The Fluctuating Two-Ray Fading Model for mmWave
Communications
Juan M. Romero-Jerez∗ , F. Javier Lopez-Martinez+ , José F. Paris+ and Andrea Goldsmith×
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Abstract— We introduce the Fluctuating Two-Ray (FTR) fading model, a new statistical channel model that consists of two
fluctuating specular components with random phases plus a
diffuse component. The FTR model arises as a natural generalization of the two-wave with diffuse power (TWDP) fading model
proposed by Durgin, Rappaport and de Wolf; in this extended
model, the two specular components exhibit a random amplitude
fluctuation. Unlike in the TWDP model, we show that all the chief
probability functions of the FTR fading model (PDF, CDF and
MGF) can be expressed in closed-form. We also show that the
FTR fading model provides a much better fit than the Rician
fading model for recent small-scale fading measurements of the
28 GHz outdoor millimeter-wave channels.

I. I NTRODUCTION
There is much current interest in the use of millimeterwave (mmWave) bands as a means to overcome the wireless
spectrum shortage caused by the exponential increase in aggregate traffic, particularly in the emerging standard of 5G [1].
As a result, research in mmWave radio communications has
been boosted in the last years, particularly for its use in urban
outdoor environments [2].
Understanding the behavior of the radio channel at mmWave
bands is crucial for the development of transmission and
reception strategies. As a result, research on channel modeling
for mmWave wireless communications has been very intense
in the recent years both in industry and academia [3–6]. Most
of the stochastic channel models for mmWave communications
use Rayleigh and Rician distributions to model the smallscale fading path amplitudes in NLOS and LOS scenarios,
respectively. Very recently [7], the small-scale fading statistics
obtained from a 28 GHz outdoor measurement campaign
showed that Rician fading was more suited than Rayleigh even
in NLOS environments. However, a deeper look into the results
of [7] indicates that conventional fading models in the literature fall short in accurately modeling the random fluctuations
suffered by the received signal. In fact, the empirical CDFs
[7] and PDFs [8] exhibit a bimodality that cannot be captured
with existing generalized fading models [9, 10].

We here propose a new model to capture this behavior: the
Fluctuating Two-Ray (FTR) fading model. This model is wellsuited to recreate the wide heterogeneity of random fluctuations that affect the mmWave radio signal when propagating
in the presence of multiple scatterers. The FTR model is a
natural generalization1 of the two-wave with diffuse power
(TWDP) fading model proposed by Durgin, Rappaport and de
Wolf [12]. It generalizes this model by allowing the constantamplitude specular waves associated to LOS propagation to
randomly fluctuate. The inclusion of an additional source
of randomness allows for a better characterization of the
fluctuations suffered by the radio signal, compared to the
TWDP model (which is a special case of the FTR model).
Remarkably, this larger flexibility does not come at the price
of an increased mathematical complexity, but instead facilitates
a simpler statistical characterization than the TWDP model.
The benefits of using the FTR, which will be later exemplified, can be summarized as follows: (1) Despite being more
general than the original TWDP model, its chief probability
functions (CDF, PDF and MGF) are given in closed-form;
(2) The FTR fading distribution is inherently bimodal, but
also includes classical unimodal fading models like Rician or
Rayleigh as special cases; and (3) The FTR fading distribution
provides a much better fit than Rician fading to the 28 GHz
field measurements recently reported in [7].
The remainder of this paper is structured as follows: the
physical justification of the FTR fading model is introduced
in Section II. Then, in Section III, the statistical characterization of the FTR fading model is carried out. The empirical
validation of our model is presented in Section IV by fitting the
FTR fading model to small-scale fading field measurements in
the mmWave band. Finally, the main conclusions are drawn
in Section V.
1 We also note that the FTR model here proposed differs from the Generalized Two-Ray (GTR) model proposed in [11]. Unlike the TWDP model,
the GTR model allows the phase distributions of the specular waves to be
other than uniform, but the amplitudes of the specular components is still
kept constant.

II. P RELIMINARIES AND CHANNEL MODEL
The rapid variations of mutipath components in wireless
channels leads to dramatic fluctuations in the received signal
strength, which is usually referred to as multipath (or smallscale) fading. The small-scale fluctuations of the wireless
channel are typically modeled by a set of N dominant waves,
referred to as specular components, to which other diffusely
propagating waves are added [12]. Thus, the complex baseband voltage of a wireless channel experiencing multipath
fading can be expressed as
Vr =

N
X

Vn exp (jφn ) + X + jY,

(1)

n=1

where Vn exp (jφn ) represents the n-th specular component,
which is assumed to have a constant amplitude Vn and a uniformly distributed random phase φn , such that φn ∼ U[0, 2π).
Since the distance traversed by the propagating waves are
typically orders of magnitude greater than their wavelengths,
the random phase variables can be considered statistically
independent. On the other hand, X+jY is a complex Gaussian
random variable, such that X, Y ∼ N (0, σ 2 ), representing
the diffuse received signal component due to the combined
reception of numerous weak, independently-phased scattered
waves for which the central limit theorem can be applied.
The general model presented in (1) includes very important
statistical wireless channel models as particular cases. Thus,
when N = 0, i.e., no specular component is present, the
Rayleigh fading model is obtained, while for N = 1, a
single dominant specular component, we have the Rician
fading model. The case when there are two dominant specular
components, N = 2, is usually referred to as the Two Wave
with Diffuse Power (TWDP) fading model or, alternatively,
the Generalized Two-Ray with Uniformly distributed phases
model (GTR-U) [11]. This model has received increased attention in the last few years, as it contains the aforementioned
classical models as particular cases and it accurately fits
field measurements in a variety of propagation scenarios [12].
Unfortunately, the statistical analysis of the TWDP fading
model is much more complicated than in the case of the
Rayleigh or Rician fading models, as there is not known
expressions for either the PDF and the CDF of the received
signal envelope.
Prior works have considered variations in the amplitude of
the dominant specular components, often associated with the
LOS propagation, under different scenarios, and this model has
also been validated with field measurements. Examples include
the Rician shadowed fading model [13] as a generalization
of Rician fading model, and the κ-µ shadowed fading model
introduced in [10] as a generalization of Yacoub’s κ-µ fading
model. However, while the word “shadowing” was used when
the models [10, 13] were introduced, these models should
not necessarily be linked to the large-scale fading phenomena
called shadowing, caused by a complete or partial blockage
by obstacles many times larger than the signal wavelength.
Rather, the models in [10, 13] considered shadowing to be

any amplitude fluctuation in the specular waves (e.g. due to
shadowing by objects or human bodies, propagation condition
variations or fast moving scatterers) that takes place over the
time period of interest. Therefore, considering the amplitudes
of the specular components to be modulated by a Nakagamim random variable with squared unit mean as in [10, 13], we
can write:
Vr =

N p
X

ζVn exp (jφn ) + X + jY,

(2)

n=1

where ζ is a unit-mean Gamma distributed random variable
with PDF
mm um−1 −mu
e
fζ (u) =
.
(3)
Γ (m)
The wireless channel model given in (2)-(3) for the particular case when N = 1 corresponds to the well-known Rician
shadowed fading model [13]. In the rest of this paper, we will
consider the case when N = 2 and will derive a statistical
description of the resulting channel model. This model will
be subsequently denoted as the Fluctuating Two-Ray (FTR)
model, in order to indicate the presence of two specular
components with random phase for which their amplitude
exhibits a random fluctuation.
III. S TATISTICAL CHARACTERIZATION OF THE FTR
FADING MODEL

Let us consider that the complex baseband received signal
can be written as
p
p
Vr = ζV1 exp (jφ1 ) + ζV2 exp (jφ2 ) + X + jY. (4)
This model is conveniently expressed in terms of the parameters K and ∆, defined as
V12 + V22
,
2σ 2
2V1 V2
∆= 2
.
V1 + V22

K=

(5)
(6)

The K parameter represents the ratio of the average power
of the dominant components to the power of the remaining
diffuse multipath, just like the Rician K parameter. On the
other hand, ∆ is a parameter ranging from 0 to 1 expressing
the similarity of the received powers from the specular components: when the magnitudes of the two specular components
are equal, ∆ = 1 , while in the absence of a second component
(V1 = 0 or V2 = 0), ∆ = 0. Note that ∆ = 0 yields the Rician
fading model.
We will first characterize the distribution of the received
power envelope associated with the FTR fading model, or
equivalently, the distribution of the received signal-to-noise
ratio (SNR). After passing through the multipath fading channel, the signal will be affected by additive white Gaussian
noise (AWGN) with one-sided power spectral density N0 .
The statistical characterization of the instantaneous SNR, here
denoted as γ, is crucial for the analysis and design of wireless
communications systems, as many performance metrics in
wireless communications are a function of the SNR.

The received average SNR γ̄ after transmitting a symbol
with energy density Es undergoing a multipath fading channel
as described in (4) will be
n
o

2
γ̄ = (Eb /N0 ) E |Vr | = (Eb /N0 ) V12 + V22 + 2σ 2
(7)
= (Eb /N0 ) 2σ 2 (1 + K) ,
where E{·} denotes the expectation operator.
With all the above definitions, the main probability functions
in performance analysis under the FTR fading model can now
be computed.
A. MGF
In the following lemma we show that, for the FTR fading
model, it is possible to obtain the MGF of γ in closed-form.
Lemma 1: Let us consider the FTR fading model as described in (4)-(7). Then, the MGF of the received SNR γ will
be given by
m

m (1 + K) (1 + K − γ̄s)
m
p
Mγ (s) =
R (m, k, ∆; s)
× Pm−1

The conditional average SNR for the fading model described
in (11) will be

γ̄u = (Eb /N0 ) uV12 + uV22 + 2σ 2
(16)
= (Eb /N0 ) 2σ 2 (1 + Ku ) .
The MGF of the TWDP fading model was shown in [11] to
be given in closed-form as


1 + Ku
Ku γ̄u s
Mγu (s) =
exp
1 + Ku − γ̄u s
1 + Ku − γ̄u s


(17)
∆u Ku γ̄u s
× I0
,
1 + Ku − γ̄u s
where I0 (·) is the zero-order modified Bessel function of the
first kind. This MGF can be written in terms of the K and
∆ parameters defined for the FTR model. Note that from (7)
and (16) we can write, respectively,

m−1

m (1 + K) − (m + K) γ̄s
p
R (m, k, ∆; s)

(8)

!
,

2

(9)

and Pµ (·) is the Legendre function of the first kind of degree
µ, which can be calculated as


1−z
Pµ (z) =2 F1 −µ, µ + 1; 1;
,
(10)
2
given that |1 − z| < 2,, where 2 F1 (·) is the Gauss hypergeometric function [14, p. 556 (15.1.1)].
Proof: Let us consider the fading channel model given
in (4) conditioned to a particular realization, ζ = u, of
the random variable modeling the fluctuation of the specular
components. In this case, we can write
√
√
Vr |ζ=u = uV1 exp (jφ1 )+ uV2 exp (jφ2 )+X +jY (11)
This corresponds to the classical TWDP fading model where
√
the amplitudes
of the specular components are given by uV1
√
and uV2 , for which the following parameters can be defined:
uV12 + uV22
V2+V2
=u 1 2 2 ,
2
2σ
2σ
√
√
2 uV1 uV2
2V1 V2
∆u =
= 2
.
uV12 + uV22
V1 + V22

(1 + Ku )
1
,
=
γ̄u
(Eb /N0 ) 2σ 2

(19)

(1 + Ku )
(1 + K)
=
.
γ̄u
γ̄

− 2m (1 + K) (m + K) γ̄s + m2 (1 + K) ,

Ku =

(18)

and equating (18) and (19) it is clear that

where R (m, k, ∆; s) is a polynomial in s defined as
h
i
2
R (m, k, ∆; s) = (m + K) − ∆2 K 2 γ̄ 2 s2

(1 + K)
1
,
=
γ̄
(Eb /N0 ) 2σ 2

(12)
(13)

It is clear that these parameters are related to those defined in
(5) and (6) for the FTR fading model by
Ku = uK,

(14)

∆u = ∆.

(15)

(20)

Now, taking into account (14), (15) and (20), we have
!
1+Ku
Ku s
γ̄u
Mγu (s) = 1+Ku
exp 1+Ku
γ̄u − s
γ̄u − s
!
Ku s
(21)
× I0 ∆u 1+Ku
γ̄u − s
!
!
1+K
uKs
uKs
γ̄
= 1+K
exp 1+K
I0 ∆ 1+K
,
γ̄ − s
γ̄ − s
γ̄ − s
and therefore the conditional MGF can be written as
Mγu (s) = B (s) euA(s) I0 (u∆A (s)) ,
where we have defined
K γ̄s
A (s) =
,
1 + K − γ̄s

B (s) =

1+K
.
1 + K − γ̄s

(22)

(23)

The MGF of the SNR of the FTR model can be obtained by
averaging (22) over all possible realizations u of the random
variable ζ, i.e.,
Z ∞
Mγ (s) =
Mγu (s)fζ (u) du
0
Z ∞
mm
= B (s)
um−1 e−u(m−A(s)) I0 (u∆A (s))du.
Γ (m) 0
(24)
The integral in (24) can be solved in closed-form, as from [15,
p. 196 (8)] we have
Z ∞
tµ e−βt I0 (αt)dt = Γ (µ + 1) θ−µ−1 Pµ (β/θ) , (25)
0



m

m−1−2q



b(m−1)/2c

m
m+K
1 1+K 
q


q
(−1) Cqm−1  q
2m−1 γ̄
2
2
q=0
(m + K) − K 2 ∆2
(m + K) − K 2 ∆2

1
1
(4)
× Φ2
1 + 2q − m, m − q − , m − q − , 1 − m; 1;
2
2

m (1 + K)
m (1 + K)
m (1 + K)
1+K
−
x, −
x, −
x, −
x .
(m + K) γ̄
(m + K (1 + ∆)) γ̄
(m + K (1 − ∆)) γ̄
γ̄
X

fγ (x) =


m
m−1−2q

b(m−1)/2c
X
1+K 
m
m
+
K
q


q
(−1) Cqm−1  q
Fγ (x) = m−1
2
γ̄
2
2
2
2
2
2
q=0
(m + K) − K ∆
(m + K) − K ∆

1
1
(4)
× x Φ2
1 + 2q − m, m − q − , m − q − , 1 − m; 2;
2
2

m (1 + K)
m (1 + K)
m (1 + K)
1+K
−
x, −
x, −
x, −
x .
(m + K) γ̄
(m + K (1 + ∆)) γ̄
(m + K (1 − ∆)) γ̄
γ̄

(28)

1

p
where θ = β 2 − α2 . Using (25) to solve (24), after some
algebraic manipulations, (8) is obtained.
The FTR fading model introduced here is well-suited to
recreate the propagation conditions in a wide variety of wireless scenarios, ranging from very favorable ones to worse-than
Rayleigh fading. It also includes many important well-known
statistical fading models as particular cases, i.e., TWDP, Rician
shadowed, Rician, Rayleigh. one-sided Gaussian, Nakagamim and Nakagami-q (Hoyt). With the MGF in closed-form,
we now show that the PDF and CDF of the FTR fading
distribution can also be obtained in closed-form, provided that
the parameter m is restricted to take positive integer values
(i.e., m ∈ Z+ ).
B. PDF and CDF
When the parameter m takes integer values, the MGF of the
SNR in the FTR fading model can be calculated as a finite
sum of elementary terms. This is based on the fact that, for
m an integer, the Legendre function in the MGF given in (8)
has an integer degree, thus becoming a Legendre polynomial.
A Legendre polynomial of degree n can be written as [14, p.
775 (22.3.8)]
Pn (z) =

bn/2c
1 X
q
(−1) Cqn z n−2q ,
2n q=0

(26)

where b·c is the floor function and Cqn is a coefficient given
by



(2n − 2q)!
n
2n − 2q
n
Cq =
=
. (27)
q
n
q! (n − q)! (n − 2q)!
Lemma 2: When m ∈ Z+ , the PDF and CDF of the SNR
γ in a FTR fading channel can be expressed in terms of the

(29)

confluent hypergeometric function Φ2 (·) defined in [16, p. 34,
(8)], as given, respectively, in (28) and (29).
Proof: We note that the polynomial R (m, k, ∆; s)
defined in (9) can be factorized as
R (m, K, ∆; s) = [m (1 + K) − (m + K (1 + ∆)) γ̄s]
× [m (1 + K) − (m + K (1 − ∆)) γ̄s] .

(30)

For the sake of compactness, let us define the following
parameters;
m (1 + K)
m (1 + K)
,
a2 =
,
(m + K) γ̄
(m + K (1 + ∆)) γ̄
m (1 + K)
1+K
a3 =
, a4 =
.
(m + K (1 − ∆)) γ̄
γ̄
a1 =

(31)

From (8), using (26) and (30), the MGF of γ can be rewritten
as
m

Mγ (s) =

− (a2 a3 ) 2
(2a4 )

b(m−1)/2c

X

m−1

(−1)

q

q=0
1
2

!m−1−2q

(32)
(a2 a3 )
1
a1 m−1−2q
1−
a1
s
s
1
1





+q−m
+q−m
a2 2
a3 2
a4 m−1
× 1−
1−
1−
.
s
s
s
Taking into account that the PDF is related to the MGF by
the inverse Laplace transform, i.e., fγ (x) = L−1 [Mγ (−s); x],
(28) follows from (32) and the Laplace transform pair given
in [17, eq. (4.24.3)]. On the other hand, (29) is obtained
analogously by considering that Fγ (x) = L−1 [Mγ (−s)/s; x].
× Cqm−1

We now provide some remarks on these derivations. First,
despite requiring the evaluation of a confluent hypergeometric
function, the PDF and CDF of the FTR fading model can be
expressed in terms of a well-known function in communication
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Fig. 1: Envelope PDF of the FTR fading model for different sets of parameter values and Ω = 1.

theory. In fact, the Φ2 function also makes an appearance in
the CDF of simpler fading models such as Rician shadowed
and κ-µ shadowed [10, 17]. Note also that this function can
be efficiently evaluated using an inverse Laplace transform as
described in [18, Appendix 9B].
Secondly, the PDF and CDF of the received signal envelope
r can be easily derived from (28) and (29) by a simple change
of variables. Specifically, fr (r) = 2rfγ (r2 ) and Fr (r) =
Fγ (r2 ), and replacing γ̄ by Ω, where Ω = E{r2 }.
Finally, the FTR fading model exhibits a bimodal behavior
for some choices of the parameters K, ∆ and m. Similarly
to the TWDP fading model, the bimodality is dominated by
the parameters K and ∆. Specifically, for ∆ approximately 1
and large values of K, the bimodality is more pronounced;
this corresponds to the worse-than Rayleigh fading case.
The additional parameter m smooths the bimodality2 as m
decreases; conversely, as m → ∞, the FTR fading model
reduces to the TWDP fading model. The effect of the FTR
model parameters on the bimodality of the distribution is
exemplified in Fig. 1.
IV. E MPIRICAL VALIDATION
In the previous sections, we have introduced the FTR
fading model and derived its more relevant statistics. We will
now show its suitability for modeling small-scale fading in
mmWave wireless links based on empirical data matching.
This close matching results from the fact that the FTR fading
model allows for incorporating the effect of having a reduced
number of scatterers by means of its two specular waves,
while the incorporation of the amplitude fluctuation on such
components gives an additional degree of freedom to the
model. We use the empirical results presented in [7] to validate
the FTR fading model in the context of small-scale fading
modeling of mmWave outdoor communications in the 28 GHz
band. Details on the specific measurement configuration can
be found in [7].
A modified version of the Kolmogorov-Smirnov (KS) statistic has been used to define the error factor  used to quantify
2 The bimodality of the distribution is clearly identified by the appearance
of two maxima on its PDF; this would be translated into several transitions
from concavity to convexity (i.e., inflection points) on the CDF.

the goodness of fit between the empirical and theoretical
CDFs, denoted by F̂r (·) and Fr (·) respectively, i.e,
 , max | log10 F̂r (x) − log10 Fr (x)|.
x

(33)

Note that the CDF is used in log-scale in order to outweigh
the fit in those amplitude values closer to zero, where the
fading is more severe [19].
In Figs. 2 and 3 we compare, respectively, the set of
measurements corresponding to the LOS and NLOS crosspolarized scenarios described in [7, Fig. 6]. For this set of
measurements, the empirical CDFs lie within the theoretical
CDFs corresponding to a Rician distribution with values of
K ranging from 2 to 7 (i.e. 3 to 8 dB). According to the KS
statistic, the values of K that provide the best fit to the Rician
Rice
Rice
distribution are KLOS
= 4.04 and KNLOS
= 4.78 respectively.
Such values of K yield an error factor value of Rice
LOS = 0.3302
and Rice
NLOS = 0.3571. Now, using the proposed FTR fading
model, we obtain the following set of parameters for the LOS
and NLOS cases: FTRLOS = (K = 80, ∆ = 0.5873, m = 2)
and FTRNLOS = (K = 32.7, ∆ = 0.8331, m = 10). Note that
the parameter m plays a key role in the goodness of fit, as it
enables the CDF to modify its concavity and convexity in order
to better adjust the empirical data. For these parameters, the
error factor value obtained by the FTR fit are FTR
LOS = 0.2246
=
0.2681.
Thus,
a
remarkable
improvement
is
and FTR
NLOS
attained when using the FTR fading model with respect to
the Rician model.
V. C ONCLUSIONS
A new model for small-scale fading, the FTR fading model,
was introduced. Based on a physical justification that characterizes the random fluctuations on the dominant specular components of the received signal, the FTR fading model is shown
to be a promising candidate for modeling small-scale fading
in the context of mmWave communications because it offers
a good balance between versatility, flexibility, goodness of fit
and physical underpinnings. The fit to empirical measurements
in the 28 GHz band shows great improvements over the Rician
fading model.
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