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Abstract

We deal with a reverse Carleson measure inequality for the tent spaces of analytic functions in
the unit disc ID of the complex plane. The tent spaces of measurable functions were introduced
by Coifman, Meyer and Stein. Let 1 < p, g < oo and consider the measurable set G € D.
We prove a necessary and sufficient condition on G in order to exist a constant K > 0 such
that

q/p q/p
d d
/ / F DN g zK/ / P SN g,
T \Jrsenc 1 — |z T \Jr16) 1 —|z]

for any analytic function f in D with the property, the right term of the inequality above is
finite. Here T stands for the unit circle, dm(z) is the area Lebesgue measure in ID and I'g (§)
is the cone-like region

Fp) =1{zeD |zl <piu | J1z.8), Be©D),
lzI<B

with vertex at £ € T. This work extends the study of D. Luecking on Bergman spaces to the
analytic tent spaces. We apply this result in order to characterize the closed range property
of the integration operator

T, (f)(2) = /0 F(w)g' (w) dw, zeD,

when acting on the average radial integrability spaces. The Hardy and the Bergman spaces
form part of this family. The function g is a fixed analytic function in the unit disc. The
operator T, is known as Pommerenke operator. Moreover, for the first time, we provide
examples of symbols g that introduce or not a closed range operator Ty in these spaces.
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1 Introduction

Let H(D) be the class of analytic functions in the unit disc D of the complex plane and
X C H(D) be a Banach space. Consider a bounded linear operator

0:X—->X.
We call Q bounded below if there is a positive constant C such that

HIx = C lIflx. [feX (1.1)

An operator that fulfills property (1.1) has closed range and it is not compact. Conversely,
if Q is an one-to-one operator with closed range then it is bounded below. Typical examples
of operators for which the closed range property is equivalent to (1.1) are the composition
operators (see [13]). The same is true for the integration operator

T, (f)(2) =/O f©Og@ds, zeD

and its companion

Se(f)(@) = /0 F©)g@)de.  zeD.

The function g € H (D) is called the symbol of the operators. The operator T is also known as
Pommerenke operator. If Ty is acting boundedly on a Banach space X of analytic functions in
D then condition (1.1) is equivalent to the closed range property. This is also true for S, under
the following modification. It is clear by its definition that S, sends the constant functions
to the zero function. Therefore, it makes sense to consider S, on X/C. Otherwise, it is not
one-to-one. Then, we can state that S, is bounded below on X/C if and only if it has closed
range in X/C (see [7]). Consequently, it is natural to look for those symbols g that introduce
bounded below operators on Banach spaces of analytic functions.
The operators Ty, S, are closely related to the pointwise multiplication operator

My(f) =f-¢. [feX

since

My(f) = f(0)g0) + T (/) + Sg(f). feX (1.2)

@ Springer



Inequalities on tent spaces and closed range integration operators... Page3of26 70

Luecking, in [19], considered (1.1) for the M, in the case of the Bergman spaces. We say
that an f € H(ID) belongs to the Bergman space A”, p > 1,if

1%, =/D | f(@)]” dm(z)

XIf(O)I”Jr/D |/ @17 (1= 1z*)? dm(z) < oo, (1.3)

where dm(z) stands for the normalized area Lebesque measure in the unit disc. Through
out this work the notation A < B states that there are positive constants k1, ko such that
ki A < B < ky A. If one of the inequalities is true then we use the symbol <. Let now a
g € H® that is a bounded analytic function in ID. This is exactly the class of symbols that
introduces a bounded multiplication operator in Bergman spaces. Luecking proved that M,
is bounded below in A” if and only if there is an n € (0, 1), a8 > 0 and a ¢ > 0 such that

m(Ge N A, n) = §m(Ae, ), Vo €D, (1.4)
where
Ge = {zeD:|g@)|>c}) (1.5)
The set

Al ) = {zeD: e (2)] = ‘%‘ < n}

is the pseudohyperbolic disc with “center” « and “radius” 5. It is clear that z € A(a, n) if
and only if ¢ € A(z, ). Moreover,

(I —la]) <A —1z|), Vze A(xa,n), (1.6)
and
m(A, ) =< (1= |a))?. (.7

The constants involved in (1.6) and (1.7) depend on 5. See [15] for more information
about the pseudohyperbolic metric in D and its properties.

However, the characterization of M, as a bounded below operator on A” is actually a
consequence of the main result of [19] according to which, condition (1.4) is equivalent to
a reverse Carleson measure type inequality for Bergman spaces. The following is presented
as “Main Theorem” in [19, p. 2].

Theorem A Let G be a measurable subset of D and p > 0. There is a constant K > 0 such
that

| ir@rane = & [ ir@rane.  fear (18)
G D
if and only if there isan € (0, 1) and a § > 0 such that (1.4) is true.

Employing the Bergman space norm, stated in terms of the derivative as in (1.3), and
Theorem A we can also answer (1.1) for a bounded S, in X = A?/C and for a bounded T
in X = A?”. We answer the problem in terms of condition (1.4) on the sets (1.5) and on the
sets

Ge ={zeD:|g'@I1A—z]) > c}
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respectively. We recall that S, is bounded on A” if and only if g € H*°. On the other hand,
T, is bounded if and only if the symbol g belongs to the Bloch space that is

115 = 18(0)] +sup |g' @) (1 = |z]*) < o0
zeD
(see [0]).

Anderson, in [7], proved that only the constant symbols introduce a bounded below oper-
ator 7}, in the case of the Bloch, the BMOA and in that of the Hardy spaces H”. The BMOA
consists of those f € B that have boundary values almost everywhere in the unit circle which
define a square-integrable function on the unit circle with bounded mean oscillation. We say
that an f € H(D) belongs to H”, 1 < p < oo, if it has boundary values almost everywhere
in the unit circle and these define a p-integrable function on the unit circle or equivalently if

2T
115, = sup / L (rei®)|? d6 < oo
re(0,1) Jo

In the theory of spaces of analytic functions, the Bloch and the BMOA space stand as
the limit case of Bergman and Hardy spaces respectively when p grows to infinity. More
information about the Bloch and the BMOA space can be found in [16, 27] and for the Hardy
spaces in [14].

Based on the above, someone may come down to the conclusion that (1.1) for Sg, when
acting on the Bloch, the BMOA and the Hardy spaces, gets trivial answer too. On the contrary,
Anderson in [7] proves that this not the case when X is the Hilbert Hardy space H2. Due to
the fact that H? can be identified equivalently in terms of the Littlewood-Paley identity as

nm@xU@F+AU%W0—mwmn<w,

the author is able to apply the technique used in the case of Bergman spaces and completely
answer the problem as follows. Let a g € H, that is, consider S, to be bounded in H 2 /C.
The condition (1.4) on the sets (1.5) is necessary and sufficient in order for S, to be bounded
below in H?/C.

Looking carefully the result of the H? space and that of Bergman spaces, we can imme-
diately state that S, is bounded below in H 2/C if and only if S ¢ and M, are bounded below
in A? /C and A?, respectively. However, it is very interesting the following fact. Saying that
S, is bounded below in H 2 /C is not equivalent to the boundedness from below of M gin H 2,
The latter is true if and only if the radial limit function of g € H is essentially bounded
away from O on T, which is a weaker condition (see [7, p. 93]).

Anderson goes further. He precisely characterizes the bounded functions under discussion.
The functions g € H*, for which (1.1) is true for Sg in H 2 /C, are exactly those that can be
factored as

g=B-F,

where B is a finite product of interpolating Blaschke products and F, 1/F € H*. In its
turn this is equivalent to the existence of an r > 0 and a n € (0, 1) such that

sup |g()| >r, Va € D.
ze€A(a,n)

Finally, he establishes that the boundedness from below of S in the B/C is characterized by
the same symbols g like those in the Hardy case (see [7, Theorem 3.9]).
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Recently, Panteris extended the result of Anderson about S, on H 2/C to any Hardy
space H? /C, p > 1 [22]. His approach is based on the use of the following equivalent
characterization of H” due to Calderon (see [23, Theorem 1.3]):

r/2
£ < 1£ O + / / |f @ dm(z) ld],
T g
where the symbol T stands for the unit circle and I'g(§) is the cone-like region

Fp)={zeD:|z| < B}V U [z,6), Be (1),
lz|<B

with vertex at§ € T. Panteris arrived to the same conclusion as Anderson using appropriately
this tent space expression. He also deals with the case X=BMOA and that of the Besov spaces.

Our aim is to extend the study of property (1.1) for T, and S, to the more general setting
of the RM(p, q) spaces, 1 < p, g < oo. The first author, M. Contreras and L. Rodriguez-
Piazza, motivated by the property of bounded radial integrability

1
sup f |f(reé®)|dr < oo, (1.9)

0€[0,27] JO

introduced in [2] the spaces of average radial integrability RM (p, g).
Let1 < p,q < oo, we say that an f € H(D) belongs to RM (p, q) if

. 1 27 1 » a/p
=— NP d do .
1 W =37 | ( | 7w r) <o

Among them we can identify the Bergman spaces when p = ¢. This is justified only by
a change in the order of integration. When p # ¢, an application of Holder’s inequality
leads to the conclusion that each RM (p, q) space is located in between two Bergman spaces.
Furthermore, when p = oo, the RM (00, ¢q) spaces are the Hardy spaces HY. Condition (1.9),
in terms of the notation used for the spaces of average radial integrability, can be visualized
as the limit case RM (1, oo) and, according to Fejer-Riesz inequality, (1.9) is satisfied by all
f e H' (see [14]). In [2] it is proved that H® € RM(p,q), 1 < p,q < oo if and only if
1/s < 1/p+1/q . On the other hand, the RM (p, q) spaces can be identified to the analytic
tent spaces

AT} =HD)N T},

for 1 < p, g < oo (see [4]). The tent spaces T 1< P, g < 0o, consist of those measurable
functions f in D such that

q/p
d
i = [ ([ irer 2) e <o
v Jr \Uripe 1 —lz]

Taking into account all the above, it is natural to consider problem (1.1) for the S, T
and M, operators when acting on the RM (p, q) spaces. The key, in order to answer this
question, is the following analogue of (1.8) for the ATg spaces. This is our main result.

Theorem 1.1 Let1 < p,q < +ooand G C D be a measurable set. The following assertions
are equivalent:
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(a) Thereisa B € (0, 1) and a constant K > 0 such that

q/p
d
/(/ If(z)l”lm(z)) e
T \Jrs)nG —Iz|
q/p l/a
d
- K /(/ If(z)l”lm(Z)> agl |
T \Jr ) — Izl

forall f € AT}
(b) There existann € (0, 1) and a § > 0 such that

1/q

m(G N A, n) = 8 m(Ax, 1))
foralla € D.
Now, we are in position to characterize the closed range operators T, S, and M, as follows.

Theorem 1.2 Let 1 < p,q < oo and g € B. The operator T, : RM(p,q) — RM(p, q)
has closed range if and only if there is ann € (0, 1), a § > 0 and a ¢ > 0 such that

m(G.N A, ) = m(A(a, 1)), «a €D, (1.10)
where G, ={z € D: |g @I — |z]) > ¢}

Theorem 1.3 Let 1 < p,q < oo and g € H*. The following are equivalent:

(1) Mg : RM(p, q) — RM(p, q) has closed range.
(2) Sg: RM(p,q)/C — RM(p, q)/C has closed range.
(3) Thereisann € (0,1), ad > 0 and a ¢ > 0 such that

m(Ge N Ae, ) = dm(Aa,n), aeD,

where G, = {z €D : |g(z)| > c}.

Notice that the symbols g € H® of Theorem 1.3 are explicitly understood by the work
of Anderson. In addition, Anderson proves that the symbols g € BM O A that introduce a
closed range T, on the Hardy spaces are exactly the constant functions. However, the constant
functions are not among the symbols that introduce a closed range T, onthe RM (p, q) spaces
due to Theorem 1.2. As far as we know, there are no examples of Bloch functions that fulfill
condition (1.10). That being the case, we provide for the first time non trivial examples
of functions g € B that serve as symbols of a closed range 7, in the RM(p, q) spaces.
Consequently, these symbols are valid for the case of Bergman spaces too.
Leta g € H(DD) defined in terms of lacunary series, that is

o0
Nk+1
g(z)=zakz”k, sl
k=0 "k

Recall that g belongs to the Bloch space if and only if {a;} € £*° (see [8, Lemma 2.1]). We
are able to prove the following

Proposition 1.4 Let 1 < p,q < oo. There are g € B defined in terms of lacunary series that
introduce a closed range operator T, : RM (p,q) — RM(p, q).

@ Springer



Inequalities on tent spaces and closed range integration operators... Page7of26 70

On the other hand, we proved that the univalent Bloch functions do not satisfy the condition
(1.10).

This work has the following structure. The first part of Sect. 2 is about the definition
of RM(p, q), AT;,I spaces and their connection. We also present equivalent expressions in
terms of the derivative. These expressions are known in the literature as Littlewood-Paley
type inequalities. In the rest of the section we discuss the background related to the action
of Tg, S; and M, on the RM (p, q). In Sect. 3, we introduce the auxiliary lemmas needed
and we present the proofs of Theorem 1.1, Theorem 1.2 and Theorem 1.3. The last section
is devoted to the proof of Proposition 1.4 and to the presentation of the argument that Bloch
univalent functions do not introduce a closed range 7.

2 Definitions and first properties

In this section we recall the definition of the spaces of analytic functions under discussion.
Moreover, we compile some properties for the sake of being self-contained.

2.1 Average radial integrability spaces

These are the RM (p, q) spaces introduced in [2]. Although we are interested for their Banach
space version, below we present their definition for the full range of the values of p, g.

Definition 2.1 Let 0 < p, g < +00. We define the spaces of analytic functions

RM(p.q) ={f e HD) : pp4(f) < +00}

1 2/l ‘ alp \ V4
pp,q(f)=(2nf0 (fo If(re"’)l"dr> de> . ifp.g < +oo,

1 1/p
Pp.oc(f) = esssup ( / |f(re'®) P dr) , ifp < +oo,
0

te[0,2m)

1 27 q l/q
Pooqg(f) = | =— / sup |f(re')) o) , ifq <+oo,
27 Jo rel0,1)

Poo,00(f) = I flla = sup | f(2)].
zeD

where

Our interest is restricted to the range 1 < p, ¢ < 0o. These RM (p, ¢) are Banach spaces
under the norm

| fllrMp.g) = Pp,g(f)-

Notice that, when p = ¢

RM(p, p) = AP,
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A change in the order of integration is enough to prove it. In any other case, an appropriate
application of Holder’s inequality results to the containments

AP CRM(p,q) CAY, g<p
or
AT C RM(p,q) C AP, p<gq.

The inclusions are strict.

The case ¢ = oo stands for the bounded radial p-integrability of f. It makes no difference
if instead of the essential supremum we use the supremum.

It is worth of mentioning that in the case p = co we have

RM (00, q) = H?

due to the fact that the membership of an f in H? can be equivalently described by the
g-integrability over [0, 27r) of the radial maximal function

Rf (") = sup |f(re'?)
rel0,1)

of the function f (see [14]).
Closing, we recall from [2] the pointwise growth estimates

”f”RM(p,q)
[ f(@)] < CIW’ zeD
and
@l < 0 M Rmes @1

(1— |Z|)1/p+l/q+1 ’

of the RM(p,q), 1 < p,q < oo. The Cy, C, are positive constants independent of f and
Z.

2.2 Tent spaces

The work of Coifman, Meyer and Stein is considered as the starting point of the study of tent
spaces [12]. Since then, they have been widely studied by many authors (see, e.g., [9, 11, 17,
18, 20, 21, 24]).

Let a & € T. We define the cone-like region

Fip@E ={zebd:|z<1/2}u (] [2.8).

lzl<1/2

Definition 2.2 Let 0 < p, g < +o00. The tent spaces Tg consist of measurable functions f
on D such that

1/q

q/p
dA(z)
q = P d . 2.2
Iz A(ﬁm&vwlﬂ—km> il @2
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It is of great importance that in (2.2) we can use any of the cone-like regions

Fp) =f{zeD:lzl<pyu [ JIz.0), Be©D.
lzI<B

In other words, we have

q/p
dA(2)
q = P d
11z A(fl"ﬁ(s) OG- |z|2)> il

Actually, we can use any of the non-tangential regions

1/q

5 1
Tu@E ={zeD:lz—& <M1 -z)}, M=

as well. This is true due the following technical lemma, well known to the experts of the area.
The symbol I'c (&) stands for any of the I'g(§) or I'ys (§) .

Lemma 2.3 [9, Lemma4, p.66] Let0 < p,q < +00, A > max{l, p/q} and n be a positive
Borel measure on D). There are constants K; = K;(p,q, X, C), i = 1,2 such that

- A q/p
Ky / W(Ce@)4/P|de| < f f ( ‘i'> du@)  1del < K / W(Ce@)/P 1z .
T T \JD \ |l —z&| T

As in the case of the RM (p, q), the tent spaces are defined for the limit values of the p, ¢
as well. The T, consists of measurable functions f on ID with

1/q
I fllze = (esssup | f(z)))? |dE| , ifg < +o0.
T zel2(8)

It is known that the definition is independent of the type of the non-tangential region we use.
When g = +00 and p < +00, the tent space 7;° consists of measurable functions f on
D with

1/p
Ifll7ge = sup ( sup : If(Z)I”dA(z)) < +o00, (2.3)

geT \wer@) (I — [wl?) Jsw

where

. . 1—
S(reﬂ):{pe”:l—pfl—r, [t — 0| < 21’}

for re!? € D\ {0} and S(0) = . An equivalent way to state (2.3) is to say that the measure

du(z) = |f ()" dm(z)

is a Carleson measure. Recall that a positive Borel measure p in ID is called Carleson if and
only if

n(S))
rcr M|

The supremum is taken over all arcs I of the unit circle, |/] is the arc length and

S(I):{ze]D): 1= < |z] <1, ﬁel}.
V4
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Here, we are interested in the holomorphic version of the tent spaces. We denote that as
AT] =T, NH(D).

The limit case p = oo corresponds to the Hardy spaces, that is, AT, = H4Y, since the
membership of an f € HY can be determined by the g-integrability over [0, 27) of the
non-tangential maximal function

Ncf(e?) = esssup |f(2)|

zelc(el?)

of the function f (see [14]).

2.3 Integration Operators on the RM(p,q) spaces

Let g € H(D) and the integration operator

Tg(f)(z)=/0 FO @ de.  zeD,

acting on f € H(ID). Pommerenke was the first who considered T, on spaces of analytic
functions by proving that it is bounded on H? if and only if g € BMOA [25]. Aleman
and Siskakis proved in [5] that the same is true for any H”, 1 < p < oo. Later on, in [6],
they confronted the question of the boundedness on the Bergman spaces A”, 1 < p < oo,
by establishing the membership of the g in the Bloch space B as necessary and sufficient
condition. Hardly speaking, the key for the proof of the sufficiency in any of these spaces is
the use of an expression of the norm based on the derivative of f. Necessity comes out using
an appropriate family of test functions.

In [3], among other things, the authors consider the problem of the boundedness of Ty in
the RM (p, q) spaces. Therefore, first they establish that the norm associated to the spaces can
be described equivalently in terms of the derivative. This is what they call Littlewood-Paley
type inequalities. Precisely,

Ppg(f) 2= 1FO] + ppg(f @A =z, 1=p,q<oo. 24
That being the case, they follow the procedure described above in order to prove that
T, : RM(p,q) > RM(p,q), 1<p,g<o0

boundedly if and only if g € 5.
It is well known among the experts of the area that the boundedness of

Sg(f)(z)=/0 FO @ de.  zeD,

on Hardy and Bergman spaces is characterized by the condition g € H*. This is the case
for the RM(p,q), 1 < p,q < oo, too. However, this operator is not considered in [3].
Therefore we present the proof.

Proposition2.4 Let 1 < p,q < oo and g € H(D). The operator Sy is bounded in the
RM(p, q) spaces if and only if g € H®.

Proof We begin with the assumption that g € H* and we recall the (2.4). Then

ISe (N RM(p.g) = Pp.g(Sg(£)) < ISg (O + pp,g(Se(f) ()1 = |z]))
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= pp.g(Sg(NH' @A —Iz))

1 2/l ‘ . alp \ /4
=([ (/IfW#%WMUJ%WG—¢WdO m»
2 0 0
1 2/l _ alp \ /4
S”NH”<zTA (A|fhﬂ%ﬁ(1—mpm> ¢w>

Sllglhae 1 fIIRMp.g) »

forevery f € RM(p, q). So, the sufficiency is proved.
For the necessity we consider the operator bounded. So, there exists a constant C > 0
such that

ISe (O Nrmp,gy < ClfllRM(p.g)» [ € RM(p,q).
Combining that with (2.1) we get

| flrRMp.g)

15N @1 = C T Tprie

f € RM(p, q),

where C’ is a positive constant. Now, we employ the test functions
(1 = |e))y—Vr=Va
Ju(2) = -

(I —az)

They have the property sup,, || fullrRMm(p,q) < 00 (see [1]). As a consequence, for any z € D,

, v>1/p+1/q, aeD, zeD.

! < -
lfa@llg@I S = |Z|)1/p+1/q+l
for every « € D. Choosing z = « implies that g € H*. O

Remember that M,, T, and S, are connected as in (1.2) and that H* C B. Therefore,
without to much effort, we can check that M, is bounded in the RM (p, q) if and only if
g€ H™®.

As it is stated in the introduction, our concern is the characterization of T, S, and M, as
bounded below operators when acting boundedly on the RM (p, g). We are able to accomplish
this task by studying the problem in the tent space version of the RM (p, ¢). We claim that
this is possible since, as it is established in [4], for 1 < p, g < oo

Pp.a () = 1 flizg »
Pp.qg(f'@DA = 1zD) < I f'(2)(1 - 1zDlI7¢

and due to the Littlewood-Paley type inequalities
1fllzg = 1F' @ = 12Dllzg, 1= p.g <00

for every f € AT,;I (see [24, Theorem 2, p. 9]).

3 Reverse Carleson type measures forthe AT? ,1 < p,q <

In this section we prove our main result, Theorem 1.1, and its consequences. In the statement
presented in the introduction we only make use of pseudohyperbolic discs. However, due to
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the technicalities we have to deal with, we need the euclidean discs
Ap@)={zeD:|z—a|<nI—]ap}, n€@0,1),xeD,
as well. Notice the following remark.

Remark 3.1 1t is known (see [19, p. 4]) thatif n € (0, 1), « € D and 11:172 <r < 1then

Ay(a) C© Aa, 7).
In addition to that, if n € (0, 1) then there is a 8 € (1/2, 1) such that
Uwer n) Ay(a) S Tg(§)

where & € T is the same for both regions. This is the region I'g (§ ) considered in the following
two Lemmas.

Lemma3.2 Letl < p<oo,ne(0,1),e>0, feHD),and

A= :a eD :|f@)? < | f@)IP dm(z)} .

e
m(Ay(e) Ja, @)
Then, there is a constant C1 = C1(n) > 0 such that

d dm(z
/ o D sclf o D),
ANCy2(8) 1 —z| rp(€) 1 — |z

for a non tangential region T'g(§) with vertex at the same point & € T as I'12(§).

Proof If a € A then

|f()]” < Lf (@7 dm(z) .

£
m(Ay(e)) Ja, @)
Hence, integrating both sides over A N I'1/2(§) and considering a I'g(§) as in Remark 3.1

dm(a) 1 dm(a)
/ If(@)|P ——= <8/ 7/ If @7 dm(z)
ANTy /2(6) 1= o] ANTy ) \ M (An(@) Jay () 1= o]
dm(a)

1
P xani @ d ,
fs/mrm(s) (m(An(a» rpey T O K@@ '”(Z)) = lal

21
1+n?

Remark 3.1 also implies that XA, (@) (2) < XA(.r)(z) when < r < 1. Therefore,

applying Fubini’s theorem

dm(a) / / <XA(z,r>(<x)> dm(a)
p 14 d .
/Amrl/z@)'f OF 2060 = e 7O Lo ae \m(ag@ ) 1= fa "

Remember that

11—l x1—-1z|, oe€Alz,r)
and

m(Ay(@) =< (1 —lah)? < m(Az, 1), ac Az,
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where the constants involved depend on 7. Thus, we obtain that

dm(a) dm(z)
[ s <ce [ ir@r 7
AL 1 (6) I — e Tp() I—1z|
O
Let1 < p <ocoand A € (0, 1). We define the set
Ex(@) ={z € Ay@) : [f@I7 = Al f(@)]}
and the function
By f(@) = ———— [f@IP dm(z), aeD.
m(E; (@) JE, ()
The following is the analogue of Lemma 3.2 for B, f .
Lemma3.3 Ifp>1e€(0,1), f € HD), A € (0, 55), and
242
B=lueD :|f@ < BUH@].
Then, there is a constant C; = C(n) > 0 such that
dm(z) dm(z)
/ lf@I” 1 < 8C2/ [f(@)I” .
BT /2(5) — Izl rp(®) 1 —1z]
for a non tangential region I g(§) with vertex at the same § € T as I'12(§).
Proof Applying Lemma 3.2
d d d
J rar &2 - | rar &2y [ Fop )
BT'1/2(8) L=zl Jnryp@na L=lzl - Jesorpemna 1—1
d d
scis [ ror 5 [ fopr 2.
(&) L=lzl ~ Jarena 1—1z|
We are looking for a similar e-estimate of the second additive. If « € B, then
fap < 5 f@I1"d
[f@)] < ——— If @ dm(z) .
m(Ex(a)) JE, ()
So, integrating both sides over (B N T'1;2(£))\.A, we get
d 2 1 d
/ rar 0 <2 | — L[ @ dme 29
(BAC'y ;2(6)\A L=l (BOC 2 EN\A MEL(@) JE; @) 1= o]
Assume that
Uppa —
3
lze]D): Iz—al<w}cEl(a), Yo ¢ A, 3.1

where C is a positive constant to be determined later, then

2/p
m(E; (@) > f@ m(Ay@) . Vo ¢ A.
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Thus,
dm(a)
/ @I
(BN 2(E)\A = le|
1 d
< 4c2 2 / L rrdme
(BN p@NA 1Ay (@) JE, (@) I —|e|
1 dm(«
< 40252/‘ _ If @7 dm(z) @
BT 2ENA (A (@) Ja, @) 1= e
d
< 4czs/ (e )
(BT} 2 (E)\A 1=l
d
< 4c%[ F e )
Ts() I —|of

and the lemma is proved.
To complete the picture, we proceed to the proof of inclusion (3.1). Let « € D and
z€A 7 (a0) . By Cauchy integral formula, we have

1 1 1
@)~ @] = o / f(w)< - ) dw
7 | Jlw—al=4(1-le) w-z w-a
<L If(w)l‘L‘ dw|.  (32)
T 27 Jjw—al=3(-la) (w—-2)(w—a) ' )

By subhamonicity, for w € A 2 (o), we have

/

< 2 L

|f Q)| dm (u)

where C’ is an absolute positive constant. Applying that in (3.2)

4C |z —a| 1
- dm(u) .
[f(@) — flo)| < 1L —la) my@) Jaw [f )| dm(u)

Now, if we consider z € A 1 (@) for a C large enough, then
el
2C

1

er
1@~ fl = 5 s /An(a) |F@) dm(w).
Therefore, if o ¢ A then it follows that

1
If@Iz If @] = |f(@) = f@)I = S1f ()]

So that,

If@IF =

p
VO @

and this implies the strength of inclusion (3.1). O
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Remark 3.4 Notice that for f € H(D), » € D and A € (0, 1), we have that

m(E; (@) _ log(1/2)
m(An(@) ™ tog (BD6) +10g(1/3)

Now, ifa € D\ B, ¢ € (0, 1) and A € (0, 1/27), it follows that
B _ 1

f@lr = 22

. 2(242) .
If 6 € (0, 1), then choosing A < €3 7’, we obtain

m(Ex@) _ (2/8) log(1/¢**7) 0
m(Ay(@) "~ jog (1/8”%) +(2/8) log (1/82+%) 2

that is,
)
m(E, (a)) > (1 — 5) m(Ay(a)).

Now, we state the last auxiliary lemma. In order to prove it we use an argument based on
the family of functions { fy }oep C AT!, 1< p,q < oo, of Proposition 2.4 . Recall that

||fa||Tg =< 1, VaeD.

Lemma3.5 Let 0 < p,q < oo. Given ¢ > 0, there exist n € (0, 1) such that for all « € D
there is a function fy € ATg such that

(1) ||fa||Tpf1 = 1, and
(2) ||faXAf(a,n)||Tg <e.

Proof Fix A > max{1, p/q}. First of all, we consider the family { f,} of the functions

O T a
fa(@) = (1 —az) ,z€D,

where y > 2*2. As we have seen previously, these functions satisfies (/). Let us see now

that, for a given ¢ > 0, there is € (0, 1) such that

q/p

dm(z)
I 2/ / | fa ()P 1 |d&] < 9.
T \Jry@\aen = Izl

Observe that
q/p

dm(z
=/ / | fu (D17 lm(“ \dE|
T\ E\A@n — Izl

q/p

d
=/ f xactam @Lfa@? L) g,
T\Jr® 1 —z]

2
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1|z

[1-&z]

1= 22\ d q/p
H§A(/ED<|1_'§L|> Xactan Dl fa 1P l’fﬁ) dg]

Applying in the inner integral the change of variable

Since A > max{l, p/q} and xr, &) () S , we have that
b

z ¢Ot(z)7

where ¢y (7)) = 1“_% , we get that

_ /p
(1 = I ()Y y o !
< et e )IP 0L ) d d
N/T(fD\A(OYn) o @I P ane))

_ _ /p
| (1= lpa @21 |1 — @ B Al 2 !
=) — A ' (b /(@) d dt| .
fqul_aé‘kq/p (fm\mn) o | faGa@IP 18, @P dm(z) | Idé]

Since

1= l¢a (D = 10, @] (1 = |z1*), a,zeD,

1 1— 2yAa—1 1—a s a/p
A e L ) N
- N - Qua

Verifying that

11— @zl | fa(Pa )P 16, = (1 = Je)* 1|1 —qz P22

we get

2yA—1 q/p
ta—wp 5 [ ([ S i an)) s,
T |1 —a@&*/P \Jova@.n 1 — ¢ @)zt

Since y > %2,
11 _§Z|)/P*)~*2 < QYP—A=2

Thus,
23—1 alp
1<-— 2*%”[#/ a-k d
>l a7 \Ioaom 11— ga@er 0] 1]

g 1 27 q/p
= —|a|2)kf’1/ _ f l/ L A= rar) el
T =@} \ Sy w o (1= ga@re?*

Now, a standard argument based on Parseval’s identity, Stirling’s formula and the fact that
¢ (§)] = 1 = |§] implies

a 1
I<@a- 2)‘7’_1/-7 dg| (1 — )P
SU—la® | e e A=)
Employing the same argument one more time, we obtain that
IS (=7,

Therefore, we conclude that, for a given ¢ > 0, there is € (0, 1) such that (2) holds. |
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Now we are in a position to present the complete version of our main result.

Theorem3.6 Let 1 < p,q < 400 and G be a measurable subset of D. The following
assertions are equivalent:

(a) Thereisa B € (0, 1) and a constant K > 0 such that

q/p
d
/(/ |f<z)|1’1'"(Z)) d|
T \JrsenG — Izl
alp Va
d
> K ff @ DN e
T \Jri 06 1 —z|

forevery f € AT;,I.
(b) There existann € (0, 1) and a § > 0 such that

1/q

m(G N A, n) = dm(Ala, 1))

fora € D.
(c) There existann € (0, 1) and a § > 0 such that

m(G N Ay(a)) = §m(A,(a))
fora e D.

Proof (b) < (c) : The proof is the same as in [19].

(c¢) = (a) : Assume (c) holds. We want to prove that there is a 8 € (0, 1) and a constant
K > 0 such that

a/p 1/a qa/p 14
dm(z dm(z
/ / |f<z>|1’1’"(” del] =k / / FIr D) g
T \JT&NG — Izl T \JT12(6) 1 -z

forall f € AT)).
Consideran ¢ € (0, 1) and a A < min{1/27, s%(2+2/”)} . By Remark 3.4 we obtain that

m(G N Ej () =m(G N Ay()) —m(G N (Ay(a) \ Ex(a)))
= dm(Ay(a)) —m(Ay(a) \ Ej (@)
= dm(Ay(a)) —m(Ay(a)) + m(Ex(a))

8
= 8m(Ay(@)) —m(Ay(@)) + (1 - 5) m(Ay(a))

= Im(a@)

for any « € D\ B, where B is the set in Lemma 3.3.

Let a pseudohyperbolic radius » = r(n) € (0, 1) as in Remark 3.1. We can finda 8 €
(1/2, 1) such that Uyer, ) Ao, r) C Tg(§).

If @ € I'12(&) \ B then using the fact that E; (f)(a) C Ay(a) C I'g(§)

1 dm(z)
- p
(@) Jonrye "> OO T
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Ty @I

" 2m(G N E@) Jonrye) " [~ Rl

o1 m)

s 1 )

= 2m(G N Ex(@) GnE, @ @@If @) m—
_ e, @I
20 —aD

The constant C3 depends on 7. Integrating over the set I';2(§) \ B and applying Fubini’s
theorem, we obtain

p XAz (@) d dm(z) -~ C 5& » dm(a)
/Gmrﬂ@)'f(m /rl/z@)\B m(Ay(a)) m(a)l—IZI_ ) r,/z(s)\3|f(a)| 1—a|’

Using arguments we have seen before, we conclude that there is a positive constant C4 =
C4(n) such that

/ XA(z,r)(a) dm(a) < Cq
rp@en\s M(A, )

for any z € D. Therefore,

dm(2) S dm(a)
/ [f(z )I" > Cs — | f(c )Ip
GNTs () — Izl 2 Jripens = ler|”
Applying Lemma 3.3, it follows that
m(z)
f rer s
GNrp() — Izl
S dm(a) S dm(a)
> Cs5 — | f(c )lp - Cs — a)l?
2 Jripe — o 2 Jripens 1 — o]
SA dm(ot) SreCy dm(a)
> G5 e S ¢ f el S
Ti(€) — o 2 e — |

So that,

d sre\ /P d
/ HGILE m(z) +<c6—5) / Fl” - ()
GNI() — |zl 2 Ts() — ||
sa\ /P d e
2<C5—> (/ @)l ’"(“))
2 T (6) 1 — o

By means of Minkowski’s inequality we get that

q/p
d
/ / @ DN g
T \JGNrE) 1 —|z|
sre\ /P dm ()
+(c6—) / / e " e
2 T \Jrse) 1

1/q

1/q
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s\ /P d alr
> (Cs —) / f @ ZHD N
2 T \JT1,2(8) 1 — Jef

According to Lemma 2.3, the AT,? -norm can be equivalently expressed by any cone-like
region. So, if we choose ¢ small enough, then we end up that there is a constant K > 0 such
that

1/q

q/p 1/q
dm(z)
p 4miz) d X .
/T</Gﬂrﬁ(e>|f(1)| 1—Iz|) et) = KTl

(a) = (b) : Before starting with the proof, we need to show the following estimate:

rlq

q/p
dm(z) m(G N A(e, 1))
o o P d 5 T E——
A([FB@ Xoratan 1) 1—|z|) s P pn

where fy is the function considered in Lemma 3.5. Applying Lemma 2.3 and properties of
pseudo-hyperbolic disks (see, e.g., (1.6) and (1.7)), it follows that

q/p
dm(z
f ( / Xona@n @l fa@1? 1"“”) dé|
T \Jrs) — |zl
/p
(1 — |al)=P/a f / dm() \’
D G e — o d
m(A(o, 1)) 'IF( T4 () X6naG@n @) 1—z| |

/q
1 - |og|)_l’/‘1 / </ (1- |Z|)A )q/p P
= A ) — = d d , 33
m(A(a, n)) ( T \JGna@,n |1 — z&|* m(z) |d&]| (3.3)

where A > max{1, p/q}. Notice that, by means of rotations, we can assume the pseudo-
hyperbolic disk centered at « € (0, 1) without loss of generality. Applying the change of

variable z = ¢ (2), where ¢y (z) = 7.5 , it follows

/q
(] _ |Z|2))\ )ll/P p
—d d
</T </GﬂA(a,n) 11— z&[* e a
/q
(1= ga@D* , )q”’ !
= —_— d o d
</T (/%(Gmw,n)) 11 —&¢a(2)I* Pa (D dm) 4]

(1= la?)*/7 </ (1 = 2P, ()P )‘”"
=\ | o Ty d
( T 11— agP \Jg, Gra@n 11— azl*1 — 26, ()" m@)

Applying the same change of variable again, we obtain

/q
(1= |z )"”’ !
—d d
(/T (/GﬂA(ot,r]) 1 —z& @ il
1— 2\Aq/p 1— » 2\ A q/p
_ (1 — o 1 / (/ (1 —[9a(2)]9) dm(z)) \dE |
T |1 —a&|*P \Jenaw@m 11 — ape (D)1 — o (D) (£)]*
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< / : (/ =z d ())W d| .
< _ —az|*dm(z
T 11— &P \ Jonaca.n

r/q
= m(G N A, 7)1 — o) (fW' SI) .

By a standard argument, the same as the one used at the end of the proof of Lemma 3.5, we
get that

(1_|Z|2)A q/p plq
(/ (/ LT dm(z)) |ds|> < m(G N A )1~ a1 (3.4)
T G

MA@y |1 —2z&*

Thus, putting together (3.3) and (3.4), we have obtained that

G N A, 1/p
IfxGna@mlize < (m(mTa(O;);?))) ’

fora € Dand n € (0, 1).

Now, we continue with the proof of (a) = (b). Given ¢ < % By Lemma 3.5, there is
n € (0, 1) such that for all pseudo-hyperbolic disks A(c, n) there is a function f;, satisfying
the following conditions:

(1) There are constants C, C, > 0 such that C; < ||f||T;/ < (Cp, and
2) ”fXA(a,n)C”Tg <e.
So that, applying (a), we have

(m(G N A(e, 1))

1/p
> . _ )
m(A@ ) ) 2N xenaenlizs = 1 xclize — If xa@nellrg

KC
>K||f||Tq—s>KC1—8>Tl

Therefore, we have proved that there is an n € (0, 1) and a § > 0 such that
m(G N A(e, n)) = dm(A(e, 1))

for every o € .

All the above lead to the following statement.

Theorem3.7 Let 1 < p,q < oo and g € B. The operator T : RM(p,q) — RM(p, q)
has closed range if and only if there are constants §, ¢ > 0 and n € (0, 1) such that

m(Ge N A, ) = S m(A(a, 1)), (3.5)
foreverya € D, where G, ={z €D : |g'(2)|(1 —|z]) > c}.
Proof Assume first that there isac > 0,ann € (0, 1) and a § > 0 such that

m(Ge N A, 1)) = dm(A(e, 7)),

for every o« € D. We employ Theorem 3.6 and [4, Proposition 3.1] to get that there is a
B € (0,1) and a constant K’ > 0 such that

1/q

d
/ / |f(z )|p e |d$| > K' I fllRMp.q)
T \JTs®NG, — Iz
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forevery f € RM(p, q).

Applying the Littlewood-Paley type inequalities, [4, Proposition 3.1] and that T, (/) (0) =

0, we get that

” Tg (f) ”RM(p,q)

X

v

/ / @I 1@ (1 [y
T \/Ts&NG. I -zl

1
q/p) a
d
¢ / / If @7 m) .
T \JIs®NG, 1 —|z|

Combining the above, we conclude that there is a constant C > 0 such that

%

1T (O NrRMp.g) = C NN RM(p.g)

forevery f € RM(p, q).

1
q/p) 4
d
/ / @I 18P (1 — oy 2D
T \JT) 1 —|z]

1
dm(2) )q/p q

(3.6)

Now, assume there is a constant C > 0 such that (3.6) holds. Due to the Littlewood-Paley

type inequalities, it is true that

q/p
dm(z)

// FOI? 1@ (1 = |2)? de|
T\/r® 1 —z|

J q/p
ZC,/ f e 2 |dé|
T\/r® I —|z|

forevery f € RM(p, q). Notice that

4 q/p
/ / P I @P (- zp? g
T\/r;® 1 —z|
J q/p
[ rergera-wm O] e
T \/ri®nc. - lz|
J q/p
+f / [f@I7 18’ @17 (1 — |z])? lm(z) |d&|
T \/ri@G. — |zl
J q/p
sllgll%/ / Fr N
T \Jry@nc. 1 —z|
q/p

d
+c‘1/ f P ) g,
T\Jry® — |zl
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Taking into account all the above, we conclude that

q/p q/p

d d
iy [ ([ e @ s+ [ f For L2 g
T \J/ry©n6. 1 — |z T\/r;® 1 -z

J q/p
zC”/ / rer N g,
T \Jry® — Izl

Therefore, choosing ¢ > 0 small enough, we end up to the strength of condition (a) of
Theorem 3.6. As a consequence, there existan n € (0, 1) and a § > 0 such that

m(Ge N Ala, m)) = dm(A(e, 1))
for every o € D. o

The argument for M, where g € H®, is the same as that for 7,,. We only have to use the
level set G. = {z € D : |g(z)| > c}. The approach for S, makes use of auxiliary lemmas
based on the quantity | f/(z)|(1 — |z|) instead of | f(z)|. Nevertheless, these new versions
of auxiliary lemmas are proved through minor modifications of those we have presented for
T. Consequently, we only present the statements and we leave the details for the interested
reader.

Lemma3.8 Letl < p<oo,ne(0,1),e>0, feHD) and

A= {a eD : (1 —laD?|f ()" < A= 1zD1f @17 dm(z)}.

&
m(Ap(e) Ja, @)
Then, there is a constant C1 = C1(n) > 0 such that

dm(z)

/ A=1zD?If @ —= < ECl/ A =1zD?If @17
ATy 2(6) 1 —z] Ts(8)

for a non tangential region I g (&) with vertex at the same point§ € T as T'1j2(§).

dm(z)
1—z|

Letl < p <oocand A € (0, 1). We define the set
Ex(@) ={z € Ay@) = (1= [zDP1f' @7 = 21 = aDP| £/ ()7}

and

B f(a) = If'@IP(1 = [zD? dm(z), o € D.

m(Ey () JE, ()

Lemma3.9 If1 < p <oo,e€(0,1), f € HD), » € (0, zi,,) and
B={aeD /@I -la)” <P B(H@].

Then, there is a constant C; = C2(n) > 0 such that

dm(z)

f (1= P 1f e @ ec2/ (1= 121/
BATy 2(8) 1 —z| Tp (&)

dm(z)
1—|z|

for a non tangential region T'g(§) with vertex at the same & € T as 'y j2(§).

So that, the analogue of Theorem 3.6 is the following result.
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Theorem3.10 Let 1 < p,q < 400 and G C I be a measurable subset. The following
assertions are equivalent:

(a) Thereisa B € (0, 1) and a constant K > 0 such that

q/p
d
L[ wrera-mr $#25) e
T \/Tp®NG 1 —1z|

1/q

q/p
d
> Kk // TO a2l BTl I
T \Jr ) 1 —z]
forall f € AT}].

(b) There existann € (0, 1) and a § > 0 such that

l/q

m(G N Aa, 1) = dm(A(a, n))

Jora € D.
(c) There existann € (0, 1) and a § > 0 such that

m(G N Ay(@) = dm(Ay(@))
Jora € D.
Putting everything together, we get the desired result for the operator S.

Theorem3.11 Let 1 < p,q < oo and g € H™. The operator S; : RM(p,q)/C —
RM((p, q)/C has closed range if and only if there isann € (0, 1), a$ > 0 and ¢ > 0 such
that

m(Ge N A, m)) = Sm(A(e, 1)),

foreverya € D, where G, ={z €D : |g(2)| > c}.

4 Examples

Example 4.1 The univalent functions do not satisfy the condition (3.5). Assume that there is
a univalent function g satisfying this condition. Using [10, Theorem 3.4.9], we have that

1
lg'@I(1 = |z]) < d(g(2), 3g(D)) < Zlg’(z)l(l —IzD,

for a univalent function g and z € D. So, this implies that d(g(DD), dg(ID)) > c. Moreover,
it is known that there is £ € T such that /£ lirré g(z2) = L € C. Then, by condition (3.5) we
—>

can find a sequence {z;} in the non-tangential region such that z; — &. However, we have
18(zk) — LI = d(g(zx), 9g(D)) = ¢
for all k € N. Therefore, we obtain a contradiction.

Proof of Proposition 1.4 Without loss of generality we can assume that & € [0, 1). Following
the proof of [26, Proposition 5.4], we can show that for a given large positive integer g we
can find a function g(z) = Z(;io 7%’ € B and a constant ¢ > 0 such that

1
lg@I0 =]z =¢, 1—-—F <lzl<1- -, k=1,2,....
q qk+§
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First of all, we will show thatif n > 1 — é, we have that

.2 2
1= (A a)n_a+n>1 1

1—a2n?  1—o2n2  l4an gk+s
(Il—nhe (-o)n _a—np _ 1
1—a2p?2  1—a2n?  1—an ™~ q*

for o € [l — qki%, 1— qkié], k = 1,2,.... Since the functions hy,(ax) = la++ann and

gnla) = "n are increasing functions, the previous inequalities have to satisfy the following
1 - L1 +7 - r— 1N
i3 o 1 s -1 1
= k+y’ - k
_ 1 g2 _ 1 q
1+’7<1 qk%> : 77<1 qH%)
fork = 1,2, .... Hence, we obtain that n > max{l — é, 1— q,%} =1- é Analogously,

one can prove thatif n > 1 — q%, we obtain

(I-nPa  (A-oPn oty 1

2,2 2,2 zl-—

1 —an 1 —an 1+an g2

(I-nhe (—edn _a—n _ |

l—a2n? 1—-a?p? l—an~ q

foro € [0, 1~ ).
Bearing this in mind, it follows that if 1 — kll <a<l1- kL,k:l,Z,...,wehave

&z 4tz

1 1
m(G:. N A(a,n)) >m zeA(a,n):l——kflzlfl——l,kzl,l...
q qk""f

g% +1 _1 172 2
m(p[1-2 +,q _ MJ
qu+5 qu+§ 4q2k+

(‘11/2 - 1)2 2k—1(1 _ (ql/z - )2
= T agur 4 4q2

a)? = (1-a)

forn>1-— i The remaining case (0 <o <1 — q,%) follows in the same manner, that is,

1 1
m(GcﬁA(a,n))Zm<{zeA(a,n):1—kflzlfl—,,k=1,2,...])
q k+

q 2
12401 412 _1 1/2 2
m(pf1-14 j,q - (q43)
2q2 2q2 q
1/2 _ 1 2
> u(l_af
4q3
forn > 1—[13%. O
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