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Low Computational Cost for Multiple Waypoints Trajectory
Planning: A Time-Optimal-Based Approach

Da-hui Lin-Yang,* Francisco Pastor, and Alfonso J. Garcia-Cerezo

In the field of mobile robots, achieving minimum time in executing trajectories is
crucial for applications like delivery, inspection, and search and rescue. In this
article, a novel time-optimal planner based on optimization methods is intro-
duced. Despite the high computational cost associated with such methods, the
solution calculates time-optimal multi-waypoint trajectories, achieving results in
the order of milliseconds. The proposed method formulates a time-optimal
trajectory using the Pontryagin’s maximum principle as a policy. By utilizing a
point mass model, the planner generates trajectories that are adaptable to dif-
ferent robot models. The approach incorporates a definition of a search space to
guarantee convergence while considering the system limits. Simulation and real-
world experiments are performed to validate the feasibility of our method with
different configurations. Simulation results compared to a benchmark method
demonstrate our approach’s superior performance in terms of computational
time, achieving near-optimal solutions. In addition, in the real-world experiments,
the integration of the method into practical applications is validated.

Although they provide high-performance
solutions, time optimization methods
may not be suitable for real-time applica-
tions due to their high computational cost.
Their computation times, which are on the
order of seconds, pose a significant limita-
tion, rendering them unsuitable for closed-
loop execution. This capability is crucial for
achieving advanced interaction and reactiv-
ity in dynamic environments, as exempli-
fied in autonomous driving scenarios.®®

Sometime optimization problems do not
only focus on a single goal, but they rather
involve multiple intermediate waypoints
that the robot must visit in a certain order.
In these particular cases, additional techni-
ques must be included. The multi-waypoint
problem can be addressed by implement-

1. Introduction

The challenge of achieving efficient navigation in the context of
mobile autonomous robotic systems remains an ongoing prob-
lem within the field of robotics research. There are several navi-
gation problems where the performance is directly related to the
time spent to reach a goal, considering energy consumption
issues, or the urgent requirement for fast arrival. These require-
ments are needed in fields such as planetary exploration, deliv-
ery, racing,"”! or search and rescue.”!

The objective of a time-optimal problem is to minimize the
time (T) required to complete a particular task or to fulfill an
objective. Several works have addressed the time-optimal prob-
lem for autonomous navigation using optimization methods,?**
searching the minimum time according to certain constraints.
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ing online allocation techniques, as shown
in ref. [9]. This method simultaneously sol-
ves the time-optimal and time-allocation
problems, providing a minimum time trajectory. However, this
approach introduces additional computational cost per iteration.

Another approach is introduced in ref. [10], where Foehn et al.
proposed a sampling method for time-optimal planning with a
sequence of waypoints. In this method, the planner generates
primitive trajectories over the waypoints to find the optimal solu-
tion. These trajectories are constructed based on a closed-form
solution using a point mass model (PMM).'"! This approach
allows to sample trajectories with minimal computation cost pro-
viding a solution in a low time. Nevertheless, as random sam-
pling is employed, the method could result in suboptimal
trajectories. Recent works use reinforcement learning techni-
ques!? to combine the planning and the control task for prede-
fined racing circuits. These approaches present outstanding
results; however, they are dependable on the training data and
must be retrained for new configurations.

Although optimization-based planners generate optimal solu-
tions, computational times are generally too high for closed-loop
applications. In this work, we present a time-optimal planner
using optimization-based methods with low computational cost.
In addition, the trajectory planner can generate trajectories for
multiple waypoints. Our approach formulates the time-optimal
trajectory mathematically using a bang-bang policy and the
Pontryagin’s maximum principle. We also consider the robot’s
representation as a PMM. With this simplification, the planner
is able to adapt to different robotic systems, providing primitive
trajectories which are tracked by lower level algorithms.
Afterward, we initialize PMM trajectories to connect pairs of
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waypoints, and then, we optimize the trajectories to seek the
minimum time.

Summarizing, the main contributions of this work are as fol-
lows. 1) A time-optimal method that solves a multi-waypoint tra-
jectory planning with low computation cost. To do so, we
optimize a sequence of primitive trajectories subject to waypoints
using the bang-bang policy and the PMM. 2) An initialization
that establishes a search space for the optimization algorithm
to guarantee the convergence of the planner considering the lim-
its of the system. 3) Evaluation and integration of the proposed
method with two experiments carried out in a simulation envi-
ronment and in a real-world scenario.

This article is structured as follows: Section 2 introduces
related works on trajectory planning and, specifically, time-
optimal planning, followed by allocation methods for multi-
waypoints. Section 3 presents the mathematical formulation of
the time-optimal trajectory planning method, along with the pro-
posed optimization strategy. Section 4 details the experiments
conducted in both simulation and real-world environments to
evaluate our method. Section 5 discusses the result of the experi-
ments and validates the proposed planner. Finally, Section 6
relates the conclusions and future research directions of the
article.

2. Related Works
2.1. Efficient Trajectory Planning

The goal of trajectory planning is to find a sequence of states that
allows the robot to move from an initial configuration to a goal,
while satisfying specific criteria. Numerous trajectory planning
techniques have been developed, each with distinct trade-offs
in terms of complexity, efficiency, and safety. The artificial poten-
tial fields method™! is a commonly used approach that offers a
computationally efficient solution to safe navigation within an
environment. Nevertheless, the formation of local minima can
get the robot trapped, limiting its reliability and applicability.
The dynamic window approach!™* is another efficient method
for local trajectory planning, focusing on generating collision-
free paths using velocity commands. However, its effectiveness
diminishes in highly dynamic environments.

Recent advances have focused on model predictive control
(MPC), which provides real-time trajectory optimization and col-
lision avoidance solutions, as demonstrated in ref. [15]. Despite
its effectiveness, the high computational cost of the MPC can
restrict its application in environments with complex dynamics.
An example of these type of environments is the multi-robot
planning problem, where coordination and computational effi-
ciency are critical. To address this issue, a distributed motion
planning approach based on model predictive contouring control
(MPCC) has been proposed in ref. [16].

Machine-learning approaches have also gained significant
attention, offering adaptive and data-driven solutions for trajec-
tory planning. For instance, Sanchez et al.l'"”) explored the poten-
tial of reinforcement learning in motion planning for dynamic
and uncertain environments. Other approaches propose hybrid
solutions, as presented in ref. [18]. This work combines the
robustness of the MPCC with the computational efficiency of
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long short-term memory networks, enabling real-time deci-
sion-making in complex and dynamic environments. Although
the aforementioned methods focus on optimizing control inputs
or identifying the shortest path, none of them are explicitly
designed to minimize the trajectory time.

2.2. Time-Optimal Planning

Two main approaches are considered for time-optimal planners
in the autonomous navigation field: continuous polynomial
representation and discrete state representation. Polynomial rep-
resentations are commonly used to generate continuous time tra-
jectories for differential flat systems.'” These methods are
highly valued for their efficiency and low computational cost,
making them ideal for real-time applications. For instance, in
ref. [20], a trajectory planner based on a polynomial method is
implemented for aggressive quadrotor flights. The proposed
solution efficiently generates trajectories in environments with
obstacles. Another polynomial approach is presented in
ref. [21]. This work implements a fast trajectory planner for
autonomous vehicles, generating high-speed trajectories in
unknown environments; thus, replanning can be conducted.
Despite of their efficiency, these methods only provide subopti-
mal solutions for time-optimal planning due to their inherent
smoothness.

Unlike the polynomial representation, discrete-time approaches
employ mathematical models that emulate the dynamics of real
systems. In the case of discrete-time approaches such as search
and sampling methods, the trajectory is obtained by sampling
the robot inputs and searching for the best sequence state over
a time-discretized interval. First search and sampling methods
employed a linearized model such as in ref. [22]. However, this
solution is limited to being near the linearization zone. Recent
approaches!®! have introduced a search method using motion
primitives based on polynomial trajectories to enable aggressive
quadrotor flights. Despite its high performance, the planner’s
computational time is too high to be used in cluttered environ-
ments. Other search and sampling approaches simplify the sys-
tem’s dynamics to reduce the computational time such as the
algorithm proposed in ref. [24]. Similarly, in ref. [1], time-optimal
trajectories are generated for remote controlled (RC) racing pur-
poses using a bicycle model. However, employing too many dis-
crete time steps is not recommended due to the increment of the
computational cost. Summarizing, sampling and search methods
are not suitable for systems with a significant number of state var-
iables and many time-discretize steps since the computational
time increases significantly.

Among the discrete approaches, optimization-based methods
provide high-quality results that mathematically guarantee an
optimal solution. In contrast to the polynomial method, optimi-
zation methods can choose any input value at each discrete time
step within predefined bounds. In addition, optimization
approaches guarantee an optimal solution compared to sampling
and search algorithms. With all these considerations, it is reason-
able to conclude that optimization methods are the most suitable
for trajectory planners for complex tasks that need high-quality
solutions.’*! However, their main drawback is the substantial
amount of computational time they require. Other methods
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formulate the time-optimal problem with a traverse-dynamics
model, as shown in refs. [7,8]. These approaches consider the
trajectory’s arc length as a progress variable which has to be max-
imized, removing the time variable from the optimization. They
have been proven to be computationally faster than traditional
time-optimal formulations. In fact, Van Loock et al.®) executed
their algorithm with a suitable frequency for autonomous driving
with high velocities. While significant strides have been made in
the development of optimization strategies for time-optimal
planning, the integration of these methodologies into real-time
applications remains a formidable challenge.

2.3. Allocation Time Methods for Multi-Waypoints

Allocation time methods for multi-waypoints involve efficiently
planning trajectories and adjusting speeds to ensure that they
pass through the waypoint constraints. Some approaches use
Heuristic algorithms(®*! to set up the segment times for a poly-
nomial planner. However, the solutions obtained from these
methods are suboptimal. Another consideration is to use itera-
tive optimization methods?” to search for minimum time tra-
jectory for flights. This type of planner can generate safe indoor
routes efficiently, although the polynomial-based approach used
for trajectory planning leads to near time-optimal solutions. A
time-optimal trajectory planner based on optimization methods
has recently been developed in the aerial drone racing field.” It
uses complementary progress constraint (CPC) for the time
allocation problem and the full quadrotor model, and thus, it
obtains a truly time-optimal solution. Nevertheless, the compu-
tational time is considered as high, on the order of several
minutes, for solving the optimization problem. In contrast,
Foehn et al. also presented in ref. [10] a fast time-optimal plan-
ning based on sampled methods for the multi-waypoint prob-
lem. With this approach, the trajectories are generated in a
faster computational time, but they cannot guarantee the mini-
mum time-optimal solution.

3. Time-Optimal Formulation for Multiple
Waypoints

The navigation problem goal is to reach an end state (x,) from an
initial state (x,), generating a feasible trajectory (7). The problem
is commonly represented mathematically as in Equation (1):

minimize T (1a)
st 7(0) = x, (1b)
o(T) = %, (1c)
7(t) € y for t € [0, T) (1d)

where T is the time spent to reach x, and y is a feasible set of
trajectories to transition from the initial state to the final state.
Note that y is dependent on the equations used to model the sys-
tem dynamics.

In this work, we assume the system to be a 3D point-mass
model. Specifically, we represent the translational component
of the system using motion primitives derived from a PMM.
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This assumption is commonly employed in the autonomous nav-
igation field to generate higher-level trajectories for aerial
robots"” or autonomous vehicles.*®!

The dynamics of a 3D point-mass are represented as a double
integrator (p = u), where the state of the system is position (p)
and velocity (v), and the variable control is the acceleration (u).
Since the point-mass model provides a simplified representation
of the system’s dynamics, we can solve the optimization problem
(Equation (1)) individually per axis at first. Then, we unify the
solutions through actuation scaling, which will be described
in detail in Section 3.3.

3.1. Pontryagin’s Maximum Principle

We solve the time-optimal problem using the Pontryagin’s max-
imum principle,*”! which states that acceleration input (u(t)) for
a point-mass has a form of a bang-bang control:

wre  Ymax ifo<t<
”(t)’{fumax ift, <t<T* @)

The optimal control u*(t) for a point-mass takes on the maxi-
mum value u,,,, for the period of time #;, and then it switches to
the minimum value —u,,,, for the remaining time t, = T* — ¢,
or vice versa.

According to the previous policy, as proven in ref. [28], we can
compute the trajectory between two points with the following
expression:

b
P1 =P + Vot + Eumaxt% (3a)
V1 =MW + bumaxtl (3b)
b 2
Py =p1 ity — Eumaxtz (39)
V=V — bumaxtl (3d)

The trajectory of Equation (3) defines the position (p; and p,)
and velocity (v; and v,) at the times ¢; and t,, given an initial state
(Po> vo)- In addition, b is a switching binary parameter that defines
the input policy, taking the values of 1 or —1.

3.2. Time-Optimal Problem for Multi-Waypoints

The time-optimal problem in Section 3 is reformulated, so the
resulting trajectory goes through a sequence of waypoints before
reaching the end state. To do so, a trajectory r with duration T'is
now defined as a subset of trajectories (r;) with their correspond-
ing times (T}). Considering the number of waypoints (wp) to visit
as N, we describe the trajectory as follows:

T={70, 71y -+ Ty -+, TN} .
T={T} T ..., T5, ..., T} €O 12N (4)

Hereinafter, we refer to the subindex i as every subtrajectory
of 7. The solution of the optimization must satisfy the following
requirements. 1) The trajectory z(t) must be continuous over
the time interval ¢ € [0, T]. Consequently, the position of every
7,(T}) must be coincident with 7;,1(0). 2) Similarly, the velocity
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has to be continuous over the time interval t € [0, T]. Therefore,
the velocities of 7;(T}) and 7;,,(0) are coincident. 3) The subtra-
jectory to must start with the actual system state and the subtra-
jectory 7y must finish with the end state.

Following these statements, the optimization of a time-
optimal multi-waypoint problem is formulated as follows:

minimize T = ZN: T (5a)
v A

st 7o(0) = x, (5b)
(Ty) = (5¢)
7,(t;) € y fort; € [0, T (5d)
7 (0) = wp; (5€)
1, 1(T: ) =7,0) forie[1,2, ..., N] (5f)

The subset of trajectories 7; is subject to the definition pre-
sented in Equation (3), constraining the solution exclusively to
a bang-bang policy. Consequently, T depends exclusively on
the velocities in the waypoints.

The optimization problem presented in Equation (5) is
addressed with the PMM, where each axis is solved indepen-
dently. The resulting expression is formulated for an optimiza-
tion problem, leading to

N
mini)r(nize T = ; t, + 1, (6a)
st 70(0) = x, (6b)
(i, +h,) =% (6¢c)
P2, = Wp; (6d)
P2, , = Po, (6e)
V2, = Yy (6f)
Vmin; < V2, < Vinax, (6g)
0<t, (6h)
0<t, (6i)
(3) forallz (6)

where y is the whole set of variables ¢ , t,, p; , v1,, v;, that belongs
to every subtrajectory 7;; and the parameters are the initial state
(x,), final state (x,), and the positions of the intermediate way-
points. To ease the notation, hereinafter, we refer to x, as the
N waypoint position with null velocity.

Algorithm 1 describes the whole process of generating a new
trajectory. The algorithm needs the set of N waypoints and the
initial state of the robot as inputs. We create three lists, each cor-
responding to an axis containing the spatial coordinates of the N
waypoints (line 1). Then, we calculate the initialization values and
specific limits to create a search space 7 (lines 2 and 4) with
CalculateInitialGuess (Algorithm 2). Once the optimization
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Algorithm 1. Optimal 3D trajectory generation.

Input: List of Waypoints wp, Initial State x,
Output: Trajectory 7

(wp*,wp’,wp?) < Split(wp)

b, Vinin, Vinax, ° < CalculatelnitialGuess(wp, x, )
for k € [x,y,2] do

k
5 vl)fmm Vﬁﬂaxv )

(T, 7%) < Solve witheq. (5) Nz

7 < SetSearchSpace([b’

7« Scaling(7, T)
def Scaling(z, T):
forie[0,1,...,N] do
Tmax, < max(T¥, T, T7)
for k € [x,y,2] do
if Tae, > T then
bk« Solve for (3) (6) with 7%, T,
Tf‘ « generate from T, b‘;‘

return v

Algorithm 2. Initial Guess Velocities.

Input: List of Waypoints wp, Initial State x,
Output: Initial Guess (z°)
def CalculatelnitialGuess (wp, x,):
V° « Orientation and Module
for k € [x,y,2] do
Tk, 750 — solv. eq. (3) with wpk, x¥, vke
b, Vinin, Vmax < GetSearchSpaceFrom(z°)

return b, v, Vinay, 7°

process is performed on every axis (line 5), a Scaling procedure
is executed to synchronize the previously computed optimized
times (line 6), denoted as T*, TY, and T%, with the superindex
referring to each axis. This Scaling process will be further
explained in Section 3.3.

The CalculateInitialGuess function and the parameters
Vmin;» Vmax;» b; are defined in the Section 3.4. Note that our planner
uses a reduced list of waypoints and the current robot state to
obtain the trajectory. The reduced list contains only the following
three consecutive waypoints, solving the planning with a reced-
ing horizon approach and reducing computational cost without
significant loss of performance, as demonstrated in ref. [10].

3.3. Unifying Trajectory Times: Scaling Approach

Let us define T* as a list with the optimal times of each axis of a
certain subtrajectory 7;, thus, Ti¥ = (T/*, T, T{). Hereinafter,
the superindex k refers to each axis. A 7; subtrajectory is generally
different for each axis, therefore, T;*, T;?, and T;* will also differ.
To ensure the trajectory planning visits every waypoint, T;¥ must
be coincident on each axis. A scaling solution is applied,
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matching times to the larger traveling time. The next procedure
is explained with a subtrajectory z;, however, it must be applied to
the whole trajectory 7. Considering the maximum time of all the
axes (Ta, = max(Ti¥)) of a 7;, we slow down the faster axes’
policies to impose the same duration for all axes. For this pur-
pose, we introduce a new variable (b, ) that replaces the binary
parameter b of Equation (3). The value of the variable is obtained
by solving the Equation (3) augmented with Equation (7) for each
axis:

85 = T, 7)

The solution for b, must fall within the range [-1, 1] to guar-
antee that acceleration inputs are slowed down.

3.4. Defining Search Space

In this section, we introduce an initialization that ensures the
convergence of Algorithm 1. We assume that the optimal solu-
tion is near to an initial guess (¢°), which is based on certain ini-
tial velocities defined for the set of waypoints (v°):

V=0 .1, N (8)

Therefore, we establish a local search around v° by creating a
bounding box, constraining the search space. The selection of v°
is not random and follows certain specifications.

The system’s velocity space is defined as a sphere and repre-
sents the range of velocities that a certain system can achieve
within its physical limitations, defining the maximum velocity
as v™*, We propose a search space as a box centered in a velocity
v;° € v°. Figure 1 illustrates a two-axis simplification of the veloc-
ity space and the search space.

The domain of the search space (z) must always be inside the
velocity space of the system. Therefore, the velocity v, and the

— Velocity space
—Search space

Y axis

max

! 1 1 1 1

X axis

Figure 1. Velocity space is defined (purple circle) by the set of velocities
that the system is able to reach, being v™# the module of the maximum
velocity allowed. Meanwhile, the search space is defined as the region
inside this domain (blue box) centered in v;° (black arrow).
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size of the boxes are defined according to the maximum velocity
of the system. Leading these considerations, the bounding box
B(v); of the local search is defined as follows:

B): = e R :V]y — v < v} 9)

We define each v,° by setting its module and its orientation.
First, we impose [v;°| = 2v™* and v, = %Vma" to ensure that the
bounding box B(v); remains inside the velocity space, and also to
maximize the search space. These values were chosen to achieve
a balance between both considerations. Then, we propose two
approaches to establish the orientation of each v;° according to
two different applications. Each definition of the orientation will
be further discussed in Section 4.

The bounding box constraints are defined as linear constraints
and introduced to the optimization problem. To do so, we sub-
stitute Equation (6) constraints with the bounding box con-
straints:

ana.x; = V{‘m +v

k __ ko
min; = Vi VI

(10)
v

Additionally, we calculate the values of bf € b; by searching
the minimum time solution solving Equation (3) for each pair
of waypoints. The optimal b¥ is the value that gives the minimum
Tt = t’{} + t’z‘). The variable bf (Section 3.1) is defined as a binary
value for the initialization procedure.

Once each constraint B(v); and the values b; of the whole tra-
jectory ° are calculated, the search space r is completely defined:
Algorithm 2 resumes the aforementioned initialization method,
and its output is employed in line 2 from Algorithm 1 to set the
local optimization.

4. Experiments and Results

Two experiments are carried out to prove the feasibility of the
method. First, we obtain the planned trajectories using the pre-
sented method. A piecewise function of seventh-order polyno-
mials approximates the PMM trajectories to generate feasible
trajectories for the quadrotor. Then, the resulting trajectories
are executed with two different trajectory trackers. The first
experiment is performed in a simulated aerial racing circuit.
The circuit presents several waypoints or gates that must be tra-
versed following a specific sequence. The second experiment is
conducted in the physical world with a real quadrotor. This real-
world experiment introduces practical challenges and unfore-
seen uncertainties, complementing the results obtained from
the simulation.

4.1. Experiment |: Simulation

In this experiment, the trajectory planner is executed in a simu-
lated environment using a racing quadrotor, specifically the king-
fisher quadcopter from ETH Zurich University. The simulation is
run in the Agilicious framework.*®! This simulator is highly
valued due to its capacity to obtain virtually identical results when
employed in real-world experiments. In addition, it implements
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the latest state-of-the-art algorithms for agile flight. The simula-
tion is performed in a laptop with an Intel Core i7-9750H proces-
sor and a GeForce GTX 1650 graphics processing unit with 16 GB
of RAM.

The controller used for tracking the trajectory is a nonlinear
MPC (NMPC), particularly the one described in ref. [30]. This
NMPC uses the full nonlinear model of the quadcopter, enabling
the vehicle to be controlled with body rate and thrust commands.
The implementation is performed using the ACADOS frame-
work®" with the high-performance interior-point method solver.
To ensure that the body rates commanded by the NMPC are
achieved, the quadrotor also uses an incremental nonlinear
dynamic inversion controller in an inner loop.

The simulation consists of a racing circuit defined by seven
gates that must be crossed in a specific order, and the quadrotor
must pass through these gates as quickly as possible. Each gate is
defined as a waypoint. We chose the orientation of each v,° € v°
as the normal vector of the gates to avoid collisions. The other
parameters are summarized in Table 1.

The experiment pretends to compare our solution perfor-
mance with a baseline method. We consider as a baseline the
results obtained from the planner proposed in ref. [9], which
is also evaluated in the same circuit. This planner is a time-
optimal planner that solves the time-allocation problem with
CPC. To the best of our knowledge, this is the highest-quality
time-optimal planner.

Table 1. Experiment | planning parameters.

Parameter Value Description

Vinax 21.5ms™! Maximum velocity
[vi°| 143 ms™! Initial velocity

4 6.21ms™! Constraint velocity
Umax 26 ms~2 Maximum acceleration

www.advintellsyst.com

4.1.1. Trajectory Planning

The PMM trajectory is obtained following Algorithm 1 with pre-
defined constraints following the drone acceleration per axis
specifications (up,,) presented in Table 1.

Figure 2 shows the computed linear accelerations during a full
lap (orange line), with timestamps for each gate. Then, the tra-
jectory is segmented and approximated by a seventh-order poly-
nomial expression (blue line). To enable the tracking of our
polynomial trajectory using NMPC, we use the quadrotor dynam-
ics planning solution introduced by Richter et al.,* which yields
the sequential quadrotor states and controls (thrust and body
rates). The thrust and body rate commands, including the limits
of the quadrotor, are presented in Figure 3.

4.1.2. Comparative Analysis with Baseline Method

In Figure 4, we illustrate the trajectories followed by both the
CPC and our approximated trajectory when applied to the racing
circuit. The trajectories shown belong to a nominal lap, but the
entire simulation consists of three laps. The first and last laps are
used to speed up and slow down the quadrotor, respectively, so
that the transition effects do not impact the timing measure-
ments for tracking experiments (Section 4.1.3). The three-lap
simulation is repeated 20 times to have meaningful statistical
performance metrics.

Table 2 presents a comparative analysis of the trajectory gen-
eration methods based on the polynomial and CPC trajectories
illustrated in Figure 4. Furthermore, the PMM trajectory is also
included in the table for comparison purposes. The time spent to
complete a full lap of the circuit referred to as lap time is
employed as a primary metric to evaluate trajectory quality.
Supplementary metrics, such as error gate, that measure the
minimum distance between a given waypoint and the trajectory,
are also included to enhance the evaluation. Note that the compu-
tational time is measured differently for the CPC method. The
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Figure 2. Linear accelerations for planned trajectories across all axes (X, Y, Z) illustrated with PMM solution in orange and approximated trajectory in

blue for a full lap on the racing circuit.
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Figure 3. Thrust and rate commands derived from the approximated trajectory of the racing circuit within the confines of the quadrotor model’s
limitations.
8 Figure 5 complements the trajectories shown in Figure 4 by
displaying the CPC and the approximated trajectories, with a col-
6 - orbar indicating the velocity profile. This visualization enhances
understanding of velocity variations along the trajectories, offer-
4L |

oL |
4l |
6 —CPC
=T —Our Method|"
o Gate
sl ! \ \ \ \ \ \ \ \
-6 -4 -2 0 2 4 6 8 10 12

X (m)

Figure 4. Visualizing trajectories in the racing circuit: our method (in blue)
versus the CPC method (in red), with gate markers represented by black
circles.

Table 2. Baseline comparison.

CPC PMM Polynomial approximation
Computation time 3045 min 34+0.5% ms 7£0.5% ms
Lap time [s] 6.1 6.4 6.94
Error gate [m] Less than 0.3 0 0
Peak speed [ms~'] 20 20 18.6

CPC trajectory’s computational time refers to the circuit’s full
track. In contrast, our algorithm needs 3 ms to compute a
PMM trajectory with three waypoints, followed by an additional
4 ms to obtain a feasible trajectory. It is also noteworthy that the
lap time and the peak speed remained constant for the 20 experi-
ments as the optimal solution is consistently achieved.
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ing valuable insights into their performance.

4.1.3. Tracking Performance

Our method’s reference is depicted in Figure 6 by a dotted line.
Simultaneously, the tracked simulated position of the quadcopter
is shown with a continuous line with a colorbar of its velocity.
The simulated tracking exhibits an average error of 0.17 m con-
cerning the referenced trajectory and with a maximum peak
velocity of 18.3 ms™1.

To measure the feasibility of the trajectory, we carried out an
evaluation to determine the lap time achieved with this reference.
To compute a reliable lap time, our analysis follows the statistical
method provided by Foehn et al.”! The performed lap time is
7.02 s against 6.94 s from the planned trajectory.

4.2. Experiment 11: Real world

A real-world experiment is tested indoors using the Optitrack
cameras as the motion capture system, with 5 Optitrack
PrimeX 13 and the same laptop used in Section 4.1. The real
experiment consists of passing through a sequence of waypoints
as soon as possible with a real quadrotor. The Crazyflie 2.1 quad-
copter is used in conjunction with a laptop to transmit polyno-
mial trajectories via the Crazyradio PA module. The high-level
commander module generates a collection of states, including
position, velocity, and acceleration, which a cascade PID control-
ler should aim to achieve.

In this case, each v;° orientation for n = 1: N — 1 is defined by
the direction between i and i + 1 waypoints. Table 3 summarizes
the parameters used in the real-world experiment.

Our algorithm is employed in two novel circuits for the real
quadcopter, instead of executing the previously simulated cir-
cuits due to the real-world limitations. In concrete, the real quad-
copter has lower capabilities, particularly in terms of speed.
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Figure 6. Comparison between the reference trajectory (dotted line) and
simulated quadcopter (continuous line). In addition to, the velocity profile
of the system is represented with a colorbar to contrast with the planned
trajectory.

Table 3. Experiment Il planning parameters.

Parameter Value Description

Vemax 0.9ms™! Maximum velocity
[vi° 0.6ms™’ Initial velocity

v 0.26 ms™! Constraint velocity
Umax 22ms™2 Maximum acceleration

Moreover, the capture volume defined by the motion capture sys-
tem is limited. Therefore, the proposed circuits are generated
according to these characteristics. Concerning real-world experi-
ments, we introduce two flight patterns as circuits: an eight-
shaped and a circle. The circle is defined by eight equidistant

Adv. Intell. Syst. 2024, 2400363 2400363 (8 of 10)

waypoints placed at the same height with a radius of one meter.
The eight-shaped circuit is defined by six waypoints distributed at
three different altitudes to increase the circuit’s complexity.

We send the coefficients that describe the polynomial trajec-
tory to the high-level commander, which generates the com-
mands to control the quadrotor (thrust and body rates).

Figure 7 displays the circuit waypoints (dots) and the resulting
trajectory (dotted line) that is passed to the high-level com-
mander, while the tracking position is depicted using a colorbar
indicating the achieved speed. The lap time planned for the circle
circuit is 5.8 s, whereas the Crazyflie completed it in 5.98s. In
contrast, the lap time for the polynomial approach in the
eight-shaped circuit is 7.48 s, while the tracked lap time extended
to 7.62 s. The mean tracking errors of the circle circuit and the
eight-shaped circuit are 2.39 and 4.25 cm, respectively.

5. Discussion

The following subsections provide a detailed analysis of the pro-
posed trajectory planning, highlighting its performance in terms
of optimality, computational efficiency, and feasibility.

5.1. Optimality and Feasibility

In this subsection, the optimality and feasibility of our method’s
solution will be discussed based on the results presented in
Section 4.1.1. As shown in Figure 2, our solution is optimal
as it follows a bang-bang policy between gates, ensuring that
the trajectory satisfies the conditions of Pontryagin’s maximum
principle. It is noteworthy that certain segments of the trajectory
exhibit a lack of switching time (t, = 0), transitioning the bang-
bang policy into a single-saturation action (e.g., X-axis accelera-
tion from gate 1 to 2). In addition, Figure 2 also shows that the
polynomial approximation follows the PMM accelerations with
high accuracy. However, considering that the trajectory is feasi-
ble, there are some discrepancies. Therefore, the polynomial
approximation is a near-time optimal solution. Regarding
Figure 3, it can be observed how the thrust and rate commands
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Figure 7. Waypoints represented by dots define the different circuits. Meanwhile, the planned trajectories are depicted by dotted lines. The tracked results

are shown with a colorbar describing the velocity in each instant.

of the quadcopter, on several occasions, take values close to the
imposed limits; however, they never exceed them.

5.2. Comparative Benchmarking

Here, we will discuss the performance of our method compared
to a baseline method with the results obtained in Section 4.1.2.
On one hand, it is reasonable to conclude that the PMM and the
CPC solutions yield similar trajectories. This statement is sup-
ported by the results presented in Table 2, which show the same
peak speed values and almost equivalent lap times. On the other
hand, the approximated trajectory exhibits a reduced perfor-
mance in contrast to the PMM trajectory, as expected. Still,
the trajectory maintains its quality compared to the CPC solution,
as presented in Figure 5. This performance difference under-
scores a trade-off between optimality and computational effi-
ciency. Although our method results in slightly longer lap
times, it significantly reduces the computational overhead.
Note that our solution is subject to the waypoints by definition;
thus, the waypoints are part of the planned trajectory. In addition,
the CPC method does not have a hard constraint concerning
these waypoints, in fact, the planned trajectory can deviate from
them significantly (a maximum of 0.3m'®)). It is also worth noting
that our method limits the speed in the waypoints due to the
search space, whereas the CPC method does not have this limi-
tation. This restriction is presented in Figure 5, where our tra-
jectory presents lower velocities than the CPC trajectory in the
areas around waypoints. Considering these two constraints, it
is evident that our method will generally present slightly higher
lap times (6.94 s compared to 6.1s of the baseline method).

5.3. Trajectory Tracking

This subsection relates the evaluation of both the simulation and
the real-world experiment results. While the contributions of this
work are not focused on achieving optimal control tracking, it is
important to test the planned trajectories to validate our method.
Figure 6 illustrates the tracking performance of the quadrotor
utilizing the NMPC. Due to the tracking errors caused by the
control delay included in the simulation and unmodeled drag
forces, the simulated quadrotor takes ~0.08 s longer than the
planned time to complete a lap. Even with the presented draw-
backs, the tracking of the simulated circuit is performed with a
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mean error of the order of centimeters, proving the viability of
the trajectory.

The real-world experiments validate the robustness of our
method, considering that the tracking is performed successfully,
as shown in Figure 7. In both experiments, the Crazyflie is able to
track the planned trajectories while subject to our method con-
ditions, maintaining the velocity at the waypoints within the
defined limits. The mean tracking error of both circuits is, simi-
larly as in the simulation experiments, of the order of centi-
meters. Note that Crazyflie’s time performance is slightly
inferior to the simulated experiment (0.18 and 0.24 s for the real
experiments compared to 0.08 s for the simulated experiment).

6. Conclusions and Future Works

This work presented a time-optimal trajectory planning based on
optimization methods for a multi-waypoint navigation problem.
The robot policy has been considered as a point mass with bang-
bang accelerations, resulting in primitive trajectories that are
optimized. The simulation experiments have shown that the per-
formance of the proposed method was slightly lower in terms of
lap times than the CPC; however, our approach has demon-
strated a significantly faster computational time. In addition,
the results of real-world experiments demonstrate the practical
feasibility of our method, validating its implementation in real
systems.

Although in the simulation experiments the quadrotor NMPC
has followed the PMM trajectory successfully, the calculus of the
references has affected the performance of the tracking, resulting
in a higher lap time. Similar issues were presented in the real
experiments. We will explore alternative algorithms, such as
the MPCC algorithm, to enhance the time-optimal tracking per-
formance, considering that it is one of the highest performance
time-optimal trackers in the state of the art. Other interesting
links to our work include autonomous navigation in cluttered
environments, considering that our approach is suitable for
dynamic replanning algorithms.
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