HARDY OPERATORS ON WEIGHTED AMALGAMS

PEDRO ORTEGA SALVADOR AND CONSUELO RAMIREZ TORREBLANCA

ABSTRACT. We characterize the boundedness of the Hardy operator between
weighted amalgams, a problem studied, but not completely solved, by C. Carton-
Lebrun, H. P. Heinig and S. C. Hofmann. We also characterize the weighted weak
type inequalities for modified Hardy operators on amalgams.

1. INTRODUCTION

If 1 <p,q < oo and u is a positive measurable function of one real variable, the
amalgam of LP(u) and ¢? is the space (LP(u), ?) of functions f on the real line such

that L
g = {Z (/ )Puloe) } < oo.

neZ

In this way, a function f belongs to (LP(u), ¢9) if f is locally in LP(u) and globally
in ¢¢. Endowed with the norm || - ||,u,4, (LP(u), ¢?) becomes a Banach space.

The amalgam spaces were introduced by N. Wiener in 1926 ([?]). A survey about
the role played by amalgam spaces in Harmonic Analysis can be found in [?] (see
also [7]).

C. Carton-Lebrun, H. Heinig and S. Hofmann studied in [?] weighted inequalities
in amalgams for the Hardy operator P defined for nonnegative functions f by

Pia) = [ &
Specifically, they characterized the pairs of weights (u, v) such that the inequality

1P fllpwa < CllflIp0a (1.1)

holds for all f with a constant C' independent of f whenever 1 < g < ¢ < co, while
in the case 1 < ¢ < ¢ < oo they only got necessary conditions and different sufficient
conditions. As far as we know, the full characterization in the case 1 < ¢ < q < o©
is an open problem.

The first purpose of this paper is to solve this problem, i.e., to characterize the
pairs of weights (u, v) such that the inequality (??) holds in the case 1 < ¢ < 7 < o0,
showing that the sufficient conditions given in [?] are also necessary. This will be
done in section 3.
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2 P. ORTEGA AND C. RAMIREZ

We also study the boundedness of modified Hardy operators from an amalgam of
LP(v) and 7 to an amalgam of LP*°(u) and ¢9. By the amalgam of LP*°(u) and (1
we mean the space (LP*(u), £?) of functions f such that

1
q
”pr,oo,u,q = {Z ”X('ﬂ,n-l‘l)fug,oo,u} < 0,

neZ

1
where |[g|p,ozu = supys0 A (f{z:|g(x)|>)\} u) " and LP(u) = {g : [|g]lpocu < 00}
If g is a positive function of one real variable, we consider the modified Hardy
operator T, defined for nonnegative functions f by

1, () = g(a) | OO /

and characterize, for all values of p, P, q,q, the pairs of weights (u,v) such that the
inequality
1Ty fllp.ooma < Cllfllzwa (1.2)

holds for all nonnegative functions f with a constant C' independent of f. The
results will be stated and proved in section 4.

2. NOTATIONS AND PRELIMINARIES

The notation we will use is standard. In particular, if p > 1, its conjugate exponent

is p/ = p%l. On the other hand, throughout the paper the letter C' will design a

positive constant, not necessarily the same at each occurrence.
In the statements of our results we will use the following notations, in which n € Z
and u, v are positive measurable functions on R.

(i) Ifl<p<p< oo,

(iii) If 1 <P < p < o0,

n—+ao - %
Jn = Ssup ||gX(n+a,n+1)||p,oo,u (/ v —p) .

0<a<1

(iv) f 1 <p <P < o0,

b
®(x) = sup inf g(y) < / U)
n<a<z<b<n+l |y€(ab) a
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(v)If1<p,]3<oo,1<q<§<ooand%—$—%,
RN n k . L T . &
s=x (S () ) (= (L)) ()
nez = k k=—o00 k—1 n—1

(vi) f l<p,p<ocand 1 <g<q< o0,

1
B = Sup (Z ”gX(n n+1)||p,oo u)

n=m

Q|
(7=
VR
—
| 3
®>—A
|
=
N——

(vii) If1<p,ﬁ<oo,1<q<q<ooand§:$—%,
3 n k , %: qs, n , %:
B= Z Z X+ |15 0050 Z (/ Ul—p> (/ Ul—p) .
neZz k=—00 k-1 n—l

We will apply the following well known theorems concerning the characterizations

of the weighted weak and strong type inequalities for the Hardy operator and the
modified Hardy operators, as well as the characterization of the weighted strong
type inequalities for the discrete Hardy operator.

Theorem A. ([7], [?], [?]) Let — § < b < oo and let P, be the operator
b)

defined for nonnegative functions on (

Popf(x / I

Suppose that 1 < p,p < oo and u, v are positive measurable functions on (a,b)
Then the inequality

1Pap fllps < CllF 70 (2.1)

holds for all f with a constant C' independent of f if and only if
(i) in the case 1 <p < p,

b % T . é
D; = sup (/ u) (/ vl_p) < 00;
a<z<b x a

(i) n the case 1 < p < p,

b b\ » t N .
D, = / (/ u) (/ vl_p> v(t)Pdt < oo,
a t a

where % = 1

1
p
Moreover, the best constant C in (??7) satisfies D1 < C < p'Dy in the case
1
1<p<pand p]_?_%(]_?’)?r_%Q_%Dg <C<L p%ﬁ’Dg in the case 1 < p < Pp.

3



4 P. ORTEGA AND C. RAMIREZ

Theorem B. ([7], [?], [?]) Let —oo < a < b < oo and let H,yp be the operator
defined for functions on (a,b) by
abf / f

Let 1 < p,p < o0 and u, v positive measurable functions on (a,b). Then the
weighted weak type inequality

||Ha7bf||p7oou = C||f||p7 (2-2)
holds for all f with a constant C' independent of f if and only if
(i) in the case 1 <p < p,

1
T A\
E= sup [|gX(ab)llp.cosn (/ vl”) < o0;
a<zr<b a

(ii) in the case 1 < p <P and g monotone, the function ® defined on (a,b) by

d % c %
O(x)= sup inf g(y) (/ u) (/ vl_pl)
a<c<z<d<b |yE(c,d) c a

belongs to L™ (u), where 1 = ]lj - %.
Moreover, the best constant C in (?77) satisfies E < C < 4FE in the case 1 <p <p

and 27| @) cpn < C < 25 (14 45) [ 8]

Theorem C. ([?]) Let 1 < ¢q,§ < oo and let {u,} and {v,} be sequences of
positive numbers. Then the inequality

{Z ( Z ak> un}q < C{Zagvn} (2.3)

holds for all sequences {a,} of nonnegative numbers with a constant C independent
of {a,} if and only if
(i) in the case 1 <G < g < o0,

1 %
F, = sup (Z un> q < Z viq/> ' < 00;

meZ

Q=

(ii) in the case 1 < ¢ <G < o0,

> (L) (£ a) e
meZ n=—o0o

where % = % - %.
Moreover, the best constant C in (?7) satisfies F; < C < @ Fy in the case 1 <

1
7 <q and q@‘é(q’)78_52_5172 <C< qéq’FQ in the case 1 < q < q.

Fy
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Finally, we will need the straightforward characterization of the embedding of
1({v2}) into £7({ul}) for 1 < g < G. The result reads as follows:

Lemma 1. Let 1 < ¢ <7 < o0 and 1 = % %. Suppose that {u,} and {v,} are
sequences of positive real numbers. The following statements are equivalent:

(1) There exists C' > 0 such that the inequality

{Z(\anw}q <C {Zuanrw}

neZz nez

Q=

holds for all sequences {a,} of real numbers.

(ii) The sequence {u,v, '} belongs to the space (°.

Moreover, the best constant C' in (i) is ||[{u,v, *}|es-

3. STRONG TYPE INEQUALITIES FOR THE HARDY OPERATOR ON WEIGHTED
AMALGAMS

The result which characterizes (??) in the case 1 < ¢ < § < oo is the following
one:

Theorem 1. Let 1 <p,p < 00,1 <q<q< o and % = é — %. Suppose that u, v
are positive measurable functions. Then there exists a positive constant C such that
the inequality (??) holds for all nonnegative measurable functions f if and only if
(i) in the case 1 <p<p < oo, S < oo and {S,} € (%;
(i) n the case 1 <p <p < o0, S < oo and {S,} € ¢°.

Proof. The sufficiency of the conditions and the necessity of the condition S < oo
were proved in [?]. We only prove the necessity of the condition {S,} € ¢* in the
case 1 < p < p < oo and the necessity of the condition {S!} € ¢° in the case
1<p<p<oo.

Suppose that (??7) holds. Fix n € Z and let f be a nonnegative function supported

in (n,n+ 1). Then
o ([ ([ 1) o)
(/;H (/n f)pu(x)d$); <c (/:H fpv) | (3.1)

(1) If 1 <p <p< oo, (??)implies, by Theorem A, that sup,,c5 S, < co. For each
n € Z,let a,, € (0,1) such that

n+1 % n+aon ., % 1
S, — / U / VP < —.
n+om n 2\n|

I1Pf

and (?7) gives

=
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Since we have to show that {S,} € ¢°, it suffices to prove that

n+1 % n—+an , %
( / u) ( / VP ) e r.
n—+aon n

Let {a,} be a sequence of nonnegative numbers and let f be the function defined
by f =3z 7 Xuntan). Forn € Z and x € (n + oy, n + 1) we have

n—+aog,
!

Pf(x) Zan/ o7

n

Then

1

n+aom » q n+1 % q
1P lpuq = ZGZ (/ Ul_p) (/ U) )
nezZ n nt+an
_ n+aon -
g = § St ([ )

neZz
% B n—+om .,
<C Z al (/ vl_p)

neZ

hSIST
Q|-

and (?77?) yields

[ ([ ) ([

nez

Q|-

SIS
Sl

}

Since the previous inequality holds for all sequences {a,, } of nonnegative numbers,

Lemma 1 gives
n+omp ., % n+1 %
( / vl P ) ( / u) €
{ n n+an

as we wished to prove.
(i) If 1 < p <P < oo, then (?7) implies, by Theorem A, that sup,,.z S, < co.
Let {a,} be a sequence of nonnegative numbers and let

f@) = nXmnin(z) (/:H u) v (/j vl_p/) " v (2).

nez

If z € (n,n+1),

nwf(t)dt — a, /n (/tnﬂu) " (/ntvl—p’y” o (1)t
> a, (/;+1 u) " /: (/nt ul—p/> 7 P (t)dt (3.2)
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On the other hand,

/nnJrl(Pf(w))pU(iE)dx Z/nnﬂ (/;
/

Transporting (?7) to (?7?) we find

[ sy = [ (E (/ () ))
(L (

Then

1
1Pf lpawg = p7
rq i
Since || fllug = { Sz al(S)7 }, (72) yields

{Zamﬁ}q < G{Zamﬁ}q

nez nez

and applying Lemma 1 we obtain {S/ } € ¢.

4. WEAK TYPE INEQUALITIES FOR MODIFIED HARDY OPERATORS ON
WEIGHTED AMALGAMS

As in the previous results, the characterizing condition for the weak type inequal-
ity is double, with a local part and a global one. The result which characterizes the
inequality (?7) is the following one:

Theorem 2. Let 1 < p,p < oo and 1 < q,q < oco. Suppose that u, v are positive
measurable functions on R. Assume also that g is monotone in each interval (n,n+
1) when p < p. Then there exists a constant C' > 0 such that (??) holds for all
nonnegative measurable functions f if and only if
(i) in the case 1 <p<p<ooandl <q<q < oo, J=sup,gJn <00 and
B < o0;
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(ii) in the case 1l <p <p<oo and 1 <q<q< oo, F=sup,cz || Pnlrocom < 00
and B < oo, where % = % — %;

(iii) in the case 1 < p<p < oo and 1 < q < q < oo, B < oo and {J,} € (¢,

where L =1 1.

s q q

(iv) in the case 1

p<p<ooandl <q<q<oo, B<ooand{||Pullrcom} €
0%, where 1 —

and L =1
s q

1
7

<
1_1
p P
(

Proof. Suppose that (??) holds. If m € Z and f is a nonnegative measurable
function supported in (m,m + 1), then
1 Tf

pocng = SUPA <u {x € (m,m+1): g(f@/ f> A}) !
> m
and (77?) yields

(e emm e [0 <o ([ )

where C' is a positive constant independent of m.
On the other hand, let {ax} be a sequence of nonnegative numbers and let f

-1
be the function defined by f = >, ., ax <fkk_1 vk?/) VP X1k If n € Z and

z € (n,n+ 1), we have

LS

1

1) =gte) [ F=9@) [ (Zak ([ ) vl—p’x<k_1,k))

keZ

= g(z) ( Xn: a + (/: e </nn+1 vl—p’)l>> . zn: N

k=—o00 k=—o00

1
q
q
p,00,u ’

Then,

% n q
;177007’&} 2 {Z ( Z ak) ||gX(n,n+1)

n€eZ \k=—o0

o= {3t ([ o)

neZ
and from (?7?) it follows that the inequality

{Z ( > ak>qllgx<n,n+1) g,oo,u}i < o{zaz ( / )} (4.2)

neZ \k=—o0 nez

1T flpo0uq = {Z (T4 )X mnt1)

neZ

Sl
——
Q=

Q=

holds for all sequences {ay} of nonnegative numbers. This means that the weighted
strong type (g, ¢) discrete Hardy inequality with weights w, = ||gX(nn+1)||2 and

p,o0,u
va = ([, 0"7) 7 holds.
()Ifl<p<p<ooandl <g<q< oo, (??) implies, by Theorem B, that
J =sup,, J, < oo and (??) gives, by Theorem C, that B < oc.
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(1)) fl <p<p<oocandl <q<q< oo, from (??) we obtain, applying Theorem
B, that sup,, || Pnl|rco < 00 and (?7?) implies, by Theorem C, that B < oo.

(i) If 1 <p<p<ooand 1< q<7q< oo, then (??) implies B < oo by Theorem
C. Asin (i), from (??) we have J = sup,, J,, < oco. For each n € Z, let o, be a real
number in the interval (0, 1) such that

mren AT 1
Jn_||gX(n+an,n+1)||p7oo7u / v P <%.

Since we have to show that {J,} € ¢*, it suffices to prove that

n—+o .
n _, 7 <
{HQX(n-l—an,n-&-l)Hp,oo,u (/ Ul_p) } € L.

Let {ax} be a sequence of nonnegative numbers and f = >, akvl‘ﬁlx(k,kmk).
If n € Zand z € (n+ a,,n+ 1), we have

n+an

T,f(0) 2 glalan [ 017

n

Then,

1

P,00,U,q > {Z ||X(n+an,n+1)Tngg,oo;u}

nez

n+an i q %
> Z a%HgX(n—&-an,n—i-l)Hg’OO;U (/ vi P )
n

nez

1Ty f

and (77?) yields

1
n+an q q n+an,
(i (07} sl ([

nez nez

o
Tl
Q=

Now, Lemma 1 gives {J,} € £*.

(iw) If 1l < p<p<ooand 1l < q < g < oo, from (??7) and Theorem C we
obtain that B < co. As in (i), we show that sup, ||®,|lreow < 00. Let us see
now that {||®,|l,ccn} € ¢°. For each n there exist A, > 0 and a compact set
K, Cc{zre(nn+1):d,(x) > \,} such that

1
v 1
| Do || .00 — An (/ u> < /.
o K, 2l

1

It suffices to show that {\, <fKn u) ;} € (°. For fixed n and x € K, there exist
ay and b7 such that n < a; <z <00’ <n+1 and

b AN
inf g(y) (/ u) (/ vl_p) > Ay (4.3)
ye(a'rmwb'rzz) af n

Sl
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Since the intervals (aZ,b’) cover K, there exist z1,xq,..., x5, such that K, C
U " (an’,by’). We may suppose that Z] 1 X (a5 550 < 2XU5" (@)
Let {Ay} be a sequence of nonnegative numbers and

=

T

Sn an] -P
P (S (ot 00 )
j=1 n

neZ (an ,

If n € Z and x € (an’, by’), then T, f(z) > A, and

1
q
HTngP@OJMQ > {ZA?Ll‘XU‘Jﬁzl(azj7bij)Hg,oo;u} = ZA;IL (

neZ

On the other hand, by (??), we have for each n

HfX(n,nJrl)”ﬁ;v = Ay Z( (lnf
ye

[\
O
3
VR
[~
3
>
S |
3
@\ §
S8 >
= :u&.! uc"
N v“
\_/ LQ
S -
<
TN
bo |
= 3
>,| N
3 3 \
N S Sg&
C\ s
B S
3 —
~ |
Q =L
34 ~—
= —
3 |
— kS
I
\/ SR
ST

Therefore,

bl
Q=

fllpwg < C Aq / U
£png <O AT [ o

nez

and, by (?77?),

Al /
o

neZz

C\
'3
3
—
S
38
<.
=
:QH.
-
IS
v
Skl
=

NS
N
IN
Q
g
3
==
R

Applying Lemma 1, we obtain

which implies { (fK ) } e,

Conversely, let us prove the inequality (??) from each one of the conditions cor-
responding to the different cases of values of p,p, q,q.
Let A > 0 and n € Z. Let us consider the sets

Oxn =z € n,n+1):T,f(z) > A},

A,\7n:{x€(nn+ / f>= }



HARDY OPERATORS ON WEIGHTED AMALGAMS 11

and
By = {IE (n,n+1) :g(a:)/ f> %}

It is clear that Oy, C Ay, U By,. Then,

1

P
sup A / uw| <supA / u| +supA / U
A>0 Oxm A>0 A A>0 Ban

By Minkowski’s inequality in ¢¢, we have

Sl
Sl

1749y g
P
sup A (/ u>
neZ A>0 Oxn
1749y ¢ 174y ¢
P P
< sup)\(/ u) + Z sup/\</ u)
iz | >0 Axn oz | A0 Bxn
=1+ I

Let us see first that [; < C||f||zv7 in all cases. If n € Z and = € (n,n + 1),

n

o) [ 5= 3 0w [ r=0w 3w

k=—o00 k=—o0

where a; = fkk—l f. Then

1
n q 3
L = {Z < Z ak) ‘|gX(n,n+1)Hg7oo’u} . (4.4)

n€Z \k=—o0

If 1 < g < g < oo, the characterization of the strong type inequality for the
discrete Hardy operator contained in Theorem C gives

{Z(Z ) \lgx<n,n+1>||g,oo,u}q gc{zagvn} , (4.5)

neZ \k=—o0 nez

Q=

for all sequences {v, } verifying

1
D= Slé}; (Z ||gX(n,n+1)||g,oo,udu>

q

If v, = (f:fl vl_ﬁ)_?, we have D = B < oo, and therefore,

< 0Q.

Q|
3
Il
| MS
8
i~
T
S
N——
Ul

Q=

N\
:\:
.
Q,_.
|
=L
~_
|
|
~—
Q=

L <C {Za‘flvn}

nez

:C{Zag

nez
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Applying Holder inequality with exponents p and p’ we obtain for each n

ws (L) (L)

and the estimation of I; ends as follows

[1§O{Z(/n:fpv)

neZ

q

If 1 < ¢ <q < o0, by Theorem C, the inequality (?7) holds for all sequences {v,}
verifying

SIS

bl
S]]

ﬁ?’l}?E ‘

Q[

n
1-¢ 1-¢
(E (o ) v, * < o00.

k=—00

=> (Z 19X (ke 11) Hpo<>u>

neZ

If v, = (fkk—l vlfﬁ'>_?, we have that B = B and therefore, B < co. Working

from now on as in the previous case, we arrive to Iy < C|| f||5.0.7-
Finally, let us estimate Is.
(i))Ifl<p<p<ooandl<q<q< oo, for each n € Z we have J, < co. We
may apply Theorem B and obtain

i&%W“{W"’ o [ 1251
<on(f” )W(/n )

Taking (%-norms, we arrive to Iy < C| fl|lpv,q and since § < ¢, we get I <

C fllz0,a-
(1)) Ifl<p<p<ooand 1 <q<q< oo, for each n € Z we have &,, € L">°(u)

and Theorem B gives
n+1 B
cor(['n)

% n+1 B
sup)\ / u S C”q)nHr,oo,u (/ fp,U)
A>0 BA,n n

Taking (?-norms, we obtain Iy < C||fl|zvq. Since § < ¢, we finally have I, <

Cll fllpwa-
(1)) f 1 <p<p<ooandl<q<g< oo, asin (i) we obtain

[2<C{ZJ‘1 (/ fpv)

neZz

=
"SH’—‘

=
Sl

1

}‘?

Since {J,} € ¢¢, Holder inequality with exponents v = g and 7/ gives

ool ) (50

nez nez

Sl

1

) i (Z JS) * 1£1lp0a-

3
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(w) Ifl<p<p<ooand 1< qg<q< oo, we have

n+1 B % %
Lot Sl ([ ™)

neZ n

and as in the previous case we obtain
[2 < C Z Hq)an’,oo,u Hf‘ pv,q-
neZz
0
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