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Abstract
Wedeal with a reverse Carlesonmeasure inequality for the tent spaces of analytic functions in
the unit discD of the complex plane. The tent spaces ofmeasurable functionswere introduced
by Coifman, Meyer and Stein. Let 1 ≤ p, q < ∞ and consider the measurable set G ⊆ D.
We prove a necessary and sufficient condition on G in order to exist a constant K > 0 such
that
∫
T

(∫
�β(ξ)∩G

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ | ≥ K
∫
T

(∫
�1/2(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |,

for any analytic function f in D with the property, the right term of the inequality above is
finite. Here T stands for the unit circle, dm(z) is the area Lebesgue measure in D and �β(ξ)

is the cone-like region

�β(ξ) = {z ∈ D |z| < β} ∪
⋃

|z|<β

[z, ξ), β ∈ (0, 1),

with vertex at ξ ∈ T. This work extends the study of D. Luecking on Bergman spaces to the
analytic tent spaces. We apply this result in order to characterize the closed range property
of the integration operator

Tg( f )(z) =
∫ z

0
f (w)g′(w) dw, z ∈ D,

when acting on the average radial integrability spaces. The Hardy and the Bergman spaces
form part of this family. The function g is a fixed analytic function in the unit disc. The
operator Tg is known as Pommerenke operator. Moreover, for the first time, we provide
examples of symbols g that introduce or not a closed range operator Tg in these spaces.
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1 Introduction

Let H(D) be the class of analytic functions in the unit disc D of the complex plane and
X ⊂ H(D) be a Banach space. Consider a bounded linear operator

Q : X → X.

We call Q bounded below if there is a positive constant C such that

‖Q( f )‖X ≥ C ‖ f ‖X , f ∈ X. (1.1)

An operator that fulfills property (1.1) has closed range and it is not compact. Conversely,
if Q is an one-to-one operator with closed range then it is bounded below. Typical examples
of operators for which the closed range property is equivalent to (1.1) are the composition
operators (see [13]). The same is true for the integration operator

Tg( f )(z) =
∫ z

0
f (ζ ) g′(ζ ) dζ , z ∈ D

and its companion

Sg( f )(z) =
∫ z

0
f ′(ζ ) g(ζ ) dζ , z ∈ D.

The function g ∈ H(D) is called the symbol of the operators. The operator Tg is also known as
Pommerenke operator. If Tg is acting boundedly on a Banach spaceX of analytic functions in
D then condition (1.1) is equivalent to the closed range property. This is also true for Sg under
the following modification. It is clear by its definition that Sg sends the constant functions
to the zero function. Therefore, it makes sense to consider Sg on X/C. Otherwise, it is not
one-to-one. Then, we can state that Sg is bounded below on X/C if and only if it has closed
range inX/C (see [7] ). Consequently, it is natural to look for those symbols g that introduce
bounded below operators on Banach spaces of analytic functions.

The operators Tg, Sg are closely related to the pointwise multiplication operator

Mg( f ) = f · g , f ∈ X,

since

Mg( f ) = f (0)g(0) + Tg( f ) + Sg( f ) , f ∈ X. (1.2)
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Luecking, in [19], considered (1.1) for the Mg in the case of the Bergman spaces. We say
that an f ∈ H(D) belongs to the Bergman space Ap , p ≥ 1 , if

‖ f ‖p
Ap =

∫
D

| f (z)|p dm(z)


| f (0)|p +
∫
D

| f ′(z)|p (1 − |z|2)p dm(z) < ∞, (1.3)

where dm(z) stands for the normalized area Lebesque measure in the unit disc. Through
out this work the notation A 
 B states that there are positive constants k1, k2 such that
k1 A ≤ B ≤ k2 A. If one of the inequalities is true then we use the symbol � . Let now a
g ∈ H∞ that is a bounded analytic function in D. This is exactly the class of symbols that
introduces a bounded multiplication operator in Bergman spaces. Luecking proved that Mg

is bounded below in Ap if and only if there is an η ∈ (0, 1), a δ > 0 and a c > 0 such that

m(Gc ∩ �(α, η)) ≥ δm(�(α, η)) , ∀α ∈ D, (1.4)

where

Gc = {z ∈ D : |g(z)| > c}. (1.5)

The set

�(α, η) =
{
z ∈ D : |φα(z)| =

∣∣∣∣ α − z

1 − ᾱz

∣∣∣∣ < η

}

is the pseudohyperbolic disc with “center” α and “radius” η . It is clear that z ∈ �(α, η) if
and only if α ∈ �(z, η). Moreover,

(1 − |α|) 
 (1 − |z|) , ∀z ∈ �(α, η), (1.6)

and

m(�(α, η)) 
 (1 − |α|)2 . (1.7)

The constants involved in (1.6) and (1.7) depend on η. See [15] for more information
about the pseudohyperbolic metric in D and its properties.

However, the characterization of Mg as a bounded below operator on Ap is actually a
consequence of the main result of [19] according to which, condition (1.4) is equivalent to
a reverse Carleson measure type inequality for Bergman spaces. The following is presented
as “Main Theorem” in [19, p. 2].

Theorem A Let G be a measurable subset of D and p > 0. There is a constant K > 0 such
that ∫

G
| f (z)|p dm(z) ≥ K

∫
D

| f (z)|p dm(z), f ∈ Ap (1.8)

if and only if there is a η ∈ (0, 1) and a δ > 0 such that (1.4) is true.

Employing the Bergman space norm, stated in terms of the derivative as in (1.3), and
Theorem A we can also answer (1.1) for a bounded Sg in X = Ap/C and for a bounded Tg
in X = Ap . We answer the problem in terms of condition (1.4) on the sets (1.5) and on the
sets

Gc = {z ∈ D : |g′(z)| (1 − |z|) > c}
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respectively. We recall that Sg is bounded on Ap if and only if g ∈ H∞. On the other hand,
Tg is bounded if and only if the symbol g belongs to the Bloch space that is

‖ f ‖B = |g(0)| + sup
z∈D

|g′(z)| (1 − |z|2) < ∞

(see [6]).
Anderson, in [7], proved that only the constant symbols introduce a bounded below oper-

ator Tg in the case of the Bloch, the BMOA and in that of the Hardy spaces H p . The BMOA
consists of those f ∈ B that have boundary values almost everywhere in the unit circle which
define a square-integrable function on the unit circle with bounded mean oscillation. We say
that an f ∈ H(D) belongs to H p , 1 ≤ p < ∞, if it has boundary values almost everywhere
in the unit circle and these define a p-integrable function on the unit circle or equivalently if

‖ f ‖p
H p = sup

r∈(0,1)

∫ 2π

0
| f (reiθ )|p dθ < ∞.

In the theory of spaces of analytic functions, the Bloch and the BMOA space stand as
the limit case of Bergman and Hardy spaces respectively when p grows to infinity. More
information about the Bloch and the BMOA space can be found in [16, 27] and for the Hardy
spaces in [14].

Based on the above, someone may come down to the conclusion that (1.1) for Sg , when
acting on the Bloch, the BMOAand theHardy spaces, gets trivial answer too. On the contrary,
Anderson in [7] proves that this not the case when X is the Hilbert Hardy space H2. Due to
the fact that H2 can be identified equivalently in terms of the Littlewood-Paley identity as

‖ f ‖2H2 
 | f (0)|2 +
∫
D

| f ′(z)|2 (1 − |z|) dm(z) < ∞ ,

the author is able to apply the technique used in the case of Bergman spaces and completely
answer the problem as follows. Let a g ∈ H∞, that is, consider Sg to be bounded in H2/C.
The condition (1.4) on the sets (1.5) is necessary and sufficient in order for Sg to be bounded
below in H2/C.

Looking carefully the result of the H2 space and that of Bergman spaces, we can imme-
diately state that Sg is bounded below in H2/C if and only if Sg and Mg are bounded below
in Ap/C and Ap , respectively. However, it is very interesting the following fact. Saying that
Sg is bounded below in H2/C is not equivalent to the boundedness from below of Mg in H2.
The latter is true if and only if the radial limit function of g ∈ H∞ is essentially bounded
away from 0 on T, which is a weaker condition (see [7, p. 93]).

Anderson goes further. He precisely characterizes the bounded functions under discussion.
The functions g ∈ H∞, for which (1.1) is true for Sg in H2/C, are exactly those that can be
factored as

g = B · F,

where B is a finite product of interpolating Blaschke products and F, 1/F ∈ H∞ . In its
turn this is equivalent to the existence of an r > 0 and a η ∈ (0, 1) such that

sup
z∈�(α,η)

|g(z)| > r , ∀α ∈ D.

Finally, he establishes that the boundedness from below of Sg in the B/C is characterized by
the same symbols g like those in the Hardy case (see [7, Theorem 3.9]).
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Recently, Panteris extended the result of Anderson about Sg on H2/C to any Hardy
space H p/C, p > 1 [22]. His approach is based on the use of the following equivalent
characterization of H p due to Calderon (see [23, Theorem 1.3]):

‖ f ‖p
H p 
 | f (0)|p +

∫
T

(∫
�β(ξ)

| f ′(z)|2 dm(z)

)p/2

|dξ | ,

where the symbol T stands for the unit circle and �β(ξ) is the cone-like region

�β(ξ) = {z ∈ D : |z| < β} ∪
⋃

|z|<β

[z, ξ), β ∈ (0, 1),

with vertex at ξ ∈ T. Panteris arrived to the same conclusion as Anderson using appropriately
this tent space expression.He also dealswith the caseX=BMOAand that of theBesov spaces.

Our aim is to extend the study of property (1.1) for Tg and Sg to the more general setting
of the RM(p, q) spaces, 1 ≤ p, q < ∞. The first author, M. Contreras and L. Rodríguez-
Piazza, motivated by the property of bounded radial integrability

sup
θ∈[0,2π ]

∫ 1

0
| f (reiθ )| dr < ∞, (1.9)

introduced in [2] the spaces of average radial integrability RM(p, q).
Let 1 ≤ p, q < ∞, we say that an f ∈ H(D) belongs to RM(p, q) if

‖ f ‖qRM(p,q) = 1

2π

∫ 2π

0

(∫ 1

0
| f (reiθ )|p dr

)q/p

dθ < ∞.

Among them we can identify the Bergman spaces when p = q . This is justified only by
a change in the order of integration. When p �= q , an application of Holder’s inequality
leads to the conclusion that each RM(p, q) space is located in between two Bergman spaces.
Furthermore, when p = ∞, the RM(∞, q) spaces are the Hardy spaces Hq . Condition (1.9),
in terms of the notation used for the spaces of average radial integrability, can be visualized
as the limit case RM(1,∞) and, according to Fejer-Riesz inequality, (1.9) is satisfied by all
f ∈ H1 (see [14]). In [2] it is proved that Hs ⊆ RM(p, q), 1 ≤ p, q < ∞ if and only if
1/s ≤ 1/p + 1/q . On the other hand, the RM(p, q) spaces can be identified to the analytic
tent spaces

AT q
p = H(D) ∩ T q

p ,

for 1 ≤ p, q < ∞ (see [4]). The tent spaces T q
p , 1 ≤ p, q < ∞, consist of those measurable

functions f in D such that

‖ f ‖q
T q
p

=
∫
T

(∫
�1/2(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ | < ∞.

Taking into account all the above, it is natural to consider problem (1.1) for the Sg , Tg
and Mg operators when acting on the RM(p, q) spaces. The key, in order to answer this
question, is the following analogue of (1.8) for the AT q

p spaces. This is our main result.

Theorem 1.1 Let 1 ≤ p, q < +∞ and G ⊂ D be a measurable set. The following assertions
are equivalent:
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(a) There is a β ∈ (0, 1) and a constant K > 0 such that
⎛
⎝
∫
T

(∫
�β(ξ)∩G

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

≥ K

⎛
⎝
∫
T

(∫
�1/2(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

,

for all f ∈ AT q
p .

(b) There exist an η ∈ (0, 1) and a δ > 0 such that

m(G ∩ �(α, η)) ≥ δ m(�(α, η))

for all α ∈ D.

Now, we are in position to characterize the closed range operators Tg , Sg and Mg as follows.

Theorem 1.2 Let 1 ≤ p, q < ∞ and g ∈ B. The operator Tg : RM(p, q) → RM(p, q)

has closed range if and only if there is an η ∈ (0, 1), a δ > 0 and a c > 0 such that

m(Gc ∩ �(α, η)) ≥ δm(�(α, η)), α ∈ D, (1.10)

where Gc = {z ∈ D : |g′(z)|(1 − |z|) > c}.
Theorem 1.3 Let 1 ≤ p, q < ∞ and g ∈ H∞. The following are equivalent:

(1) Mg : RM(p, q) → RM(p, q) has closed range.
(2) Sg : RM(p, q)/C → RM(p, q)/C has closed range.
(3) There is an η ∈ (0, 1), a δ > 0 and a c > 0 such that

m(Gc ∩ �(α, η)) ≥ δm(�(α, η)), α ∈ D,

where Gc = {z ∈ D : |g(z)| > c}.
Notice that the symbols g ∈ H∞ of Theorem 1.3 are explicitly understood by the work
of Anderson. In addition, Anderson proves that the symbols g ∈ BMOA that introduce a
closed range Tg on theHardy spaces are exactly the constant functions. However, the constant
functions are not among the symbols that introduce a closed range Tg on the RM(p, q) spaces
due to Theorem 1.2. As far as we know, there are no examples of Bloch functions that fulfill
condition (1.10). That being the case, we provide for the first time non trivial examples
of functions g ∈ B that serve as symbols of a closed range Tg in the RM(p, q) spaces.
Consequently, these symbols are valid for the case of Bergman spaces too.

Let a g ∈ H(D) defined in terms of lacunary series, that is

g(z) =
∞∑
k=0

akz
nk ,

nk+1

nk
≥ λ > 1.

Recall that g belongs to the Bloch space if and only if {ak} ∈ �∞ (see [8, Lemma 2.1]). We
are able to prove the following

Proposition 1.4 Let 1 ≤ p, q < ∞. There are g ∈ B defined in terms of lacunary series that
introduce a closed range operator Tg : RM(p, q) → RM(p, q).
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On the other hand, we proved that the univalent Bloch functions do not satisfy the condition
(1.10).

This work has the following structure. The first part of Sect. 2 is about the definition
of RM(p, q), AT q

p spaces and their connection. We also present equivalent expressions in
terms of the derivative. These expressions are known in the literature as Littlewood-Paley
type inequalities. In the rest of the section we discuss the background related to the action
of Tg , Sg and Mg on the RM(p, q). In Sect. 3, we introduce the auxiliary lemmas needed
and we present the proofs of Theorem 1.1, Theorem 1.2 and Theorem 1.3. The last section
is devoted to the proof of Proposition 1.4 and to the presentation of the argument that Bloch
univalent functions do not introduce a closed range Tg .

2 Definitions and first properties

In this section we recall the definition of the spaces of analytic functions under discussion.
Moreover, we compile some properties for the sake of being self-contained.

2.1 Average radial integrability spaces

These are the RM(p, q) spaces introduced in [2]. Althoughwe are interested for their Banach
space version, below we present their definition for the full range of the values of p, q .

Definition 2.1 Let 0 < p, q ≤ +∞. We define the spaces of analytic functions

RM(p, q) = { f ∈ H(D) : ρp,q( f ) < +∞}
where

ρp,q( f ) =
(

1

2π

∫ 2π

0

(∫ 1

0
| f (reiθ )|p dr

)q/p

dθ

)1/q

, if p, q < +∞,

ρp,∞( f ) = ess sup
t∈[0,2π)

(∫ 1

0
| f (reiθ )|p dr

)1/p

, if p < +∞,

ρ∞,q( f ) =
(

1

2π

∫ 2π

0

(
sup

r∈[0,1)
| f (reiθ )|

)q

dθ

)1/q

, if q < +∞,

ρ∞,∞( f ) = ‖ f ‖H∞ = sup
z∈D

| f (z)|.

Our interest is restricted to the range 1 ≤ p, q < ∞. These RM(p, q) are Banach spaces
under the norm

‖ f ‖RM(p,q) = ρp,q( f ).

Notice that, when p = q

RM(p, p) ≡ Ap.
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A change in the order of integration is enough to prove it. In any other case, an appropriate
application of Holder’s inequality results to the containments

Ap ⊂ RM(p, q) ⊂ Aq , q < p

or

Aq ⊂ RM(p, q) ⊂ Ap, p < q.

The inclusions are strict.
The case q = ∞ stands for the bounded radial p-integrability of f . It makes no difference

if instead of the essential supremum we use the supremum.
It is worth of mentioning that in the case p = ∞ we have

RM(∞, q) ≡ Hq

due to the fact that the membership of an f in Hq can be equivalently described by the
q-integrability over [0, 2π) of the radial maximal function

R f (eiθ ) = sup
r∈[0,1)

| f (reiθ )|

of the function f (see [14]).
Closing, we recall from [2] the pointwise growth estimates

| f (z)| ≤ C1
‖ f ‖RM(p,q)

(1 − |z|)1/p+1/q , z ∈ D

and

| f ′(z)| ≤ C2
‖ f ‖RM(p,q)

(1 − |z|)1/p+1/q+1 , z ∈ D (2.1)

of the RM(p, q), 1 ≤ p, q < ∞ . The C1,C2 are positive constants independent of f and
z .

2.2 Tent spaces

The work of Coifman, Meyer and Stein is considered as the starting point of the study of tent
spaces [12]. Since then, they have been widely studied by many authors (see, e.g., [9, 11, 17,
18, 20, 21, 24]).

Let a ξ ∈ T. We define the cone-like region

�1/2(ξ) = {
z ∈ D : |z| < 1/2

} ∪
⋃

|z|<1/2

[z, ξ) .

Definition 2.2 Let 0 < p, q < +∞. The tent spaces T q
p consist of measurable functions f

on D such that

‖ f ‖T q
p

=
⎧⎨
⎩
∫
T

(∫
�1/2(ξ)

| f (z)|p d A(z)

(1 − |z|2)

)q/p

|dξ |
⎫⎬
⎭

1/q

< +∞. (2.2)
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It is of great importance that in (2.2) we can use any of the cone-like regions

�β(ξ) = {z ∈ D : |z| < β} ∪
⋃

|z|<β

[z, ζ ) , β ∈ (0, 1).

In other words, we have

‖ f ‖T q
p



⎧⎨
⎩
∫
T

(∫
�β(ξ)

| f (z)|p d A(z)

(1 − |z|2)

)q/p

|dξ |
⎫⎬
⎭

1/q

.

Actually, we can use any of the non-tangential regions

�M (ξ) = {
z ∈ D : |z − ξ | < M(1 − |z|2)} , M >

1

2

as well. This is true due the following technical lemma, well known to the experts of the area.
The symbol �C (ξ) stands for any of the �β(ξ) or �M (ξ) .

Lemma 2.3 [9, Lemma 4, p. 66] Let 0 < p, q < +∞, λ > max{1, p/q} and μ be a positive
Borel measure on D . There are constants Ki = Ki (p, q, λ,C), i = 1, 2 such that

K1

∫
T

μ(�C (ξ))q/p |dξ | ≤
∫
T

(∫
D

(
1 − |z|
|1 − zξ |

)λ

dμ(z)

)q/p

|dξ | ≤ K2

∫
T

μ(�C (ξ))q/p |dξ | .

As in the case of the RM(p, q), the tent spaces are defined for the limit values of the p, q
as well. The T q∞ consists of measurable functions f on D with

‖ f ‖T q∞ =
{∫

T

( ess sup
z∈�1/2(ξ)

| f (z)|)q |dξ |
}1/q

, if q < +∞ .

It is known that the definition is independent of the type of the non-tangential region we use.
When q = +∞ and p < +∞, the tent space T∞

p consists of measurable functions f on
D with

‖ f ‖T∞
p

= sup
ξ∈T

(
sup

w∈�(ξ)

1

(1 − |w|2)
∫
S(w)

| f (z)|p d A(z)

)1/p

< +∞, (2.3)

where

S(reiθ ) =
{
ρeit : 1 − ρ ≤ 1 − r , |t − θ | ≤ 1 − r

2

}

for reiθ ∈ D \ {0} and S(0) = D. An equivalent way to state (2.3) is to say that the measure

dμ(z) = | f (z)|p dm(z)

is a Carleson measure. Recall that a positive Borel measure μ in D is called Carleson if and
only if

sup
I⊂T

μ(S(I ))

|I | < ∞ .

The supremum is taken over all arcs I of the unit circle, |I | is the arc length and

S(I ) =
{
z ∈ D : 1 − |I | ≤ |z| < 1,

z

|z| ∈ I

}
.
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Here, we are interested in the holomorphic version of the tent spaces. We denote that as

AT q
p = T q

p ∩ H(D).

The limit case p = ∞ corresponds to the Hardy spaces, that is, AT q∞ ≡ Hq , since the
membership of an f ∈ Hq can be determined by the q-integrability over [0, 2π) of the
non-tangential maximal function

NC f (eiθ ) = ess sup
z∈�C (eiθ )

| f (z)|

of the function f (see [14]).

2.3 Integration Operators on the RM(p,q) spaces

Let g ∈ H(D) and the integration operator

Tg( f )(z) =
∫ z

0
f (ζ ) g′(ζ ) dζ , z ∈ D,

acting on f ∈ H(D). Pommerenke was the first who considered Tg on spaces of analytic
functions by proving that it is bounded on H2 if and only if g ∈ BMOA [25]. Aleman
and Siskakis proved in [5] that the same is true for any H p, 1 ≤ p < ∞. Later on, in [6],
they confronted the question of the boundedness on the Bergman spaces Ap, 1 ≤ p < ∞,
by establishing the membership of the g in the Bloch space B as necessary and sufficient
condition. Hardly speaking, the key for the proof of the sufficiency in any of these spaces is
the use of an expression of the norm based on the derivative of f . Necessity comes out using
an appropriate family of test functions.

In [3], among other things, the authors consider the problem of the boundedness of Tg in
the RM(p, q) spaces. Therefore, first they establish that the norm associated to the spaces can
be described equivalently in terms of the derivative. This is what they call Littlewood-Paley
type inequalities. Precisely,

ρp,q( f ) � | f (0)| + ρp,q( f
′(z)(1 − |z|)) , 1 ≤ p, q < ∞. (2.4)

That being the case, they follow the procedure described above in order to prove that

Tg : RM(p, q) → RM(p, q), 1 ≤ p, q < ∞
boundedly if and only if g ∈ B.

It is well known among the experts of the area that the boundedness of

Sg( f )(z) =
∫ z

0
f (ζ ) g′(ζ ) dζ , z ∈ D,

on Hardy and Bergman spaces is characterized by the condition g ∈ H∞. This is the case
for the RM(p, q), 1 ≤ p, q < ∞, too. However, this operator is not considered in [3] .
Therefore we present the proof.

Proposition 2.4 Let 1 ≤ p, q < ∞ and g ∈ H(D). The operator Sg is bounded in the
RM(p, q) spaces if and only if g ∈ H∞ .

Proof We begin with the assumption that g ∈ H∞ and we recall the (2.4). Then

‖Sg( f )‖RM(p,q) = ρp,q(Sg( f )) 
 |Sg( f )(0)| + ρp,q(Sg( f )
′(z)(1 − |z|))
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= ρp,q(Sg( f )
′(z)(1 − |z|))

=
(

1

2π

∫ 2π

0

(∫ 1

0
| f ′(reiθ )|p |g(reiθ )|p (1 − r)p dr

)q/p

dθ

)1/q

≤ ‖g‖H∞

(
1

2π

∫ 2π

0

(∫ 1

0
| f ′(reiθ )|p (1 − r)p dr

)q/p

dθ

)1/q

� ‖g‖H∞ ‖ f ‖RM(p,q) ,

for every f ∈ RM(p, q). So, the sufficiency is proved.
For the necessity we consider the operator bounded. So, there exists a constant C > 0

such that

‖Sg( f )‖RM(p,q) ≤ C‖ f ‖RM(p,q) , f ∈ RM(p, q).

Combining that with (2.1) we get

|Sg( f )′(z)| ≤ C ′ ‖ f ‖RM(p,q)

(1 − |z|)1/p+1/q+1 , f ∈ RM(p, q),

where C ′ is a positive constant. Now, we employ the test functions

fα(z) = (1 − |α|)γ−1/p−1/q

(1 − ᾱz)γ
, γ > 1/p + 1/q, α ∈ D, z ∈ D.

They have the property supα ‖ fα‖RM(p,q) < ∞ (see [1]) . As a consequence, for any z ∈ D,

| f ′
α(z)| |g(z)| � 1

(1 − |z|)1/p+1/q+1

for every α ∈ D . Choosing z = α implies that g ∈ H∞ . ��
Remember that Mg , Tg and Sg are connected as in (1.2) and that H∞ ⊂ B. Therefore,

without to much effort, we can check that Mg is bounded in the RM(p, q) if and only if
g ∈ H∞ .

As it is stated in the introduction, our concern is the characterization of Tg , Sg and Mg as
bounded belowoperatorswhen acting boundedly on the RM(p, q).We are able to accomplish
this task by studying the problem in the tent space version of the RM(p, q). We claim that
this is possible since, as it is established in [4], for 1 ≤ p, q < ∞

ρp,q( f ) 
 ‖ f ‖T q
p

,

ρp,q( f
′(z)(1 − |z|)) 
 ‖ f ′(z)(1 − |z|)‖T q

p

and due to the Littlewood-Paley type inequalities

‖ f ‖T q
p

� ‖ f ′(z)(1 − |z|)‖T q
p

, 1 ≤ p, q < ∞
for every f ∈ AT q

p (see [24, Theorem 2, p. 9]).

3 Reverse Carleson typemeasures for the ATq
p , 1 ≤ p,q < ∞

In this section we prove our main result, Theorem 1.1, and its consequences. In the statement
presented in the introduction we only make use of pseudohyperbolic discs. However, due to

123



70 Page 12 of 26 T. Aguilar-Hernández, P. Galanopoulos

the technicalities we have to deal with, we need the euclidean discs

�η(α) = { z ∈ D : |z − α| < η(1 − |α|) } , η ∈ (0, 1) , α ∈ D ,

as well. Notice the following remark.

Remark 3.1 It is known (see [19, p. 4]) that if η ∈ (0, 1), α ∈ D and 2η
1+η2

≤ r < 1 then

�η(α) ⊆ �(α, r).

In addition to that, if η ∈ (0, 1) then there is a β ∈ (1/2, 1) such that

∪α∈�1/2(ξ)�η(α) ⊆ �β(ξ)

where ξ ∈ T is the same for both regions. This is the region�β(ξ) considered in the following
two Lemmas .

Lemma 3.2 Let 1 ≤ p < ∞, η ∈ (0, 1), ε > 0, f ∈ H(D), and

A =
{

α ∈ D : | f (α)|p <
ε

m(�η(α))

∫
�η(α)

| f (z)|p dm(z)

}
.

Then, there is a constant C1 = C1(η) > 0 such that
∫
A∩�1/2(ξ)

| f (z)|p dm(z)

1 − |z| ≤ εC1

∫
�β(ξ)

| f (z)|p dm(z)

1 − |z| ,

for a non tangential region �β(ξ) with vertex at the same point ξ ∈ T as �1/2(ξ) .

Proof If α ∈ A then

| f (α)|p <
ε

m(�η(α))

∫
�η(α)

| f (z)|p dm(z) .

Hence, integrating both sides over A ∩ �1/2(ξ) and considering a �β(ξ) as in Remark 3.1

∫
A∩�1/2(ξ)

| f (α)|p dm(α)

1 − |α| <ε

∫
A∩�1/2(ξ)

(
1

m(�η(α))

∫
�η(α)

| f (z)|p dm(z)

)
dm(α)

1 − |α|

≤ε

∫
A∩�1/2(ξ)

(
1

m(�η(α))

∫
�β(ξ)

| f (z)|p χ�η(α)(z) dm(z)

)
dm(α)

1 − |α| .

Remark 3.1 also implies that χ�η(α)(z) ≤ χ�(α,r)(z) when
2η

1+η2
≤ r < 1. Therefore,

applying Fubini’s theorem
∫
A∩�1/2(ξ)

| f (α)|p dm(α)

1 − |α| < ε

∫
�β(ξ)

| f (z)|p
∫
A∩�1/2(ξ)

(
χ�(z,r)(α)

m(�η(α))

)
dm(α)

1 − |α| dm(z) .

Remember that

1 − |α| 
 1 − |z| , α ∈ �(z, r)

and

m(�η(α)) 
 (1 − |α|)2 
 m(�(z, r)) , α ∈ �(z, r),
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where the constants involved depend on η . Thus, we obtain that
∫
A∩�1/2(ξ)

| f (α)|p dm(α)

1 − |α| ≤ C1 ε

∫
�β(ξ)

| f (z)|p dm(z)

1 − |z| .

��
Let 1 ≤ p < ∞ and λ ∈ (0, 1). We define the set

Eλ(α) = {
z ∈ �η(α) : | f (z)|p ≥ λ| f (α)|p}

and the function

Bλ f (α) = 1

m(Eλ(α))

∫
Eλ(α)

| f (z)|p dm(z) , α ∈ D .

The following is the analogue of Lemma 3.2 for Bλ f .

Lemma 3.3 If p ≥ 1, ε ∈ (0, 1), f ∈ H(D), λ ∈ (0, 1
2p ), and

B =
{
α ∈ D : | f (α)|p < ε

2+ 2
p Bλ( f )(α)

}
.

Then, there is a constant C2 = C2(η) > 0 such that∫
B∩�1/2(ξ)

| f (z)|p dm(z)

1 − |z| ≤ εC2

∫
�β(ξ)

| f (z)|p dm(z)

1 − |z| ,

for a non tangential region �β(ξ) with vertex at the same ξ ∈ T as �1/2(ξ) .

Proof Applying Lemma 3.2
∫
B∩�1/2(ξ)

| f (z)|p dm(z)

1 − |z| =
∫
B∩�1/2(ξ)∩A

| f (z)|p dm(z)

1 − |z| +
∫
(B∩�1/2(ξ))\A

| f (z)|p dm(z)

1 − |z|

≤ C1(η) ε

∫
�β(ξ)

| f (z)|p dm(z)

1 − |z| +
∫
(B∩�1/2(ξ))\A

| f (z)|p dm(z)

1 − |z| .

We are looking for a similar ε-estimate of the second additive. If α ∈ B, then

| f (α)|p <
ε
2+ 2

p

m(Eλ(α))

∫
Eλ(α)

| f (z)|p dm(z) .

So, integrating both sides over (B ∩ �1/2(ξ))\A, we get
∫
(B∩�1/2(ξ))\A

| f (α)|p dm(α)

1 − |α| < ε
2+ 2

p

∫
(B∩�1/2(ξ))\A

1

m(Eλ(α))

∫
Eλ(α)

| f (z)|p dm(z)
dm(α)

1 − |α| .

Assume that{
z ∈ D : |z − α| <

ε1/pη(1 − |α|)
2C

}
⊂ Eλ(α) , ∀α /∈ A, (3.1)

where C is a positive constant to be determined later, then

m(Eλ(α)) ≥ ε2/p

4C2 m(�η(α)) , ∀α /∈ A .
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Thus,
∫

(B∩�1/2(ξ))\A
| f (α)|p dm(α)

1 − |α|
≤ 4C2 ε2

∫
(B∩�1/2(ξ))\A

1

m(�η(α))

∫
Eλ(α)

| f (z)|p dm(z)
dm(α)

1 − |α|
≤ 4C2 ε2

∫
(B∩�1/2(ξ))\A

1

m(�η(α))

∫
�η(α)

| f (z)|p dm(z)
dm(α)

1 − |α|
≤ 4C2 ε

∫
(B∩�1/2(ξ))\A

| f (α)|p dm(α)

1 − |α|
≤ 4C2 ε

∫
�β(ξ)

| f (α)|p dm(α)

1 − |α|
and the lemma is proved.

To complete the picture, we proceed to the proof of inclusion (3.1) . Let α ∈ D and
z ∈ �η

4
(α) . By Cauchy integral formula, we have

| f (z) − f (α)| = 1

2π

∣∣∣∣∣
∫

|w−α|= η
2 (1−|α|)

f (w)

(
1

w − z
− 1

w − α

)
dw

∣∣∣∣∣
≤ 1

2π

∫
|w−α|= η

2 (1−|α|)
| f (w)|

∣∣∣∣ z − α

(w − z)(w − α)

∣∣∣∣ |dw| . (3.2)

By subhamonicity, for w ∈ �η
2
(α), we have

| f (w)| ≤ C ′

m(�η(α))

∫
�η(α)

| f (u)| dm(u)

where C ′ is an absolute positive constant. Applying that in (3.2)

| f (z) − f (α)| ≤ 4C ′ |z − α|
η(1 − |α|)

1

m(�η(α))

∫
�η(α)

| f (u)| dm(u) .

Now, if we consider z ∈ �
ε
1
p η
2C

(α) for a C large enough, then

| f (z) − f (α)| ≤ ε
1
p

2m(�η(α))

∫
�η(α)

| f (u)| dm(u).

Therefore, if α /∈ A then it follows that

| f (z)| ≥ | f (α)| − | f (α) − f (z)| ≥ 1

2
| f (α)| .

So that,

| f (z)|p ≥ | f (α)|p
2p

> λ| f (α)|p

and this implies the strength of inclusion (3.1) . ��
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Remark 3.4 Notice that for f ∈ H(D), α ∈ D and λ ∈ (0, 1), we have that

m(Eλ(α))

m(�η(α))
≥ log(1/λ)

log
(
Bλ( f )(α)
| f (α)|p

)
+ log(1/λ)

.

Now, if α ∈ D \ B, ε ∈ (0, 1) and λ ∈ (0, 1/2p), it follows that

Bλ( f )(α)

| f (α)|p ≤ 1

ε
2+ 2

p

.

If δ ∈ (0, 1), then choosing λ < ε
2
δ
(2+ 2

p ), we obtain

m(Eλ(α))

m(�η(α))
>

(2/δ) log(1/ε2+
2
p )

log
(
1/ε2+

2
p

)
+ (2/δ) log

(
1/ε2+

2
p

) > 1 − δ

2
,

that is,

m(Eλ(α)) >

(
1 − δ

2

)
m(�η(α)).

Now, we state the last auxiliary lemma. In order to prove it we use an argument based on
the family of functions { fα}α∈D ⊂ AT q

p , 1 ≤ p, q < ∞, of Proposition 2.4 . Recall that

‖ fα‖T q
p


 1, ∀α ∈ D.

Lemma 3.5 Let 0 < p, q < ∞. Given ε > 0, there exist η ∈ (0, 1) such that for all α ∈ D

there is a function fα ∈ AT q
p such that

(1) ‖ fα‖T q
p


 1, and
(2) ‖ fαχ�c(α,η)‖T q

p
≤ ε.

Proof Fix λ > max{1, p/q}. First of all, we consider the family { fα} of the functions

fα(z) = (1 − |α|2)γ− 1
p − 1

q

(1 − αz)γ
, z ∈ D,

where γ > λ+2
p . As we have seen previously, these functions satisfies (1). Let us see now

that, for a given ε > 0, there is η ∈ (0, 1) such that

I =
∫
T

⎛
⎝
∫

� 1
2
(ξ)\�(α,η)

| fα(z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ | ≤ εq .

Observe that

I =
∫
T

⎛
⎝
∫

� 1
2
(ξ)\�(α,η)

| fα(z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

=
∫
T

⎛
⎝
∫

� 1
2
(ξ)

χ�c(α,η)(z)| fα(z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ | .
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Since λ > max{1, p/q} and χ� 1
2
(ξ)(z) � 1−|z|2

|1−ξ z| , we have that

I �
∫
T

(∫
D

(
1 − |z|2
|1 − ξ z|

)λ

χ�c(α,η)(z)| fα(z)|p dm(z)

1 − |z|

)q/p

|dξ | .

Applying in the inner integral the change of variable

z �→ φα(z),

where φα(z) = α−z
1−αz , we get that

I �
∫
T

(∫
D\�(0,η)

(1 − |φα(z)|2)λ−1

|1 − ξφα(z)|λ | fα(φα(z))|p |φ′
α(z)|2 dm(z)

)q/p

|dξ |

=
∫
T

1

|1 − αξ |λq/p

(∫
D\�(0,η)

(1 − |φα(z)|2)λ−1 |1 − αz|λ
|1 − φα(ξ)z|λ | fα(φα(z))|p |φ′

α(z)|2 dm(z)

)q/p

|dξ | .

Since

1 − |φα(z)|2 = |φ′
α(z)| (1 − |z|2), α, z ∈ D,

I �
∫
T

1

|1 − αξ |λq/p

(∫
D\�(0,η)

(1 − |z|2)λ−1 |1 − αz|λ
|1 − φα(ξ)z|λ | fα(φα(z))|p |φ′

α(z)|λ+1 dm(z)

)q/p

|dξ | .

Verifying that

|1 − αz|λ | fα(φα(z))|p |φ′
α(z)|λ+1 = (1 − |α|2)λ− p

q |1 − αz|γ p−λ−2

we get

I � (1 − |α|2)λ
q
p −1

∫
T

1

|1 − αξ |λq/p

(∫
D\�(0,η)

(1 − |z|2)λ−1

|1 − φα(ξ)z|λ |1 − αz|γ p−λ−2 dm(z)

)q/p

|dξ | .

Since γ > λ+2
p ,

|1 − αz|γ p−λ−2 ≤ 2γ p−λ−2.

Thus,

I � (1 − |α|2)λ
q
p −1

∫
T

1

|1 − αξ |λq/p

(∫
D\�(0,η)

(1 − |z|2)λ−1

|1 − φα(ξ)z|λ dm(z)

)q/p

|dξ |

= (1 − |α|2)λ
q
p −1

∫
T

1

|1 − αξ |λq/p

(∫ 1

η

1

π

∫ 2π

0

1

|1 − φα(ξ)reiθ |λ dθ (1 − r2)λ−1 r dr

)q/p

|dξ | .

Now, a standard argument based on Parseval’s identity, Stirling’s formula and the fact that
|φα(ξ)| = 1 = |ξ | implies

I � (1 − |α|2)λ q
p −1

∫
T

1

|1 − αξ |λq/p
|dξ | (1 − η)q/p .

Employing the same argument one more time, we obtain that

I � (1 − η)q/p .

Therefore, we conclude that, for a given ε > 0, there is η ∈ (0, 1) such that (2) holds. ��
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Now we are in a position to present the complete version of our main result.

Theorem 3.6 Let 1 ≤ p, q < +∞ and G be a measurable subset of D. The following
assertions are equivalent:

(a) There is a β ∈ (0, 1) and a constant K > 0 such that
⎛
⎝
∫
T

(∫
�β(ξ)∩G

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

≥ K

⎛
⎝
∫
T

(∫
�1/2(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

,

for every f ∈ AT q
p .

(b) There exist an η ∈ (0, 1) and a δ > 0 such that

m(G ∩ �(α, η)) ≥ δm(�(α, η))

for α ∈ D .
(c) There exist an η ∈ (0, 1) and a δ > 0 such that

m(G ∩ �η(α)) ≥ δm(�η(α))

for α ∈ D .

Proof (b) ⇔ (c) : The proof is the same as in [19] .
(c) ⇒ (a) : Assume (c) holds. We want to prove that there is a β ∈ (0, 1) and a constant
K > 0 such that
⎛
⎝
∫
T

(∫
�β(ξ)∩G

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠
1/q

≥ K

⎛
⎝
∫
T

(∫
�1/2(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠
1/q

for all f ∈ AT q
p .

Consider an ε ∈ (0, 1) and a λ < min{1/2p, ε
2
δ
(2+2/p)} . By Remark 3.4 we obtain that

m(G ∩ Eλ(α)) = m(G ∩ �η(α)) − m(G ∩ (�η(α) \ Eλ(α)))

≥ δm(�η(α)) − m(�η(α) \ Eλ(α))

= δm(�η(α)) − m(�η(α)) + m(Eλ(α))

≥ δm(�η(α)) − m(�η(α)) +
(
1 − δ

2

)
m(�η(α))

= δ

2
m(�η(α))

for any α ∈ D \ B, where B is the set in Lemma 3.3 .
Let a pseudohyperbolic radius r = r(η) ∈ (0, 1) as in Remark 3.1. We can find a β ∈

(1/2, 1) such that ∪α∈�1/2(ξ)�(α, r) ⊂ �β(ξ) .
If α ∈ �1/2(ξ) \ B then using the fact that Eλ( f )(α) ⊂ �η(α) ⊂ �β(ξ)

1

m(�η(α))

∫
G∩�β(ξ)

χ�η(α)(z)| f (z)|p dm(z)

1 − |z|
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≥ δ

2

1

m(G ∩ Eλ(α))

∫
G∩�β(ξ)

χ�η(α)(z)| f (z)|p dm(z)

1 − |z|
≥ δ

2

1

m(G ∩ Eλ(α))

∫
G∩Eλ(α)

χ�η(α)(z)| f (z)|p dm(z)

1 − |z|
≥ C3

δλ

2

| f (α)|p
(1 − |α|) .

The constant C3 depends on η. Integrating over the set �1/2(ξ) \ B and applying Fubini’s
theorem, we obtain
∫
G∩�β(ξ)

| f (z)|p
∫

�1/2(ξ)\B
χ�(z,r)(α)

m(�η(α))
dm(α)

dm(z)

1 − |z| ≥ C3
δλ

2

∫
�1/2(ξ)\B

| f (α)|p dm(α)

1 − |α| .

Using arguments we have seen before, we conclude that there is a positive constant C4 =
C4(η) such that

∫
�1/2(ξ)\B

χ�(z,r)(α)

m(�(α, η))
dm(α) ≤ C4

for any z ∈ D. Therefore,
∫
G∩�β(ξ)

| f (z)|p dm(z)

1 − |z| ≥ C5
δλ

2

∫
�1/2(ξ)\B

| f (α)|p dm(α)

1 − |α| .

Applying Lemma 3.3, it follows that
∫
G∩�β(ξ)

| f (z)|p dm(z)

1 − |z|
≥ C5

δλ

2

∫
�1/2(ξ)

| f (α)|p dm(α)

1 − |α| − C5
δλ

2

∫
�1/2(ξ)∩B

| f (α)|p dm(α)

1 − |α|
≥ C5

δλ

2

∫
�1/2(ξ)

| f (α)|p dm(α)

1 − |α| − C5
δλεC2

2

∫
�β(ξ)

| f (α)|p dm(α)

1 − |α| .

So that,
(∫

G∩�β(ξ)

| f (z)|p dm(z)

1 − |z|

)1/p

+
(
C6

δλε

2

)1/p
(∫

�β(ξ)

| f (α)|p dm(α)

1 − |α|

)1/p

≥
(
C5

δλ

2

)1/p
(∫

�1/2(ξ)

| f (α)|p dm(α)

1 − |α|

)1/p

.

By means of Minkowski’s inequality we get that

⎛
⎝
∫
T

(∫
G∩�β(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

+
(
C6

δλε

2

)1/p
⎛
⎝
∫
T

(∫
�β(ξ)

| f (α)|p dm(α)

1 − |α|

)q/p

|dξ |
⎞
⎠

1/q
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≥
(
C5

δλ

2

)1/p
⎛
⎝
∫
T

(∫
�1/2(ξ)

| f (α)|p dm(α)

1 − |α|

)q/p

|dξ |
⎞
⎠

1/q

.

According to Lemma 2.3, the AT q
p -norm can be equivalently expressed by any cone-like

region. So, if we choose ε small enough, then we end up that there is a constant K > 0 such
that ⎛

⎝
∫
T

(∫
G∩�β(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

≥ K‖ f ‖T q
p
.

(a) ⇒ (b) : Before starting with the proof, we need to show the following estimate:
⎛
⎝
∫
T

(∫
�β(ξ)

χG∩�(α,η)(z)| fα(z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

p/q

� m(G ∩ �(α, η))

m(�(α, η))
,

where fα is the function considered in Lemma 3.5. Applying Lemma 2.3 and properties of
pseudo-hyperbolic disks (see, e.g., (1.6) and (1.7)), it follows that

⎛
⎝
∫
T

(∫
�β(ξ)

χG∩�(α,η)(z)| fα(z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

p/q


 (1 − |α|)1−p/q

m(�(α, η))

⎛
⎝
∫
T

(∫
�β(ξ)

χG∩�(α,η)(z)
dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

p/q


 (1 − |α|)−p/q

m(�(α, η))

(∫
T

(∫
G∩�(α,η)

(1 − |z|)λ
|1 − zξ |λ dm(z)

)q/p

|dξ |
)p/q

, (3.3)

where λ > max{1, p/q}. Notice that, by means of rotations, we can assume the pseudo-
hyperbolic disk centered at α ∈ (0, 1) without loss of generality. Applying the change of
variable z �→ φα(z), where φα(z) = α−z

1−αz , it follows

(∫
T

(∫
G∩�(α,η)

(1 − |z|2)λ
|1 − zξ |λ dm(z)

)q/p

|dξ |
)p/q

=
(∫

T

(∫
φα(G∩�(α,η))

(1 − |φα(z)|2)λ
|1 − ξφα(z)|λ |φ′

α(z)|2 dm(z)

)q/p

|dξ |
)p/q

=
(∫

T

(1 − |α|2)λq/p

|1 − αξ |λq/p

(∫
φα(G∩�(α,η))

(1 − |z|2)λ|φ′
α(z)|2

|1 − αz|λ|1 − zφα(ξ)|λ dm(z)

)q/p

|dξ |
)p/q

.

Applying the same change of variable again, we obtain
(∫

T

(∫
G∩�(α,η)

(1 − |z|2)λ
|1 − zξ |λ dm(z)

)q/p

|dξ |
)p/q

=
(∫

T

(1 − |α|2)λq/p

|1 − αξ |λq/p

(∫
G∩�(α,η)

(1 − |φα(z)|2)λ
|1 − αφα(z)|λ|1 − φα(z)φα(ξ)|λ dm(z)

)q/p

|dξ |
)p/q
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�
(∫

T

1

|1 − αξ |λq/p

(∫
G∩�(α,η)

|1 − αz|λ dm(z)

)q/p

|dξ |
)p/q


 m(G ∩ �(α, η))(1 − α)λ
(∫

T

1

|1 − αξ |λq/p
|dξ |

)p/q

.

By a standard argument, the same as the one used at the end of the proof of Lemma 3.5, we
get that
(∫

T

(∫
G∩�(α,η)

(1 − |z|2)λ
|1 − zξ |λ dm(z)

)q/p

|dξ |
)p/q

� m(G ∩ �(α, η))(1 − |α|)p/q . (3.4)

Thus, putting together (3.3) and (3.4), we have obtained that

‖ f χG∩�(α,η)‖T q
p

�
(
m(G ∩ �(α, η))

m(�(α, η))

)1/p

,

for α ∈ D and η ∈ (0, 1).
Now, we continue with the proof of (a) ⇒ (b). Given ε ≤ KC1

2 . By Lemma 3.5, there is
η ∈ (0, 1) such that for all pseudo-hyperbolic disks �(α, η) there is a function fα satisfying
the following conditions:

(1) There are constants C1,C2 > 0 such that C1 ≤ ‖ f ‖T q
p

≤ C2, and
(2) ‖ f χ�(α,η)c‖T q

p
≤ ε.

So that, applying (a), we have
(
m(G ∩ �(α, η))

m(�(α, η))

)1/p

� ‖ f χG∩�(α,η)‖T q
p

≥ ‖ f χG‖T q
p

− ‖ f χ�(α,η)c‖T q
p

≥ K‖ f ‖T q
p

− ε ≥ KC1 − ε ≥ KC1

2
.

Therefore, we have proved that there is an η ∈ (0, 1) and a δ > 0 such that

m(G ∩ �(α, η)) ≥ δm(�(α, η))

for every α ∈ D.
��

All the above lead to the following statement.

Theorem 3.7 Let 1 ≤ p, q < ∞ and g ∈ B. The operator Tg : RM(p, q) → RM(p, q)

has closed range if and only if there are constants δ, c > 0 and η ∈ (0, 1) such that

m(Gc ∩ �(α, η)) ≥ δm(�(α, η)), (3.5)

for every α ∈ D, where Gc = {z ∈ D : |g′(z)|(1 − |z|) > c}.
Proof Assume first that there is a c > 0, an η ∈ (0, 1) and a δ > 0 such that

m(Gc ∩ �(α, η)) ≥ δm(�(α, η)) ,

for every α ∈ D . We employ Theorem 3.6 and [4, Proposition 3.1] to get that there is a
β ∈ (0, 1) and a constant K ′ > 0 such that

⎧⎨
⎩
∫
T

(∫
�β(ξ)∩Gc

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎫⎬
⎭

1/q

≥ K ′ ‖ f ‖RM(p,q)
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for every f ∈ RM(p, q).
Applying the Littlewood-Paley type inequalities, [4, Proposition 3.1] and that Tg( f )(0) =

0, we get that

‖Tg( f )‖RM(p,q) 

⎧⎨
⎩
∫
T

(∫
�β(ξ)

| f (z)|p |g′(z)|p (1 − |z|)p dm(z)

1 − |z|

)q/p
⎫⎬
⎭

1
q

≥
⎧⎨
⎩
∫
T

(∫
�β(ξ)∩Gc

| f (z)|p |g′(z)|p (1 − |z|)p dm(z)

1 − |z|

)q/p
⎫⎬
⎭

1
q

≥ c

⎧⎨
⎩
∫
T

(∫
�β(ξ)∩Gc

| f (z)|p dm(z)

1 − |z|

)q/p
⎫⎬
⎭

1
q

.

Combining the above, we conclude that there is a constant C > 0 such that

‖Tg( f )‖RM(p,q) ≥ C ‖ f ‖RM(p,q) (3.6)

for every f ∈ RM(p, q).
Now, assume there is a constant C > 0 such that (3.6) holds. Due to the Littlewood-Paley

type inequalities, it is true that

∫
T

⎛
⎝
∫

� 1
2
(ξ)

| f (z)|p |g′(z)|p (1 − |z|)p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

≥ C ′
∫
T

⎛
⎝
∫

� 1
2
(ξ)

| f (z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

for every f ∈ RM(p, q). Notice that

∫
T

⎛
⎝
∫

� 1
2
(ξ)

| f (z)|p |g′(z)|p (1 − |z|)p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

�
∫
T

⎛
⎝
∫

� 1
2
(ξ)∩Gc

| f (z)|p |g′(z)|p (1 − |z|)p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

+
∫
T

⎛
⎝
∫

� 1
2
(ξ)\Gc

| f (z)|p |g′(z)|p (1 − |z|)p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

≤ ‖g‖qB
∫
T

⎛
⎝
∫

� 1
2
(ξ)∩Gc

| f (z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

+ cq
∫
T

⎛
⎝
∫

� 1
2
(ξ)

| f (z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ | .
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Taking into account all the above, we conclude that

‖g‖qB
∫
T

⎛
⎝
∫

� 1
2
(ξ)∩Gc

| f (z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ | + cq
∫
T

⎛
⎝
∫

� 1
2
(ξ)

| f (z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ |

≥ C ′′
∫
T

⎛
⎝
∫

� 1
2
(ξ)

| f (z)|p dm(z)

1 − |z|

⎞
⎠

q/p

|dξ | .

Therefore, choosing c > 0 small enough, we end up to the strength of condition (a) of
Theorem 3.6. As a consequence, there exist an η ∈ (0, 1) and a δ > 0 such that

m(Gc ∩ �(α, η)) ≥ δm(�(α, η))

for every α ∈ D. ��
The argument for Mg , where g ∈ H∞, is the same as that for Tg . We only have to use the

level set Gc = {z ∈ D : |g(z)| > c}. The approach for Sg makes use of auxiliary lemmas
based on the quantity | f ′(z)|(1 − |z|) instead of | f (z)|. Nevertheless, these new versions
of auxiliary lemmas are proved through minor modifications of those we have presented for
Tg . Consequently, we only present the statements and we leave the details for the interested
reader.

Lemma 3.8 Let 1 ≤ p < ∞, η ∈ (0, 1), ε > 0, f ∈ H(D) and

A =
{

α ∈ D : (1 − |α|)p| f ′(α)|p <
ε

m(�η(α))

∫
�η(α)

(1 − |z|)p| f ′(z)|p dm(z)

}
.

Then, there is a constant C1 = C1(η) > 0 such that∫
A∩�1/2(ξ)

(1 − |z|)p| f ′(z)|p dm(z)

1 − |z| ≤ εC1

∫
�β(ξ)

(1 − |z|)p| f ′(z)|p dm(z)

1 − |z|
for a non tangential region �β(ξ) with vertex at the same point ξ ∈ T as �1/2(ξ) .

Let 1 ≤ p < ∞ and λ ∈ (0, 1). We define the set

Eλ(α) = {
z ∈ �η(α) : (1 − |z|)p| f ′(z)|p ≥ λ(1 − |α|)p| f ′(α)|p}

and

Bλ f (α) = 1

m(Eλ(α))

∫
Eλ(α)

| f ′(z)|p(1 − |z|)p dm(z), α ∈ D.

Lemma 3.9 If 1 ≤ p < ∞, ε ∈ (0, 1), f ∈ H(D), λ ∈ (0, 1
2p ) and

B =
{
α ∈ D : | f ′(α)|(1 − |α|)p < ε

1+ 2
p Bλ( f )(α)

}
.

Then, there is a constant C2 = C2(η) > 0 such that∫
B∩�1/2(ξ)

(1 − |z|)p| f ′(z)|p dm(z)

1 − |z| ≤ εC2

∫
�β(ξ)

(1 − |z|)p| f ′(z)|p dm(z)

1 − |z|
for a non tangential region �β(ξ) with vertex at the same ξ ∈ T as �1/2(ξ) .

So that, the analogue of Theorem 3.6 is the following result.
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Theorem 3.10 Let 1 ≤ p, q < +∞ and G ⊂ D be a measurable subset. The following
assertions are equivalent:

(a) There is a β ∈ (0, 1) and a constant K > 0 such that
⎛
⎝
∫
T

(∫
�β(ξ)∩G

| f ′(z)|p(1 − |z|)p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

≥ K

⎛
⎝
∫
T

(∫
�1/2(ξ)

| f (z)|p dm(z)

1 − |z|

)q/p

|dξ |
⎞
⎠

1/q

,

for all f ∈ AT q
p .

(b) There exist an η ∈ (0, 1) and a δ > 0 such that

m(G ∩ �(α, η)) ≥ δm(�(α, η))

for α ∈ D.
(c) There exist an η ∈ (0, 1) and a δ > 0 such that

m(G ∩ �η(α)) ≥ δm(�η(α))

for α ∈ D.

Putting everything together, we get the desired result for the operator Sg .

Theorem 3.11 Let 1 ≤ p, q < ∞ and g ∈ H∞. The operator Sg : RM(p, q)/C →
RM(p, q)/C has closed range if and only if there is an η ∈ (0, 1), a δ > 0 and c > 0 such
that

m(Gc ∩ �(α, η)) ≥ δm(�(α, η)),

for every α ∈ D, where Gc = {z ∈ D : |g(z)| > c}.

4 Examples

Example 4.1 The univalent functions do not satisfy the condition (3.5). Assume that there is
a univalent function g satisfying this condition. Using [10, Theorem 3.4.9], we have that

|g′(z)|(1 − |z|) ≤ d(g(z), ∂g(D)) ≤ 1

4
|g′(z)|(1 − |z|),

for a univalent function g and z ∈ D. So, this implies that d(g(D), ∂g(D)) ≥ c. Moreover,
it is known that there is ξ ∈ T such that ∠ lim

z→ξ
g(z) = L ∈ C. Then, by condition (3.5) we

can find a sequence {zk} in the non-tangential region such that zk → ξ . However, we have

|g(zk) − L| ≥ d(g(zk), ∂g(D)) ≥ c

for all k ∈ N. Therefore, we obtain a contradiction.

Proof of Proposition 1.4 Without loss of generality we can assume that α ∈ [0, 1). Following
the proof of [26, Proposition 5.4], we can show that for a given large positive integer q we
can find a function g(z) = ∑∞

j=0 z
q j ∈ B and a constant c > 0 such that

|g′(z)|(1 − |z|) ≥ c, 1 − 1

qk
≤ |z| ≤ 1 − 1

qk+ 1
2

, k = 1, 2, . . . .
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First of all, we will show that if η ≥ 1 − 1
q , we have that

(1 − η2)α

1 − α2η2
+ (1 − α2)η

1 − α2η2
= α + η

1 + αη
≥ 1 − 1

qk+ 1
2

(1 − η2)α

1 − α2η2
− (1 − α2)η

1 − α2η2
= α − η

1 − αη
≤ 1 − 1

qk

for α ∈
[
1 − 1

qk−
1
2
, 1 − 1

qk+
1
2

]
, k = 1, 2, . . . . Since the functions hη(α) = α+η

1+αη
and

gη(α) = α−η
1−αη

are increasing functions, the previous inequalities have to satisfy the following

1 − 1

qk−
1
2

+ η

1 + η

(
1 − 1

qk−
1
2

) ≥ 1 − 1

qk+ 1
2

,

1 − 1

qk+
1
2

− η

1 − η

(
1 − 1

qk+
1
2

) ≤ 1 − 1

qk

for k = 1, 2, . . . . Hence, we obtain that η ≥ max{1 − 1
q , 1 − 1

q1/2
} = 1 − 1

q . Analogously,

one can prove that if η ≥ 1 − 1
q3/2

, we obtain

(1 − η2)α

1 − α2η2
+ (1 − α2)η

1 − α2η2
= α + η

1 + αη
≥ 1 − 1

q
3
2

(1 − η2)α

1 − α2η2
− (1 − α2)η

1 − α2η2
= α − η

1 − αη
≤ 1 − 1

q

for α ∈ [0, 1 − 1
q1/2

].
Bearing this in mind, it follows that if 1− 1

qk−
1
2

≤ α ≤ 1− 1

qk+
1
2
, k = 1, 2, . . . , we have

m(Gc ∩ �(α, η)) ≥ m

({
z ∈ �(α, η) : 1 − 1

qk
≤ |z| ≤ 1 − 1

qk+ 1
2

, k = 1, 2, . . .

})

≥ m

(
D

(
1 − q1/2 + 1

2qk+ 1
2

,
q1/2 − 1

2qk+ 1
2

))
= (q1/2 − 1)2

4q2k+1

≥ (q1/2 − 1)2

4q2k+1 q2k−1(1 − α)2 = (q1/2 − 1)2

4q2
(1 − α)2

for η ≥ 1 − 1
q . The remaining case (0 ≤ α ≤ 1 − 1

q1/2
) follows in the same manner, that is,

m(Gc ∩ �(α, η)) ≥ m

({
z ∈ �(α, η) : 1 − 1

qk
≤ |z| ≤ 1 − 1

qk+ 1
2

, k = 1, 2, . . .

})

≥ m

(
D

(
1 − q1/2 + 1

2q
3
2

,
q1/2 − 1

2q
3
2

))
= (q1/2 − 1)2

4q3

≥ (q1/2 − 1)2

4q3
(1 − α)2

for η ≥ 1 − 1
q3/2

. ��
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9. Arsenović, M.: Embedding derivatives of M-harmonic functions into L p spaces. Rocky Mountain J.
Math. 29, 149–158 (1999)

10. Bracci, F., Contreras, M.D., Díaz-Madrigal, S.: Continuous Semigroups of Holomorphic Self-maps of
the Unit Disc. Springer Monographs in Mathematics, Springer, Berlin (2020)

11. Cohn,W.S., Verbitsky, I.E.: Factorization of tent spaces andHankel operator. J. Funct. Anal. 175, 308–329
(2000)

12. Coifman, R.R., Meyer, Y., Stein, E.M.: Some new function spaces and their applications to harmonic
analysis. J. Funct. Anal. 62, 304–335 (1985)

13. Cowen, C., McCluer, B.: Composition Operators on Spaces of Analytic Functions. CRC Press, Boca
Raton (1995)

14. Duren, P.: Theory of H p spaces. Dover, New York (2000)
15. Duren, P., Schuster, A.: Bergman Spaces. Amer. Math. Soc. (2004)
16. Girela, D.: Analytic functions of bounded mean oscillation. In R. Aulaskari (Ed.), Complex Function

Spaces, Mekrijärvi 1999, in: Univ. Joensuu Dept. Math. Rep. Ser., vol. 4, Univ. Joensuu, Joensuu, 61–170
(2001)
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