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1. Introduction

For theory of Lie superalgebras, the reader may consult [18], [4], [16], [9]. The rule 
of signs of the super case is explained in [16, §A.2.2]. The basics of multilinear algebra 
can be consulted in [10], although some proofs there require characteristic 0; there, the 
reader may consult the definition of the permanent of a matrix, and its properties. The 
dual pairings for alternating (exterior) powers and also for symmetric powers of a finite
dimensional vector space over an arbitrary field can be found in [14, Appendix A] (we 
point out that it is incorrectly stated that the isomorphism in [14, Corollary A.24(b)] 
holds in arbitrary characteristic); we have not found a good and detailed reference about 
this topic in the super case. Some surveys about metric Lie algebras (also known as 
quadratic Lie algebras, self-dual Lie algebras, and many other names) are [17], [2]. For 
a�ine group schemes, see [19] or [5, Appendix A]. The Faulkner construction was dis
covered in [6], and extended to the super case in [1]. In [7], invariant bilinear forms on 
generalized Jordan pairs are studied.

A description of good bases of the exterior and symmetric superalgebras of a finite
dimensional vector superspace is well-known, as a certain version of the Poincaré
Birkhoff-Witt Theorem (PBW Theorem) [16, Th. A.2.8]; we include a different proof 
of that result in Notations 5.5 and 6.5 of the present paper, where we deal with bilinear 
forms; we have not found our approach for the super case in the literature (however, 
the bilinear forms that extend the determinant and permanent that were studied in [12] 
seem to be related to the ones in the present paper).

Without further mention, we will always assume that the base field F has charac
teristic different from 2. If char F > 0, sometimes we will need to assume that the 
characteristic is large enough so that certain bilinear forms are nondegenerate. In the 
present work, as explained in § 2.1, when we say ``Lie superalgebra'' we always mean 
“weak Lie superalgebra''.

This paper is structured as follows:
In §2, we will recall some of the most basic definitions used in this work. In §3, the 

tensor superproduct of Lie supermodules is revisited and some notation is introduced 
to be used in further sections. In §4, we focus on metric generalized Jordan superpairs, 
for which the restricted tensor superpowers are studied, and the tensor superproduct is 
revisited.

In §5 and §6, we recall the basics of alternating and symmetric superpowers of Lie 
supermodules; although not all results there are original, some results involving dual 
pairings and superminors are expected to be original (as generalizations of well-known 
results of the non-super case).

The main goal of this paper is reached in §7 and §8, where the Faulkner construction 
is used to transfer the constructions of alternating and symmetric superpowers to the 
class of metric generalized Jordan superpairs. We also provide two examples involving 
decompositions of the simple Jordan pairs of types II and III, which was another of the 
main motivations of our study.
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Motivation: Let 𝒱(I)
p,q denote the simple Jordan pair of type I of parameters p < q, with 

its generic trace t. In [1, Ex.4.7, eq.(4.14)] it was shown that 𝒱(I)
p,q is isomorphic to a 

tensor-shift of the tensor product 𝒱(I)
1,p ⊗ 𝒱(I)

1,q. Let 𝒱(II)
n and 𝒱(III)

n be the simple Jordan 

pairs of types II and III of parameter n, which are Jordan subpairs of 𝒱(I)
n,n. Note that 

the vector spaces of 𝒱(I)
p,q are both ℳp,q(F), the vector spaces of 𝒱(II)

n are given by the 
antisymmetric matrices An(F), and the vector spaces of 𝒱(III)

n are given by the symmetric 
matrices Hn(F). Since ℳn(F) = An(F) ⊕Hn(F), we have a decomposition of subpairs 
(but not ideals) 𝒱(I)

n,n = 𝒱(II)
n ⊕ 𝒱(III)

n . On the other hand, recall from the Schur-Weyl 
duality ([4, Chap.3], [16, Chap.11], [8, §6]) that we have a decomposition of irreducible 
GLn(F) × S2-modules ℳn(F) ∼ = ℳ1,n(F)⊗2 ∼ = 

⋀︁2 ℳ1,n(F) ⊕
⋁︁2 ℳ1,n(F) where we 

can identify An(F) ∼ = 
⋀︁2 ℳ1,n(F) and Hn(F) ∼ = 

⋁︁2 ℳ1,n(F) through the isomorphism. 
From [1, Prop.4.3.4) & eq.(4.14)] it follows easily that 

(︁
GLn(F) ⊗F× GLn(F)

)︁
⋊ S2 ≤

Aut(𝒱(I)
n,n, t) (because Aut(𝒱(I)

1,n, t) ∼ = GLn(F) and where S2 corresponds to the swapping 

automorphism of 𝒱(I)
1,n⊗𝒱(I)

1,n), where the groups GLn(F) and S2 ∼ = Z2 inducing the Schur
Weyl decomposition appear. Then, it is natural to study which is the relation between 
the Jordan pairs 𝒱(II)

n , 𝒱(III)
n and the Jordan pairs 

⋀︁2 𝒱(I)
1,n, 

⋁︁2 𝒱(I)
1,n. In the present work, 

we will show that the former ones are isomorphic to the latter, up to a tensor-shift and 
up to similarity of the bilinear forms.

Notation changes and corrigendum from [1]: The classes of objects GJSP, FLSM will 
be renamed, with a better notation, as MGJSP, MFLSM. By misuse of language, for 
bilinear forms, the term ``homogeneous'' was used with the meaning of ``homogeneous of 
degree 0'' (in the present paper, we will use the term ``even'' instead). We point out that 
the definition of Kantor pair was miswritten. We point out that there is a nontrivial detail 
not explained in [1, Rem.3.9], which is how to identify L−2 with the dual Lie module of 
L2 in a natural way (it will not be explained in the present work). A notational error 
appearing in the proof of [1, Prop.4.3] is also fixed here, see Remark 2.3 below.

2. Preliminaries

2.1. Lie supermodules

Given a group G, a G-grading on a vector space V is a vector space decomposition 
Γ : V =

⨁︁
g∈G Vg. If 𝒜 is an F -algebra, then a G-grading on 𝒜 is a grading on 𝒜 as 

vector space

Γ : 𝒜 =
⨁︂
g∈G

𝒜g

such that 𝒜g𝒜h ⊆ 𝒜gh for all g, h ∈ G. The subspace 𝒜g is called homogeneous compo
nent of degree g, any 0 ̸= x ∈ 𝒜g is called a homogeneous element of degree g, and we 
write deg(x) = g. The support of the grading is the set Supp Γ := {g ∈ G | 𝒜g ̸= 0}.
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Recall that if V , W are G-graded vector spaces and f : V → W is a nonzero linear 
map, then f is called homogeneous of degree g if f(Vh) ⊆ Wgh for each h ∈ G; if V and 
W are finite-dimensional, then Hom(V,W ) is a G-graded vector space, and in particular, 
End(V ) becomes a G-graded algebra.

A vector superspace is a Z2-graded vector space V = V0̄ ⊕ V1̄. The subspaces V0̄
and V1̄ are called the even and odd components, and their nonzero elements are called, 
respectively, even and odd elements. The degree map is given by ε(x) := a if 0 ̸= x ∈ Va, 
and is called the parity map. A homogeneous subset {vi}mi=1 of V will be said to be 
parity-ordered if there is some 0 ≤ k ≤ m such that vi is even for i ≤ k and odd for 
i > k. A superalgebra is a Z2-graded algebra 𝒜 = 𝒜0̄ ⊕𝒜1̄.

Given a finite-dimensional vector superspace V , let ℬ be a parity-ordered basis of 
V . Then, taking coordinates in ℬ, each h ∈ End(V ) corresponds to a supermatrix M =(︄
M0̄0̄ M0̄1̄
M1̄0̄ M1̄1̄

)︄
. In the case that h is even we have M0̄1̄ = (0) = M1̄0̄, and we may denote 

M0̄ := M0̄0̄, M1̄ := M1̄1̄, so that M = diag(M0̄,M1̄). The superalgebra of supermatrices 
is denoted by ℳ(m|n)(F), where m = dimV0̄, n = dimV1̄.

If R is an associative, commutative, unital F -algebra, we will denote by VR := V ⊗R

the corresponding scalar extension. The group of even invertible linear maps V → V will 
be denoted by GL0̄(V ), instead of GL(V ), to avoid ambiguity with the automorphisms 
of V regarded as a vector space.

For homogeneous elements in a Z2-grading, we will denote

ηx,y := (−1)ε(x)ε(y), (2.1)

ηx,y,z := (−1)ε(x)ε(y)+ε(y)ε(z)+ε(z)ε(x). (2.2)

Recall that a weak Lie superalgebra (see [13, Remark 3.1.1]) is a superalgebra L =
L0̄ ⊕ L1̄, with product denoted by [·, ·], such that

[x, y] = −ηx,y[y, x], (2.3)

[x, [y, z]] = [[x, y], z] + ηx,y[y, [x, z]], (2.4)

for any homogeneous elements x, y, z ∈ L. If char F ̸= 2, 3, the definition of Lie su
peralgebra coincides with the definition of weak Lie superalgebra, and otherwise some 
additional conditions are required. In particular, if char F = 3, a Lie superalgebra is 
a weak Lie superalgebra such that [x, [x, x]] = 0 for any odd element x. (Since we al
ways assume char F ̸= 2, we are not concerned with the additional conditions required 
for characteristic 2.) By abuse of terminology in the present paper, when we say ``Lie 
superalgebra'' we will always mean ``weak Lie superalgebra''.

Recall that if 𝒜 is an associative superalgebra, then 𝒜 becomes a Lie superalgebra 
with the Lie superbracket

[x, y] := xy − ηx,yyx (2.5)
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for any homogeneous elements x, y ∈ 𝒜. In particular, if V is a vector superspace, 
then End(V ) becomes a Lie superalgebra with the Lie superbracket, which is denoted 
by 𝔤𝔩(V0̄|V1̄); similarly, the Lie superalgebra of supermatrices ℳ(m|n)(F) with the Lie 
superbracket is denoted by 𝔤𝔩(m|n).

Given a superalgebra 𝒜, a superderivation of degree a is a homogeneous linear map 
d : 𝒜 → 𝒜 of degree a ∈ Z2 such that

d(xy) = d(x)y + ηd,xxd(y) (2.6)

for any homogeneous x, y ∈ 𝒜, where we denote ε(d) := a. The vector space of su
perderivations of 𝒜 is a Lie subsuperalgebra of 𝔤𝔩(m|n), where m and n are respectively 
the even and odd dimensions of 𝒜.

Let L be a Lie superalgebra. An L-supermodule is a vector superspace M = M0̄ ⊕M1̄
with a bilinear map L × M → M , (x, v) ↦→ x · v, such that La · Mb ⊆ Ma+b for any 
a, b ∈ Z2 and

[x, y] · v = x · (y · v) − ηx,yy · (x · v) (2.7)

for any homogeneous x, y ∈ L, v ∈ M .
Let L be a Lie superalgebra and b : L × L → F a bilinear form. Then we will say 

that b is homogeneous of degree 0, or even, if b(x, y) = 0 for any homogeneous elements 
x, y ∈ L with ε(x) + ε(y) ̸= 0̄. On the other hand, if

b([x, y], z) = b(x, [y, z]) (2.8)

for any x, y, z ∈ L, then b is called invariant. Besides, if

b(x, y) = ηx,yb(y, x) (2.9)

for any homogeneous elements x, y ∈ L, then we say that b is supersymmetric.
Let L be a finite-dimensional Lie superalgebra and M a finite-dimensional L

supermodule. Recall that the dual space M∗ inherits a dual Z2-grading such that the du
ality bilinear form is even. We will usually denote the dual pairing by ⟨·, ·⟩ : M∗×M → F . 
The dual (or left-dual) L-supermodule of M is the Z2-graded vector space M∗ with the 
dual action x · f given by

⟨x · f, v⟩ = (x · f)(v) := −ηx,ff(x · v) = −ηx,f ⟨f, x · v⟩ (2.10)

for any homogeneous x ∈ L, f ∈ M∗, v ∈ M . We will denote it as M← or M∗ (there is 
also a notion of right-dual supermodule).

Given a homogeneous φ ∈ End(M), its dual (or left-dual) map, denoted by φ∗ (or 
φ←), is defined by
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⟨φ←(f), v⟩ = ηφ,f ⟨f, φ(v)⟩, (2.11)

for any homogeneous f ∈ M∗, v ∈ M . There is an analogous notion of right-dual, denoted 
φ→.

For a Lie supermodule (L,M), define

Aut(L,M) := {(φ, h) ∈ Aut(L) × GL0̄(M) | h(x · v) = φ(x) · h(v) ∀x ∈ L, v ∈ M}.
(2.12)

The automorphism group scheme Aut(L,M) is defined similarly.

2.2. Generalized Jordan superpairs

Recall that a trilinear pair is a pair of vector spaces 𝒱 = (𝒱−,𝒱+) with a pair of 
trilinear maps {·, ·, ·}σ : 𝒱σ × 𝒱−σ × 𝒱σ → 𝒱σ, σ ∈ {+,−}. Denote

Dσ
x,y(z) := {x, y, z}σ (2.13)

for x, z ∈ 𝒱σ, y ∈ 𝒱−σ, σ = ±. The superscript σ may be omitted for short.
Let G be an abelian group and 𝒱 a trilinear pair; consider two decompositions of 

vector spaces Γσ : 𝒱σ =
⨁︁

g∈G 𝒱σ
g ; then we will say that Γ = (Γ−,Γ+) is a G-grading 

on 𝒱 if {𝒱σ
g ,𝒱−σ

h ,𝒱σ
k } ⊆ 𝒱σ

g+h+k for any g, h, k ∈ G and σ ∈ {+,−}. The vector space 
𝒱−
g ⊕ 𝒱+

g is called the homogeneous component of degree g. If 0 ̸= x ∈ 𝒱σ
g we say x is 

homogeneous of degree g. For homogeneous elements x, y of degrees g, h, the map Dσ
x,y

is homogeneous of degree g + h.
A trilinear superpair is just a Z2-graded trilinear pair 𝒱 = (𝒱−,𝒱+); in particular, 𝒱−

and 𝒱+ are vector superspaces. A generalized Jordan superpair is a trilinear superpair 
𝒱 where we have that

[Dσ
x,y, D

σ
z,w] = Dσ

Dσ
x,yz,w

− ηx,y,zD
σ
z,D−σ

y,xw
, (2.14)

for any homogeneous x, z ∈ 𝒱σ, y, w ∈ 𝒱−σ, and σ = ± (here [·, ·] denotes the Lie 
superbracket in (2.5)).

Let 𝒱 be a generalized Jordan superpair, D = (D−, D+) ∈ End(𝒱−)×End(𝒱+), and 
fix a ∈ Z2. We say that D is a superderivation of degree a of 𝒱, of parity ε(D) := a, if 
Dσ𝒱σ

b ⊆ 𝒱σ
a+b for any σ = ±, b ∈ Z2, and

Dσ({x, y, z}) = {Dσ(x), y, z} + ηD,x{x,D−σ(y), z} + ηD,Dx,y
{x, y,Dσ(z)} (2.15)

for any homogeneous x, z ∈ 𝒱σ, y ∈ 𝒱−σ.
Given a generalized Jordan superpair 𝒱 and homogeneous elements x ∈ 𝒱−, y ∈ 𝒱+, 

denote

ν(x, y) := (D−
x,y,−ηx,yD

+
y,x) ∈ End(𝒱−) × End(𝒱+), (2.16)
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and

ν(y, x) := −ηx,yν(x, y). (2.17)

Write 𝒱a := 𝒱−
a ⊕𝒱+

a for a ∈ Z2. Recall that the inner structure (Lie) superalgebra of a 
generalized Jordan superpair is the Lie superalgebra

𝔦𝔫𝔰𝔱𝔯(𝒱) := span{ν(x, y) | x ∈ 𝒱−, y ∈ 𝒱+} ≤ 𝔤𝔩(𝒱0̄|𝒱1̄), (2.18)

and its elements are superderivations called inner superderivations of 𝒱.
Let 𝒱 = (𝒱−,𝒱+) be a generalized Jordan superpair with a bilinear form ⟨·, ·⟩ : 𝒱− ×

𝒱+ → F . We say that ⟨·, ·⟩ is superinvariant (or left-superinvariant) if

⟨Dx,yz, w⟩ = ηx,y,z⟨z,Dy,xw⟩ (2.19)

for any homogeneous elements x, z ∈ 𝒱−, y, w ∈ 𝒱+. If ⟨x, y⟩ = 0 for any homogeneous 
x ∈ 𝒱−, y ∈ 𝒱+ such that ε(x) ̸= ε(y), then the bilinear form is said to be homogeneous 
of degree 0 or even. We say that ⟨·, ·⟩ is supersymmetric (or left-supersymmetric), if we 
have

⟨Dx,yz, w⟩ = ηDx,y,Dz,w
⟨Dz,wx, y⟩,

⟨x,Dy,zw⟩ = ηDx,y,Dz,w
⟨z,Dw,xy⟩

(2.20)

for any homogeneous x, z ∈ 𝒱−, y, w ∈ 𝒱+.
A homomorphism φ : 𝒱 → 𝒲 of trilinear superpairs (in particular, for generalized 

Jordan superpairs) is a pair of even linear maps φ = (φ−, φ+), with φσ : 𝒱σ → 𝒲σ, 
such that φσ({x, y, z}σ) = {φσ(x), φ−σ(y), φσ(z)}σ for any x, z ∈ 𝒱σ, y ∈ 𝒱−σ, σ = ±. 
The automorphism group and the automorphism group scheme of 𝒱 will be denoted, re
spectively, as Aut(𝒱) and Aut(𝒱). Note that Aut(𝒱)(R) := AutR(𝒱R) where we denote 
𝒱R := (𝒱−

R ,𝒱+
R ), where 𝒱σ

R := 𝒱σ ⊗R.

2.3. Faulkner construction

Now we will recall some facts that we need from the Faulkner construction [6, 
Lemma 1.1], [1, Prop.3.2], and the Faulkner correspondence [1, Th.3.6].

Notation 2.1. If L is a Lie superalgebra and b : L × L → F is a nondegenerate even 
invariant supersymmetric bilinear form, then we will say that (L, b) is a metric Lie 
superalgebra. If (L,M) is a Lie supermodule and (L, b) is a metric Lie superalgebra, 
then we will say that (L,M, b) is a metric Lie supermodule. Let MLSM denote the 
class of finite-dimensional metric Lie supermodules. We will also denote by MFLSM
(or MFLM for the non-super case) the subclass of elements (L,M, b) of MLSM such 
that (L,M) is faithful. The subgroup of elements of Aut(L,M) preserving the bilinear 
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form b will be denoted by Aut(L,M, b), and similarly we can consider the subgroup 
scheme Aut(L,M, b) ≤ Aut(L,M).

If 𝒱 is a generalized Jordan superpair and ⟨·, ·⟩ : 𝒱−×𝒱+ → F is a nondegenerate even 
superinvariant supersymmetric bilinear form, then we will say that (𝒱, ⟨·, ·⟩) is a metric 
generalized Jordan superpair. We will denote by MGJSP (or MGJP for the non-super 
case) the class of finite-dimensional metric generalized Jordan superpairs. The subgroup 
of elements of Aut(𝒱) preserving the bilinear form ⟨·, ·⟩ will be denoted by Aut(𝒱, ⟨·, ·⟩), 
and similarly we can consider the subgroup scheme Aut(𝒱, ⟨·, ·⟩) ≤ Aut(𝒱).

We recall that the Faulkner correspondence gives a bijective correspondence (for the 
isomorphism classes) between MFLSM and MGJSP (which restricts to a bijection 
between MFLM and MGJP); also, for corresponding objects we have Aut(L,M, b) ≃
Aut(𝒱, ⟨·, ·⟩). On the other hand, the Faulkner construction sends each object in MLSM
(the supermodules are not required to be faithful) to another object in MGJSP.

Notation 2.2. Given (L,M, b) ∈ MLSM, the Faulkner construction produces an ob
ject (𝒱, ⟨·, ·⟩) ∈ MGJSP, defined as follows. The vector superspaces are given by 
𝒱 = 𝒱L,M := (M∗,M). The bilinear form is just the dual pairing of Lie supermodules 
⟨·, ·⟩ : M∗ ×M → F , (f, v) ↦→ ⟨f, v⟩, and we will use the convention ⟨v, f⟩ = ηf,v⟨f, v⟩. 
By nondegeneracy of b, a term [f, v] ∈ L is defined for each v ∈ M , f ∈ M∗, if we impose

b
(︁
x, [f, v]

)︁
= ⟨x · f, v⟩, (2.21)

for any x ∈ L, v ∈ M = 𝒱+, f ∈ M∗ = 𝒱−. Similarly we define [v, f ], which satisfies 
[v, f ] = −ηf,v[f, v]. Then the triple products of 𝒱 are defined by

{f, v, g}− := [f, v] · g, {v, f, w}+ := [v, f ] · w, (2.22)

for homogeneous v, w ∈ M = 𝒱+, f, g ∈ M∗ = 𝒱−. The inner structure algebra of 
(L,M, b), denoted 𝔦𝔫𝔰𝔱𝔯(L,M), is the Lie subsuperalgebra of L spanned by the elements 
of the form [f, v]. Also, the map

Υ : 𝔦𝔫𝔰𝔱𝔯(L,M) −→ 𝔦𝔫𝔰𝔱𝔯(𝒱L,M ) ≤ 𝔤𝔩(M∗ ⊕M),

[f, v] ↦−→ ν(f, v) := (Df,v,−ηf,vDv,f ),
(2.23)

defines an epimorphism of Lie superalgebras. If (L,M) is faithful, then L = 𝔦𝔫𝔰𝔱𝔯(L,M) ∼ = 
𝔦𝔫𝔰𝔱𝔯(𝒱L,M ) (see [1, Prop.3.3]).

Remark 2.3. In the present paper, we will use the Faulkner construction (but not the 
correspondence) to transfer the definitions of alternating and symmetric superpowers. 
In the proof of [1, Prop.4.3-2)], there is a notational error where terms of the form [f, v]
should appear instead of ν(f, v), inside the bilinear form b, and it is also necessary to 
apply the epimorphism Υ in (2.23) at the end of the proof; we will revisit that result in 
Proposition 4.3 below.
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Notation 2.4. We will denote by Gm := GL1 the multiplicative group scheme and by 𝝁n

the group scheme of the n-th roots of unity. Fix 𝒱,𝒲 ∈ MGJSP. Recall that for each 
λ ∈ R× there is an automorphism cλ = (c−λ , c

+
λ ) ∈ AutR(𝒱R) defined by cσλ(x) := λσ1x for 

x ∈ 𝒱σ
R, and we can identify Gm(R) = R× ≃ {cλ | λ ∈ R×} ≤ Aut(𝒱)(R) = AutR(𝒱R). 

Thus we can consider the central product relative to Gm (see definition for groups in 
[11, Chap.2, p.29])

Aut(𝒱) ⊗Gm
Aut(𝒲) :=

(︁
Aut(𝒱) × Aut(𝒲)

)︁
/T1, (2.24)

where T1(R) := {(cλ, c−1
λ ) ∈ AutR(𝒱R) × AutR(𝒲R) | λ ∈ R×}.

Remark 2.5. Let the map ℱ : MLSM −→ MGJSP denote the Faulkner construction. 
The Faulkner correspondence (bijection for isomorphism classes) is given by

˜︁ℱ := ℱ|MFLSM : MFLSM −→ MGJSP .

Let κ := ˜︁ℱ−1 ◦ ℱ : MLSM −→ MFLSM, thus

˜︁ℱ ◦ κ = ℱ . (2.25)

Any n-ary operator θ : MLSMn −→ MLSM induces a map for faithful supermodules,

θF := κ ◦ θ : MFLSMn −→ MFLSM, (2.26)

which can be transferred through ˜︁ℱ to a map

˜︁θ := ˜︁ℱ ◦ θF ◦ ( ˜︁ℱ−1 × . . .× ˜︁ℱ−1) : MGJSPn −→ MGJSP . (2.27)

From (2.25), we get that

˜︁θ = ℱ ◦ θ ◦ ( ˜︁ℱ−1 × . . .× ˜︁ℱ−1), (2.28)

which is used in further sections to transfer the definitions of tensors from MLSM to 
MGJSP.

Notation 2.6. Recall from [1, Notation 4.6] that each 1-dimensional object in MGJSP is 
determined uniquely by a parameter α = (λ, a) ∈ G := F × Z2 (where a corresponds to 
the parity), thus we can denote it by 𝒱α. Given 𝒱 ∈ MGJSP, the tensor superproduct 
𝒱 [α] := 𝒱 ⊗ 𝒱α in MGJSP will be referred to as a tensor-shift by α of 𝒱. Recall also 
that, up to isomorphism, we can identify 𝒱 [α] with the vector superspaces of 𝒱, with 
shifted degrees ε[α](x) := ε(x) + a, with the shifted metric

⟨x+, y−⟩+[α] := ηa,x⟨x+, y−⟩+ = ηa,y⟨x+, y−⟩+,

⟨x−, y+⟩−[α] := ηaηa,x⟨x−, y+⟩− = ηaηa,y⟨x−, y+⟩−,
(2.29)
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and with shifted triple products given by

{x, y, z}+
[α] := ηa,y({x, y, z}+ + λ⟨x, y⟩z),

{x, y, z}−[α] := ηaηa,y({x, y, z}− + λ⟨x, y⟩z),
(2.30)

where ηa,y := (−1)aε(y), ηa := (−1)a. In the non-super case, we take α ≡ λ ∈ F .
Note that for the metric in (2.29) we are using the notation ⟨x, y⟩− := ⟨x, y⟩ and 

⟨y, x⟩+ := ηx,y⟨x, y⟩− to distinguish both maps of the metric (which arise by ``the rule 
of signs'' in the Faulkner construction).

3. Tensor superproducts of Lie supermodules

For i = 1, . . . , n, let Mi be an Li-supermodule for a Lie superalgebra Li. We may 
write ⊗ivi to denote a pure tensor v1 ⊗ · · · ⊗ vn ∈

⨂︁n
i=1 Mi. Consider the trivial action 

of Li on Mj for i ̸= j. Then, it is well-known that the pair (
⨁︁n

i=1 Li,
⨂︁n

i=1 Mi) defines 
a Lie supermodule with the action determined by

x · (⊗ivi) :=
n ∑︂

i=1 

(︂∏︂
k<i

ηx,vk

)︂
v1 ⊗ · · · ⊗ (x · vi) ⊗ · · · ⊗ vn (3.1)

for each homogeneous x ∈
⨁︁n

i=1 Li, vi ∈ Mi, where the parity map is given by ε(⊗ivi) :=∑︁n
i=1 ε(vi). We will refer to (

⨁︁n
i=1 Li,

⨂︁n
i=1 Mi) as the (general) tensor superproduct of 

the Lie supermodules (Li,Mi). In particular, we can consider the n-th (general) tensor 
superpower (

⨁︁n
i=1 L,

⨂︁n
M) of a Lie supermodule (L,M).

Consider now the case where Li = L are the same Lie superalgebra. It is also well
known that eq. (3.1), for homogeneous x ∈ L and vi ∈ Mi, defines an L-supermodule 
on 
⨂︁n

i=1 Mi, where the parity is defined again by ε(⊗ivi) :=
∑︁n

i=1 ε(vi). When this 
action is considered, we will denote ⊠n

i=1Mi :=
⨂︁n

i=1 Mi, and the pair (L,⊠n
i=1Mi)

will be referred to as the restricted tensor superproduct of the Lie supermodules (L,Mi). 
In particular, we can consider the n-th restricted tensor superpower (L,⊠nM) of a Lie 
supermodule (L,M). The aim of the ``⊠'' notation is just to avoid ambiguity with the 
general tensor superproduct, and for dealing with vector superspaces it is unnecessary. 
Note that for a general tensor superproduct (

⨁︁n
i=1 L,

⨂︁n
i=1 Mi) and the diagonal Lie 

subsuperalgebra

˜︁L = diag
(︂ n ⨁︂

i=1 
L
)︂

:= {(x, . . . , x) | x ∈ L} ≤
n ⨁︂

i=1 
L, (3.2)

the restricted action defines a Lie supermodule (˜︁L,⨂︁n
i=1 Mi) which is isomorphic to 

the restricted tensor superproduct (L,⊠n
i=1Mi), which follows from the isomorphism 

φ : L → ˜︁L, x ↦→ (x, . . . , x). In particular, for objects (L,Mi, b) ∈ MLSM, we have 
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(˜︁L,⨂︁n
i=1 Mi,˜︁b) ∼ = (L,⊠n

i=1Mi, nb) with ˜︁b =⊥n
i=1 b, because ˜︁b(φ(x), φ(y)) = nb(x, y). 

However, the pairs of the last isomorphism are metric only if char F does not divide n
(which ensures nondegeneracy of the bilinear forms ˜︁b and nb). The binary operators ⊠
and ⊗ are both associative. (Some authors refer to ⊗ and ⊠ as outer and inner tensor 
products, and denote them with different notation [16].)

Given Lie supermodules (Li,Mi), for i = 1, . . . , n, the Lie supermodule (
⨁︁n

i=1 Li, ⨁︁n
i=1 Mi) is called their direct sum, where we consider the trivial action of Li on Mj

for i ̸= j. Similarly, the direct sum of objects (Li,Mi, bi) ∈ MLSM is defined by 
(
⨁︁n

i=1 Li,
⨁︁n

i=1 Mi,⊥n
i=1 bi).

Remarks 3.1. 

1) Recall that for vector superspaces V , W , we have the braiding of superspaces 
cV,W : V ⊗W → W ⊗ V , v⊗w ↦→ ηv,ww⊗ v. This determines natural isomorphisms 
(by permutation of the components and the ``rule of signs'')

cσV1,...,Vn
: V1 ⊗ · · · ⊗ Vn −→ Vσ−1(1) ⊗ · · · ⊗ Vσ−1(n), (3.3)

for any vector superspaces V1, . . . , Vn and σ ∈ Sn, where the composition of isomor
phisms corresponds to the composition of permutations; in particular this defines an 
action of Sn on V ⊗n. Note that if V,W are L-supermodules for some Lie superalgebra 
L, then f = cV,W is a supermodule isomorphism, because

f
(︁
x · (v ⊗ w)

)︁
= f
(︁
(x · v) ⊗ w + ηx,vv ⊗ (x · w)

)︁
= ηx,wηv,ww ⊗ (x · v) + ηv,w(x · w) ⊗ v = ηv,wx · (w ⊗ v) = x · f(v ⊗ w),

for each homogeneous x ∈ L, v ∈ V , w ∈ W . Consequently, the natural maps cσV1,...,Vn

are supermodule isomorphisms.
2) Given an L-supermodule M over a Lie superalgebra L, since the bilinear pairing 

M∗ × M → F , (f, v) ↦→ f(v), is a pairing of Lie supermodules, it follows that the 
evaluation map

eval : M∗ ⊗M −→ F , f ⊗ v ↦−→ ⟨f, v⟩ := f(v), (3.4)

is a homomorphism of L-supermodules (with the trivial action on F). Indeed, for 
each homogeneous x ∈ L, v ∈ M , f ∈ M∗, we have

eval
(︁
x · (f ⊗ v)

)︁
= eval

(︁
(x · f) ⊗ v + ηx,ff ⊗ (x · v)

)︁
= ⟨x · f, v⟩ + ηx,f ⟨f, x · v⟩

= −ηx,f ⟨f, x · v⟩ + ηx,f ⟨f, x · v⟩ = 0 = x · eval(f ⊗ v).

The following result is well-known, but the authors have not found a good reference.
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Proposition 3.2. 

1) For i = 1, . . . , n, let Li be a Lie superalgebra and Mi a finite-dimensional Li
supermodule, and consider the dual pairings of Li-supermodules ⟨·, ·⟩ : M∗

i ×Mi → F . 
Then the bilinear form ⟨·, ·⟩ :

⨂︁n
i=1 M

∗
i ×

⨂︁n
i=1 Mi → F defined by

⟨⊗ifi,⊗jvj⟩ :=
(︂ ∏︂

1≤j<i≤n

ηfi,vj

)︂(︂ n ∏︂
i=1

⟨fi, vi⟩
)︂
, (3.5)

produces a dual pairing of ˜︁L-supermodules for the (general) tensor superproduct, 
where ˜︁L :=

⨁︁n
i=1 Li. Consequently, ⟨·, ·⟩ defines an isomorphism of ˜︁L-supermodules ⨂︁n

i=1 M
∗
i
∼ = (
⨂︁n

i=1 Mi)∗, f ↦→ ⟨f, ·⟩.
2) Let L be a Lie superalgebra. For i = 1, . . . , n, let Mi be a finite-dimensional L

supermodule, and consider the dual pairings of L-supermodules ⟨·, ·⟩ : M∗
i ×Mi → F . 

Then the bilinear form ⟨·, ·⟩ : ⊠n
i=1M

∗
i × ⊠n

i=1Mi → F defined by the formula 
(3.5) produces a dual pairing of L-supermodules for the restricted tensor super
product. Consequently, ⟨·, ·⟩ defines an isomorphism of L-supermodules ⊠n

i=1M
∗
i
∼ = 

(⊠n
i=1Mi)∗, f ↦→ ⟨f, ·⟩.

Proof. Let F : (
⨂︁n

i=1 M
∗
i ) ⊗ (

⨂︁n
i=1 Mi) → F be the composition of the isomorphism 

M∗
1 ⊗ · · · ⊗M∗

n ⊗M1 ⊗ · · · ⊗Mn → M∗
1 ⊗M1 ⊗M∗

2 ⊗M2 ⊗ · · · ⊗M∗
n ⊗Mn defined as in 

(3.3) (here, the permutation σ is a shuffle that moves Mi after the corresponding M∗
i ), 

and the tensor product of the evaluation maps M∗
i ⊗ Mi → F . Note that F is exactly 

the linear map associated to the bilinear pairing ⟨·, ·⟩ in eq. (3.5). By Remarks 3.1, 
it follows that F is a composition of supermodule homomorphisms. Therefore F is a 
supermodule homomorphism, thus the associated bilinear pairing in eq. (3.5) is a pairing 
of Lie supermodules. Case 2) follows by restriction to the diagonal in eq. (3.2). □
Definition 3.3. The bilinear form ⟨·, ·⟩ :

⨂︁n
i=1 M

∗
i ×

⨂︁n
i=1 Mi → F in Proposition 3.2 is 

called the tensor superproduct of the dual pairings of supermodules M∗
i ×Mi → F .

4. Tensor superpowers of metric generalized Jordan superpairs

In this section, restricted tensor superpowers in MGJSP are introduced. Also, (gen
eral) tensor superproducts in MGJSP are revisited (these were studied in [1]).

Definition 4.1. Take objects (𝒱i, ⟨·, ·⟩) ∈ MGJSP and their corresponding objects 
(Li,Mi, bi) ∈ MFLSM, for i = 1, . . . , n. By the Faulkner construction, the ten
sor superproduct of supermodules (

⨁︁n
i=1 Li,

⨂︁n
i=1 Mi,⊥n

i=1 bi) defines an object 
(
⨂︁n

i=1 𝒱i, ⟨·, ·⟩) ∈ MGJSP that we will call the (general) tensor superproduct of 
the objects (𝒱i, ⟨·, ·⟩). Given (𝒱, ⟨·, ·⟩) ∈ MGJSP and its corresponding object 
(L,M, b) ∈ MFLSM, the restricted tensor superpower (L,⊠nM, b) defines an object 
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(⊠n𝒱, ⟨·, ·⟩) ∈ MGJSP that we will call the restricted tensor superpower of (𝒱, ⟨·, ·⟩). 
We can also consider the (general) tensor superpower 

⨂︁n 𝒱 of 𝒱. By the Faulkner cor
respondence, we can consider the corresponding operations in MFLSM, which define a 
(general) tensor superproduct and a restricted tensor superpower in MFLSM, although 
we are not interested in these.

Proposition 4.2. Let 𝒱 be a nonzero object in MGJSP, 1 < n ∈ N, and consider the 
restricted tensor superpower 𝒲 = ⊠n𝒱. Then:

1) The bilinear form ⟨·, ·⟩ on 𝒲 is given by the tensor superpower of the bilinear form 
of 𝒱, that is,

⟨⊗ifi,⊗ivi⟩ =
n ∏︂

i=1

(︂∏︂
k<i

ηfi,vk

)︂
⟨fi, vi⟩ =

(︂ ∏︂
1≤j<i≤n

ηfi,vj

)︂(︂ n ∏︂
i=1

⟨fi, vi⟩
)︂
.

2) The generators of 𝔦𝔫𝔰𝔱𝔯(𝒲) are of the form

ν(⊗ifi,⊗ivi) =
(︂ ∏︂

1≤j<i≤n

ηfi,vj

)︂ n ∑︂
i=1 

(︂∏︂
k ̸=i

⟨fk, vk⟩
)︂
ν(fi, vi).

3) The triple products on 𝒲, for homogeneous elements xi, zi ∈ 𝒱σ, yi ∈ 𝒱−σ, are given 
by

{⊗ixi,⊗iyi,⊗izi} =

=
(︂ ∏︂

1≤j<i≤n

ηxi,yj

)︂ n ∑︂
i,j=1

(︂∏︂
t<j

ηxi,ztηyi,zt

)︂(︂∏︂
k ̸=i

⟨xk, yk⟩
)︂
z1 ⊗ · · · ⊗ {xi, yi, zj}

⊗ · · · ⊗ zn.

4) Aut(𝒱, ⟨·, ·⟩)/𝝁n ≲ Aut(𝒲, ⟨·, ·⟩).

Proof. 1) Consequence of the isomorphism of supermodules (⊠nM)∗ ∼ = ⊠nM∗ pro
duced by the bilinear pairing of L-supermodules ⊠nM∗×⊠nM → F , which is given by 
the tensor superpower of the bilinear pairing of L-supermodules M∗ ×M → F .

2) Take homogeneous elements x ∈ 𝔦𝔫𝔰𝔱𝔯(𝒱), f ∈ 𝒱−, v ∈ 𝒱+. We claim that

ηx,fηx,v⟨f, v⟩ = ⟨f, v⟩. (4.1)

Indeed, if ε(f) = ε(v) we have that ηx,fηx,v = 1, otherwise we have that ⟨f, v⟩ = 0
because ⟨·, ·⟩ is even, and in both cases the claim follows. Then

b
(︁
x, [⊗ifi,⊗ivi]

)︁
=(2.21) ⟨x · (⊗ifi),⊗jvj⟩
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=
∑︂
i 

(︂∏︂
k<i

ηx,fk

)︂
⟨f1 ⊗ · · · ⊗ (x · fi) ⊗ · · · ⊗ fn,⊗jvj⟩

=
∑︂
i 

(︂∏︂
k<i

ηx,fk

)︂(︂ n ∏︂
j=1

∏︂
k<j

ηfj ,vk

)︂(︂∏︂
k<i

ηx,vk

)︂(︂∏︂
k ̸=i

⟨fk, vk⟩
)︂
⟨x · fi, vi⟩ =(2.21)

=
(︂∏︂

j

∏︂
k<j

ηfj ,vk

)︂∑︂
i 

(︂∏︂
k<i

ηx,fkηx,vk

)︂(︂∏︂
k ̸=i

⟨fk, vk⟩
)︂
b
(︁
x, [fi, vi]

)︁
=(4.1)

=
(︂∏︂
j<i

ηfi,vj

)︂∑︂
i 

(︂∏︂
k ̸=i

⟨fk, vk⟩
)︂
b
(︁
x, [fi, vi]

)︁
= b
(︁
x,
(︂∏︂
j<i

ηfi,vj

)︂∑︂
i 

(︂∏︂
k ̸=i

⟨fk, vk⟩
)︂
[fi, vi]

)︁
,

and since b is nondegenerate we get [⊗ifi,⊗ivi] =
(︂∏︁

j<i ηfi,vj

)︂∑︁
i

(︂∏︁
k ̸=i⟨fk, vk⟩

)︂
[fi, vi], 

and then applying the epimorphism Υ in (2.23), the property follows.
3) The triple product for homogeneous elements is given by

{ ⊗i xi,⊗jyj ,⊗kzk} = ν(⊗ixi,⊗jyj) · (⊗kzk)

=
(︂∏︂
j<i

ηxi,yj

)︂∑︂
i 

(︂∏︂
k ̸=i

⟨xk, yk⟩
)︂
ν(xi, yi) · (⊗kzk)

=
(︂∏︂
j<i

ηxi,yj

)︂∑︂
i 

(︂∏︂
k ̸=i

⟨xk, yk⟩
)︂∑︂

j

(︂∏︂
t<j

ηxi,ztηyi,zt

)︂
·

· z1 ⊗ · · · ⊗ (ν(xi, yi) · zj) ⊗ · · · ⊗ zn

=
(︂∏︂
j<i

ηxi,yj

)︂∑︂
i,j 

(︂∏︂
t<j

ηxi,ztηyi,zt

)︂(︂∏︂
k ̸=i

⟨xk, yk⟩
)︂
z1 ⊗ · · · ⊗ {xi, yi, zj} ⊗ · · · ⊗ zn.

4) Let φ ∈ AutR(𝒱R, ⟨·, ·⟩) and consider the pair of maps φ⊗n :=
(︁
(φ−)⊗n, (φ+)⊗n

)︁
where ⊗ = ⊗R. We will first show that ⟨·, ·⟩ is φ⊗n-invariant. Given homogeneous ele
ments fi ∈ 𝒱−, vi ∈ 𝒱+, we have that

⟨(φ−)⊗n(⊗ifi), (φ+)⊗n(⊗ivi)⟩ = ⟨⊗iφ
−(fi),⊗iφ

+(vi)⟩

=
n ∏︂

i=1

(︂∏︂
k<i

ηφ−(fi),φ+(vk)

)︂
⟨φ−(fi), φ+(vi)⟩

=
n ∏︂

i=1

(︂∏︂
k<i

ηfi,vk

)︂
⟨fi, vi⟩ = ⟨⊗ifi,⊗ivi⟩,

which proves that ⟨·, ·⟩ is φ⊗n-invariant. On the other hand,

{(φ−)⊗n(⊗ixi), (φ+)⊗n(⊗jyj), (φ−)⊗n(⊗kzk)} = {⊗iφ
−(xi),⊗jφ

+(yj),⊗kφ
−(zk)}
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=
(︂∏︂
j<i

ηφ−(xi),φ+(yj)

)︂∑︂
i,j 

(︂∏︂
t<j

ηφ−(xi),φ−(zt)ηφ+(yi),φ−(zt)

)︂(︂∏︂
k ̸=i

⟨φ−(xk), φ+(yk)⟩
)︂
·

· φ−(z1) ⊗ · · · ⊗ {φ−(xi), φ+(yi), φ−(zj)} ⊗ · · · ⊗ φ−(zn)

=
(︂∏︂
j<i

ηxi,yj

)︂∑︂
i,j 

(︂∏︂
t<j

ηxi,ztηyi,zt

)︂(︂∏︂
k ̸=i

⟨xk, yk⟩
)︂
φ−(z1) ⊗ · · · ⊗ φ−(︁{xi, yi, zj}

)︁
⊗ · · · ⊗ φ−(zn)

= (φ−)⊗n({⊗ixi,⊗jyj ,⊗kzk}),

and similarly we get

{(φ+)⊗n(⊗ixi), (φ−)⊗n(⊗jyj), (φ+)⊗n(⊗kzk)} = (φ+)⊗n({⊗ixi,⊗jyj ,⊗kzk}).

We have proven that φ⊗n ∈ AutR(𝒲R, ⟨·, ·⟩). Thus we have a morphism of a�ine group 
schemes

Φ⊗
n : Aut(𝒱, ⟨·, ·⟩) → Aut(𝒲, ⟨·, ·⟩), (4.2)

whose kernel is given by ker(Φ⊗
n )R = {cλ | λ ∈ R×, λn = 1} ≃ 𝝁n(R), and the result 

follows. □
The following result is a minor generalization of the case n = 2 in [1, Prop.4.3], and 

includes (general) tensor superpowers as a particular case. (See also Remark 2.3 above.)

Proposition 4.3. Let 𝒱i be nonzero objects in MGJSP for i = 1, . . . , n and consider the 
tensor superproduct 𝒲 =

⨂︁n
i=1 𝒱i. Then:

1) The bilinear form ⟨·, ·⟩ on 𝒲 is given by the tensor superproduct of the bilinear forms 
of the 𝒱i, that is,

⟨⊗ifi,⊗ivi⟩ =
n ∏︂

i=1

(︂∏︂
k<i

ηfi,vk

)︂
⟨fi, vi⟩ =

(︂ ∏︂
1≤j<i≤n

ηfi,vj

)︂(︂ n ∏︂
i=1

⟨fi, vi⟩
)︂
.

2) The generators of 𝔦𝔫𝔰𝔱𝔯(𝒲) are of the form

ν(⊗ifi,⊗ivi) =
(︂ ∏︂

1≤j<i≤n

ηfi,vj

)︂ n ∑︂
i=1 

(︂∏︂
k ̸=i

⟨fk, vk⟩
)︂
ν(fi, vi).

3) The triple products on 𝒲, for homogeneous elements xi, zi ∈ 𝒱σ, yi ∈ 𝒱−σ, are given 
by
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{⊗ixi,⊗iyi,⊗izi} =

=
(︂ ∏︂

1≤j<i≤n

ηxi,yj

)︂ n ∑︂
i=1 

(︂∏︂
t<i 

ηxi,ztηyi,zt

)︂
⟨x1, y1⟩z1 ⊗ · · · ⊗ {xi, yi, zi}

⊗ · · · ⊗ ⟨xn, yn⟩zn.

4) For the automorphism group schemes, we have

n ⨂︂
i=1 

Gm Aut(𝒱i, ⟨·, ·⟩) ≤ Aut(𝒲, ⟨·, ·⟩).

Proof. The four properties follow easily by induction from the case n = 2 in [1, Prop.4.3]. 
Note that 2) also follows from the calculations in the proof of Proposition 4.2-2). Property 
3) can also be proven using the calculations in the proof of Proposition 4.2-3) as a 
shortcut, where we get that the triple product for homogeneous elements is given by

{ ⊗i xi,⊗jyj ,⊗kzk} = · · · =

=
(︂∏︂
j<i

ηxi,yj

)︂∑︂
i 

(︂∏︂
k ̸=i

⟨xk, yk⟩
)︂∑︂

j

(︂∏︂
t<j

ηxi,ztηyi,zt

)︂
z1 ⊗ · · · ⊗ (ν(xi, yi) · zj) ⊗ · · · ⊗ zn

=
(︂∏︂
j<i

ηxi,yj

)︂∑︂
i 

(︂∏︂
k ̸=i

⟨xk, yk⟩
)︂(︂∏︂

t<i 
ηxi,ztηyi,zt

)︂
z1 ⊗ · · · ⊗ (ν(xi, yi) · zi) ⊗ · · · ⊗ zn

=
(︂∏︂
j<i

ηxi,yj

)︂∑︂
i 

(︂∏︂
t<i 

ηxi,ztηyi,zt

)︂
⟨x1, y1⟩z1 ⊗ · · · ⊗ {xi, yi, zi} ⊗ · · · ⊗ ⟨xn, yn⟩zn. □

5. Alternating superpowers of Lie supermodules

Throughout this section, unless otherwise stated, we will assume that M is a nonzero 
finite-dimensional L-supermodule, where L is a Lie superalgebra. Note that the results 
for supermodules also hold for vector superspaces, since these can be thought as Lie 
supermodules over L = 0. The results where the L-action is unimportant will be stated 
in terms of a finite-dimensional vector superspace V .

Definitions 5.1. Let n ≥ 2 and consider the L-supermodule ⊠nM . For 1 ≤ i < j ≤ n, 
let τij ∈ End(

⨂︁n
M) the linear map swapping the i-th and j-th components of pure 

tensors, that is,

τij(v1 ⊗ · · · ⊗ vn) := v1 ⊗ · · · ⊗ vi−1 ⊗ vj ⊗ vi+1 ⊗ · · · ⊗ vj−1 ⊗ vi ⊗ vj+1 ⊗ · · · ⊗ vn. (5.1)

Consider the vector subsuperspace of ⊠nM given by

ˆ︁Rn = ˆ︁Rn(M) := span{⊗kvk+ηvi,vi+1τi,i+1(⊗kvk) | 0 ̸= vk ∈ M0̄∪M1̄, 1 ≤ i < n}. (5.2)
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We will also denote ˆ︁R∗
n = ˆ︁R∗

n(M) := ˆ︁Rn(M∗). It is not too hard to see that

ˆ︁Rn = {v − sgn(σ)σ · v | v ∈⊠nM,σ ∈ Sn}, (5.3)

with the action σ · v defined as in Remarks 3.1-1).
The elements of the vector superspace 

⋀︁n
M := (⊠nM)/ ˆ︁Rn will be called alternating 

supertensors. Note that if M is even, then 
⋀︁n

M is an alternating power of M , and if 
M is odd, then (as a vector space) 

⋀︁n
M is a symmetric power of M . We will use the 

convention 
⋀︁1

M := M . The projection of a pure supertensor v1⊗· · ·⊗vn in 
⋀︁n

M will be 
denoted by v1 ∧ · · · ∧ vn, or just ∧ivi, and referred to as a pure alternating supertensor. 
Note that the parity map of 

⋀︁n
M is given by ε(∧ivi) :=

∑︁
i ε(vi) for homogeneous 

elements vi ∈ M . We will say that ∧ivi is parity-ordered if there exists k ∈ {0, 1, . . . , n}
such that vi ∈ M0̄ for i ≤ k and vj ∈ M1̄ for j > k.

Note that ˆ︁Rn is an L-subsupermodule of ⊠nM , because for elements x ∈ L, v ∈
⊠nM , σ ∈ Sn, we have

x ·
(︁
v − sgn(σ)σ · v

)︁
= x · v − sgn(σ)σ · (x · v) ∈ ˆ︁Rn.

Consequently, 
⋀︁n

M becomes an L-supermodule with the action given by

x · (∧ivi) :=
n ∑︂

i=1 

(︂∏︂
k<i

ηx,vk

)︂
v1 ∧ · · · ∧ (x · vi) ∧ · · · ∧ vn (5.4)

for each homogeneous x ∈ L, vi ∈ M . We will refer to (L,
⋀︁n

M) as the n-th alternating 
(or exterior) superpower of the Lie supermodule (L,M).

Remark 5.2. Let d0̄ := dimM0̄, d1̄ := dimM1̄ be the even and odd dimensions of 
the Lie supermodule M , and d := dimM = d0̄ + d1̄. Note that for an even Lie su
permodule M (i.e., a Lie module), 

⋀︁n
M is just the usual alternating power, so that ⋀︁n

M = 0 for n > dimM . Without further mention, we will only consider the cases 
with 

⋀︁n
M ̸= 0, i.e., we will assume n ≤ d0̄ if d1̄ = 0 . On the other hand, we will also 

assume char F = 0 or char F > n if d1̄ > 0 , which will grant nondegeneracy for certain 

bilinear form ˆ︁F defined in (5.8).

Notation 5.3. Let L be a Lie superalgebra and M a finite-dimensional L-supermodule. 
Our next goal is to construct a bilinear pairing of L-supermodules 

⋀︁n
M∗×

⋀︁n
M → F .

Let ⟨·, ·⟩ :
⨂︁n

M∗ ×
⨂︁n

M → F be the bilinear form defined as in (3.5), where we 
consider Mi = M for each i = 1, . . . , n. Recall that Sn acts on 

⨂︁n
M by means of the 

automorphisms in (3.3). We claim that

⟨σ · f, v⟩ = ⟨f, σ−1 · v⟩ (5.5)
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for all f ∈
⨂︁n

M∗, v ∈
⨂︁n

M , σ ∈ Sn. To prove the claim, first consider the case n = 2. 
Let τ = (1 2) ∈ S2, fix homogeneous elements v, w ∈ M , f, g ∈ M∗, and note that

⟨τ · (f ⊗ g), v ⊗ w⟩ = ⟨ηf,gg ⊗ f, v ⊗ w⟩ = ηf,gηf,v⟨g, v⟩⟨f, w⟩

= ηw,vηw,g⟨g, v⟩⟨f, w⟩ = ⟨f ⊗ g, ηv,ww ⊗ v⟩ = ⟨f ⊗ g, τ · (v ⊗ w)⟩.

For an arbitrary n and any elementary transposition τ = (i i+1) ∈ Sn, the calculation 
is analogous; and since elementary transpositions generate Sn, the claim follows easily.

Now define a new bilinear form by

F : ⊠nM∗ ×⊠nM −→ F , F (f, v) :=
∑︂
σ∈Sn

sgn(σ)⟨f, σ · v⟩, (5.6)

for all f ∈
⨂︁n

M∗, v ∈
⨂︁n

M . Now we claim that

F (f, σ · v) = sgn(σ)F (f, v) = F (σ · f, v), (5.7)

for all f ∈
⨂︁n

M∗, v ∈
⨂︁n

M , σ ∈ Sn. Indeed, the left equality follows from a straight
forward calculation, and the right equality follows using (5.6) and (5.5). Since Sn acts 
by automorphisms of L-supermodules, we have that

F (f, x · v) =
∑︂
σ∈Sn

sgn(σ)⟨f, σ · (x · v)⟩ =
∑︂
σ∈Sn

sgn(σ)⟨f, cσM,...,M (x · v)⟩

=
∑︂
σ∈Sn

sgn(σ)⟨f, x · cσM,...,M (v)⟩ =
∑︂
σ∈Sn

sgn(σ)⟨f, x · (σ · v)⟩

= −ηx,f
∑︂
σ∈Sn

sgn(σ)⟨x · f, σ · v⟩ = −ηx,fF (x · f, v),

for all x ∈ L, f ∈
⨂︁n

M∗, v ∈
⨂︁n

M ; in other words, F is also a bilinear pairing of 
L-supermodules.

By (5.7), it follows that F satisfies the properties

F
(︁
f, v − sgn(σ)σ · v

)︁
= 0 = F

(︁
f − sgn(σ)σ · f, v

)︁
,

so that F (
⨂︁n

M∗, ˆ︁Rn) = 0 = F ( ˆ︁R∗
n,
⨂︁n

M). Thus F induces a bilinear map

ˆ︁F :
n ⋀︂
M∗ ×

n ⋀︂
M → F , (5.8)

which is also a pairing of L-supermodules. (We will show in Notation 5.5 that ˆ︁F is 
nondegenerate.)
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Notation 5.4. Our aim now is to obtain an explicit expression for the bilinear form ˆ︁F in 
(5.8).

For α = (α1, . . . , αn) ∈ Zn
2 , consider the homogeneous subspace of 

⨂︁n
M given by ⨂︁

α M :=
⨂︁n

i=1 Mαi
and note that 

⨂︁n
M =

⨁︁
α∈Zn

2

⨂︁
α M . Given α ∈ Zn

2 , define the 
ordered sets ι0̄(α) := {i1, . . . , ik} and ι1̄(α) := {j1, . . . , jn−k}, where i1 < · · · < ik are 
the subscripts i where αi = 0̄ and j1 < · · · < jn−k are the subscripts j where αj = 1̄. 
For 0 ≤ k ≤ n, let 

⨂︁(k,n−k)
M denote the direct sum of the subspaces 

⨂︁
α M such 

that α has 0̄ appearing in k entries and 1̄ appearing in n − k entries. We will denote 
the image of 

⨂︁(k,n−k)
M on the quotient 

⋀︁n
M by 

⋀︁(k,n−k)
M . (For k > d0̄, we have ⋀︁(k,n−k)

M = 0, which can be proven as for alternating powers in the non-super case.) 
The relations in ˆ︁Rn show that 

⋀︁(k,n−k)
M is also the image of 

⨂︁k
M0̄ ⊗

⨂︁n−k
M1̄ on 

the quotient.
Let ˆ︁R(k,n−k)

n := ˆ︁Rn ∩
⨂︁(k,n−k)

M , then it is easy to see that ˆ︁Rn =
⨁︁n

k=0
ˆ︁R(k,n−k)
n , 

and it follows that

n ⋀︂
M =

min(d0̄,n)⨁︂
k=0 

(k,n−k)⋀︂
M. (5.9)

Let ˆ︁F (k,n−k) denote the restriction of ˆ︁F to 
⋀︁(k,n−k)

M∗ ×
⋀︁(k,n−k)

M . By (5.6) and 
(5.9), we have that

ˆ︁F =⊥min(d0̄,n)
k=0

ˆ︁F (k,n−k). (5.10)

For convenience, we introduce the detper operators, defined as a combination of the 
determinant and the permanent. For 0 ≤ k ≤ n and A = (aij)ij ∈ ℳn(F), set

detperk,n−k(A) := det
(︂
(aij)1≤i,j≤k

)︂
per
(︂
(aij)k<i,j≤n

)︂
, (5.11)

where we use the convention det(∅) = 1 = per(∅) for the ``empty submatrix''. For 0 ≤
k ≤ n, denote

ωk := (−1)
∑︁

0≤i<k i = (−1)
k(k−1)

2 = (−1)(
k
2 ). (5.12)

Note that

ωkωk+1 = (−1)k. (5.13)

Fix 0 ≤ k ≤ min(d0̄, n). We will now prove that ˆ︁F (k,n−k) is given, for parity-ordered 
elements, by

ˆ︁F (k,n−k) :
(k,n−k)⋀︂

M∗ ×
(k,n−k)⋀︂

M −→ F ,

(∧ifi,∧jvj) ↦−→ ωn−k detperk,n−k

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
.

(5.14)
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Fix parity-ordered elements ∧ifi ∈
⋀︁(k,n−k)

M∗, ∧jvj ∈
⋀︁(k,n−k)

M . Let f ′
1 = ⊗i≤kfi, 

f ′
2 = ⊗i>kfi, v′1 = ⊗i≤kvi, v′2 = ⊗i>kvi. Identify Sk×Sn−k with the subgroup of Sn that 

fixes the sets {1, . . . , k} and {k+ 1, . . . , n}. Note that the nonzero terms contributing to 
the sum ˆ︁F (∧ifi,∧jvj) correspond to the permutations in Sk × Sn−k, thus

ˆ︁F (∧ifi,∧jvj) = F (⊗ifi,⊗jvj) =
∑︂

σ=σ1σ2∈Sk×Sn−k

sgn(σ)⟨⊗ifi, σ · ⊗jvj⟩

=
(︄ ∑︂

σ1∈Sk

sgn(σ1)⟨f ′
1, σ1 · v′1⟩

)︄(︄ ∑︂
σ2∈Sn−k

sgn(σ2)⟨f ′
2, σ2 · v′2⟩

)︄

=
(︄ ∑︂

σ1∈Sk

sgn(σ1)
∏︂

1≤i,j≤k

⟨fi, vσ−1
1 (j)⟩

)︄
·

·
(︄ ∑︂

σ2∈Sn−k

sgn(σ2)
(︂

sgn(σ2)ωn−k

)︂ ∏︂
k<i,j≤n

⟨fi, vσ−1
2 (j)⟩

)︄

= ωn−k det
(︂
(⟨fi, vj⟩)1≤i,j≤k

)︂
per
(︂
(⟨fi, vj⟩)k<i,j≤n

)︂
= ωn−k detperk,n−k

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
.

We have proven eq. (5.14).
In general, for parity-ordered elements ∧ifi ∈

⋀︁(r,n−r)
M∗, ∧jvj ∈

⋀︁(s,n−s)
M , we 

have

ˆ︁F (∧ifi,∧jvj) = ωn−r detperr,n−r

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
= ωn−s detpers,n−s

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
,

(5.15)
because detperr,n−r

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
= 0 = detpers,n−s

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
if r ̸= s.

Notation 5.5. Finally, we will describe some properties of the bilinear form ˆ︁F in (5.8).
For 0 ≤ k ≤ min(d0̄, n), consider the family of ordered n-tuples

ˆ︁ℐ(k,n−k)
= ˆ︁ℐ(k,n−k)

(M)

:= {I = (i1, . . . , in) | 1 ≤ i1 < · · · < ik ≤ d0̄ < ik+1 ≤ · · · ≤ in ≤ d}, (5.16)

and

ˆ︁ℐn = ˆ︁ℐn(M) :=
⋃︂

0≤k≤min(d0̄,n)

ˆ︁ℐ(k,n−k)
(M). (5.17)

The elements of ˆ︁ℐn and ˆ︁ℐ(k,n−k)
will be used as sets of ordered indices of supermatrices, 

where k and n− k correspond to the number of indices coming from the even and odd 
subspaces, respectively.



D. Aranda-Orna, A.S. Córdova-Martínez / Linear Algebra Appl. 735 (2026) 57--104 77

Fix a basis ℬ = {vi}di=1 of M such that ℬ0̄ := {vi}d0̄
i=1 and ℬ1̄ := {vi}di=d0̄+1 are bases 

of M0̄ and M1̄, respectively. Let ℬ∗ = {fi}di=1 be the dual basis of ℬ. Thus ℬ∗
0̄ := {fi}d0̄

i=1
and ℬ∗

1̄ := {fi}di=d0̄+1 are the dual bases of ℬ0̄ and ℬ1̄. The relations given by ˆ︁Rn show 
that 

⋀︁n
M is spanned by the set

ˆ︁ℬn := {êI := ∧i∈Ivi | I ∈ ˆ︁ℐn}, (5.18)

and similarly 
⋀︁n

M∗ is spanned by

ˆ︁ℬ∗
n := {ê∗I := ∧i∈Ifi | I ∈ ˆ︁ℐn}. (5.19)

Note that ˆ︁F (ê∗I , êJ) = 0 for all ê∗I ∈ ˆ︁ℬ∗
n, êJ ∈ ˆ︁ℬn with I ̸= J . On the other hand, given 

I ∈ ˆ︁ℐn, let MI = (m1, . . . ,mt) denote the sequence of multiplicities of the entries of I
(thus 

∑︁
i mi = n), and k the number of even coordinates vi for the element êI = ∧i∈Ivi. 

Then, define

κI := ωn−k

∏︂
m∈MI

m! = ωn−km1! · · ·mt!, (5.20)

with ωn−k as in (5.12). Then, by (5.15) it is clear that

ˆ︁F (ê∗I , êJ) = κIδI,J = κJδI,J . (5.21)

Since we are assuming that char F = 0 or char F > n whenever d1̄ > 0, it follows 
from (5.21) that ˆ︁F defines a dual pairing (i.e., ˆ︁F is nondegenerate), and also that ˆ︁ℬn

and ˆ︁ℬ∗
n are bases of 

⋀︁n
M and 

⋀︁n
M∗, respectively. Unfortunately, ˆ︁ℬn and ˆ︁ℬ∗

n are not ˆ︁F -dual bases in general. It is clear that

dim
n ⋀︂
M = | ˆ︁ℬn | = | ˆ︁ℐn | =

min(d0̄,n)∑︂
k=0 

(︃
d0̄
k

)︃(︃
d1̄ + (n− k) − 1

n− k 

)︃
. (5.22)

Since ˆ︁F is a dual pairing of supermodules, it defines an isomorphism of L-supermodules ⋀︁n
M∗ ∼ = (

⋀︁n
M)∗, f ↦→ ˆ︁F (f, ·).

Definition 5.6. The Lie supermodules duality map ˆ︁F defined in (5.8) will be referred to 
as the n-th alternating superpower of the corresponding Lie supermodules duality map 
M∗ ×M → F . It will be denoted by ⟨·, ·⟩ in further sections.

Notation 5.7. Let L be a Lie superalgebra. Given a homomorphism of finite-dimensional 
Lie supermodules, h ∈ HomL(M,N), it is clear that h⊗n ∈ HomL(

⨂︁n
M,
⨂︁n

N), 
and h⊗n

(︁ ˆ︁Rn(M)
)︁
⊆ ˆ︁Rn(N) because h is even. Thus h⊗n induces an element h∧n ∈

HomL(
⋀︁n

M,
⋀︁n

N), given by h∧n(∧ixi) = ∧ih(xi) for any elements xi ∈ M . It is also 
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clear that the composition of two homomorphisms, h1 and h2, satisfies the property 
(h2 ◦ h1)∧n = h∧n

2 ◦ h∧n
1 .

Consider now the case M = N , i.e., h ∈ EndL(M). Let h∗ be the dual map of h for 
the bilinear pairing ⟨·, ·⟩ : M∗ ×M → F , and (h∧n)∗ the ˆ︁F -dual map of h∧n. Then for 
parity-ordered elements ∧ifi ∈

⋀︁(k,n−k)
M∗ and ∧jvj ∈

⋀︁(k,n−k)
M , we get

ˆ︁F (︁∧ifi, h
∧n(∧jvj)

)︁
= ˆ︁F (︁ ∧i fi,∧jh(vj)

)︁
= ωn−k detperk,n−k

(︂(︁
⟨fi, h(vj)⟩

)︁
ij

)︂
= ωn−k detperk,n−k

(︂(︁
⟨h∗(fi), vj⟩

)︁
ij

)︂
= ˆ︁F (︁ ∧i h

∗(fi),∧jvj
)︁

= ˆ︁F (︁(h∗)∧n(∧ifi),∧jvj
)︁
,

thus (h∗)∧n = (h∧n)∗.

Notation 5.8. Let 0 ≤ k ≤ min(d0̄, n) and identify Sk × Sn−k with the subgroup of Sn

that fixes the sets {1, . . . , k} and {k + 1, . . . , n}. Let I = (i1, . . . , in) ∈ ˆ︁ℐ(k,n−k)
and 

consider the parity-ordered element êI := ∧i∈Ivi = ∧tvit ∈ ˆ︁ℬn. For each permutation 
σ ∈ Sn, let ˆ︃sgnk,n−k(σ) denote the sign defined by

∧i∈Ivi =ˆ︃sgnk,n−k(σ) ∧t viσ(t) , (5.23)

and note that ˆ︃sgnk,n−k(σρ) = sgn(σ) for σ ∈ Sk, ρ ∈ Sn−k.

Notation 5.9. Let V be a finite-dimensional vector superspace. Consider the action 
of Sn on S = {1, . . . , d}n given by σ

(︁
(i1, . . . , in)

)︁
:= (iσ−1(1), . . . , iσ−1(n)). Fix I =

(i1, . . . , in) ∈ ˆ︁ℐn(V ) ⊆ S and take H = StabSn
(I), O = OrbSn

(I). By abuse of notation, 
we will denote by Sn(I) any left transversal of H in Sn. Note that by the Orbit-Stabilizer 
Theorem, the multiset {σ(I) | σ ∈ Sn} is the orbit O, where each element has multiplic
ity |H|, whereas the multiset {σ(I) | σ ∈ Sn(I)} has the same elements with multiplicity 
one. We will use the notation Sn(I) for parametrizations of O without repetitions. In 
particular, Sn(I) will be used as a set of indices for sums where we do not want to repeat 
elements of O (if char F = 0, this is equivalent to iterate on Sn and divide the sum by 
|H|). If all entries in I are different, then we have Sn(I) = Sn.

Notation 5.10. Let V be a finite-dimensional vector superspace. Let I = (i1, . . . , in) ∈ˆ︁ℐ(p,n−p)
(V ), J = (j1, . . . , jn) ∈ ˆ︁ℐ(q,n−q)

(V ) with 0 ≤ p, q ≤ min(d0̄, n). Take an 
even supermatrix A = (aij)ij = diag(A0̄, A1̄) ∈ ℳ(d0̄|d1̄)×(r|s)(F) = ℳd×n(F), with 
A0̄ ∈ ℳd0̄×r(F) and A1̄ ∈ ℳd1̄×s(F). Identify as subgroup Sp × Sn−p ≤ Sn (as in 
Notation 5.8). We define the (alternating) (I, J)-superminor of A by

ˆ︂ℳI,J (A) :=
∑︂

σ∈Sn(I)

ˆ︃sgnp,n−p(σ)
n ∏︂

t=1
aiσ(t),jt . (5.24)
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We may also refer to alternating superminors as detper-superminors. By the block struc
ture of A it follows that

ˆ︂ℳI,J(A) =
(︂∑︂
σ∈Sp

sgn(σ)
p ∏︂

t=1
aiσ(t),jt

)︂(︂ ∑︂
ρ∈Sn−p(I)

n ∏︂
t=p+1

aiρ(t),jt

)︂
. (5.25)

Note that ˆ︂ℳI,J(A) = 0 if p ̸= q. If I = J , then the superminor will be said to be a 
principal superminor.

Consider the case with n = d− 1. For 1 ≤ i, j ≤ n, let Ii = (1, . . . , i− 1, i + 1, . . . , d), 
Ij = (1, . . . , j − 1, j + 1, . . . , d). Then the term ˆ︂ℳij(A) := ˆ︂ℳIi,Ij (A) will be called 
the (alternating) (i, j)-superminor of A. Also, (i, j)-superminors will be referred to as 
(alternating) first superminors.

The following result generalizes [3, Chap.3, §8.5, Prop.9 & Prop.10].

Proposition 5.11. Let V and V ′ be finite-dimensional vector superspaces. Let ℬ = {vi}di=1
and ℬ′ = {v′i}d

′

i=1 be parity-ordered bases of V and V ′, respectively. Consider the associ
ated bases ˆ︁ℬn = {êI}I∈ˆ︁ℐn(V ) and ˆ︁ℬ′

n = {ê′I′}I′∈ˆ︁ℐn(V ′) of 
⋀︁n

V and 
⋀︁n

V ′, defined as in 
(5.18) by using ℬ and ℬ′. Then:

1) Take a parity-ordered subset {wj}nj=1 ⊆ V , with {wj}rj=1 ⊆ V0̄ and {wj}nj=r+1 ⊆ V1̄

for some 0 ≤ r ≤ min(d0̄, n), let s = n − r, and set wj =
∑︁d

i=1 aijvi. Consider the 
even supermatrix A = (aij)ij = diag(A0̄, A1̄) ∈ ℳ(d0̄|d1̄)×(r|s)(F) = ℳd×n(F), with 
A0̄ ∈ ℳd0̄×r(F) and A1̄ ∈ ℳd1̄×s(F). Let J = (1, . . . , n). Then

∧jwj =
∑︂

I∈ˆ︁ℐn(V )

ˆ︂ℳI,J(A)êI , (5.26)

where ˆ︂ℳI,J(A) = 0 if I / ∈ ˆ︁ℐ(r,n−r)
(V ).

2) Let h : V → V ′ be an even homomorphism of vector superspaces, and let A =
(aij)ij = diag(A0̄, A1̄) ∈ ℳ(d′

0̄|d
′
1̄)×(d0̄|d1̄)(F) = ℳd′×d(F) be its coordinate matrix 

on the bases ℬ and ℬ′, which is an even supermatrix with A0̄ ∈ ℳd′
0̄×d0̄

(F) and 

A1̄ ∈ ℳd′
1̄×d1̄

(F). Then, the coordinate matrix of h∧n in the bases ˆ︁ℬn and ˆ︁ℬ′
n is

A∧n :=
(︁ ˆ︂ℳI′,I(A)

)︁
I′∈ˆ︁ℐn(V ′),I∈ˆ︁ℐn(V ). (5.27)

(Here, ˆ︂ℳI′,I(A) = 0 if r ̸= s, where I ∈ ˆ︁ℐ(r,n−r)
(V ), I ′ ∈ ˆ︁ℐ(s,n−s)

(V ′).)

Proof. 1) Let ℬ∗ = {fi}di=1 be the dual basis of ℬ, and ˆ︁ℬ∗
n the ˆ︁F -dual basis of ˆ︁ℬn

constructed from ℬ∗ as in (5.19). Then
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∧jwj = ∧j

(︂ d ∑︂
i=1 

aijvi

)︂
=

∑︂
k1,...,kn

∧t(akt,tvkt
) =

∑︂
k1,...,kn

(︂ n ∏︂
t=1

akt,t

)︂(︂
∧tvkt

)︂
.

For I = (i1, . . . , in) ∈ ˆ︁ℐ(k,n−k)
(V ), the coefficient of ∧i∈Ivi ∈ ˆ︁ℬn in the coordinates of 

∧jwj in ˆ︁ℬn is given by κ−1
I
ˆ︁F (︁ ∧i∈I fi,∧jwj

)︁
. Besides,

κ−1
I
ˆ︁F ( ∧i∈I fi,∧jwj) = κ−1

I
ˆ︁F (︁ ∧i∈I fi,

∑︂
k1,...,kn

(︂ n ∏︂
t=1

akt,t

)︂(︂
∧tvkt

)︂)︁
=(⋆), Not. 5.9

= κ−1
I
ˆ︁F (︁ ∧i∈I fi,

∑︂
σ∈Sn(I)

(︂ n ∏︂
t=1

aiσ(t),t

)︂(︂
∧tviσ(t)

)︂)︁
=(5.23)

= κ−1
I

∑︂
σ∈Sn(I)

ˆ︃sgnk,n−k(σ) ˆ︁F (︁ ∧i∈I fi,
(︂ n ∏︂
t=1

aiσ(t),t

)︂
∧i∈I vi

)︁
=

∑︂
σ∈Sn(I)

ˆ︃sgnk,n−k(σ)
n ∏︂

t=1
aiσ(t),t = ˆ︂ℳI,J (A).

In equality (⋆) we have used eq. (5.21), so that the terms not proportional to ∧i∈Ivi can 
be dropped (any permutation of the indices in I has to be included).

2) Let I = (i1, . . . , in) ∈ ˆ︁ℐ(k,n−k)
(V ). Then

h∧n(êI) = h∧n(∧jvij ) = ∧j

(︁
h(vij )

)︁
= ∧j

(︂ d′∑︂
t=1 

at,ijv
′
t

)︂
=

∑︂
I′∈ˆ︁ℐn(V ′)

ˆ︂ℳI′,I(A)ê′I′ ,

where the last equality follows by 1). □
Definition 5.12. The matrix A∧n, defined as in (5.27) from an even supermatrix A =
diag(A0̄, A1̄), will be called the n-th alternating superpower of A. Then A∧n can be 
regarded as an even supermatrix whose rows and columns are indexed by ˆ︁ℐn(V ′) and ˆ︁ℐn(V ), respectively.

Notation 5.13. Let V be a finite-dimensional vector superspace. Consider the morphism 
of a�ine group schemes ˆ︁Ψn : GL0̄(V ) → GL0̄(

⋀︁n
V ) given by

(ˆ︁Ψn)R : GL0̄(V )(R) := GL0̄
R(VR) −→ GL0̄(

n ⋀︂
V )(R) := GL0̄

R(
n ⋀︂
VR), φ ↦−→ φ∧n.

(5.28)
Given φ ∈ GL0̄

R(VR), it is clear that φ∧n is even and invertible, with inverse (φ∧n)−1 =
(φ−1)∧n, and therefore ˆ︁Ψn is well-defined. Moreover,

𝝁n(R) ∼ = {r idV | r ∈ R, rn = 1} ≤ ker(ˆ︁Ψn)R ≤ GL0̄
R(VR).
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A description of the a�ine group scheme ker ˆ︁Ψn is given by the following result.

Proposition 5.14. Let V be a finite-dimensional vector superspace. Let ˆ︁Ψn be defined as 
above.

1) If V is even and has dimension n, then ker ˆ︁Ψn ≃ SLn.
2) Otherwise, ker ˆ︁Ψn ≃ 𝝁n.

Proof. Let φ ∈ ker(ˆ︁Ψn)R for some associative commutative unital F -algebra R. No
tice that Proposition 5.11 also holds for the scalar extension VR. Let A = (aij)ij =
diag(A0̄, A1̄) ∈ GL0̄

(d0̄|d1̄)(R) be the coordinate matrix of φ ∈ GL0̄
R(VR) in a parity

ordered basis ℬ, and consider the associated basis ˆ︁ℬn of 
⋀︁n

V as in (5.18). As usual, we 
can regard A as an even supermatrix. Since φ ∈ ker(ˆ︁Ψn)R and by Proposition 5.11-2), 
we have that (δI,J)I,J∈ˆ︁ℐn(V ) = A∧n =

(︁ ˆ︂ℳI,J (A)
)︁
I,J∈ˆ︁ℐn(V ).

In particular, if V is even of dimension n we get (1) = A∧n =
(︁
det(A)

)︁
, which 

proves case 1). Now consider the case where V is even and n < d = dimV . Let S be a 
principal submatrix of A of order n + 1 (by principal, we mean that we take the same 
indices of rows and columns). Then, all minors (respectively, principal minors) of S are 
minors (respectively, principal minors) of A. It follows that the principal first minors of 
S are 1 and the non-principal first minors of S are 0. Thus, the adjugate matrix of S is 
adj(S) = In+1. By the inversion formula, we get det(S)In+1 = S adj(S) = S. Since this 
holds for any principal submatrix of A of order n + 1, it follows that A = rId for some 
r ∈ R×, and therefore φ = r idV . Since A∧n = (δI,J)I,J∈ˆ︁ℐn(V ), we must have rn = 1. We 
have proven the property for the case where V is even.

From now on, assume that the odd dimension is d1̄ > 0. We claim that A1̄ = rId1̄

for some r ∈ R× such that rn = 1. To show the claim, we will only consider indices i
and j corresponding to the rows and columns of the block A1̄. For I = (i, . . . , i) ∈ ˆ︁ℐn, 
we get 1 = δI,I = ˆ︂ℳI,I(A) = anii, and consequently aii ∈ R×. For i < j, take I =
(i, . . . , i) ∈ ˆ︁ℐn and J = (i, . . . , i, j) ∈ ˆ︁ℐn, and we get 0 = δI,J = ˆ︂ℳI,J (A) = an−1

ii aij , so 
that aij = 0. For i < j, take I = (j, . . . , j) ∈ ˆ︁ℐn and J = (i, j, . . . , j) ∈ ˆ︁ℐn, and we get 
0 = δI,J = ˆ︂ℳI,J(A) = an−1

jj aji, so that aji = 0. For i < j and I = (i, . . . , i, j) ∈ ˆ︁ℐn, 
we get 1 = δI,I = ˆ︂ℳI,I(A) = (n− 1)an−2

ii aijaji + an−1
ii ajj = an−1

ii ajj , so that aii = ajj . 
We have proven the claim, and the case 2) follows if V is odd. Assume now that V is 
not odd. If i is an index corresponding to A0̄ and j is an index corresponding to A1̄, 
take I = (i, j, . . . , j) ∈ ˆ︁ℐn, and we get 1 = δI,I = ˆ︂ℳI,I(A) = aiia

n−1
jj = aiir

n−1, thus 
aii = r. If i ̸= j are indices corresponding to A0̄ and k is an index corresponding to A1̄, 
take I = (i, k, . . . , k) ∈ ˆ︁ℐn and J = (j, k, . . . , k) ∈ ˆ︁ℐn, so that 0 = δI,J = ˆ︂ℳI,J(A) =
aija

n−1
kk = aijr

n−1, thus aij = 0. We have proven that A = rId, and the result follows. □
Notation 5.15. We claim that if (φ, h) ∈ AutR(LR,MR), then we have (φ, h∧n) ∈
AutR(LR,

⋀︁n
MR). Indeed, by Notation 5.13, we know that h∧n ∈ GL0̄

R(
⋀︁n

MR). Be
sides, for homogeneous x ∈ LR, vk ∈ MR we have that
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h∧n
(︁
x · (∧ivi)

)︁
= h∧n

(︄∑︂
i 

(︂∏︂
k<i

ηx,vk

)︂
v1 ∧ · · · ∧ (x · vi) ∧ · · · ∧ vn

)︄

=
∑︂
i 

(︂∏︂
k<i

ηx,vk

)︂
h(v1) ∧ · · · ∧ h(x · vi) ∧ · · · ∧ h(vn)

=
∑︂
i 

(︂∏︂
k<i

ηφ(x),h(vk)

)︂
h(v1) ∧ · · · ∧

(︂
φ(x) · h(vi)

)︂
∧ · · · ∧ h(vn)

= φ(x) ·
(︁
∧i h(vi)

)︁
= φ(x) ·

(︁
h∧n(∧ivi)

)︁
,

and there exists (φ, h∧n)−1 =
(︁
φ−1, (h−1)∧n

)︁
∈ AutR(LR)×GL0̄

R(
⋀︁n

MR), which proves 
the claim. Consequently, there is a morphism of group schemes ˆ︁Φn : Aut(L,M) →
Aut(L,

⋀︁n
M) determined by

(ˆ︁Φn)R : Aut(L,M)(R) := AutR(LR,MR) −→ Aut(L,
n ⋀︂
M)(R) := AutR(LR,

n ⋀︂
MR),

(φ, h) ↦−→ (φ, h∧n).
(5.29)

Moreover,

𝝁n(R) ∼ = {(idL, r idM ) | r ∈ R, rn = 1} ≤ AutR(LR,MR),

thus 𝝁n ≲ ker(ˆ︁Φn).

Proposition 5.16. Let ˆ︁Φn be defined as above. Then ker ˆ︁Φn = Aut(L,M)∩(1×ker ˆ︁Ψn). 
In particular:

1) If M is even and has dimension n, then ker ˆ︁Φn = Aut(L,M) ∩ (1×SLn).
2) Otherwise ker ˆ︁Φn = 1×𝝁n ≃ 𝝁n, and therefore Aut(L,M)/𝝁n ≲ Aut(L,

⋀︁n
M).

Proof. This follows from Proposition 5.14 and Notation 5.15. □
6. Symmetric superpowers of Lie supermodules

Throughout this section, unless otherwise stated, we will assume that M is a nonzero 
finite-dimensional L-supermodule, where L is a Lie superalgebra. As in the previous 
section, the results where the L-action is unimportant will be stated in terms of a finite
dimensional vector superspace V (which is just the case M = V , L = 0).

Definitions 6.1. Let n ≥ 2 and consider the vector subsuperspace of ⊠nM given byˆ︁
Rn =

ˆ︁
Rn(M) := span{⊗kvk−ηvi,vi+1τi,i+1(⊗kvk) | 0 ̸= vk ∈ M0̄∪M1̄, 1 ≤ i < n}, (6.1)
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where τij is the map defined in eq. (5.1) for 1 ≤ i < j ≤ n. We will also denote ˆ︁
R

∗
n =

ˆ︁
R

∗
n(M) :=

ˆ︁
Rn(M∗). It is not too hard to see thatˆ︁

Rn = {v − σ · v | v ∈⊠nM,σ ∈ Sn}, (6.2)

with the action σ · v defined as in Remarks 3.1-1).
The elements of the vector superspace 

⋁︁n
M := (⊠nM)/

ˆ︁
Rn will be called symmetric 

supertensors. Note that if M is even, then 
⋁︁n

M is a symmetric power of M , and if M
is odd, then (as a vector space) 

⋁︁n
M is an alternating power of M . We will use the 

convention 
⋁︁1

M := M . The projection of a pure supertensor v1 ⊗ · · ·⊗ vn in 
⋁︁n

M will 
be denoted by v1∨· · ·∨vn, or just ∨ivi, and referred to as a pure symmetric supertensor. 
Note that the parity map of 

⋁︁n
M is given by ε(∨ivi) :=

∑︁
i ε(vi) for homogeneous 

elements vi ∈ M . We will say that ∨ivi is parity-ordered if there exists k ∈ {0, 1, . . . , n}
such that vi ∈ M0̄ for i ≤ k and vj ∈ M1̄ for j > k.

Note that 
ˆ︁
Rn is an L-subsupermodule of ⊠nM , because for elements x ∈ L, v ∈

⊠nM , σ ∈ Sn, we have

x ·
(︁
v − σ · v

)︁
= x · v − σ · (x · v) ∈

ˆ︁
Rn.

Consequently, 
⋁︁n

M becomes an L-supermodule with the action given by

x · (∨ivi) :=
n ∑︂

i=1 

(︂∏︂
k<i

ηx,vk

)︂
v1 ∨ · · · ∨ (x · vi) ∨ · · · ∨ vn (6.3)

for each homogeneous x ∈ L, vi ∈ M . We will refer to (L,
⋁︁n

M) as the n-th symmetric 
superpower of the Lie supermodule (L,M).

Remark 6.2. Let d0̄ := dimM0̄ and d1̄ := dimM1̄ be the even and odd dimensions of the 
Lie supermodule M , and d := dimM = d0̄ + d1̄. Note that for an odd Lie supermodule 
M , 

⋁︁n
M (regarded as a vector space) is just the usual alternating power, so that ⋁︁n

M = 0 for n > dimM . Without further mention, we will only consider the cases 
with 

⋁︁n
M ̸= 0, i.e., we will assume n ≤ d1̄ if d0̄ = 0 . On the other hand, we will also 

assume char F = 0 or char F > n if d0̄ > 0 , which will grant nondegeneracy for certain 

bilinear form 

ˆ︁
F defined in (6.6).

Notation 6.3. Let L be a Lie superalgebra and M a finite-dimensional L-supermodule. 
Our next goal is to construct a bilinear pairing of L-supermodules 

⋁︁n
M∗×

⋁︁n
M → F .

Let ⟨·, ·⟩ :
⨂︁n

M∗ ×
⨂︁n

M → F be the bilinear form defined as in (3.5), where we 
consider Mi = M for each i = 1, . . . , n. Now define a new bilinear form by

F : ⊠nM∗ ×⊠nM −→ F , F (f, v) :=
∑︂
σ∈Sn

⟨f, σ · v⟩, (6.4)
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for all f ∈
⨂︁n

M∗, v ∈
⨂︁n

M . With the same arguments used in Notation 5.3, one 
checks that

F (f, σ · v) = F (f, v) = F (σ · f, v), (6.5)

for all f ∈
⨂︁n

M∗, v ∈
⨂︁n

M , σ ∈ Sn, and also that F is a bilinear pairing of L
supermodules.

By (6.5), it follows that F satisfies the properties

F
(︁
f, v − σ · v

)︁
= 0 = F

(︁
f − σ · f, v

)︁
,

so that F (
⨂︁n

M∗,

ˆ︁
Rn) = 0 = F (

ˆ︁
R

∗
n,
⨂︁n

M). Thus F induces a bilinear mapˆ︁
F :

n ⋁︂
M∗ ×

n ⋁︂
M → F , (6.6)

which is also a pairing of L-supermodules. (We will show in Notation 6.5 that 
ˆ︁
F is 

nondegenerate.)

Notation 6.4. Our aim now is to obtain an explicit expression for the bilinear form 

ˆ︁
F in 

(6.6).
As in Notation 5.4, we will consider the vector superspaces 

⨂︁
α M for α ∈ Zn

2 , and the 
vector superspaces 

⨂︁(k,n−k)
M . For α = (α1, . . . , αn) ∈ Zn

2 , consider again the ordered 
sets ι0̄(α) and ι1̄(α). We will denote the image of 

⨂︁(k,n−k)
M on the quotient 

⋁︁n
M

by 
⋁︁(k,n−k)

M . (For k such that n − k > d1̄, we have 
⋁︁(k,n−k)

M = 0, which can be 
proven as for alternating powers in the non-super case.) The relations in 

ˆ︁
Rn show that ⋁︁(k,n−k)

M is also the image of 
⨂︁k

M0̄ ⊗
⨂︁n−k

M1̄ on the quotient.
Let 

ˆ︁
R

(k,n−k)
n :=

ˆ︁
Rn ∩

⨂︁(k,n−k)
M , then it is easy to see that 

ˆ︁
Rn =

⨁︁n
k=0

ˆ︁
R

(k,n−k)
n , 

and it follows that

n ⋁︂
M =

min(d1̄,n)⨁︂
k=0 

(n−k,k)⋁︂
M. (6.7)

Let 
ˆ︁
F

(k,n−k)
denote the restriction of 

ˆ︁
F to 

⋁︁(k,n−k)
M∗ ×

⋁︁(k,n−k)
M . By (5.6) and 

(6.7), we have that ˆ︁
F =⊥min(d1̄,n)

k=0

ˆ︁
F

(n−k,k)
. (6.8)

For convenience, we introduce the perdet operators, defined as a combination of the 
permanent and the determinant. For 0 ≤ k ≤ n and A = (aij)ij ∈ ℳn(F), set

perdetk,n−k(A) := per
(︂
(aij)1≤i,j≤k

)︂
det
(︂
(aij)k<i,j≤n

)︂
, (6.9)
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where we use the convention det(∅) = 1 = per(∅) for the ``empty submatrix''. Also, 
consider ωk defined as in (5.12).

Fix k with 0 ≤ n− k ≤ min(d1̄, n). With the same arguments as in Notation 5.4, it is 
not too hard to see that 

ˆ︁
F

(k,n−k)
is given, for parity-ordered elements, by

ˆ︁
F

(k,n−k)
:

(k,n−k)⋁︂
M∗ ×

(k,n−k)⋁︂
M −→ F ,

(∨ifi,∨jvj) ↦−→ ωn−k perdetk,n−k

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
.

(6.10)

In general, for parity-ordered elements ∨ifi ∈
⋁︁(r,n−r)

M∗, ∨jvj ∈
⋁︁(s,n−s)

M , we 
haveˆ︁

F (∨ifi,∨jvj) = ωn−r perdetr,n−r

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
= ωn−s perdets,n−s

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
,

(6.11)
because perdetr,n−r

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
= 0 = perdets,n−s

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
if r ̸= s.

Notation 6.5. Finally, we will describe some properties of the bilinear form 

ˆ︁
F in (6.6).

For k such that 0 ≤ n− k ≤ min(d1̄, n), consider the family of ordered n-tuplesˆ︁
ℐ

(k,n−k)
=
ˆ︁
ℐ

(k,n−k)
(M)

:= {I = (i1, . . . , in) | 1 ≤ i1 ≤ · · · ≤ ik ≤ d0̄ < ik+1 < · · · < in ≤ d}, (6.12)

and ˆ︁
ℐn =

ˆ︁
ℐn(M) :=

⋃︂
0≤k≤min(d1̄,n)

ˆ︁
ℐ

(n−k,k)
(M). (6.13)

The elements of 
ˆ︁
ℐn and 

ˆ︁
ℐ

(k,n−k)
will be used as sets of ordered indices of supermatrices, 

where k and n− k correspond to the number of indices coming from the even and odd 
subspaces, respectively.

Fix a basis ℬ = {vi}di=1 of M such that ℬ0̄ := {vi}d0̄
i=1 and ℬ1̄ := {vi}di=d0̄+1 are bases 

of M0̄ and M1̄, respectively. Let ℬ∗ = {fi}di=1 be the dual basis of ℬ. Thus ℬ∗
0̄ := {fi}d0̄

i=1

and ℬ∗
1̄ := {fi}di=d0̄+1 are the dual bases of ℬ0̄ and ℬ1̄. The relations given by 

ˆ︁
Rn show 

that 
⋁︁n

M is spanned by the setˆ︁
ℬn := {ěI := ∨i∈Ivi | I ∈

ˆ︁
ℐn}, (6.14)

and similarly 
⋁︁n

M∗ is spanned byˆ︁
ℬ
∗
n := {ě∗I := ∨i∈Ifi | I ∈

ˆ︁
ℐn}. (6.15)
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Consider κI defined as in (5.20). Then, by (6.11) it is clear thatˆ︁
F (ě∗I , ěJ) = κIδI,J = κJδI,J . (6.16)

Since we are assuming that char F = 0 or char F > n whenever d0̄ > 0, it follows 
from (6.16) that 

ˆ︁
F defines a dual pairing (i.e., 

ˆ︁
F is nondegenerate), and also that 

ˆ︁
ℬn

and 

ˆ︁
ℬ
∗
n are bases of 

⋁︁n
M and 

⋁︁n
M∗, respectively. Unfortunately, 

ˆ︁
ℬn and 

ˆ︁
ℬ
∗
n are not ˆ︁

F -dual bases in general. It is clear that

dim
n ⋁︂
M = |

ˆ︁
ℬn | = |

ˆ︁
ℐn | =

min(d1̄,n)∑︂
k=0 

(︃
d1̄
k

)︃(︃
d0̄ + (n− k) − 1

n− k 

)︃
. (6.17)

Since 

ˆ︁
F is a dual pairing of supermodules, it defines an isomorphism of L-supermodules ⋁︁n

M∗ ∼ = (
⋁︁n

M)∗, f ↦→
ˆ︁
F (f, ·).

Definition 6.6. The Lie supermodules duality map 

ˆ︁
F defined in (6.6) will be referred to 

as the n-th symmetric superpower of the corresponding Lie supermodules duality map 
M∗ ×M → F . It will be denoted by ⟨·, ·⟩ in further sections.

Notation 6.7. Let L be a Lie superalgebra. Given a homomorphism of finite-dimensional 
Lie supermodules, h ∈ HomL(M,N), it is clear that h⊗n ∈ HomL(

⨂︁n
M,
⨂︁n

N), 
and h⊗n

(︁ˆ︁
Rn(M)

)︁
⊆
ˆ︁
Rn(N) because h is even. Thus h⊗n induces an element h∨n ∈

HomL(
⋁︁n

M,
⋁︁n

N), given by h∨n(∨ixi) = ∨ih(xi) for any elements xi ∈ M . It is also 
clear that the composition of two homomorphisms, h1 and h2, satisfies the property 
(h2 ◦ h1)∨n = h∨n

2 ◦ h∨n
1 .

Consider now the case M = N , i.e., h ∈ EndL(M). Let h∗ be the dual map of h for 
the bilinear pairing ⟨·, ·⟩ : M∗ ×M → F , and (h∨n)∗ the 

ˆ︁
F -dual map of h∨n. Then for 

parity-ordered elements ∨ifi ∈
⋁︁(k,n−k)

M∗ and ∨jvj ∈
⋁︁(k,n−k)

M , we getˆ︁
F
(︁
∨ifi, h

∨n(∨jvj)
)︁

=
ˆ︁
F
(︁
∨i fi,∨jh(vj)

)︁
= ωn−k perdetk,n−k

(︂(︁
⟨fi, h(vj)⟩

)︁
ij

)︂
= ωn−k perdetk,n−k

(︂(︁
⟨h∗(fi), vj⟩

)︁
ij

)︂
=
ˆ︁
F
(︁
∨i h

∗(fi),∨jvj
)︁

=
ˆ︁
F
(︁
(h∗)∨n(∨ifi),∨jvj

)︁
,

thus (h∗)∨n = (h∨n)∗.

Notation 6.8. Let k be such that 0 ≤ n−k ≤ min(d1̄, n) and identify Sk×Sn−k with the 
subgroup of Sn that fixes the sets {1, . . . , k} and {k + 1, . . . , n}. Let I = (i1, . . . , in) ∈ˆ︁
ℐ

(k,n−k)
and consider the parity-ordered element ěI := ∨i∈Ivi = ∨tvit ∈

ˆ︁
ℬn. For each 

permutation σ ∈ Sn, let 
ˆ︃
sgnk,n−k(σ) denote the sign defined by

∨i∈Ivi =
ˆ︃
sgnk,n−k(σ) ∨t viσ(t) , (6.18)
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and note that 
ˆ︃
sgnk,n−k(σρ) = sgn(ρ) for σ ∈ Sk, ρ ∈ Sn−k.

Notation 6.9. Let V be a finite-dimensional vector superspace. Let I = (i1, . . . , in) ∈ˆ︁
ℐ

(p,n−p)
(V ), J = (j1, . . . , jn) ∈

ˆ︁
ℐ

(q,n−q)
(V ) with p and q such that 0 ≤ n − p, n − q ≤

min(d1̄, n). Take an even supermatrix A = (aij)ij = diag(A0̄, A1̄) ∈ ℳ(d0̄|d1̄)×(r|s)(F) =
ℳd×n(F), with A0̄ ∈ ℳd0̄×r(F) and A1̄ ∈ ℳd1̄×s(F). Identify as subgroup Sp×Sn−p ≤
Sn (as in Notation 6.8). We define the (symmetric) (I, J)-superminor of A by

ˆ︂
ℳI,J (A) :=

∑︂
σ∈Sn(I)

ˆ︃
sgnp,n−p(σ)

n ∏︂
t=1

aiσ(t),jt . (6.19)

We may also refer to symmetric superminors as perdet-superminors. By the block struc
ture of A it follows thatˆ︂

ℳI,J(A) =
(︂ ∑︂
σ∈Sp(I)

p ∏︂
t=1

aiσ(t),jt

)︂(︂ ∑︂
ρ∈Sn−p

sgn(ρ)
n ∏︂

t=p+1
aiρ(t),jt

)︂
. (6.20)

Note that 
ˆ︂
ℳI,J(A) = 0 if p ̸= q. If I = J , then the superminor will be said to be a 

principal superminor.
Consider the case with n = d− 1. For 1 ≤ i, j ≤ n, let Ii = (1, . . . , i− 1, i + 1, . . . , d), 

Ij = (1, . . . , j − 1, j + 1, . . . , d). Then the term 

ˆ︂
ℳij(A) :=

ˆ︂
ℳIi,Ij (A) will be called 

the (symmetric) (i, j)-superminor of A. Also, (i, j)-superminors will be referred to as 
(symmetric) first superminors.

Proposition 6.10. Let V and V ′ be finite-dimensional vector superspaces. Let ℬ = {vi}di=1
and ℬ′ = {v′i}d

′

i=1 be parity-ordered bases of V and V ′, respectively. Consider the associ
ated bases 

ˆ︁
ℬn = {ěI}I∈

ˆ︁
ℐn(V ) and 

ˆ︁
ℬ
′
n = {ě′I′}I′∈

ˆ︁
ℐn(V ′) of 

⋁︁n
V and 

⋁︁n
V ′, defined as in 

(6.14) by using ℬ and ℬ′. Then:

1) Take a parity-ordered subset {wj}nj=1 ⊆ V , with {wj}rj=1 ⊆ V0̄ and {wj}nj=r+1 ⊆ V1̄

for some r such that 0 ≤ n− r ≤ min(d1̄, n), let s = n− r, and set wj =
∑︁d

i=1 aijvi. 
Consider the even supermatrix A = (aij)ij = diag(A0̄, A1̄) ∈ ℳ(d0̄|d1̄)×(r|s)(F) =
ℳd×n(F), with A0̄ ∈ ℳd0̄×r(F) and A1̄ ∈ ℳd1̄×s(F). Let J = (1, . . . , n). Then

∨jwj =
∑︂

I∈
ˆ︁
ℐn(V )

ˆ︂
ℳI,J(A)ěI , (6.21)

where 

ˆ︂
ℳI,J(A) = 0 if I / ∈

ˆ︁
ℐ

(r,n−r)
(V ).

2) Let h : V → V ′ be an even homomorphism of vector superspaces, and let A =
(aij)ij = diag(A0̄, A1̄) ∈ ℳ(d′

0̄|d
′
1̄)×(d0̄|d1̄)(F) = ℳd′×d(F) be its coordinate matrix 
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on the bases ℬ and ℬ′, which is an even supermatrix with A0̄ ∈ ℳd′
0̄×d0̄

(F) and 

A1̄ ∈ ℳd′
1̄×d1̄

(F). Then, the coordinate matrix of h∨n in the bases 
ˆ︁
ℬn and 

ˆ︁
ℬ
′
n is

A∨n :=
(︁ˆ︂
ℳI′,I(A)

)︁
I′∈

ˆ︁
ℐn(V ′),I∈

ˆ︁
ℐn(V ). (6.22)

(Here, 
ˆ︂
ℳI′,I(A) = 0 if r ̸= s, where I ∈

ˆ︁
ℐ

(r,n−r)
(V ), I ′ ∈

ˆ︁
ℐ

(s,n−s)
(V ′).)

Proof. The proof is analogous to the one of Proposition 5.11. □
Definition 6.11. The matrix A∨n, defined as in (6.22) from an even supermatrix A =
diag(A0̄, A1̄), will be called the n-th symmetric superpower of A. Then A∨n can be 
regarded as an even supermatrix whose rows and columns are indexed by 

ˆ︁
ℐn(V ′) and ˆ︁

ℐn(V ), respectively.

Notation 6.12. Let V be a finite-dimensional vector superspace. Consider the morphism 
of a�ine group schemes 

ˆ︁
Ψn : GL0̄(V ) → GL0̄(

⋁︁n
V ) given by

(
ˆ︁
Ψn)R : GL0̄(V )(R) := GL0̄

R(VR) −→ GL0̄(
n ⋁︂
V )(R) := GL0̄

R(
n ⋁︂
VR), φ ↦−→ φ∨n.

(6.23)
Given φ ∈ GL0̄

R(VR), it is clear that φ∨n is even and invertible, with inverse (φ∨n)−1 =
(φ−1)∨n, and therefore 

ˆ︁
Ψn is well-defined. Moreover,

𝝁n(R) ∼ = {r idV | r ∈ R, rn = 1} ≤ ker(
ˆ︁
Ψn)R ≤ GL0̄

R(VR).

A description of the a�ine group scheme ker
ˆ︁
Ψn is given by the following result.

Proposition 6.13. Let 
ˆ︁
Ψn be defined as above.

1) If V is odd and has dimension n, then ker
ˆ︁
Ψn ≃ SLn.

2) Otherwise, ker
ˆ︁
Ψn ≃ 𝝁n.

Proof. The proof is analogous to the one in Proposition 5.14 □
Notation 6.14. We claim that if (φ, h) ∈ AutR(LR,MR), then we have (φ, h∨n) ∈
AutR(LR,

⋁︁n
MR). Indeed, by Notation 6.12, we know that h∨n ∈ GL0̄

R(
⋁︁n

MR). Be
sides, for homogeneous x ∈ LR, vk ∈ MR it is easy to see that

h∨n
(︁
x · (∨ivi)

)︁
= φ(x) ·

(︁
h∨n(∨ivi)

)︁
,

and there exists (φ, h∨n)−1 =
(︁
φ−1, (h−1)∨n

)︁
∈ AutR(LR)×GL0̄

R(
⋁︁n

MR), which proves 
the claim. Consequently, there is a morphism of group schemes 

ˆ︁
Φn : Aut(L,M) →

Aut(L,
⋁︁n

M) determined by
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(
ˆ︁
Φn)R : Aut(L,M)(R) := AutR(LR,MR) −→ Aut(L,

n ⋁︂
M)(R) := AutR(LR,

n ⋁︂
MR),

(φ, h) ↦−→ (φ, h∨n).
(6.24)

Moreover,

𝝁n(R) ∼ = {(idL, r idM ) | r ∈ R, rn = 1} ≤ AutR(LR,MR),

thus 𝝁n ≲ ker(
ˆ︁
Φn).

Proposition 6.15. Let 
ˆ︁
Φn be defined as above. Then ker

ˆ︁
Φn = Aut(L,M)∩(1×ker

ˆ︁
Ψn). 

In particular:

1) If M is odd and has dimension n, then ker
ˆ︁
Φn = Aut(L,M) ∩ (1×SLn).

2) Otherwise ker
ˆ︁
Φn = 1×𝝁n ≃ 𝝁n, and therefore Aut(L,M)/𝝁n ≲ Aut(L,

⋁︁n
M).

Proof. This follows from Proposition 6.13 and Notation 6.14. □
7. Alternating superpowers of metric generalized Jordan superpairs

Definition 7.1. Let (L,M, b) ∈ MFLSM and (𝒱, ⟨·, ·⟩) ∈ MGJSP be nonzero 
corresponding objects through the Faulkner correspondence. The Lie supermodule 
(L,
⋀︁n

M, b) is not necessarily faithful, but by the Faulkner construction, it defines 
an object (

⋀︁n 𝒱, ⟨·, ·⟩) ∈ MGJSP that will be called the n-th alternating (or exterior) 
superpower of (𝒱, ⟨·, ·⟩) in the class MGJSP. The object in MFLSM that corresponds 
to (
⋀︁n 𝒱, ⟨·, ·⟩) will be called the n-th alternating superpower of (L,M, b) in the class 

MFLSM, which is given by (˜︁L,⋀︁n
M,˜︁b), where ˜︁L is a quotient of 𝔦𝔫𝔰𝔱𝔯(L,

⋀︁n
M), and ˜︁b is determined by b (this follows from [1, Prop.3.3]).

Remark 7.2. Throughout this section, and without further mention unless otherwise 
stated, we will only consider objects (𝒱, ⟨·, ·⟩) ∈ MGJSP and n > 1 such that both 
vector superspaces 𝒱+ and 𝒱− satisfy the conditions from Remark 5.2. This will avoid 
considering the case where 

⋀︁n 𝒱 = 0, and the restrictions of char (F) are necessary for 
nondegeneracy of the bilinear form (which is used in the Faulkner construction).

Notation 7.3. Again, we need more auxiliary notation. For 1 ≤ i, j, p, q ≤ n, define:

ˆ︁ςp,q(i, j) = ˆ︁ςp,q,n(i, j) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(−1)i+j , for i ≤ p, j ≤ q,

(−1)i+n, for i ≤ p, j > q,

(−1)j+n, for i > p, j ≤ q,

1, for i > p, j > q.

(7.1)
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Proposition 7.4. Let 𝒱 be a nonzero object in MGJSP, 1 < n ∈ N, and 𝒲 =
⋀︁n 𝒱. 

Then:

1) The bilinear form ⟨·, ·⟩ on 𝒲 is given by the n-th alternating superpower of the 
bilinear form of 𝒱. That is, it is determined, for parity-ordered elements ∧ifi ∈⋀︁(p,n−p) 𝒱−, ∧jvj ∈

⋀︁(q,n−q) 𝒱+, by

⟨∧ifi,∧jvj⟩ = ωn−p detperp,n−p

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
,

which is zero if p ̸= q.
2) Fix σ ∈ {+,−}. For parity-ordered elements ∧ifi ∈

⋀︁(p,n−p) 𝒱−σ and ∧jvj ∈⋀︁(q,n−q) 𝒱σ, the spanning elements of 𝔦𝔫𝔰𝔱𝔯(𝒲) are of the form

ν(∧ifi,∧jvj) = ωn−p

n ∑︂
i,j=1

ˆ︁ςp,q(i, j)ˆ︂ℳij(B)ν(fi, vj), (7.2)

where ˆ︂ℳij(B) is the alternating (i, j)-superminor of the even supermatrix

B = diag(B0̄, B1̄) := (⟨fi, vj⟩)ij ∈ ℳ(p|n−p)×(q|n−q)(F).

3) Fix parity-ordered elements ∧ifi ∈
⋀︁(p,n−p) 𝒱−σ, ∧jvj ∈

⋀︁(q,n−q) 𝒱σ, ∧kgk ∈⋀︁(r,n−r) 𝒱−σ, for some σ = ±. Then the triple products of 𝒲 are given by

{∧ifi,∧jvj ,∧kgk} = ωn−p

n ∑︂
i,j,k=1

ˆ︁ςp,q(i, j)ˆ︂ℳij(B)
(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∧ . . .

∧ {fi, vj , gk} ∧ · · · ∧ gn, (7.3)

where B := (⟨fi, vj⟩)ij ∈ ℳ(p|n−p)×(q|n−q)(F).
4) There is a morphism of a�ine group schemes ˆ︁Ωn : Aut(𝒱, ⟨·, ·⟩) → Aut(𝒲, ⟨·, ·⟩)

given by

(ˆ︁Ωn)R : AutR(𝒱R, ⟨·, ·⟩) −→ AutR(𝒲R, ⟨·, ·⟩),
φ = (φ−, φ+) ↦−→ φ∧n :=

(︁
(φ−)∧n, (φ+)∧n)

)︁
.

(7.4)

Furthermore:
i) If 𝒱 is even and dim𝒱 = n, then ker ˆ︁Ωn = SLn ∩Aut(𝒱, ⟨·, ·⟩) and

Aut(𝒱, ⟨·, ·⟩)/ker ˆ︁Ωn ≲ Aut(𝒲, ⟨·, ·⟩) ≃ Gm . (7.5)

ii) Otherwise, ker ˆ︁Ωn = 𝝁n and

Aut(𝒱, ⟨·, ·⟩)/𝝁n ≲ Aut(𝒲, ⟨·, ·⟩). (7.6)
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Proof. 1) The property follows from the Faulkner construction.
2) We will prove the property by nondegeneracy of b. Fix a homogeneous element 

x ∈ 𝔦𝔫𝔰𝔱𝔯(𝒲) and parity-ordered elements ∧ifi ∈
⋀︁(p,n−p) 𝒱−σ, ∧jvj ∈

⋀︁(q,n−q) 𝒱σ. 
There are three nontrivial cases to check.

• First, consider the case where x is even and p = q. Then:

b
(︁
x, [∧ifi,∧jvj ]

)︁
=(2.21) ⟨x · (∧ifi),∧jvj⟩ =

∑︂
i 
⟨f1 ∧ · · · ∧ (x · fi) ∧ · · · ∧ fn,∧jvj⟩

= ωn−p

∑︂
i≤p 

det

⎛⎜⎜⎜⎜⎜⎝
⟨f1, v1⟩ · · · ⟨f1, vp⟩

... · · ·
...

⟨x · fi, v1⟩ · · · ⟨x · fi, vp⟩
... · · ·

...
⟨fp, v1⟩ · · · ⟨fp, vp⟩

⎞⎟⎟⎟⎟⎟⎠ per
(︂
(⟨fr, vs⟩)r,s>p

)︂

+ ωn−p

∑︂
i>p 

det
(︂
(⟨fr, vs⟩)r,s≤p

)︂
per

⎛⎜⎜⎜⎜⎜⎝
⟨fp+1, vp+1⟩ · · · ⟨fp+1, vn⟩

... · · ·
...

⟨x · fi, vp+1⟩ · · · ⟨x · fi, vn⟩
... · · ·

...
⟨fn, vp+1⟩ · · · ⟨fn, vn⟩

⎞⎟⎟⎟⎟⎟⎠
= ωn−p

∑︂
i,j≤p

(−1)i+j⟨x · fi, vj⟩ det
(︄

(⟨fr, vs⟩)i̸=r≤p
j ̸=s≤p

)︄
per
(︂
(⟨fr, vs⟩)r,s>p

)︂

+ ωn−p

∑︂
i,j>p

det
(︂
(⟨fr, vs⟩)r,s≤p

)︂
⟨x · fi, vj⟩ per

(︄
(⟨fr, vs⟩)i̸=r>p

j ̸=s>p

)︄
=(2.21)

= ωn−p

∑︂
i,j≤p

(−1)i+j ˆ︂ℳij(B)b
(︁
x, [fi, vj ]

)︁
+ ωn−p

∑︂
i,j>p

ˆ︂ℳij(B)b
(︁
x, [fi, vj ]

)︁
= b
(︂
x, ωn−p

∑︂
i,j 
ˆ︁ςp,q(i, j)ˆ︂ℳij(B)[fi, vj ]

)︂
.

• Second, consider the case where x is odd and q = p + 1. Then:

b
(︁
x, [∧ifi,∧jvj ]

)︁
=(2.21) ⟨x · (∧ifi),∧jvj⟩

=
∑︂
i 

(︂∏︂
t<i 

ηx,ft

)︂
⟨f1 ∧ · · · ∧ (x · fi) ∧ · · · ∧ fn,∧jvj⟩

=
∑︂
i>p 

(−1)i+p+1⟨f1 ∧ · · · ∧ (x · fi) ∧ · · · ∧ fn,∧jvj⟩

=
∑︂
i>p 

⟨f1 ∧ · · · ∧ fp ∧ (x · fi) ∧ fp+1 ∧ · · · ∧ fi−1 ∧ fi+1 ∧ · · · ∧ fn,∧jvj⟩
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= ωn−p−1
∑︂
i>p 

det

⎛⎜⎜⎝
⟨f1, v1⟩ · · · ⟨f1, vp+1⟩

... · · ·
...

⟨fp, v1⟩ · · · ⟨fp, vp+1⟩
⟨x · fi, v1⟩ · · · ⟨x · fi, vp+1⟩

⎞⎟⎟⎠ per
(︄

(⟨fr, vs⟩) i̸=r>p
s>p+1

)︄
=(5.13)

= ωn−p(−1)n−p−1
∑︂
i>p

j≤p+1

(−1)j+p+1 det
(︄

(⟨fr, vs⟩) r≤p
j ̸=s≤p+1

)︄
⟨x · fi, vj⟩·

· per
(︄

(⟨fr, vs⟩) i̸=r>p
s>p+1

)︄

= ωn−p

∑︂
i>p

j≤p+1

(−1)n+j det
(︄

(⟨fr, vs⟩) r≤p
j ̸=s≤p+1

)︄
⟨x · fi, vj⟩ per

(︄
(⟨fr, vs⟩) i̸=r>p

s>p+1

)︄
=(2.21)

= ωn−p

∑︂
i>p

j≤p+1

(−1)n+j ˆ︂ℳij(B)b
(︁
x, [fi, vj ]

)︁
= b
(︂
x, ωn−p

∑︂
i,j 
ˆ︁ςp,q(i, j)ˆ︂ℳij(B)[fi, vj ]

)︂
.

• Consider the third case, where x is odd and q = p− 1. Then:

b
(︁
x, [∧ifi,∧jvj ]

)︁
=(2.21) ⟨x · (∧ifi),∧jvj⟩

=
∑︂
i 

(︂∏︂
t<i 

ηx,ft

)︂
⟨f1 ∧ · · · ∧ (x · fi) ∧ · · · ∧ fn,∧jvj⟩

=
∑︂
i≤p 

⟨f1 ∧ · · · ∧ (x · fi) ∧ · · · ∧ fn,∧jvj⟩

=
∑︂
i≤p 

(−1)i+p⟨f1 ∧ · · · ∧ fi−1 ∧ fi+1 ∧ · · · ∧ fp ∧ (x · fi) ∧ fp+1 ∧ · · · ∧ fn,∧jvj⟩

= ωn−p+1
∑︂
i≤p 

(−1)i+p det
(︄

(⟨fr, vs⟩)i̸=r≤p
s<p

)︄
per

⎛⎜⎜⎝
⟨x · fi, vp⟩ · · · ⟨x · fi, vn⟩
⟨fp+1, vp⟩ · · · ⟨fp+1, vn⟩

...
...

...
⟨fn, vp⟩ · · · ⟨fn, vn⟩

⎞⎟⎟⎠=(5.13)

= ωn−p(−1)n+p
∑︂
i≤p
j≥p

(−1)i+p⟨x · fi, vj⟩ det
(︄

(⟨fr, vs⟩)i̸=r≤p
s<p

)︄
per
(︄

(⟨fr, vs⟩) r>p
j ̸=s≥p

)︄

= ωn−p

∑︂
i≤p
j≥p

(−1)n+i⟨x · fi, vj⟩ det
(︄

(⟨fr, vs⟩)i̸=r≤p
s<p

)︄
per
(︄

(⟨fr, vs⟩) r>p
j ̸=s≥p

)︄
=(2.21)

= ωn−p

∑︂
i≤p
j≥p

(−1)n+iˆ︂ℳij(B)b
(︁
x, [fi, vj ]

)︁
= b
(︂
x, ωn−p

∑︂
i,j 
ˆ︁ςp,q(i, j)ˆ︂ℳij(B)[fi, vj ]

)︂
.
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Finally, we conclude that the property follows by nondegeneracy of b, and then applying 
the epimorphism Υ in (2.23).

3) The property follows since:

{∧ifi,∧jvj ,∧kgk} = ν(∧ifi,∧jvj) · (∧kgk) =(7.2)

= ωn−p

∑︂
i,j 
ˆ︁ςp,q(i, j)ˆ︂ℳij(B)ν(fi, vj) · (∧kgk) =(5.4)

= ωn−p

∑︂
i,j,k

ˆ︁ςp,q(i, j)ˆ︂ℳij(B)
(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∧ · · · ∧

(︁
ν(fi, vj) · gk

)︁
∧ · · · ∧ gn

= ωn−p

∑︂
i,j,k

ˆ︁ςp,q(i, j)ˆ︂ℳij(B)
(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∧ · · · ∧ {fi, vj , gk} ∧ · · · ∧ gn.

4) Fix parity-ordered elements ∧ifi ∈
⋀︁(p,n−p) 𝒱−

R , ∧jvj ∈
⋀︁(p,n−p) 𝒱+

R , and φ ∈
AutR(𝒱R, ⟨·, ·⟩). Then

⟨(φ−)∧n(∧ifi), (φ+)∧n(∧jvj)⟩ = ⟨∧iφ
−(fi),∧jφ

+(vj)⟩

= ωn−p detperp,n−p

(︂(︁
⟨φ−(fi), φ+(vj)⟩

)︁
ij

)︂
= ωn−p detperp,n−p

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
= ⟨∧ifi,∧jvj⟩,

thus ⟨·, ·⟩ is Aut(𝒱, ⟨·, ·⟩)-invariant, and consequently so it is the matrix B (and its 
minors) associated to the elements ∧ifi and ∧jvj . Then, for ∧ifi, ∧jvj , ∧kgk as above, 
we have

(φ−)∧n
(︁
{∧ifi,∧jvj ,∧kgk}

)︁
=

= (φ−)∧n
(︂
ωn−p

∑︂
i,j,k

ˆ︁ςp,q(i, j)ˆ︂ℳij(B)
(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∧ · · · ∧ {fi, vj , gk} ∧ · · · ∧ gn

)︂
= ωn−p

∑︂
i,j,k

ˆ︁ςp,q(i, j)ˆ︂ℳij(B)
(︂∏︂
t<k

ηφ−(gt),D(φ−(fi),φ+(vj))

)︂
·

· φ−(g1) ∧ · · · ∧ {φ−(fi), φ+(vj), φ−(gk)} ∧ · · · ∧ φ−(gn)

= {∧iφ
−(fi),∧jφ

+(vj),∧kφ
−(gk)}

= {(φ−)∧n(∧ifi), (φ+)∧n(∧jvj), (φ−)∧n(∧kgk)},

which also holds, analogously, for the other triple product. We have proven that φ∧n ∈
Aut(𝒲, ⟨·, ·⟩).

i) Since 𝒲 is 1-dimensional, we have Aut(𝒲, ⟨·, ·⟩) ≃ Gm. By Proposition 5.14, it 
is clear that ker ˆ︁Ωn = SLn ∩Aut(𝒱, ⟨·, ·⟩). It is obvious that Aut(𝒱, ⟨·, ·⟩)/ker ˆ︁Ωn ≲
Aut(𝒲, ⟨·, ·⟩).

ii) By Proposition 5.14 we get ker ˆ︁Ωn = 𝝁n, and the result follows. □
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Example 7.5. Recall from [15] that the simple Jordan pairs of type I are given by 𝒱(I)
n,m :=

(ℳn,m(F),ℳn,m(F)) (here n,m ∈ N are arbitrary with n < m and char F ̸= 2), with 
generic trace

t(x, y) = t(I)(x, y) := tr(xyT),

and triple products

{x, y, z} := xyTz + zyTx.

It was shown in [1, Ex.4.7] that (𝒱(I)
n,m, t) ∈ MGJP. Simple Jordan pairs of type II are 

the Jordan subpairs of 𝒱(I)
n,n given by 𝒱(II)

n := (An(F), An(F)), where An(F) is the vector 
space of n× n antisymmetric matrices, and their generic trace is given by

t(x, y) = t(II)(x, y) :=
∑︂
i<j 

xijyij .

Consider the basis { ˆ︁Eij | i < j} of An(F) where ˆ︁Eij := Eij − Eji, and note that ˆ︁Eij = − ˆ︁Eji. For i < j and k < l, it is easy to see that

t(I)( ˆ︁Eij , ˆ︁Ekl) = 2(δikδjl − δilδjk) = 2δikδjl = 2t(II)( ˆ︁Eij , ˆ︁Ekl),

so that t(II) = 1
2 t

(I) on 𝒱(II)
n . Consequently, t(II) (which is nondegenerate) inherits the 

good properties from t(I), so that (𝒱(II)
n , t) ∈ MGJP. Then we have that

(Ei1i2 −Ei2i1)(Ej1j2 − Ej2j1)(Ek1k2 − Ek2k1) =

= (δi2j1Ei1j2 + δi1j2Ei2j1 − δi2j2Ei1j1 − δi1j1Ei2j2)(Ek1k2 −Ek2k1)

= (δi2j2δj1k2 − δi2j1δj2k2)Ei1k1 + (δi2j1δj2k1 − δi2j2δj1k1)Ei1k2

+ (δi1j1δj2k2 − δi1j2δj1k2)Ei2k1 + (δi1j2δj1k1 − δi1j1δj2k1)Ei2k2 ,

and swapping the labels i ↔ k we get

(Ek1k2 −Ek2k1)(Ej1j2 − Ej2j1)(Ei1i2 −Ei2i1) =

= (δk2j2δj1i2 − δk2j1δj2i2)Ek1i1 + (δk2j1δj2i1 − δk2j2δj1i1)Ek1i2

+ (δk1j1δj2i2 − δk1j2δj1i2)Ek2i1 + (δk1j2δj1i1 − δk1j1δj2i1)Ek2i2 .

Therefore, the triple products of 𝒱(II)
n are given by

{ ˆ︁Ei1i2 ,
ˆ︁Ej1j2 ,

ˆ︁Ek1k2} =

= (Ei1i2 − Ei2i1)(Ej1j2 −Ej2j1)(Ek1k2 − Ek2k1)

+ (Ek1k2 −Ek2k1)(Ej1j2 − Ej2j1)(Ei1i2 − Ei2i1)
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= (δi2j2δj1k2 − δi2j1δj2k2) ˆ︁Ei1k1 + (δi2j1δj2k1 − δi2j2δj1k1) ˆ︁Ei1k2

+ (δi1j1δj2k2 − δi1j2δj1k2) ˆ︁Ei2k1 + (δi1j2δj1k1 − δi1j1δj2k1) ˆ︁Ei2k2 ,

and the generic trace by

t( ˆ︁Ei1i2 ,
ˆ︁Ej1j2) = δi1j1δi2j2 .

Now, consider two copies of the canonical basis {ei}ni=1 of ℳ1,n(F), regarded as bases 
of the subspaces of 𝒱(I)

1,n, and note that

t(ei, ej) = δij ,

and

{ei, ej , ek} = δijek + δkjei.

Then {ei ∧ ej | 1 ≤ i < j ≤ n} is a basis for both vector spaces of the pair 𝒱 =
⋀︁2 𝒱(I)

1,n. 
Assuming 1 ≤ i1 < i2 ≤ n and 1 ≤ j1 < j2 ≤ n, the bilinear form of 𝒱 is given by

⟨ei1 ∧ ei2 , ej1 ∧ ej2⟩ = det
(︁
(t(eik , ejl))kl

)︁
= det

(︁
(δikjl)kl

)︁
= δi1j1δi2j2 − δi2j1δi1j2 = δi1j1δi2j2 .

Let Mij denote the determinant (i, j)-minor of B =
(︁
t(eik , ejl)

)︁
kl

=
(︁
δikjl

)︁
kl

. Then 
M11 = δi2j2 , M12 = δi2j1 , M21 = δi1j2 , M22 = δi1j1 , and the triple products of 𝒱 are 
given by

{ei1∧ei2 , ej1 ∧ ej2 , ek1 ∧ ek2} =

= M11({ei1 , ej1 , ek1} ∧ ek2 + ek1 ∧ {ei1 , ej1 , ek2})
−M12({ei1 , ej2 , ek1} ∧ ek2 + ek1 ∧ {ei1 , ej2 , ek2})
−M21({ei2 , ej1 , ek1} ∧ ek2 + ek1 ∧ {ei2 , ej1 , ek2})
+ M22({ei2 , ej2 , ek1} ∧ ek2 + ek1 ∧ {ei2 , ej2 , ek2})

= δi2j2

(︂
δi1j1ek1 ∧ ek2 + δk1j1ei1 ∧ ek2 + δi1j1ek1 ∧ ek2 + δk2j1ek1 ∧ ei1

)︂
− δi2j1

(︂
δi1j2ek1 ∧ ek2 + δk1j2ei1 ∧ ek2 + δi1j2ek1 ∧ ek2 + δk2j2ek1 ∧ ei1

)︂
− δi1j2

(︂
δi2j1ek1 ∧ ek2 + δk1j1ei2 ∧ ek2 + δi2j1ek1 ∧ ek2 + δk2j1ek1 ∧ ei2

)︂
+ δi1j1

(︂
δi2j2ek1 ∧ ek2 + δk1j2ei2 ∧ ek2 + δi2j2ek1 ∧ ek2 + δk2j2ek1 ∧ ei2

)︂
=
(︂
δi2j1δk2j2 − δi2j2δk2j1

)︂
ei1 ∧ ek1 +

(︂
δi2j2δk1j1 − δi2j1δk1j2

)︂
ei1 ∧ ek2

+
(︂
δi1j2δk2j1 − δi1j1δk2j2

)︂
ei2 ∧ ek1 +

(︂
δi1j1δk1j2 − δi1j2δk1j1

)︂
ei2 ∧ ek2
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+ 4
(︂
δi1j1δi2j2 − δi2j1δi1j2

)︂
ek1 ∧ ek2

Finally, consider the tensor-shift 𝒱 [−4], which has the same bilinear form as 𝒱, and triple 
products

{ei1∧ei2 , ej1 ∧ ej2 , ek1 ∧ ek2} =

=
(︂
δi2j1δk2j2 − δi2j2δk2j1

)︂
ei1 ∧ ek1 +

(︂
δi2j2δk1j1 − δi2j1δk1j2

)︂
ei1 ∧ ek2

+
(︂
δi1j2δk2j1 − δi1j1δk2j2

)︂
ei2 ∧ ek1 +

(︂
δi1j1δk1j2 − δi1j2δk1j1

)︂
ei2 ∧ ek2 .

Assume now that there is some element i ∈ F such that i2 = −1 (we can extend the 
scalars if necessary). By comparison of the triple products, it follows that the pair of 
maps f = (f−, f+) defined by

fσ : An(F) −→
2 ⋀︂
ℳ1,n(F), ˆ︁Eij ↦−→ iei ∧ ej ,

gives the following isomorphism of (generalized) Jordan pairs:

𝒱(II)
n

∼ = 
(︂ 2 ⋀︂

𝒱(I)
1,n

)︂[−4]
=
(︂ 2 ⋀︂

𝒱(I)
1,n

)︂
⊗ 𝒱−4. (7.7)

Unfortunately, f is not an isometry of the bilinear forms. However, f is a similarity with 
multiplier −1, that is, ⟨f(x), f(y)⟩ = −t(x, y). In other words, 𝒱(II)

n and 
⋀︁2 𝒱(I)

1,n are 

isomorphic up to a tensor-shift and a similarity (simultaneously), namely (𝒱(II)
n ,−t) ∼ = 

(
⋀︁2 𝒱(I)

1,n, ⟨·, ·⟩)[−4].
Let ˜︁f := c−i ◦ f where cσλ(x) := λσ1x for λ ∈ F×. Then

˜︁fσ( ˆ︁Eij) = σei ∧ ej , (7.8)

and ˜︁f defines another isomorphism (𝒱(II)
n ,−t) ∼ = (

⋀︁2 𝒱(I)
1,n, ⟨·, ·⟩)[−4] which does not re

quire that i ∈ F .

8. Symmetric superpowers of metric generalized Jordan superpairs

Definition 8.1. Let (L,M, b) ∈ MFLSM and (𝒱, ⟨·, ·⟩) ∈ MGJSP be nonzero 
corresponding objects through the Faulkner correspondence. The Lie supermodule 
(L,
⋁︁n

M, b) is not necessarily faithful, but by the Faulkner construction, it defines 
an object (

⋁︁n 𝒱, ⟨·, ·⟩) ∈ MGJSP that will be called the n-th symmetric superpower of 
(𝒱, ⟨·, ·⟩) in the class MGJSP. The object in MFLSM that corresponds to (

⋁︁n 𝒱, ⟨·, ·⟩)
will be called the n-th symmetric superpower of (L,M, b) in the class MFLSM, which 
is given by (˜︁L,⋁︁n

M,˜︁b), where ˜︁L is a quotient of 𝔦𝔫𝔰𝔱𝔯(L,
⋁︁n

M), and ˜︁b is determined 
by b (this follows from [1, Prop.3.3]).
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Remark 8.2. Throughout this section, and without further mention unless otherwise 
stated, we will only consider objects (𝒱, ⟨·, ·⟩) ∈ MGJSP and n > 1 such that both 
vector superspaces 𝒱+ and 𝒱− satisfy the conditions from Remark 6.2. This will avoid 
considering the case where 

⋁︁n 𝒱 = 0, and the restrictions of char (F) are necessary for 
nondegeneracy of the bilinear form (which is used in the Faulkner construction).

Notation 8.3. Again, we need more auxiliary notation. For 1 ≤ i, j, p, q ≤ n, define:

ˆ︁
ςp,q(i, j) =

ˆ︁
ςp,q,n(i, j) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, for i ≤ p, j ≤ q,

(−1)j+n, for i ≤ p, j > q,

(−1)i+n, for i > p, j ≤ q,

(−1)i+j , for i > p, j > q.

(8.1)

Proposition 8.4. Let 𝒱 be a nonzero object in MGJSP, 1 < n ∈ N, and 𝒲 =
⋁︁n 𝒱. 

Then:

1) The bilinear form ⟨·, ·⟩ on 𝒲 is given by the n-th symmetric superpower of the bilinear 
form of 𝒱. That is, it is determined, for parity-ordered elements ∨ifi ∈

⋁︁(p,n−p) 𝒱−, 
∨jvj ∈

⋁︁(q,n−q) 𝒱+, by

⟨∨ifi,∨jvj⟩ = ωn−p perdetp,n−p

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
,

which is zero if p ̸= q.
2) Fix σ ∈ {+,−}. For parity-ordered elements ∨ifi ∈

⋁︁(p,n−p) 𝒱−σ and ∨jvj ∈⋁︁(q,n−q) 𝒱σ, the spanning elements of 𝔦𝔫𝔰𝔱𝔯(𝒲) are of the form

ν(∨ifi,∨jvj) = ωn−p

n ∑︂
i,j=1

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)ν(fi, vj), (8.2)

where 

ˆ︂
ℳij(B) is the symmetric (i, j)-superminor of the even supermatrix

B = diag(B0̄, B1̄) := (⟨fi, vj⟩)ij ∈ ℳ(p|n−p)×(q|n−q)(F).

3) Fix parity-ordered elements ∨ifi ∈
⋁︁(p,n−p) 𝒱−σ, ∨jvj ∈

⋁︁(q,n−q) 𝒱σ, ∨kgk ∈⋁︁(r,n−r) 𝒱−σ, for some σ = ±. Then the triple products of 𝒲 are given by

{∨ifi,∨jvj ,∨kgk}

= ωn−p

n ∑︂
i,j,k=1

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)

(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∨ · · · ∨ {fi, vj , gk} ∨ · · · ∨ gn,

(8.3)

where B := (⟨fi, vj⟩)ij ∈ ℳ(p|n−p)×(q|n−q)(F).
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4) There is a morphism of a�ine group schemes 
ˆ︁
Ωn : Aut(𝒱, ⟨·, ·⟩) → Aut(𝒲, ⟨·, ·⟩)

given by

(
ˆ︁
Ωn)R : AutR(𝒱R, ⟨·, ·⟩) −→ AutR(𝒲R, ⟨·, ·⟩),

φ = (φ−, φ+) ↦−→ φ∨n :=
(︁
(φ−)∨n, (φ+)∨n)

)︁
.

(8.4)

Furthermore:
i) If 𝒱 is odd and dim𝒱 = n, then ker

ˆ︁
Ωn = SLn ∩Aut(𝒱, ⟨·, ·⟩) and

Aut(𝒱, ⟨·, ·⟩)/ker
ˆ︁
Ωn ≲ Aut(𝒲, ⟨·, ·⟩) ≃ Gm . (8.5)

ii) Otherwise, ker
ˆ︁
Ωn = 𝝁n and

Aut(𝒱, ⟨·, ·⟩)/𝝁n ≲ Aut(𝒲, ⟨·, ·⟩). (8.6)

Proof. 1) The property follows from the Faulkner construction.
2) We will prove the property by nondegeneracy of b. Fix a homogeneous element 

x ∈ 𝔦𝔫𝔰𝔱𝔯(𝒲) and parity-ordered elements ∨ifi ∈
⋁︁(p,n−p) 𝒱−σ, ∨jvj ∈

⋁︁(q,n−q) 𝒱σ. 
There are three nontrivial cases to check.

• First, consider the case where x is even and p = q. Then:

b
(︁
x, [∨ifi,∨jvj ]

)︁
=(2.21) ⟨x · (∨ifi),∨jvj⟩ =

∑︂
i 
⟨f1 ∨ · · · ∨ (x · fi) ∨ · · · ∨ fn,∨jvj⟩

= ωn−p

∑︂
i≤p 

per

⎛⎜⎜⎜⎜⎜⎝
⟨f1, v1⟩ · · · ⟨f1, vp⟩

... · · ·
...

⟨x · fi, v1⟩ · · · ⟨x · fi, vp⟩
... · · ·

...
⟨fp, v1⟩ · · · ⟨fp, vp⟩

⎞⎟⎟⎟⎟⎟⎠ det
(︂
(⟨fr, vs⟩)r,s>p

)︂

+ ωn−p

∑︂
i>p 

per
(︂
(⟨fr, vs⟩)r,s≤p

)︂
det

⎛⎜⎜⎜⎜⎜⎝
⟨fp+1, vp+1⟩ · · · ⟨fp+1, vn⟩

... · · ·
...

⟨x · fi, vp+1⟩ · · · ⟨x · fi, vn⟩
... · · ·

...
⟨fn, vp+1⟩ · · · ⟨fn, vn⟩

⎞⎟⎟⎟⎟⎟⎠
= ωn−p

∑︂
i,j≤p

⟨x · fi, vj⟩ per
(︄

(⟨fr, vs⟩)i̸=r≤p
j ̸=s≤p

)︄
det
(︂
(⟨fr, vs⟩)r,s>p

)︂

+ ωn−p

∑︂
i,j>p

(−1)i+j⟨x · fi, vj⟩ per
(︂
(⟨fr, vs⟩)r,s≤p

)︂
det
(︄

(⟨fr, vs⟩)i̸=r>p
j ̸=s>p

)︄
=(2.21)

= ωn−p

∑︂
i,j≤p

ˆ︂
ℳij(B)b

(︁
x, [fi, vj ]

)︁
+ ωn−p

∑︂
i,j>p

(−1)i+j

ˆ︂
ℳij(B)b

(︁
x, [fi, vj ]

)︁
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= b
(︂
x, ωn−p

∑︂
i,j 

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)[fi, vj ]

)︂
.

• Second, consider the case where x is odd and q = p + 1. Then:

b
(︁
x, [∨ifi,∨jvj ]

)︁
=(2.21) ⟨x · (∨ifi),∨jvj⟩

=
∑︂
i 

(︂∏︂
t<i 

ηx,ft

)︂
⟨f1 ∨ · · · ∨ (x · fi) ∨ · · · ∨ fn,∨jvj⟩

=
∑︂
i>p 

(−1)i+p+1⟨f1 ∨ · · · ∨ (x · fi) ∨ · · · ∨ fn,∨jvj⟩

=
∑︂
i>p 

(−1)i+p+1⟨f1 ∨ · · · ∨ fp ∨ (x · fi) ∨ fp+1 ∨ · · · ∨ fi−1 ∨ fi+1 ∨ · · · ∨ fn,∨jvj⟩

= ωn−p−1
∑︂
i>p 

(−1)i+p+1 per

⎛⎜⎜⎝
⟨f1, v1⟩ · · · ⟨f1, vp+1⟩

...
...

...
⟨fp, v1⟩ · · · ⟨fp, vp+1⟩

⟨x · fi, v1⟩ · · · ⟨x · fi, vp+1⟩

⎞⎟⎟⎠ ·

· det
(︄

(⟨fr, vs⟩) i̸=r>p
s>p+1

)︄
=(5.13)

= ωn−p(−1)n−p−1
∑︂
i>p

j≤p+1

(−1)i+p+1⟨x · fi, vj⟩ per
(︄

(⟨fr, vs⟩) r≤p
j ̸=s≤p+1

)︄
·

· det
(︄

(⟨fr, vs⟩) i̸=r>p
s>p+1

)︄

= ωn−p

∑︂
i>p

j≤p+1

(−1)n+i⟨x · fi, vj⟩ per
(︄

(⟨fr, vs⟩) r≤p
j ̸=s≤p+1

)︄
det
(︄

(⟨fr, vs⟩) i̸=r>p
s>p+1

)︄
=(2.21)

= ωn−p

∑︂
i>p

j≤p+1

(−1)n+i

ˆ︂
ℳij(B)b

(︁
x, [fi, vj ]

)︁
= b
(︂
x, ωn−p

∑︂
i,j 

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)[fi, vj ]

)︂
.

• Consider the third case, where x is odd and q = p− 1. Then:

b
(︁
x, [∨ifi,∨jvj ]

)︁
=(2.21) ⟨x · (∨ifi),∨jvj⟩

=
∑︂
i 

(︂∏︂
t<i 

ηx,ft

)︂
⟨f1 ∨ · · · ∨ (x · fi) ∨ · · · ∨ fn,∨jvj⟩

=
∑︂
i≤p 

⟨f1 ∨ · · · ∨ (x · fi) ∨ · · · ∨ fn,∨jvj⟩

=
∑︂
i≤p 

⟨f1 ∨ · · · ∨ fi−1 ∨ fi+1 ∨ · · · ∨ fp ∨ (x · fi) ∨ fp+1 ∨ · · · ∨ fn,∨jvj⟩
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= ωn−p+1
∑︂
i≤p 

per
(︄

(⟨fr, vs⟩)i̸=r≤p
s<p

)︄
det

⎛⎜⎜⎝
⟨x · fi, vp⟩ · · · ⟨x · fi, vn⟩
⟨fp+1, vp⟩ · · · ⟨fp+1, vn⟩

...
...

...
⟨fn, vp⟩ · · · ⟨fn, vn⟩

⎞⎟⎟⎠ =(5.13)

= ωn−p(−1)n−p
∑︂
i≤p
j≥p

(−1)j−p⟨x · fi, vj⟩ per
(︄

(⟨fr, vs⟩)i̸=r≤p
s<p

)︄
det
(︄

(⟨fr, vs⟩) r>p
j ̸=s≥p

)︄

= ωn−p

∑︂
i≤p
j≥p

(−1)n+j⟨x · fi, vj⟩ per
(︄

(⟨fr, vs⟩)i̸=r≤p
s<p

)︄
det
(︄

(⟨fr, vs⟩) r>p
j ̸=s≥p

)︄
=(2.21)

= ωn−p

∑︂
i≤p
j≥p

(−1)n+j

ˆ︂
ℳij(B)b

(︁
x, [fi, vj ]

)︁
= b
(︂
x, ωn−p

∑︂
i,j 

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)[fi, vj ]

)︂
.

Finally, we conclude that the property follows by nondegeneracy of b, and then applying 
the epimorphism Υ in (2.23).

3) The property follows since:

{∨ifi,∨jvj ,∨kgk} = ν(∨ifi,∨jvj) · (∨kgk) =(8.2)

= ωn−p

∑︂
i,j 

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)ν(fi, vj) · (∨kgk) =(6.3)

= ωn−p

∑︂
i,j,k

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)

(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∨ · · · ∨

(︁
ν(fi, vj) · gk

)︁
∨ · · · ∨ gn

= ωn−p

∑︂
i,j,k

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)

(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∨ · · · ∨ {fi, vj , gk} ∨ · · · ∨ gn.

4) Fix parity-ordered elements ∨ifi ∈
⋁︁(p,n−p) 𝒱−

R , ∨jvj ∈
⋁︁(p,n−p) 𝒱+

R , and φ ∈
AutR(𝒱R, ⟨·, ·⟩). Then

⟨(φ−)∨n(∨ifi), (φ+)∨n(∨jvj)⟩ = ⟨∨iφ
−(fi),∨jφ

+(vj)⟩

= ωn−p perdetp,n−p

(︂(︁
⟨φ−(fi), φ+(vj)⟩

)︁
ij

)︂
= ωn−p perdetp,n−p

(︂(︁
⟨fi, vj⟩

)︁
ij

)︂
= ⟨∨ifi,∨jvj⟩,

thus ⟨·, ·⟩ is Aut(𝒱, ⟨·, ·⟩)-invariant, and consequently so it is the matrix B (and its 
minors) associated to the elements ∨ifi and ∨jvj . Then, for ∨ifi, ∨jvj , ∨kgk as above, 
we have

(φ−)∨n
(︁
{∨ifi,∨jvj ,∨kgk}

)︁
=(8.3)

= (φ−)∨n
(︂
ωn−p

∑︂
i,j,k

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)

(︂∏︂
t<k

ηgt,D(fi,vj)

)︂
g1 ∨ · · · ∨ {fi, vj , gk} ∨ · · · ∨ gn

)︂
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= ωn−p

∑︂
i,j,k

ˆ︁
ςp,q(i, j)

ˆ︂
ℳij(B)

(︂∏︂
t<k

ηφ−(gt),D(φ−(fi),φ+(vj))

)︂
·

· φ−(g1) ∨ · · · ∨ {φ−(fi), φ+(vj), φ−(gk)} ∨ · · · ∨ φ−(gn)

= {∨iφ
−(fi),∨jφ

+(vj),∨kφ
−(gk)}

= {(φ−)∨n(∨ifi), (φ+)∨n(∨jvj), (φ−)∨n(∨kgk)},

which also holds, analogously, for the other triple product. We have proven that φ∨n ∈
Aut(𝒲, ⟨·, ·⟩).

i) Since 𝒲 is 1-dimensional, we have Aut(𝒲, ⟨·, ·⟩) ≃ Gm. By Proposition 6.13, it 
is clear that ker

ˆ︁
Ωn = SLn ∩Aut(𝒱, ⟨·, ·⟩). It is obvious that Aut(𝒱, ⟨·, ·⟩)/ker

ˆ︁
Ωn ≲

Aut(𝒲, ⟨·, ·⟩).
ii) By Proposition 6.13 we get ker

ˆ︁
Ωn = 𝝁n, and the result follows. □

Example 8.5. Recall from [15] that the simple Jordan pairs of type III are the Jordan 
subpairs of 𝒱(I)

n,n given by 𝒱(III)
n := (Hn(F), Hn(F)) (here n ∈ N is arbitrary and char F ̸=

2) where Hn(F) is the vector space of n×n symmetric matrices, and their generic trace 
is given by

t(x, y) = t(III)(x, y) :=
∑︂
i 

xiiyii + 2
∑︂
i<j 

xijyij .

As in Example 7.5, we will use the fact that (𝒱(I)
n,m, t) ∈ MGJP. Consider the basis 

{
ˆ︁
Eij | i ≤ j} of H(F) where 

ˆ︁
Eij := Eij + Eji and note that 

ˆ︁
Eij =

ˆ︁
Eji. For i ≤ j and 

k ≤ l, it is easy to see that

t(III)(
ˆ︁
Eij ,

ˆ︁
Ekl) = 2(δilδjk + δikδjl) = t(I)(

ˆ︁
Eij ,

ˆ︁
Ekl)

so that t(III) = t(I) on 𝒱(III)
n . Consequently, t(III) (which is nondegenerate) inherits the 

good properties from t(I), so that (𝒱(III)
n , t) ∈ MGJP. We have that

(Ei1i2 + Ei2i1)(Ej1j2 + Ej2j1)(Ek1k2 + Ek2k1) =

= (δi2j1Ei1j2 + δi1j2Ei2j1 + δi2j2Ei1j1 + δi1j1Ei2j2)(Ek1k2 + Ek2k1)

= (δi2j2δj1k2 + δi2j1δj2k2)Ei1k1 + (δi2j1δj2k1 + δi2j2δj1k1)Ei1k2

+ (δi1j1δj2k2 + δi1j2δj1k2)Ei2k1 + (δi1j2δj1k1 + δi1j1δj2k1)Ei2k2 ,

and swapping the labels i ↔ k we get

(Ek1k2 + Ek2k1)(Ej1j2 + Ej2j1)(Ei1i2 + Ei2i1) =

= (δk2j2δj1i2 + δk2j1δj2i2)Ek1i1 + (δk2j1δj2i1 + δk2j2δj1i1)Ek1i2

+ (δk1j1δj2i2 + δk1j2δj1i2)Ek2i1 + (δk1j2δj1i1 + δk1j1δj2i1)Ek2i2 .
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Therefore, the triple products of 𝒱(III)
n are given by

{
ˆ︁
Ei1i2 ,

ˆ︁
Ej1j2 ,

ˆ︁
Ek1k2} =

= (Ei1i2 + Ei2i1)(Ej1j2 + Ej2j1)(Ek1k2 + Ek2k1)

+ (Ek1k2 + Ek2k1)(Ej1j2 + Ej2j1)(Ei1i2 + Ei2i1)

= (δi2j2δj1k2 + δi2j1δj2k2)
ˆ︁
Ei1k1 + (δi2j1δj2k1 + δi2j2δj1k1)

ˆ︁
Ei1k2

+ (δi1j1δj2k2 + δi1j2δj1k2)
ˆ︁
Ei2k1 + (δi1j2δj1k1 + δi1j1δj2k1)

ˆ︁
Ei2k2 ,

and the generic trace by

t(
ˆ︁
Ei1i2 ,

ˆ︁
Ej1j2) = 2(δi1j2δi2j1 + δi1j1δi2j2).

Now, like in Example 7.5, consider two copies of the canonical basis {ei}ni=1 of 
ℳ1,n(F), regarded as bases of the subspaces of 𝒱(I)

1,n, and recall that

t(ei, ej) = δij ,

and

{ei, ej , ek} = δijek + δkjei.

Then {ei∨ej | 1 ≤ i ≤ j ≤ n} is a basis for both vector spaces of the pair 𝒱 =
⋁︁2 𝒱(I)

1,n. 
Assuming 1 ≤ i1 ≤ i2 ≤ n and 1 ≤ j1 ≤ j2 ≤ n, the bilinear form of 𝒱 is given by

⟨ei1 ∨ ei2 , ej1 ∨ ej2⟩ = per
(︁
(t(eik , ejl))kl

)︁
= per

(︁
(δikjl)kl

)︁
= δi1j1δi2j2 + δi2j1δi1j2 .

Let Mij denote the permanent (i, j)-minor of B =
(︁
t(eik , ejl)

)︁
kl

=
(︁
δikjl

)︁
kl

. Then M11 =
δi2j2 , M12 = δi2j1 , M21 = δi1j2 , M22 = δi1j1 , and the triple products of 𝒱 are given by

{ei1∨ei2 , ej1 ∨ ej2 , ek1 ∨ ek2} =

= M11({ei1 , ej1 , ek1} ∨ ek2 + ek1 ∨ {ei1 , ej1 , ek2})

+ M12({ei1 , ej2 , ek1} ∨ ek2 + ek1 ∨ {ei1 , ej2 , ek2})

+ M21({ei2 , ej1 , ek1} ∨ ek2 + ek1 ∨ {ei2 , ej1 , ek2})

+ M22({ei2 , ej2 , ek1} ∨ ek2 + ek1 ∨ {ei2 , ej2 , ek2})

= δi2j2

(︂
δi1j1ek1 ∨ ek2 + δk1j1ei1 ∨ ek2 + δi1j1ek1 ∨ ek2 + δk2j1ek1 ∨ ei1

)︂
+ δi2j1

(︂
δi1j2ek1 ∨ ek2 + δk1j2ei1 ∨ ek2 + δi1j2ek1 ∨ ek2 + δk2j2ek1 ∨ ei1

)︂
+ δi1j2

(︂
δi2j1ek1 ∨ ek2 + δk1j1ei2 ∨ ek2 + δi2j1ek1 ∨ ek2 + δk2j1ek1 ∨ ei2

)︂
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+ δi1j1

(︂
δi2j2ek1 ∨ ek2 + δk1j2ei2 ∨ ek2 + δi2j2ek1 ∨ ek2 + δk2j2ek1 ∨ ei2

)︂
=
(︂
δi2j1δk2j2 + δi2j2δk2j1

)︂
ei1 ∨ ek1 +

(︂
δi2j2δk1j1 + δi2j1δk1j2

)︂
ei1 ∨ ek2

+
(︂
δi1j2δk2j1 + δi1j1δk2j2

)︂
ei2 ∨ ek1 +

(︂
δi1j1δk1j2 + δi1j2δk1j1

)︂
ei2 ∨ ek2

+ 4
(︂
δi1j1δi2j2 + δi2j1δi1j2

)︂
ek1 ∨ ek2

Finally, consider the tensor-shift 𝒱 [−4], which has the same bilinear form as 𝒱, and triple 
products

{ei1∨ei2 , ej1 ∨ ej2 , ek1 ∨ ek2} =

=
(︂
δi2j1δk2j2 + δi2j2δk2j1

)︂
ei1 ∨ ek1 +

(︂
δi2j2δk1j1 + δi2j1δk1j2

)︂
ei1 ∨ ek2

+
(︂
δi1j2δk2j1 + δi1j1δk2j2

)︂
ei2 ∨ ek1 +

(︂
δi1j1δk1j2 + δi1j2δk1j1

)︂
ei2 ∨ ek2 .

By comparison of the triple products, it follows that the pair of maps f = (f−, f+)
defined by

fσ : Hn(F) −→
2 ⋁︂
ℳ1,n(F), 

ˆ︁
Eij ↦−→ ei ∨ ej ,

gives the following isomorphism of (generalized) Jordan pairs:

𝒱(III)
n

∼ = 
(︂ 2 ⋁︂

𝒱(I)
1,n

)︂[−4]
=
(︂ 2 ⋁︂

𝒱(I)
1,n

)︂
⊗ 𝒱−4. (8.7)

Unfortunately, f is not an isometry of the bilinear forms. However, f is a similarity 
with multiplier 1

2 , that is, ⟨f(x), f(y)⟩ = 1
2 t(x, y). In other words, 𝒱(III)

n and 
⋁︁2 𝒱(I)

1,n are 

isomorphic up to a tensor-shift and a similarity (simultaneously), namely (𝒱(III)
n , 1

2 t) ∼ = 
(
⋁︁2 𝒱(I)

1,n, ⟨·, ·⟩)[−4].
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