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ABSTRACT. We characterize weighted modular inequalities of weak and strong
type for the Hardy-Steklov operators T' defined by Tf(z) = g(z) fs}zg) f(®)dt,
where ¢ is a positive function and s, h are increasing and continuous functions

such that s(z) < h(x) for all x.

1. INTRODUCTION AND RESULTS.

Let —oo < a < b < oo and let s,h : (a,b) — R be increasing and continuous
functions such that s(z) < h(z) for all x € (a,b). Let g be a positive function
defined on (a,b). Let T be the Hardy-Steklov operator defined by

Particular important cases are the Hardy operator T'f(x) = fox f, the Hardy

averaging operators T'f(z) = z° fow f, the moving averaging operators T'f(z) =
m fs}zg) f and the Steklov operator T f(z) = fxlel f

Hardy-Steklov operators arise naturally in the theory of delay differential equa-
tions and the knowledge of their behaviour may be useful in the study of some
Cauchy problems (see [7]).

The weighted strong and weak type (p, ¢) inequalities for 7" have been character-
ized in [1], [3], [4] and [5].

In this paper we will characterize weighted modular inequalities of strong and
weak type for T, i. e., inequalities of the forms

o7 ([[wrswyumar) < o7 ( [ <I>1<cf<x>>v<x>dm) (1)

(a)

h(b)
Pyt (<I>2(/\)/ u) < ot (/ CI)l((Jf)v> : (1.2)
{z€(a,b):Tf(z)>\} s(a)

where ®; and ®, are positive, strictly increasing functions defined on [0, 00) and u,
v are non-negative functions defined on (a, b) and (s(a), h(b)) respectively.

and
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The weighted modular inequalities for operators like maximal functions, singular
integral, etc, have been extensively studied (see [6] and the references given there).
In particular the weighted modular inequalities for the Hardy operator and the
generalized Hardy operators were characterized in [2], [8], [9] and [10].

In the statements and proofs of the results we will need some concepts and prop-
erties related to N-functions. By a N-function we mean a continuous and convex
function ® defined on [0, 00) such that ®(s) > 0 if s > 0, @ — 0 when s — 0 and
@ — 0o when s — oco. Every N-function ¢ admits a representation of the form
O(x) = fom ©(t)dt, where ¢ is increasing, continuous by the right at every point and
verifies p(0) = 0, ¢(s) > 0if s > 0 and ¢(s) — oo when s — oco. The function ¢ is
called the density function of ®. Given a N-function ®, the function ¥ : [0,00) — R
defined by U(t) = sup,s(st — ®(s)) is also a N-function called the complementary
function of ®. Two complementary N-functions ® and ¥ verify Young’s inequality:
if s,¢ >0, then st < ®(s) + ¥(¢).

Our results are the following ones:

Theorem 1. Let &y be a N-function and let &5 : [0,00) — R be a positive strictly
increasing continuous function such that ®3(0) = 0 and limy_,o, Po(t) = co. Let us
suppose that ®;o0®5 " is subadditive. Let W, be the complementary N -function of .
Let u and v be non-negative functions defined on (a,b) and (s(a), h(b)) respectively.
The following statements are equivalent:

(i) There exists C' > 0 such that inequality (1.1) holds for all positive functions

I
(ii) There exists C' > 0 such that the inequality

h(b)
<I>2_1 Ddy(Ag)u _(I>1_1 O (Cf(x))v(x)dx 1.3
( /{m(mbmmf»} <g))< ( [ aesante ) (1.3

s(z)

holds for all A > 0 and all positive functions f.
(iii) There ezists C' > 0 such that

h(z) al\, x
/S(y) U, (%) v<al\ry) <oo

holds for all A > 0 and all x,y € (a,b) with v <y and s(y) < h(z), where

) = wrowst ([ e,

Theorem 2. Let 1, &, Vi, u and v be as in Theorem 1. Let us suppose that g is
monotone. The following statements are equivalent:

(i) There exists C' > 0 such that inequality (1.2) holds for all X > 0 and all
positive functions f.
(ii) There exists C > 0 such that

\IJ x,y) et < )\
/S(y) 1( CAv )U—ﬁ( , T, Y) < 00
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holds for all A > 0 and all x,y € (a,b) with x <y and s(y) < h(z), where

ﬁ@gmy)z(@loéj)(®ﬂAXA?u).

Observe that Theorems 1 and 2 include as particular cases the weighted strong
and weak type (p, ¢) inequalities for 1 < p < ¢ < oo. Observe also that if g = 1, then
the strong type inequality (1.1) and the weak type inequality (1.2) are equivalent.
However, for general monotone ¢, (1.1) and (1.2) are not equivalent, even if ®;(t) =
t? and Po(t) =19, 1 < p < ¢ < 0.

In order to prove the theorems, we will need the following lemma, whose proof
can be found in [1]:

Lemma 1. Let {(aj,b;)}; be the connected components of the open set Q@ = {x €
(a,b) : s(z) < h(x)}. Then
() (s(ay), h(by)) O (), h(Be)) = O for all j £ |
(b) For every j there exists a (finite or infinite) sequence {mj }y of real numbers
such that: ‘
(1) aj <my <my < b; for all k and j;
(ii) (aj,b;) = Uk(mi,miﬂ) a.e. for all j;
(iii) s(miﬂ) < h(ml) for all j and k and s(miﬂ) = h(mi) if a; < mi, <
My < by
The proof of theorem 1 is included in section 2 and the proof of theorem 2 can be
found in section 3.

2. PROOF OF THEOREM 1.

The proof of (i) = (ii) is trivial.
(i1) = (iii). Let A > 0, n € N and z,y € (a,b) with z < y and s(y) < h(x).If
s(y) = h(x), there is nothing to prove. Suppose that s(y) < h(z). Since the function

‘111( ) increases taking all values from 0 to oo, there exists € > 0 such that

h(z) 4+ 1
/ U, ( c 1> LT TSN (2.1)
s(y) vty €

where C'is the constant of inequality (1.1).
Let f be the function defined by

1 e \v+:
f= 5% ( ) X(s(y),h(z))-

1
v+n 19

If z € (x,y), we have

/ f>/h(x —/h(x)l\p 2 k-S|
) _s<y>01”+% e '
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This shows that (z,y) C {z € (a,b) : fs}(ﬁ)f > )\}. Then (i), the inequality
O (@) < Wy (t) and (2.1) give

x

< ®y 0 Byt / Dy (Ag)u
' 2 < {ze(a,b):f;z(z) f>/\} ?

z)

< /<;) ,(Cf(1)) (v(t) + %) dt (2:2)
o v (0 () ) ()
< /S:)I) U, (U j ;) <u + %) —20)e.

This inequality ensures «a(\, z,y) < oo.
If vy is the density function of ¥y, it is known that

Uy (z) < zpy(x) < Uyq(22). (2.3)
On one hand, by (2.2), the right-hand side inequality in (2.3) and (2.1), we have

h(z) a(\, z,y) h(z) c
/s@,) “ <—4w (o+ %)) : /s@) “ <—2 (o+ %))

Sz/ \I/1< 61) n—=A4C\.
s(y) vty /) €

On the other hand, the left-hand side inequality in (2.3) yields

h(z) 4C\ 1
7 Z/ ‘I’1< a(\ z,y) ) (U+n)

®) ACA (v+ 1) | a(\z,y)

h(zx)
_ 4C\ / 7, a(A, x,y)l (U N l) ‘
Oé()‘u Z, ?J) s(y) 4C\ (U + ;) n

Putting together (2.4) and (2.5) we obtain

h(x)
AC / 7, Oé(A—fvy)1 <U+l) < J <40,
05()\7 Z, y) s(y) 4CA (U + ;) n

Letting n — oo and applying the monotone convergence theorem, we get

" (a2 y)
v, (| ——22 < al .
\/;(y) 1( 40)\21 )U_O[( ,IL‘,y)

(111) = (i). If s(x) = h(z) for all € (a,b), there is nothing to prove.
Let us suppose that there exists z € (a,b) such that s(z) < h(z). Then Q = {z €
(a,b) : s(x) < h(z)} is a nonempty open set. Let {(a;,b;)}; be the collection of

o\ z,y) = B o d5! ( / ’ i)Q()\g)u)

J

(2.4)

(2.5)



WEIGHTED MODULAR INEQUALITIES FOR HARDY-STEKLOV OPERATORS 5

the connected components of 2 and, for every 7, let {mi} be the sequence given by
lemma 1. o
For fixed j,k and x € (mi, mj,_,) we have

s(mi ) h(m,) h(z)
B " =gt [ e [ e [ s

(mk+1 k

mk+1 s(m]_ ;) h(m)) h(z)
—Z/ o@) [ gt [ g [ p | uts
s(x) s(my ) h(m,)

mk+1 S(miﬂ)
< Z/J P, | g(x) /( 3f> u(z)dx
j7 S

m£+1 h(m])
+§;L@ %<M@A@@fﬁ)wﬂm
+ %: /m m+ Qs (g(x) /h :;)) 3f> w(x)de = (I) + (1) + (I11).

Let us estimate (IH) Let us ﬁx J, k and consider the sequence {z,} defined by
Tn)

To = mj, ., and f f fh( Zn-1) f. This sequence verifies

h(@n+1) 1 M)
[
h(zn+2) h(my,)
Let, for every n € N, fi, = fX(hznio)h(ansr))- I & € (Tny1,2,) then, by the
definition of the sequence {z,}, we have

he) h(ns1) h(eni1) hen)
[oanz [ apea y- g
h(mj,) h(mj) h(zn+2) h(m,)

k k

This shows that
o h(z)
(Tnt1,20) C En =2 € (m),my,,) : /( ) 12f, > A\, 7 s (2.6)
h mi

where \,, = fh(x'?) 3f.
By the monotonicity of f 12 fn, it is clear that E, is an interval of the form
(7, mk+1)' Let z € E,,. Then,

h(z) h(z) A, T mj
h(m?) h

(mi (mi) OUO‘O‘M Zz, m?chl)
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or, equivalently,

h(z)

: a(An,x,mi 1)
206()\71,{13,771% 1) < / 24Cfn -
+ h(md) A, Cv

Applying Young’s inequality and (%ii) we obtain

A h(z) h(zx) A j
20(An, 7, My ) < / Dy(24C f, v + / R (O‘( "f’OTkH))v
h ) n

(m3,) h(my,

(2) |
< [ m@cn+ b,y

which gives
h(zx)

&2, ) < / @,(24C f,)v.

h(m))

Since the above inequality holds for all z € E,,, taking infimum we get

h(ml. )
n h(my,)

k

By (2.6), (2.7), the definition of f, and the subadditivity of ®; 0 ®;", we conclude

(I11) Z / " ( () / h(w,)) 3 f) u(w)dz
— ZZ - <1>2 (g h:i > u(z)dx
< ZZ » " o, (g o ) u(x)dx
< ;;/E Bo(g(x)\) u(x)dx

h(m],_ )
<) (@007 (/h ]_ <I>1(24Cfn)v>
g,k

h(zn+1)
= dy 0 Ot 24C'
LS ><A(xn+2) 4C) )
h(mchrl)
=Y (@00 1)</h( ) (24Cf))

The estimation of (I) can be done in a similar way obtaining

s(mi+1)
<Y (@00 ( I <I>1(24Cf)v>-
Jk s

(mk)
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In order to estimate (II), let \;, = f( m’“) 3f By Young’s inequality and (%ii)

we have

i a(/\‘,k,mi,mi 1)

J
(mk

J

h(m7) h(my,) Oé()\k mj mj )
< d,(6C v+l/‘ \ == )
/s(m ) 1( f) J ) ! ( C)\j,k/l]

S(mk+1

1
< / @1(6Cf)’0+04(/\j,kam?gam?c+1)'

Therefore _
o h(my,)
o) < [ auecre

s(mgﬁ_l)

and this implies

(1) Z/m’““ ( /Sh(m’“ )u<z<1>20<1> (/(h(m) <I>1(60f)v>.

(mj41) M 41)

Putting together the estimations of (I), (II) and (III), summing up in j and k and
applying the subadditivity of ®; o ®;*, we get (i).

3. PROOF OF THEOREM 2.

(i) = (i1). Let A > 0 and let =,y € (a,b) with z < y and s(y) < h(z). If
s(y) = h(z), there is nothing to prove. Let us suppose s(y) < h(z). Let p be a
positive number and n € N. There exists € > 0 such that

he) inf, .
/ v, (8(111 (x,yl)g)) vta = (1+p)CA, (3.1)
) vt -

where C'is the constant of inequality (1.2).
Let f be the function defined by

1 €(inf(r y)g) v+ 1
=V : = s x))-
f crl( . dm%meumM»

If z € (x,y) we have, by (3.1),

h(@) e(inf(z,)9) v+
=9(2 o / fz oz s(y) f=9z C’ v + ; e(inf; 4 9)
hiz (mf( 9\ v+
> \If )9 1 A >\
> - ( ) . <+m

s(y) vt

We have seen that (z,y) C {z € (a,b) : Tf(z) > A}.
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Applying (7), the inequality &, (‘IIITU)> < Wy(t) and (3.1), we obtain

)
BN, z,y) = (P 0d,7") (@2()\)/ u) < (@) 0d,1) (@2()\)/ u)
ho) a}vL(x) - {zG(a,{;):Tf(z)>)\}
S/‘ %“H%”i/ q}ch<dm@?m) vty >U
s(a) s(y) v+ n 6<1nf(x»y)g)

h(z) inf, h(z) e(inf(, 1
s/ \Ifl( el (yg)> s/ 2 (—( (’?)g))<v+—)
s(y) vty s(y) v+ n

= (14 p)Ce. !

(3.2)
The fact that the function 1(t) increases, together with (3.1) and (3.2) give

/h(x) Uy (infee4)9) BN, 2, y) vty

w s hor(oe ) 36

B /h(m) (inf(p.)9) B(A (v + ) (14 p)OX(inf(, ,)9)
) (1+p)C ( BN, 2, ) (inf(p)9)(1+ p)CA

< /h(z) ( inf, ) g)5> 1nf$y)g)
< s(yg v+ 1 mfxy)g (14 p)CA
_/hx) (mfxy)gs) v+

B s(y) v+ L 51—|—,0C>\

Letting n — oo and then p — 0 we obtain

/h(w) ¥, ((inf(;my)g)ﬁ()\?x?y)) v <1.
s(y) CAv )

(ii) = (i). If {m]} is the sequence given by lemma 1,

u({z € (a,b) : Tf(x) > A}) = Zu({x € (mj,mi,,): Tf(z) > \}).

gk

For fixed k and j we have that if z € (mj,mj, ), then

h(z) S(miﬂ) h(m],) h(z)
Tf<x>=g<x>/ f:g(x)/( f+g<x>/ | )f+g(9:)/h 7

(z) z) s(mi 41 (m3,)
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By the subadditivity of ®; o ®;', it is clear that

(bl @) (b U)
{ze m,C mk+1) Tf(x)>A\}

< (I)l (@] (I) s(m ) u
xe(mk mk+1) g(:c)f k+1 >3 }

+®, o <I> _ ) U
a: mk,miJrl):g(z)f f>§}
) +

s(mk+1)

+(I)10(I)

u
j 0 d . h(z) A
x mk,mi_,_l).g(:c) fh(mi)f>3}

(I1)+ (I11).

Let us estimate (III). Let {x,} be the sequence defined as in the proof of theorem
1. Let

S h(z) A
E, = (‘Tn-l-laxn) N {ZL’ € (mi,miﬂ) g(x)/h )f > g} .

J
(mk

If x € E,, then
A h() h(an) h(n 1)
§<g(aﬁ)/ _ng(flr)/ _ f=4g(x)/ f.
h ) h h($n+2)

This implies

h(zn+1)
A < 12(1nfg)/ I
En " Jh(@nss)
Let §,, = inf E,, and ~y,, = sup E,,. Since g is monotone we can ensure
h(zn+1)
A < 12( inf g)/ f.

(G m) = S p(@ns2)

Applying this property and Young’s inequality we obtain

24 . h(@n+t1)
2800, 8, 70) < BN 60, 30) 5 (i0f(5,11,9) / L
hxn+2
h($n+1) A 5 . f
:/ 24Cf6( s On Yo ) 1065, 709
hgf(n+2)) C);:Z )
A, 8, 7 )int
S/ <I>1(24Cf)v+/ Ty (5< On; )i (5n,%)g)v
h(zn+2) h(Zni2) Clv

(3.3)
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Since s(7y,) < s(miﬂ) < h(m]) < h(tny2) < h(zpg1) < h(6,), condition (i)
gives

/h(mn+1) (ﬂ()\, On, ’7n) (inf(an,%)g)
Uy
h

(@ns2) G
< /hwn) . ( B G, ) (infwn,%)g))
< | O\ ‘
o) v

Taking away this inequality to (3.3) we obtain

n h(zni1)
((I)l @) (1)2_1) ((DQ(/\) /6’y u) < /h (1)1(24Cf)2),

(Tn42)

(@10 ®;1) (CDQ(/\)/nu) < /hh(wnmcpl(zzl(,*f)u.

(Tn+2)

which implies

Summing up in n and applying the subadditivity of ®; o ®;* we get

fh(:v)

J
m

h(m?_ )
(I1T) = (® 0 B; ) %(A)/ o u g/ o240 ).
{ €(mi,mi+1):g(x) f>;‘} h

In a similar way, we have

s(mi+1)
(1) < /( | meicpe
Smk

In order to estimate (II), let

o h(m3,) A
E; = {x € (mi,mfcﬂ) : g(m)/ f> g} .

s(mi+1)
Since g is monotone, the set F;; is an interval. Working as in the estimation of
(III), we prove

an=@iont) (o [ o)< [ wzicy:

(miJFl)

From the estimations of (I), (II) and (III), we deduce

h(ml )
{me(mi,m§€+l):Tf(x)>)\} s(m7)

Summing up in k and j and taking into account the subadditivity of ®; o ®;!, we

get
h(b)
(@10 0;") (%m / ) < [ weicne
{z€(a,b):Tf(z)>\} s(a)
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