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Abstract
The present paper extends the work of Subramanian (Econ Bull 41(4):2309–2319, 2021), as
well as that of Creedy and Subramanian (Exploring a new class of inequality measures and
associated value judgements: Gini and Fibonacci-type sequences, 2022), by showing how
this new extension of the Gini index may be decomposed by income sources, income classes
and population subgroups. It also gives an empirical illustration applying this extension of
the Gini index to the analysis of the inequality in expenditure on social protection among
European countries in 2018. In the decomposition by benefit function it appears that the
housing function consistently exhibits the smallest contribution, due to its low expenditure
weight, while the old-age function has the lowest inequality but the highest contribution, due
to its substantial expenditure weight. The family/children function’s contribution increases
when a higher weight is given to lower expenditures, highlighting a pronounced inequality
at lower expenditure levels. Conversely, the old-age function shows higher inequality among
countries with higher expenditures. In the breakdown by welfare systems, we observe greater
inequality between systems than within them.
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This paper was written in memory of the late Giovanni Maria Giorgi who was, without any doubt, the
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younger than Jacques and Giovanni Maria’s untimely death leaves a void to those working on inequality, in
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1 Introduction

“Some of the many reasons for the success and the relevance of the Gini index are its
simplicity, certain interesting properties and useful decomposition possibilities…” [6]. There
are in fact several ways of formulating the Gini index as “it can be expressed as a ratio of two
regions defined by a 45-degree line and a Lorenz curve in a unit box, or a function of Gini’s
mean difference, or a covariance between incomes and their ranks, or a matrix form of a
special kind” [11]. There have also been extensions of the Gini index, such as those proposed
by Donaldson andWeymark [3] or Yitzhaki [12], which involve a single-parameter extension
of the Gini index. More precisely, while the Gini coefficient is derived from a weighting of
incomes based on the Borda rank-order system, the generalizations of the Gini index raise
the income-weights to higher powers. This leads to an extension of the Gini index which
becomes ‘distribution sensitive’.

More recently, in a very original paper, Subramanian [10] introduced an alternative gen-
eralization of the Gini index based on the notion of “metallic” sequences of number theory.

The present paper extends this work of Subramanian [10], as well as that of Creedy and
Subramanian [1], by showing how this new extension of the Gini index may be decomposed
by income sources, income classes and population subgroups. Section 2 summarizes the
contributions of Subramanian [10] and Subramanian and Creedy [2]. The focus of Sect. 3
is on the decomposition by income sources of this new extension of the Gini index while
Sects. 4 and 5 present the decomposition of this extended Gini index by income classes and
population subgroups. Section 6 presents then a simple illustration while Sect. 7 gives an
empirical illustration applying this extension of theGini index to the analysis of the inequality
in expenditure on social protection among European countries. Section 8 finally concludes
this paper.

2 Subramanian’s single-parameter generalization of Gini based
on the ‘metallic’ sequences of number theory

Extensions of the Gini index have appeared previously in the literature. For example, the
so-called ‘S-Gini’ parametrization amounts to using a scalar as an exponent onGini’s income-
weight. Subramanian [10] introduced an alternative single-parameter generalization in which
income-weights are derived from Fibonacci-like sequences of numbers. The Gini coefficient
turns then out to be a special case of the resulting series of indices. Subramanian [10] intro-
duced also the ‘Fibonacci’ index which is shown to be a transfer-sensitive extension of the
Gini index.

Let us first remind the reader of what a ‘metallic’ sequence of numbers refers to.
Given the set of the first n natural numbers Mn � {1, 2, . . . , i , . . . , n} define for all

k � 0, 1, 2 . . . the mapping fk on Mn such that fk(1) � 1, fk(2) � Max{ fk(1), k fk(1)}
and for all i ∈ Mn , except i � 1, 2,

fk(i) � k fk(i − 1) + fk(i − 2) (1)

It is then easy to check that when k � 0, we will obtain for example for i � 1, 2, . . . , 7,
8, the sequence of numbers 1,1,…,1, 1.

When k � 1, we will obtain for example for i � 1, 2, . . . , 7, 8, the sequence of numbers
1, 1, 2, 3, 5, 8, 13, 21 which is known as the Fibonacci sequence of numbers.
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When k � 2, we will obtain for example for i � 1, 2, . . . , 7, 8, the sequence of numbers
1, 2, 5, 12, 29, 70, 169, 408, which is known as the Pell sequence of numbers.

Following Creedy and Subramanian [1] define now Sk(i) and Sk as

Sk(i) �
n∑

j�i

fk( j) (2)

Sk �
n∑

i�1

Sk(i) (3)

Note that when k � 0, the sequence of numbers corresponds to the Borda weights.1

Given an ordered vector x of n incomes xi with x1 ≤ x2 ≤ . . . ≤ xi ≤ . . . ≤ xn , define a
welfare function Wk(x) as

Wk(x) �
n∑

i�1

Sk(i)xi (4)

As shown by Creedy and Subramanian [1] the “equally distributed equivalent level of
income” xE , k corresponding to this welfare function is then defined as

xE , k �
n∑

i�1

[
Sk(i)

Sk

]
xi (5)

Using (5) we may then derive an extended Gini index Gk as

(6)

Gk � 1 − xE , k
x

� 1 −
n∑

i�1

[
Sk (i)

Sk

] ( xi
x

)
�

n∑

i�1

wk(i)
[
1 −

( xi
x

)]

�
n∑

i�1

wk(i)

(
x − xi

x

)
�

n∑

i�1

wk(i)di

where wk(i) �
(
Sk (i)
Sk

)
, di �

(
x−xi
x

)
and x is equal to the arithmetic mean of the incomes

xi . Note that greater values of k provide more weight to the lowest values of the variable, so
more importance is given to the left tail of the distribution.

Note also that when k � 0 the index G0 will be simply related to
the traditional Gini index as shown in Appendix A. The traditional Gini index
IG � 1

2n2µ

∑n
j�1

∑n
i�1

∣∣x j − xi
∣∣ is expressed by Creedy and Subramanian [1] as

IG � ( n+1
n

)−
{[(

2
n2

)][∑n
i�1(n + 1 − i)

( xi
x

)]}

1 Borda weights refer to amethod in voting theory named after Jean-Charles de Borda, an 18th-century French
mathematician. In this method, each voter ranks the candidates in order of preference, and candidates receive
points related to their reverse rank positions. The top-ranked candidate receives a certain number of points
(typically equal to the number of candidates minus one), the second-ranked candidate receives one fewer point,
and so on until the last-ranked candidate receives zero points. Borda weights assign numerical values to each
rank, with higher ranks receiving higher weights.
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3 On the decomposition by income sources of this extension of the Gini
index

Define now a (1 by n) row-vector fk as

fk � { fk(1), . . . , fk(i), . . . , fk(n)} (7)

and a (n by 1) column vector x whose transpose x′ is defined as

x ′ � {x1, . . . , xi , . . . , xn} (8)

Finally define a (n by n) square matrix A whose typical element ai j is equal to 1 if i ≥ j ,
to 0 otherwise.

It is then easy to check that xE , k may be expressed as

xE , k � ( f k Ax)/Sk (9)

while the index Gk may be expressed as

Gk � 1 −
( xE , k

x

)
� 1 −

(
fk Ax

xSk

)
(10)

Let us now define a row vector pk as

pk �
{(

fk(1)

Sk

)
, . . . ,

(
fk(i)

Sk

)
, . . . ,

(
fk(n)

Sk

)}
(11)

a column vector r whose transpose r′ is expressed as

r ′ �
{( x1

x

)
, . . . ,

( xi
x

)
, . . . ,

( xn
x

)}
(12)

and a column vector e whose transpose e′ is written as

e′ � {1, . . . , 1, . . . , 1} (13)

Using (10) the index Gk , that is a unit vector, may then be expressed as

Gk � pk Ae − pk Ar � pk Ad (14)

where

d � e − r �
{(

1 − x1
x

)
, . . . ,

(
1 − xi

x

)
, . . . ,

(
1 − xn

x

)}
� {d1, . . . , di , . . . , dn} (15)

Call now xim the income that individual i receives from income source m. Using (14) we
can then define the index Gk,m of income source m as

Gk,m � pk Adm (16)

where

dm � e − rm (17)

In (17) rm is a n by 1 column vector whose transpose r ′
m is defined as

r ′
m �

{(
x1m
xm

)
, . . . ,

(
xim
xm

)
, . . . ,

(
xnm
xm

)}
(18)

where xim is the income that individual i receives from income sourcem and xm is the average
income from source m.
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Let xm be a column vector of the incomes xim , ranked by increasing values and xm is the
arithmetic mean of these incomes xim . Note that in general the ranking of the individuals by
increasing values of the total incomes xi will be different from the ranking of the individuals
by increasing values of the incomes xim they receive from income source m.

Combining expressions (14) to (17) we derive

Gk � pk Ad � pk A[e − r ] � pk A

[
(e −

[( x1
x

)
, . . . ,

( xi
x

)
, . . . ,

( xn
x

)]′]
(19)

where the superscript after the square bracket indicates that the square bracket refers to a
column vector.

Let xi � ∑M
m�1xim for i � 1 . . . n, where M is the number of income sources, and

xm �
∑n

i�1xim
n . Expression (19) may be rewritten as

Gk � pk A

⎡

⎢⎢⎢⎢⎣
(e −

⎡

⎢⎢⎢⎣

⎛

⎜⎜⎜⎝

M∑
m�1

x1m

xm

(
xm
x

)
⎞

⎟⎟⎟⎠ , . . . ,

⎛

⎜⎜⎜⎝

M∑
m�1

xim

xm

(
xm
x

)
⎞

⎟⎟⎟⎠ , . . . ,

⎛

⎜⎜⎜⎝

M∑
m�1

xnm

xm

(
xm
x

)
⎞

⎟⎟⎟⎠

⎤

⎥⎥⎥⎦

′⎤
⎥⎥⎥⎥⎦

� Gk

� pk Ae − pk A

⎡

⎢⎢⎢⎣

M∑
m�1

xim

xm

(
xm
x

)
⎤

⎥⎥⎥⎦

′

(20)

where

[∑M
m�1xim
xm

(
xm
x

)]′
refers to a column vector whose typical element is equal to

∑M
m�1xim
xm

(
xm
x

)
.

Expression (20) may be also written as

Gk � pk Ae −
[

M∑

m�1

(
xm
x

)[
pk A

(
xim
xm

)]′]

Gk � pk Ae +
M∑

m�1

(
xm
x

)[
pk Ae − pk A

(
xim
xm

)]
− pk Ae (21)

since
∑M

m�1

(
xm
x

)
(pk Ae) � pk Ae

We therefore end up with

Gk �
M∑

m�1

(
xm
x

)[
pk Ae − pk A

(
xim
xm

)]
�

M∑

m�1

(
xm
x

)
PGk,m (22)

Note that in defining the index PGk,m in expression (22) the ordering of the expressions(
xim
xm

)
in the column vector pk A

(
xim
xm

)
is that of the total incomes xi and not that of the

incomes xim from source m.
Let us however call x̃im the incomes from source ranked by increasing values of the income

source m itself and not by increasing values of the total income. In such a case we can define
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the index Gk,m from source m as

Gk,m � pk Ae − pk A

(
x̃im
xm

)
(23)

We can then define a correlation coefficient GCk,m as

GCk,m � PGk,m

Gk,m
(24)

Combining (22) and (24) we end up with

Gk �
M∑

m�1

(
xm
x

)
Gk,mGCk,m (25)

This result is very similar to the traditional decomposition of the Gini index by income
sources (see, for example, [4], or [9].

The index Gk is therefore equal to the weighted average of the products of the indices
Gk,m and of the correlation coefficients GCk,m , the weights being equal to the shares of the
income sources in the total income of the individuals.

4 On the decomposition by income classes

Assume we decompose the set of the total incomes xi into a number of adjacent income
classes.

Combining (14) and (15) we may rewrite expression (14) as

(26)

Gk � pk Ad � pk A

[
x − xi

x

]
� pk A

[
(x − xm) + (xm − xi )

x

]

� pk A

[
(x − xm)

x

]
+ pk A

[
(xm − xi )

x

]

Note that in (26) all the expressions in square brackets refer to a column vector of the
elements which appear in these square brackets.

The first element on the R.H.S. of (26) is then clearly equal to a between groups inequality
index since in the column vector of the expressions (x − xm) the elements will be ranked by
non-increasing values as is the case for the column vector of the expressions (x − xi ).

The second expression on the R.H.S. of (26) reminds us of the way a within groups
Pseudo-Gini index is defined. Recall that the Pseudo-Gini index [4] or the concentration
ratio in [8] is the Gini index computed over a distribution in which the variable is not ranked

by non-decreasing values. In the expressions
(
x−xi
x

)
, x is the mean of xi , given that here we

ignore the group to which individual i belongs. Similarly, in the expressions
(
x−xm

x

)
, x is

the mean of xm . Finally, in the expressions
(
xm−xi

x

)
, xm can be considered as the mean of

xi once we assume that we know to which group individual i belongs.
Note however that in this second expression on the R.H.S. of (26) the elements of the

column vector of the expressions
(
xm−xi

x

)
are not ranked by non-decreasing values.
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5 A decomposition by population subgroups

Assume now we have population subgroups whose income distributions overlap. Let x refer
to the column vector of the incomes ranked by non-decreasing values. Let then y refer to
the column vector of these same incomes but ranked first by non-decreasing values of the
average incomes of the population subgroups, and then within each population subgroups
by non-decreasing values of the incomes of the individuals who belong to the corresponding
population subgroup. We can then use (26) to decompose the Gini-type index into between
and within population inequality components. In other words, we will write that

pk A

[
y − yi

y

]
� pk A

[(
y − ym

)
+
(
ym − yi

)

y

]
� pk A

[(
y − ym

)

y

]
+ pk A

[(
ym − yi

)

y

]

(27)

with evidently y � x and ym � xm∀m.

The Gini-type index should however be expressed as

(28)

Gk � pk A

[
x − xi

x

]
�
[
pk A

[
y − yi

y

]]
+

[(
pk A

[
x − xi

x

])
−
(
pk A

[
y − yi

y

])]

� pk A

[
y − yi

y

]
+ pk A

[(
yi − xi

x

)]

Combining (27) and (28) we then get

Gk � pk A

[
x − xi

x

]
� pk A

[(
y − ym

)

y

]
+ pk A

[(
ym − yi

)

y

]
+ pk A

[(
yi − xi

x

)]
(29)

The two first terms on the R.H.S. of (29) remind us of the between groups Gini-type
index and of the within groups Pseudo-Gini index while the third term is an interaction term
representing the overlap between the income distributions of the different population groups.

6 A simple empirical illustration

Let the distribution of incomes x be as follows: 1, 2, 7, 10, 30.
With k � 0, as mentioned previously, fk(i) � 1∀i . Since Sk(i) is defined as Sk(i) �∑n
j�i fk( j), we derive that

Sk(1) � 5; Sk(2) � 4; Sk(3) � 3; Sk(4) � 2; Sk(5) � 1

so that Sk� 5 + 4 + 3 + 2 + 1 � 15.
Using the data on the income distribution given previously, we derive that

Wk(x) �
5∑

i�1

Sk(i)xi � 5(1) + 4(2) + 3(7) + 2(10) + 1(30) � 5 + 8 + 21 + 20 + 30 � 84

xEk �
5∑

i�1

[
Sk(i)

Sk

]
xi �

(
5

15

)
1 +

(
4

15

)
2 +

(
3

15

)
7 +

(
2

15

)
10 +

(
1

15

)
30

� 5 + 8 + 21 + 20 + 30

15
� 84

15
� 5.6
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The average income x is equal to (1 + 2 + 7 + 10 + 30)/5 � 10 so that the inequality index

IB we obtain is equal to
(
1 − 5.6

10

)
� 0.44, while it can be shown that the Gini index is equal

to 0.528. Creedy and Subramanian had indeed stressed that when the number of observations
is small, there will be a difference between the index IB and the Gini index.

With k � 1, Creedy and Subramanian [1] have shown that fk(1) � 1; fk(2) � 1; fk(3) �
2; fk(4) � 3; fk(5) � 5. Since Sk(i) is defined as Sk(i) � ∑n

j�i fk( j), we derive that

Sk(1) � 12; Sk(2) � 11; Sk(3) � 10; Sk(4) � 8; Sk(5) � 5

so that Sk� 12 + 11 + 10 + 8 + 5 � 46.
Using the data on the income distribution given previously, we derive that

Wk (x)�
5∑

i�1

Sk (i) xi � 12 (1)+11 (2)+10 (7)+8 (10)+5 (30)� 12+22+70+80+150� 334

xEk �
5∑

i�1

[
Sk(i)

Sk

]
xi �

(
12

46

)
1 +

(
11

46

)
2 +

(
10

46

)
7 +

(
8

46

)
10 +

(
5

46

)
30

� 12 + 22 + 70 + 80 + 150

46
� 334

46
� 7.2609

The average income x is equal to (1 + 2 + 7 + 10 + 30)/5 � 10
so that the inequality index IB we obtain is equal to

(
1 − 7.2609

10

) � 0.2739

With k � 2, Creedy and Subramanian [1] have shown that fk(1) � 1; fk(2) � 2; fk(3) �
5; fk(4) � 12; fk(5) � 29. Since Sk(i) is defined as Sk(i) � ∑n

j�i fk( j), we derive that

Sk(1) � 49; Sk(2) � 48; Sk(3) � 46; Sk(4) � 41; Sk(5) � 29

so that Sk� 49 + 48 + 46 + 41 + 29 � 213.
Using the data on the income distribution given previously, we derive that

Wk (x) �
5∑

i�1

Sk (i) xi � 49 (1) + 48 (2) + 46 (7) + 41 (10) + 29 (30)

� 49 + 96 + 322 + 410 + 870 � 1747

xEk �
5∑

i�1

[
Sk(i)

Sk

]
xi �

(
49

213

)
1 +

(
48

213

)
2 +

(
46

213

)
7 +

(
41

213

)
10 +

(
29

213

)
30

� 49 + 96 + 322 + 410 + 870

213
� 1747

213
� 8.202

The average income x is equal to (1 + 2 + 7 + 10 + 30)/5 � 10 so that the inequality index
IB we obtain is equal to

(
1 − 8.202

10

) � 0.1798.

6.1 Breakdown by income sources

Let us go back to the original income distribution {1, 2, 7, 10, 30} and assume that there are
two income sources. The following table gives the information on the income sources that
each individual receives.
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Individual 1 Individual 2 Individual 3 Individual 4 Individual
5

Income source
1

0 1 5 3 20

Income source
2

1 1 2 7 10

Total income 1 2 7 10 30

As shown previously, with k � 1, the vector of the values fk(i) will be: 1, 1, 2, 3, 5 so
that the vector of the values Sk(i) will be: 12, 11, 10, 8, 5 while the value of Sk will be 46.

Therefore, the vector of the values pk �
(

fk (i)
Sk

)
will be:

{( 1
46

)( 1
46

)
,
( 2
46

)
,
( 3
46

)
,
(

5
46

)}

while the rowvector r ′ � {( x1
x

)
, . . . ,

( xi
x

)
, . . . ,

( xnm
x

)} � {( 1
10

)
,
( 2
10

)
,
( 7
10

)
,
( 10
10

)
,
( 30
10

)}
.

Using (19) we derive that

Gk � pk A[e − r ] �
{( 1

46

)( 1
46

)
,
( 2
46

)
,
( 3
46

)
,
(

5
46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 − ( 1
10

)

1 − ( 2
10

)

1 − ( 7
10

)

1 − ( 10
10

)

1 − ( 30
10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� 0.274

For the first income source whose average is (0 + 1 + 5 + 3 + 20)/5 � (29/5) � 5.8, the
index will be expressed as

G1
k �

{( 1
46

)( 1
46

)
,
( 2
46

)
,
( 3
46

)
,
(

5
46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 − ( 0
5.8

)

1 − ( 1
5.8

)

1 − ( 3
5.8

)

1 −
(

5
5.8

)

1 − ( 20
5.8

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� 0.321

For the second income source whose average is (1 + 1 + 2 + 7 + 10)/5 � 21/5 � 4.2,
the index will be expressed as

G2
k �

{(
1

46

)(
1

46

)
,

(
2

46

)
,

(
3

46

)
,

(
5

46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 − ( 1
4.2

)

1 − ( 1
4.2

)

1 − ( 2
4.2

)

1 − ( 7
4.2

)

1 − ( 10
4.2

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� 0.229

Since the ranking of the second income source is identical to the ranking of total income,
for this income source the index PG2

k is identical to the index G2
k .

The ranking of the first income source is however different from the ranking of total
income and hence the index PG1

k of this source will be different from the index G1
k . More
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precisely we can write that

PG1
k �

{(
1

46

)(
1

46

)
,

(
2

46

)
,

(
3

46

)
,

(
5

46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 − ( 0
5.8

)

1 − ( 1
5.8

)

1 −
(

5
5.8

)

1 − ( 3
5.8

)

1 − ( 20
5.8

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� 0.307

It is then easy to check that s1PG1
k + s2G2

k � (( 29
50

)
0.307

)
+
(( 21

50

)
0.229

) � 0.274 which

is the value of the Gini index of total income, as mentioned previously.

6.2 Decomposition by income classes

Let us go back to the previous illustration where with k � 1, the vector of the values fk(i)

is 1, 1, 2, 3, 5 and the vector of the values pk �
(

fk (i)
Sk

)
is
{( 1

46

)( 1
46

)
,
( 2
46

)
,
( 3
46

)
,
(

5
46

)}
.

Let us also define the matrix A as previously. Finally, using the previous illustration, let
us define two adjacent income classes. The first one includes the incomes {1, 2, 7} and the
second one the incomes {10, 30}. The meanm1 of the first income class is hence (10/3) while
the mean m2 of the second is 20. The overall mean m is 10.

Using (26) the between groups index will be expressed as

pk A

[
x − xm

x

]
�
{(

1

46

)(
1

46

)
,

(
2

46

)
,

(
3

46

)
,

(
5

46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
10−( 103 )

10

)

(
10−( 103 )

10

)

(
10−( 103 )

10

)

( 10−20
10

)
( 10−20

10

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

�
{(

12

46

)(
11

46

)(
10

46

)(
8

46

)(
5

46

)}

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 20
30

)
( 20
30

)
( 20
30

)
(−10

10

)
(−10

10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� 240 + 220 + 200 − 240 − 150

1380
� 270

1380
� 0.196
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Using again (26) the within groups index will be expressed as

pk A

[
xm − xi

x

]
�
{(

1

46

)(
1

46

)
,

(
2

46

)
,

(
3

46

)
,

(
5

46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

((
10
3

)
−1

10

)

((
10
3

)
−2

10

)

((
10
3

)
−7

10

)

( 20−10
10

)
( 20−30

10

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

�
{(

12

46

)(
11

46

)(
10

46

)(
8

46

)(
5

46

)}

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 7
30

)
( 4
30

)
(−11

30

)
( 30
30

)
(−30

30

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� 84 + 44 − 110 + 240 − 150

1380
� 368 − 260

1380
� 108

1380
� 0.078

The sum of the between andwithin groups indices is then equal to (0.196+0.078) � 0.274
i.e.d.

6.3 Decomposition by population subgroups

Let us assume that there are two population subgroups in the population, group A and group
B. Here is the affiliation of the various individuals to these two groups.

Individual
1

Individual
2

Individual
3

Individual
4

Individual
5

Total income 1 2 7 10 30

Group to which the
individual belongs

A B A B A

The average income in group A is (1 + 7 + 30)/3 � (38/3) � 12.666 and the average
income in group B is (2 + 10)/2 � 6.

The vector x of the incomes ranked by non-decreasing values will then be expressed as

x � {1, 2, 7, 10, 30}
while the vector y of these same incomes ranked first by non-decreasing values of the average
incomes of the population subgroups to which they belong, and then within each population
subgroups by non-decreasing values of the incomes of the individuals who belong to the
corresponding population subgroup, will be expressed as

y � {2, 10, 1, 7, 30}.
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As shown in (29), the between groups index GB is written as

GB � pk A

[(
y − ym

)

y

]

GB �
{(

1

46

)(
1

46

)
,

(
2

46

)
,

(
3

46

)
,

(
5

46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 10−6
10

)
( 10−6

10

)
( 10−12.666

10

)
( 10−12.666

10

)
( 10−12.666

10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

GB �
{(

12

46

)(
11

46

)(
10

46

)(
8

46

)(
5

46

)}

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 4
10

)
( 4
10

)
(−2.666

10

)
(−2.666

10

)
(−2.666

10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

GB � 48 + 44 − 26.66 − 21.328 − 13.33

460
� 30.682

460
� 0.0667

Similarly, as shown in (29), the within groups index GW is expressed as

GW � pk A

[(
ym − yi

)

y

]

GW �
{(

1

46

)(
1

46

)
,

(
2

46

)
,

(
3

46

)
,

(
5

46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 6−2
10

)
( 6−10

10

)
( 12.666−1

10

)
( 12.666−7

10

)
( 12.666−30

10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

GW �
{(

12

46

)(
11

46

)(
10

46

)(
8

46

)(
5

46

)}

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 4
10

)
(−4
10

)
( 11.666

10

)
(
5.666
10

)

(−17.334
10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

GW � 48 − 44 + 116.66 + 45.328 − 86.67

460
� 79.318

460
� 0.172

Finally, the overlapping term OV will be written as

OV �
{(

1

46

)(
1

46

)
,

(
2

46

)
,

(
3

46

)
,

(
5

46

)}

⎡

⎢⎢⎢⎢⎢⎣

1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

⎤

⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎣

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 2
10

)
( 10
10

)
( 1
10

)
( 7
10

)
( 30
10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

−

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 1
10

)
( 2
10

)
( 7
10

)
( 10
10

)
( 30
10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

⎤

⎥⎥⎥⎥⎥⎦
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Table 1 Single-parameter generalization of the Gini index [10]

k � 0 k � 1 k � 2 k � 3

Gk 0.247 0.050 0.025 0.016

OV �
{(

12

46

)(
11

46

)(
10

46

)(
8

46

)(
5

46

)}

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

( 1
10

)
( 8
10

)
(−6
10

)
(−3
10

)
( 0
10

)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

OV � 12 + 88 − 60 − 24 + 0

460
� 16

460
� 0.035

The sum of the between index, the within index and the overlapping term is then expressed
as (0.0667 + 0.172 + 0.035) � 0.2737 ∼� 0274 i.e.d.

7 Inequality in expenditure on social protection among European
countries

In this section, we illustrate the applicability of the previous formulations for the analysis
of inequality among the European Union (EU-28) countries, as far as expenditures on social
protection in the year 2018 are concerned. The data utilized for this analysis is sourced from
Eurostat, specifically derived from the European System of Integrated Social Protection
Statistics (ESSPROS). ESSPROS constitutes a standardized framework that facilitates the
cross-national evaluation of domestically collected data pertaining to social protection. The
data extraction process was executed as of the 18th of August 2023, with reference to the year
2018. This temporal choice was made to mitigate the influence of the pandemic on social
protection expenditures. Note also that the data is standardized and expressed in terms of
Parity Purchasing Standards2 (PPS) per capita.

Average expenditure on social protection in EU-28 in 2018 is 6712.13 PPS per capita but
this expenditure is not homogeneous across countries, nor amongwelfare systems, not within
member states systems, and not even among functions of social protections. In what follows
we analyze inequality in social protection expenditure, disaggregated by functions and by
welfare systems, providing results for different income weights derived from Fibonacci-like
sequences of numbers.

First, we analyze inequality on social protection expenditure among EU-28 countries for
different values of the parameter k. The greater the value of the parameter, the higher the
weight given to lower incomes, and when k � 0, the inequality index is related to the Gini
index (Table 1).

Inequality decreases as the value of the parameter increases, meaning that as we give more
importance to countries with lower expenditure on social protection inequality is lower. At
the same time G0 differs from the Gini index (0.256), as explained in the appendix, where:
G � G0

(
1 + 1

28

) � 0.247
(
1 + 1

28

) � 0.256.

2 Purchasing power standard, is an artificial currency unit. Theoretically, one PPS can buy the same amount
of goods and services in each country. However, price differences across borders mean that different amounts
of national currency units are needed for the same goods and services depending on the country.
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Table 2 Single-parameter generalization of the Gini index and contribution by function

k � 0 k � 1 k � 2 k � 3

Gk Overall 0.247 0.050 0.025 0.016

Sickness/health care 0.256 0.053 0.025 0.016

Disability 0.361 0.098 0.050 0.032

Old age 0.225 0.039 0.018 0.011

Survivors 0.393 0.088 0.045 0.030

Family/children 0.318 0.093 0.050 0.034

Unemployment 0.385 0.073 0.033 0.020

Housing 0.589 0.139 0.066 0.042

Social exclusion 0.479 0.118 0.059 0.038

PGk Sickness/health care 0.237 0.044 0.021 0.013

Disability 0.331 0.095 0.050 0.032

Old age 0.216 0.036 0.017 0.011

Survivors 0.225 0.056 0.033 0.024

Family/children 0.274 0.090 0.050 0.034

Unemployment 0.316 0.043 0.018 0.011

Housing 0.375 0.036 0.009 0.003

Social exclusion 0.392 0.077 0.037 0.023

Contribution (%) Sickness/health care 27.2 24.8 23.6 23.3

Disability 11.0 15.5 16.4 16.4

Old age 36.1 29.5 27.8 27.2

Survivors 4.6 5.6 6.7 7.3

Family/children 10.3 16.6 18.6 19.4

Unemployment 5.0 3.4 2.9 2.7

Housing 2.0 0.9 0.5 0.2

Social exclusion 3.8 3.7 3.5 3.4

Social benefits can be classified by function. The latter indicates the primary purpose for
which social protection is provided. Eight functions of social protection are distinguished in
the ESSPROS:

1. Sickness/health care
2. Disability
3. Old age
4. Survivors
5. Family/children
6. Unemployment
7. Housing
8. Social exclusion not elsewhere classified.

We analyze inequality in each of the functions and the decomposition of overall inequality
in social expenditure by functions.

Table 2 presents the contribution of each function m to the overall inequality:

Contribution of m �
(
xm
x

)
Gk,mGCk,m

∑M
m�1

(
xm
x

)
Gk,mGCk,m

. Notably, regardless of the parameter used, the
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Table 3 Single-parameter generalization of the Gini index byWelfare system and decomposition by subgroups

k � 0 k � 1 k � 2 k � 3

Gk Overall 0.2475 0.0502 0.0248 0.0161

Nordic 0.026 0.017 0.012 0.009

Conservative 0.020 0.020 0.012 0.009

Liberals 0.064 0.039 0.025 0.018

Southern 0.092 0.053 0.033 0.023

Central and Eastern Europe 0.105 0.041 0.022 0.014

GBk 0.2233 0.0380 0.0164 0.0100

GWk 0.0202 0.0109 0.0080 0.0060

Overlappingk 0.0040 0.0013 0.0004 0.0002

housing function consistently exhibits the smallest contribution. This is not due to its low
level of inequality (in fact, this function has the highest level of inequality) but to the low
weight of expenditure on housing in total social expenditure.3

Conversely, the old-age function displays a contrasting pattern. Despite having the lowest
level of inequality, its contribution to overall inequality is the most substantial because of its
high weight in total social expenditure (see Table 4 in Appendix B). Following closely is the
sickness/health care function.

Furthermore, note that when we increase the weight given to the lowest expenditures
within each function, the contribution of family/children function increases the most. This
underscores the fact that inequality is more pronounced at the lower levels of expenditure
within this function. Conversely, a different trend emerges for the old-age function, which
exhibits higher inequality among countries with the highest levels of expenditure.

In summary, Table 2 provides insights into the varying contributions of functions to the
overall inequality. The intricate interplay between inequality and expenditure across different
functions underscores the nuanced nature of these relationships.

We anticipate that welfare systems will exhibit variations based on levels of social
protection expenditure. To address this, our assessment focuses onboth inter-systemand intra-
system inequalities. We group countries according to the classification of welfare typologies
introduced by Ferrera [5] andMensah andAdjei [7]: Nordic (Sweden, Denmark, Finland, and
Norway), Conservative (Austria, Belgium, France, Germany, Netherland, Luxembourg, and
Switzerland), Liberals (United Kingdom and Ireland), Southern Europe (Greece, Spain, Italy,
Portugal, Cyprus, and Malta), and Central and Eastern Europe (Estonia, Lithuania, Hungary,
Czech Republic, Poland, Latvia, Romania, Slovakia, Slovenia, Bulgaria, and Croatia).

Table 3 reports the inequality levels within each welfare system and the within, between
and overlapping components of inequality.

As anticipated, the inequality observed between different welfare systems is more pro-
nounced than the inequality within welfare systems. The classification of welfare systems is
based on various attributes, the level of expenditure being an important attribute. This pattern
is observed regardless of the parameter utilized. While there is a certain degree of overlap
among these welfare systems, the extent of such overlap remains limited.

3 See Appendix B for a table that illustrates the proportion that the average expenditure per function represents
in relation to the total expenditure on social benefits.
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Furthermore, as we allocate greater weight to the lower levels of expenditure, the relative
contribution of inequality between welfare systems decreases. In contrast, the contribution
of inequality within welfare systems becomes more prominent. This highlights the fact that
the lowest expenditure levels across various welfare systems exhibit a higher degree of
uniformity. Conversely, within each specific welfare system, the lowest expenditure levels
are characterized by greater inequality compared to the overall scenario.

This comprehensive analysis offers valuable insights into the disparities present in social
protection expenditure among different countries. These insights hold the potential to inform
the development of cohesive policies within the European Union.

8 Conclusions

Following recent work of Subramanian [10] and Subramanian and Creedy [2] on a gener-
alization of the Gini index based on the ‘metallic’ sequences of number theory, this paper
showed how this new generalization of the Gini index could be decomposed by income
sources, income classes and population subgroups. While the traditional Gini index may
be also decomposed by income sources and classes and by population subgroups, the gen-
eralization of the Gini index based on the ‘metallic’ sequences of number theory, has the
advantage of offering a breakdown of an inequality index which gives a greater weight to
lower incomes. An empirical illustration then applied this new extension of the Gini index
to an analysis of social protection expenditure per capita in the EU-28 in 2018. It turns out
that this expenditure varied significantly across countries, welfare systems, member states,
and social protection functions. We assessed inequality across functions and welfare systems
using different income weights derived from Fibonacci-like sequences.

It appears that the housing function consistently exhibits the smallest contribution, due
to its low expenditure weight, while the old-age function has the lowest inequality but the
highest contribution, due to its substantial expenditureweight. The family/children function’s
contribution increases when a higher weight is given to lower expenditures, highlighting a
pronounced inequality at lower expenditure levels. Conversely, the old-age function shows
higher inequality among countries with higher expenditures.

We also explored variations in welfare systems based on social protection expenditure
levels, observing greater inequality between systems than within them. These findings offer
valuable insights for informing cohesive policies within the European Union.

Appendices

Appendix A: The link between the index G0 and the traditional Gini index

Creedy and Subramanian [1] defined a Borda type of welfare function WB as

WB �
n∑

i�1

(n + 1 − i)xi (30)

whose “equally distributed equivalent level of income” xEB will be expressed as

xEB �
n∑

i�1

(n + 1 − i)
n∑

i�1
(n + 1 − i)

xi (31)
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The corresponding inequality index IB will then be written as

IB � 1 −

⎡

⎣
n∑

i�1

(n+1−i)
n∑

i�1
(n+1−i)

xi

⎤

⎦

x
(32)

Since
n∑

i�1
(n + 1 − i) � n

( n+1
2

)
, we derive that

IB � 1 −
{[

n∑

i�1

(n + 1 − i)
( xi
x

)][ 2

n(n + 1)

]}
(33)

The traditional Gini index IG may be expressed (see, [1] as

IG �
(
n + 1

n

)
−
{[(

2

n2

)][ n∑

i�1

(n + 1 − i)
( xi
x

)]}
(34)

and

IG � 1 +

(
1

n

)
−
{(

2

n2

)[ n∑

i�1

(n + 1 − i)
( xi
x

)]}
(35)

Combining (33) and (35) we then write that
[

n∑

i�1

(n + 1 − i)
( xi
x

)]
� (1 − IB)

[
n

(
n + 1

2

)]
�
(
1 +

1

n
− IG

)(
n2

2

)
(36)

so that

n2

2
+
n

2
− IB

(
n2

2
+
n

2

)
� n2

2
+
n

2
− IG

(
n2

2

)

IB

(
n2

2
+
n

2

)
� IG

(
n2

2

)

IG � IB

(
1 +

1

n

)
(37)

For small values of n there will be a difference between IG and IB , but for values of n
sufficiently big the values of the indices IG and IB will be more or less the same.

Note finally that index IB is in fact identical to the index G0 defined in (10) when k � 0,
and that in such a case the elements of the vector Sk(i) defined in (2) are in fact the Borda
numbers.

Appendix B

See Table 4.
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Table 4 Total expenditure in
social benefits and proportion
that the average expenditure per
function represents in relation to
the total expenditure on social
benefits

Total expenditure on social benefits 6712.133

Sickness/health care 28%

Disability 8%

Old age 41%

Survivors 5%

Family/children 9%

Unemployment 4%

Housing 1%

Social exclusion 2%
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