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We are still checking that Ric is symmetric

(M, g) is a Riemannian manifold (g € To2(M)):
Definition: An affine connection V: X(M) x X(M) —
X (M) is a map satisfying:
VixY = fVxY,
Vi fY = [VxY + X(f)Y
(object which connects nearby tangent spaces)
Defimition: V is compatible with the metric it Vg = 0,
that is,

XY, 2))=9(VxY,Z)+g(Y,VxZ).

(every parallel transport is an isometry)
Definition: The torsion tensor field is defined by
\Y
TV(X,Y) = VyY — Vy X — [X,Y].
(how tangent spaces twist about a curve when they are parallel transported)

The metric connections are determined by the torsion:

i There is a unique torsion-free metric connection, called
the Levi-Civita connection, denoted here by VY.
i [f V is any metric connection, then V = V9 4 %Tv.

Definition: There is a related (also called torsion) tensor
wV € To3(M) (which determines T'V) given by

V(XY Z) = g(TV(X,Y), Z).
Thus, the torsion T is said totally skew-symmetric if
wY e N> (M) (a3-form).
(This happens iff V and V9 have the same geodesics)

Definition: If Vis a metric connection with totally skew-

symmetric torsion, then it is called V-Einstein if
\Y
S
Sym(RicY) = ——¢.
ym( ) dim M g

Definition. A manifold M is a homogeneous space if Definition. A contact form on a manifold M = M+

there is a Lie group G and a transitive action (only one [ ) | ; is 7 € AY(M) such that n A dn?" # 0. It defines a (non-
orbit) G x M — M. SRERN ¥ . [} integrable) contact distribution D = ker 7.

subgroup H, = {0 € G | 0 -0 = o} is closed and ' ! ' A O

M = G/H,.
In particular, 7,: M — M,p — o - p is a diffeomor-
phism of M.

Definition. (M?" g, &, m, @) is an almost contact metric
structure if p € T11(M), £ is a (called Reeb) vector field
and 7 is the dual 1-form, satistying

e 0’ =—id+n®E

Definition. An affine connection V in a homogeneous
space G/H is said G-invariant it V. y7,Y = 7,(VxY) Y V) — ol XV V(Y
for all X|Y € X(M) (for (1,X), == (7,)+X,-1.,) * 9lpX, oY) = g(X, YY) = (X))
o _’ . g p G/*==07p " | syt } R v M has a preferred direction and ¢ behaves like an almost complex structure on
Definition. If H is connected, the homogeneous space s ) I Ak the orthogonal distribution
. . . . . ' TR o 3 - e N , 2n+1 n+l 3 ) = —iz _ N and -
G/H is reductive lf; for g = Ll@(G) and [,) — Ll@(G) Example. The sphere S C C" ™, with &(2) iz, n=g(& —) and ¢ given

| . i~ ) "l . ' ¥ K by iX = ¢(X) 4+ n(X)N for N the unit outward normal vector field to S?"*+1.
there is a subspace m with g = b & m and [h, m] C m. Definition. A 3-Sasakian manifold M (necessarily di-

Nomizu's Theorem. If G/H is a reductive homoge- mension 4n + 3) is that one with (¢;, &, 1), 1 = 1,2, 3,

neous space with g = b @ m a fixed reductive decompo- ' & ALY ; H ity three almost contact metric structures satistying the com-
sition and H connected, then there is a bijective corre- o T @ DS, S patibility condition:

—~ . S 2 ' S A ’ i ! A y
y ’ , S0 R TR i+2 — WiWi+1 — 1fi+ 1 — — Wi+1¥ i 1+1
spondence: AN R Piva = Pispis1 — Mt ® & = —Pi15 + 1 ® Ei
Invariant affine 1-1 ' ' v oW % Eiva = Pikiv1 = —Pit1&i.
. «———>| homp(m @ m, m) N . .
connections on A,f : This implies that 7;’s are contact forms
. | Po o ) oY Example. The sphere $¥13 ¢ H*H: &(2) = —iz, &(2) = —jz, &(2) = —kz.
Moreover, if the metric g is G-invariant (7, isometries), Vel W AN Theorem. A homogeneous 3-Sasakian manifold is iso-

S———— - . A | metric to one of the following list:
nvariant affine metric 11 , | s S S Sp(n+1) ~v @dnt3  cdn3 ~ TN
connections on M E > homy(m, m Am) ' AR R TS0 ST, ST/ Ly = RPTT,
% ST 2HOT)
\ : Um—2)xU )
[nvariant affine metric ' vt 7SQ( k)
connections on M homg(A®m, R) , | | ¥ SO0—D)xSp(1)"
with skew-torsion ’ . & Go/Sp(1), Fy/Cs, Eg/ SU(10), E7/Spin(12), Es/ Ex.

MOTIVATION: e ¢phere of dimension 7 has been studicd as homogencous space from diffencut vicwpoints.
Eact: oue iucneases the sze and structune of the set of V - Ecustein mandfolds.

—mp Adny 4+ Adip)t WY = sin Adin+ sy (0 A dny — 03 A digg):
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: : 12,2
RICCIHFLAT: ; 51 = 1 = 55+83

s1=1= 3%+3§

+S3 (772 N d773 + M3 A d772)

B = (b,J) € CO(3) i.e. BB' = VA

wvzbnl/\ng/\nngmem/\dnj

1,7=1

and b = tr(B) £ VX

V-EINSTEIN (#VY) AND PSEUDOEINSTEIN

|INVAR NMET
-

Sp(n+1)
Splrtl) 63 | 30

SU(m)
S(U(m—2)xU (1)) 99

SO(k
SO(kr—4)(><)Sp(1)) 63

G2/ Sp(1) 63
Fy/Cs 63
Es/SU(10) | 63
FE;/ Spin(12) 63
Es/ F; 63

SKEW-T

=

t
()

30

30
30
30
30
30

We compute:

This means that

Sym(RicY) = § <= { 1B € CO3),

in ALL the cases (already spheres)

2

CONCLUSION:

- % V-Einstein (Ric¥ = ¢) only in dimension 7:

1

2

, 1
and in this case Sym(RICV) = (4n +2 - §||B||)9 - (

2(a—tr(B))* +2(2n = 3)|B|| =0

If V is metric and the torsion is totally-skew:

10 free [xramvwv_tk_rs wv - a/ /)71 /\ /)72 /\ 773 + z bl] n2 /\ dn,]

Hence Sym(RiCV)\mlxml = g|m1xm1 < B e CO(3)

1

(dim M =7

‘ 1
- o 1
5((1, — tr(B)) ZHBH +n

For V a G-invariant connection on a 3-Sasakian homogeneous manifold M = G/H ,

Sym(RicY) € homy(S*(m), R) = ({g,7; @ N1 + M1 @ miymi @ | = 1,2,3})  (dim7)

3

i, j=1

Denote B = (b;;) € Ma(R), || B|| = 33 ._ b2, tr B = 3> by

i.1=1 "Y1

Sym(RicY) = (4n+2 — %HBH)(] —n Zis:l bisbit1,s(Mi @ Nit1 + Niv1 @ n;)
(a —tr(B))* -

SIIB| + nbZ) n; @ ..
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* % Pseudo-Einstein ( N Y parametrized by CO(3) x R for any M

parametrized by CO(3) x Zy for M = S7
at least CO(3) x Zy for M = Aloftf-Wallach
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! TITS CONSTRUCTION
’  OF THE EXCEPTIONAL LIE ALGEBRAS

—------------------------------------------------------------~~
~
-
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K,K"e {R,C,H, O} (composition algebras), FREUDENTHAL MAGIC SQUARE
J = H3(K') (hermitian matrices, a Jordan algebra)

~y
=

T(K,J)=DeaK & (Ky® %) ® DerJ R Hi(R) H3(C) Hs(H) Hs3(O)

with product

=y ;Der K, Der J] =0, SU3 5P
= [d,a @] =d su3 Dsu3 Sl

=
50
= (0@ 1,b® 0 ) Doy, + [a,b] @ prg (x - y) +2tr (ad) [R,, R, 12
T N—— — 6 7

ab—ba tr (e
:L‘-fy—il(é y)l

o
\
>4
S
Ld
S

ab+ab

for any d € DerK, D € Der 7, a,b € K, x,y € J, where

Fo: T = J, Baly) =40 Doy = [las ] + [las 7] + [ras 73] € DerK ALGEBRAIC MODEL OF
r. K — K, T:I:(y) — yx N a,b as b as b ar b THE TANGENT SPACE
. R., R, € Der J
lo: K=K, l:(y) = vy OF ANY 3-SASAKIAN EXCEPTIONAL MANIFOLD

=R, H3(R), H3(C), Hs(H), H3(O
CASEG2 J 3(R), H3(C), Ha(H), H3(O)

_ = DerO & Oy ® Jy D Der J
— H o H¢ . (2= —1. Zo-oradi | ~
O \of@ @T, , Lap-grading = Dy & Hy® Jy & Der J C g

= DerQ ={d € Der O | d(O;) C O;} ®{d € Der O | d(0;) C O77
————————————_———— \ ~ _/

D]H[,]HI + {d & Der O | d( ) = O} DHHp
N~ N —— ——

y my mo

Thus Deg = Der H ni(@1i' + xoj' + a3k + Dy o + pl @ y) = x;
and {d € DerO | d(H) = 0} = {q' | ¢ € Hy = (i, ], k)} = H], | lad(f-)
where ¢': @ — O given by ¢'(H) = 0 and ¢'(pf) = (gp)L. ;. M — M { Pilm = :

‘-‘-‘-‘-‘-‘-‘-‘-‘-““—‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-‘-~

INVARIANT CONNECTIONS

m, trivial h-module and m$ = 2V ()\,) for some fundamental weight

L -

INVARIANT mtomt 24V eV 412V +9C = dimhomy(m®m,m)=2-12+43-13 = 63
OV, 1
0V, 1C
+compatieLe witH MeTRic mC A mC = 3A2V + S?V +6V +3C = dim homy, (m, m A m) =2-6+3-6= 30

—~— -
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2ok 49
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1C
\ APmC 2 203V 4+ 202V @ V + 9A%V + 352V +6V +C = dim homy (A’m,R) = 10  +Skew-ToRrsiON

1C

3
ALL: INV+METRIC+SKEW-TORSION: wv =0 m AN AnNg—+ Z bi,j ni N\ d77j

1,9=1



