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RESUMEN

El Flujo de Cargas Óptimo (OPF) es un problema de optimización cuyo obje-
tivo es determinar el despacho de potencia de las centrales generadoras de una red
eléctrica para satisfacer la demanda al mı́nimo coste, cumpliendo al mismo tiempo
las leyes f́ısicas que rigen los flujos de potencia a lo largo de la red (Ley de Kirchoff).
Adicionalmente, se asegura en su formulación el cumplimiento de los ĺımites técnicos
impuestos por las centrales generadoras y los ĺımites de transmisión por temperatura
en las ĺıneas de transporte. Aśı, la relevancia del OPF radica en la determinación
de un punto de operación de un sistema eléctrico, presente o futuro, de forma que
facilite la toma de decisiones al planificador u operador de la red.

La formulación clásica de un OPF conlleva la resolución de un conjunto de ecua-
ciones no lineales, correspondiente a los balances de potencia, y un conjunto de
inecuaciones, correspondientes a los ĺımites de operación tanto de las centrales (lin-
eales) como de las ĺıneas de transporte (no lineales). Aśı, un OPF debe ser formulado
matemáticamente como un problema de optimización no lineal, lo que dificulta su
resolución en ámbitos como el control y operación de redes eléctricas en tiempo
real. En este proyecto, se propone una familia de modelos basados en datos que
utilizan el importante número de mediciones históricas recogidas por las redes en-
ergéticas inteligentes altamente monitorizadas, de forma que permitan realizar una
linearización de las ecuaciones no lineales que caracterizan al OPF y aśı acelerar
su resolución numérica. En particular, el objetivo consiste en la obtención de un
modelo que establezca una relación lineal entre las potencias activas inyectadas en
los nodos y los flujos de potencia activa que circulan por las ĺıneas, permitiendo la
sustitución de las complejas ecuaciones no lineales del OPF asociadas a las ĺıneas de
transporte por simples ecuaciones lineales.

Aśı, se pretende obtener un modelo lineal de resolución del problema OPF que
ayude a operar las redes eléctricas de forma más eficiente, manteniendo un margen
de error reducido y facilitando la incorporación de fuentes renovables de una manera
rentable, fiable y segura.

Palabras clave: sistemas de enerǵıa eléctrica, flujo de cargas óptimo, progra-
mación matemática.





ABSTRACT

The Optimal Power Flow (OPF) is an optimization problem that provides the
power dispatch of the generating units of an electrical power system in order to
satisfy the loads at minimum cost, fulfilling at the same time the physical laws that
govern the electrical power flows through the net lines (Kirchhoff’s Laws). Adi-
tionally, its formulation ensures the compliance with both technical limits imposed
by generating units and temperature limits present in transport lines. Thus, the
relevance of the OPF lies in determining a feasible operating point of an electrical
system, present or future, in such a way as to facilitate the decision-making process
for the network planner or operator.

The classic OPF formulation implies the resolution of a set of non linear equa-
tions, corresponding to power balances, and a set of inequalities, corresponding
to the operational limits for both the generating units (linear) and transport lines
(non linear). Consequently, the OPF problem should be expressed as a non linear
optimization problem, which challenges its resolution in areas such as control and
operation of power systems in real time. In this work, a set of data based mod-
els, trained with a relevant number of historical measurements collected by highly
monitored smart power systems, are used to obtain a linearization of the non linear
equations that characterize the OPF formulation, accelerating thus its numerical
resolution. In particular, the purpose is to obtain a model that establishes a linear
relation between the injected power in the nodes and the power flows through the
lines, allowing its use as a substitute for the complex non linear equations associated
to the classic OPF.

The objective of this work is thus to obtain a linear model that allows the resolu-
tion of the Optimal Power Flow, improving the efficiency of the operation of power
systems, maintaining a reduced margin of error and enabling the implementation
of renewable energy sources to achieve more efficient, secure and sustainable energy
systems.

Key words: electric power systems, optimal power flow, mathematical program-
ming.
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Chapter 1

Introduction

1.1 Optimal Power Flow

A power system, also known as an electrical grid, is a complex network of in-
terconnected components designed to generate, transmit, and distribute electrical
energy to consumers. It consists of power plants, transformers, transmission lines,
distribution lines, substations, and various control and protection devices. All power
systems must be balanced, meaning that the electricity supply and demand are equal
and in equilibrium. This balance between generation and consumption is critical for
maintaining the stability and reliability of the power system. However, in recent
years, this task has become increasingly more challenging, as the penetration of
renewable energy sources introduces a high level of variability and uncertainty into
the power generation profile of the power systems.

The suboptimal operation of electric power grids results in annual losses amount-
ing to billions of dollars [1]. Global estimates of carbon dioxide equivalents at-
tributed to transmission and distribution losses reach one billion metric tons annu-
ally [2]. In this context, it is imperative to research on the optimal operation of grid
assets and leverage accurate, physically realizable mathematical models that reduce
the financial and environmental impact of grid operations.

The Optimal Power Flow (OPF) is a fundamental mathematical tool for the op-
eration of current power systems. The first formulation of the Optimal Power Flow
dates back to 1962, when J. Carpentier extended the Economic Dispatch by includ-
ing the electric Power Flow equations [3]. Currently, there is a vast number of arti-
cles and academic texts that discuss diverse mathematical OPF formulations. These
encompass the polar power-voltage formulation, the rectangular power-voltage for-
mulation, and the rectangular current-voltage formulation.



As depicted in Figure 1.1, the optimization of power system operation is com-
monly carried out through incremental planning strategies. Long-term planning
procedures involve making high-level decisions based on simplified system models
that provide a coarse representation of the system. On the other hand, short-term
procedures refine the earlier decisions by utilizing more detailed models, albeit with
more restricted decision spaces. Optimal Power Flow can be applied to decision-
making processes across various planning horizons, ranging from long-term planning
for transmission network capacity to minute-by-minute adjustments of real and re-
active power dispatch.

Figure 1.1: Optimization and control procedures for incremental planning of power
system operation. Bold text indicates procedures that incorporate variants of Optimal
Power Flow. Figure extracted from [4].

The Optimal Power Flow problem aims at determining the optimal operating
levels of generating units to satisfy the electricity demand while complying with
network constraints, usually with the objective of minimizing operating cost. For
this purpose, the OPF problem integrates an objective function with the AC Power

18



Flow (AC-PF) equations to create an optimization problem. The objective function
in an optimization problem serves as a quantifiable measure guiding the search
for optimal solutions through the feasible space by defining the goal to be either
maximized or minimized. On the other hand, the feasible or solution space can be
defined as the set of points where an optimization problem presents a solution and
all restrictions are met. In the present case of the Optimal Power Flow problem,
the feasible space would encompass the set of points where the power flow equations
have a solution and all system values (e.g. active and reactive generation levels, line
power flows, bus voltages) are within their operational limits.

The inclusion of the AC-PF equations, which model the flow of electric power
through a network of interconnected power systems, convert the AC Optimal Power
Flow (AC-OPF) in a non-convex optimization problem. This non-convexity leads to
multiple local optima in the solution space, making it challenging to find the global
optimal solution using traditional optimization techniques. Furthermore, because of
these non-convexities, the AC-OPF formulation constitutes a NP-hard problem, a
type of computational problem that belongs to a class of challenges known for their
high level of computational complexity. These problems are associated with the NP
(Non-deterministic Polynomial-time) class and are characterized by the property
that if a polynomial-time solution algorithm were to be found for any one of them,
it could be used to efficiently solve all problems in the NP class. Proof of the strong
NP-hardness of AC-OPF can be found in [5], while reference [6] encapsulates an
extensive survey of the Optimal Power Flow problem spanning the past half-century
and different approaches for reliably finding solutions. Among all of them, many
non-linear optimization algorithms arise, including gradient methods, Newton-type
methods, sequential linear programming, sequential quadratic programming both
linear and nonlinear interior methods and semi-definite programming.

1.2 Relaxations and approximations

The non-linearity inherent in the conventional AC-PF equations present in the
AC-OPF formulation poses computational challenges in various optimization and
control problems. Despite providing accurate results, the non-linearity of the AC-PF
equations introduces difficulties in achieving numerical convergence. These draw-
backs restrict the widespread application of the AC-PF equations in system opti-
mization, particularly for large-scale systems.

There are several alternative representations of the Power Flow equations that
attempt to deal with the aforementioned non-linearity and non-convexity of the orig-
inal AC-OPF problem. These can be categorized as either relaxations or approxima-
tions. Figure 1.2 shows conceptual examples of a relaxation and an approximation



of a non-convex feasible space.

Figure 1.2: Conceptual illustrations showing a (a) convex relaxation (blue region) and
(b) an approximation (red region) for the gray non-convex space. Figure extracted
from [7].

Relaxations encompass the non-convex feasible spaces associated with the power
flow equations within a larger space. This larger space is typically chosen to be
convex, facilitating the application of theory and algorithms developed for convex
optimization problems. Approximations, on the other hand, involve making as-
sumptions about certain quantities to simplify the Power Flow equations. Power
flow approximations can accurately represent system behavior when the associated
assumptions are valid. Many power flow approximations are reasonably accurate for
typical operating conditions.

In general, solutions to optimization problems that utilize the Power Flow re-
laxations and approximations do not precisely satisfy the actual power flow equa-
tions. Instead, these relaxations and approximations are typically employed to ob-
tain tractable formulations that adequately represent the actual power flow physics.
Optimization problems using convex relaxations additionally provide bounds on the
optimal objective value for the original non-convex problem, as well as sufficient
conditions for certifying problem infeasibility. Some convex relaxations also have
associated sufficient conditions guaranteeing their ability to provide global optima
for certain limited classes of power system optimization problems. Some of these suf-
ficient conditions can be evaluated before solving the relaxation based solely on the
problem parameters and network topology, while other conditions are checked after
solving a relaxation. In contrast, it is important to note that approximations do not
provide any of the aforementioned theoretical guarantees offered by relaxations.

One of the most common alternative representations of the Power Flow equations
that attempt to deal with the aforementioned non-convexity of the original AC-OPF
problem is the DC-OPF approximation. The DC-OPF formulation is a physics-
driven (also known as model-driven) linearization technique that linearize the AC
Optimal Power Flow model by utilizing assumptions and approximations derived
from physical knowledge concerning voltage magnitudes, voltage phase angles, and
line parameters. The assumptions (e.g., neglecting line losses, reactive power, fixed
voltage magnitudes, and assuming small phase angle differences, presented in detail
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in Section 2.2) result in computational advantages that enable operators to solve the
AC-OPF problem in real-time, typically within intervals of 5-15 minutes. In this
context, we assess various networks across different loading scenarios, comparing
the time required to solve both the AC-OPF and DC-OPF problems associated in
Figure 1.3:

Figure 1.3: Comparison of the computational time needed for the resolution of 100
cases of DC-OPF (blue) and AC-OPF (red) for three different networks with 6, 14
and 39 buses.

The computational convergence time is plotted in the horizontal axis, while the
different OPF formulations and power systems are ordered in the vertical axis. The
black diamonds represent the average value of each of the variables presented, while
the box and whisker plots help to understand the distribution of the data. As it can
be observed, the difference in convergence time between the AC-OPF and DC-OPF
formulations increases for networks with a higher number of buses, closer to the
practical cases that system operators must solve in real time.

Nevertheless, the main advantage that linear formulations such as DC-OPF pro-
vide are the transformation of the NP-hard optimization problem into a P-hard
optimization problem, which can be solved in polinomial time, and ensuring that
the optimal solutions found are indeed global optimal points. A simple representa-
tion of a function with multiple optimal points is presented in Figure 1.4.

However, while the linearization of AC Power Flow equations may provide com-
putational advantages, it introduces approximation and model errors into power flow



Figure 1.4: Representation of multiple local optimal points and the global optimum
of a simple one-dimensional function.

solutions, which will result in the infeasibility of the solution for the real physical
system. Among its deficiencies, it is important to remark the DC-OPF formulation
does not account for network losses, reactive power or voltage constraints [8]. While
the DC approximation may be reasonable for some networks, technical constraints
such as voltage constraints become relevant especially in heavily congested systems
as they implicitly limit power flow way below the available transmission capacity.
As a result, traditional linear power flow models may be less reliable and more prone
to breakdown in future power grids.

1.3 Data-based Power Flow Linearization

Another alternative to deal with the non-convexity of AC-OPF is to leverage
data-based power flow linearization techniques, with the objective of deriving linear
expressions for branch power flow equations. Data-driven Power Flow Linearization
(DPFL) methods operate without prior physical knowledge of the power grid [9].
These methods rely solely on data extracted from the system to train linear models.
Machine learning approaches, a subset of DPFL methods, shift computing complex-
ity offline, enabling the discovery of near-optimal AC Optimal Power Flow solutions
in real time. This facilitates rapid solving of the AC-OPF problem, allowing opera-
tors to economically manage larger systems with more decision variables.

Various factors drive the research and utilization of Data-Driven Power Flow
Linearization techniques. Some of these motivations are outlined in this section:

1. Data availability: The fast evolution and extensive application of advanced
data measuring devices has led to the availability of abundant, high-fidelity,
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high-resolution, and synchronized electrical measurements. This abundance of
data facilitates data-driven training for linear power flow models.

2. High accuracy: Recent studies indicate that DPFL models generally exhibit
higher accuracy compared to the linear models derived from state-of-the-art
physics-driven approaches. This can be attributed to the following reasons:

• Assumption-free: Physical assumptions, e.g. cosθij ≈ 1, sinθij ≈ θij,
and Vi ≈ 1, are commonly used to linearize nonlinear terms in power
flow formulas. However, these assumptions may not always be valid in
practice, resulting in noticeable errors. On the other hand, DPFL models
are learned from historical measurements that strictly adhere to physical
principles. As a result, DPFL methods are free from errors caused by
inappropriate assumptions.

• State-independent: Among existing physics-driven approaches, Taylor-
expansion-based algorithms are the most common. These methods use
Taylor expansions to approximate the AC manifold by constructing a
tangent hyperplane around a chosen point. The resulting model tends to
be accurate when the chosen point is near the real but unknown operating
point, but may be less accurate when it is far from the operating point. In
contrast, DPFL methods do not rely on any specific point (a.k.a., system
state). Instead of using tangent hyperplanes, DPFL methods seek to find
a secant hyperplane that uniformly approximates the AC manifold as
closely as possible. As a result, DPFL approaches enjoy higher accuracy
on average, as it can be observed in Figure 1.5.

Figure 1.5: Conceptual example of different power flow linearization methods. Figure
extracted from [10].

On the vertical axis, the active power flow of a certain branch is plotted



against the factor λ on the horizontal axis, defined as a proportional fac-
tor that regulates the power demand on the branch, limiting this value
between its lower and upper operational limit. The DC Power Flow yields
a discernible linear trend. On the other hand, the Taylor-based method
produces a tangent line, with the accuracy of this approximation depen-
dent on the choice of the expansion point, represented by the black dot.
In contrast, the least-squares or the best uniform linear approximation
results in a secant line, which can effectively model the power flow over
a broad range of conditions.

• System-customized: In physics-driven approaches, the objective is to han-
dle all systems in a unified manner. However, this approach inevitably
applies the same assumptions to every system of interest. On the con-
trary, DPFL methods customize the linear model of each system based on
the operational data of that specific system, resulting in higher accuracy
tailored to that particular system.

3. Wide applicability: Implementing physics-driven linearization algorithms
requires perfect knowledge of the system, including details such as the grid
topology and line parameters. However, obtaining such perfect physical knowl-
edge is challenging, especially in low-voltage distribution grids without ade-
quate measuring devices. This challenge arises due to several factors:

• Dynamic system topologies: Real-time tracking of system topologies is
difficult because of frequent changes in devices such as lines and Dis-
tributed Energy Resources (DERs).

• Deviation in line parameters: Actual line parameters can deviate from
default values over time due to aging and temperature variations.

• Unknown control rules of DERs: The control rules of individually-owned
DERs are often unknown to operators.

In contrast, DPFL methods do not require perfect knowledge of the power
system. Instead, they only rely on historical measurements of the system,
which are readily accessible to operators. Most importantly, DPFL methods
implicitly incorporate the effects of atmospheric conditions and aging issues
present in the measurements. Therefore, even when system parameters are
unavailable, DPFL methods remain applicable and provide a practical alter-
native.

In spite of all the advantages and application opportunities stated above, research
in DPFL techniques encounters several challenges, which can be categorized as either
data-related or power-system-related. Data-related challenges include issues such
as data multicollinearity, outliers, measurement noise, temporal correlation among
observations, and asynchronous data. On the other hand, power-system-related
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challenges are linked to the operation of power grids and AC Power Flow models.
These challenges encompass frequent topological variations, variations in bus types,
limited observability of distribution grids, the inherent nonlinearity of the AC Power
Flow model, and the integration of physical knowledge into the models. A thorough
analysis on the state of the art of DPFL can be found in [11].

For all of these reasons, there is a critical need to develop linearization meth-
ods that can effectively handle systems with large perturbations while maintain-
ing satisfactory approximation accuracy. Additional difficulties are introduced by
heightened levels of variable and uncertain power generation from renewable energy
sources, which require faster decision making during the operation of grid assets.

1.4 Objectives

The main purpose of this Final Master Thesis is to develop and evaluate the nu-
merical performance of a proposed data-based linear least squares regression model
that enables an alternative resolution to the classical non-convex and non-linear
AC-OPF formulation. For a brief explanation on the fundamentals of least squares
regression, see Appendix B. The proposed model, Linear-OPF, is presented in two
variants:

• LinearPF -OPF, a linear model trained with data obtained from the resolution
of multiple AC-PF problems.

• LinearOPF -OPF, a linear model trained with data obtained from the resolu-
tion of multiple AC-OPF problems.

Both Linear-OPF models proposed establish a linear relationship between the
power injections at the nodes and the power flows through the lines. These models
are trained with case scenarios particular to the case of study, in contrast to the
PTDF-OPF model, in which the PTDF approximation matrix solely depends on
network parameters. In order to assess the performance of the proposed model, the
approximate results obtained are compared to those from PTDF-OPF, an analogous
optimization problem that serves as a benchmark.

By developing a linear Optimal Power Flow formulation that enables its faster and
broader application, the proposed modifications aim to enhance the integration of
renewable energy sources and improve the reliability and stability of power systems
under various operating conditions, ensuring the effectiveness and stability of future
power grids. The proposed linear models can serve as valuable tools for power system



operators and policymakers, enabling them to optimize power generation schedules
and make informed decisions regarding power system development. Furthermore,
they can guide future research in the field of power systems engineering, fostering a
more sustainable and efficient energy future.

1.5 Organization of the document

The present document is divided in 5 chapters. In the following lines, a brief
outline of each chapter is provided.

• Chapter 1: Introduction. In this chapter, an introduction to the state-of-
the-art research and advancements in the resolution of AC Optimal Power
Flow is provided. This overview aims to offer a summary of the key concepts,
methodologies and challenges that persist on the resolution of non-convex op-
timization problems in the context of electrical power systems.

• Chapter 2: Methodology. In this chapter, the optimization problem formula-
tions proposed in this study are presented in detail, as well as a description of
the evaluation methods used to assess the performance of the linear models.

• Chapter 3: Illustrative example. In this chapter, a simple power system
with 6 buses, case6ww, is presented as a small illustrative example. The var-
ious methods and approaches considered in Chapter 2 are applied to test the
accuracy of the diverse linear Optimal Power Flow models.

• Chapter 4: Case study. In this chapter, the tools and techniques previously
explored in the context of the illustrative example are applied to a more re-
alistic case of study, the IEEE 39-bus system. Additional evaluation criteria
is applied to determine the computational performance of the Linear-OPF
method proposed with respect to the PTDF-OPF.

• Chapter 5: Conclusions. In this chapter, the key conclussions on the per-
formance and regression capabilities of the proposed Linear-OPF model are
presented, along with a brief discussion on the potential future lines of work
that stem from the results found here.

• Appendices. In this last chapter, all considered OPF formulations, as well
as some additional information on optimization problems and least squares
regression methods, are presented.
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Chapter 2

Methodology

This chapter presents a summary of the optimization formulations and procedures
that are designed to test the regression capabilities and accuracy of the linear models
proposed for evaluation.

2.1 Notation

In the first place, several notation rules are stated below in order to clarify the
mathematical formulation presented. Even if the physical properties and parameters
expressed below, as well as the numerical results obtained in this work, are presented
in dimensional units, the calculations are computed in the per-unit (p.u.) system.
For a brief introduction into the p.u. system and its key concepts, please refer to
Appendix C.

Sets and indices

• N : Set of buses of the power system considered.

• i, j: Index of system buses, i, j ∈ 1, 2, ..., N .

• Mi: Subset of the buses of the power system considered N that are directly
connected to bus i.

• L: Set of bus pairs (i,j) that are directly connected by a line.

• G: Set of generation units of the power system considered.

• KTr: Number of system states/scenarios in the training data set.



• KTs: Number of system states/scenarios in the testing data set.

• k: Index of system states/scenarios in data set, both training and test sets.

Variables

• Pi: Active power injection of bus i in [MW].

• Qi: Reactive power injection of bus i in [MVAr].

• Vi: Voltage magnitude/angle of bus i in [V].

• θi: Voltage angle of bus i in [rad].

• PL
ij : Active power flow from bus i to bus j in [MW].

• QL
ij: Reactive power flow from bus i to bus j in [MVAr].

• PG
i : Active power generation on bus i in [MW].

• QG
i : Reactive power generation on bus i in [MVAr].

• PD
i : Active power demand/load on bus i in [MW].

• QD
i : Reactive power demand/load on bus i in [MVAr].

Vectors and functions

• P : Vector of the active power injections in [MW], where P = [Pi, i ∈ N ].

• Q: Vector of the reactive power injections in [MVAr], where Q = [Qi, i ∈ N ].

• PL: Vector of the active power flows in [MW], where PL = [PL
ij , i, j ∈ L].

• QL: Vector of the reactive power flows in [MVAr], where QL = [QL
ij, i, j ∈ L].

• V : Vector of voltage magnitudes in [V], where V = [Vi, i ∈ N ].

• θ: Vector of voltage angles in [rad], where θ = [θi, i ∈ N ].

• XPTDF : PTDF matrix that linearly relates active power injections and active
power flows.

• XP−PF : Data-based linear approximation matrix that relates active power
injections and active power flows, trained with AC-PF data.

• XP−OPF : Data-based linear approximation matrix that relates active power
injections and active power flows, trained with AC-OPF data.
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• XQ−PF : Data-based linear approximation matrix that relates reactive power
injections and reactive power flows, trained with AC-PF data.

• XQ−OPF : Data-based linear approximation matrix that relates reactive power
injections and reactive power flows, trained with AC-OPF data.

• XP−loss: Data-based linear approximation matrix that relates active power
loads and active power losses, trained with AC-OPF data.

• XQ−loss: Data-based linear approximation matrix that relates reactive power
loads and reactive power losses, trained with AC-OPF data.

Parameters

• PG,min
i /PG,max

i : Lower/Upper limit of active power generation for generation
unit i in [MW].

• QG,min
i /QG,max

i : Lower/Upper limit of reactive power generation for generation
unit i in [MVAr].

• V min
i /V max

i : Lower/Upper limit of voltage magnitude for bus i in [V].

• θmin
i /θmax

i : Lower/Upper limit of voltage angle for bus i in [rad].

• Pmax
ij : Maximum value for the active power flow through the line that connects

bus i to bus j in [MW].

• Smax
ij : Maximum value for the apparent power flow through the line that

connects bus i to bus j in [MVA].

• rij: Resistance of the line that connects bus i to bus j in [Ω].

• xij: Reactance of the line that connects bus i to bus j in [Ω].

• gij: Conductance of the line that connects bus i to bus j in [S].

• bij: Susceptance of the line that connects bus i to bus j in [S].

• bsij: Shunt susceptance of the line that connects bus i to bus j in [S].

• Y : Admittance matrix of the system in [S].

• G: Conductance matrix of the system in [S].

• B: Susceptance matrix of the system in [S].



2.2 Power Flow equations

Most of the mathematical models applied to the operation and management of
power grids incorporate the Power Flow equations as the fundamental governing
equations of electrical systems. A power system is represented as a collection of buses
denoted as N , interconnected by a set of branches labeled as L. The conventional
AC Power Flow (AC-PF) problem aims to obtain a deterministic solution to the
following network equations:

{
Pi(V, θ) = PG

i − PL
i ∀i ∈ N

Qi(V, θ) = QG
i −QL

i ∀i ∈ N
(2.1)

where Pi and Qi represent the injected active and reactive power at each bus
i, PG

i and QG
i are the active and reactive generated powers at each bus, PL

i and
QL

i are the active and reactive power loads at each bus, and V and θ correspond
to the voltage magnitude and phase angle, respectively. The choice of the specific
functions that relate the inyected active and reactive powers with the voltage mag-
nitudes and angles lead to different Power Flow formulations. In the AC-PF specific
case, and considering the admittance matrix Y of the system (composed by the
conductance matrix G and the susceptance matrix B that correspond to its real
and imaginary part, respectively, and the shunt susceptances bs; more information
on the construction of these matrices can be found at Appendix D), the expressions
that characterize the power flows through the lines are presented in the non-linear
equations below:

PL
ij = ViVj[Gij cos(θi − θj) + Bij sin(θi − θj)]−GijV

2
i ∀i, j ∈ N (2.2)

QL
ij = ViVj[Gij sin(θi − θj)− Bij cos(θi − θj)] + (Bij − bsij)V

2
i ∀i, j ∈ N (2.3)

In the conventional AC-PF analysis, each bus is fully represented by 4 variables:
voltage magnitude V , voltage angle θ, active power injection P and reactive power
injection Q. For each bus in the network, two of these variables must be known,
while the other two remain as unknowns. The focus of the AC-PF problem is then
to calculate the voltages and power injections for all buses within the system. This
is achieved through the resolution of a system of 2N equations and 2N unknowns.
Reference [12] presents a compilation of classical power system analysis within the
framework of currently restructured electric energy systems, in which the resolution
of problems such as the AC Power Flow are discussed in detail. Depending on
which of these variables are known at each bus, three different bus types can be
categorized:
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• Slack Bus: the slack bus, also known as the swing bus, serves two main pur-
poses within a power system model:

– Voltage Reference: At the slack bus, both the voltage magnitude (|V |)
and angle (θ) are fixed. Typically, the voltage magnitude is set to 1.0 per
unit (p.u.) and the angle is set to 0 radians. This fixed voltage reference
allows for the determination of the voltage magnitudes and angles at all
other buses in the system.

– Power Injection Freedom: The slack bus is the only bus where the real
power injection (P) and reactive power injection (Q) are free to vary.
This flexibility ensures that the power flow equations have a feasible so-
lution. By allowing the real power at the slack bus to vary, the system
can accommodate the power demand and generation requirements. It is
important to note that there is only one slack bus present in a power
system model.

• Load Bus: at a load bus, also known as a ‘PQ’ bus, the power injections (P
and Q) are known, representing the specified real power demand and reactive
power demand at that bus. On the other hand, the voltage magnitude (|V |)
and voltage angle (θ) at the load bus are variable.

• Voltage-controlled Bus: At a voltage-controlled bus, also known as a ‘PV’ bus,
the real power injection (P ) and voltage magnitude (|V |) are known, repre-
senting the specified real power generation or consumption and the desired
voltage level at that bus. On the other hand, the reactive power injection
(Q) and voltage angle (θ) at the PV bus are variables. The presence of a PV
bus allows for local control of reactive power to regulate the voltage to a de-
sired setpoint. By fixing the real power injection and voltage magnitude, the
PV bus ensures that the power flow equations are satisfied while enabling the
adjustment of reactive power and voltage angle to maintain voltage stability.

Assigning buses by means of these criteria establishes an equal number of equa-
tions and unknowns (2N), which allows to solve the non-linear system of equations
by numerical methods such as the Newton-Raphson.

All Power Flow formulations can be found at Appendix E.

2.3 AC-OPF formulation

The primary objective of the AC-OPF optimization problem is to minimize the
overall cost of electricity generation while ensuring the safe operation of the electrical



power system. Before dealing with the details of the AC-OPF formulation, a sum-
mary of fundamental concepts regarding optimization problems and their general
formulations can be found in Appendix A.

While the active generation power of the generating units are known in the AC-
PF, the AC-OPF formulation considers these values as variables to be optimized in
order to minimize the operating cost of the system, constrained by specific minimum
and maximum operational limits. The controllable generators are located at a subset
of the system buses, designated as G. The cost of operation for each generating unit
is typically expressed as a quadratic function of its real output power, denoted as
C(PG). For simplicity, we assume that there is only one generator unit and one
power load per bus i ∈ N . The classic polar power-voltage formulation of the
AC-OPF optimization problem [13] is presented below.

min
∑
i∈G

Ci(P
G
i )

s.t. PL
ij = ViVj[Gij cos(θi − θj) + Bij sin(θi − θj)]−GijV

2
i ∀i, j ∈ N

QL
ij = ViVj[Gij sin(θi − θj)− Bij cos(θi − θj)] + (Bij − bsij)V

2
i ∀i, j ∈ N

PG
i − PD

i =
∑
j∈Mi

PL
ij ∀i ∈ N

QG
i −QD

i =
∑
j∈Mi

QL
ij ∀i ∈ N

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

QG,min
i ≤ QG

i ≤ QG,max
i ∀i ∈ N

V min
i ≤ Vi ≤ V max

i ∀i ∈ N

θmin
i ≤ θi ≤ θmax

i ∀i ∈ N

(PL
ij )

2 + (QL
ij)

2 ≤ (Smax
ij )2 ∀i, j ∈ N

(2.4)

In the following lines, some remarks are expressed about the different equations
and restrictions that compose the classic AC-OPF formulation.

Objective function

The objective function is a mathematical expression that quantifies the cost as-
sociated with power generation, including fuel costs, operating and maintenance
expenses, and environmental factors, among others. In the present document, only
the active generation power is accounted for, obtaining a measure of its economic
cost via a quadratic polynomial.
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∑
i∈G

Ci(P
G
i ) =

∑
i∈G

(ai · (T · PG
i )

2
+ bi · (T · PG

i ) + ci · T ) (2.5)

Where ai [$/MW 2h], bi [$/MWh] and ci [$/h] are the economic factors that
define the generation costs for all units, and T is the time period considered for the
duration of the OPF operation, considered as T = 1h in this study.

Injected power

The injected power at each node, both active and reactive, are defined as follows:

Pi = PG
i − PD

i ∀i ∈ N (2.6)

Qi = QG
i −QD

i ∀i ∈ N (2.7)

This expression, defined as the difference between the total generated power and
the total load present in each of the buses of the net, is fundamental in the deter-
mination of the power balance equations.

Power flows through the lines

The bus injection model, often referred to as the ‘AC Power Flow equations’,
serves as a concise representation of power system behavior by describing the active
and reactive power injections at each bus in the system. Given an admittance
matrix Y , a set of two equations express the active and reactive power injections.
These pair of equations can be expressed in various equivalent forms, depending
on whether voltage and admittance matrix elements are represented in polar or
rectangular coordinates. In this work, the polar coordinates are selected, shown
below:

Pij = ViVj[Gij cos(θi − θj) + Bij sin(θi − θj)]−GijV
2
i ∀i, j ∈ N (2.8)

Qij = ViVj[Gij sin(θi − θj)− Bij cos(θi − θj)] + (Bij − bsij)V
2
i ∀i, j ∈ N (2.9)

Power balance equations

The power balance on each bus of a power system is a critical aspect of ensuring
the stable and efficient operation of the entire network. Each bus in the system
represents a specific point of connection, such as a generator, load, or an intercon-
nection with another system. To maintain equilibrium, the power injected into a



bus must equal the power drawn from it, accounting for losses in the transmission
and distribution system. This condition is expressed below:

Pi = PG
i − PD

i =
∑
j∈Mi

PL
ij ∀i ∈ N (2.10)

Qi = QG
i −QD

i =
∑
j∈Mi

QL
ij ∀i ∈ N (2.11)

Operational limits

The active and reactive generation limits represent the maximum active and
reactive power that a generator can contribute to the system while staying within
its operational constraints. The active power limit ensures that generation remains
within the physical capabilities of the generators, whereas the reactive power limit
regulates the flow of reactive power, essential for maintaining voltage levels within
acceptable bounds. If there is no generator unit in bus i, then the operational limits
PG,min
i , PG,max

i , QG,min
i and QG,max

i are considered to have a value of 0.

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N (2.12)

QG,min
i ≤ QG

i ≤ QG,max
i ∀i ∈ N (2.13)

Voltage limits

Voltage magnitude limits ensure that the system operates within a safe voltage
range to avoid equipment damage and maintain the quality of power supplied to
consumers. Voltage angle limits, on the other hand, are crucial for preserving the
stability of the grid by preventing excessive phase differences between buses. Devi-
ating from these limits can result in voltage instability and, in extreme cases, lead
to cascading outages.

V min
i ≤ Vi ≤ V max

i ∀i ∈ N (2.14)

θmin
i ≤ θi ≤ θmax

i ∀i ∈ N (2.15)

Thermal limits on the lines

As line current is dependent on voltage, establishing an exact bound necessitates
a function inequality constraint. According to Ohm’s law, the magnitude of current
in line ij is:
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Iij = |Vi − Vj|yij ∀i, j ∈ N (2.16)

Where yij is the magnitude of the line admittance. This equation can be used to
develop an exact bound as:

|Vi − Vj|yij ≤ Imax
ij −→

−→
√
(Vicosθi − Vkcosθk)2 + (Visinθi − Vksinθk)2 ≤

Imax
ij

yij
−→

−→ (Vicosθi − Vkcosθk)
2 + (Visinθi − Vksinθk)

2 ≤ (Imax
ij )2

y2ij
∀i, j ∈ N

(2.17)

Instead of bounding the square of the current, most formulations opt to establish
bounds for the real and reactive power flow in the line. In nearly all instances, this
simplification proves to be accurate enough.

(PL
ij )

2 + (QL
ij)

2 ≤ (Smax
ij )2 ∀i, j ∈ N (2.18)

2.4 DC-OPF formulation

Despite the nonlinearity of both Pij and Qij with respect to V and θ in the PF
equations, it is possible to find a reasonable linear approximation between Pij and θ,
resulting in the so-called DC load flow. This model operates under the assumption
that Vi = 1 at all buses, thereby losing the capability to track reactive power flows
or any other voltage-related data. With this hypothesis, the active power flows, as
given by Equation 2.8, simplifies to:

PL
ij = Gij(cosθij − 1) +Bijsinθij (2.19)

Under the assumption that phase angle differences corresponding to adjacent
buses are small (cosθij ≈ 1 and sinθij ≈ θi − θj) leads to:

PL
ij = Bij(θi − θj) (2.20)

Refer to Appendix D for more information on how the admittance matrix Y is
constructed and its components, the conductance matrix G and the susceptance



matrix B. For values r/x < 3, common in transmission networks, the error arising
when the susceptance matrix element Bij is replaced by 1/xij is lower than 1%,
resulting in:

PL
ij =

1

xij

(θi − θj) −→ θi − θj = xijP
L
ij (2.21)

With this approximate expression for the active power flows, the following linear
OPF model, known as DC-OPF, is presented below.

min
∑
i∈G

Ci(P
G
i )

s.t. PL
ij =

(θi − θj)

xij

∀i, j ∈ N

PG
i − PD

i =
∑
j∈Mi

PL
ij ∀i, j ∈ N

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

θmin
i ≤ θi ≤ θmax

i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(2.22)

2.5 PTDF-OPF formulation

Let A denote the line-to-node incidence matrix, θ the vector of bus phase angles,
both of them reduced by removing the slack row, and X a diagonal matrix of line
reactances; then, Equation 2.21 can be rewritten in matrix form as:

ATθ = XPL −→ PL = [X−1AT ]θ (2.23)

Ignoring the line resistances, the sum of all active powers amounts to zero. This
means that the slack power constitutes a linear combination of the active powers.
If P denotes the vector of the net injected powers, except that of the slack bus, the
application of the Kirchhoff’s current law applied to power flow leads to:

P = APL (2.24)

The elimination of power flows thanks to Equation 2.23 allows to obtain the
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following linear relationship between active power injections and phase angles:

P = [AX−1AT ]θ = Cθ (2.25)

where C is a symmetric and sparse matrix, with a simmilar structure to that of
the admittance matrix. The values of C only depend on the line reactances.

Alternatively, we can remove phase angles, leading to a linear relationship be-
tween power flows and power injections:

PL = [X−1ATC−1]P = XPTDF · P (2.26)

Under the DC Power Flow approximation, each of the elements ofXPTDF provides
the sensitivity between the respective active power flow and active power injection,
assuming that the slack bus compensates for changes in any bus injection. The ob-
tained matrix XPTDF is dense, but many of its elements relating electrically distant
line-bus pairs can be neglected. This matrix is called the Power Transfer Distri-
bution Factors (PTDF) matrix, which helps to quickly analyze power flow changes
arising from branch or generator outages, and constitutes an essential tool for the
determination of power transfer capabilities in competitive electricity markets.

Each of the PTDF matrix elements consists on a factor that represents the per-
centage of change in power flow through network branch (i-j) due to the existence
of a new transaction in the system (from bus X to bus Y). The simple calculation
procedure of the PTDF matrix, only dependant on the topology of the network
and its system parameters, provides the method with a strong robustness and in-
dependency of the choice of the balancing node. This linear approximation of the
active power flows is usually implemented in the PTDF-OPF optimization problem
presented below, that serves as a surrogate for the classic AC-OPF problem.

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XPTDF · P∑
i∈N

PG
i =

∑
i∈N

PD
i

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(2.27)

While both DC-OPF and PTDF-OPF formulations are linear, there is a key



distinction lying in the consideration of voltage angles: while the DC-OPF accounts
for voltage angles, the PTDF-OPF does not incorporate them, as it can be observed
in the formulation presented above. The reliance of the PTDF-OPF model on static
network assumptions hinders its effectiveness in capturing real-time grid dynamics,
particularly in heavily interconnected systems prone to frequent topology changes
and transient phenomena.

2.6 Linear-OPF formulations

This sections presents the data-based Linear-OPF model as an alternative for
the PTDF-OPF formulation. While similar in structure, the proposed Linear-OPF
formulation leverages a matrix determined by means of historical data of the par-
ticular network considered. This method aims to address the limitations inherent in
the existing PTDF-OPF approach, offering a data-based novel solution to overcome
its static dependance on the network parameters. The accuracy and performance
of the proposed Linear-OPF models is tested against the results obtained from the
PTDF-OPF model for the same testing set.

2.6.1 Base formulation

The most simple Linear-OPF implemented to illustrate the method proposed is
presented in the following lines.

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XP · P∑
i∈N

PG
i =

∑
i∈N

PD
i

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(2.28)

In order to compose it, the PTDF-OPF formulation is used as a blueprint. For this
reason, this Linear-OPF model ignores the voltages (both magnitude and angle) and
the reactive power. The only aspect that differs from the PTDF-OPF formulation
is the expression that calculates the active power flow through the lines:

PL = XP · P (2.29)
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Instead of using the PTDF matrix for the calculation of the active power flows,
the data-based linear matrix XP is instead used. The matrix XP relates in a linear
fashion the active power flows through the lines and the injected active power at
the buses. This linear model is trained from either AC-PF data or AC-OPF data,
resulting in two different linear models: XP−PF and XP−OPF .

2.6.2 Upgraded formulation

In this section, an upgraded version of the proposed Linear-OPF models is pre-
sented. This formulation includes two additional modifications to the first Linear-
OPF proposed in the previous section:

• Reactive flows: an approximation of the reactive power flows in the same
fashion as the method proposed for the approximation of the active power
flows, a linear relationship that can be expressed as:

QL = XQ ·Q (2.30)

• Loss estimation: an approximation for the active and reactive losses on the
net is included on the upgraded Linear-OPF model. Up to this point, the
Linear-OPF model has considered a lossless power system, as expressed in its
balance equations:

∑
i∈N

PG
i =

∑
i∈N

PD
i (2.31)

∑
i∈N

QG
i =

∑
i∈N

QD
i (2.32)

Now, an approximation of the losses is considered via linear approximation ma-
trices, XP−loss and XQ−loss, that relates the power losses on the network with
the power loads at the buses obtained from the resolution of multiple AC-OPF
problems. These considerations results in the following balance equations:

∑
i∈N

PG
i −

∑
i∈N

PD
i = XP−loss · PD (2.33)

∑
i∈N

QG
i −

∑
i∈N

QD
i = XQ−loss ·QD (2.34)



Including these additions, the Linear-OPF model complete formulation is pre-
sented below:

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XP · P
QL = XQ ·Q∑
i∈N

PG
i −

∑
i∈N

PD
i = XP−loss · PD

∑
i∈N

QG
i −

∑
i∈N

QD
i = XQ−loss ·QD

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

QG,min
i ≤ QG

i ≤ QG,max
i ∀i ∈ N

(PL
ij )

2 + (QL
ij)

2 ≤ (Smax
ij )2 ∀i, j ∈ N

(2.35)

For an equivalent comparison of the benchmark PTDF-OPF model and the up-
graded Linear-OPF models, the additions presented in this section are applied as
well to the PTDF-OPF model, resulting in an upgraded PTDF-OPF model. How-
ever, as the PTDF matrix only considers the active power flows, the upgrade on the
PTDF-OPF model can only be applied to the active loss estimation. The formula-
tion for the upgraded PTDF-OPF model is presented below:

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XPTDF · P∑
i∈N

PG
i −

∑
i∈N

PD
i = XP−loss · PD

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(2.36)

All Optimal Power Flow formulations can be found at Appendix F.

2.7 Learning procedure

The reliability of the Machine Learning methods heavily depends on the under-
lying dataset used to train the model, emphasizing the importance of representing
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a wide variety of operating conditions in the dataset. In this section, the details of
the generation of case scenarios for both the training and testing of the data-based
linear models is presented.

Due to the lack of historical data for the nets considered in this document, both
the training and testing data are obtained via numerical simulations. For this pur-
pose, the original net parameters are modified. In particular, the modified param-
eters that allow the achievement of different scenarios are the active power loads.
Both the regressors (power injections in the buses) and the objectives (power flows
through the lines) that are required for the training of the data-based linear model
proposed are obtained after the resolution of both the Power Flow and the Optimal
Power Flow for each loading scenario. Depending on the training set used for the
computation of the Linear-OPF model matrices, XP and XQ, two different models
are obtained. The data-based learning algorithm proposed is independent of the
training set (active or reactive power injections and power flows) and the origin of
the data (AC-PF or AC-OPF data), presenting the same steps. The algorithm is
stated below for the active power case without loss of generality:

Data-based learning algorithm

1. Step 0: Let Pk and PL
k be the active injection and active power flow vectors

for the training scenario k, obtained either from the resolution of the AC-PF
or AC-OPF formulation.

2. Step 1: The estimation of active line power flows is denoted by P̂L
k , and can

be computed from the XP linear regression matrix as:

P̂L
k = XP · Pk (2.37)

3. Step 2: The linear regression matrix is computed by solving the following
least-squares optimization problem:

XP ∈ arg min
∑
k

||PL
k −XP · Pk||22 (2.38)

This least squares regression method is implemented in Python thanks to the
function linalg.lstsq from the Numpy package.

The notation and characteristics of both Linear-OPF models are stated below for
the clarity of presentation:

• LinearPF -OPF: Proposed optimization problem that uses the linear matrix
XP−PF for the approximation of the active power flows. In the upgraded



LinearPF -OPF model, the linear matrix XQ−PF is used as well for the ap-
proximation of the reactive power flows. These approximation matrices are
computed via Power Flow training data.

• LinearOPF -OPF: Proposed optimization problem that uses the linear matrix
XP−OPF for the approximation of the active power flows. In the upgraded
LinearOPF -OPF model, the linear matrix XQ−OPF is used as well for the ap-
proximation of the reactive power flows. These approximation matrices are
computed via Optimal Power Flow training data.

For the linear approximation model to be accurate and robust under a wide range
of operation points, the training dataset must include a representative wide spectrum
of the AC Optimal Power Flow feasible region. In order to do this, numerous
techniques are described in the literature. One option is the continuation power flow
[14], which attempts to capture the full range of the possible load profile employing a
predictor-corrector scheme to trace a solution path of a set of power flow equations,
which have been reformulated to include a load parameter.

In the present study, the method used for the generation of case scenarios is
presented in the following equations.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

P
D(k)
i = PD

i × ηA,k × ηPi ; i = 1, 2, · · · , N
Q

D(k)
i = QD

i × ηA,k × ηQi ; i = 1, 2, · · · , N
ηA,k ∼ U(0.8, 1.8); k = 1, 2, · · · , K
ηPi , η

Q
i ∼ U(0.95, 1.05).

This model incorporates an uniform random load coefficient ηA,k, sampled from
an uniform distribution centered in 1, for each of the case scenarios. If ηA,k ≈ 1,
then the case scenario generated is close to the nominal operating point of the power
system. Additionally, a different value of the factors ηPi and ηQi , also sampled from
an uniform distribution, is applied to each bus for each case scenario, with the
intention of avoiding collinearity in the training and testing sets.

By means of this load variation method, any number of case scenarios can be
generated. In particular, a total number of KTr = 100 · N case scenarios are con-
sidered for training and KTs = 10 ·N case scenarios are considered for the testing.
This scaling choice stems from the need to adjust the number both the training and
testing sets needed for the faithful representation of the complexity of the power
system of study.

We are only interested in those case scenarios that have a feasible solution for
all the Optimal Power Flow formulations of study. An infeasible solution would
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not serve as neither a training nor a test set, as its solution is neither physical nor
realizable. For this reason, once a potential case scenario is generated, the various
OPF formulations are tested on the case. Only if all of the OPF formulations are
feasible, the case scenario proposed is included into either the training or the testin
set.

For the training procedure, both AC-PF and AC-OPF are solved for each case
scenario, and the predictor variables (power injections in the buses) and the response
variables (power flows through the lines) obtained are saved into matrices. These
matrices are then used to compute the least squares regression model and obtain the
linear approximation matrices XPF and XOPF that characterize the proposed linear
Optimal Power Flow models LinearPF -OPF and LinearOPF -OPF, respectively.

2.8 Testing methods

In the following section, three different testing procedures are presented, each of
them assessing a different performance aspect from the linear Optimal Power Flow
models considered in this study.

2.8.1 Regression Testing

The first of them, named ’Regression Testing’, consists on solving multiple AC-
PFs or AC-OPFs, and attempting to approximate the active power flows obtained
(the predictor variables) by means of multiplying accordingly each linear regression
model matrix and the active power injections (the regressor variables). Depending
on the choice of the problem to obtain both the predictor and regressor datasets,
the Regression Testing can be distinguished as PF-based or OPF-based Regression
Testing. This method is presented in the paper of study [10], and aims to test in
particular the regression capabilities of the linear models considered.

The errors that characterize the Regression Testing are computed measuring the
L2-norm distance between the active power flows through the lines obtained either
via a Power Flow or an Optimal Power Flow resolution, and the solution obtained
from the linear approximation methods. These errors are presented in the following
sections in absolute value, assuming that the deviation has the same impact on the
solution no matter if there is an undererstimation or overestimation of the real value.

Another useful measure of the performance of each linear approximation in the
Regression Testing is presented through the PI index, defined as:



PI =
1

L
·

L∑
l=1

Avg.Errorl
Max.Errorl

· 100 (2.39)

This value expresses the ratio between the average error relative to the maximum
error. A low value of PI suggests that the Average Error (Avg. Err) is significantly
smaller than the Maximum Error (Max. Err). This indicates that the linear models
can provide high performance for the majority of test samples but may perform less
effectively for a few challenging cases.

The Regression Testing procedure is extracted from Reference [10], and consti-
tutes the basis for the validation of the first set of results obtained in this study.

2.8.2 Optimization Testing

The second method is a novel approach that diverges from the testing procedures
found in the literature, and motivates the current study. The Optimal Power Flow
is resolved, but its power flows through the lines, whose calculation is essential to
determine the line capacity restrictions, are not calculated by means of the non-
linear equations that characterize the AC-OPF. Instead, the formulations of both
the PTDF-OPF and the Linear-OPF are used.

In order to evaluate the performance of the different linear Optimal Power Flow
models with the Optimization Testing procedure, two complementary criteria are
considered. For the sake of illustrating these different criteria, the Figure 2.1 displays
these metrics in a visual way.

The 2D space representation of Figure 2.1 represents the space of all possible
active generation profiles that characterize any potential solution of the AC-OPF
problem. This white space is composed by both AC-feasible and non AC-feasible
solutions of the AC-OPF problem.

The approximated solutions that are obtained after the resolution of the linear
Optimal Power Flow models proposed are represented with the P1 and P2 points.
The solution of an AC-OPF, characterized by the same load parameters, is repre-
sented by P3. For each of the points (each of which represent an active generation
profile), there is a active generation cost value associated, captured by the value of
the objective function of the optimization problem. Each of the elipsoidal black dot-
ted lines in Figure 2.1 represents an isocontour of the active generating cost value,
with an outwards increasing gradient pointed by the black arrow.

The purpose of the Optimization Testing is to asssess the quality of each of the
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Figure 2.1: Visual plot of the Optimization Testing criteria.

approximated solutions by means of two complementary criteria:

• Objective function: The value of the objective function determines the
active generation cost associated with the active generation profile obtained.
For each of the Linear Optimal Power Flow models, the one that produces an
approximated solution with a lower value for the objective function is capable
of providing cheaper approximated solutions. Considering this criterion, point
P2 would be the optimal approximate solution, as it is located in an isocontour
with a lower value of the objective function.

• L2-norm of the PG,OPF with respect to PG,AC−OPF : The distance, in
the space of active power generation, between the approximated solution and
the one representing the AC-OPF solution gives an estimate of how close the
approximated solution is to the best solution, considered to be the one obtained
from AC-OPF. This distance is represented by the segments that connect each
approximate solution to the AC-OPF point P3. Considering this metric, point
P2 would be as well the optimal choice, as it lays closer to point P3.

2.8.3 Feasibility Testing

Electricity spot market operators employ direct current based models, such as
DC-OPF presented in Appendix F.2, for security-constrained unit commitment
(SCUC) and security-constrained economic dispatch (SCED) in resource schedul-
ing. The linear programming formulation offers the advantage of optimality and
convergence, making it particularly suitable for large-scale systems. However, the



DC-OPF model primarily optimizes active power, simplifying considerations related
to voltage magnitude and reactive power. This deficiency can lead to issues with
uncontrolled voltage magnitude and power flow violations. Specifically, since volt-
age magnitudes are not taken into consideration during the market clearing process,
DC market solutions may experience voltage magnitude violations, particularly in
regions with high load demands.

Consequently, there is a notable disparity between approximated market solutions
and AC-feasible points. This disparity becomes more pronounced with the increasing
integration of renewable resources and electronic equipment into the power system,
further emphasizing the interdependence between active power and reactive power.
In practical industrial operations, reliability coordinators take on the responsibility
of monitoring and managing voltage or reactive power concerns before and after
contingencies. This approach ensures that the costs associated with correcting ap-
proximations solutions to ensure AC feasibility are not factored into the day-ahead
market pricing [15].

The failure of conventional numerical methods for solving the AC-OPF problem
may be consequence of several different factors [16]. They may either fail to con-
verge due to the infeasibility of the problem or diverge due to the inability to find
proper initial values. The distinction between problem infeasibility and solution in-
feasibility, as well as non-convergence and divergence of a numerical algorithm, can
be defined as follows:

• Divergence: sometimes referred to as a ”blow-up” of the solution algorithm, a
divergence occurs when the solution trajectory is not reaching any final point,
even after a significant number of iterations. When an algorithm diverges, it
cannot output any real or physically feasible solution.

• Non-Convergence: A numerical algorithm is considered to not converge when
the numerical calculation of underlying matrices (e.g., Jacobians and Hessians)
has failed, meaning the matrices are very close to singular. In this case, the
algorithm halts the iteration process, as it cannot progress further.

• Infeasible OPF problem: An OPF problem is infeasible or overdetermined
when there is no solution satisfying all the specified operational constraints.

• Infeasible OPF solution: An AC-OPF solution is feasible if and only if all
the AC-OPF constraints are satisfied at that solution. Accordingly, a solution
is infeasible if at least one constraint is not satisfied at that solution. All
mathematically infeasible solutions are physically infeasible, but the reverse
is not true. A mathematically feasible solution is physically infeasible if the
solution cannot be realized as the practical system operating condition.
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In [17], it is demonstrated that the solution to the DC-OPF problem is incapable
of meeting the requirements of AC Optimal Power Flow constraints. Even when
generation adjustments are taken into account to consider the effect of losses, the
DC-OPF solutions are still not feasible. Consequently, it is crucial to develop tech-
niques that can identify the causes of infeasibility and offer recommendations for
returning the system to a feasible region, aiding in restoration of AC-feasibility for
the obtained approximated solutions.

Despite numerous mathematical formulations and algorithms designed to enhance
computational efficiency, there is still no standard or widely accepted methodology
for identifying the causes of infeasibilities in nonlinear optimization problems in gen-
eral, and the AC-OPF problem in particular. There are several publications that
attempt to adress this need by diverse means: in [18], the authors propose a novel
solution approach to the AC-OPF problem, involving successive linear approxima-
tion of power flow equations, while [19] formulates a restoration procedure based on
an unconstrained optimization problem that considers information regarding volt-
age phasors, power injections, and line flows from relaxed or approximated AC-OPF
solutions.

In the present work, the restoration procedure proposed to obtain AC-feasible so-
lutions from the approximate solutions of the linear OPF models is called PgenSlack-
OPF and is presented below:

min
∑
i∈G

(ΔPG
i )2

s.t. PG
i = PG,OPF

i +ΔPG
i ∀i ∈ N

PL
ij = ViVj[Gij cos(θi − θj) + Bij sin(θi − θj)]−GijV

2
i ∀i, j ∈ N

QL
ij = ViVj[Gij sin(θi − θj)− Bij cos(θi − θj)] + (Bij − bsij)V

2
i ∀i, j ∈ N

PG
i − PD

i =
∑
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Pij ∀i ∈ N

QG
i −QD

i =
∑
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Qij ∀i ∈ N

PG,min
i ≤ PG
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i ∀i ∈ N

V min
i ≤ Vi ≤ V max
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i ≤ θi ≤ θmax

i ∀i ∈ N

(PL
ij )

2 + (QL
ij)

2 ≤ (Smax
ij )2 ∀i, j ∈ N

(2.40)

This approach consists on solving an optimization problem which shares almost



the same structure as the classic AC-OPF. The difference is found in the objective
function: considering a base active generation profile PG,OPF obtained from the
application of any of the linear Optimal Power Flow models, a slack variable ΔPG

is defined. This variable allows for a variation of the active generation around
the base generation profile PG,OPF , so that an AC-feasible generation profile PG is
obtained:

PG = PG,OPF +ΔPG (2.41)

The values of the slack variable ΔPG are limited by the objective function, which
minimizes the sum of the squares of this magnitude for all generation units. The
rest of restrictions and equations in the AC-restoration formulation are identical to
those present in the classic AC-OPF formulation.

From this AC-restoration procedure, two different evaluation criteria are consid-
ered in order to assess the performance of the AC-feasible solutions recovered from
the approximated solutions of each of the various linear OPF formulations used. To
clarify the definition and implications of these criteria, Figure 2.2 visually presents
these metrics.

Figure 2.2: Visual plot of the AC-restored approximated solutions.

The 2D space representation of Figure 2.2 represents the space of all possible
active generation profiles that characterize any potential solution of the AC-OPF
problem. This space is divided into two areas: in a shade of gray, and bordered
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by a thin black line, we can observe the AC-feasible space, while the rest of the
space, in white, represents the non AC-feasible space. If a point in space is located
inside the gray area, the OPF solution that this point represents would be a feasible
solution of the problem. On the other hand, any other point located in the exterior
of this closed figure would represent a generation profile that characterizes a non
AC-feasible solution of the problem.

The approximate solutions that we obtain after the resolution of the linear OPF
problems proposed are represented with the P1 and P2 points. These points lie in
the non AC-feasible space. The purpose of the proposed AC-restoration method
is to find a path (represented by a straight line) that leads from these non AC-
feasible points to the closest AC-feasible point. These final points are named P1′

and P2′, and are located in the border of the AC-feasible space. Note that, without
any loss of generality, a closed and non-convex shape has been chosen for the non-
convex space. Note as well that, for each of the points in the 2D space presented,
there exists a value for the active generating cost of the potential solution that each
point represents. Each of the elipsoidal black dotted lines in Figure 2.2 represents
an isocontour of the generating cost value, with an outwards increasing gradient
pointed by the black arrow. Both evaluation criteria from the AC-restored solutions
are presented next:

• Distance from the initial to the AC-feasible solution: One potential
measure of the degree of unfeasibility is determined by the distance in param-
eter space between the desired operating point (given by the approximated
solution) and the closest AC-feasible operating point. The difference between
these two points is identified as the optimal change in the system parameters,
corresponding to the generating profile, necessary to achieve feasibility. From
Figure 2.2, one can observe that the distance (in active generation space) be-
tween the non AC-feasible point P1 and the closest AC-feasible point P1′ is
shorter than the distance analogous to P2 and P2′. This represents the fact
that, in order to go from the active generation profile defined by P1 to the
active generating profile represented by P1′, the ‘sum’ of the changes needed
in the generation units are greater than the corresponding changes for P2 to
go to P2′. By this criterion, the non AC-feasible approximated solution of P2
is closer to being AC-feasible than P1.

• Cost generation value of the AC-feasible solutions: In addition to the
necessary changes to be made so as to obtain an AC-feasible solution, the final
cost of the AC-restored solution must be taken into account. In particular,
the AC-restored solution P2′ lies in an isocontour with a higher value of the
active generation cost associated than the isocontour in which P1′ is located.
In other words, the resulting AC-feasible solution P1′ obtained from the AC-
restoration of the approximated solution P1 is cheaper than P2′, AC-feasible
point corresponding to P2.



These criteria are as presented not strictly dependent on one another, because
even if the needed change in MW is greater, it may result in a cheaper generation
configuration. With this figure, we intend to show the potential casuistics that
may arise when evaluating the AC-restored solutions from the approximated points
obtained by any of the OPF models used. Both criteria have to be taken into
account to properly determine the performance of the AC-restoration procedure
and the quality of each approximated solution. For a Linear-OPF approximated
solution to be strictly superior, it must be projected into a closer AC-feasible point
and with a lower active generation cost associated than that obtained from the
approximated solution of PTDF-OPF.

2.8.4 Summary of the testing methods

In order to present a summarized view of the different testing approaches consid-
ered to evaluate the performance of each of the linear Optimal Power Flow models
in this work, the following lines encapsulate a brief description of the objectives and
testing criteria for each of the testing methods.

REGRESSION TESTING

Objective: Evaluate the regression capabilities of the linear model matrices.

Evaluation criteria:

1. Maximum and average approximation errors of the active power flows.

2. PI index.

OPTIMIZATION TESTING

Objective: Evaluate the closeness of the approximate solution obtained from
the linear models to the AC-OPF solution.

Evaluation criteria:

1. Difference in the objective function cost value.

2. L2-distance of the active generation profile from linear models.
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FEASIBILITY TESTING

Objective: Evaluate the quality of the closest AC-feasible solution to the ap-
proximate one.

Evaluation criteria:

1. Cost of the closest AC-feasible solution.

2. Changes in the active generation profile necessary to converge to the closest
AC-feasible solution.

2.9 Hardware and software configuration

In this section, we present the hardware and software characteristics of the setup
used in the computation of the numerical simulations and results discussed in Chap-
ters 3 and 4. The numerical computations were conducted on a desktop computer
with the following specifications:

• Processor: 12th Gen Intel(R) Core(TM) i7-12700H, 2.70 GHz

• RAM: 16GB DDR4

• Graphics Card: NVIDIA GeForce GTX 3050 Ti

• Storage: 512GB SSD

All calculations and numerical results presented in this document have been ob-
tained using Python 3 programming language. Python 3 is a open-source high-level
programming language that is widely used for scientific computing, data analysis,
and machine learning applications. One of the main advantages of using free software
like Python 3 is its accessibility, as it can be downloaded and used by anyone at no
cost. Additionally, free software promotes collaboration and knowledge-sharing, as
users can modify and redistribute the software to meet their specific needs, allowing
an easier identification and fixing of potential bugs and security vulnerabilities.

Among all the Python libraries used for the code (e.g. NumPy, Pandas, Mat-
plotlib...), PandaPower, an easily accessible open-source tool designed for power
system modeling, analysis, and optimization, has been utilized in the current work
to acquire power networks and other power system tools. It features a high degree
of automation and is implemented in Python. The optimization problems presented



in this document are solved with IPOPT (Interior Point OPTimizer), which is a op-
timization solver included in software package for large-scale nonlinear optimization
of continuous systems. IPOPT is written in C++ and adapted to Python 3, and is
released as open source code under the Eclipse Public License (EPL), available from
the COIN-OR initiative.
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Chapter 3

Illustrative example

Using a small illustrative example, such as a simplified power system with only
a few buses and transmission lines, is a crucial preliminary step in the study of
methods and techniques in the field of power systems. These simplified models
provide a controlled and less complex environment for researchers to experiment
with new methods and algorithms. This approach offers several advantages: it
allows for quick testing and validation of concepts, reduces the risk of unintended
consequences, and helps in identifying potential flaws or shortcomings in a safe
and manageable setting. By employing an illustrative example as a starting point,
researchers can refine their methods and gain valuable insights before transitioning
to the complexities of real-world power systems.

3.1 Illustrative example data

With these considerations in mind, the present study showcases a reduced net-
work as an illustrative example for the demonstration of the linear approximation
methods proposed. This network is extracted from [20]. Referred to as case6ww
by PandaPower (which imports the power system parametrizations from Matpower
[21]), its schematic can be observed in Figure 3.1:



Figure 3.1: Diagram of the PandaPower test case ’case6ww’ used as illustrative ex-
ample.

The network presents a total of 6 buses (or nodes), interconnected by 11 trans-
mission lines. Of these 6 buses, 3 of them (buses from 1 to 3) are characterized
by a generating unit, whereas the other 3 buses (buses from 4 to 6) only contain a
loading unit. In reality, the nature of each bus is not limited to a particular unit,
but for demonstration purposes this configuration serves as an adequate illustrative
example.

In order to depict a simplified network operation point, some changes have been
made into the parameters that characterize the network. In particular, all loads
have been set to 70 MW and 10 MVAr of active and reactive loads, respectively.
The operational limits of the generating units, as well as the thermal limits of the
lines, have been left as default. The parameters characterizing case6ww network can
be found at the official web of Matpower https://matpower.org/docs/ref/
matpower5.0/case6ww.html.

3.2 Illustrative example results

In this section, the numerical results obtained from the application of the differ-
ent performance testing approaches to the Linear-OPF on the illustrative example
network are presented.
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3.3 Base formulations

To begin with, both the base Linear-OPF and PTDF-OPF formulations that
only consider active power flows are considered. The different linear approximation
matrices obtained are shown in Figure 3.2.

(a)

(b)

Figure 3.2: Heatmaps of the approximation matrices (a) and differences between each
other (b).



Each of the colored cells depicted in Figure 3.2 (a) represents the factor each of
the regressors (active power injections) with the predictors (active power flows). In
particular, the element in the i−j row-column position reflect the influence on active
power flow in the i-th position of the active power injection in the j-th position. The
colormap legend on the right states the meaning of each color: darker colors depict
a strong positive correlation, while light colors depict a strong negative correlation.

The distribution of the factors in all linear approximation matrices are relatively
similar. The main difference resides in the first column of the PTDF matrix, which
is null by construction, corresponding to that of the slack bus. This column is
colored in a light blue (corresponding to values near 0), and is a result of the bal-
ance equations in a lossless model, in which the power demand exactly equals the
power generation. In this case, the power balance equation of one of the buses can
be deduced from the results of the rest of the buses, not being necessary for the
computation of the matrix.

However, this column on the linear model matrices XP−PF and XP−OPF is not
null, as that restriction is not imposed by construction in the least squares method
used. This allows the proposed Linear-OPF models to not be restricted in the
matrix formulation to the assumption of a lossless network, as the imposition of
this information in a net with non-negligible line losses may result in a less efficient
linear regression model.

On the other hand, each of the colored cells depicted in Figure 3.2 (b) represent
the difference in absolute value of corresponding factors between any pair of two
matrices considered. This way, dark green colors highlight a strong discrepancy be-
tween factors on both matrices, while light green colors indicate the proximity of the
values. While the XPTDF matrix presents the most number of value differences with
both XP−PF and XP−OPF in the first three rows (corresponding to the active power
flows through the first three lines), the XP−PF and XP−OPF matrices differences are
located sparsely on the active power injections at buses located in the second and
third positions.
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3.3.1 Regression Testing

The Regression Testing results of the benchmark PTDF-OPF model and the two
proposed Linear-OPF models, LinearPF -OPF and LinearOPF -OPF, are shown in
Figure 3.3.

(a) (b)

(c) (d)

(e) (f)

Figure 3.3: Regression Testing for the different base linear OPF models: PF-based
on the left column and OPF-based on the right column. Linear model XPTDF is
represented in the first row, while linear models XP−PF and XP−OPF are represented
in the second and third column, respectively.



On each of the six subfigures that compose Figure 3.3, the horizontal axis repre-
sents each of the 11 lines that compose the case6ww network, while in the vertical
axis a measure of the active power flow approximation error is presented. Red bars
represent the maximum approximation error for each line, while blue bars represent
the average approximation error over all test scenarios for each line. In the leg-
end located at the upper-right corner of each subfigure, additional information on
the error distribution can be found, specifically the PI value and the total average
approximation error value for all 11 lines. Each of the six subfigures represent a
different linear approximation model tested against a different Regression Testing
dataset. For the first and second columns, the PF-based and OPF-based Regression
Testing are presented, respectively. On the first, second and third row, the differ-
ent linear approximation models are ordered, being XPTDF , XP−PF and XP−OPF ,
respectively.

To facilitate the comparison, the key results from the Regression Testing have
been summarized in the tables below, for both the PF-based (Table 3.1) and OPF-
based (Table 3.2) Regression Testing.

Table 3.1: Summary table of the performance of the various linear approximation
methods analyzed for the PF-based Regression Testing of the case6ww power system.

PF-based Regression Testing
OPF Formulation Avg.Error Improvement over PTDF PI index

PTDF-OPF 1.287 - 58.080
LinearPF -OPF 0.021 1.63 % 32.868
LinearOPF -OPF 0.093 7.23 % 41.823

Table 3.2: Summary table of the performance of the various linear approximation
methods analyzed for the OPF-based Regression Testing of the case6ww power sys-
tem.

OPF-based Regression Testing
OPF Formulation Avg.Error Improvement over PTDF PI index

PTDF-OPF 1.119 - 60.254
LinearPF -OPF 6.801 607.77 % 62.548
LinearOPF -OPF 0.020 1.79 % 27.578

The first highlight that results from the Regression Testing is that the Linear-
OPF models perform significantly better than the PTDF-OPF when the type of
Regression Testing matches the training: the PF-trained LinearPF -OPF shows an
average error of only 1.63% of that of the PTDF-OPF for the PF-based Regression
Testing, while the OPF-trained LinearOPF -OPF shows an average error of only
1.79% of that of the PTDF-OPF for the OPF-based Regression Testing. On the
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other hand, when the training does not match the type of Regression Testing, the
results worsen for the Linear-OPF models: whereas the PF-trained LinearPF -OPF
shows an average error of 607.77% of that of the PTDF-OPF for the OPF-based
Regression Testing, the OPF-trained LinearOPF -OPF only performs slightly worse
in the corresponding PF-based Regression Testing, with an average error of 7.23%
of that of PTDF-OPF.

This trend is confirmed with the values of the PI index: the PTDF-OPF method
presents a PI index over 60, indicating an average error at the same scale as the
maximum error for all lines. On the other hand, the Linear-OPF models show a
noticeably lower value, highlighting the value of around 27 for the LinearOPF -OPF
model for the OPF-based Regression Testing.

The results obtained in this section are validated with those presented in the
literature in [10], where the direct least squares method is used to obtain a linear
model designed for addressing collinear and massive data. The method is efficient
for large systems with broad load variations, outperforming the PTDF-OPF model
by several orders of magnitude as shown in Figs.5, 6 and 7 of the referenced paper.

The Regression Testing analysis is not repeated for upgraded formulations of both
Linear-OPF and PTDF-OPF problems. This is because the upgraded formulations
only include modifications in the optimization problem (such as the consideration
of reactive flows and power losses). Only the linear approximation matrices that
relate the active power flows and the active power injections (XPTDF , XP−PF and
XP−OPF ) are needed for the Regression Testing, and these remain the same for both
base and upgraded formulations.

3.3.2 Optimization Testing

The Optimization Testing of the benchmark base PTDF-OPF model and the two
proposed base Linear-OPF models, LinearPF -OPF and LinearOPF -OPF, is shown
in Figure 3.4.



(a)

(b)

Figure 3.4: Optimization Testing for the base Linear-OPF models.

On the horizontal axis of subfigures 3.4 (a) and (b), the 60 test scenarios consid-
ered for the illustrative example case are presented. On the vertical axis, the two
criteria pertaining to the Optimization Testing are plotted. The red bars represent
the difference (between the approximate solutions of PTDF-OPF and Linear-OPF
models, in this order) of the objective function values in [$]. Conversely, the blue bars
show the difference (between the approximate solutions of PTDF-OPF and Linear-
OPF models, in this order as well) of the L2-distance of the active generation profile
to the one obtained from AC-OPF, in [MW ]. The differences are displayed in this
fashion so that a positive value on each test scenario shows an improvement of the
Linear-OPF models over the PTDF-OPF model in any of both criteria.
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We can observe that for both Linear-OPF models, the criteria of the objective
function and the L2-norm distance of PG are not consistent: while the PTDF-OPF
shows a higher objective function value (cost of generation) than the Linear OPF
models (presented by positive red bars), the L2-norm distance to the solution of the
AC-OPF is higher for the Linear OPF models (presented by negative blue bars). In
other words, approximate solutions from Linear-OPF models are cheaper than the
ones obtained from PTDF-OPF but result in a active generation profile most distant
to that of AC-OPF. It is important to extract as well an estimate of the percentage of
improvement that the objective function criterion offers to the Linear-OPF models.
Even if Figures 3.4 (a) and (b) show that the Linear-OPF models results in a solution
less expensive than the one corresponding to the PTDF-OPF ($40 for the LinearPF -
OPF and $10 for the LinearOPF -OPF at maximum), these improvements are almost
negligible, corresponding to no more than 1% of the corresponding PTDF-OPF
solution cost.

It should be emphasized as well that these solutions are not AC-feasible, and thus
their results and the conclusions derived from them must be taken with a certain
level of reservation.

3.3.3 Feasibility Testing

Once we have obtained the active generation profiles from each of the linear
models considered, we solve the corresponding AC-restoration optimization problem
PgenSlack-OPF and obtain AC-feasible solutions for each of these models.



(a)

(b)

Figure 3.5: Feasibility Testing for both base LinearPF -OPF and LinearOPF -OPF
models.

Similarly to the figures from the Online Testing, the Feasibility Testing plots
on Figure 3.5 show the 60 test scenarios considered for the illustrative example in
the horizontal axis. On the vertical axis, the two criteria (one for each subfigure)
pertaining to the Feasibility Testing are plotted. Note that red bars represent the
LinearPF -OPF model, whereas black bars represent LinearOPF -OPF model. Similar
to Figures 3.4 (a) and (b), positive values represent an improvement of the Linear-
OPF models over PTDF-OPF model. On the right of each subfigure, a histogram
of the values is presented to aid in the identification of trends on the data.
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In Figure 3.5 (a), the sum of the absolute values of the slack variable ΔPG,
which expresses the change in MW that needs to be applied to the generation
units so that an AC-feasible solution is obtained, is presented on the vertical axis.
Almost all test scenarios report a higher value of the Sum(ΔPG) for the Linear-OPF
models than for the PTDF-OPF model, which result in negative values. However,
it is important to note that the LinearOPF -OPF model (black bars) clearly shows
a better performance than the LinearPF -OPF model (red bars), even reporting in
some test cases a slight improvement over the PTDF-OPF model (positive black
bars). This trend can be clearly seen on the histogram at the right of Figure 3.5 (a):
almost al instances of LinearOPF -OPF model present a value near 0, whereas many
of the test cases for the LinearPF -OPF model present the most negative values.

On the other hand, in Figure 3.5 (b) the other Feasibility Testing criterion is
shown, corresponding to the economic cost of generation in [$] of the AC-feasible
solution. Under this perspective, both the LinearPF -OPF and LinearOPF -OPF mod-
els perform almost equivalently, both showing an improvement over the PTDF-OPF
model, represented by positive values on both red and black bars. Even if this eco-
nomic improvement is only marginal, with a cost reduction of less than 0.1% of the
total generation cost, we have to take into account that these solutions are actually
AC-feasible and represent a realistic profile to be implemented in the power system,
and that they consistently outperform the PTDF-OPF in the test scenarios studied.



3.4 Upgraded formulations

In this section, both the upgraded Linear-OPF (also considering reactive powers
and power loss estimation) and PTDF-OPF (considering as well active power loss
estimation) formulations are considered. The Regression Testing results are not
shown again for the upgraded Linear-OPF model, as the values are exactly the
same to those obtained for the base Linear-OPF model. This is because the linear
approximation model used, XP , is the only factor that determines the active power
flow approximations from the active power flow injections, and neither the inclusion
in the Linear-OPF optimization problem of a reactive power flow approximation XQ

nor the approximation of the active losses plays a role in determining the Regression
Testing results. However, these latter factors do determine the performance of the
model for the Optimization Testing and Feasibility Testing, whose results are shown
below.

3.4.1 Optimization Testing

The Optimization Testing of the benchmark upgraded PTDF-OPF model and the
two proposed upgraded Linear-OPF models, LinearPF -OPF and LinearOPF -OPF, is
shown in Figure 3.4.

The inclusion of reactive power and loss estimation for the LinearPF -OPF model
does not change its performance at all, showing the same distributions in Figures
3.6 (a) and (b) as in the previous chapters: while the objective function value is
lower than that of PTDF-OPF (positive red bars), the active generation profile is
more distant to that of the AC-OPF (negative blue bars).

However, there is a radical change in the performance of the LinearOPF -OPF
model, which can be seen in Figure 3.6 (c). In this case, both Optimization Testing
criteria are consistent and show that the solutions from the LinearOPF -OPF model
outperform the ones obtained from PTDF-OPF: not only they present a lower value
for the objective function (positive red bars) but now the L2-norm distance from
their active generation profile to that of AC-OPF is closer than the corresponding
one proposed by PTDF-OPF (positive blue bars).
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(a)

(b)

Figure 3.6: Optimization Testing for the upgraded linear models.

3.4.2 Feasibility Testing

Once obtained the active generation profiles from each of the upgraded linear
models considered, we solve the corresponding AC-restoration optimization problem
PgenSlack-OPF and obtain AC-feasible solutions for each of these models.



(a)

(b)

Figure 3.7: Feasibility Testing for the upgraded linear models.

For the upgraded linear models, a significant improvement can be observed in
Figure 3.7 (a): for almost all test scenarios it is shown that the restored AC-feasible
solution from the LinearOPF -OPF model needs a lower change in active generation
than PTDF-OPF (positive black bars). Compare this result to the less impressive
performance of the base models in Figure 3.5 (a), where the LinearOPF -OPF model
provides a barely inferior active generation profile to that of PTDF-OPF (slightly
negative black bars in most test scenarios). Despite that, the performance of the
LinearPF -OPF model is in this aspect still worse than PTDF-OPF (negative red
bars).
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On the other hand, the generation cost of the restored AC-feasible Linear-OPF
model solutions are both significantly lower for both models than the PTDF-OPF,
as it is presented in Figure 3.7 (b). The difference in generation cost between the
Linear-OPF models and the PTDF-OPF has multiplied roughly by a factor of 4,
showing no significant difference between the LinearPF -OPF and LinearOPF -OPF
models.

3.5 Summary of the illustrative example results

In this section, we provide a brief overview of the key findings and outcomes
obtained from the analysis of the case6ww illustrative example network with the
benchmark PTDF-OPF model and the proposed Linear-OPF models.

The Regression Testing has proved the regression capabilities of the Linear-OPF
models over the PTDF-OPF. The most favorable scenario for the LinearOPF -OPF
corresponds to the OPF-based Regression Testing in Figure 3.3 (f), where it scores an
average error value of 0.02. Even in the most unfavorable scenario for the LinearOPF -
OPF (corresponding to the PF-based Regression Testing in Figure 3.3 (e)) its av-
erage error (with a value of 0.093) is almost two orders of magnitude inferior to
the average error of the PTDF-OPF model for the same scenario (corresponding to
the PF-based Regression Testing in Figure 3.3 (a), with an average value of 1.287).
The LinearPF -OPF shows a similar trend, although with less impressive upgrade
margins to the PTDF-OPF.

After the inclusion of reactive powers and loss estimation in the upgraded linear
models, the efficiency of the LinearOPF -OPF is highlighted even more over the results
presented by PTDF-OPF, as it can be observed in both the Optimization Testing
(Figure 3.6 (b)) and the AC-feasible testing (Figure 3.7), where all evaluating criteria
are favorable for the LinearOPF -OPF with respect to the PTDF-OPF model.

On the other hand, the LinearPF -OPF model does not maintain the same level
of performance after these updates in the model, as it can be observed in the Opti-
mization Testing (Figure 3.6 (a) and (b)) and the AC-feasible testing (Figure 3.7).
For this reason, the rest of the document only considers the LinearOPF -OPF for the
evaluation of its performance in a larger power system.
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Chapter 4

Case study

In this section, the performance of the proposed linear approximation models is
analyzed for a larger electrical power system, more representative of the realistic
cases solved in power system operations and management.

As stated in the previous chapter, the upgraded formulation of the LinearOPF -
OPF model resulted in the best performance results against the (upgraded) PTDF-
OPF, outperforming the benchmark for each evaluation criterion. The proposed
linear method trained with PF-data, LinearPF -OPF model, does not perform as well
against the PTDF-OPF, as it can be observed in the Optimization Testing (Figure
3.6 (a)) and the Feasibility Testing (Figure 3.7). For this reason, this chapter only
considers the upgraded LinearOPF -OPF model (with reactive powers and power loss
estimation) for the evaluation of its performance against the upgraded PTDF-OPF
formulation in a larger power system.

4.1 Case study data

The IEEE 39-bus system is a well-known power network that models the New
England area of the United States. The model includes, as its name suggests, 39
buses, 10 generators and 46 lines. Generator 1 represents the aggregation of a large
number of generators. The original paper with the IEEE 39-bus system can be
found at [22]. The parameters characterizing the IEEE 39-bus system network can
be found at the official web of Matpower https://matpower.org/docs/ref/
matpower5.0/case39.html. The topology diagram of the system is presented
in Figure 4.1.



Figure 4.1: Diagram of the IEEE ‘case39’ network with 39 buses and 10 generating
units, used as case study for the evaluation of the performance of the LinearOPF -OPF
method.

It can be observed that the detailed structure of the IEEE 39-bus system is
much more intricate and meshed than the one presented by the case6ww illustrative
example network considered in previous sections. Hopefully, this configuration will
serve to test the regression capabilities of both models and give a glimpse of the
potential that DPFL methods offer to the resolution of the AC-OPF problem.

4.2 Case study results

In this section, the numerical results obtained from the performance comparison
(via Online and Feasibility Testing) of LinearOPF -OPF and the PTDF-OPF (both
upgraded) formulations are presented for the case study IEEE 39-bus system.

In particular, the OPF-based Regression Testing of the benchmark PTDF-OPF
model and the proposed LinearOPF -OPF model is shown in Figure 4.2.
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(a)

(b)

Figure 4.2: Offline OPF testing results of the case39 network for (a) PTDF and (b)
XP-OPF.

The first aspect to take into account in the OPF-based Regression Testing pre-
sented for the IEEE 39-bus system is the order of magnitude of errors for both



formulations: in a similar fashion to the analysis of the case6ww illustrative exam-
ple, the LinearOPF -OPF model outperforms the PTDF-OPF model by almost two
orders of magnitude in the average error evaluated over all lines.

This fact is further reinforced with the values of the PI index: the PTDF-OPF
method presents a PI index over 60, indicating an average error at the same scale as
the maximum error for all lines. On the contrary, the LinearOPF -OPF models exhibit
a significantly lower value of around 4 times lower (PI ≈ 15.3), highlighting that
the maximum errors at each line are not representative of the average performance
of the model over all test cases.

These results align perfectly with the trends observed in Figures 5, 6 and 7 from
[10]. It is also interesting to note that the error distribution along the lines for
both formulations is very similar: while there are lines that exhibit a high error
(such as lines 1 and 2) there are other that show almost a perfect linear correlation
between the active power flows and the active injected power on the corresponding
buses. The reason for the presence of noticeable error peaks in specific lines can be
atributted, according to [10] to two possible factors:

• The line corresponds to a transformer branch or low-resistance branch, which
tends to carry large power flows in practice, expecting a larger error value from
a branch with larger power flow value.

• The susceptance b of the transformer branch or low-resistance branch is gener-
ally larger than that of transmission branch, which can amplify the nonlinear
term of AC-PF equations.

In the following pages, the results pertaining to the AC-feasible restored solutions
for both OPF formulations, PTDF-OPF and LinearOPF -OPF, are presented in a
condensed format with the use of histograms. This arrangement allows the clear
visualization of any patterns appearing in the comparison of both formulations,
without the need to check on every test case. On the vertical axis of these histograms,
the number of ocurrences or frequency of each value for each of the bins appears. A
total number of 40 bins has been chosen to display the results.

Firstly, the results corresponding to the L2-distance of the active generation pro-
files of the approximated solutions to the closest AC-feasible solution (first perfor-
mance criterion of the Feasibility Testing) are presented in Figure 4.3. In partic-
ular, the difference of the distance between the PTDF-OPF formulation and the
LinearOPF -OPF formulation is chosen to help visualize the performance of the pro-
posed method: if the value is positive, the AC-restored approximated solution from
the LinearOPF -OPF is closer (than the one obtained from PTDF-OPF) to its closest
AC-feasible solution. The distance is measured as the sum of the absolute values of
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the changes in the active generation units needed to restore the approximate solu-
tion to an AC-feasible state, in the same fashion as presented in the histogram of
Figure 3.7 (a) from the illustrative example analysis.

Figure 4.3: Difference between PTDF and XP-OPF of the distance of the approxi-
mated solution and the closest AC-feasible solution in the active generation profile
space.

The histogram illustrates a distribution that bears a loose resemblance to a nor-
mal distribution, with all of its values falling within the positive range. This means
that the approximated solution obtained from the LinearOPF -OPF formulation is
closer to its AC-feasible closest solution than the case for the PTDF-OPF formula-
tion, favouring the approximate starting point solution of the LinearOPF -OPF for
the AC-restoration of the PgenSlack-OPF problem.

It is important to understand these results with relation to the full picture of
the problem. Considering the mean value of the difference in active generation L2-
distance between formulations to be around 60 MW, as presented in Figure 4.3,
and the average value of the total active generation power over all AC-feasible so-
lutions considered to be 6292 MW, this amounts to a difference of approximately
1% between formulations. In other words, the proposed LinearOPF -OPF formula-
tion is capable of providing starting points for the obtention of AC-feasible active
power generation profiles that consistently outperform the solutions proposed by the



PTDF-OPF formulation, extensively used as a benchmark in the technical literature.

In the following lines we present a comparison of the generation costs for the AC-
feasible solutions obtained from the approximated solutions from both formulations
is presented in Figure 4.4 in histogram format. In particular, the difference of
the generation cost between the PTDF-OPF formulation and the LinearOPF -OPF
formulation is chosen: if the value is positive, the AC-restored approximated solution
from the LinearOPF -OPF is cheaper than the one obtained from PTDF-OPF.

Figure 4.4: Difference between the costs of the AC-feasible active generation profiles
restored from the approximate solutions of PTDF-OPF and LinearOPF -OPF formu-
lations.

We can observe that for most of the test cases, the difference in AC-feasible
generation cost in negligible, result that is reflected in the peak appearing around 0.
Even if there are some marginal cases for which the generation cost of the LinearOPF -
OPF solution is cheaper (to the right of the histogram, with positive values), we
find that there are more instances where the PTDF-OPF AC-restored solution is
slightly cheaper.

However, it is important to take these results into account relative to the average
cost of the AC-feasible generation profile, which amounts to approximately $41991.
Even if we consider the least favorable cases, in which the PTDF-OPF formulation
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achieves an AC-feasible solution $70 cheaper than the AC-feasible generation profile
proposed by the LinearOPF -OPF, that improvement only amounts to less than 0.2%.
This result, along with the fact that the vast majority of AC-feasible solutions don’t
present any difference in the cost between both formulations, as it can be seen in
the peak of the histogram at 0, suggests that the choice between both formulations
has minimal impact on the overall generating cost of AC-feasible solutions.

4.3 Computational comparison

Up until this point, the different criteria to assess the validity of the LinearOPF -
OPF approximated solutions have been focused on the quality of the solution itself
with respect to other benchmarks (such as the PTDF-OPF approximated solution).
However, when scaling the problem to a larger network, other requirements regarding
the computational efficiency of the optimization problem resolution may have a more
immediate effect, such as:

• Convergence Time: measuring the convergence time of the optimization
solver provides a valuable indicator of its performance. By assessing the time
taken to solve the problem, the computational cost can be estimated and it
is possible to determine if the solver meets your requirements. Comparing
convergence times across different problem sizes or solver configurations can
help as well to understand scalability and efficiency.

• Number of iterations: the iterative nature of optimization methods implies
that the algorithm refines its solution through successive updates, and the
count of iterations directly reflects the computational effort invested. Moni-
toring the number of iterations is valuable for assessing the solver’s convergence
speed, enabling comparisons between different algorithms.

Due to the non-convex, non-linear nature of the AC Optimal Power Flow prob-
lem and its constraints, using iterative numerical methods to find a solution may
encounter convergence failures. Employing warm start solutions to initialize the it-
erative procedure (typically a Newton-Raphson-based iterative method) can aid in
ensuring convergence [23]. Grid operators commonly perform this warm start by us-
ing the previous timestep’s AC-OPF solution to initialize the current timestep. This
can be done using a flat start or by first solving an easier, linearized version of the
AC-OPF equation, assuming that these solutions will be relatively close. Addressing
this final aspect, we use the active generation profile obtained from the approximate
LinearOPF -OPF solution to initialize the non-linear solver before computing the
AC-OPF. In Figure 4.5, we present the results of this convergence analysis, showing



both the number of iterations and convergence time needed for the flat start and
LinearOPF -OPF warm start initialization.

(a)

(b)

Figure 4.5: Comparison of the computational performance of the AC-OPF with
several warm-start points: flat-start (green) and active generation profile from
LinearOPF -OPF (blue). Both the (a) number of iterations and the (b) computational
time needed for the AC-OPF to converge are presented.

76



The black diamonds showed in Figure 4.5 represent the average value of each
of the variables presented, while the box and whisker plots help to understand the
distribution of the data. From Figure 4.5 (a), it can be observed that the distribution
of the number of iterations for the AC-OPF with a flat start initialization is much
more distributed and has a higher average value, around 20 iterations. On the
other hand, the LinearOPF -OPF warm start offers a much more robust distribution,
with a lower average value of around 17 iterations, which represents a reduction of
approximately 15%.

Furthermore, the distribution of computational convergence times for both ini-
tializations of the AC-OPF problem show a similar trend: the LinearOPF -OPF warm
start method offers a reduction on the average convergence time of around 5%. These
results confirm that the initialization of the AC-OPF problem from the LinearOPF -
OPF approximate solution is more favorable than using the flat start initialization,
often chosen as default setting for the AC-OPF resolution.
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Chapter 5

Conclusions and future lines of
work

This chapter summarizes the main conclusions of this study, as well as suggestions
for potential future lines of research.

5.1 Key conclusions

The AC Optimal Power Flow formulation is characterized by the complex non-
linear equations of AC Power Flow. In order to assess the difficulties of efficiently
solving this optimization problem, many linear physics-based models have been pro-
posed in the literature, such as the linear PTDF matrix approximation. This work
presents a data-based linear model, Linear-OPF, that establishes a linear relation-
ship between the injected active power in the nodes and the power flows through
the lines. Unlike the physics-based PTDF linear approximation matrix, the pro-
posed model learns this relationship from system-specific data, obtained from the
resolution of multiple AC-PF and AC-OPF problems.

Several evaluation tests are deviced to assess the performance of the proposed
model in two illustrative power systems with 6 and 39 buses, respectively. The
analysis of the performed simulations shows that the proposed data-based linear
approximation model provides solutions that are closer to that of the AC-OPF
formulation when compared to the PTDF-OPF formulation, used as a benchmark
in the technical literature. In particular, the improvement on the AC-feasible active
generation setpoints found for the data-based Linear-OPF model with respect to the
physics-based PTDF-OPF model is about 1%, showing promise as an alternative
linear formulation to the full non-convex resolution of the classic AC-OPF.



5.2 Future lines of work

Once the main conclusions of the work have been presented, it is essential to
summarize as well the future lines of work available, considering the results presented
here as a foundational base for further research.

1. Historical information as training data: Ideally, the training of the linear
model would be composed of feasible training cases derived from real operating
points of the net, obtained in practice. In particular, the recently developed
OPFLearnData database [24] was developed as a means to provide researchers
with a standardized way to efficiently create AC-OPF datasets that are rep-
resentative of more of the AC-OPF feasible load space compared to typical
dataset creation methods. The OPFLearnData dataset creation method uses
a relaxed AC-OPF formulation to reduce the volume of the unclassified in-
put space throughout the dataset creation process. Implementing this tool for
the generation of more complete training sets may aid in capturing the full
behaviour of the power system in more diverse loading conditions.

2. AC-restoration methods: As stated in [25], further research is essential to
identify the most effective means of restoring AC-feasibility, considering the
cost differences associated with different controller actions.

3. Application to other power systems: Future work could as well be di-
rected to assessing whether the results presented here remain valid, and to
which extent, for other types of net distributions such as meshed distribution
networks and DERs with more complex price responses.
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Appendix A

Optimization problems

Numerous challenges across diverse domains such as engineering, medicine, and
economics involve the task of identifying optimal decisions that align with specified
objectives while adhering to predefined limitations. Mathematically, these decision-
based problems in power system operations are commonly cast into the framework
of optimization problems, exemplified as the following instance:

min
x

f0(x)

s.t. fi(x) ≤ 0 ∀i
gj(x) = 0 ∀j

(A.1)

where x ∈ R
n are the decisions variables, f0 : Rn −→ R is the objective func-

tion, and fi : Rn −→ R and gj : Rn −→ R are, respectively, the inequality and
equality constraints. The properties of the optimization problem stated and the
mathematical techniques required to solve it vary significantly depending on the
type of decision variables x considered (continuous, discrete, etc.) and the type of
functions f0; fi; gj (linear, convex, non-convex, etc.).

For the general optimization problem to be a convex optimization problem, the
objective function f0 and the inequality constraint fi must be convex functions, and
the equality constraints gj must be affine functions [16]. The main advantage of
convex optimization is that local optimal solutions are guaranteed to be global op-
timal solutions as well. On such basis, the technical literature includes a variety of
interior-point methods to solve convex optimization problems in reasonable compu-
tational times [26]. Convex optimization problems can be used to formulate a vast
variety of power system applications, some of which are described in detail in [27].

If any of the functions f0 or fi are non-convex, or any of the equality constraints gj



are not affine, the general optimization problem becomes a non-convex optimization
problem. Interior-point methods can be used to find local optimal solutions of
non-convex optimization models [28]. However, local optima are not guaranteed to
be global optima due to non-convexities. In some applications, this drawback is
overcome by applying interior-point methods with multiple random initial solutions
and by taking the global solution as the best local solution [29]. Alternatively, some
of the global optimization techniques reviewed in [30] can be used.
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Appendix B

Least squares regression

The least squares regression model adopts the following formulation:

Y = βX (B.1)

Where X = [x1, ..., xNs]
T ∈ R

Ns×Nx and Y = [y1, ..., yNs]
T ∈ R

Ns×Ny are datasets
of Ns samples in which each column represents a vector of measurements of Nx and
Ny elements, respectively. The ordinary least squares approach finds the coefficient
matrix β (also known as the regression coefficient) by minimizing the sum of squared
residuals:

min
β

||Y −Xβ||2F (B.2)

Where ||·||F is the Frobenius norm, also known as Hilbert-Schmidt norm. The es-
timation of β, which constitutes the solution to the above unconstrained programing
problem, can be expressed by:

β̂ = (XTX)−1XTY (B.3)
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Appendix C

Per unit system

In the study of power systems, electrical parameters are often represented as the
ratio of their actual SI (International System of Units) value to a reference or base
quantity. This transformation of variables is commonly referred to as the ‘per unit
system.’ Base quantities are expressed in SI units such as Volts, Amperes, Ohms,
and more, while per unit quantities are dimensionless and are typically denoted by
the label ‘p.u.’ if required. The per unit value of an SI quantity, denoted as X with
respect to a specified base value XBase, is given by:

XPU =
X

XBase

(C.1)

The accurate interpretation of the SI value of a per unit quantity necessitates
having knowledge of the associated base quantity.

In power systems analysis, base quantities are defined for voltage, current, power,
impedance, and admittance. When any two system bases are specified, the values
of the others are uniquely determined. In three-phase power factor analysis, it is
customary to define the voltage and power bases as a standard convention.

{
VBase = Line to line voltage

SBase = Three phase power
(C.2)

For mathematical convenience and ease of calculation, the two fundamental per
unit bases have been considered in this work to be SBase = 100 MVA and VBase = 230
kV. The remaining base system bases are thus calculated according to the following
expressions:



IBase =
SBase√
3 · VBase

(C.3)

ZBase =
VBase√
3 · IBase

(C.4)

YBase =

√
3 · IBase

VBase

=
SBase

V 2
Base

=
1

ZBase

(C.5)

The use of the per unit system offers several advantages over the use of the SI
system of measurement, notably:

• Convergence: per unit quantities maintain consistent magnitudes around 1.0,
enhancing the numerical stability of power flow calculations.

• Standarization: per unit system eliminates the necessity to differentiate be-
tween single-phase and three-phase electrical quantities.

• Clarity: the per unit system is more straightforward to interpret at a glance.
For instance, per unit voltage should consistently fall within the approximate
range of 0.95 to 1.05 p.u., regardless of the SI voltage.

• Simplification: the use of per unit values eliminates the need to apply voltage
and current scaling factors at the majority of system transformers.
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Appendix D

Admittance matrix

In this section, the construction of the admittance matrix of a power system is
presented.

For the derivation of the admittance matrix form, a generic bus i, as presented in
Figure D, is considered. The shunt susceptance ysi (named in the present document
as bsi , and equivalent to half the shunt susceptance bsij in the line ij) models the total
charging current.

The net current that is injected into bus i either by generators or loads, Ii, can
be calculated through Kirchoff’s current law:

Ii =
∑
j∈Mi

yij(Vi − Vj) + bsiVi (D.1)

Where Mi is the subset of buses that are directly connected to bus i, and Vi

represents the complex voltage at bus i. Rearranging the previous terms leads to:

Ii =

[∑
j∈Mi

yij + bsi

]
Vi −

∑
j∈Mi

yijVj (D.2)

The repetition of the above development for the N buses leads to the nodal
equations, presented below in matrix form:

I = Y V (D.3)



Figure D.1: Diagram of the different electric elements connected to a generic bus i.
Figure extracted from [12].

The resulting N ×N matrix Y is the so-call admittance matrix. Each of its ele-
ments present a real (conductance) and imaginary (susceptance) component, which
may be collected in the matrices G and B, respectively. Each of the elements of Y
can be computed in the following fashion:

Yii =
∑
j∈Mi

yij + bsi (D.4)

Yij = −yij ∀j ∈ Mi (D.5)

In essence, the construction of the admittance matrix Y can be summarized in
the following points:

• Diagonal elements Yii: sum off all admittances connected to the i bus.

• Off-diagonal elements of Yij: negative admittance that connects the i and j
buses.

• Several admittances in parallel: the equivalent admittance must be previously
computed by calculating the sum of all parallel admittances.
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Appendix E

Power Flow formulations

In this chapter the different formulations of the Power Flow problems considered
are presented.

E.1 AC-PF

In this section, the formulation for the classic AC-PF equations is presented.
This model serves as the governing equations for the power flow in electrical power
systems. The details of this formulation can be found at Section 2.2.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

PG
i − PD

i =
∑

j∈Mi
PL
ij ∀i ∈ N

QG
i −QD

i =
∑

j∈Mi
QL

ij ∀i ∈ N

PL
ij = ViVj[Gij cos(θi − θj) + Bij sin(θi − θj)]−GijV

2
i

QL
ij = ViVj[Gij sin(θi − θj)− Bij cos(θi − θj)] + [Bij − bsij]V

2
i



E.2 DC-PF

In this section, the formulation for the DC-PF model is presented. This PF
model is a simplification of the classic AC-PF equations in Appendix E.1. This
model does not consider neither power losses nor reactive power, and approximates
the active power flows through the difference between adjacent voltage angles and
line reactance. The full derivation of the DC-PF formulation can be found at Section
2.4.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

PG
i − PD

i =
∑

j∈Mi
PL
ij ∀i ∈ N

Vi ≈ 1
gij ≈ 0
−bij ≈ 1

xij

cos(θi − θj) ≈ 1
sin(θi − θj) ≈ θi − θj
PL
ij =

(θi−θj)

xij

(E.1)
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Appendix F

Optimal Power Flow formulations

In this chapter the different formulations of the Optimal Power Flow problems
solved in this document are presented.

The initialization of the Optimal Power Flow variables is done by means of the
flat start, setting the voltages in the buses to 1 and the angles of voltages in the
buses to 0. Another option to initialize the voltages would be to consider the average
value of the superior and inferior limits, but its implementation makes no significant
changes to the solutions obtained for the networks considered.

The slack bus, considered here without loss of generality as the first bus listed in
the PandaPower net (which also happens to be the one connected to the external
grid), has an angle of voltage set to 0.

The cost which is set to be minimized in the OPF problems is obtained through
the active power generation in the generator buses, multiplied by constant coeffi-
cients (dependent on the generator) up to the quadratic terms. The only exception
is the PgenSlack-OPF formulation in Appendix F.7, which minimizes the active
power generation deviation ΔPG.



F.1 AC-OPF

In this section, the formulation for the classic AC-OPF model is presented. In
this model, both the active and reactive power flows are calculated as a non-linear
function of the voltages and angles on the buses of the network. The details of each
restriction in this formulation can be found at Section 2.3.

min
∑
i∈G

Ci(P
G
i )

s.t. PL
ij = ViVj[Gij cos(θi − θj) + Bij sin(θi − θj)]−GijV

2
i ∀i, j ∈ N

QL
ij = ViVj[Gij sin(θi − θj)− Bij cos(θi − θj)] + (Bij − bsij)V

2
i ∀i, j ∈ N

PG
i − PD

i =
∑
j∈Mi

PL
ij ∀i ∈ N

QG
i −QD

i =
∑
j∈Mi

QL
ij ∀i ∈ N

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

QG,min
i ≤ QG

i ≤ QG,max
i ∀i ∈ N

V min
i ≤ Vi ≤ V max

i ∀i ∈ N

θmin
i ≤ θi ≤ θmax

i ∀i ∈ N

(PL
ij )

2 + (QL
ij)

2 ≤ (Smax
ij )2 ∀i, j ∈ N

(F.1)
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F.2 DC-OPF

In this section, the formulation for the DC-OPF model is presented. This OPF
model is a simplification of the classic AC-OPF model in Appendix F.1. This OPF
model does not consider neither power losses nor reactive power, and approximates
the active power flows through the difference between adjacent voltage angles and
line reactance. The full derivation of the DC-OPF formulation can be found at
Section 2.4.

min
∑
i∈G

Ci(P
G
i )

s.t. PL
ij =

(θi − θj)

xij

∀i, j ∈ N

PG
i − PD

i =
∑
j∈Mi

PL
ij ∀i, j ∈ N

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

θmin
i ≤ θi ≤ θmax

i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(F.2)



F.3 PTDF-OPF

In this section, the formulation for the PTDF-OPF model is presented. In this
model, the PTDF approximation matrix XPTDF is used to approximate the active
power flows through the lines with the active power injection at the nodes. This
OPF model does not consider neither reactive power nor any power loss.

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XPTDF · P∑
i∈N

PG
i =

∑
i∈N

PD
i

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(F.3)
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F.4 Upgraded PTDF-OPF

In this section, the formulation for the upgraded PTDF-OPF model is presented.
In this model, the PTDF approximation matrix XPTDF is used to approximate the
active power flows through the lines with the active power injection at the nodes.
Additionally, an estimation of the active power loss on the network is obtained via
a linear approximation between the active loads and the active power loss thanks to
the matrix XP−loss. This OPF model does not consider reactive power.

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XPTDF · P∑
i∈N

PG
i −

∑
i∈N

PD
i = XP−loss · PD

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(F.4)



F.5 Linear-OPF model

In this section, the formulation for the proposed Linear-OPF model is presented.
In this model, an approximation matrix XP establishes a linear relation between
the active power flows through the lines and the injected active power in the nodes.
This relation can be expressed as (PL) = Linear(P ). This model does not consider
any power loss.

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XP · P∑
i∈N

PG
i =

∑
i∈N

PD
i

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

− Pmax
ij ≤ PL

ij ≤ Pmax
ij ∀i, j ∈ N

(F.5)
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F.6 Upgraded Linear-OPF model

In this section, the formulation for the upgraded Linear-OPF proposed model
is presented. In this model, two approximation matrices, XP and XQ, establish a
linear relation between the power flows through the lines and the injected power in
the nodes for the active and reactive powers, respectively. These relations can be
expressed as (PL) = Linear(P ) and (QL) = Linear(Q). Additionally, an estimation
of the active and reactive power losses on the network are obtained via a linear
approximation between the loads (active and reactive) and the power losses (active
and reactive) thanks to the matrices XP−loss and XQ−loss.

min
∑
i∈G

Ci(P
G
i )

s.t. PL = XP · P
QL = XQ ·Q∑
i∈N

PG
i −

∑
i∈N

PD
i = XP−loss · PD

∑
i∈N

QG
i −

∑
i∈N

QD
i = XQ−loss ·QD

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

QG,min
i ≤ QG

i ≤ QG,max
i ∀i ∈ N

(PL
ij )

2 + (QL
ij)

2 ≤ (Smax
ij )2 ∀i, j ∈ N

(F.6)



F.7 PgenSlack-OPF

In this section, the AC-restoration PgenSlack-OPF procedure is presented. Given
an active generation profile PG,OPF obtained from an approximate solution of a
linear OPF model, this formulation finds the values of the slack variable ΔP that
allows to recover an AC-feasible solution from an approximate solution of a linear
OPF model.

min
∑
i∈G

(ΔPG
i )2

s.t. PG
i = PG,OPF

i +ΔPG
i ∀i ∈ N

PL
ij = ViVj[Gij cos(θi − θj) + Bij sin(θi − θj)]−GijV

2
i ∀i, j ∈ N

QL
ij = ViVj[Gij sin(θi − θj)− Bij cos(θi − θj)] + (Bij − bsij)V

2
i ∀i, j ∈ N

PG
i − PD

i =
∑
j∈Mi

Pij ∀i ∈ N

QG
i −QD

i =
∑
j∈Mi

Qij ∀i ∈ N

PG,min
i ≤ PG

i ≤ PG,max
i ∀i ∈ N

QG,min
i ≤ QG

i ≤ QG,max
i ∀i ∈ N

V min
i ≤ Vi ≤ V max

i ∀i ∈ N

θmin
i ≤ θi ≤ θmax

i ∀i ∈ N

(PL
ij )

2 + (QL
ij)

2 ≤ (Smax
ij )2 ∀i, j ∈ N

(F.7)
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