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ABSTRACT. We introduce certain functors from the category of commutative
rings (and related categories) to that of Z-algebras (not necessarily associative
or commutative). One of the motivating examples is the Leavitt path algebra
functor R — Lg(E) for a given graph E. Our goal is to find “descending”
isomorphism results of the type: if .#,¥4 are algebra functors and K C K’
a field extension, under what conditions an isomorphism % (K') = 4 (K’) of
K’-algebras implies the existence of an isomorphism .Z(K) = ¢(K) of K-
algebras? We find some positive answers to that problem for the so-called
“extension invariant functors” which include the functors associated to Leavitt
path algebras, Steinberg algebras, path algebras, group algebras, evolution
algebras and others. For our purposes, we employ an extension of the Hilbert’s
Nullstellensatz Theorem for polynomials in possibly infinitely many variables,
as one of our main tools. We also remark that for extension invariant functors
F,%9, an isomorphism % (H) = ¢ (H), for some K-algebra H endowed with
an augmentation, implies the existence of an isomorphism .#(S) = ¢(S) for
any commutative and unital K-algebra S.

1. INTRODUCTION

One of the isomorphism problems for Leavitt path algebras is the following:
when E; and FEy are graphs, K a field and Lx(E;) & Lk (FE>) is an isomorphism
of K-algebras, not necessarily preserving the diagonal and not necessarily graded,
can we have a K'-algebra isomorphism Ly (E;) & Ly (FE3) for some other field
K’'? In the literature, there are positive answers to closely related problems. For
example, in [5] it is proved that the graph groupoids of directed graphs F; and
F are topologically isomorphic if and only if there is a diagonal-preserving ring
x-isomorphism between the Leavitt path algebras of Fy and E5. More generally,
we can find questions dealing with the equivalence between the existence of graded
isomorphism of groupoids and diagonal-preserving graded isomorphism of Steinberg
algebras, like in the works [2], [6] and [8]. Another isomorphism-type problem is
the following: assume K C K’ is a field extension and Lg/(E;) & Lk/(E2) an
isomorphism of K’-algebras (not necessarily preserving the diagonal). We would like
to know under what conditions the above isomorphism implies the existence of an
isomorphism L (F7) & Lk (F5). This kind of results could be termed “descending
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conditions for isomorphism”. In case such a descending isomorphism condition
exists for an extension KX C K’, then Lg/(E;) = L/ (F3) implies Lgn(E;) =
L (Es3) for any superfield K D K. When trying to give partial solutions to these
questions, we find that there is no need to focus on Leavitt path algebras. We
can answer them using suitable functors which the Leavitt path algebra functor
R — Lg(FE) is a particular case of. Such are the so-called extension invariant
functors. One of the main tools that we use is the Hilbert’s Nullstellensatz Theorem
for polynomials with possibly infinitely many variables. This is a result of S. Lang [7]
which generalizes the classical Nullstellensatz Theorem but imposes an additional
condition on the cardinal of the ground field.

The paper is organized as follows: in Section 2 we first introduce the concept of
algebra functor and, in Definition 2.1, we establish what is the K-algebra functor
A for a certain K-algebra A. On the one hand, in Definition 2.2, we introduce
the extension invariant functors, which will generalize the “nice” condition that
the Leavitt path algebras satisfy. In fact, we will see that the extension invariant
functors are precisely those of the form A for a certain K-algebra A. On the other
hand, in Corollary 2.5 we remark that, for extension invariant functors .%,¥, once
we have an isomorphism .7 (H) = ¢(H) for some K-algebra H with an augmen-
tation, this induces an isomorphism #(K) = ¢(K). Hence Z#(S) = ¥4(S) for
every commutative and unital K-algebra S. Besides, we will illustrate, in Example
2.8, an algebra functor which is not extension invariant thanks to derivations of
an algebra. In Subsection 2.1, we include some well-known interesting examples of
algebras which provide extension invariant algebra functors. It is worth to mention
that they are the main motivation for the results presented in this work. As a first
corollary we get that for any two graphs E1, Fs and any K-algebra H endowed
with an augmentation, then Ly (FE;) & Ly (FE2) if and only if Li(E;) & Li(Es)
(see Corollary 2.9).

Next, in Section 3, we will present the key to develop our machinery for the
isomorphism theorems. According to [7], the Hilbert’s Nullstellensatz Theorem
can be given in terms of infinite indeterminates. To achieve the hypotheses for
Theorem 3.1, it is necessary that either the set of indeterminates is finite (in fact,
the original Hilbert’s Nullstellensatz Theorem) or that the transcendence degree of
the ground field over its prime one has cardinality strictly higher than the number
of variables. To unify those hypotheses in a single condition, we introduce Lemmas
3.2 and 3.4. This new environment consists of that the cardinal of the ground
field is strictly higher that the cardinal of the set of indeterminates. The original
paper [7] by S. Lang informs that I. Kaplansky obtained independently the result,
but the equivalent formulation of Kaplansky was slightly different and did not use
transcendence degree. Since Kaplansky never published his work, this encourages
us to include the proofs of Lemmas 3.2 and 3.4.

The remaining two sections are devoted, one for the finite dimensional issue
(Section 4) and the other for the infinite one (Section 5). The first case gives us a
better understanding of the general one. The idea in both situations is analogous:
we need to translate respectively the isomorphism problem into the existence of
zeros of a certain ideal of polynomials. This corresponds to Proposition 4.1 and
Corollary 4.2, for the finite dimensional case, and Proposition 5.1, for the general
one. For the finite dimension, as a consequence of Theorem 3.1 and Corollary 4.2, we
prove Theorem 4.3 where for a field extension K C F with K algebraically closed,
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the isomorphism between A ®x F and B®g F (as F-algebras) is equivalent to the
isomorphism between A and B (as K-algebras). From this main assertion, varying
the hypotheses on the field extensions, it will be derived a series of Corollaries
4.5, 4.6, 4.7. We complete the finite dimensional case by establishing the previous
assertions in terms of extension invariant algebra functors giving a more global
vision of the problem; these are Theorems 4.8 and 4.9. In particular, in order to
highlight our motivation, we assert Corollary 4.10 and Corollary 4.11 in terms of
relative Cohn path algebras.

The same idea is pursued in the infinite-dimensional section by Theorem 5.2.
However, we need the additional hypothesis that the cardinal of the ground field K
is strictly higher that the dimension of the algebras. This hypothesis is essential in
order to apply the Hilbert’s Nullstellensatz Theorem for infinitely many variables.
Along the lines of the finite dimensional case, Corollaries 5.3, 5.4 and 5.5 are followed
jointly with a functorial interpretation for those extension invariant ones (Theorem
5.6 and Theorem 5.7). Due to the fact that Leavitt path algebras become our
major motivation, we include results that could be stated in the general setting of
extension invariant functors, but that we expose in our particular favorite ambient.
So, for instance, for countable graphs E; and F,, an uncountable algebraically
closed field K and K C Fi, Fy, then Ly, (E1) & Lp, (E2) if and only if Lp, (Eq) &
Lp,(E;) (Corollary 5.8).

2. PRELIMINARIES AND FIRST RESULTS

For a commutative, associative and unital ring K denote by alg, the category
of associative and commutative K-algebras with non-zero unit (and unit preserv-
ing homomorphisms). We will also use the category Alg, of all K-algebras (not
necessarily associative, commutative or unital). A functor .% : alg; — Alg, such
that #(R) is an R-algebra for any R € algy will be called a K-algebra functor.
We will identify the category alg, with the category of (associative commutative
and unital) rings, usually denoted rng. Some well-known examples are in order.
Take a positive integer n and consider the functor M, : rng — Alg, such that
M, (R) is the R-algebra of n x n matrices with coefficients in R with the usual
matrix product. This functor produces associative algebras but this is not true for
the functor sl,,: rng — Alg; such that sl,, (R) is defined as the set of all zero-trace
matrices of M, (R) with the Lie product [x,y] := zy — yx for any x,y. Another
source of algebra functors, that we will use in the sequel, is the following:

Definition 2.1. Let A € Algy, we are able to define the K-algebra functor
A: alg, — Algy given by A(R) := A®g R = Ag. Furthermore, for any
R,R € algy, if a: R — R’ is a morphism in algy, then A(a): A(R) — A(R’) is
defined as A(a) =1 ®k a: AQg R — A®k R’ such that a Qi r — a Qk ar).

When it is understood by the context, the tensor product will be simply denoted
by ® instead of ®f.

As we previously mentioned, this set of functors are well behaved. If K is a
commutative and unital ring, R € algg, S € algp and A € Algy, then it is
straightforward to prove that (A®x R)®r S 2 AQk (R®g S). As a consequence,
(AR)s = Ag as S-algebras. For more details, define wrs: (Ar)s — As the isomor-
phism (of S-algebras) such that wrs((a @k 1) ®r s) := a @ rs. This isomorphism
is natural in S, that is, for any § € homag, (S, S’) we have the commutativity of
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the diagram:
(Ar)s —% Ag
(1) 1AR®R/6J/ l1A®Kﬁ
(AR)S’ W AS’
One important property associated to K-algebra functors that we will use along
this work, is introduced now.

Definition 2.2. Let K be a commutative and unital ring. A K-algebra functor
Z : alg; — Alg is said to be extension invariant if for every R € alg there is
an R-algebra isomorphism 7r: % (R) — % (K) ®k R in Algj which is natural in
R, that is, for any a: R — R’ homomorphism between R, R’ € alg the following
diagram is commutative:

F(R) —— F(K)®k R
(2) Q(Q)J le(m@)xa
F(R) — F(K)®g R

Proposition 2.3. If % is an extension invariant functor, then 7 (S) =2 Z(R)®rS
as S-algebras for any R € algy and S € alggp. Furthermore, the above isomorphism
can be chosen to be natural in S.

Proof. The isomorphism is the composition 74 Ywrs(TR ® 1g) and it is natural in
S because for any homomorphism of R-algebras 3: S — S’, we have the commu-
tativity of the three squares in the diagram:

F(R)9r S5 25 (F(K)®k R) ®r S 255 F(K) @k S i F(S)
1L¢<R)®Rﬂl 1«z<x>®R®Rﬁl Lg(K)@Kﬁl - L?(ﬁ)
F(R)or S "8 (F(K) ok R)or &' 20 F(K) ok 5~ F(S)
because of the commutativity of (1) and (2). O

Remark 2.4. Observe that if % : alg, — Alg, is a K-algebra functor which
is extension invariant, we can consider .7 (K) as a K-algebra, then .# =~ Z(K).
Conversely, if A € Algy, then the functor A is extension invariant. That is, the ex-
tension invariant functors are precisely those algebra functors which are (naturally)
isomorphic to some A.

Corollary 2.5. If #,9: alg;, — Alg, are extension invariant functors and
p: R — S a homomorphism in alg, then #(R) = 9(R) implies F(S) =2 4(95).
In particular for R € algg, if we have an homomorphism : R — K, then
F(R) = 9(R) implies that F (K) = 9(K), which means that F(S) = 4(S) for
every S € algy.

Note that Corollary 2.5 is true for any Hopf algebra since by definition a Hopf
algebra is endowed with a homomorphism to the ground field (see [9, Section 1.4
(page 8)]). In other words, we can verify that two extension invariant functors are
isomorphic just by checking in a Hopf algebra (for instance in a group algebra). It
will be considered below in subsection 2.1.
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Next, we recall an extension algebra functor from which we will derive some
subfunctors (derivations, centroid).

Example 2.6. Let now V be a vector space over a field K and denote by End g (V)
the K-algebra of all K-linear maps V. — V. If R € algy, we will also denote
Endgr(Vg) the R-algebra of all R-module endomorphisms Vg — Vg. There is a
functor &: alg;, — Alg, such that &(R) := Endg(Vg) and for any a: R — R’ (in
alg;) we have &(«): Endgr(Vr) — Endg/(Vr/) given by &(«)(T) = T’ such that
T": Vg — Vg is defined by T'(v®1) := (1@ a)T(v® 1) whenever T' € Endg(Vg).
We will call & the endomorphism functor. This algebra functor is well-known and
it is easy to prove that is extension invariant thanks to the natural isomorphism
Q: End(V) ® R — End(Vg), such that QT @ r)(v® s) = T(v) @ rs.

Example 2.7. For an algebra A over a unital commutative associative ring K, the
centroid of A is the space of K-linear transformations T" on A such that T'(ab) =
aT(b) = T(a)b for all a,b € A and we will denote it by C(A). Besides, the center
of A is the set Z(A) := {a € A: ax = za for all x € A}. If A is an associative,
unital K-algebra we have that Z(A) = C(A). So, the subfunctor .#: alg, —
Alg of the endomorphism functor & such that Z#(R) := C(Ag) is extension
invariant. If we consider the K-algebra A = M (K), where M., (K) denotes the
set of infinite square matrices with a finite number of nonzero entries over K, though
A is not unital, the functor % is still extension invariant. Indeed, it is well known
that C(Ar) = R - 14, and so the isomorphism 7r: C(Ar) - C(Ak) ® R is just
Tr(rla,) = 14 ® r which is natural in R.

The following example gives an algebra functor which is not extension invariant.

Example 2.8. Denote by Der the derivations of the corresponding algebra, that is
to say, all the linear applications d satisfying d(ab) = ad(b) +d(a)b for any elements
a, b in the algebra. Let us consider a perfect finite-dimensional nontrivial K-algebra
U, it can be proved that R — Der(Ug) is the object map of a functor % : alg; —
Alg,; which is a subfunctor of the endomorphism functor ®. This functor is not
extension invariant. Observe that #(K) = Der(Ux) = Der(U). Following [3,
Theorem 1] or [4, Remark 2.31] we have that Der(U ® K|z]) = (Der(U) @ K[z]) @
(C(U) ® Der(K|z])). Taking into account that Der(K[z]) # 0 and C(U) # 0 we
have that .7 (K|x]) 2 % (K)®k K|[z]. In fact, this construction gives us an example
of a non extension invariant subfunctor of an extension invariant functor.

2.1. Path, Cohn path, Leavitt path, Steinberg and evolution algebra
functors and others. In this subsection, we will explore some interesting ex-
amples of extension invariant functors which, in fact, are not subfunctors of endo-
morphims. We are talking about the path, Leavitt path, Cohn path and Steinberg
algebra functors among others.

First, a bunch of algebra functors is provided by the many different graph al-
gebras which one can associate to a directed graph E. A directed graph E =
(E°, E',r, s) consists of two sets E® and E'! and functions r,s: E' — E°. The
elements of E° are called vertices and the elements of E' edges. We will mention
that a graph FE is finite (respectively countable) if |[E° U E'| < co where |- | denotes
the cardinal of the corresponding set (respectively |EY U E1| < Rg). A vertex v is
called a regular vertez if s71(v) is a finite non-empty set. The set of regular vertices
is denoted by Reg(E). A path of length n in E is a sequence ejes . . . e, of edges in
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E such that r(e;) = s(ej41) fori € {1,2,...,n—1}. If £ is a path of length n, then
we write |£| = n. We consider vertices in E° as paths of length zero. The set of
all finite paths of length n is denoted by E™ and we let Path(F) = US> E™. For
instance, for R € rng, consider the path algebra RE as the free R-algebra generated
by the sets E° U E! with relations:

(V) vw = §, v for v,w € E°,
(E1) s(e)e =er(e) =e for e € E',

that is, RE = {>_,.;ri\i : 73 € R, \; € Path(E) and |I] finite}. This suggests the
definition of the functor PE: rng — Alg, given by R +— RE and if a: R — R’ is
a morphism in rng, then PE(a) (}-,c;midi) = > ;c; (ri)A;i. It is well known that
PFE is an extension invariant functor.

Denote by Xg any subset of Reg(E) or by X if there is no confusion. The Cohn
path algebra of E relative to X g, denoted C’})%(E(E), is the free R-algebra generated
by the sets E° U E' U {e* | e € E'} with relations (V), (E1) and:

(E2) r(e)e* = e*s(e) = e* for e € EY,
(CK1) e*f = 6. ¢r(e) for e, f € B! and,
(XCK2) v =3 cs-1(y €€ for every vertex v € X.

As a consequence, we have that the Cohn path algebra Cgr(FE) corresponds to
Cr(E) = C%(E) and the Leavitt path algebra Lr(E) to Lr(E) = C’geg(E)(E).
We have that every element of C# (E) can be represented as a sum of the form
St a3 for some n € N, paths «;, 3; such that 7(o;) = r(8;), and r; € R for
every ¢ = 1,...,n. For more details about these graph algebras see [1, Chapter 1].
These algebras provide functors C* (E): rng — Alg, such that R — Cj (E). In
particular, we have CR¢()(E) = L(E): rng — Alg, such that R+ Lp(FE). As
an important fact, by [1, Corollary 1.5.14], we have that C (E) = Cx (E) ®r S
for any unital commutative ring R and any unital commutative R-algebra S. It
is easy to check that this isomorphism is natural, therefore the functor C*(E) is
extension invariant.

At the same time, we may give another example of functors provided by Steinberg
algebras. Let G be a groupoid, that is, G generalizes the concept of group being
the binary operation only partially defined. The unit space of G, denoted by G(®,
is GO = {yy1: v € G} = {y 'y: v € G}. Groupoid source and range maps
t,5: G — G are defined by s(y) = v~y and t(y) = vy~!. Steinberg algebras
are algebras associated to Hausdorff ample groupoids. We briefly remind their
construction. First, a topological groupoid is a groupoid equipped with a topology
such that composition and inversion are continuous. An open subset B of a groupoid
G is an open bisection if v and s restricted to B are homeomorphisms onto an open
subset of G(9. A topological groupoid is said to be ample if there is a basis for its
topology consisting of compact open bisections. So at the end, suppose that G is
a Hausdorff ample groupoid and R € rng, the Steinberg algebra associated to G,
denoted Agr(G), is the R-algebra of all locally constant functions f: G — R such
that suppf = {y € G: f(y) # 0} is compact. For f € Ar(G), we have that suppf
is both compact and open. Thus we have

ARr(G) =span{lp: B is a compact open bisection}
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where 1g: G — R is the characteristic function of B. Addition and scalar mul-
tiplication in Ar(G) are defined pointwise and multiplication is given by convo-
lution such that for compact open bisections B and D we have 1glp = 1gp.
These algebras provide functors 2A(G): rng — Alg, such that R — Agr(G).
And for an homomorphism a: R — R’ we define A(G)(«a): Ar(G) = Ar/(G)
as A(Q)(a) (>, milp,) = >, a(ri)1p,. It can be proved that this is an extension
invariant functor.

Let & be an evolution K-algebra for a ring K, this is nothing but a K-algebra
which is free as a K-module and has a basis {v;}ier such that v;v; = 0 when
i # j. Then, if we define as before the functor &: alg, — Alg, such that
E(R) = 6r = & ®k R, it turns out that £(R) is an evolution algebra. In case
K = Z we can consider the functor &: rng — Alg, so that &£(R) = & ®z R. In
particular for the functor &: algy, — Algy, it can be applied Remark 2.4.

Finally, if G is a group and K a ring we may consider the group ring functor
KG': algy — Algy such that R — RG. For any o € homgyg, (R, R'), we define
KG(a) (>, 759:) =, afri)g; for r; € R and g; € G. Again, Remark 2.4 applies.

Since any group algebra is a Hopf algebra, observe that we are in the conditions of
Corollary 2.5: we deduce that if for some group G and extension invariant functors
F and ¢ we have #(KG) = 9(KQG), then .#(S) = ¥(S) for any S € algy.

Also, as a consequence of Corollary 2.5 and due to the fact that the Leavitt path
algebra functor is extension invariant, we conclude our first isomorphism result in
the following context:

Corollary 2.9. If By and Ey are graphs and H any K-algebra endowed with an
augmentation (in particular any group K-algebra), then Ly (E1) = Ly (Es) if and
only if L (E1) = Ly (E>).

For instance, if H is a polynomial K-algebra K|x1,...,x,] or a Laurent polyno-
mial K-algebra K[xft, .. ,a;?f], both of which are Hopf algebras, Ly (F1) = Ly (FE>)

implies LK(El) = LK(EQ)

3. ON THE HILBERT’S NULLSTELLENSATZ THEOREM

Let o7 be an indexing set. Consider K|z,] the polynomial ring in the indeter-
minates {2, }acer With coefficients in the field K and an ideal i< K|z,]. Following
[7], a zero of i is an element (£,)acr Where each &, is in some extension field of K
such that p(£,) = 0 for all p € i. A zero of i will be called algebraic if all &, lie in
K. The set of all algebraic zeros of an ideal i will be called the variety defined by i
(usually denoted V (1)), concretely

V(i) ={a € K“: p(a) = 0 for any p € i}.

The Hilbert’s Nullstellensatz Theorem is in general not valid if the number of
indeterminates is infinite. However, the main result of [7], that we recall in this
section for self-containedness, holds.

Theorem 3.1. [7] Let K be an algebraically closed field and {xs} a set of indeter-
minates indexed by </ . The following three statements are equivalent:

S1. If i is an ideal of K[zs] and p € K|x,] vanishes on the variety defined by
i, then p™ € i for some integer m.
S2. Ifiis an ideal of K|x,] and i # Klx,], then i has an algebraic zero.
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S53. A ring extension K[£,] by elements &, in some extension field of K is a
field if and only if all &, lie in K.
Furthermore, the three statements hold if one of the following two conditions is
satisfied:
(i) < is a finite set.
(i) Let o/ have cardinality a. Let the transcendence degree of K over the prime
field Q have cardinality b. Then a < b.

As pointed out by S. Lang in his paper [7], Professor I. Kaplansky informed him
that he had obtained the above theorem independently. It is also mentioned in [7]
that the two conditions (i) and (4i) can be replaced by the single condition that the
cardinality of the field K itself should be greater than the cardinality of «/. We
include a proof for self-containedness.

Lemma 3.2. If Q is a finite field or the field of rationals and {x4}acw an infinite
set of variables, then the extension field Q(xs) of Q containing all the indetermi-
nates To, has cardinal |27 |. As a consequence, if {b; }ics is an infinite transcendence
basis of an extension field K D Q, the cardinals of the fields Q(b;) and K are also
|I|. In particular, if a field K has transcendence degree over its prime field greater
than a given infinite cardinal b, then |K| > b too.

Proof. Since {Ta}aco C Q(zq) we have || < |Q(z4)|- The polynomial ring in
all the indeterminates Qx| has cardinal |</|. Furthermore, the field of rational
functions Q(x,) has the same cardinal |<7|. Note that if we have an extension of
fields such as the smallest field is infinite and the largest one is algebraic over the
first, then it is well known that both fields have the same cardinal. Consequently,
since K is algebraic over Q(b;) (and this is infinite) we have |K| = |Q(b;)| = [I|. O

Remark 3.3. Consider a field Q with |Q] = Rg. If {b1,...,b,} is a finite transcen-
dence basis of the extension K D @, then the cardinal of Q(by,...,b,) is V.

Next, we have a converse for the Lemma 3.2:

Lemma 3.4. Let K be a field and {Zo}aco an infinite set of indeterminates. If
|K| > ||, then the transcendence degree of K over its prime field is greater than
||
Proof. Assume |K| > |&/| and & is not finite. Let {b;};cs be a transcendence basis
of K over @ and b the transcendence degree of K over @ (so b = |{b;}ic1|). Since
K is algebraic over Q(b;) we have
(3) K| < No|Q(b:)]
This last assertion is true because we are able to construct an injective application
between the set of equivalence classes of elements of K with the same minimal
polynomial and the set of polynomials in Q(b;). If b is infinite we apply Lemma
3.2. From (3) we obtain |K| < b. Since |#/| < |K| we get the result.

Next, we prove that b is necessarily infinite. If b is finite, |Q(b;)| = |Q| = No
(Remark 3.3) but |K| > Ny by hypothesis. Then equation (3) gives Ry < |K| <
N2 = Ry which is a contradiction. O

In view of the results of the previous Lemmas 3.2 and 3.4 we can replace item
(#i) of Theorem 3.1 for this another one:

(4) (i)’ Let o have cardinal a. Let b be the cardinal of the field K. Then a < b.
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4. THE FINITE DIMENSIONAL CASE

In this section A will denote an algebra (associative or not) over a field K. Let
A be a finite indexing set. For a basis Z = {e; }ica of A (as a K-vector space), the
structure constants {fyfj}i,j7ke/\ relative to the basis # are those elements 'yfj eK
such that e;ej; =, o ijek for every 4,j € A. For every pair (i,j) € A x A, denote
the set Ay; == {k € A | 75 # 0} and by @ the prime field contained in K. Assume
that the structure constants satisfy 'yfj € Q. Define ®;c5Qe; and more generally
for any associative, commutative and unital Q-algebra R define @;c5 Re;, which is
an R-algebra with the same structure constants (embedding @ in R). Note that
DieaRe; = (BienQei) ®g R as R-algebras. Furthermore, ®;cpKe; = A and for
any field extension F' O K we have @;cpFe; 2 ARy F = Ap as F-algebras. This
is the usual scalar extension.

Note that the isomorphism question for finite-dimensional algebras can be trans-
lated into a problem of existence of zeros for suitable systems of algebraic equations.
This is formulated in the next proposition.

Proposition 4.1. Let A and B be finite dimensional K -algebras with bases B4 =
{eitien and By = {u;}ticn, respectively. Let {ij}i,j7k7e/\ and {Tl—’;}i%keA be the
structure constants of A and B relative to the bases B4 and Bp, respectively.

Then A and B are isomorphic K-algebras if and only if there exist {tg}i’jeA U
{sg}m-e/\ C K, such that the following equations are satisfied:

Z ijtz = Z Tﬂntﬁt? for every i, j,n € A,

(5) keA l,meA
Z tZsf = dik for every i,k € A.
JEA

Proof. Assume first that f: A — B is an isomorphism of K-algebras. Let tg e K
be such that f(e;) = 37,5 t/u;. The hypothesis of being f a homomorphism of
algebras means f(e;e;) = f(e;)f(e;) for every i,j € A. Then

f (Z ’yfjek> = Ztéul Z 7 Ui,y

keA leA meA
k lLym
E %‘jf(ek) = E tit; Ui,
keA l,meA
k tn _ tltm n
Yij kUn = ilj TimUn -
keA neA I,meA, neA

Then, taking into account the linear independence of the u,’s we have, for any
i) j? n)

Dot =Dt ..

kEA I,meA
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The following step is to impose that f is bijective. If this is the case, f ~! denotes
the inverse of f and f~'(u;) = > sle;, where s] € K. Then
JEA

ei = f 1 fle) = f1 Zt{uj = Z t{s?ek,

JEA J,keEA
hence
i K
Z tz Sj = 5“@
jeA
The converse follows immediately. O

Let A and B be K-algebras having the same finite dimension as K-vector
spaces, and let {’yfj}i,j7k7e,\ and {Ti@}i,j7ke/\ be the structure constants of A and
B, respectively, relative to certain bases indexed in a set A. Consider X =
{T?}ijen U{S]}ijen a set of indeterminates and let K[X] be the K-algebra of
commuting polynomials in the indeterminates of X. For every i,j,n € A, define

— k n n mlpm
Pijn = E Yij L — E Tim 13 T
keA l,meA

and for every i,k € A,
qik = ZTZ]SJk — 6ik-
JEA
Corollary 4.2. In the previous conditions, let ix be the ideal of K[X] generated
by the polynomials of the set Pk := {Dijn}ijnea U {dik}tikea. Then the set of
isomorphisms f : A — B is in one-to-one correspondence with the points of the
algebraic variety V (ix), that is, the common zeros of the polynomials in Py .

Now that we have translated the isomorphism question of finite-dimensional alge-
bras to a problem of varieties, we can exploit the Hilbert’s Nullstellensatz Theorem
in the following result.

Theorem 4.3. Let K C F be a field extension, with K algebraically closed. Con-
sider A and B two K -algebras having finite dimension as K -vector spaces. Then
Ap and Bp are isomorphic as F-algebras if and only if A and B are isomorphic
as K-algebras.

Proof. Let X = {T7}i jen U{S7}i jea be a set of commuting indeterminates, and
consider the polynomial algebras K[X] and F[X]. Take, as in Corollary 4.2, the
ideals ix and ip of K[X] and F[X] generated by the polynomials in Px and Pg
respectively. The K-algebra monomorphism ¢: K[X] — F[X] maps ix into iz so
that if 1 € ig, then 1 € ip. If Ap and Bp are isomorphic as F-algebras, then
V(ir) # 0 by Corollary 4.2, which implies 1 ¢ ix. Therefore ix # K[X]| and by
the Hilbert’s Nullstellensatz Theorem we get V (ix) # 0. Again, by Corollary 4.2,
this implies that A and B are isomorphic as K-algebras. ([

Remark 4.4. The hypothesis of being algebraically closed field cannot be elimi-
nated. For example, consider the quaternion division algebra H and Ms(R), which
are non isomorphic R-algebras. However, their complexifications are isomorphic as
C-algebras.
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Firstly, as an immediate consequence of the previous theorem, we contemplate
the case when we have two fields containing another algebraically closed.

Corollary 4.5. Let Fy and Fy be two fields containing an algebraically closed field
K. Consider A and B be two K-algebras with finite dimension. Then Ap, and
Br, are isomorphic as Fi-algebras if and only if Ap, and Br, are isomorphic as
F5-algebras.

Proof. Let us consider Ap, and Bp, as Fj-algebras. By Theorem 4.3 these two
algebras are isomorphic if and only if A and B are isomorphic as K-algebras. Again,
by Theorem 4.3 A and B are isomorphic if and only if Ar, and Bp, are isomorphic
as Fy-algebras. By transitivity, we have our claim. O

Secondly, we may have the situation when two algebraically closed fields contains
another one which is not necessarily algebraically closed.

Corollary 4.6. Let Fy and Fy be two algebraically closed fields containing a field
K. Consider A and B two K -algebras with finite dimension. Then Ap, and Bp, are
isomorphic as Fy-algebras if and only if Ap, and Bp, are isomorphic as Fy-algebras.

Proof. First, we know that if A is a K-algebra and K7, Ko are two fields verify-
ing K C Ky C Ko, then (Ag,)k, = Ak,. Due to the fact that F; and F» are
algebraically closed, it is clear that K C F), F,, with K denoting the algebraic
closure of K. Therefore, we can consider Agz and Bj two K-algebras. We are
now in the conditions of Corollary 4.5 implying (Az)r, = (Bg)r, if and only if
(AR)F'z = (BK)FQ' U

On the other hand, we can establish a more general case but taking into account
that the algebraic closure of the prime field of the smallest one is contained in one
of the largest fields.

Corollary 4.7. Let K C F; fori = 1,2 field extensions. Consider @ the prime field
of K and A and B two K-algebras of finite dimension whose structure constants
(relative to suitable bases) are in Q. Suppose Q C Fs, if Ap, = Bp,, then Ap, =
Bp,.

Proof. Since Ap, = Bp,, then Ap = Bp because K C F\, F5. Applying Corollary
4.6 we have Ap, = Bp,. Suppose {a;} and {b;} are respectively the bases of A and
B as K-algebras with structure constants in Q. Write X = @;Qa; and Y = EBijj
as (J-algebras. Therefore, we have that Xp, = Y}, because Ap, = Bp,. Since
C F,, by Theorem 4.3, X = Y. Finally, Ap, = Bp, considering the fact that

QCF
QCF,. O

M

To end this section, we can restate all the results in terms of algebra functors
which will give a more global vision. To begin with, we show that Theorem 4.3
could be rewritten in a functorial way giving Theorem 4.8. In other words, both
statements are equivalent.

Theorem 4.8. Let K C F be a field extension with K algebraically closed. Let
F,9: alg, — Algy be two extension invariant algebra functors and assume that
F(K) and 9(K) are finite-dimensional as K -algebras. Then #(K) = 9 (K) if and
only if #(F)=¥Y(F).

Proof. Note that it is straightforward considering, in Theorem 4.3, A := Z#(K) and
B :=9(K). O
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Also, as a consequence of Theorem 4.3, we get the following results in terms of
extension invariant functors.

Theorem 4.9. Let #,9: rng — Algy, be two extension invariant algebra functors
and assume that for some field K we have % (K) = 9 (K) isomorphic as finite-
dimensional K-algebras. Let Q be the prime field of K and R any ring containing
Q as a subring. Then F(R) =2 ¥9(R).

Proof. First we take A := .Z(Q) and B := ¢(Q). Since .7 is extension invariant,

F(K) = 4(K) implies .7 (K) = 4(K) as K-algebras. Then, taking into account
that A and B are finite-dimensional Q-algebras, by Theorem 4.3, we know that
F(K) = 9(K) implies .7 (Q) = ¥4(Q) as Q-algebras. Finally #(R) = A®qy R =

B ®g R=%(R) as desired. O

Analogously to the equivalence between Theorem 4.3 and Theorem 4.8, we can
rewrite Corollaries 4.5 and 4.6 in terms of functors. That is, under the correspond-
ing hypotheses (K algebraically closed field and Fy, F5 containing K) in each result,
we have that for F,¥: alg,, — Alg, extension invariant functors it is straight-
forward that .7 (Fy) =2 ¢(Fy) if and only if % (Fy) & 9 (Fz). So we have freedom
to replace a field with another one and still to have an isomorphism, as long as
both contain an algebraically closed one. Respectively for Corollary 4.7 we could
say F(F1) 2 9(Fy) implies F (Fy) = 9 (F»).

We can specialize Theorem 4.9 to any extension invariant functor. Since our
main motivation comes from Leavitt path algebras and related structures (path,
Cohn and Steinberg algebras), we claim:

Corollary 4.10. Let C;El (Ey1) and C;((EZ (E2) be isomorphic finite-dimensional

relative Cohn path algebras. Let Q be the prime field of K, then for any field K' of
the same characteristic that K such that Q C K', we have C’I)((/El (By) = C’I);,Ez (E2)
as K'-algebras.

Also an immediate consequence of Corollary 4.5 for the relative Cohn path al-
gebras is the following:

Corollary 4.11. Let K and K’ be algebraically closed fields of the same char-
acteristic and assume that C’I)((E1 (E1) is finite-dimensional. Then C’]);El (Bp) =

C"2 (Ey) if and only if Ctt (By) 2 Ct? (By).

As a consequence of these results, take for instance an algebraically closed field K
and extensions K C F; for i = 1,2. Then, for finite-dimensional Steinberg algebras
we have Ap, (G1) = Ap, (G2) if and only if Ap,(G1) = Ap,(G2) for groupoids Gy
and Gs. In the same vein, being G; and G2 two finite groups and using the group
ring functors suitably, we have F1G; = F1Gs if and only if FoG = F5Gs.

Being aware that, in the setting of relative Cohn path algebras, the finite-dimen-
sionality imposes a strong restriction to the algebras under study, we will try to
relax the hypothesis on finite-dimensionality of the algebras in the next section.

5. THE INFINITE DIMENSIONAL CASE

Now we will extend some of the results of the previous section to the case in
which the algebras are of arbitrary dimension. Let A and B be K-algebras with
bases B4 = {e;}ien and Bp = {u;}ien respectively. Let f : A — B be an
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isomorphism of K-algebras. Assume f(e;) = > ,cx thu; and f~1(u;) = Dien sle;
for certain {t}; je, {s?}ijer C K. By Isom(A, B) we will understand the set of

jeatiuy and g7 (u;) =

all isomorphisms g from A into B such that if g(e;) = >
djen §gej, then tg = 0 implies ¥, = 0 and sf = 0 implies 57 = 0. Note that, in
particular, f € Isomy(A, B).

As we did in Section 4, we can translate the isomorphism question for infinite-
dimensional algebras in terms of the existence of zeros of a certain ideal of polyno-

mials.
Proposition 5.1. Let A and B be K-algebras with bases B4 = {e;}ien and
PBr = {u;}ien. Let {'yfj}i,jykeA,{Tl%}l’m_’neA be the structure constants of A and

B relative to the bases B4 and By respectively. _
Assume that f : A — B is an isomorphism of K-algebras. Let {t!}; jen and

{Sg}i,jeA be subsets of K such that f(e;) = ZjeA tzuj and f=(u;) = Zje/\ slej.
Define

A ={en|t]£0}, Al ={jeA|s]£0}, %, ={keA|qf#0}

Now, consider a set of indeterminates X = {Tij}i’je,\ U {Sf}i’je,\ and the poly-
nomials

Dijn 1= Z %@T;? - Z Tz%TilT]m7 Qik = Z TijS;C — Gk,

© kex;,; 1eA! men] jeas
6 ) . : 1
rwi= Y SITF -, T/ (G2AD), SIGEAl),
jeal™!

where i, j, k,n € A. Denote by I{( the ideal of K[X] generated by all the polynomials
defined above. Then there is a bijective map from V(Ilf() into Isomy(A, B).

Proof. Note that, by construction, A{ , Alf " and >;,; are finite sets. In particular,
this implies that the polynomials p;jn, ¢ and r;, are well-defined.

Let z = ((t7),(s7)) be a zero in V(If(); given any ¢ € A we have that the
number of nonzero elements in {t7};cx and {s;.j }jen is finite. This allows us to
define g : A — B as the linear map having (tgj ) as the associated matrix relative to
the bases 4 and Zp. Let h: B — A be the linear map whose associated matrix
relative to the bases %p and %4 is (s7). Since z is a zero of the polynomials
in (6), it is clear that g is a homomorphism of K-algebras and that hg = 14
and gh = 1p (similarly to Proposition 4.1). Moreover, taking into account the
construction of g we deduce that g € Isom¢(A, B). This way, we can define a map
@ V(I{() — Isom¢ (A, B) such that z — g.

Conversely, take g € Isom (A, B). Denote by (a!) and by (b/) the matrices of g
and g~ relative to the bases %4 and %p. Notice that

o al =0 ifj¢A]
bl=0 ifjgAl .

Since g is the inverse of g~! (and conversely), we have that z = ((a?), (b)) is a zero

of {qir}iken U{rik}irea. Apply that g is a homomorphism of K-algebras to get

that z is a zero of {pijn}i jnea and also of Tij and Sg because of (7). Thus we can
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define a map : Isom¢(A4, B) — V(I};) and it is not difficult to prove that 1 is the
inverse of ¢, again similarly to Proposition 4.1. ([

Since the algebras we are dealing with are possibly infinite dimensional, in order
to apply Theorem 3.1, we need to consider additional hypothesis about the cardinal
of the ground field to proceed similarly as in Section 4.

Theorem 5.2. Let K C F be a field extension with K algebraically closed. Let A
and B be K-algebras of the same dimension w. Assume that the cardinal of K is
strictly higher than w. Then Ap and Bp are isomorphic as F-algebras if and only
if A and B are isomorphic as K-algebras.

Proof. For the nontrivial part assume that Ap = Bp. Let f: Ap — Bp be an
isomorphism. Let A be a set of cardinal w. Fix bases 4 = {e;}ica of A and
PBr = {u;}tiea of B. Assume that the structure constants of A and B relative to
the bases %4 and HAp are respectively given by:

6i€j = %jek, uiuj = Tijuk.

keA keA

Note that the structure constants of A and B relative to the bases {u;®1};ca and
{e; ®1}ien are in K. Assume that f(e; ®1) =37, tH(u;@1) and f~H(u; @ 1) =
djen si(e; © 1) for any i € A. Define now the sets A, Afk1 and X, ; as in
Proposition 5.1. Consider the set of indeterminates X = {T7}; jea U {57}, jen.
In the polynomial algebras K[X] and F[X], define respectively the ideals I} and
II{: generated by the polynomials p;jn, Gk, Tik, Tij (with j ¢ A{) and Sf (with
jé Azfil). Then V(I1) # 0 whence 1 ¢ If. Observe that I C If because the
polynomials defined as in (6) have their coefficients in K. Thus 1 ¢ I }; implying
v };) # () by Hilbert’s Nullstellensatz Theorem 3.1 taking into account condition
(4). So there is an isomorphism A — B. O

Corollary 5.3. Let Fy and F5 be two fields containing an algebraically closed field
K. Consider A and B two K-algebras with the same dimension w. Suppose that
the cardinal of K is strictly higher than w. Then Ap, and Bp, are isomorphic as
Fi-algebras if and only if Ar, and Br, are isomorphic as Fx-algebras.

Proof. Let us consider Ap, and Bp, as Fj-algebras. By Theorem 5.2 these two
algebras are isomorphic if and only if A and B are isomorphic as K-algebras. Again,
by Theorem 5.2, we have that A and B are isomorphic if and only if Ap, and Bp,
are isomorphic as Fy-algebras. By transitivity, we have our claim. (Il

Corollary 5.4. Let I, and F5 be two algebraically closed fields containing a field
K. Suppose that A and B are two K-algebras with the same dimension w and
the cardinal of K is strictly higher than w. Then A, and Bp, are isomorphic as
Fy-algebras if and only if Ap, and Br, are isomorphic as Fy-algebras.

Proof. Due to the fact that F; and F, are algebraically closed, it is clear that
K C Fy, F,. Therefore, we can consider Ag and By as two K-algebras. Observe
that the cardinal of K is bigger than w. We are now in the conditions of Corollary
5.3 implying (Ag)r, = (Bg)r, if and only if (Az)p, = (Bg)rm,- O
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Corollary 5.5. Let K C F; fori = 1,2 be extension of fields. Consider A and
B two K-algebras with the same dimension w. Suppose that the cardinal of K is
strictly higher than w and K C Fy. If Ap, = Bp, then Ap, = Bp,.

Proof. Since Ap, = Bp,, then A = Bp, taking into account K C Fy. By Corol-
lary 5.3 we have Ag = By. Because of K C F,, we get Ap, = Bp,. g

Finally, we can express the previous results in terms of extension invariant alge-
bra functors. Concretely, Theorem 5.2 gives Theorem 5.6 and from Corollary 5.3
we obtain Theorem 5.7.

Theorem 5.6. Let K C F be a field extension with K algebraically closed. Let
F,9: alg, — Algy be two extension invariant algebra functors and assume that
|K| > dim(#(K)),dim(¥Y(K)). Then Z(K) =9 (K) if and only if F(F) 2 4(F).

Theorem 5.7. Let F; and Fy be two fields containing an algebraically closed
field K. Consider F and 4 two extension invariant algebra functors with |K| >
dim(%# (K)),dim(¥4(K)). Then F#(F1) and 9(F1) are isomorphic as Fi-algebras if
and only if F(Fy) and 9 (Fz) are isomorphic as Fa-algebras.

In fact, if A and B are two K-algebras such that dim(4) = dim(B) = N,
then for any uncountable algebraically closed field K we meet the hypothesis of
Corollary 5.3. For the path algebras, if F; and Fy are countable graphs and K C F;
i = 1,2, we have that F1 E; & FyF, if and only if Fo By & FyFE5. Moreover, for
Steinberg algebras of countable dimension one has Ap, (G1) = Ap (G2) if and
only if Ap,(G1) = Ap,(G2) for groupoids G; and G2. In order to highlight the
corresponding result, in the case of Leavitt path algebras, we establish the following
corollary:

Corollary 5.8. Suppose that E1 and Fo are countable graphs, K an uncountable
algebraically closed field and K C Fy, Fy two field extensions. Then Lp, (Ep) =
L, (E2) if and only if Lp,(E1) & L, (E2).

Note that if K is an uncountable algebraically closed field, F; and E5 count-
able graphs and R, S commutative and unital K-algebras, then Lr(F1) = Lr(E>)
as R-algebras if and only if Lg(E7) = Lg(Es) as S-algebras. Indeed, assuming
Lg(Ey) = Lr(Es) we consider the field K’ = R/m where m is any maximal ideal of
R. We have a field extension K C K’ and from the isomorphism Lg(F1) = Lr(E>)
we deduce an isomorphism L/ (E7) & Lg:(Es) so that Corollary 5.8 implies the
existence of an isomorphism Ly (E;) = Li(F>) whence Lg(E7) & Lg(F»).

Data Availability Statement: The authors confirm that the data supporting
the findings of this study are available within the article.
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