n —p,n—q <
min(dj, n). Take an even supermatrix A = (a;;);; = diag(Ag, A7) € Magay)x(rjs)(F) =
Maxn(F), with Ag € Mg, (F) and A7 € Mg, «s(F). Identify as subgroup S, x S,,—p <

Sp (as in Notation 6.8). We define the (symmetric) (I, J)-superminor of A by

Mis(A) = > sgm,, Haww (6.19)

UES',L(I)

We may also refer to symmetric superminors as perdet-superminors. By the block struc-
ture of A it follows that

:( Z ﬁaiaawﬁ)( Z sgn(p H alp(twﬁt) (6.20)

ceS,(I)t=1 PESn—p t=p+1

Note that MI,,](A) = 0if p # q. If I = J, then the superminor will be said to be a
principal superminor.

Consider the case withn=d—1. For 1 <i,j <m,let I; =(1,...,i—1,i+1,...,d),
I; = (1,...,5 —1,j +1,...,d). Then the term M;(A) := My, 1,(A) will be called
the (symmetric) (i, j)-superminor of A. Also, (i,j)-superminors will be referred to as
(symmetric) first superminors.

Proposition 6. 10 Let V and V' be finite-dimensional vector superspaces. Let B = {v;}¢_,
and B' = {vi}¢_| be parity-ordered bases of V and V', respectively. Consider the associ-
ated bases B, = {el}lefn(v) and Bn ={en}, of "V and \J" V', defined as in
(6.14) by using B and B'. Then:

€L, (V")

1) Take a parity-ordered subset {w;}"?_; CV, with {w;}i_y C V5 and {w;}}_,. , CV;
for some 1 such that 0 < n—r < min(d;,n), let s =n—r, and set w; = Z?Zl a;jv;.
Consider the even supermatriz A = (a;j); = diag(Ag, A7) € Maylay)x(rls)(F) =
Maxn(F), with Ay € Ma;xr(F) and A7 € Mg, xs(IF). Let J = (1,...,n). Then

Vijw; = Z M}J(A)é[, (6.21)
I€Z, (V)
— = (rmn—r)
where My ;(A) =01 I ¢1 (V).
2) Let h: V. — V' be an even homomorphism of vector superspaces, and let A =
(aij)ij = diag(Ag, A1) € Majay)x(dglar) (F) = Marxa(F) be its coordinate matriz
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on the bases B and B’, which is an even supermatriz with Ay € Md%xdﬁ (F) and

~ !
Az € Md%Xdi (F). Then, the coordinate matriz of hV™ in the bases By, and B,, is

A= (o) vy ey (62)
- . ~(rn—r) , ~(s,n—s) ,
(Here, Mp 1(A)=0ifr #s, where ] € V), I'eTl v".)

Proof. The proof is analogous to the one of Proposition 5.11. O

Definition 6.11. The matrix A", defined as in (6.22) from an even supermatrix A =
diag(Ag, A7), will be called the n-th symmetric superpower of A. Then AY™ can be
regarded as an even supermatrix whose rows and columns are indexed by fn(V’ ) and
Z.(V), respectively.

Notation 6.12. Let V' be a finite-dimensional vector superspace. Consider the morphism
of affine group schemes ¥,,: GL(V) — GL°(\/" V) given by
_ _ _ n _ n
(Un)r: GLY(V)(R) := GL§(Vi) — GLO(\/ V)(R) := GLR(\/ V&), ¢+ ¢"".
(6.23)

Vn)—l —

Given @ € GL%(VR), it is clear that ¢V is even and invertible, with inverse (¢
(=)™, and therefore ¥, is well-defined. Moreover,

p,(R) = {ridy |r € R, r" =1} < ker(¥,) g < GLY (V).
A description of the affine group scheme ker U,, is given by the following result.

Proposition 6.13. Let U, be defined as above.

1) If V is odd and has dimension n, then ker \\I//n ~ SL,,.
2) Otherwise, ker W, ~ p, .

Proof. The proof is analogous to the one in Proposition 5.14 O

Notation 6.14. We claim that if (¢,h) € Autgp(Lgr, Mg), then we have (p,h""™) €
Autr(Lg,\/"™ Mg). Indeed, by Notation 6.12, we know that A" € GL%(\/" Mg). Be-
sides, for homogeneous = € Ly, vy € Mp it is easy to see that

Y™ (- (Vi) = @(a) - (K™ (Vivy)),

and there exists (¢, h¥") 7! = (¢!, (R71)V") € Autr(Lg) % GL%(\/" Mpg), which proves
the claim. Consequently, there is a morphism of group schemes d,,: Aut(L, M) —
Aut(L,\/" M) determined by
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n
(®,)r: Aut(L, M)(R) := Autg(Lg, M) — Aut(L \/M = Autg(Lg, \/ Mg),

(0, h) — (0, B'™).
(6.24)

Moreover,
p,(R) ={(idg,ridp) |7 € R, " =1} < Autr(Lg, Mg),
thus p,, < ker(®,,).

Proposition 6.15. Let ®,, be defined as above. Then ker ®,, = Aut(L, M)N (1 x ker ¥,,).
In particular:

1) If M is odd and has dimension n, then ker ®,, = Aut(L, M) N (1 x SLy,,).
2) Otherwise ker ®,, =1 x p, ~ . , and therefore Aut(L, M)/, < Aut(L,\/" M).

~

Proof. This follows from Proposition 6.13 and Notation 6.14. O
7. Alternating superpowers of metric generalized Jordan superpairs

Definition 7.1. Let (L,M,b) € MFLSM and (V,{--)) € MGJISP be nonzero
corresponding objects through the Faulkner correspondence. The Lie supermodule
(L, \" M, b) is not necessarily faithful, but by the Faulkner construction, it defines
an object (A" V,(-,-)) € MGJSP that will be called the n-th alternating (or exterior)
superpower of (V, {-,-)) in the class MGJSP. The object in MFLSM that corresponds
to (A" V, (-,-)) will be called the n-th alternating superpower of (L, M,b) in the class
MFLSM, which is given by (L, A" M, b), where L is a quotient of inste(L, A" M), and
b is determined by b (this follows from [1, Prop.3.3]).

Remark 7.2. Throughout this section, and without further mention unless otherwise
stated, we will only consider objects (V,(:,-)) € MGJSP and n > 1 such that both
vector superspaces VT and V™~ satisfy the conditions from Remark 5.2. This will avoid
considering the case where A"V = 0, and the restrictions of char (F) are necessary for
nondegeneracy of the bilinear form (which is used in the Faulkner construction).

Notation 7.3. Again, we need more auxiliary notation. For 1 <4, j,p, ¢ < n, define:

_1)i+j7 fOI' Z S p7j S q,

(
~ T ~ .. (_1)i+n7 for i < o J>q,
$paa(s3) = Spgn(iy ) = . (7.1)
o m (=1y*tn, fori>p, j<gq,
1

, fori >p,j > q.
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Proposition 7.4. Let V be a nonzero object in MGJSP, 1 < n € N, and W = \" V.
Then:

1) The bilinear form (-,-) on W is given by the n-th alternating superpower of the
bilinear form of V. That is, it is determined, for parity-ordered elements N;f; €
/\(p,nfp) V=, A € /\(q,nfq) VF, by

(Nifis Njuj) = wn—p detper, ,,_, <(<f“ vj>)ij> ’

which is zero if p # q.
2) Fix 0 € {+,—}. For parity-ordered elements A;f; € /\(p’n_p) V™7 and Njv; €
/\(q’"_q) V7, the spanning elements of instt(W) are of the form

V(Aifis Njvj) = wWnp Z Spali J) i (B)v(fisv5), (7.2)

,j=1

where M\ij (B) is the alternating (i, j)-superminor of the even supermatriz
B = diag(Bg, B1) := ({fi,v5))ij € Mpln—p)x(gln—g)(F)-
3) Fiz parity-ordered elements N;f; € /\(p’nfp) V77, Ajv; € /\(q’nfq) Vo, Npgr €

/\(T’nﬂ’) V=9, for some o = &. Then the triple products of W are given by

{Nifis Njujs Akgrt = wn—p Z é\p,q(iaj)Mij(B)(H TIgt,D(fi,vj))gl ARee

ij.k=1 t<k
/\{flyvjvgk}/\/\gna (73)

where B := ((fi,vj>)ij S M(p\n—p)x(q\n—q)(]F)- R
4) There is a morphism of affine group schemes Q,: Aut(V,(-,-)) — Aut(W,(-,-))
given by

(Q)r: Autp(Vg, () — Autr(Wr, (-,-)),

- ot An —\An ¢, _+\An (7.4)
p=(p7,9") =" = ()" (1)),
Furthermore:
i) If V is even and dimV = n, then ker Q,, = SL,, N Aut(V, (-,)) and
Aut(V, (-,-))/ ker Q, < Aut(W, (-,-)) ~ Gy, . (7.5)

ii) Otherwise, ker Q, =, and

n

Aut(V, (-, )/ py, S Aut(W, (-,-)). (7.6)

~
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Proof. 1) The property follows from the Faulkner construction.

2) We will prove the property by nondegeneracy of b. Fix a homogeneous element
z € inste(W) and parity-ordered elements A;f; € AP P V=7 Aju; € AP pe,
There are three nontrivial cases to check.

e First, consider the case where x is even and p = q. Then:

b(x, [Nifis Ajvs]) =21y (@ (Nifi)s Ajug) =D (AN A@e fi) Ao A fus Ajoj)

%

(foon) o (fi,vp)
=y dodet | (o for) o (@ fiu) | per((rvDness)
i<p : :
(fprv1) (fp>vp)
(for1,0pt1) o {fpr1,0n)

+ wp— pZdet( (fryvs) Ts<p)per <9c~fi;vp+1> (xfl,vn>

/L>p : e :
<fnvvp+1> <fn7Un>
= Wn—p JZ<;D Z+J x - fi, Uj> det <(<f7"a U9>);;;7;§];> per(((fT‘a Us>)r,s>p)

+ Wn—p Z det( ({fr,vs)) Ts<p) (x - fi,vj>per <(<fr7vs>)i¢r>p> =(2.21)

ij>p J#s>p

=wnep 3 ()M (B)b(, [fi,0)]) + wnep ¥ Mig(B)b(z, [fi,v;])

4,j<p 4,5>p

= b, ,,ngq i) M3 (B) [ i, v5))-

e Second, consider the case where z is odd and ¢ = p + 1. Then:

b(z, [Aifi, Njvj]) =@o1y (@ - (Aifi), Ajus)

= S (T ) A A F) A A s )

i t<u

=D CO)TPFA A A @ fi) A A s Ajuj)

i>p

=S A A A@ F) At Ao A fima A fixt Ao A fui Agoy)

i>p
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(fi,v1) - (f1,0p41)
NP d ryUs))i#tr =(5.1¢
Wn—p 1; et <fpyvl> (fp,va} per<(<f v >);>épﬁ> (5.13)
- fi,v1) oo (- fi,vpta

= Wy (1) Y (—1)j+p+1det<(<fmvs>) r<p ><x'fi’vj>'
i>p j#s<p+1
J<p+1

: per(((fr, US>)i757’>p>

s>p+1

= Wn—p Z n+J d6t< <fTva>) r<p ><x'fiavj>per<(<fr7vs>)i7fr>p) =(2.21)

i>p Jj#s<p+1 s>p+1
J<p+1

= Wn—p Z nﬂM (B)b(w, [fi,v1]) *b<m Wn— ngpq i J) ij(B )[fu”]])

1>p 1,
J<p+1

e Consider the third case, where x is odd and ¢ = p — 1. Then:

b(z, [Aifi, Njvj]) =@o1y (@ - (Aifi), Ajug)

= ST (T U A A G A A fo )

7 t<i
:Z<f1/\"'/\(x'fi)/\"'/\fn;/\jvj>
i<p
=D EDTFPA A Afict Afigt A A Sy M@ fi) A gt Ao A fuy Ajj)
i<p
<§f1avp> %?fzvvn;
p+1,Up c p+1,Un
= Wn—p+1 Z z+p det( .fra vs>)z;§2§p> per +:1 : +? =(5.13)
= <fn7Up> <fn7vn>
= wn—p(—1)"*7P ;(1)””@ + fisvj) det <(<fmvs>)i;§2§p> per(((fm M)jggp)
Jjzp
= Wn—p ; n+l z - fi, vj> det <(<fr7 Us>)i7§2<pp> per <(<fr7 Us>)j;?£p> =(2.21)
Jjzp
= wn_p 3 (=) M (B)b(, [ i, v;]) :b(x,wn_pZ6p,q(z‘,j)/\7ij(B)[fi,vj]>.
i<p %,

Jjzp
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Finally, we conclude that the property follows by nondegeneracy of b, and then applying
the epimorphism T in (2.23).
3) The property follows since:

{Nifis Njvj, Aegr} = v(Aifi, Njvg) - (Akgr) =(7.2)

= wnep Y Cpgi )M (B)(fi,05) - (Migi) =(s.0)
,J

= Wn—p Z 6P’q(ivj)ﬂij(3)(n ngt,D(quj))gl AR (V(fiavj) : gk) N Ngn

.5,k t<k
= Wn—p Z E\p,q(iaj)Mij(B)(H ngt,D(fiﬁvj))gl AN ANfi v, gy A A g
.5,k t<k

4) Fix parity-ordered elements A;f; € /\(p’n_p) Vi, N\jvj € /\(p’n_p) Vi, and ¢ €
Autg(Vg, (-,-)). Then

(7)™ (i), ()™ (Age3)) = (i (i), g™ (7))
= wn-pdetper, ,, (7 (i)™ (03))) ;) = wn-pdetver, ., (((fisv3) ;)
= (Aifis N\jus),
thus (-,-) is Aut(V, (-,-))-invariant, and consequently so it is the matrix B (and its

minors) associated to the elements A; f; and Ajv;. Then, for A; fi, Ajvj, Argr as above,
we have

(@) ™ ({Nifir Ajvjs Argr}) =

= (07" (wnp D= S0 DMu (B[] e pri) )91 A A (Fivvgegi} Ao Mg

3,9,k t<k

= wnp ) Spali My (B) (H W*(gtLD(W(ff,),so*(vj)))'
1,5,k t<k
T (g) A AT (fi) o (), 0 (gr) Y A - A (9n)
= {Aie™ (f0), it (vg), Awe™ (gr)}
= {(@7)"(Nif0), (@) (Aj0), (7)™ (Argi) Y

which also holds, analogously, for the other triple product. We have proven that " €
AutW, (-,-)).

i) Since W is 1-dimensional, we have Aut(W, (-,-)) ~ G,,,. By Proposition 5.14, it
is clear that ker(), = SL,, NAut(V,(-,-)). It is obvious that Aut(V,(-,-))/ ker Q, <
Aut(W, (-, ).

i1) By Proposition 5.14 we get ker ﬁn = u,,, and the result follows. O
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Example 7.5. Recall from [15] that the simple Jordan pairs of type I are given by V,(LI)m =
My (F), My i (F)) (here n,m € N are arbitrary with n < m and char F # 2), with
generic trace

t(z,y) =t (z,y) == tr(ay"),

and triple products

{z,y,2} =y 2+ 2y 2.

It was shown in [1, Ex.4.7] that (Vy(llm, t) € MGJP. Simple Jordan pairs of type II are

the Jordan subpairs of VT(LI)n given by Vy (-, = (A,(F), A, (F)), where A, (F) is the vector

space of n X n antisymmetric matrices, and their generic trace is given by

t(l’,y) = t(H wayzg

1<j

Consider the basis {EU | i < j} of A,(F) where Eij := E;; — Ej;, and note that
L = —Fy;. Fori < jand k <1, it is easy to see that

t( )(E1J7 Ekl) - 2(6zk5ﬂ - 5zl5]k) - 251k63 )(Ezja Ekl)

so that tI) = %t(l) on V,(IH). Consequently, ¢t (which is nondegenerate) inherits the
good properties from ¢, so that (Vy(ln), t) € MGJP. Then we have that

(Eivie — Eigi)(Ejrja — Ejoji) (Ekiky = Eioky) =
= (8izj1s Eirjo + 0irjoBinjy — OinjoEirjy — 6irji Bigja) (Eryky — Eiaky )
= (04242 0j1ks — Oingy Ojaka ) B + (8injs Ojaky — GingaOjiker ) By kea
+ (011 05aks — 0i152051k0 ) Eisky + (0i152051k1 — 04151050k ) Pigkess

and swapping the labels i <> k we get

(Eklkz - Ek2k1)(Ej1j2 - Ej2j1)(Ei1i2 - Eizil) =
= (5k2j26j1i2 - §k2j16j2i2)Ek1i1 + (5k2j1 6j2i1 - 6k2j25j1i1)Ek1i2
+ (5k1j15j2i2 - 5k1j26j1i2)Ek2i1 + (5k1j25j1i1 - 5k1j15j2i1)Ek2i2'

Therefore, the triple products of VT(LH) are given by

~

{Ei1i2’Ej1j2>Ek1k2} =
= (Eiliz - Ei2i1)(Ej1j2 - Ejzjl)(Eklkz - Ek2k1)
+ (Eklkz - Ek2k1)(Ej1j2 - Ej2j1)(Ei1i2 - Ei2i1)
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= (6i2j25j1k2 - 5i2j1 5j2k2)Ei1k1 + (5i2j16j2k1 - 5i2j26j1k1)Ei1k2
+ (Girg1 Ojaks = OirgoOjika) Eigky + (0i15a0jiky = Oirjy Ojaky ) Bk
and the generic trace by
t(Ei1i27Ej1j2) = 6i1j1 5i2j2‘

Now, consider two copies of the canonical basis {e;}?_; of Mj ,,(F), regarded as bases
of the subspaces of Vl(!lzl, and note that

t(ei’ej) = 5ij,
and
{ei, ej,er} = dijer + dije;.

Then {e; Aej |1 <i<j<n}isa basis for both vector spaces of the pair V = A\ Vl(IBL
Assuming 1 < iy < iy <mnand 1 < j; < jo <n, the bilinear form of V is given by

(€i, Neiyyej, Nejy) = det ((t(ei, , ej,)rt) = det (8,5, k)
= 0iyj10inja — Oingy Oiyjo = 0iyjy Oinjo-

Let M;; denote the determinant (i, j)-minor of B = (t(ei,,€;,)),, = (0ij),,- Then
M11 = 5i2j2; Mlg = 52'2]‘17 M21 = 5i1j2, M22 = (51‘1]'1, and the triple pI‘OdUCtS of V are
given by

{ei Neiy, e Nejy ep, Neg,t =
= Mii({ei,,ej,, er, } Aew, +er, Aeirs e, en,})
— Mia({ei,,ejy, €, } A €ry + ey Aeirs ey, €k, )
— Mo ({eiy,€j,, €k, } A €ery + ery A{€iy, €55 €k, )
+ Mas({eiy, €y, €6, } N er, + e, A€y, €55, €1, })

= 5i2j2 (5iljlek1 A ek, + 5k1j1 €iy N epy, + 5i1j1 €k, N ek, + 5k2j1 ek, N\ eil)
- 5i2j1 (6i1j26k1 A€y + 5k1j26i1 A€, + 5i1j26k1 N €y + 6k2j2ek1 N eil)
- 6i1j2 (6i2j1 €ky N €y T 6k1j1 €y N Chy + 6i2j1 €k, N\ €k, + 6k2j1 (A eiz)
+ 6i1j1 (6i2j2 €ky N €y T 6/€1j2 €y N Cky T+ 5i2j2 ek, N ek, + 6k2j2€k1 A ei2>
= (5izj15kzj2 - 5i2j25k2j1>6i1 A ek, + (5z‘2j25k1j1 - 5i2j15k1j2)6i1 A ek,

+ (6i1j26k2j1 - 6i1j1 5k2j2)ei2 N e, + (5i1j1 6k1j2 - 5i1j26/€1j1)6i2 N ek,
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+ 4(5i1j15i2j2 - 5i2j15z‘1j2)€k1 N €,

Finally, consider the tensor-shift VI=4] which has the same bilinear form as V, and triple
products

{eil /\eiz ) €51 A €jas Chy A ek2} =
= (5¢2j15k2j2 - 5i2j25k2j1)6i1 Neg, + (5i2j25k1j1 - 51‘2j15k1j2)6¢1 N €k,

+ (5i1j25k2j1 - 5i1j15k2j2)6i2 Neg, + <5i1j15k1j2 - 5i1j25k1j1)€i2 N €y

Assume now that there is some element i € F such that i = —1 (we can extend the
scalars if necessary). By comparison of the triple products, it follows that the pair of
maps f = (f, f1) defined by

fUZ An(]F) — /\Mlyn(F), E@'j — i@i /\ej,

gives the following isomorphism of (generalized) Jordan pairs:

pan o (/\V(U) (/2\1)921) ®V_4. (7.7)

Unfortunately, f is not an isometry of the bilinear forms. However, f is a slmllanty with
multiplier —1, that is, (f(z), f(y)) = —t(z,y). In other words, VI and /\ V1 "

isomorphic up to a tensor-shift and a similarity (simultaneously), namely (V,(LH), t) =~
(N*Vins ().
Let f :=c_;o f where & (x) := \7'z for A € F*. Then

fo(Eij) = oei Aej, (7.8)

and f defines another isomorphism ( (. —t) = (A\? V(I) (-, )74 which does not re-
quire that i € .

8. Symmetric superpowers of metric generalized Jordan superpairs

Definition 8.1. Let (L,M,b) € MFLSM and (V,(.-)) € MGJISP be nonzero
corresponding objects through the Faulkner correspondence. The Lie supermodule
(L,\/" M,b) is not necessarily faithful, but by the Faulkner construction, it defines
an object (\/"V,(-,-)) € MGJSP that will be called the n-th symmetric superpower of
(V, (-,+)) in the class MGJSP. The object in MFLSM that corresponds to (\/" V, (-,-))
will be called the n-th symmetric superpower of (L, M,b) in the class MFLSM, which
is given by (L,\/" M,b), where L is a quotient of inste(L,\/" M), and b is determined
by b (this follows from [1, Prop.3.3]).
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Remark 8.2. Throughout this section, and without further mention unless otherwise
stated, we will only consider objects (V,(:,-)) € MGJSP and n > 1 such that both
vector superspaces VT and V™ satisfy the conditions from Remark 6.2. This will avoid
considering the case where \/" V = 0, and the restrictions of char (F) are necessary for
nondegeneracy of the bilinear form (which is used in the Faulkner construction).

Notation 8.3. Again, we need more auxiliary notation. For 1 < 4, j,p, ¢ < n, define:

1, fori <p,j<gq,
(=1)7tn, fori<p, j>q,
(=1, fori>p, j<gq,
(—1)", fori>p, 7 >q.

Spoa(l:7) = pgn (i, 7) == (8.1)

Proposition 8.4. Let V be a nonzero object in MGJSP, 1 < n € N, and W = \/" V.
Then:

1) The bilinear form (-,-) on W is given by the n-th symmetric superpower of the bilinear
form of V. That is, it is determined, for parity-ordered elements V; f; € \/(p’n_p) VT,
Vjvj € \/(q’niq) VJr, by

(Vifi, Vjvj) = wn—p perdet,, ,_, ((<f“ Uj>)1’j)’

which is zero if p # q.
2) Fiz 0 € {+,—}. For parity-ordered elements V;f; € \/P" P V=7 and V,v; €
\/(q’nfq) V7, the spanning elements of instt(W) are of the form

V(VifisVivi) = Wnp Y Spalis ) Mg (B)(fi v5), (8:2)
ij=1
where Mij (B) is the symmetric (i, j)-superminor of the even supermatriz
B = diag(Bg, By) = ((fi:vj))ij € M(pn—p)x(qin—q) (F)-

3) Fiz parity-ordered elements V,f; € \/(p’"_p) V77, Vv € \/(q’n_q) Vo, Vigr €
\/(T’H_T) V=7, for some o = . Then the triple products of W are given by

{Vifi, V05, Viegr }

n

= Wn—p Z Ep,q(ivj)mij(B)<Hngt,D(fi,vj)>gl\/"'V{fiavjagk}\/"'\/gm

i,j,k=1 t<k
(8.3)

where B := ((fi,v5))ij € M (pln—p)x(qin—q)(F)-
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4) There is a morphism of affine group schemes Qn: Aut(V, (-,-)) — Aut(W, (-, -))
given by

(Q)r: Autp(Vg, () — Autg(Wr, (-, ),

(8.4)
p=(p7,9") =" = ((e7)" (¥")"M).
Furthermore:
i) If V is odd and dimV = n, then ker ), = SL, N Aut(V, (-,-)) and
Aut(V, (-,-))/ ker Q, < Aut(W, (-,-)) ~ G, . (8.5)
ii) Otherwise, kerQ, = w, and
Aut(V, (), S Aut(W, (). (8.6)

Proof. 1) The property follows from the Faulkner construction.

2) We will prove the property by nondegeneracy of b. Fix a homogeneous element
z € inste(W) and parity-ordered elements V;f; € \V#" P Y=o v e @D o,
There are three nontrivial cases to check.

e First, consider the case where x is even and p = ¢. Then:

b(w, [Vifi, Vivs]) =@on (@ (Vifi), V) = Z(fl Ve V(@ fi) Ve Vo fn, Viu5)

(f1,v1) (f1,vp)
= Wn—p Zper <x'f:ivvl> <x'fivvp> det((<f7"7vs>)r,s>p)
Goo) o Ute)

<fp+lvvp+1> <fp+lvvn>

+ wn— pzper( fravs r9<p) det <x'fi;vp+1> <xfl7vn>

1/>p : P :
<fnvvp+1> <fnavn>
= Wp— p”Zq) flavj per<(<fravs>);;;7;§g> det((<fra”s>)r,s>p)

+wn—p Z Z+j 'fivvj>per((<f7’7vs>)7"75§p) det <(<f7"’ >)1;£r>p> =(2.21)

i,j>p J#s>p

= Wn—p Z a, [fi,v5]) + wn—p Z Z—s_j/\\jlij(B)b(acv [fi,v5])

i,j<p 1,j>p
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= b(@wnp 3 G DM (B 1)

,J

e Second, consider the case where x is odd and ¢ = p 4+ 1. Then:

b(w, [Vifi, Vivj]) =@on (@ (Vifi), V05

= S (T s )1 VoV (e i) Vo f V)

i i<t

_Z DAPPH IV ( fi) VooV o, Vo)
i>p

=Y (D)Ao@ f)V fora VeV fisa Vo figt VoV f, Vi)
i>p

(fron) - {f1,0p41)

i <fp;v> <fp;’l'}p >
g @ Fv) e (@ o ipen)

- det <(<frv US>)Z'¢T>P> =(5.13)

s>p+1

= Wnp— p )P ! j{: Z+p+1 'fh1U>per<(£ﬁwvs» r<p )'

i>p J#s<p+1
j<p+1

- det <(<fr,vs>)z‘;ér>p>

s>p+1

= Wn—p Z nJﬂ z - fi,vg)per| ((frivs)) r<p det | ((fr,vs))izr>p =(2.21)
P jAsZpt+l sSpl
Jj<p+1

= Wn—p Z nHM (B)b ( [vaUJD —b(az Wn— ngpq i, j)M ( )[fz,U]])

'z>p %,
j<p+1

e Consider the third case, where x is odd and ¢ = p — 1. Then:

b(z, [Vifi, Vivj]) =@on) (@ (Vifi), V,v;)
= Z(H%ﬁ)(fl VeV fi) Ve Vo fn, Vi)
i t<i
_Zfl fz) '\/fn,\/j’Uj>

i<p

:Z<f1\/"'vfi71VfiJrl\/"'vfpv(x'fi)\/prrl\/"'\/fnavjvj>

i<p
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<x'fi7vp> <$'fl'avn>

= Wn—p+1 Zper< (frrvs) z#z%p) det <fp+:1,vp> <fp+f’vn> =(5.13)
i<p <fm'Up> <fmvn>
= anp(—l)"_pZ(—l)j_p@ + fi,vj) per <(<fravs>)i;§2<pp> det <(<fravs>)j;§§p>
i=h -

- wn_p;;)(_l)nﬂ'@ - fi,v;) per (((f,.,vé;))ifz%p) det <(<f7-,vs>)j;§§p> =(2.21)
i>p

= wn_ PZ 1)+ M;;(B)b (z,[fi,v5]) —b(m Wne pZ§pq (i,7)Mq;(B )[fl,v]])
i<p 4,J
jzp

Finally, we conclude that the property follows by nondegeneracy of b, and then applying
the epimorphism T in (2.23).
3) The property follows since:

{Vifi, Vivi, Vegr} = v(Vifi, v ‘Uj) - (Vigr) =(s.2)

= Wp— ngpq { .7 ) (fzyvj) (\/kgk) =(6.3)

= Wn—p pr,q(i,j)/\\/flij(B)(H ﬁgt,D(fi,vj))gl VeV (v(fiyv) - gk) VeV gn

i,k t<k
= Wn—p Z Spali J )(H nng(fiij))gl VeV v, gkF VoV g
i,5,k t<k

4) Fix parity-ordered elements V;f; € \/(p’nfp) Vi, Vv € \/(p’nfp) Vi, and ¢ €
Autr(Vr, (-,-)). Then
(@) (Vif), (1) ™ (Vh5)) = (Vi ™ (fi), Vi (v5))
= wp_pperdet,, ,, (((w_(fi), s0+(vj)>)ij) = wp_pperdet,, ,, (((fi, vj>)ij>
= (Vifi, V;v5),

thus (-,-) is Aut(V, (-, -))-invariant, and consequently so it is the matrix B (and its
minors) associated to the elements V;f; and V;v;. Then, for V;f;, V;v;, Vigr as above,
we have

(‘Pi)vn({vifia\/jvja\/kgk}) =(8.3)

\/n(wn pz%q 1 j )(Hngt’D(fi’,uj))gl\/.-.\/{fi”l}j,gk}\/-..\/gn)

0,5,k t<k
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=Wn_p ¥ Spali,j)Mij(B) (H %—(go,D(so—(fi),w(vj)))'

i,J,k t<k
o (g) Vo Ve (fi) 0 (), 07 (g VoV 9T (gn)
= {Vip ™ (fi), Vi (v5), Ve (gr)}
= {(e7)""(Vifi), ()" (V5v5), (97) " (Vigr)
which also holds, analogously, for the other triple product. We have proven that ¢V €
Aut(W7 <'7 >)

i) Since W is 1-dimensional, we have Aut(W, (-,-)) ~ G,,,. By Proposition 6.13, it
is clear that ker (), = SL, NAut(V, (-,-)). It is obvious that Aut(V, (-,-))/ker, <
AUt(W7 <'7 >)

1) By Proposition 6.13 we get ker Q, = W, and the result follows. O

Example 8.5. Recall from [15] that the simple Jordan pairs of type III are the Jordan

subpairs of Vn ), given by VI = (H,(F), H,(F)) (here n € N is arbitrary and char F #

2) where H, (F) is the vector space of n x n symmetric matrices, and their generic trace
is given by

t(l‘,y) = t(HI szzyzz + 22561]?/1]

1<J

As in Example 7.5, we will use the fact that (Vy(L{),,L, t) € MGJP. Consider the basis
{Eij | i < j} of H(F) where Eij := E;; + Ej; and note that E’ij = Eﬂ For ¢+ < j and
k <1, it is easy to see that

~

tM(Byj, Er) = 20061 + 0idj) = tD(Eij, Ex)

so that D = ¢t(@ on V(H ) Consequently, ¢ (which is nondegenerate) inherits the
good properties from ¢, so that (VT(LIH), t) € MGJP. We have that

(Biviy + Biyiy) (Ejrja + Ejoji ) (Ekyky + Braky) =
= (0ipj1 Eirjo + 0i1jo Einy + 0injaEivjy + 65,51 Eini ) (Eryky + Frgky)
= (04252041 ks + 0inj1 Ojoks ) Eir ey + (8injy Ojaky F OiggoOjikr ) By ke
+ (0iyj1 Ojaks + 0142 0jiks) Bigky + (0ir o 0jiky + iy gy Ojaky ) Bligkys

and swapping the labels i <+ k we get

(Eklkz + Ek2k1)(Ej112 + EJZJl)(Eillz + EZ211) -
= (6k2j25j1i2 + 6k2j1 5j2i2)Ek1i1 + (6’€2j1 5j2i1 + 5k2j25j1i1)E/€1i2
+ (5k1j16j2i2 + 6k1j26j1i2)Ek2i1 + (6’€1j26j1i1 + 5k1j16j2i1)Ek2i2'
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Therefore, the triple products of VSH) are given by
{Eili27Ej1j27Ek1k2} =
= (Ehiz + Eizh)(Ejljz + Ej2j1)(Ek1k2 + Ekzkl)
+ (Ek1k2 + Ekzkl)(Ej1j2 + Ej2j1)(Ei1i2 + Ei2i1)

= (5izj25j1k2 + 6izj16j2k2)Ei1k1 + (5i2j16j2k1 + 5izj25j1k1 )Eilkz
+ (5i1j15j2k2 + 6i1j25j1k2)Ei2k1 + (5i1j26j1/€1 + 6i1j1 5j2k1 )EiQkQ’

and the generic trace by
t(Ei1i27Ejlj2) = 2(6i1j26izj1 + 6i1j1 6i2j2)'

Now, like in Example 7.5, consider two copies of the canonical basis {e;}?_; of
M o (F), regarded as bases of the subspaces of Vl(’lzl, and recall that

t(ei,ej) = dij,
and
{61', €5, ek} = 5ij€k + 5kjei-

Then {e; Ve, | 1 <1i < j < n} is a basis for both vector spaces of the pair V = \/2 V{IZL
Assuming 1 <4y < iy <nand 1 < j; < jo <mn, the bilinear form of V is given by

(€i, Veiy,e5, Voejy) = per ((tei,, €5,) k1) = Per ((0i,5, ) k1) = Girgy Oings + Oinjs O jo-

Let M;; denote the permanent (i, j)-minor of B = (t(e,,e;,)),, = (8i,5),,- Then My, =
) Mg = 0iyj,, Ma1 = 0y, 4,, Moz = 6;,5,, and the triple products of V are given by

W22
{ei,Veiy,ej, Ve, en, Vegt =
= Mii({ei. €5 em }Ver, +er V{e, e, ent)
+ Mio({ei,,€ej,, 6, } Ver, +ex, V{ei, €5, €x,})
+ Mo ({eiy, €5y, €6, } Ver, +ex, V{ei, €5, ek, })
+ Moo ({€iy,€j,, €, } V €y + €1y V {€iy, €55, €15 })

= 6i2j2 <6i1j1 €y V €y T+ 5k1j1 € V €k, + 6’i1j16k1 Ve, + 6k2j1€k1 \ eil)
+ 5i2j1 <5ilj2 €k, Ve, + 5k1j2 €, V ek, + 6i1j2 €k, Ve, + 5k2j2 ek, V 61‘1)

+ 5i1j2 <6i2]'1 €k, V ep, + 61€1j1 €iy V €k, + 6i2j1 €k, V ek, + 5k2j1 e, V eiz)
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+ 041, (5z‘2j26k1 V €hy + Ok1jaCis V €hy + Oigjn€ly V €ky + Okyjoly V 6@)
= (5i2j15k2j2 + 5i2j25k2j1)€7,’1 Ve, + <5i2j25k1j1 + 5i2j15k1j2)ei1 V ek,

o (FiasaOhasn + GiasiOkasa ) i V ey + (Gias s + FiaiaOhusn ) €3 V e

+ 4(51'1]‘151'2_]'2 + 6i2j15i1j2>ek1 Veg,

Finally, consider the tensor-shift VI=4 which has the same bilinear form as V, and triple

products

{eil Veiy, €5, V €y €k V ekz} =
= <6izj1 6k2j2 + 6i2j2 5k2j1)€i1 Veg, + (5izj25k1j1 + 6i2j1 5k1j2>ei1 V ek,

+ (5i1j25kzjl + 5i1jl5k2j2)6i2 Veg, + (5i1jl5k1j2 + 5i1j25k1j1)6i2 V €,

By comparison of the triple products, it follows that the pair of maps f = (f~, f1)
defined by

2
fgl Hn(F) —)\/Mlm(]F), Eij l—>ei\/ej,

gives the following isomorphism of (generalized) Jordan pairs:

2 - 2
Vi (\/vh) = (Vvih) o ve. (57)

Unfortunately, f is not an isometry of the bilinear forms. However, f is a similarity
with multiplier 3, that is, (f(z), f(y)) = 3t(2,y). In other words, VI and \/? Vl(lzl are
isomorphic up to a tensor-shift and a similarity (simultaneously), namely (Vy(LIH), 1t) =

V2V (oD,
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