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ABSTRACT. Let R be a commutative unital ring, X a subshift, and .ZR(X) the corre-
sponding unital subshift algebra. We establish the reduction theorem for ./IR(X). As
a consequence, we obtain a Cuntz-Krieger uniqueness theorem for A r(X) and we show
that /TR(X) is semiprimitive (resp. semiprime) whenever R is a field (resp. a domain).

1. INTRODUCTION

The study of subshifts in symbolic dynamics is closely related to non-commutative
algebras. In [9], the famous Cuntz-Krieger algebra was associated with a subshift of finite
type. A subshift of finite type over a finite alphabet can be viewed as the edge subshift
associated with a graph and this has motivated the definition of graph algebras, both in
the analytical and algebraic context. The connections of these algebras with symbolic
dynamics are well documented. For example, graph C*-algebras are used to characterize
orbit equivalence of subshifts associated with directed graphs [6]. Leavitt path algebras
[1, 7] and their classification theory can be used in connection with William’s problem in
symbolic dynamics [8, 13].

Symbolic dynamics also focus on the study of subshifts over infinite alphabets, which
have practical applications [15, 16]. Recently, in [4], the authors introduced algebras of

one-sided subshifts over arbitrary alphabets, denoted by Ag(X), with the aim of providing
an algebraic description of conjugacy between subshifts over arbitrary, possibly infinite,
alphabets. For finite alphabets, these conjugacy results can be seen as purely algebraic
versions of the C*-algebraic results in [5]. The authors of [4] proved that the subshift
algebras are isomorphic to the Leavitt path algebras of certain labeled graphs [3], and
they can also be realized as partial skew group rings and Steinberg algebras. Furthermore,
they establish a two-way connection between the notion of subshift associated with an
infinite countable alphabet given by [17] and non-commutative algebras.

In this manuscript, we focus on the unital algebra associated with a subshift and aim to
prove a key result in the context of non-commutative algebras: the Reduction Theorem.
This theorem states that any nonzero element of a unital subshift algebra can be reduced,
via left and right multiplication by appropriate elements of the algebra, to either a nonzero
multiple of a projection or a specific sum of terms related to a minimal cycle without exit.
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A reduction theorem was originally given for Leavitt path algebras in [2], which proved
to be an extremely useful tool for characterizing ring-theoretic properties of Leavitt path
algebras. Similar results can be found in [11] and [12] within the contexts of relative Cohn
path algebras and ultragraph Leavitt path algebras, respectively. For subshift algebras,
we will utilize our main theorem to establish a uniqueness theorem, akin to the Cuntz-
Krieger uniqueness theorem in [18]. Additionally, we will prove that the algebras Ag(X)
are semiprimitive when the base ring R is a field, and semiprime when the base ring R
has no zero divisors (see Corollary 5.6).

The paper is organized as follows. In Section 2, we provide an overview of basic ele-
ments of symbolic dynamics and show an auxiliary result regarding periodicity properties
of words generated by an arbitrary alphabet (Lemma 2.2). In Section 3, we recall the
definition of the unital subshift algebra following [4]. For completeness, we include the
realization of the unital subshift algebra as a partial skew group ring. We also prove an
auxiliary result concerning subshift algebras (Lemma 3.8), which is required for the proof
of our main theorem. Section 4 is dedicated to the main theorem of this manuscript,
the Reduction Theorem (Theorem 4.7). Its proof is presented in several steps. We first
introduce the concept of a (minimal) cycle without an exit in a subshift (Definitions 4.2
and 4.4 and Lemma 4.5), which plays a crucial role in the Reduction Theorem. In the
final part of the paper, in Section 5, we extract fundamental results from the Reduction
Theorem. We provide a Uniqueness Theorem for subshift algebras (Theorem 5.1) under
the assumption that every cycle in the subshift has an exit. Additionally, we demon-
strate that a corner of a subshift algebra at a specific projection is isomorphic to the
Laurent polynomial algebra (see Lemma 5.3). Furthermore, Proposition 5.4 shows that
the subshift algebra .,Z(R(X) is semiprimitive if R is a field (particularly, it is semiprime
since any semiprimitive ring is semiprime). Finally, we relax the condition on the ring R

and conclude that if R has no zero divisors, then Ag(X) is semiprime (Corollary 5.6).

2. SYMBOLIC DYNAMICS

In this section, we briefly recall the construction of subshifts over an arbitrary alphabet.
In our work, N = {0, 1,2,...} denotes the set of natural numbers. Let A be a non-empty
set, called an alphabet, and let o be the one-sided shift map on AY, that is, ¢ is the map
from AN to AN given by o(z) = y, where z = (2(n)),eny and y = (z(n+1)),en. Elements
of A* := U, AF are called blocks or words, and w stands for the empty word. We set
At = A"\ {w}. Given a € A* UAYN, |a| denotes the length of a and, for 1 <i,j < |a],
we define (i, j) == a(i)---a(j) if i < j, and a(i,j) = w if i > j. If § € A*, then fa
denotes the usual concatenation. For a block a € A*, o™ stands for the concatenation of
a with itself n times, and a® denotes the infinite word ac«. ... We say that 3 is an initial
segment of o € AF if there exists o’ € A* such that a = Ba/, and 3 is a final segment of
a € A* is there exists o” € A* such that a = o/8. A subset X C AN is invariant for o
if 0(X) C X. For an invariant subset X C AN, we define £, (X) as the set of all words of
length n that appear in some sequence of X, that is,

L,(X):={a(0)...a(n—-1) € A": Fz € Xst. z(0)...2(n—1)=a(0)...a(n—1)}.
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Clearly, £,(AY) = A™ and we always have that L£o(X) = {w}. The language of X is
the set Lx, which consists of all finite words that appear in some sequence of X, that is,

Ly = D L. (X).

Notation. We will write {a; : i € I} to denote a family (finite or infinite) of elements
of Lx, whereas a(j) denotes the letter in the j-th position in the word o € L.

Given F C A*, we define the subshift or shift space Xp C AN as the set of all sequences
x in A" such that no word of  belongs to F. Usually, the set F will not play a role, so
we will omit the subscript F' and write X, with the implication that X = X for some F.

At this point, we recall the definition of the key sets that will be used in the definition
of the algebra associated with a subshift.

Definition 2.1. Let X be a subshift for an alphabet A. Given «, 8 € Lx, define
Cla, p) :=A{fz € X: azx € X}.

In particular, denote C'(w, ) by Zg and call it a cylinder set. Moreover, we denote
C(a,w) by F, and call it a follower set. Notice that X = C(w,w).

In the following lemma, which will be used later, ged(m, n) denotes the greatest com-
mon divisor of two natural numbers m and n.

Lemma 2.2. Let A be an alphabet and o and 3 be two words in AT,

(1) If a8 = Pa, then there exist n,m € N and ¢ € AT such that « = ", B = ™, and
1 = ged(jal, |81).

(2) If there are p,q € N such that o = (%, then there exists ¢ € AT with |c| =
ged(|al, 18]), and m,n € N such that o = ¢™ and = ™.

(3) Let cq,...,c, be non-empty words and {p1,....,pr} € N be such that &' = c?j for
every i,j € {1,....k}. Then, there exist ¢ € AT and {q1,...,qx} C N such that
c; =% for each i € {1,....k}.

Proof. We begin with the proof of (1). Without loss of generality, suppose that |a| > |5
(if || = || the result follows directly). From the commutativity hypothesis on a and 3 we
obtain that o™ = "« for every n € N. Then, there exist n > 1 and 0 < r < || such that
a = ["5(1,r). If r = 0 then we are done and so we assume that 0 < r < |§|. Substituting
the expression we have obtained for « in the equation aff = [a, we conclude that
B(1,r)B8 = pBB(1,r). If|5(1,r)| divides |8 then 8 and « are powers of 5(1, ) and the result
follows. If |3(1, )| does not divide || then, using that 8(1,7)58 = S5(1,r) and proceeding
as before, we obtain that there exist ny > 1 and 0 < r; < r such that 8 = g(1,r)" (1, r).
Substituting this expression for 5 in the equality S(1,7)8 = 55(1,r), we obtain that
B(1,r)B(1,r1) = B(1,7m)B(1,7). Continuing as before, the process stops or we can write
B(l,r) = B(1,r1)"B(1,7ry), where ng > 1 and 0 < ry < ry. Clearly, this procedure
eventually stops and we obtain s > 1 such that « and § are powers of (1, s).

We now prove the second item. Assume, without loss of generality, that |5| < |af.
Suppose initially that ged(|al,|5]|) = 1. From the Bezout identity, there exist r,s € Z
such that r|8| = s|a] + 1. Notice that if r = 0 then s = —1 and |a| = 1, and if s = 0
then r = 1 and || = 1. In both cases, the result follows directly. We are left with the
cases r,s > 0 or r,;s < 0. Assume that r,s > 0 (the other case is proved similarly). Let
x = o = (9 and define y = 2. Then, y = aaa... = pAG.... Fix j € {1,...,|al}.
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Since r|B| = s|a| + 1, we have that jr|8| = js|a| + j and hence y(jr|8]) = y(js|a| + 7).
As y = 3, we obtain that y(jr|8]) = 5(|8]), that is, y(jr|3]|) is equal to the last letter
of 5. Moreover, since y = aaa..., we have that y(js|a| + j) is equal to a(j). Therefore,
a(y) = B(|p]) for each j € {1,...,|a|}. We conclude that there exists a € A such that
a = a™, for some m > 1, which implies that § = a™ for some n > 1 (since of = (7).

To finish the proof of the second item, let k = ged(|a|, |B]) > 1. Write o = ;... and
p = 6;...0,, where |y;| = |0;] = k, and notice that ged(u,v) = 1. In this case, 7; and 9,
can be seen as letters in the alphabet A*, and the desired result follows from the previous
paragraph of the proof.

Finally, we show the third item. We use an inductive argument on the number
of words ¢;. From the second item, the statement of the third item is true for two
words. Suppose that it is also true for k& words, let cy, ..., ¢k, cxr1 be non-empty words
and {p1,...,pk, pk+1} € N be such that ' = c?j, for each 4,5 € {1,..,k + 1}. Let
d € A" and {mq,...,my} C N be such that d™ = ¢; for each i € {1,...,k}. Then,

(™) = &' = 4. From the second item there exist ¢ € AT and natural num-
bers m,n such that d = ¢™ and ¢x; = ¢"*. Therefore, for i € {1,....k}, we have
that ¢; = d™ = (¢™)™ = ¢™™i. Hence, the result follows by defining ¢; = mm;, for
ie{l,.. k}, and grq = n. O

3. THE UNITAL SUBSHIFT ALGEBRA

Throughout the rest of the paper, R denotes a commutative unital ring. In this section,
we recall the definition of the unital subshift algebra, its description as a partial skew
group ring, and prove properties regarding the multiplication between certain elements
of the algebra.

3.1. Definition and the partial skew group ring realization. Let U/ be the Boolean
algebra of subsets of X generated by all C(«, 8) for «, 5 € Lx, that is, U is the collections
of sets obtained from finite unions, finite intersections, and complements of the sets

Cla, ).

Definition 3.1. [4, Definition 3.3] Let X be a subshift. The unital subshift algebra Ag(X)
is the universal unital R-algebra with generators {ps : A € U} and {s,, s’ : a € A},
subject to the relations:
(i) px = L panp = Papp, Paup = pa + pp — panp and py = 0, for every A, B € U;
(i) s4Stsq = sq and sts,st = st for all a € A,
(iil) 5855055 = Po(ap) for all a, B € Lx, where s, := 1 and, for a = a(1)...a(n) € Lx,
Sq 1= Sa(1) ' * * Sa(n) and sy, = SZ(n) e 52(1).

According to [4, Remark 3.4], for a, 8 € Lx, we have that s} s, = pc(aw) = Pr, and

$5Sh = PO(w,8) = PZs-
The unital subshift algebra has a grading over the integers, which we recall below.

Eroposition 3.2. [4, Proposition 3.9] Let X be a subshift. The unital subshift algebra
ARr(X) is Z-graded, with grading given by

Ar(X), = spanp{sapass 1 a, B € Lx, A€ U and |a] — |B] =n}.

Next, we recall the description of the unital subshift algebra as a partial skew group
ring, see [4, §5.1] for more details. This realization induces a grading of the algebra by
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the free group generated by the alphabet, which will be used throughout the rest of the
paper (in particular to conclude that elements are non-zero).

Let F(X, R) be the R-algebra of functions from X to R with pointwise operations, and
Dr(X) be the subalgebra of F(X, R) gencrated by the characteristic functions of the sets
C(a, B), where o, 5 € Lx. Let I be the free group generated by A, with the empty word
w as the identity of F.

The construction begins with a partial action on the set level. Let 7 = ({W, }1er, {7 }er)
be the partial action of F on X such that, for every o, 8 € Lx with Ba~! in the reduced
form, Wg,-1 = C(a, B) and

?aﬁ’l(ﬁx) = ax,
for every Bz € C(«, B). Moreover, if t # af~! for every a, 8 € Lx, then W, = 0.

Next, an algebraic partial action is associated with 7, similarly to the dual action of
a topological partial action. For a, 3 € Lx such that of~! is in reduced form, let 1,5-1

denote the characteristic function of W,s-1 = C(f,a) and D,g-1 the ideal of Dr(X)

generated by 1,5-1. Note that D,z-1 is the ideal of functions in Dg(X) that vanish on
C(B, )" and has unit 1,5-1. Define 7,5-1 : Dgo-1 — Dyp-1 by Tap-1(f) = f o Tga-1,
where f € Dg,-1. Notice that 7,5-1(1g0-1) = las-1. If ¢ cannot be expressed in the form
af~!, we define D; = {0} and 7; equals the zero function. Then, we have an algebraic

partial action 7 = ({D; }ser, {7 }1er) of F on 15R(X).
The partial skew group ring associated with 7 is defined as

5R(X) NTF:@Dt: {th5t3teﬁ,ft€Dt}7

teF

where it is understood that f; is non-zero for finitely many terms and d; merely serves as
a placeholder to remind us that f, € D,. Multiplication is defined by

(3.3) (fs05)(9¢0¢) = 77 (f5)ge) st

It is proved in [4, Theorem 5.9] that Dg(X) x, F is isomorphic to the unital subshift
algebra, as stated below.

Theorem 3.4. Let X be a subshift. Then, Ap(X) = Dg(X) %, F via an isomorphism ®
that sends s, to 1,04, Sk to 14-104-1 for each a € A, and pa to 146, for each A € U.

For future use, we also record the following lemma that is easy to prove.

Lemma 3.5. Let A be an algebra graded by a group G, which has unit e. Suppose that
a. € A, and © = deG ag, € A. If aja. # 0 for some g € G, then xa. # 0.

We finish this subsection with another lemma regarding ZSR(X) X F that will be used
in the proof of the Reduction Theorem (Theorem 4.7).

Lemma 3.6. Let 7 = ({D;}ier, {7 hier) be the partial action defined above, t € F, and
0 # g € D;. Then, there exists a € A such that (gd;)(1404) # 0.

Proof. Since g is a non-zero element in D,, by the definition of the partial action 7, we
have that t = a3~ with o, B € Lx. Suppose first that 3 = w, that is, t = . Let € W,
be such that g(x) # 0. Write z = z(1)x(2)z(3) ... and let a = z(|a| + 1). Then,

7i(1i-1(9)1a)) (@) = 9(2)1a (z(|af + Da(la] +2) ...) = g(z).
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Since g(z) # 0, we conclude that 74(7-1(g)1,)) # 0 and so

gétlaéa = Tt(Tt—l(g>1a)5ta 7£ 0.

Next, suppose that 3 # w, so that t = af~!. Write 3 = af’ with a € Lx. In this case,
notice that

~1(9)1a = Tpa—1(9)1a = Tpa—1(9)
and therefore, since g # 0, we have that gd;1,0, = 74(74-1(9)14)0ta = g0sq # 0. O
3.2. Relative ranges and multiplicative properties. Recall from [4] that the relative
range of (A, a), with A € U and « € Ly is the set
r(A,a)={r e X:ar e A}
In particular, notice that r(X,a) = {z € X: ax € X} = F,,.
The following auxiliary results regarding relative ranges will be useful in our work.
Lemma 3.7. Let X be a subshift, A € U be non-empty and o, B € Lx. Then,
(1) r(Fu, B) = Fag, if af € Lx.
(2) If ACr(A,«) then o™ € Lx and A C r(A, ™) for each n € N.
Proof. For the first item, note that
r(Fp,B) ={zeX:preF,} ={reX:afr € X} = Fu.

For the second item, let + € A. By hypothesis, x € r(A,«) and so ax € A. Since
A Cr(A,a) and ax € A, we obtain that aax € A. Thus, z € r(A,a?). Inductively, we
obtain that A C (A, a™). d

Next, we explore properties related to the multiplication of certain elements in .ZR(X).

Lemma 3.8. Let X be a subshift, a,b € A, and v, € Lx.
(1) If B :=by € Lx, then ShSa = 5b,as’;pFa.
(2) IfAel, then PASa = SaPr(Aa) AN SLPA = Dr(A,a)Se-
(3) Let z := EA Sa;DA;, Where oy € Lx, Ny € R\ {0}, and A; € U\ {0}, for all
1< < m Suppose that x # 0 and a; # o for @ # j. Then, there exist A € U

and a non-empty subset J C {1,...,m} such that A C A;, A C F,, for each j € J,
and

0# zpa = Z AiSa;DA-
icJ
Proof. The first item follows from [4, Proposition 3.6 (i)].

We will show that p4ss = sapr(a,e) by induction on the length of a. If o = w, then
r(A,w) = A and hence, since s,, = 1, the result follows. Suppose that pasg = sapr(a,p)
for each f € Lx with |8] = n. Let o € Lx with |a] = n + 1, and write o = fa with
a € A. Then,

DPASa = PASESa = SpPr(AB)Sa = SBSaPr(r(A8),a) = Salr(r(A,B).a)-
Since
r(r(A,p),a) ={x e X:ax € r(A,B)} ={x € X: fax € A} =r(A, pfa) =1r(A, a),
it follows that s.p,r(4,8),a) = SaPr(Aq)- Hence, pase = SaPr(a,e)- Similarly, one proves
that s,pa = praa)s,
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In order to prove the third item, first we show that there exists B € U, B C A, such
that

0 # xpp = Z AiSa;PB-

Suppose, without loss of generality, that A;s,,pa, # 0 for each i. We observe that 0 #
MSa;PA; = A1SayPaPa,- From Theorem 3.4 and Lemma 3.5, we have that xpy, # 0.
Hence,

0 % $pA1 = )\lsalpAl + (Z )\isaipAi)pAl = )\15a1pA1 + Z AisaipAmAl-
1=2 =2

If Z AiSa;PA;na, = 0, we are done. So, suppose that Z AiSa;Pa;na, 7 0. We may also
=2 =2
assume, without loss of generality, that \;s,,pa,na, # O for each 2 < i < m. Then,

0 ?é )\28a2pA2ﬁA1 - A2SozgpAz|"‘|A1pz42

and therefore, by Theorem 3.4 and Lemma 3.5,

O 7& pr1pA2 = )\18041pA1I"IA2 + >\2Sa2pAlﬂA2 + Z )\ipAiﬂ(A1ﬂA2)'
=3
Notice that it could occur that \1S,,pa,na, = 0, but since A\osq,pa,n4, # 0 we still have

that xpa,pa, # 0 (using Theorem 3.4). Applying this argument repeatedly, we obtain
BelU, BC Ay, such that

0 # xpp = Z AjSa;PB;
j=1

where \js.,pp # 0 for each 1 < j < m (observe that this m may not coincide with the
m in the sum above, but we rewrite it as m again for notational convenience).

We are now in a position to prove the statement of the third item. Taking into account
that sa,PB = Sa,54, 501 PB = SayPBF,, » We have that (again by Theorem 3.4 and Lemma
3.5),

0 # Tpspr,, = Z \jSa,PB)PF., = Z AjSa; PBFw, -

Jj=1
Suppose, without loss of generality, that
AjSa;PBnF,, 70
for each 2 < j < m. Since
SasPBNFy, = 8a28228a2meFa1 = SapP(BNFuo,NFay)s

we obtain from Theorem 3.4 and Lemma 3.5 that

0 # TPBPFs, PFoy, = Z)\ Sa;P(BNFa,) pFa2 Z)\ Sa;P(BNFa;NFay)-
J=1

Applying repeatedly this argument we get A € U and a non—empty subset J C {1,...,m}
(which is the set of the elements j € {1,...,m} such that A;s, ,pa # 0), such that

0 7& rpa = Z )\isaipA7
icJ
and moreover A C A; and A C Fy, for each j € J. O
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4. THE REDUCTION THEOREM

In this section, we will prove the main result of this paper, which is Theorem 4.7 and
that we will call the Reduction Theorem. A key concept related to this theorem is that
of a cycle within a subshift, which we define below.

Definition 4.1. Let X be a subshift, & € Lx \ {w}, and 0 # A € U. The pair (A, ) will
be called a cycle if A C r(A, a).

Observe that, if (A, «) is a cycle, then A = {a®} or A contains infinite elements.
Indeed, for each z € A we have that o™z € A for all n € N (since A C (A4, a™), see
Lemma 3.7). Suppose that A contains an element y such that y # a*. Then, since
a™y € A for each n € N and o™y # o™y for n # m, we conclude that A contains infinite
elements, as desired. This discussion motivates the following definition.

Definition 4.2. Let X be a subshift. We say that a cycle (A4, «) has an exit if A # {a*>}.
Otherwise, in case A = {a™}, we say that (A, «) is a cycle without exit.

Remark 4.3. The reader should compare the definition above with Definition 7.11 and
Proposition 7.12 (and its proof) in [10].

Definition 4.4. Let X be a subshift. We say that a cycle without exit (A, «) is minimal
if there is no element 8 € Lx, with 1 < |3| < |/, such that a = 3* for some k > 2.

The next result characterizes when a cycle without exit is minimal.

Lemma 4.5. Let (A, «) be a cycle without exit. Then (A, «) is minimal if, and only if,
there is no element B € Lx, with 1 < |5| < |al, such that fa™ = a™.

Proof. Suppose that (A, «) is not minimal. Then, there exists 8 € Lx such that 1 <
18] < |a] and o = B* for some k € N. This implies that a® = 3° and hence Sa™> =
BB = B =a>.

For the other implication, suppose that there exists 5 € Lx, with 1 < |f| < |a], such
that fa™ = a™. Let v € Lx\ {w} be the element of minimal length such that ya™® = a.
Clearly, 1 < |y] < |a|. As ya® = a®, we obtain that "> = a* for each n € N, and
consequently 7 = a*°. From this last equality, we get that o = y™¢ for some m > 2
and 0 € Lx with 0 <|d] < |y|. Suppose that |6| > 0. Then,

and therefore 07> = v>°. Hence, as 7> = a®, we conclude that da™ = o>, which is

impossible by the minimality of . Therefore, |§| = 0 and so & = 4™, which means that
(A, ) is not minimal. O

Remark 4.6. Let (A, «) be a cycle without exit and let § € Lx be the element of minimal
length such that o = 8* for some k € N. Then, (A, 3) is a minimal cycle without exit.
Indeed, if (A, ) is not minimal then there exists r € Lx, with 1 < |r| < |S], such that
B = r" for some n > 2. Thus a = 7*" which contradicts the choice of §3.

We now have all the ingredients necessary to prove the Reduction theorem. In particu-
lar, recall that there is an isomorphism ® between Ag(X) and Dg(X) %, F (Theorem 3.4),

which induces an F-grading on Dg(X). This grading will be used throughout the proof
of the theorem, which we state below.

Theorem 4.7. (Reduction Theorem) Let X be a subshift and x € Ar(X) be a non-zero
element. Then, there exist p, v € Ar(X) such that uxv # 0 and either:
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(1) pav =ypp with D € U and v € R\ {0}, or
(2) pav = *ylpA—i-Zk: Yisgaipa, where (A, B) is a minimal cycle without exit, ¢; € N\{0},
and ~y; € R\fgi fori=1,... k.
Proof. Let 0 # 2 € Ag(X) and ® be the isomorphism of Theorem 3.4. We structure the
proof in a few steps. The first one is the following.

Claim 1: There exists p1 € Lx such that xs, # 0 and xs, = > NiSa,pa,, with \; € R,
a; € Lx\{w}, and A; € U for each i. Moreover, there exists e € A such that o;(|oy]) = e
for each 1.

By Proposition 3.2, the element = has the form z = nyisaipBisZi, with v € R,
a;,b; € Lx, and B; € U for each i. Regroup the terms of = in the following way:
=Y s,
el ai(bi)ilit

For each t € F such that )  7iseppsy, # 0, let hy ;= > 7iSq,pp;s;,- Thus,
ai(bi)flit ai(bi)flit
x = Y hy, where each h; # 0. Notice that, for all ¢ € F, there exists 0 # ¢ € D,
t

such that ®(h;) = ¢;0;. Therefore, ®(z) = @(th) = > g0, with each g, # 0.

t t
Fix a t, say to, and, following Lemma 3.6, choose e € A such that (gsds,)(1ede) # O.
This implies that (>, g:0;) 1lede # 0 and, since ® is an isomorphism, we conclude that

0# D 1>, (9:6:)(1e0.)) = as.. Thus,

*
0 # xs, = E YiSa; DB, Sp, Se-
i

Now, for each b; with |b;| > 0, by Lemma 3.8(1), we have that either s; 5. = 0 or b; = ec;
for some ¢; € Lx with |e;| < |bs|, s0 s} 5. = 8} pr. = Pr(F..c;)S,;- Hence, using Lemma 3.8
(2), we obtain that xs. has the form

~ *
TSe = E ’Yis(ipﬁgsbz_?
)

with @;,b; € Lx and |b;| < |b;| for each i with |b;]| > 0. Applying the above argument
repeatedly, we get Claim 1.

Claim 2: There exist B, 1 € Lx such that sgsixs, # 0 and
* . 1 .
SBSETS, = Z Sa; Z )\jpB;,
( J
with o; € Lx, 1 < |oy| < |ayy1|, and a1 = «i8;, for some B; € Lx, )\é» € R and B;- eEU.
Moreover, o;(|a;|) = o(|ay|) for each i, 7.

Let € Lx be as in Claim 1. Then, xs, = Y \iSa,Pa;, With \; € R, o; € Lx \ {w},
and A; € U for each i. Reorganize this last sum and write it in the form

— by
xs, = g Sa; E )\ij;_,
? J
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with o; # o for each i # j and 0 # s,, Z)\;pA;g for each i. Let 8 be one of the «; of

j
maximum length, say, 3 = ay. Since sgszss = sg, we obtain that
* k k
S8555ay, Z )\ij;? = Sq, Z )\ij;; #0,
j J

and therefore sgszrs, # 0. Fix an index i # k. If a; is not an initial segment of 3, that
is a; # B(1)---B(Jas]), then we have that ss,, = 0 and hence sgsjs,, = 0. If a; is an
initial segment of [, that is § = «a;7; with ; € Lx, then

* i * *
$3SGSa; = Sa; 575y, SaiSa; = Sa;Sp;S0;5viSy; = SaiDZ,, -

Observe that in (x) we used that s,,s% and s}, s,, commute. Now, define B} := AN Z,,,
and notice that

56555a, Z )\;pA; = Sa, Z )\;pB;;.
J J
Let F be the set of all indices 7 such that
S3555a,; Z )\;-pBJi_ # 0.
J

Then

SpSETS, = Z Sa Z )\jsz

i€l
Since the only possible ¢ € F' are those such that «; is an initial segment of 3, we are
done.

Claim 3: There exist y,z € /TR(X) and a non-empty index set J such that yrz # 0 and

YTz =Y YiSa,PA;
icJ
where v; € R, a; € Lx with 1 < |oy| < |aiy1|, cir1 = i for some B; € Lx for each
ieJ, and A elU with A C F,, for each i € J. Moreover, a;(|oi|) = o(|a;]) for each
1,7.
Let 1, 8 be as in Claim 2 and take y := sgsj. Then,

yrs, = Z Sa; Z /\Jsz

where 0 # s,, Z )\Jsz for every i. By [3, Lemma 3.5], the sum Z AL jPp} can be written
in the form Z )\ iPBi = Z”Ykpcl where C} € U are pairwise dlsJ01nt and y{ € R. Since
Say Z AL iPB! 7é 0, we have that Sal’}/kpcl # 0 for some k. Multiplying yxs, on the right
side by this pcy we get (from Theorem 3.4 and Lemma 3.5) that,

0 # yrsupey = YhSanPoy + Z Saw Y AiPBinc-

=2 i
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n
Applying this argument repeatedly (proceeding in the next step with 3~ sa, > A\jppinct)
i=2 j ’

we obtain an element C € U such that

0 7é yajs,upC == Z%’SaipCia

i=1

where 1 < |a;| < |a;41], @; is an initial segment of ;1 for each 4, and a;(|a;|) = a;(|a;))
m

for each 7,7. In the sum ) v;8.,pc, we may suppose, without loss of generality, that

i=1
YiSa,Pc, # 0 for each i. Using Lemma 3.8(3), applied on the element yzs,pc, we obtain
an element A € Y and a non-empty index set .J such that

0 # ys,pepa = Y Visa,Da.
ieJ
Recall that A C Fi,, for all i € J. Defining 2 := s,pcpa, we get the desired result.
Claim 4: There exist ',z € ./TR(X) such that y'xz" # 0 and either y'xz' = ~ypp for
some y1 € R\ {0}, D €U, or
k
vz =yips+ Y Yisnps,
=2
where v; € R, b; € Lx with 1 < |b;| < |biy1], biy1 = b8 for some 5; € Lx for each i, and
B e U with B C Fy,, N Zy,, for each i. Moreover, b;(|b;|) = b;(|b;|) for each i, j.

Let y, z be as in Claim 3 and write yzz = ) 7i54,p4. As a consequence of the choice
i=1

of the index set J in Claim 3, we have that v;s,,p4 # 0 for each i € {1,...,m}. By Claim

3, for each i € {2,...,m}, there exists b; € Lx such that «; = ayb;. Moreover, A C F,,

for each i € {1,...,m} and, in particular, A C F;, for each i € {2,...,m}. Notice that

0 # V180194 = V15a,54,5a, P4, Which implies that 0 # s}, 0, pa = V1PF.,PA = 71Pa,
where the last equality holds since A C F,,,. Therefore, multiplying yxz on the left side
by s7,, and taking into account Theorem 3.4 and Lemma 3.5, we get that

(4.8) 0% 55,YT2 = Y1PA+ Y ViPFa, SDA-
=2

From Lemma 3.7 and Lemma 3.8(2), we obtain that
DFo, 56;PA = Sb,Pr(Fa, bi)PA = Sb;PF,,,,PA,

for each i € {2,...,m}. Since A C F,, = F,;,, we conclude that SibPFyy, PA = SbDA-
Therefore, (4.8) has the form

(4.9) 0 # 55,y12 = Y1Pa+ Y Visp,Pa-
i=2
Suppose that AN Z,, =0 for each i € {2,...,m}. Then,
PASH; = PASH, Sy, Sb; = DDz, Sb;, = 0,

for every i € {2,...,m}. Hence, multiplying (4.9) on the left side by p4 we obtain that
0 # pasq,yxz = Npa,



12 D. BAGIO, C. GIL CANTO, D. GONCALVES, AND D. ROYER

and Claim 4 follows by defining ¢’ := pasa,y, 2 ==z and D := A.

We are left with the case where AN Zy, # 0 for some i € {2,...,m}. Let k be the
greatest element of the set {2,...,m} such that AN Z, # (). Then, multiplying (4.9) on
the right side by Pz, we get (taking into account Theorem 3.4 and Lemma 3.5):

k
0 # Szlyivzpzbk = V1P(AnZy,) + Z ViSb:P(ANZy, ) -
i=2
Define ' := s, y, 2/ := 2Pz, and B := ANZ, . Since B C Z;, and b; is an initial segment
of by, for each i € {2,...,k}, we have that B C Z,, for each i € {2,...,k}. Moreover, for
each i, we have that A C F,,, and B C Fy, (as a; = ayb; and B C A). Thus, Claim 4 is
proved.

Claim 5: Suppose that
k

0# x=ypp+ Z%SbipB,
i=2
where v; € R\ {0}, b; € Lx with 1 < |b;| < |bix1|, bix1 = bi5; for some B; € Lx for each
i, B € U with B C Fy,, N Zy, for each i, and b;(|b;|) = b;(|b;|) for each i,j. Then, there
exist y', 2" € Ar(X) such that 0 # y'x2" and either y'xz' = \ipc, or

y/le - )\1])0 + Z )\iscipC7
=2
where N\; € R\ {0}, ¢; € Lx with 1 < |¢;| < |eix1| and ¢;p1 = ¢y for some a; € Lx
for each i, C € U with C C F,, N Z., for each i, ¢;(|c;|) = ¢;(|c;|) for each i,j, and
C - T(C, 02).

If B C r(B,by) then we take C' = B and the result follows. Therefore, we suppose that
B ¢ r(B,by), so that D = B\ r(B,by) # 0. For each i € {2,...,k}, we write b; = bad,;.
Then, multiplying x on the left side by pps; , we get

k

* * * *
DPDSp, T = NPDSp,PB T+ V2PDSp, Sb.PB + E YiPDSp,SbySd; PB
i=3
k

= Y1PDPr(B.bs)Sh, + VoPD + Z YiPDPF,,Sd;PB
i=3

k

*)

= Y2pPp + Z YiSd; Pr(D,d;)PB>
=3

where (*) follows since DNr(B,by) =0 and D C B C F,. Also, by Lemma 3.8(3), there
exist an element £ € U and a non-empty index set J such that

0 # ppsy,¥pe = V2PE + Z ViSd;PE-
icJ
Repeating this process (in the next step we look at the set £\ r(F,ds3)), we get Claim 5.
Claim 6: Suppose that

0 7é T = )\1PC + )\QSCMPC + Z )\iscipC'7
1=3
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where \; € R\ {0}, ¢; € Lx with 1 < |a| < || < |cit1], o is an initial segment of each
ci, ¢; 15 an initial segment of c;11 for each i, C € U with C C F,NF,, C C Z,NZ., for
each i, and C' C r(C,«). Then, there exist a non-empty index set J and A € U such that

0 # sasn(55)"wShpepa = Mpa + XasaPa+ Y NiS(gakiPa;
ieJ
where 0 < |3 < |al, B; is an initial and final segment of o, k; € N and A C F,, N Fg x,
for each i € J.

We begin by describing the effect of the multiplication of the monomials that form x
by appropriate elements on the right and on the left. In the end, we will collect all the
results obtained.

Let n € N be such that |a"7!| < |¢,| < o™

Notice that

(SZ)anSZ - Sznsa"pr(C,oc") = PFnPr(C,an) = Pr(C,an)-

As C C r(C, ), the second item of Lemma 3.7 implies that C' C r(C,a™). Therefore,
using the F-grading (Theorem 3.4 and Lemma 3.5), we obtain that (s})"zskpc # 0.
Next, observe that

(s8)"sapcsape = (s5)" S0 Pe(Cam)PC = PEan SaPC = SaDF, 1 PC = SaDC)

where the last equality follows from the second item of Lemma 3.7.

Proceeding, we compute (s%)"s.,pcsl for ¢ > 3. Note that (s%)"s., = 0, unless ¢; has
the form ¢; = o*t;, with n > k, 0 < |t;] < |a|, and ¢; is an initial segment of « for each i.
If |t;] = 0 then ¢; = o* and we have that

(52)"sapcse = (52)" " Prepcsar = (s3)" " posar
= (Sz)nikSanT(cva") = pFanfk Sng‘(C,O&")
= SgpFanpr(C,a”) = SZpr(C,a")-
Suppose now that |t;| > 0. Then we have that

(si)"se,posy = (s8)" " (sh) shsepasy = (s8)" " pr, su.pose

= (SZ)nkatipFaktpcSZ = (st)" "siposh
— (s;;)"’kstisgpr(c’an)

k

Notice that (s7)" *s;,s"™% = 0, unless o"~* is an initial segment of ¢;a"*, in which case

(e
we have that
tianfk — Oénikﬁ,
where 8 = a(j;) - - - a(|a]). Thus,
(s2)"Fsesn " = (s2)" 5o 55 = Pr,.i 58,

and consequently
(s5)"Se.PCSAPC = PF.._y S5SePr(Cam)PC
=DPF Sﬁsipc
= SBakDF ynr o1 PC

- sﬁaka(tian>pC‘
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We observe that || = |t;| < ||, 5 is a final segment of «, and ¢; is an initial segment of
a. Therefore, s’ sz = 0 unless ¢; = 3. In this case, we write a = 8r and get

SaSnSpak = S85r5.85888ak = SEPZ,PFsSak = SBS ok Dr(Z,0k)DF, i
Hence, multiplying (s%)"s..pcsipc on the left side by s,s? we obtain that
SaSn(Sn)" Se,PCSaPC = SBak Pr(Zp,a*)PF ganyPC

where (3 is an initial and final segment of a, and we have used that Fgon C Fp,r (since
n > k and ( is a final segment of «).

Since k (resp. ) above depends on ¢, we denote the k (resp. /) corresponding to the
monomial with s., by k; (resp. ;).

Now, multiplying x on the left side by s,s%(s% )™, on the right side by s%p¢, and using
the F-grading, we get that

0 # y = sa54,(83)"Tsopc = Mpc + Aasapo + Z ViS(Biaki)Pr(Z,, ,aki)PFig,an)PC-
i>3
To conclude, we use the third item of Lemma 3.8 to obtain A € U and a non-empty index
set J such that

0 # ypa = Aipa + AaSapa + Z ViS(Biaki)PA,
ied
with ACF,NF B,k for each ¢ € J and Claim 6 is proved.

Claim 7: Let z € Ap(X) be a non-zero element. There exist ',y € Ar(X) such that
0 # 2'zy’ and either x'xy’ = ypp with v € R and D € U, or

k
vy = Ypa+ Y Yiseripa,
i=2

where ¢ € Lx, 0 # v € R for each i € {1,...,k}, 1 < p; < piy1, A C Fo; N Zwi, and
ACr(A, ).

Using Claim 4, and applying repeatedly Claim 5 and Claim 6 (if necessary), we obtain
',y € Ag(X) such that 0 # 2’zy’ and either 2’zy’ = ypp with v € R and D € U (in
which case we are done), or

k
22y = NP+ V2SaPa+ D ViSgakiPA;
i=3
where v; € R and 7y, # 0, 0 < |5;] < |a, 5; is an initial and final segment of «, k; > 0,
ACFENFyup, AC Zo N Zg ok and A Cr(A, ).

Let z € A C Z,NZg, .. Then, an initial segment of z is a and another is 8;a. Hence,
Bia = ary for some block v. Notice that |y| = |§;] and that ~ is a final segment of «.
Since (; is also a final segment of o then v = ;. Therefore, f;a = af; and, from the first
item of Lemma 2.2, there are natural numbers m;, n; such that o = ¢ and 3; = ;. In
particular, @ = 5™ and Bia* = ™ *™ for each i € {3,...,k}. Therefore,

k

a'vy’ = yipa+ Y2Scr3PA + Z Vi gmithini PA-
i=3
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Using that a = ¢ = ?j for each i,j € {3,...,k} and the third item of Lemma 2.2, we
obtain a block ¢ and natural numbers gs, ..., gx such that ¢; = ¢% for each i € {3, ..., k}.
Therefore,

JleL‘y, = Y1PA + V2ScasnsPA + Z Vi S eai(mi+king) PA-
i=3
Define py := gznz and p; := ¢;(m; + kin;), for i € {3,...,k}. Then,
k

2’xy = yipa + Z ViSeriPA-
=2

Observe that 2 = ¢B™ = (¢B)" = ¢§* = a, which implies that A C r(A4, ) = (A4, ¢#?),
ACF,=Fu,and A C Z, = Zw,. Moreover, for i € {3, ..., k}, we have that

/Biaki — C;:ni+kini — (CCI'L>mi+kini = P,

so that A C Fjy \»y = Fri and A C Zg 5y = Zeri.
Claim 8: Letc€ Lx and A € U. Suppose that

k
0#2=mpat Yy Viseipa,
1=2

with A C Zwi, and 0 # v, € R. If AL () Zen, then there exists z” € .,ZR(X) such that
n=1
0# 2"z = ylpD, where D € U.
Since A ¢ ﬂ Zen, there exists n € N such that A € Z... Notice that n > py, because

A C Zowg. Let m be the least of the i € N such that A € Z.+1. Observe that m > py,
since A C Z; for each 1 < j <p;, and A C Z.» but A ,Q_ Zm+1. Let z € A be such that
2 & Zan+1. Then z = ¢™B2', where |G| = |c¢| but 8 # ¢ (since z € Zm and z ¢ Zn+1).
Hence, scmpsimgPa = Pz.mspa and pz..,pa # 0, since z € AN Zang. Moreover, for each
i€{2,...,k}, we have that

SemaScPiDA = Sgn—p; gPF,p; PA
= Szm—mﬁscm’piﬁszm—PiﬁpAchpi
= Sem—pigPZ m—p, ,PADE ;-
Since A C Z,,, p; > 1, |B] = ||, and § # ¢, we obtain that AN Zm-p,s = (). Thus, for

each i € {2,...,k}, we have that sjngzsipa = 0. Consequently, semgsimgz = Y1pp # 0,
where D = Zmg N A, and Claim 8 is proved.

Proof of the Theorem: _
Let 0 # z € Ag(X). By Claim 7, there exist 2/,y € Ag(X) such that 0 # z’'zy" and
either #’xy’ = vypp with vy € R and D € U, or

k

xll‘y, = Y1pa + Z YiScPiPA,
i=2

where ¢ € Lx, 0 # v; € R for each i € {1,....,k}, 1 < p; < piy1, A C Fy N Zeri, and
ACr(A ). f AEZ () Zn then, by Claim 8, there exists 2” € Ar(X) such that
n=1



16 D. BAGIO, C. GIL CANTO, D. GONCALVES, AND D. ROYER

2"(2'zy’) = ypp # 0, where D € U. In the case A C () Zn, we have that A = {c>°},

n=1
which implies that (A, ¢) is a cycle without exit. By Remark 4.6, there exists € Lx such
that ¢ = ' for some [ > 2, and such that (A, 3) has minimal length. Then, as ¢ = 3' and

k
v'zy = npa+ Y Visenipa,
=2

we have that i

vxy =pat Y YiSgmDa,
i=2
which finishes the proof. O

5. SOME CONSEQUENCES OF THE REDUCTION THEOREM

Let R be a commutative ring and X be a subshift. In this section, we provide some
results related to the subshift algebra ,ZlR(X) that emerge as a consequence of the Reduc-
tion Theorem. Specifically, we prove a Cuntz-Krieger uniqueness theorem for .ZR(X) and
give some ring-theoretic properties of jR(X).

Theorem 5.1. (Cuntz-Krieger uniqueness theorem) Let X be a subshift such that
each cycle has an exit, R be a commutative ring, and VZNlR(X) be the subshift algebra. If B
is an R-algebra and @ : .ZR(X) — B is an R-homomorphism such that ®(ypa) # 0 for
each ) # A €U and 0 # v € R, then D is injective.

Proof. Suppose that ker ® # 0 and let 0 # x € ker ®. Since each cycle has an exit, by
Theorem 4.7, there exist =/, € .ZR(X) such that 0 # 2’zy’ = vypa, where 0 # v € R and
AelU, A#0. Then, 0 = ®(a')P(2)P(y') = ®(ypa), which contradicts the hypothesis.
Therefore, ker ® = 0 and & is injective. U

Our next goal is to show that the subshift algebra is semiprimitive. For this, we will
need a couple of lemmas. In the next one, we explore the structure of a corner of a
subshift algebra by a projection over a minimal cycle without exit. In what follows, for
n < 0, we use the notation s meaning the element (s)™"

Lemma 5.2. Let X be a subshift and let (A, c) be a minimal cycle without exit. Then,

j
PaAR(X)pa = {Z%S?m 1Y, € R and i,j € Z} :

Proof. Recall that .ZR(X) is the linear span of elements of the form s,ppsj, where B € U

and «a, f € Lx (including the cases |a| = 0 or || = 0). In what follows, we analyze an

element PASaPBSEPA-

Claim: Let a, 8 € Lx and B € U. Then, pasappsipa =0 01 pASaPBSEPA = PASaSEDA-
Indeed, notice that

pASapBSZ’pA = Sapr(A,a)por(A,B)SZ = Sapr(A,a)ﬂBﬁr(A,,B)SE-

Since A is a singleton set, we have that r(A, «) is also a singleton set. Hence, r(A, a)NB =
D orr(A,a)NB =r(A,«a). Therefore, r(A,a)NBNr(A,B) =0 or r(A,a)NBNr(A,p) =
7(A,a) Nr(A, B). From this, we conclude that pas.pgsjy = 0 or

pASapBSZ = Sapr(A,a)ﬁr(A,ﬂ)Sz = pASaSEpA>
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where the last equality follows by Lemma 3.8(2).

By the previous claim, Ag(X) is generated by elements of the form pasa.sjpa, which
we analyze next.

For av € Lx, notice that pass, = paSaSiSa = PaADz,5a- Since A = {c>*}, we have that
papz, = 0 (and hence pas, = 0), unless o« = cPa, where a is an initial segment of ¢ and
p € N. Similarly, sgpa = 0, unless § = ¢?b, where ¢ € N and b is an initial segment of
c. Hence, in what follows in this proof, o and /3 are elements of Lx such that |a| > 0,
|B| > 0, and o = Pa, B = ¢?b, where p,q € N and a, b are initial segments of ¢ such that
0 < |a| < |c| and 0 < |b] < |¢|. Observe that

baSaPA = PASaSZSapA = PDASaPr(A,a)PA = PASaPr(Aa)nA-
If r(A,a)NA =0 then pasapa = 0. Otherwise, r(A,a)NA = {c*} (because A = {c*}).
Then, ¢ € r(A, «) and hence ac™ = ¢>. Since o = cPa, the previous equality implies
that c?ac™ = ¢ and consequently ac>® = ¢*. By Lemma 4.5, since (A, ¢) is a minimal
cycle, we conclude that |a] = 0. Thus, a = ¢” and pasapa = pastpa. Similarly, we have
that pasipa = 0 or pa(s;)pa.
Next, we analyze the case pasasspa. It follows from Lemma 3.8(2) that
pASaSZpA = Sapr(A,a)ﬁr(A,,B)SE-
Since A = {¢*}, we have that either r(A,a) Nr(A4,8) = 0, or r(A,a) Nr(A,p) is a
singleton set. In the first case, pasasipa = 0. To deal with the second case, assume that
r(A,a) Nr(A,B) = {z}. Then, ax = ¢ = fz. As a = Pa, with 0 < |a| < |¢|, the
previous equality implies that
Paxr = c™ and axr = ™.
Similarly, bx = ¢*. Now, let a/,b' € Lx be such that aa’ = ¢ and bb’ = ¢. From ax = ¢,
we obtain that x = a’¢™ and similarly, from bz = ¢, we have that © = b'¢>. Thus,
™ =bx = ba'c™®, and ¢ = ax = ab'c™.
Notice that |a| + |a'| = |e| = |b| + |V/|, which implies that |ab/| + |ba’| = 2|c|. Hence,
lab’| < || or |ba’| < |c¢|. We suppose, without loss of generality, that |ab/| < |¢|. We
have two possibilities. If |al/| < |c| then, by Lemma 4.5, we obtain that |ab’| = 0 (since
ab'c¢>® = ¢*). Thus, || = 0 and consequently |b| = |¢|, which is impossible, because
|b| < |c|. Hence |ab’| = |¢|. In this case,
lal + V'] = |ab/| = |c[ = |a| + |d],
which implies that |a'| = |I/|. Therefore, |a| = |b| and consequently a = b. So, we have
that a = Pb, B = ¢?b, and
PASaSEPA = PASESSy(82)1pa = pastpz, (st)'pa.
From the claim at the beginning of this proof, we obtain that
PASaSEPA = PAStDz,(50)'pa =0 or pasaszpa = pasipz,(s:)ipa = pash(s;)ipa.
Suppose that pasasipa = past(s:)?pa and that p > ¢. Write p = ¢ + n and note that
PAaSaSEPA = Pash(s.)'pa = pas;si(s:)'pa
= PAS;PZ.qPA = DAS DA

In a similar way, if ¢ > p then we write ¢ = p+m and pasasspa = pa(s;)"pa. For p =g,
we have that pAsas’gpA =Dpa.
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Finally, we will show that, for each n € Z, the equality paslipa = spa is true. When
n = 0, we have that pas”pa = pa. So, assume that n # 0. Since A = {¢>}, we obtain
that A = (A, "™y N A =r(A,c"), for each n € Z. Thus, in the case that n < 0, we get
from the second item of Lemma 3.8 that

pasipa = pa(st) ™ pa = pap,acny(s0)"

= pr(A,cIn\)(SZ)M = (SZ)MPA = S.pa.

For n > 0, we also have that

PAS.DA © SePr(Acn)PA ) SeDA,
where (*) follows from Lemma 3.8(2) and (xx) follows from r(A4,c") N A = A. O

As a consequence of Lemma 5.2, we can identify the corner p A.ZR(X)p 4 with the Laurent
polynomials algebra, see below.

Lemma 5.3. Let X be a subshift and (A, c) be a minimal cycle without exit. Then,

Y paAr(X)pa — Rlz, x|
given by
Y(sipa) =a",  for all n € Z,

18 an R-algebra isomorphism.

~ J
Proof. Tt follows from Lemma 5.2 that each y € paAr(X)pa has the form y = > 7,s%pa,
where 0 # 7, € R, and i,j € Z. By Theorem 3.4, we have that v,sipa # 0 for each
J
n € Z. Moreover, y can be uniquely written as y = > v,s!pa (with 0 # 7, € R). So,

~ J B
Y paAr(X)pa — Rlx,z7'] given by ¥(y) = > 7,2" is a well-defined linear map. At the

end of the proof of Lemma 5.2, we showed that pasepa = sipa. Therefore, for m,n € Z,
we have that

(sepa)(s'pa) = s¢sl'pa.

Furthermore, observe that s7s”pa = s2t"py4 for each n,m € Z. Hence, we have that

Y(sepa)p(stpa) = 2"a™ = 2™ = (st pa) = Y((sipa)(sipa)),

for each n,m € Z. Thus, ¢ is a homomorphism of R-algebras. Now, using the universal
property of R[z,z7!], there exists a homomorphism ¢ : R[z,z7'] — paAr(X)pa such
that ¢(a™) = s"pa, for all n € Z. Since ¢ = =1, the result is proved. O

In order to investigate ring-theoretic properties of Ag(X), we recall the following no-
tions. A ring S is said to be semiprime if whenever I? = 0 for an ideal I of S, then
I = 0. The Jacobson radical J(A) of an algebra A is the intersection of all primitive
ideals in A, whereas the prime radical rad(A) is the intersection of all prime ideals in A.
Furthermore, a ring S is called semiprimitive if the Jacobson radical J(S) of S is zero.
Next, we show that the subshift algebra over a field is semiprimitive and semiprime.

Proposition 5.4. Let X be a subshift and R be a field. Then, ./TR(X) is semiprimitive.
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Proof. Let J = J(Ag(X)) be the Jacobson radical of Ag(X) and suppose that there exists
0 # x € J. By Theorem 4.7, there exist u,v € .ZR(X) such that 0 # pzv and either
prv = ypp, with 0 # v € Rand D € U, or

k

HIV = Y1pA + Z%SﬁquA,

i=2
where (A, ) is a minimal cycle without exit, ¢; € N\ {0} and 0 # 7; € R. Observe
that if uzv = ypp, then pp = v~ (urv) € J. Since J contains no nonzero idempotents,
we have a contradiction. Hence, pxv is given by the sum above. By Lemma 5.2 we
have that pzv is a nonzero element in J N ijR(X)pA. By [14, §II1.7, Proposition 1],
J ﬂijR(X)pA = J(pA,Z(R(X)pA). Using Lemma 5.3, we obtain a nonzero element in
J(R[z,x™"]), which is again a contradiction. Thus, J = 0 and the result follows. O

Remark 5.5. We recall that an algebra A is semiprime whenever rad(A) = 0. Since every
primitive ideal of A is a prime ideal of A, it follows that if A is semiprimitive then A is
semiprime. Hence, by the previous Proposition 5.4, if X is a subshift and R is a field then
Apr(X) is semiprime.

We have described in the remark above how to show that JZR(X) is semiprime, provided
that X is a subshift and R is a field. However, we can improve this result as follows.

Corollary 5.6. Let X be a subshift and R be a ring without zero divisors. Then, ./Z(R(X)
18 semiprime.

Proof. Let I be a nonzero ideal of .ZR(X). Applying Theorem 4.7 to a nonzero element
of I, we obtain a nonzero element x € I of the form x = ypp, with vy € R and D € U, or

k
T = 71pa + D ViSpupa, where (A, B) is a minimal cycle without exit, ¢; € N\ {0}, and

=2
0 # v; € R. Using the grading given by Theorem 3.4 and from the fact that R has no
zero divisors, we get that 22 # 0 and therefore I? # 0, as desired. O
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