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Abstract. Let R be a commutative unital ring, X a subshift, and ÃR(X) the corre-

sponding unital subshift algebra. We establish the reduction theorem for ÃR(X). As

a consequence, we obtain a Cuntz-Krieger uniqueness theorem for ÃR(X) and we show

that ÃR(X) is semiprimitive (resp. semiprime) whenever R is a field (resp. a domain).

1. Introduction

The study of subshifts in symbolic dynamics is closely related to non-commutative
algebras. In [9], the famous Cuntz-Krieger algebra was associated with a subshift of finite
type. A subshift of finite type over a finite alphabet can be viewed as the edge subshift
associated with a graph and this has motivated the definition of graph algebras, both in
the analytical and algebraic context. The connections of these algebras with symbolic
dynamics are well documented. For example, graph C∗-algebras are used to characterize
orbit equivalence of subshifts associated with directed graphs [6]. Leavitt path algebras
[1, 7] and their classification theory can be used in connection with William’s problem in
symbolic dynamics [8, 13].

Symbolic dynamics also focus on the study of subshifts over infinite alphabets, which
have practical applications [15, 16]. Recently, in [4], the authors introduced algebras of

one-sided subshifts over arbitrary alphabets, denoted by ÃR(X), with the aim of providing
an algebraic description of conjugacy between subshifts over arbitrary, possibly infinite,
alphabets. For finite alphabets, these conjugacy results can be seen as purely algebraic
versions of the C∗-algebraic results in [5]. The authors of [4] proved that the subshift
algebras are isomorphic to the Leavitt path algebras of certain labeled graphs [3], and
they can also be realized as partial skew group rings and Steinberg algebras. Furthermore,
they establish a two-way connection between the notion of subshift associated with an
infinite countable alphabet given by [17] and non-commutative algebras.

In this manuscript, we focus on the unital algebra associated with a subshift and aim to
prove a key result in the context of non-commutative algebras: the Reduction Theorem.
This theorem states that any nonzero element of a unital subshift algebra can be reduced,
via left and right multiplication by appropriate elements of the algebra, to either a nonzero
multiple of a projection or a specific sum of terms related to a minimal cycle without exit.
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A reduction theorem was originally given for Leavitt path algebras in [2], which proved
to be an extremely useful tool for characterizing ring-theoretic properties of Leavitt path
algebras. Similar results can be found in [11] and [12] within the contexts of relative Cohn
path algebras and ultragraph Leavitt path algebras, respectively. For subshift algebras,
we will utilize our main theorem to establish a uniqueness theorem, akin to the Cuntz-

Krieger uniqueness theorem in [18]. Additionally, we will prove that the algebras ÃR(X)
are semiprimitive when the base ring R is a field, and semiprime when the base ring R
has no zero divisors (see Corollary 5.6).

The paper is organized as follows. In Section 2, we provide an overview of basic ele-
ments of symbolic dynamics and show an auxiliary result regarding periodicity properties
of words generated by an arbitrary alphabet (Lemma 2.2). In Section 3, we recall the
definition of the unital subshift algebra following [4]. For completeness, we include the
realization of the unital subshift algebra as a partial skew group ring. We also prove an
auxiliary result concerning subshift algebras (Lemma 3.8), which is required for the proof
of our main theorem. Section 4 is dedicated to the main theorem of this manuscript,
the Reduction Theorem (Theorem 4.7). Its proof is presented in several steps. We first
introduce the concept of a (minimal) cycle without an exit in a subshift (Definitions 4.2
and 4.4 and Lemma 4.5), which plays a crucial role in the Reduction Theorem. In the
final part of the paper, in Section 5, we extract fundamental results from the Reduction
Theorem. We provide a Uniqueness Theorem for subshift algebras (Theorem 5.1) under
the assumption that every cycle in the subshift has an exit. Additionally, we demon-
strate that a corner of a subshift algebra at a specific projection is isomorphic to the
Laurent polynomial algebra (see Lemma 5.3). Furthermore, Proposition 5.4 shows that

the subshift algebra ÃR(X) is semiprimitive if R is a field (particularly, it is semiprime
since any semiprimitive ring is semiprime). Finally, we relax the condition on the ring R

and conclude that if R has no zero divisors, then ÃR(X) is semiprime (Corollary 5.6).

2. Symbolic Dynamics

In this section, we briefly recall the construction of subshifts over an arbitrary alphabet.
In our work, N = {0, 1, 2, . . .} denotes the set of natural numbers. Let A be a non-empty
set, called an alphabet, and let σ be the one-sided shift map on AN, that is, σ is the map
from AN to AN given by σ(x) = y, where x = (x(n))n∈N and y = (x(n+1))n∈N. Elements
of A∗ :=

⋃∞
k=0 A

k are called blocks or words, and ω stands for the empty word. We set
A+ = A∗ \ {ω}. Given α ∈ A∗ ∪ AN, |α| denotes the length of α and, for 1 ≤ i, j ≤ |α|,
we define α(i, j) := α(i) · · ·α(j) if i ≤ j, and α(i, j) = ω if i > j. If β ∈ A∗, then βα
denotes the usual concatenation. For a block α ∈ Ak, αn stands for the concatenation of
α with itself n times, and α∞ denotes the infinite word αα . . .. We say that β is an initial
segment of α ∈ Ak if there exists α′ ∈ A∗ such that α = βα′, and β is a final segment of
α ∈ Ak is there exists α′′ ∈ A∗ such that α = α′′β. A subset X ⊆ AN is invariant for σ
if σ(X) ⊆ X. For an invariant subset X ⊆ AN, we define Ln(X) as the set of all words of
length n that appear in some sequence of X, that is,

Ln(X) := {a(0) . . . a(n− 1) ∈ An : ∃ x ∈ X s.t. x(0) . . . x(n− 1) = a(0) . . . a(n− 1)}.
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Clearly, Ln(A
N) = An and we always have that L0(X) = {ω}. The language of X is

the set LX, which consists of all finite words that appear in some sequence of X, that is,

LX :=
∞⋃
n=0

Ln(X).

Notation. We will write {αi : i ∈ I} to denote a family (finite or infinite) of elements
of LX, whereas α(j) denotes the letter in the j-th position in the word α ∈ LX.

Given F ⊆ A∗, we define the subshift or shift space XF ⊆ AN as the set of all sequences
x in AN such that no word of x belongs to F . Usually, the set F will not play a role, so
we will omit the subscript F and write X, with the implication that X = XF for some F .

At this point, we recall the definition of the key sets that will be used in the definition
of the algebra associated with a subshift.

Definition 2.1. Let X be a subshift for an alphabet A. Given α, β ∈ LX, define

C(α, β) := {βx ∈ X : αx ∈ X}.
In particular, denote C(ω, β) by Zβ and call it a cylinder set. Moreover, we denote
C(α, ω) by Fα and call it a follower set. Notice that X = C(ω, ω).

In the following lemma, which will be used later, gcd(m,n) denotes the greatest com-
mon divisor of two natural numbers m and n.

Lemma 2.2. Let A be an alphabet and α and β be two words in A+.

(1) If αβ = βα, then there exist n,m ∈ N and c ∈ A+ such that α = cn, β = cm, and
|c| = gcd(|α|, |β|).

(2) If there are p, q ∈ N such that αp = βq, then there exists c ∈ A+ with |c| =
gcd(|α|, |β|), and m,n ∈ N such that α = cm and β = cn.

(3) Let c1, ..., ck be non-empty words and {p1, ...., pk} ⊆ N be such that cpii = c
pj
j for

every i, j ∈ {1, ..., k}. Then, there exist c ∈ A+ and {q1, ..., qk} ⊆ N such that
ci = cqi for each i ∈ {1, ..., k}.

Proof. We begin with the proof of (1). Without loss of generality, suppose that |α| > |β|
(if |α| = |β| the result follows directly). From the commutativity hypothesis on α and β we
obtain that αβn = βnα for every n ∈ N. Then, there exist n ≥ 1 and 0 ≤ r < |β| such that
α = βnβ(1, r). If r = 0 then we are done and so we assume that 0 < r < |β|. Substituting
the expression we have obtained for α in the equation αβ = βα, we conclude that
β(1, r)β = ββ(1, r). If |β(1, r)| divides |β| then β and α are powers of β(1, r) and the result
follows. If |β(1, r)| does not divide |β| then, using that β(1, r)β = ββ(1, r) and proceeding
as before, we obtain that there exist n1 ≥ 1 and 0 < r1 < r such that β = β(1, r)n1β(1, r1).
Substituting this expression for β in the equality β(1, r)β = ββ(1, r), we obtain that
β(1, r)β(1, r1) = β(1, r1)β(1, r). Continuing as before, the process stops or we can write
β(1, r) = β(1, r1)

n2β(1, r2), where n2 ≥ 1 and 0 ≤ r2 < r1. Clearly, this procedure
eventually stops and we obtain s ≥ 1 such that α and β are powers of β(1, s).
We now prove the second item. Assume, without loss of generality, that |β| < |α|.

Suppose initially that gcd(|α|, |β|) = 1. From the Bezout identity, there exist r, s ∈ Z
such that r|β| = s|α| + 1. Notice that if r = 0 then s = −1 and |α| = 1, and if s = 0
then r = 1 and |β| = 1. In both cases, the result follows directly. We are left with the
cases r, s > 0 or r, s < 0. Assume that r, s > 0 (the other case is proved similarly). Let
x := αp = βq and define y = x∞. Then, y = ααα . . . = βββ . . .. Fix j ∈ {1, ..., |α|}.
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Since r|β| = s|α| + 1, we have that jr|β| = js|α| + j and hence y(jr|β|) = y(js|α| + j).
As y = β∞, we obtain that y(jr|β|) = β(|β|), that is, y(jr|β|) is equal to the last letter
of β. Moreover, since y = ααα..., we have that y(js|α| + j) is equal to α(j). Therefore,
α(j) = β(|β|) for each j ∈ {1, ..., |α|}. We conclude that there exists a ∈ A such that
α = am, for some m ≥ 1, which implies that β = an for some n ≥ 1 (since αp = βq).
To finish the proof of the second item, let k = gcd(|α|, |β|) > 1. Write α = γ1...γu and

β = δ1...δv, where |γi| = |δj| = k, and notice that gcd(u, v) = 1. In this case, γi and δj
can be seen as letters in the alphabet Ak, and the desired result follows from the previous
paragraph of the proof.

Finally, we show the third item. We use an inductive argument on the number
of words ci. From the second item, the statement of the third item is true for two
words. Suppose that it is also true for k words, let c1, ..., ck, ck+1 be non-empty words
and {p1, ..., pk, pk+1} ⊆ N be such that cpii = c

pj
j , for each i, j ∈ {1, ..., k + 1}. Let

d ∈ A+ and {m1, ...,mk} ⊆ N be such that dmi = ci for each i ∈ {1, ..., k}. Then,
(dm1)p1 = cp11 = c

pk+1

k+1 . From the second item there exist c ∈ A+ and natural num-
bers m,n such that d = cm and ck+1 = cn. Therefore, for i ∈ {1, ..., k}, we have
that ci = dmi = (cm)mi = cmmi . Hence, the result follows by defining qi = mmi, for
i ∈ {1, ..., k}, and qk+1 = n. □

3. The unital subshift algebra

Throughout the rest of the paper, R denotes a commutative unital ring. In this section,
we recall the definition of the unital subshift algebra, its description as a partial skew
group ring, and prove properties regarding the multiplication between certain elements
of the algebra.

3.1. Definition and the partial skew group ring realization. Let U be the Boolean
algebra of subsets of X generated by all C(α, β) for α, β ∈ LX, that is, U is the collections
of sets obtained from finite unions, finite intersections, and complements of the sets
C(α, β).

Definition 3.1. [4, Definition 3.3] Let X be a subshift. The unital subshift algebra ÃR(X)
is the universal unital R-algebra with generators {pA : A ∈ U} and {sa, s∗a : a ∈ A},
subject to the relations:

(i) pX = 1, pA∩B = pApB, pA∪B = pA + pB − pA∩B and p∅ = 0, for every A,B ∈ U ;
(ii) sas

∗
asa = sa and s∗asas

∗
a = s∗a, for all a ∈ A;

(iii) sβs
∗
αsαs

∗
β = pC(α,β) for all α, β ∈ LX, where sω := 1 and, for α = α(1) . . . α(n) ∈ LX,

sα := sα(1) · · · sα(n) and s∗α := s∗α(n) · · · s∗α(1).

According to [4, Remark 3.4], for α, β ∈ LX, we have that s∗αsα = pC(α,ω) = pFα and
sβs

∗
β = pC(ω,β) = pZβ

.
The unital subshift algebra has a grading over the integers, which we recall below.

Proposition 3.2. [4, Proposition 3.9] Let X be a subshift. The unital subshift algebra

ÃR(X) is Z-graded, with grading given by

ÃR(X)n = spanR{sαpAs∗β : α, β ∈ LX, A ∈ U and |α| − |β| = n}.

Next, we recall the description of the unital subshift algebra as a partial skew group
ring, see [4, § 5.1] for more details. This realization induces a grading of the algebra by
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the free group generated by the alphabet, which will be used throughout the rest of the
paper (in particular to conclude that elements are non-zero).

Let F(X, R) be the R-algebra of functions from X to R with pointwise operations, and

D̃R(X) be the subalgebra of F(X, R) generated by the characteristic functions of the sets
C(α, β), where α, β ∈ LX. Let F be the free group generated by A, with the empty word
ω as the identity of F.
The construction begins with a partial action on the set level. Let τ̂ = ({Wt}t∈F, {τ̂t}t∈F)

be the partial action of F on X such that, for every α, β ∈ LX with βα−1 in the reduced
form, Wβα−1 = C(α, β) and

τ̂αβ−1(βx) = αx,

for every βx ∈ C(α, β). Moreover, if t ̸= αβ−1 for every α, β ∈ LX, then Wt = ∅.
Next, an algebraic partial action is associated with τ̂ , similarly to the dual action of

a topological partial action. For α, β ∈ LX such that αβ−1 is in reduced form, let 1αβ−1

denote the characteristic function of Wαβ−1 = C(β, α) and Dαβ−1 the ideal of D̃R(X)

generated by 1αβ−1 . Note that Dαβ−1 is the ideal of functions in D̃R(X) that vanish on
C(β, α)c and has unit 1αβ−1 . Define ταβ−1 : Dβα−1 → Dαβ−1 by ταβ−1(f) = f ◦ τ̂βα−1 ,
where f ∈ Dβα−1 . Notice that ταβ−1(1βα−1) = 1αβ−1 . If t cannot be expressed in the form
αβ−1, we define Dt = {0} and τt equals the zero function. Then, we have an algebraic

partial action τ = ({Dt}t∈F, {τt}t∈F) of F on D̃R(X).
The partial skew group ring associated with τ is defined as

D̃R(X)⋊τ F =
⊕
t∈F

Dt =

{∑
ftδt : t ∈ F, ft ∈ Dt

}
,

where it is understood that ft is non-zero for finitely many terms and δt merely serves as
a placeholder to remind us that ft ∈ Dt. Multiplication is defined by

(3.3) (fsδs)(gtδt) = τs(τ
−1
s (fs)gt)δst.

It is proved in [4, Theorem 5.9] that D̃R(X) ⋊τ F is isomorphic to the unital subshift
algebra, as stated below.

Theorem 3.4. Let X be a subshift. Then, ÃR(X) ∼= D̃R(X) ⋊τ F via an isomorphism Φ
that sends sa to 1aδa, s

∗
a to 1a−1δa−1 for each a ∈ A, and pA to 1Aδω for each A ∈ U .

For future use, we also record the following lemma that is easy to prove.

Lemma 3.5. Let A be an algebra graded by a group G, which has unit e. Suppose that
ae ∈ Ae and x =

∑
g∈G ag ∈ A. If agae ̸= 0 for some g ∈ G, then xae ̸= 0.

We finish this subsection with another lemma regarding D̃R(X)⋊τ F that will be used
in the proof of the Reduction Theorem (Theorem 4.7).

Lemma 3.6. Let τ = ({Dt}t∈F, {τt}t∈F) be the partial action defined above, t ∈ F, and
0 ̸= g ∈ Dt. Then, there exists a ∈ A such that (gδt)(1aδa) ̸= 0.

Proof. Since g is a non-zero element in Dt, by the definition of the partial action τ , we
have that t = αβ−1 with α, β ∈ LX. Suppose first that β = w, that is, t = α. Let x ∈ Wt

be such that g(x) ̸= 0. Write x = x(1)x(2)x(3) . . . and let a = x(|α|+ 1). Then,

τt(τt−1(g)1a))(x) = g(x)1a (x(|α|+ 1)x(|α|+ 2) . . .) = g(x).
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Since g(x) ̸= 0, we conclude that τt(τt−1(g)1a)) ̸= 0 and so

gδt1aδa = τt(τt−1(g)1a)δta ̸= 0.

Next, suppose that β ̸= w, so that t = αβ−1. Write β = aβ′ with a ∈ LX. In this case,
notice that

τt−1(g)1a = τβα−1(g)1a = τβα−1(g)

and therefore, since g ̸= 0, we have that gδt1aδa = τt(τt−1(g)1a)δta = gδta ̸= 0. □

3.2. Relative ranges and multiplicative properties. Recall from [4] that the relative
range of (A,α), with A ∈ U and α ∈ LX is the set

r(A,α) = {x ∈ X : αx ∈ A}.
In particular, notice that r(X, α) = {x ∈ X : αx ∈ X} = Fα.

The following auxiliary results regarding relative ranges will be useful in our work.

Lemma 3.7. Let X be a subshift, A ∈ U be non-empty and α, β ∈ LX. Then,

(1) r(Fα, β) = Fαβ, if αβ ∈ LX.
(2) If A ⊆ r(A,α) then αn ∈ LX and A ⊆ r(A,αn) for each n ∈ N.

Proof. For the first item, note that

r(Fα, β) = {x ∈ X : βx ∈ Fα} = {x ∈ X : αβx ∈ X} = Fαβ.

For the second item, let x ∈ A. By hypothesis, x ∈ r(A,α) and so αx ∈ A. Since
A ⊆ r(A,α) and αx ∈ A, we obtain that ααx ∈ A. Thus, x ∈ r(A,α2). Inductively, we
obtain that A ⊆ r(A,αn). □

Next, we explore properties related to the multiplication of certain elements in ÃR(X).

Lemma 3.8. Let X be a subshift, a, b ∈ A, and γ, α ∈ LX.

(1) If β := bγ ∈ LX, then s
∗
βsa = δb,as

∗
γpFa.

(2) If A ∈ U , then pAsα = sαpr(A,α) and s
∗
αpA = pr(A,α)s

∗
α.

(3) Let x :=
m∑
i=1

λisαi
pAi

, where αi ∈ LX, λi ∈ R \ {0}, and Ai ∈ U \ {∅}, for all

1 ≤ i ≤ m. Suppose that x ̸= 0 and αi ̸= αj for i ̸= j. Then, there exist A ∈ U
and a non-empty subset J ⊆ {1, ...,m} such that A ⊆ Aj, A ⊆ Fαj

for each j ∈ J ,
and

0 ̸= xpA =
∑
i∈J

λisαi
pA.

Proof. The first item follows from [4, Proposition 3.6 (i)].
We will show that pAsα = sαpr(A,α) by induction on the length of α. If α = ω, then

r(A, ω) = A and hence, since sω = 1, the result follows. Suppose that pAsβ = sβpr(A,β)

for each β ∈ LX with |β| = n. Let α ∈ LX with |α| = n + 1, and write α = βa with
a ∈ A. Then,

pAsα = pAsβsa = sβpr(A,β)sa = sβsapr(r(A,β),a) = sαpr(r(A,β),a).

Since

r(r(A, β), a) = {x ∈ X : ax ∈ r(A, β)} = {x ∈ X : βax ∈ A} = r(A, βa) = r(A,α),

it follows that sαpr(r(A,β),a) = sαpr(A,α). Hence, pAsα = sαpr(A,α). Similarly, one proves
that s∗αpA = pr(A,α)s

∗
α.
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In order to prove the third item, first we show that there exists B ∈ U , B ⊆ A1, such
that

0 ̸= xpB =
∑
i

λisαi
pB.

Suppose, without loss of generality, that λisαi
pAi

̸= 0 for each i. We observe that 0 ̸=
λ1sα1pA1 = λ1sα1pA1pA1 . From Theorem 3.4 and Lemma 3.5, we have that xpA1 ̸= 0.
Hence,

0 ̸= xpA1 = λ1sα1pA1 +
( m∑

i=2

λisαi
pAi

)
pA1 = λ1sα1pA1 +

m∑
i=2

λisαi
pAi∩A1 .

If
m∑
i=2

λisαi
pAi∩A1 = 0, we are done. So, suppose that

m∑
i=2

λisαi
pAi∩A1 ̸= 0. We may also

assume, without loss of generality, that λisαi
pAi∩A1 ̸= 0 for each 2 ≤ i ≤ m. Then,

0 ̸= λ2sα2pA2∩A1 = λ2sα2pA2∩A1pA2

and therefore, by Theorem 3.4 and Lemma 3.5,

0 ̸= xpA1pA2 = λ1sα1pA1∩A2 + λ2sα2pA1∩A2 +
m∑
i=3

λipAi∩(A1∩A2).

Notice that it could occur that λ1sα1pA1∩A2 = 0, but since λ2sα2pA1∩A2 ̸= 0 we still have
that xpA1pA2 ̸= 0 (using Theorem 3.4). Applying this argument repeatedly, we obtain
B ∈ U , B ⊆ A1, such that

0 ̸= xpB =
m∑
j=1

λjsαj
pB,

where λjsαj
pB ̸= 0 for each 1 ≤ j ≤ m (observe that this m may not coincide with the

m in the sum above, but we rewrite it as m again for notational convenience).
We are now in a position to prove the statement of the third item. Taking into account

that sα1pB = sα1s
∗
α1
sα1pB = sα1pB∩Fα1

, we have that (again by Theorem 3.4 and Lemma
3.5),

0 ̸= xpBpFα1
=

( m∑
j=1

λjsαj
pB

)
pFα1

=
m∑
j=1

λjsαj
pB∩Fα1

.

Suppose, without loss of generality, that

λjsαj
pB∩Fα1

̸= 0

for each 2 ≤ j ≤ m. Since

sα2pB∩Fα1
= sα2s

∗
α2
sα2pB∩Fα1

= sα2p(B∩Fα1∩Fα2 )
,

we obtain from Theorem 3.4 and Lemma 3.5 that

0 ̸= xpBpFα1
pFα2

=
( m∑

j=1

λjsαj
p(B∩Fα1 )

)
pFα2

=
m∑
j=1

λjsαj
p(B∩Fα1∩Fα2 )

.

Applying repeatedly this argument we get A ∈ U and a non-empty subset J ⊆ {1, ...,m}
(which is the set of the elements j ∈ {1, ...,m} such that λjsαj

pA ̸= 0), such that

0 ̸= xpA =
∑
i∈J

λisαi
pA,

and moreover A ⊆ Aj and A ⊆ Fαj
for each j ∈ J . □
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4. The Reduction Theorem

In this section, we will prove the main result of this paper, which is Theorem 4.7 and
that we will call the Reduction Theorem. A key concept related to this theorem is that
of a cycle within a subshift, which we define below.

Definition 4.1. Let X be a subshift, α ∈ LX \ {w}, and ∅ ≠ A ∈ U . The pair (A,α) will
be called a cycle if A ⊆ r(A,α).

Observe that, if (A,α) is a cycle, then A = {α∞} or A contains infinite elements.
Indeed, for each x ∈ A we have that αnx ∈ A for all n ∈ N (since A ⊆ r(A,αn), see
Lemma 3.7). Suppose that A contains an element y such that y ̸= α∞. Then, since
αny ∈ A for each n ∈ N and αny ̸= αmy for n ̸= m, we conclude that A contains infinite
elements, as desired. This discussion motivates the following definition.

Definition 4.2. Let X be a subshift. We say that a cycle (A,α) has an exit if A ̸= {α∞}.
Otherwise, in case A = {α∞}, we say that (A,α) is a cycle without exit.

Remark 4.3. The reader should compare the definition above with Definition 7.11 and
Proposition 7.12 (and its proof) in [10].

Definition 4.4. Let X be a subshift. We say that a cycle without exit (A,α) is minimal
if there is no element β ∈ LX, with 1 ≤ |β| < |α|, such that α = βk for some k ≥ 2.

The next result characterizes when a cycle without exit is minimal.

Lemma 4.5. Let (A,α) be a cycle without exit. Then (A,α) is minimal if, and only if,
there is no element β ∈ LX, with 1 ≤ |β| < |α|, such that βα∞ = α∞.

Proof. Suppose that (A,α) is not minimal. Then, there exists β ∈ LX such that 1 ≤
|β| < |α| and α = βk for some k ∈ N. This implies that α∞ = β∞ and hence βα∞ =
ββ∞ = β∞ = α∞.

For the other implication, suppose that there exists β ∈ LX, with 1 ≤ |β| < |α|, such
that βα∞ = α∞. Let γ ∈ LX\{ω} be the element of minimal length such that γα∞ = α∞.
Clearly, 1 ≤ |γ| < |α|. As γα∞ = α∞, we obtain that γnα∞ = α∞ for each n ∈ N, and
consequently γ∞ = α∞. From this last equality, we get that α = γmδ for some m ≥ 2
and δ ∈ LX with 0 ≤ |δ| < |γ|. Suppose that |δ| > 0. Then,

γmδγ∞ = γmδα∞ = αα∞ = α∞ = γ∞

and therefore δγ∞ = γ∞. Hence, as γ∞ = α∞, we conclude that δα∞ = α∞, which is
impossible by the minimality of γ. Therefore, |δ| = 0 and so α = γm, which means that
(A,α) is not minimal. □

Remark 4.6. Let (A,α) be a cycle without exit and let β ∈ LX be the element of minimal
length such that α = βk for some k ∈ N. Then, (A, β) is a minimal cycle without exit.
Indeed, if (A, β) is not minimal then there exists r ∈ LX, with 1 ≤ |r| < |β|, such that
β = rn for some n ≥ 2. Thus α = rkn which contradicts the choice of β.

We now have all the ingredients necessary to prove the Reduction theorem. In particu-

lar, recall that there is an isomorphism Φ between ÃR(X) and D̃R(X)⋊τ F (Theorem 3.4),

which induces an F-grading on D̃R(X). This grading will be used throughout the proof
of the theorem, which we state below.

Theorem 4.7. (Reduction Theorem) Let X be a subshift and x ∈ ÃR(X) be a non-zero

element. Then, there exist µ, ν ∈ ÃR(X) such that µxν ̸= 0 and either:
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(1) µxν = γpD with D ∈ U and γ ∈ R \ {0}, or

(2) µxν = γ1pA+
k∑

i=2

γisβqipA, where (A, β) is a minimal cycle without exit, qi ∈ N\{0},

and γi ∈ R \ {0} for i = 1, . . . , k.

Proof. Let 0 ̸= x ∈ ÃR(X) and Φ be the isomorphism of Theorem 3.4. We structure the
proof in a few steps. The first one is the following.

Claim 1: There exists µ ∈ LX such that xsµ ̸= 0 and xsµ =
∑
λisαi

pAi
, with λi ∈ R,

αi ∈ LX \{w}, and Ai ∈ U for each i. Moreover, there exists e ∈ A such that αi(|αi|) = e
for each i.

By Proposition 3.2, the element x has the form x =
∑
i

γisaipBi
s∗bi , with γi ∈ R,

ai, bi ∈ LX, and Bi ∈ U for each i. Regroup the terms of x in the following way:

x =
∑
t∈F

∑
ai(bi)

−1=t

γisaipBi
s∗bi .

For each t ∈ F such that
∑

ai(bi)−1=t

γisaipBi
s∗bi ̸= 0, let ht :=

∑
ai(bi)−1=t

γisaipBi
s∗bi . Thus,

x =
∑
t

ht, where each ht ̸= 0. Notice that, for all t ∈ F, there exists 0 ̸= gt ∈ Dt

such that Φ(ht) = gtδt. Therefore, Φ(x) = Φ
(∑

t

ht
)

=
∑
t

gtδt, with each gt ̸= 0.

Fix a t, say t0, and, following Lemma 3.6, choose e ∈ A such that (gt0δt0)(1eδe) ̸= 0.
This implies that (

∑
t gtδt) 1eδe ̸= 0 and, since Φ is an isomorphism, we conclude that

0 ̸= Φ−1(
∑

t(gtδt)(1eδe)) = xse. Thus,

0 ̸= xse =
∑
i

γisaipBi
s∗bise.

Now, for each bi with |bi| > 0, by Lemma 3.8(1), we have that either s∗bise = 0 or bi = eci
for some ci ∈ LX with |ci| < |bi|, so s∗bise = s∗cipFe = pr(Fe,ci)s

∗
ci
. Hence, using Lemma 3.8

(2), we obtain that xse has the form

xse =
∑
i

γ̃isãipB̃i
s∗
b̃i
,

with ãi, b̃i ∈ LX and |b̃i| < |bi| for each i with |bi| > 0. Applying the above argument
repeatedly, we get Claim 1.

Claim 2: There exist β, µ ∈ LX such that sβs
∗
βxsµ ̸= 0 and

sβs
∗
βxsµ =

∑
i

sαi

∑
j

λijpBi
j
,

with αi ∈ LX, 1 ≤ |αi| < |αi+1|, and αi+1 = αiβi, for some βi ∈ LX, λ
i
j ∈ R and Bi

j ∈ U .
Moreover, αi(|αi|) = αj(|αj|) for each i, j.

Let µ ∈ LX be as in Claim 1. Then, xsµ =
∑
λisαi

pAi
, with λi ∈ R, αi ∈ LX \ {w},

and Ai ∈ U for each i. Reorganize this last sum and write it in the form

xsµ =
∑
i

sαi

∑
j

λijpAi
j
,
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with αi ̸= αj for each i ̸= j and 0 ̸= sαi

∑
j

λijpAi
j
for each i. Let β be one of the αi of

maximum length, say, β = αk. Since sβs
∗
βsβ = sβ, we obtain that

sβs
∗
βsαk

∑
j

λkjpAk
j
= sαk

∑
j

λkjpAk
j
̸= 0,

and therefore sβs
∗
βxsµ ̸= 0. Fix an index i ̸= k. If αi is not an initial segment of β, that

is αi ̸= β(1) · · · β(|αi|), then we have that s∗βsαi
= 0 and hence sβs

∗
βsαi

= 0. If αi is an
initial segment of β, that is β = αiγi with γi ∈ LX, then

sβs
∗
βsαi

= sαi
sγis

∗
γi
s∗αi
sαi

(⋆)
= sαi

s∗αi
sαi
sγis

∗
γi
= sαi

pZγi
.

Observe that in (⋆) we used that sγis
∗
γi
and s∗αi

sαi
commute. Now, define Bi

j := Ai
j ∩Zγi ,

and notice that

sβs
∗
βsαi

∑
j

λijpAi
j
= sαi

∑
j

λijpBi
j
.

Let F be the set of all indices i such that

sβs
∗
βsαi

∑
j

λijpBi
j
̸= 0.

Then

sβs
∗
βxsµ =

∑
i∈F

sαi

∑
j

λijpBi
j
.

Since the only possible i ∈ F are those such that αi is an initial segment of β, we are
done.

Claim 3: There exist y, z ∈ ÃR(X) and a non-empty index set J such that yxz ̸= 0 and

yxz =
∑
i∈J

γisαi
pA,

where γi ∈ R, αi ∈ LX with 1 ≤ |αi| < |αi+1|, αi+1 = αiβi for some βi ∈ LX for each
i ∈ J , and A ∈ U with A ⊆ Fαi

for each i ∈ J . Moreover, αi(|αi|) = αj(|αj|) for each
i, j.

Let µ, β be as in Claim 2 and take y := sβs
∗
β. Then,

yxsµ =
n∑

i=1

sαi

∑
j

λijpBi
j
,

where 0 ̸= sαi

∑
j

λijpBi
j
for every i. By [3, Lemma 3.5], the sum

∑
j

λ1jpB1
j
can be written

in the form
∑
j

λ1jpBi
j
=

∑
k

γ1kpC1
k
, where C1

k ∈ U are pairwise disjoint and γ1k ∈ R. Since

sα1

∑
j

λ1jpB1
j
̸= 0, we have that sα1γ

1
kpC1

k
̸= 0 for some k. Multiplying yxsµ on the right

side by this pC1
k
we get (from Theorem 3.4 and Lemma 3.5) that,

0 ̸= yxsµpC1
k
= γ1ksα1pC1

k
+

n∑
i=2

sαi

∑
j

λijpBi
j∩C1

k
.
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Applying this argument repeatedly (proceeding in the next step with
n∑

i=2

sαi

∑
j

λijpBi
j∩C1

k
)

we obtain an element C ∈ U such that

0 ̸= yxsµpC =
m∑
i=1

γisαi
pCi

,

where 1 ≤ |αi| < |αi+1|, αi is an initial segment of αi+1 for each i, and αi(|αi|) = αj(|αj|)
for each i, j. In the sum

m∑
i=1

γisαi
pCi

we may suppose, without loss of generality, that

γisαi
pCi

̸= 0 for each i. Using Lemma 3.8(3), applied on the element yxsµpC , we obtain
an element A ∈ U and a non-empty index set J such that

0 ̸= yxsµpCpA =
∑
i∈J

γisαi
pA.

Recall that A ⊆ Fαi
for all i ∈ J . Defining z := sµpCpA, we get the desired result.

Claim 4: There exist y′, z′ ∈ ÃR(X) such that y′xz′ ̸= 0 and either y′xz′ = γ1pD for
some γ1 ∈ R \ {0}, D ∈ U , or

y′xz′ = γ1pB +
k∑

i=2

γisbipB,

where γi ∈ R, bi ∈ LX with 1 ≤ |bi| < |bi+1|, bi+1 = biβi for some βi ∈ LX for each i, and
B ∈ U with B ⊆ Fbi ∩ Zbi, for each i. Moreover, bi(|bi|) = bj(|bj|) for each i, j.

Let y, z be as in Claim 3 and write yxz =
m∑
i=1

γisαi
pA. As a consequence of the choice

of the index set J in Claim 3, we have that γisαi
pA ̸= 0 for each i ∈ {1, ...,m}. By Claim

3, for each i ∈ {2, ...,m}, there exists bi ∈ LX such that αi = α1bi. Moreover, A ⊆ Fαi

for each i ∈ {1, ...,m} and, in particular, A ⊆ Fbi for each i ∈ {2, ...,m}. Notice that
0 ̸= γ1sα1pA = γ1sα1s

∗
α1
sα1pA, which implies that 0 ̸= γ1s

∗
α1
sα1pA = γ1pFα1

pA = γ1pA,
where the last equality holds since A ⊆ Fα1 . Therefore, multiplying yxz on the left side
by s∗α1

and taking into account Theorem 3.4 and Lemma 3.5, we get that

(4.8) 0 ̸= s∗α1
yxz = γ1pA +

m∑
i=2

γipFα1
sbipA.

From Lemma 3.7 and Lemma 3.8(2), we obtain that

pFα1
sbipA = sbipr(Fα1 ,bi)

pA = sbipFα1bi
pA,

for each i ∈ {2, ...,m}. Since A ⊆ Fαi
= Fα1bi , we conclude that s

ibpFα1bi
pA = sbipA.

Therefore, (4.8) has the form

(4.9) 0 ̸= s∗α1
yxz = γ1pA +

m∑
i=2

γisbipA.

Suppose that A ∩ Zbi = ∅ for each i ∈ {2, ...,m}. Then,
pAsbi = pAsbis

∗
bi
sbi = pApZbi

sbi = 0,

for every i ∈ {2, ...,m}. Hence, multiplying (4.9) on the left side by pA we obtain that

0 ̸= pAs
∗
α1
yxz = γ1pA,
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and Claim 4 follows by defining y′ := pAsα1y, z
′ := x and D := A.

We are left with the case where A ∩ Zbi ̸= ∅ for some i ∈ {2, ...,m}. Let k be the
greatest element of the set {2, ...,m} such that A ∩ Zbk ̸= ∅. Then, multiplying (4.9) on
the right side by pZbk

we get (taking into account Theorem 3.4 and Lemma 3.5):

0 ̸= s∗α1
yxzpZbk

= γ1p(A∩Zbk
) +

k∑
i=2

γisbip(A∩Zbk
).

Define y′ := s∗α1
y, z′ := zpZbk

and B := A∩Zbk . Since B ⊆ Zbk and bi is an initial segment

of bk, for each i ∈ {2, ..., k}, we have that B ⊆ Zbi for each i ∈ {2, ..., k}. Moreover, for
each i, we have that A ⊆ Fαi

and B ⊆ Fbi (as αi = α1bi and B ⊆ A). Thus, Claim 4 is
proved.

Claim 5: Suppose that

0 ̸= x = γ1pB +
k∑

i=2

γisbipB,

where γi ∈ R \ {0}, bi ∈ LX with 1 ≤ |bi| < |bi+1|, bi+1 = biβi for some βi ∈ LX for each
i, B ∈ U with B ⊆ Fbi ∩ Zbi for each i, and bi(|bi|) = bj(|bj|) for each i, j. Then, there

exist y′, z′ ∈ ÃR(X) such that 0 ̸= y′xz′ and either y′xz′ = λ1pC, or

y′xz′ = λ1pC +
m∑
i=2

λiscipC ,

where λi ∈ R \ {0}, ci ∈ LX with 1 ≤ |ci| < |ci+1| and ci+1 = ciαi for some αi ∈ LX

for each i, C ∈ U with C ⊆ Fci ∩ Zci for each i, ci(|ci|) = cj(|cj|) for each i, j, and
C ⊆ r(C, c2).

If B ⊆ r(B, b2) then we take C = B and the result follows. Therefore, we suppose that
B ⊈ r(B, b2), so that D = B \ r(B, b2) ̸= ∅. For each i ∈ {2, ..., k}, we write bi = b2di.
Then, multiplying x on the left side by pDs

∗
b2
, we get

pDs
∗
b2
x = γ1pDs

∗
b2
pB + γ2pDs

∗
b2
sb2pB +

k∑
i=3

γipDs
∗
b2
sb2sdipB

= γ1pDpr(B,b2)s
∗
b2
+ γ2pD +

k∑
i=3

γipDpFb2
sdipB

(⋆)
= γ2pD +

k∑
i=3

γisdipr(D,di)pB,

where (⋆) follows since D∩ r(B, b2) = ∅ and D ⊆ B ⊆ Fb2 . Also, by Lemma 3.8(3), there
exist an element E ∈ U and a non-empty index set J such that

0 ̸= pDs
∗
b2
xpE = γ2pE +

∑
i∈J

γisdipE.

Repeating this process (in the next step we look at the set E \ r(E, d3)), we get Claim 5.

Claim 6: Suppose that

0 ̸= x = λ1pC + λ2sαpC +
m∑
i=3

λiscipC ,
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where λi ∈ R \ {0}, ci ∈ LX with 1 ≤ |α| < |ci| < |ci+1|, α is an initial segment of each
ci, ci is an initial segment of ci+1 for each i, C ∈ U with C ⊆ Fα ∩ Fci, C ⊆ Zα ∩Zci for
each i, and C ⊆ r(C, α). Then, there exist a non-empty index set J and A ∈ U such that

0 ̸= sαs
∗
α(s

∗
α)

nxsnαpCpA = λ1pA + λ2sαpA +
∑
i∈J

λis(βiαki )pA,

where 0 ≤ |βi| < |α|, βi is an initial and final segment of α, ki ∈ N and A ⊆ Fα ∩ Fβiαki

for each i ∈ J .

We begin by describing the effect of the multiplication of the monomials that form x
by appropriate elements on the right and on the left. In the end, we will collect all the
results obtained.

Let n ∈ N be such that |αn−1| < |cm| ≤ |αn|.
Notice that

(s∗α)
npCs

n
α = s∗αnsαnpr(C,αn) = pFαnpr(C,αn) = pr(C,αn).

As C ⊆ r(C, α), the second item of Lemma 3.7 implies that C ⊆ r(C, αn). Therefore,
using the F-grading (Theorem 3.4 and Lemma 3.5), we obtain that (s∗α)

nxsnαpC ̸= 0.
Next, observe that

(s∗α)
nsαpCs

n
αpC = (s∗α)

nsn+1
α pr(C,αn)pC = pFαnsαpC = sαpFαn+1pC = sαpC ,

where the last equality follows from the second item of Lemma 3.7.
Proceeding, we compute (s∗α)

nscipCs
n
α for i ≥ 3. Note that (s∗α)

nsci = 0, unless ci has
the form ci = αkti, with n ≥ k, 0 ≤ |ti| < |α|, and ti is an initial segment of α for each i.
If |ti| = 0 then ci = αk and we have that

(s∗α)
nskαpCs

n
α = (s∗α)

n−kpFk
α
pCsαn = (s∗α)

n−kpCsαn

= (s∗α)
n−ksαnpr(C,αn) = pF

αn−k
skαpr(C,αn)

= skαpFαnpr(C,αn) = skαpr(C,αn).

Suppose now that |ti| > 0. Then we have that

(s∗α)
nscipCs

n
α = (s∗α)

n−k(s∗α)
kskαstipCs

n
α = (s∗α)

n−kpF
αk
stipCs

n
α

= (s∗α)
n−kstipFαkt

pCs
n
α = (s∗α)

n−kstipCs
n
α

= (s∗α)
n−kstis

n
αpr(C,αn)

Notice that (s∗α)
n−kstis

n−k
α = 0, unless αn−k is an initial segment of tiα

n−k, in which case
we have that

tiα
n−k = αn−kβ,

where β = α(ji) · · ·α(|α|). Thus,

(s∗α)
n−kstis

n−k
α = (s∗α)

n−ksn−k
α sβ = pF

αn−k
sβ,

and consequently

(s∗α)
nscipCs

n
αpC = pF

αn−k
sβs

k
αpr(C,αn)pC

= pF
αn−k

sβs
k
αpC

= sβαkpF
(αn−kβαk)

pC

= sβαkpF(tiα
n)
pC .
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We observe that |β| = |ti| < |α|, β is a final segment of α, and ti is an initial segment of
α. Therefore, s∗αsβ = 0 unless ti = β. In this case, we write α = βr and get

sαs
∗
αsβαk = sβsrs

∗
rs

∗
βsβsαk = sβpZrpFβ

sαk = sβsαkpr(Zr,αk)pFβαk
.

Hence, multiplying (s∗α)
nscipCs

n
αpC on the left side by sαs

∗
α we obtain that

sαs
∗
α(s

∗
α)

nscipCs
n
αpC = sβαkpr(Zr,αk)pF(βan)

pC

where β is an initial and final segment of α, and we have used that Fβαn ⊆ Fβαk (since
n ≥ k and β is a final segment of α).

Since k (resp. β) above depends on i, we denote the k (resp. β) corresponding to the
monomial with sci by ki (resp. βi).
Now, multiplying x on the left side by sαs

∗
α(s

∗
α)

n, on the right side by snαpC , and using
the F-grading, we get that

0 ̸= y = sαs
∗
α(s

∗
α)

nxsnαpC = λ1pC + λ2sαpC +
∑
i≥3

γis(βiαki )pr(Zri ,α
ki )pF(βiα

n)
pC .

To conclude, we use the third item of Lemma 3.8 to obtain A ∈ U and a non-empty index
set J such that

0 ̸= ypA = λ1pA + λ2sαpA +
∑
i∈J

γis(βiαki )pA,

with A ⊆ Fα ∩ Fβiαki for each i ∈ J and Claim 6 is proved.

Claim 7: Let x ∈ ÃR(X) be a non-zero element. There exist x′, y′ ∈ ÃR(X) such that
0 ̸= x′xy′ and either x′xy′ = γpD with γ ∈ R and D ∈ U , or

x′xy′ = γ1pA +
k∑

i=2

γiscpipA,

where c ∈ LX, 0 ̸= γi ∈ R for each i ∈ {1, ..., k}, 1 ≤ pi < pi+1, A ⊆ Fcpi ∩ Zcpi , and
A ⊆ r(A, cp2).

Using Claim 4, and applying repeatedly Claim 5 and Claim 6 (if necessary), we obtain

x′, y′ ∈ ÃR(X) such that 0 ̸= x′xy′ and either x′xy′ = γpD with γ ∈ R and D ∈ U (in
which case we are done), or

x′xy′ = γ1pA + γ2sαpA +
k∑

i=3

γisβiαkipA,

where γi ∈ R and γ1, γ2 ̸= 0, 0 ≤ |βi| < |α|, βi is an initial and final segment of α, ki > 0,
A ⊆ Fα ∩ Fβiαki , A ⊆ Zα ∩ Zβiαki and A ⊆ r(A,α).

Let z ∈ A ⊆ Zα ∩Zβiαki . Then, an initial segment of z is α and another is βiα. Hence,
βiα = αγ for some block γ. Notice that |γ| = |βi| and that γ is a final segment of α.
Since βi is also a final segment of α then γ = βi. Therefore, βiα = αβi and, from the first
item of Lemma 2.2, there are natural numbers mi, ni such that α = cni

i and βi = cmi
i . In

particular, α = c3
n3 and βiα

ki = cmi+kini
i for each i ∈ {3, ..., k}. Therefore,

x′xy′ = γ1pA + γ2scn3
3
pA +

k∑
i=3

γiscmi+kini
i

pA.
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Using that α = cni
i = c

nj

j for each i, j ∈ {3, ..., k} and the third item of Lemma 2.2, we
obtain a block c and natural numbers q3, ..., qk such that ci = cqi for each i ∈ {3, ..., k}.
Therefore,

x′xy′ = γ1pA + γ2scq3n3pA +
k∑

i=3

γiscqi(mi+kini)pA.

Define p2 := q3n3 and pi := qi(mi + kini), for i ∈ {3, ..., k}. Then,

x′xy′ = γ1pA +
k∑

i=2

γiscpipA.

Observe that cp2 = cq3n3 = (cq3)n3 = cn3
3 = α, which implies that A ⊆ r(A,α) = r(A, cp2),

A ⊆ Fα = Fcp2 , and A ⊆ Zα = Zcp2 . Moreover, for i ∈ {3, ..., k}, we have that

βiα
ki = cmi+kini

i = (cqi)mi+kini = cpi ,

so that A ⊆ Fβiαki = Fcpi and A ⊆ Zβiαki = Zcpi .

Claim 8: Let c ∈ LX and A ∈ U . Suppose that

0 ̸= x = γ1pA +
k∑

i=2

γiscpipA,

with A ⊆ Zcpk , and 0 ̸= γi ∈ R. If A ⊈
∞⋂
n=1

Zcn, then there exists x′′ ∈ ÃR(X) such that

0 ̸= x′′x = γ1pD, where D ∈ U .

Since A ⊈
∞⋂
n=1

Zcn , there exists n ∈ N such that A ⊈ Zcn . Notice that n > pk, because

A ⊆ Zcpk . Let m be the least of the i ∈ N such that A ⊈ Zci+1 . Observe that m ≥ pk,
since A ⊆ Zcj for each 1 ≤ j ≤ pk, and A ⊆ Zcm but A ⊈ Zcm+1 . Let z ∈ A be such that
z /∈ Zcm+1 . Then z = cmβz′, where |β| = |c| but β ̸= c (since z ∈ Zcm and z /∈ Zcm+1).
Hence, scmβs

∗
cmβpA = pZcmβ

pA and pZcmβ
pA ̸= 0, since z ∈ A ∩ Zcmβ. Moreover, for each

i ∈ {2, ..., k}, we have that

s∗cmβscpipA = s∗cm−piβpFcpi
pA

= s∗cm−piβscm−piβs
∗
cm−piβpApFcpi

= s∗cm−piβpZcm−piβ
pApFcpi

.

Since A ⊆ Zm, pi ≥ 1, |β| = |c|, and β ̸= c, we obtain that A ∩ Zcm−piβ = ∅. Thus, for
each i ∈ {2, ..., k}, we have that s∗cmβscpipA = 0. Consequently, scmβs

∗
cmβx = γ1pD ̸= 0,

where D = Zcmβ ∩ A, and Claim 8 is proved.

Proof of the Theorem:
Let 0 ̸= x ∈ ÃR(X). By Claim 7, there exist x′, y′ ∈ ÃR(X) such that 0 ̸= x′xy′ and

either x′xy′ = γpD with γ ∈ R and D ∈ U , or

x′xy′ = γ1pA +
k∑

i=2

γiscpipA,

where c ∈ LX, 0 ̸= γi ∈ R for each i ∈ {1, ..., k}, 1 ≤ pi < pi+1, A ⊆ Fcpi ∩ Zcpi , and

A ⊆ r(A, cp2). If A ⊈
∞⋂
n=1

Zcn then, by Claim 8, there exists x′′ ∈ ÃR(X) such that
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x′′(x′xy′) = γpD̃ ̸= 0, where D̃ ∈ U . In the case A ⊆
∞⋂
n=1

Zcn , we have that A = {c∞},

which implies that (A, c) is a cycle without exit. By Remark 4.6, there exists β ∈ LX such
that c = βl for some l ≥ 2, and such that (A, β) has minimal length. Then, as c = βl and

x′xy′ = γ1pA +
k∑

i=2

γiscpipA,

we have that

x′xy′ = γ1pA +
k∑

i=2

γisβlpipA,

which finishes the proof. □

5. Some consequences of the Reduction Theorem

Let R be a commutative ring and X be a subshift. In this section, we provide some

results related to the subshift algebra ÃR(X) that emerge as a consequence of the Reduc-

tion Theorem. Specifically, we prove a Cuntz-Krieger uniqueness theorem for ÃR(X) and

give some ring-theoretic properties of ÃR(X).

Theorem 5.1. (Cuntz-Krieger uniqueness theorem) Let X be a subshift such that

each cycle has an exit, R be a commutative ring, and ÃR(X) be the subshift algebra. If B

is an R-algebra and Φ : ÃR(X) → B is an R-homomorphism such that Φ(γpA) ̸= 0 for
each ∅ ≠ A ∈ U and 0 ̸= γ ∈ R, then Φ is injective.

Proof. Suppose that kerΦ ̸= 0 and let 0 ̸= x ∈ kerΦ. Since each cycle has an exit, by

Theorem 4.7, there exist x′, y′ ∈ ÃR(X) such that 0 ̸= x′xy′ = γpA, where 0 ̸= γ ∈ R and
A ∈ U , A ̸= ∅. Then, 0 = Φ(x′)Φ(x)Φ(y′) = Φ(γpA), which contradicts the hypothesis.
Therefore, kerΦ = 0 and Φ is injective. □

Our next goal is to show that the subshift algebra is semiprimitive. For this, we will
need a couple of lemmas. In the next one, we explore the structure of a corner of a
subshift algebra by a projection over a minimal cycle without exit. In what follows, for
n < 0, we use the notation snc meaning the element (s∗c)

−n.

Lemma 5.2. Let X be a subshift and let (A, c) be a minimal cycle without exit. Then,

pAÃR(X)pA =

{
j∑

n=i

γns
n
c pA : γn ∈ R and i, j ∈ Z

}
.

Proof. Recall that ÃR(X) is the linear span of elements of the form sαpBs
∗
β, where B ∈ U

and α, β ∈ LX (including the cases |α| = 0 or |β| = 0). In what follows, we analyze an
element pAsαpBs

∗
βpA.

Claim: Let α, β ∈ LX and B ∈ U . Then, pAsαpBs∗βpA = 0 or pAsαpBs
∗
βpA = pAsαs

∗
βpA.

Indeed, notice that

pAsαpBs
∗
βpA = sαpr(A,α)pBpr(A,β)s

∗
β = sαpr(A,α)∩B∩r(A,β)s

∗
β.

Since A is a singleton set, we have that r(A,α) is also a singleton set. Hence, r(A,α)∩B =
∅ or r(A,α)∩B = r(A,α). Therefore, r(A,α)∩B∩r(A, β) = ∅ or r(A,α)∩B∩r(A, β) =
r(A,α) ∩ r(A, β). From this, we conclude that pAsαpBs

∗
β = 0 or

pAsαpBs
∗
β = sαpr(A,α)∩r(A,β)s

∗
β = pAsαs

∗
βpA,
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where the last equality follows by Lemma 3.8(2).

By the previous claim, ÃR(X) is generated by elements of the form pAsαs
∗
βpA, which

we analyze next.
For α ∈ LX, notice that pAsα = pAsαs

∗
αsα = pApZαsα. Since A = {c∞}, we have that

pApZα = 0 (and hence pAsα = 0), unless α = cpa, where a is an initial segment of c and
p ∈ N. Similarly, s∗βpA = 0, unless β = cqb, where q ∈ N and b is an initial segment of
c. Hence, in what follows in this proof, α and β are elements of LX such that |α| > 0,
|β| > 0, and α = cpa, β = cqb, where p, q ∈ N and a, b are initial segments of c such that
0 ≤ |a| < |c| and 0 ≤ |b| < |c|. Observe that

pAsαpA = pAsαs
∗
αsαpA = pAsαpr(A,α)pA = pAsαpr(A,α)∩A.

If r(A,α)∩A = ∅ then pAsαpA = 0. Otherwise, r(A,α)∩A = {c∞} (because A = {c∞}).
Then, c∞ ∈ r(A,α) and hence αc∞ = c∞. Since α = cpa, the previous equality implies
that cpac∞ = c∞ and consequently ac∞ = c∞. By Lemma 4.5, since (A, c) is a minimal
cycle, we conclude that |a| = 0. Thus, α = cp and pAsαpA = pAs

p
cpA. Similarly, we have

that pAs
∗
βpA = 0 or pA(s

∗
c)

qpA.
Next, we analyze the case pAsαs

∗
βpA. It follows from Lemma 3.8(2) that

pAsαs
∗
βpA = sαpr(A,α)∩r(A,β)s

∗
β.

Since A = {c∞}, we have that either r(A,α) ∩ r(A, β) = ∅, or r(A,α) ∩ r(A, β) is a
singleton set. In the first case, pAsαs

∗
βpA = 0. To deal with the second case, assume that

r(A,α) ∩ r(A, β) = {x}. Then, αx = c∞ = βx. As α = cpa, with 0 ≤ |a| < |c|, the
previous equality implies that

cpax = c∞ and ax = c∞.

Similarly, bx = c∞. Now, let a′, b′ ∈ LX be such that aa′ = c and bb′ = c. From ax = c∞,
we obtain that x = a′c∞ and similarly, from bx = c∞, we have that x = b′c∞. Thus,

c∞ = bx = ba′c∞, and c∞ = ax = ab′c∞.

Notice that |a| + |a′| = |c| = |b| + |b′|, which implies that |ab′| + |ba′| = 2|c|. Hence,
|ab′| ≤ |c| or |ba′| ≤ |c|. We suppose, without loss of generality, that |ab′| ≤ |c|. We
have two possibilities. If |ab′| < |c| then, by Lemma 4.5, we obtain that |ab′| = 0 (since
ab′c∞ = c∞). Thus, |b′| = 0 and consequently |b| = |c|, which is impossible, because
|b| < |c|. Hence |ab′| = |c|. In this case,

|a|+ |b′| = |ab′| = |c| = |a|+ |a′|,
which implies that |a′| = |b′|. Therefore, |a| = |b| and consequently a = b. So, we have
that α = cpb, β = cqb, and

pAsαs
∗
βpA = pAs

p
csbs

∗
b(s

∗
c)

qpA = pAs
p
cpZb

(s∗c)
qpA.

From the claim at the beginning of this proof, we obtain that

pAsαs
∗
βpA = pAs

p
cpZb

(s∗c)
qpA = 0 or pAsαs

∗
βpA = pAs

p
cpZb

(s∗c)
qpA = pAs

p
c(s

∗
c)

qpA.

Suppose that pAsαs
∗
βpA = pAs

p
c(s

∗
c)

qpA and that p > q. Write p = q + n and note that

pAsαs
∗
βpA = pAs

p
c(s

∗
c)

qpA = pAs
n
c s

q
c(s

∗
c)

qpA

= pAs
n
c pZcq

pA = pAs
n
c pA.

In a similar way, if q > p then we write q = p+m and pAsαs
∗
βpA = pA(s

∗
c)

mpA. For p = q,
we have that pAsαs

∗
βpA = pA.
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Finally, we will show that, for each n ∈ Z, the equality pAs
n
c pA = snc pA is true. When

n = 0, we have that pAs
n
c pA = pA. So, assume that n ̸= 0. Since A = {c∞}, we obtain

that A = r(A, c|n|) ∩ A = r(A, c|n|), for each n ∈ Z. Thus, in the case that n < 0, we get
from the second item of Lemma 3.8 that

pAs
n
c pA = pA(s

∗
c)

|n|pA = pApr(A,c|n|)(s
∗
c)

|n|

= pr(A,c|n|)(s
∗
c)

|n| = (s∗c)
|n|pA = snc pA.

For n > 0, we also have that

pAs
n
c pA

(⋆)
= snc pr(A,cn)pA

(⋆⋆)
= snc pA,

where (⋆) follows from Lemma 3.8(2) and (⋆⋆) follows from r(A, cn) ∩ A = A. □

As a consequence of Lemma 5.2, we can identify the corner pAÃR(X)pA with the Laurent
polynomials algebra, see below.

Lemma 5.3. Let X be a subshift and (A, c) be a minimal cycle without exit. Then,

ψ : pAÃR(X)pA → R[x, x−1]

given by

ψ(snc pA) = xn, for all n ∈ Z,
is an R-algebra isomorphism.

Proof. It follows from Lemma 5.2 that each y ∈ pAÃR(X)pA has the form y =
j∑

n=i

γns
n
c pA,

where 0 ̸= γn ∈ R, and i, j ∈ Z. By Theorem 3.4, we have that γns
n
c pA ̸= 0 for each

n ∈ Z. Moreover, y can be uniquely written as y =
j∑

n=i

γns
n
c pA (with 0 ̸= γn ∈ R). So,

ψ : pAÃR(X)pA → R[x, x−1] given by ψ(y) =
j∑

n=i

γnx
n is a well-defined linear map. At the

end of the proof of Lemma 5.2, we showed that pAs
n
c pA = snc pA. Therefore, for m,n ∈ Z,

we have that

(snc pA)(s
m
c pA) = snc s

m
c pA.

Furthermore, observe that snc s
m
c pA = sn+m

c pA for each n,m ∈ Z. Hence, we have that

ψ(snc pA)ψ(s
m
c pA) = xnxm = xn+m = ψ(sn+m

c pA) = ψ((snc pA)(s
m
c pA)),

for each n,m ∈ Z. Thus, ψ is a homomorphism of R-algebras. Now, using the universal

property of R[x, x−1], there exists a homomorphism ϕ : R[x, x−1] → pAÃR(X)pA such
that ϕ(xn) = snc pA, for all n ∈ Z. Since ϕ = ψ−1, the result is proved. □

In order to investigate ring-theoretic properties of ÃR(X), we recall the following no-
tions. A ring S is said to be semiprime if whenever I2 = 0 for an ideal I of S, then
I = 0. The Jacobson radical J(A) of an algebra A is the intersection of all primitive
ideals in A, whereas the prime radical rad(A) is the intersection of all prime ideals in A.
Furthermore, a ring S is called semiprimitive if the Jacobson radical J(S) of S is zero.
Next, we show that the subshift algebra over a field is semiprimitive and semiprime.

Proposition 5.4. Let X be a subshift and R be a field. Then, ÃR(X) is semiprimitive.



THE REDUCTION THEOREM FOR ALGEBRAS OF SUBSHIFTS 19

Proof. Let J = J(ÃR(X)) be the Jacobson radical of ÃR(X) and suppose that there exists

0 ̸= x ∈ J . By Theorem 4.7, there exist µ, ν ∈ ÃR(X) such that 0 ̸= µxν and either
µxν = γpD, with 0 ̸= γ ∈ R and D ∈ U , or

µxν = γ1pA +
k∑

i=2

γisβqipA,

where (A, β) is a minimal cycle without exit, qi ∈ N \ {0} and 0 ̸= γi ∈ R. Observe
that if µxν = γpD, then pD = γ−1(µxν) ∈ J . Since J contains no nonzero idempotents,
we have a contradiction. Hence, µxν is given by the sum above. By Lemma 5.2 we

have that µxν is a nonzero element in J ∩ pAÃR(X)pA. By [14, §III.7, Proposition 1],

J ∩ pAÃR(X)pA = J
(
pAÃR(X)pA

)
. Using Lemma 5.3, we obtain a nonzero element in

J(R[x, x−1]), which is again a contradiction. Thus, J = 0 and the result follows. □

Remark 5.5. We recall that an algebra A is semiprime whenever rad(A) = 0. Since every
primitive ideal of A is a prime ideal of A, it follows that if A is semiprimitive then A is
semiprime. Hence, by the previous Proposition 5.4, if X is a subshift and R is a field then

ÃR(X) is semiprime.

We have described in the remark above how to show that ÃR(X) is semiprime, provided
that X is a subshift and R is a field. However, we can improve this result as follows.

Corollary 5.6. Let X be a subshift and R be a ring without zero divisors. Then, ÃR(X)
is semiprime.

Proof. Let I be a nonzero ideal of ÃR(X). Applying Theorem 4.7 to a nonzero element
of I, we obtain a nonzero element x ∈ I of the form x = γpD, with γ ∈ R and D ∈ U , or

x = γ1pA +
k∑

i=2

γisβqipA, where (A, β) is a minimal cycle without exit, qi ∈ N \ {0}, and

0 ̸= γi ∈ R. Using the grading given by Theorem 3.4 and from the fact that R has no
zero divisors, we get that x2 ̸= 0 and therefore I2 ̸= 0, as desired. □
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[11] C. Gil Canto and D. Gonçalves. Representations of relative Cohn path algebras. J. Pure Appl.
Algebra, 224:106310, 2020.

[12] D. Gonçalves and D. Royer. Representations and the reduction theorem for ultragraph Leavitt path
algebras. J. Algebraic Combin., 53:505–526, 2021.

[13] R. Hazrat. The graded Grothendieck group and the classification of Leavitt path algebras. Math.
Ann., 355(1):273–325, 2013.

[14] N. Jacobson. Structure of Rings. American Mathematical Society Colloquium Publications: vol. 37.
American Mathematical Society, 1956.

[15] B. P. Kitchens. Symbolic dynamics. Universitext. Springer-Verlag, Berlin, 1998.
[16] D. Lind and B. Marcus. An Introduction to Symbolic Dynamics and Coding. Cambridge University

Press, 1995.
[17] W. Ott, M. Tomforde, and P. N. Willis. One-sided shift spaces over infinite alphabets, volume 5 of

New York Journal of Mathematics. NYJM Monographs. State University of New York, University
at Albany, Albany, NY, 2014.

[18] M. Tomforde. Leavitt path algebras with coefficients in a commutative ring. J. Pure Appl. Algebra,
215(4):471–484, 2011.
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