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Pilato le pregunto:

-, Y qué es la verdad?

Juan 18, 38.
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Resumen en espanol
Spanish abstract

A comienzos de la década de los 60 fue W. G. Leavitt quien dio ejemplos
de algebras que no satisfacen la propiedad (IBN), o también conocida como
propiedad del numero invariante de la base. Es sabido que un anillo unitario
S se dice que tiene la propiedad del nimero invariante de la base en el caso
en que, para cada par 4,5 € N, si los S-médulos por la izquierda St y S7
son isomorfos, entonces se tiene necesariamente que ¢ = j. Se puede probar
que una amplia variedad de anillos tienen la propiedad IBN, por ejemplo, los
cuerpos K, el anillo de los enteros Z, el anillo de los polinomios de Laurent
Kl[z,z71] o los anillos de matrices M, (K) paran € N.

W. Leavitt dio respuesta completa y satisfactoria a la siguiente pregunta:
;existen anillos para los cuales ¢S* = ¢S’ para algunos, pero no todos, los
pares i # j? Supongamos que existe tal isomorfismo entre gS? = ¢S7 para
algiin par ¢ # j, entonces adjuntando k copias de S a este isomorfismo se
tiene que ¢S'* = ¢SITF Consideremos pues asi m el menor entero para el
cual §S™ = ¢S’ para algin j # m; para este m en concreto, sea n el menor
entero para el cual se cumple que §S™ = ¢S™ y n > m. Llamamos entonces

al par (m,n) el tipo del médulo de S. Ocurrié pues que W. Leavitt llegd a

probar el siguiente resultado:

Teorema ([46, Teorema 8]). Sean m,n € N conm > n, y sea K un cuerpo
cualquiera. Entonces existe una K-algebra Ly (m,n) que tiene tipo del médulo

(m,n).
Nos referimos a Lg(m,n) (o simplemente L(m,n)) como el dlgebra de

7
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Leavitt de tipo (m,n). En el caso especifico en que m = 1, una descripcién
explicita del dlgebra Li(1,n) dada en [46] da lugar a que Lg(1,n) es en
realidad la K-élgebra asociativa libre K{(x1,...,2,,y1,...,Yn) cociente por

las siguientes relaciones:
n
yir; = 0451,y Z$iyi = 1.
i=1

Ademéds W. Leavitt probd en [47] que las élgebras de la forma Lg(1,n)
son simples.

Por otro lado, después de una década mas tarde, una de las cuestiones
mas importantes sobre la estructura de las C*-dlgebras fue resuelta: Cuntz
dio, entre otros aspectos, la descripcion explicita de una C*-dlgebra simple
[36, Theorem 1.12]. Una C*-algebra es simple en caso de que no contenga
ideales (bilateros) cerrados y no triviales. Nos estamos refiriendo a las cono-
cidas como dglgebras de Cuntz O,,. De hecho cuando K es el cuerpo C de los
nimeros complejos, entonces O,, puede ser vista como la completacion, en una
apropiada norma, de L¢(1,n). Poco después serfan numerosos investigadores
en algebras de operadores quienes se dedicaran a estudiar generalizaciones
naturales de las C*-algebras de Cuntz O,, [37].

En la década de los 80 fueron estudiadas varias construcciones de C*-
algebras correspondientes a grafos dirigidos. Después de esto, en [45] y en los
siguientes y sucesivos articulos [44] y [21], la idea de construir una C*-algebra
basandonos en un grafo dirigido se hizo clara. Sin més, para grafos finitos
E, las algebras de Cuntz-Krieger C*(E) que son simples y aquéllas que son
puramente infinita simples, fueron identificadas en [44]. Para mas informacion
sobre C*-dlgebras de grafo el lector puede consultar la referencia [52] de la
bibliografia.

No fue hasta comienzos de los anos 2000 cuando esta conexién (antes
comentada) entre O, v Lc(1,n) fue por primera vez puesta de relieve en la
literatura; P. Ara, K. Goodearl y E. Pardo comenzaron a estudiar la nocién
algebraica de anillos puramente infinito simples. Junto con M.A. Gonzalez

Barroso, los tres autores introdujeron en [12] las algebras de Cuntz-Krieger
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(en su version algebraica), motivados por el estudio ya existente del caso de
las C*-algebras de grafo puramente infinitas simples.

Consideremos S un anillo; el conjunto de las clases de isomorfia de los
S-mddulos proyectivos por la izquierda finitamente generados, denotado por
V(S) junto con la operacién binaria [P] @ [Q] = [P & Q)], es un monoide con-
mutativo. No podriamos seguir adelante sin antes mencionar los siguientes
hechos destacables. Es tipicamente dificultoso el hecho de dar una descripcién
explicita de este monoide V; en primer lugar podemos resaltar que de nuevo
P. Ara y E. Pardo, junto con M.A. Moreno, entendieron que mucha de la in-
formacién sobre el V-monoide para las CK élgebras (en su version algebraica)
podria ser vista directamente en términos de relaciones entre vértices y flechas
en un grafo E asociado [14]. En segundo lugar se produjo este otro hecho.
Simultaneamente en 2004, G. Aranda Pino estaba visitando a G. Abrams en
la Universidad de Colorado en Colorado Springs (Estados Unidos); el interés
del profesor G. Abrams en las dlgebras de Leavitt (especialmente en el caso
Lk (1,n)) junto con el trabajo que ya habia sido desarrollado sobre el teorema
de simplicidad para las C*-algebras de grafo motivaron que G. Abrams y G.
Aranda Pino focalizaran su atencién en lo que ellos entonces denominarian
el dlgebra de caminos de Leavitt de un grafo Li(F). En [4] ambos autores
consiguen dar condiciones necesarias y suficientes sobre un grafo E de filas
finitas (grafos numerables tales que cada vértice emite s6lo un nimero finito
de flechas) que implicaran que el dlgebra Lg(FE) fuera simple. Habian nacido

las dlgebras de caminos de Leavitt. El resultado probado en [4] es el siguiente:

Teorema ([4, Teorema 3.11]). Sea E un grafo de filas finitas y sea K un
cuerpo cualquiera. El dlgebra de caminos de Leavitt Ly (E) es simple si y sélo
si los subconjuntos hereditarios y saturados de E° son triviales y todo ciclo

en E tiene una salida.

Resumiendo podemos decir que las dlgebras de caminos de Leavitt son un
caso especifico de dlgebras de caminos asociadas a un grafo E cociente entre
unas ciertas relaciones (las conocidas como relaciones de Cuntz-Krieger). In-

cluso en [55], cuya autora es la profesora M. Siles Molina, se prueba que las
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algebras de caminos de Leavitt son en realidad dlgebras de cocientes por la
derecha de sus correspondientes algebras de caminos. Las dlgebras de caminos
de Leavitt incluyen muchas algebras muy conocidas como los anillos de ma-
trices ML, (K) para n € N, el anillo de polinomios de Laurent K[z, z7!], o las
algebras de Leavitt clasicas Lk (1,n) para n > 2.

Durante més de una década estas algebras han atraido el especial interés
y atencion, no sélo de expertos en teoria de anillos, sino también de analistas
trabajando en C*-dlgebras, ya que como hemos mencionado anteriormente,
suponen la version algebraica de las C*-algebras de grafo de Cuntz-Krieger.
De hecho las teorias en sus versiones algebraica y analitica comparten impor-
tantes similitudes, pero también presentan diferencias destacables. La relaciéon
entre estas dos clases de dlgebras de grafo ha sido mutuamente beneficiosa.
En [60] se probd, de hecho, que para cualquier grafo E el dlgebra de caminos
de Leavitt L¢(E) es isomorfa a una s-subalgebra densa de C*(E).

Aparte del resultado sobre la simplicidad de las algebras de caminos de
Leavitt, un nimero importante de éstos se centran en traspasar informacién
estructural desde el grafo dirigido E' al dlgebra de caminos de Leavitt Ly (FE)

y viceversa, es decir, esquematicamente:
E tiene una propiedad P <= Lg(FE) tiene una propiedad Q.

Por ejemplo, éste es el caso también del andlisis sobre las algebras finito
dimensionales de [8], las de intercambio en [19] o las dlgebras de caminos
de Leavitt puramente infinitas simples que describimos en la Seccién 1.3.
Es interesante observar que el cuerpo subyacente K no juega ningin papel
en estos teoremas de caracterizacion. Sin embargo, cabe mencionar que por
ejemplo en el trabajo [20] realizado por los autores G. Aranda Pino, K.M.
Rangaswamy y L. Vag, apareci6 el primer teorema de caracterizacién (sobre
la *-regularidad o regularidad con involucion propia de un algebra de caminos
de Leavitt) que involucra ademds una propiedad como anillo sobre el cuerpo

K, es decir, esquematicamente en forma:

E tiene propiedad P y K tiene propiedad P’ < L (FE) tiene propiedad Q.
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En el area de las algebras de caminos de Leavitt se han producido un
cuantioso nimero de resultados. Muchisimos de ellos bastante interesantes y
destacables; y han sido usados para dar algunas clases de algebras teniendo
ciertas propiedades tedricas de anillos. Ademads aparecieron la definicién ex-
tendida a grafos numerables en [6] y a grafos arbitrarios en [41]. En la lite-
ratura también cabe destacar que la estructura de los ideales primos para
algebras de caminos de Leavitt de grafos arbitrarios es considerada en [53],
el zdcalo es descrito en [18] y el centro en [35]; entre otros muchos trabajos.
M. Tomforde en [61] generaliza la construccién de las dlgebras de caminos de

Leavitt reemplazando el cuerpo K por un anillo R conmutativo y con unidad.

Esta tesis estd dedicada a estas dlgebras. Intentaremos obtener nuevos
avances en el conocimiento de la estructura de las algebras de caminos de
Leavitt. Pasamos a describir ahora en mas detalle los contenidos de los

capitulos y sus secciones.

En el Capitulo 1 comenzaremos introduciendo la nocién de algebra de
caminos de Leavitt sobre un anillo R conmutativo con unidad Lg(FE).
Podriamos decir que el Capitulo 1 es la base de la tesis, donde presenta-
mos algunos de los resultados importantes en la materia que seran necesarios

para entender los sucesivos capitulos.

Después de algunas nociones y resultados introductorios en la primera
seccion, focalizaremos nuestra atencién en los llamados teoremas de unicidad
para algebras de caminos de Leavitt, es decir, aquellos que imponen condi-
ciones en el grafo £ o en la aplicacién ® para asegurar asi que una repre-
sentacién ¢ : Lg(F) — A sea inyectiva (Seccién 1.2). Después de analizar la
estructura graduada de Lr(F) presentamos, por un lado, el teorema de unici-
dad graduado y, por otro lado, el teorema de unicidad de Cuntz-Krieger. Estos
resultados fueron originalmente dados en [60] y después generalizados en [61]
para el caso de algebras de caminos de Leavitt sobre un anillo conmutativo
con unidad. Podemos decir que estos resultados son ambos versiones para
algebras de caminos de Leavitt de los dos teoremas de unicidad existentes de

las C*-algebras de grafo: el teorema de unicidad gauge invariante y el teorema
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de unicidad de Cuntz-Krieger, los cuales dan condiciones sobre qué homomor-
fismos de C*(FE) son inyectivos. Los teoremas de unicidad son resultados clave
en el ambito de las dlgebras de caminos de Leavitt pues son frecuentemente
usados para identificar clases de isomorfismos para un algebra de caminos de
Leavitt particular asi como para deducir muchos resultados generales sobre
la estructura de estas dlgebras. Uno de nuestros principales objetivos sera ge-

neralizar ambos resultados para las dlgebras de caminos de Leavitt (Seccién
2.5).

Por otra parte estamos especialmente interesados en explorar aquellas
algebras de caminos de Leavitt puramente infinitas simples. Los anillos pura-
mente infinitos fueron introducidos por primera vez en [13]. En la Seccién 1.3
consideraremos algebras de caminos de Leavitt sobre un cuerpo K y veremos
condiciones necesarias y suficientes sobre el grafo E' de manera que L (FE) sea
puramente infinita simple. Este resultado nos ofrece el analogo algebraico al
resultado correspondiente para C*(E) descrito en [21]. Necesitamos caracteri-
zar aquellas algebras de caminos de Leavitt puramente infinitas simples para
establecer posteriormente en la Seccion 1.4 una de las principales herramien-
tas que usaremos en los Capitulos 4 y 5 posteriores; nos estamos refiriendo al

teorema (en su versién algebraica) de Kirchberg y Phillips.

No podemos continuar sin antes destacar lo siguiente. En [22, Teorema
6.2] G. Bergman describié de forma explicita una construcciéon general que
parte de un determinado monoide y da lugar a un &algebra correspondiente
que tiene la propiedad de que el monoide de mddulos proyectivos finitamente
generados para esta dlgebra se comporta exactamente como el monoide dado.
Esto motiva el llamado teorema de realizacion dado en [14, Theorem 3.5
por los autores P. Ara, M.A. Moreno y E. Pardo: sea F un grafo de fi-
las finitas y K cualquier cuerpo; entonces existe un isomorfismo natural de
monoides V(Lg(E)) = Mg. Ademds ocurre que, para cualquier anillo S, el
grupo de Grothendieck estandar K(.S) es el grupo universal correspondiente
al monoide abeliano V(.S). Sin embargo, si S es puramente infinito simple, en-

tonces V(S)\ {[0]} es un grupo, y precisamente Ky(S). De aqui que, teniendo
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en cuenta estas ideas en mente y empleando la forma normal de Smith de
una matriz de valores enteros, seremos capaces de calcular el grupo Ky de un
algebra de caminos de Leavitt puramente infinita simple sobre un cuerpo K
(Proposicién 1.4.6). Al final la informacion ofrecida por el K nos da una res-
puesta natural de tipo clasificatorio en el contexto de las algebras de caminos

de Leavitt; en este sentido presentamos en esta seccion el teorema algebraico
de Kirchberg-Phillips.

Teorema ([10, Corolario 2.7]). Supongamos que E y F son grafos fini-
tos para los cuales las dlgebras de caminos de Leavitt Li(FE) y Lg(F)
son puramente infinitas simples. Supongamos que existe un isomorfismo
¢ Ko(Lg(E)) — Ko(Li(F)) para el cual o([Lk(E)]) = [Lx(F)]; y supon-
gamos también que los dos enteros det(Ijgo) — A%) y det(ljpo; — A}) tienen
el mismo signo, donde Ay denota la matriz de adyacencia de un grafo y

Af_y su traspuesta. Entonces se tiene que Ly (E) = Ly (F) como K-dlgebras.

La demostracién de [10, Corolario 2.7] utiliza resultados y profundas ideas
relacionados con la teoria de dinamica simbdlica. Los nombres derivan de
E. Kirchberg y N.C. Phillips, quienes (independientemente en el ano 2000)
probaron un resultado andlogo para las C*-dlgebras de grafo.

En el Capitulo 2 encontramos una vez més otro ejemplo de la estrecha
relacién sobre la doble corriente algebraica y analitica que versan en este
campo: el resultado en su versién analitica fue dado en [50] para las C*-
algebras C*(F), y aqui expondremos el andlogo algebraico para dlgebras de
caminos de Leavitt Lg(E). Como idea general identificaremos el corazén con-
mutativo del algebra de caminos de Leavitt de E con coeficientes en R,
el cual es una subdlgebra conmutativa maximal del &lgebra de caminos de
Leavitt. Por ir més lejos, seremos capaces de caracterizar la inyectividad de
representaciones que dan una generalizacion del teorema de unicididad de
Cuntz-Krieger, y por otro lado, generalizar y simplificar el resultado acerca
de algebras de caminos de Leavitt sobre cuerpos que son conmutativas. El
trabajo desarrollado en este capitulo se corresponde con la referencia [40] que

fue parcialmente llevado a cabo durante la visita del autor al Instituto para
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la Investigacién en Ciencias Fundamentales (IPM) en Isfahdn (Irdn) para
colaboracién con el profesor A. Nasr-Isfahani.

Este Capitulo 2 se organiza de la siguiente forma. En la Secciéon 2.1 in-
troducimos alguna informacién previa necesaria junto con la definicién de
los sistemas de Cuntz-Krieger asociados al grafo E, esto es, las relaciones
andlogas de las algebras de caminos de Leavitt para una R-algebra genérica.
En la Seccion 2.2 damos una representacion particular del algebra de caminos
de Leavitt (Proposicién 2.2.8) sobre una R-élgebra especifica relacionada con
el conjunto de todos los senderos esencialmente aperiodicos en el grafo; esto
es, el conjunto de todos los caminos infinitos aperiddicos, ademas de aquellos
infinitos que son periddicos (los que acaban en un ciclo sin salidas) junto con
todos los caminos finitos cuyo rango es un sumidero.

En la Seccién 2.3 introduciremos el corazén conmutativo Mg(FE) del
algebra de caminos de Leavitt Lg(FE) y probaremos uno de los resultados prin-
cipales del Capitulo 2: el Teorema 2.3.12. Este teorema afirma que My(FE) es
una subdlgebra conmutativa maximal dentro de Lg(FE). Para este propdsito,
previamente probaremos el Teorema 2.3.11, donde mostramos la existencia

de una aplicacion conocida como la expectativa condicional algebraica sobre

la subélgebra Mg(E).

Teorema 2.3.12. Sea E un grafo y R un anillo conmutativo y con unidad.

Consideremos Mg(E) C Lr(FE). Entonces se tiene que
Mg(FE) ={x € Lr(E) : xd = dz para todo d € A(E)}.

Ademdas, Mr(E) es una x-subdlgebra conmutativa mazimal de Lr(E).

Gracias a la existencia de la subdlgebra Mpg(E), en el Corolario 2.4.4
de la Seccién 2.4 generalizaremos el resultado para dlgebras de caminos de
Leavitt de grafos de filas finitas (sobre cuerpos) que son conmutativas dado
originalmente en [17]. Dicho sea de paso, también analizaremos las dlgebras
de caminos de Cohn Cgr(FE) sobre R que son conmutativas, ya que estas
algebras pueden verse como algebras de caminos de Leavitt de ciertos grafos

apropiados. La condicién de Cuntz-Krieger (CK2) impuesta para cada vértice
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reqular en la definicién del algebra de caminos de Leavitt puede ser elimi-
nada: de este modo se define el algebra de caminos de Cohn. La terminologia
“algebra de caminos de Cohn” proviene del hecho de que para cada n € N el
algebra de caminos de Cohn del grafo consistente en la rosa de n pétalos es
precisamente el algebra Uy, descrita e investigada por Cohn en [33]. En la
literatura concerniente a las dlgebras de caminos de Cohn podriamos resaltar
que ultimamente G. Abrams and M. Kanuni en su trabajo [9] han probado
que estas algebras satisfacen la propiedad del ntimero invariante de la base;
o en la referencia [34] sus autores han analizado el centro de las dlgebras de

caminos de Cohn que son primas.

Para la Seccién 2.5 volveremos a los teoremas de unicidad de las algebras
de caminos de Leavitt. Andlogamente a [50, Teorema 3.13] donde se prueba
un teorema de unicidad al estilo del teorema de unicidad de Szymanski para
C*-algebras de grafo (véase [59, Teorema 1.2]), el Teorema 2.5.1 en particular
dice que una representacion de Lgr(FE) es inyectiva si y sélo si es inyectiva
cuando se restringe al corazén conmutativo My(FE). Este teorema también
generaliza [18, Teorema 3.7] dado para algebras de caminos de Leavitt sobre
cuerpos y el teorema de unicidad de Cuntz-Krieger descrito en la Seccién 1.2
para grafos en los que todo ciclo tiene una salida, la conocida como Condicion
(L).

Trasladémonos ahora al Capitulo 3. Aqui estudiaremos los analogos a las
algebras de caminos de Leavitt asociados a grafos de rango superior; estas
algebras se denominan dlgebras de Kumjian-Pask. Concretamente extendere-
mos los resultados dados en el Capitulo 2 a algebras de Kumjian-Pask. Sea
A un grafo de rango superior de filas finitas y que no tiene fuentes. Identi-
ficaremos una subalgebra conmutativa maximal M contenida en el algebra
de Kumjian-Pask KPr(A). También probaremos un teorema de unicidad de
Cuntz-Krieger generalizado para las dlgebras de Kumjian-Pask que afirma que
una representacion de KPr(A) es inyectiva si y s6lo si es inyectiva cuando nos
restrigimos a M. En este caso el trabajo desarrollado en este capitulo se co-

rresponde con [29], el cual fue llevado a cabo conjuntamente con L.O. Clark
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y A. Nasr-Isfahani.

Kumjian y Pask fueron los primeros en introducir la nociéon de grafo de
rango superior o k-grafo A (en donde los caminos tienen grado k-dimensional
y un l-grafo se reduce a un grafo dirigido) y la C*-dlgebra asociada C*(A)
en [43]. Estas C*-dlgebras nos dan un modelo visualizable para las versiones
de rango superior de las algebras de Cuntz-Krieger estudiadas por Robertson
y Steger en [54]. El dlgebra de Kumjian-Pask KPr(A), definida y estudiada
en [16], es el andlogo algebraico de C*(A). Estas algebras de Kumjian-Pask
satisfacen una propiedad universal basadas en una familia de generadores
que cumplen unas relaciones concretas. El estudio de sus ideales basicos y la
simplicidad de KPg(A) se lleva a cabo en [16], el z6calo y la semisimplicidad
son consideradas en [24] y el centro es analizado en [23]. Las dlgebras de

Kumjian-Pask para grafos mds generales son consideradas en [28] y [32].

Anélogamente a la teoria de las algebras de 1-grafo, uno de los temas
centrales para las dlgebras de k-grafos es determinar cuando un homomor-
fismo dado de KPg(A) (o C*(A) en el caso analitico) es inyectivo; estamos
tratando una vez més los teoremas de unicidad. En [16] un teorema de uni-
cidad graduado y un teorema de unicidad de Cuntz-Krieger son probados
para KPr(A). Ambos requieren algunas condiciones: el primero considera so-
lamente homomorfismos Z*-graduados, mientras que el segundo requiere de
la hipdtesis extra sobre el grafo, esto es, que A sea ‘aperiédico’. En [25], se
prueba una versiéon mas general de los teoremas de unicidad de Cuntz-Krieger
para el ambito C*-algebraico que no tiene hipdtesis adicionales sobre el ho-
momorfismo o el grafo. Aqui trasladaremos a algebras de Kumjian-Pask el
resultado analitico dado en [25]: una representacién de KPr(A) es inyectiva
si y sélo si es inyectiva si se restringe a una subdlgebra distinguida, conocida

como subdlgebra ciclina.

Al mismo tiempo probaremos una version mas general de los principales
resultados dados en el Capitulo 2 en el contexto de los 1-grafos [40]. Recorde-
mos que en el Capitulo 2 se prueba un teorema de unicidad para dlgebras de

caminos de Leavitt que establece que la inyectividad de una representacion
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solamente depende de su inyectividad sobre cierta subalgebra conmutativa
(Teorema 2.3.12). Tengamos en cuenta que estos resultados no son corola-
rios de los que obtendremos en este capitulo, ya que en el Capitulo 2 son
considerados grafos arbitrarios mientras que aqui estamos suponiendo que los

k-grafos son de filas finitas y sin fuentes.

De este modo el Capitulo 3 se organiza como sigue. Comenzamos con
una seccion donde damos todos los preliminares necesarios, incluyendo la
definicién de KPg(A) y algunas propiedades basicas. En la Seccién 3.2 es-
tablecemos algunas propiedades de la subdlgebra diagonal. Para realizar este
proposito usaremos una herramienta extremadamente 1util: la existencia de
un isomorfismo entre la subalgebra diagonal de un algebra de Kumjian-Pask
y la correspondiente diagonal de un dlgebra de Steinberg ([32, Proposition
5.4]). Las élgebras de Steinberg, introducidas en [58], son algebras asociadas
a grupotdes “ample”: un grupoide es una generalizaciéon de un grupo en el
cual la operacion binaria es sélo parcialmente definida. En [27], se demues-
tra que cada élgebra de caminos de Leavitt Ly (F) es isomorfa a un algebra
de Steinberg que se define como sigue: primero, uno construye un grupoide
topolégico G a partir del grafo dirigido £ (que es un grupoide equipado con
una topologia en la que la composicién y la inversién son continuas); luego,
el algebra de Steinberg asociada a £ sera el algebra de convolucién de fun-
ciones localmente constantes de soporte compacto de G en el cuerpo K. El
modelo de algebras de Steinberg ha sido usado recientemente por ejemplo en
[30] v en [31] para estudiar propiedades del dlgebra de caminos de Leavitt.

Las algebras de Steinberg también incluyen a las algebras de Kumjian-Pask.

En la Seccién 3.3 estudiamos la subalgebra ciclina. De manera édnaloga a
la definicién dada en [25], la subdlgebra ciclina M estd generada por elemen-
tos de la forma s,sg« donde (o, 8) € A x A es un par ciclino (Proposicién
3.3.1). En el Teorema 3.3.6, probaremos que M es una subdlgebra conmuta-
tiva maximal de KPg(A). Se cumplird ademds que en el caso de los 1-grafos,

esta subdlgebra ciclina M coincidira con el corazén conmutativo Mg(E).

Finalmente en la Seccién 3.4 daremos uno de los principales resultados
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del capitulo: el Teorema 3.4.4. Previamente necesitaremos identificar un de-

terminado subconjunto ¥, de caminos infinitos de A para poder probarlo.

Teorema 3.4.4. Sea A un k-grafo de filas finitas y sin fuentes, R un anillo
conmutativo y con 1 y M la subdlgebra ciclina de KPg(A). Si @ : KPr(A) —
A es un homomorfismo de anillos, entonces ® es inyectiva si y sdlo si |y

es inyectiva.

Para finalizar este trabajo doctoral pasamos a los dos tltimos capitulos
que estan dedicados al estudio de las dlgebras de caminos de Leavitt (sobre un
cuerpo K') de unos grafos especificos: en concreto se trata del grafo generali-
zado de Cayley de la forma CY donde n € Ny 0 < j < n — 1 correspondiente
al grupo ciclico Z/nZ con respecto al subconjunto {1,j}. Las édlgebras de
caminos de Leavitt de grafos de Cayley se iniciaron en [11], donde se daba
una descripcién de las dlgebras de caminos de Leavitt en la forma Ly (C"1).
Asi se demostro en [11, Teorema 8] que existen exactamente cuatro clases de
isomorfismos representadas en la coleccién {Lx(C"') | n € N}. Como se-
gundo trabajo sobre este tema encontramos la referencia [7] llevada a cabo por
G. Abrams y G. Aranda Pino. En [7] en su seccién segunda fue donde original-
mente ya se calcularon los dos importantes (e intimamente relacionados) en-
teros |Ko(Li(C9))| y det(I—AtC%). En especial se probé que para un j fijado,
los enteros | Ko(Lk (C?))| son (salvo consideraciones del signo) las entradas de
la j-ésima sucesion de Haselgrove ([7, Definicién 2.2]); sucesion investigada
por Haselgrove en [42] con miras a establecer una conexién entre un método
de resolucién para el dltimo teorema de Fermat (en su tiempo, por supuesto,
ultima conjectura de Fermat) y ciertos enteros que comparten propiedades
con los conocidos como numeros de Mersenne. El papel desempenado por la
sucesion de Haselgrove sera fundamental en este estudio.

También en [7] estdn completamente descritas (salvo isomorfismo) la
coleccién {Lk(CY) | n € N} (hay solamente una de estas tales dlgebras), la
coleccién {Li(C}) | n € N} (existen infinitas de estas dlgebras, cada una de
ellas expresadas en términos de matrices sobre las dlgebras de Leavitt estandar

Lk (1,m)),yen [7, Proposicién 4.14] se expone la coleccién { Lx(C?) | n € N}:
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los grupos Ko(Lx (C?)) son explicitamente descritos en términos de los enteros
que aparecen en la segunda sucesion de Haselgrove, junto con aquellos enteros
que aparecen en la sucesion cldsica de Fibonacci. Las descripciones de todas
estas algebras se siguen gracias a la aplicacion inmediata de nuestra princi-
pal herramienta en este campo: el teorema algebraico de Kirchberg-Phillips

(descrito en la Seccién 1.4).

Comenzamos en el Capitulo 4 dando toda la informacién previa nece-
saria sobre el tema. En la Seccién 4.1 introduciremos los grafos de Cayley
CY y sus correspondientes monoides de grafo. En la segunda seccién de este
capitulo volveremos al caso para el grafo C? originalmente estudiado en [7,
Section 4]. En estas circunstacias proponemos otra forma de hallar el grupo
de Grothendieck del &lgebra de caminos de Leavitt para el grafo C? de un
modo totalmente distinto al empleado en el trabajo llevado a cabo en [7].
Seremos capaces de reducir el calculo de la forma normal de Smith de la
matriz I, — AtC% (que supone ser la clave fundamental a la hora de hallar
el grupo Ky) al caso de calcular la forma normal de Smith de una matriz
més pequena (de tamafio 2 X 2), que estd intimamente relacionada con la
sucesién de Fibonacci: nos estamos refiriendo a la matriz (M3)" — I, donde
Ms es la matriz de acompanamiento del polinomio caracteristico asociado a
la sucesion de Fibonacci. No quisiera el autor dejar de pasar por alto que esta
nueva aproximacién empleada en usar la forma normal de Smith de la matriz
(M3)t— I ala hora de calcular el grupo Ky del dlgebra de caminos de Leavitt
Lk (C?), vino tras un muy fructifero debate con M. Iovanov conjuntamente
con G. Abrams, durante la celebraciéon del “33 Ohio State-Denison” congreso

matematico de Columbus, Ohio (Estados Unidos).

Mientras tanto, en el Capitulo 5 continuamos con la investigacién de las
algebras de caminos de Leavitt asociadas a grafos de Cayley concretamente
va en el grafo especifico C'3. Para este caso particular procedemos de manera
similar a la nueva aproximaciéon dada en el capitulo previo para el caso de
las 4lgebras de caminos de Leavitt L (C?): de nuevo reduciremos el cémputo

de la forma normal de Smith a la de la matriz (M$)" — I3 donde M3 es la
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matriz de acompanamiento del polinomio caracteristico asociado a la conocida
como sucesion de las vacas de Narayana (Seccién 5.1). El nombre de esta
sucesiéon, denotada de ahora en adelante por GG, es empleado en la Enciclopedia
Online de Sucesiones Enteras [51, Sucesién A000930] y se define imponiendo

las condiciones iniciales G(1) =1, G(2) =1,G3) =1y
G(n) = G(n—1) + G(n — 3) para todo n > 4.

Narayana fue un destacado matematico indio perteneciente al siglo XIV; él
estaba interesado en sumatorios de series aritméticas y cuadrados magicos, y
aplicé sus técnicas al problema de una manada de vacas y novillos (al igual
que harfa Fibonacci con sus conejos). Estos nimeros jugaran un papel muy
importante en el desarrollo de este tema.

En las dos siguientes secciones trabajaremos en el calculo de los divisores
determinantales segiin aparecen en la definicién de la forma normal de Smith
de la matriz (MJ)" — I3; para llevar a cabo dicho proceso nos veremos involu-
crados en un analisis tedrico-niimerico que nos llevara a establecer ciertas
relaciones quizas sorprendentes y aparentemente no triviales entre la tercera
sucesion Haselgrove Hj y la sucesion de las vacas de Narayana G. Para este
propdsito se ha colaborado estrechamente con S. Erickson (dedicado al campo
de teoria de nimeros) junto con G. Abrams. Ademés para trabajar con estos
numeros se ha empleado el software Magma. En concreto con un poco de es-
fuerzo, se prueba el Teorema 5.3.6 donde viene dada una férmula para Hz(n)
(n € N) en términos de los nimeros de Narayana G(n — 1), G(n —2) — 1y
G(n — 3); lo que da lugar al principal resultado de la Seccién 5.3.

Finalmente en la Seccién 5.4 expondremos el resultado principal de este
capitulo. Explicitamente describiremos el grupo K, para las algebras de
caminos de Leavitt de grafos de la forma C? en términos de los enteros
que aparecen en la tercera sucesion de Haselgrove, junto con los enteros
procedentes de la sucesién de las vacas de Narayana. Ademads extraeremos
informacion adicional sobre la estructura de estos grupos de Grothendieck

mediante la aplicacion inmediata del resultado tipo Kirchberg-Phillips para
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indentificar las algebras Ly (C?) como las dlgebras de caminos de Leavitt para

grafos teniendo a lo sumo cuatro vértices.

Teorema 5.4.1. Sea n € N. Entonces

Ko(L(C})) = Zgymy X Lagny X Lnyon),

d3(m) g (n)

donde

d3(n) = ged{G(n —1),G(n - 2) - 1,G(n = 3)} y,

dy(n) = ged{G(n — 1)G(n —3) — (G(n — 2) — 1)%
G(n)G(n —3) — G(n — 1)(G(n —2) — 1),
G(n—1)? — G(n)(G(n—2) — 1)}.

Para finalizar este trabajo doctoral, concluiremos con un ltimo apartado
denominado “Further Work” donde presentamos algunos de las cuestiones
actuales no resueltas asi como el trabajo futuro que podriamos llevar a cabo

en relacion a los temas descritos en esta tesis doctoral.
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Introduction

In the early 1960’s W. G. Leavitt gave examples of algebras not satisfying the
Invariant Basis Number (IBN) property. It is known that a unital ring S has
the Invariant Basis Number (IBN) property in case, for each pair i,j € N, if
the left S-modules S and S7 are isomorphic, then ¢ = j. A wide class of rings
can be shown to have the IBN property, for instance, fields K, the ring of
integers Z, the Laurent polynomial ring K[z, z!] or the matrix rings M, (K)
for n € N.

W. Leavitt completely answered the following question: do there exist
rings for which ¢S 2 ¢S’ for some, but not all, pairs i # j? Let us suppose
that it exists an isomorphism between §S? & S’ for some pair i # j, then
by appending k copies of S to this isomorphism we have that ¢S*™* = ¢S7+k,
Therefore let us consider m the least integer for which ¢S™ = ¢S7 for some
j # m; for this m, let n denote the least integer for which ¢S™ = ¢S™ and
n > m. We call the pair (m,n) the module type of S. W. Leavitt proved the

following result:

Theorem ([46, Theorem 8]). Let m,n € N with m > n, and let K be any
field. Then there exists a K-algebra Ly (m,n) having module type (m,n).

We refer to Li(m,n) (or simply L(m,n)) as the Leavitt algebra of type
(m,n). In the specific case when m = 1, the explicit description of the algebra
Lk(1,n) given in [46] yields that Lx(1,n) is the free associative K-algebra

K{z1,...,Zn, Y1, .,Yyn) modulo the following relations:
YLy = 51']'1, and Zl‘lyz = 1.
i=1

23
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Furthermore, W. Leavitt showed in [47] that the algebras of the form
Lk (1,n) are simple.

On the other hand, more than a decade later, one of the most important
questions about the structure of C*-algebras was resolved: Cuntz gave, among
other things, an explicit characterization of a simple C*-algebra [36, Theorem
1.12]. (A C*-algebra is simple in case it contains no nontrivial closed two-
sided ideals.) We are referring to the so-called Cuntz algebras O,. In fact
when K is the field C of complex numbers, then O, can be viewed as the
completion, in an appropriate norm, of L¢(1,n). Soon after a number of

researchers in operator algebras investigated natural generalizations of the

Cuntz C*-algebras O,, [37].

In the 1980’s various constructions of C*-algebras corresponding to di-
rected graphs were studied. After that, in [45] and the subsequent followup
articles [44] and [21], the idea of constructing a C*-algebra based on a directed
graph became clear. For finite graphs F, the Cuntz-Krieger algebras C*(F)
which are simple and those which are purely infinite simple, were identified
in [44]. For additional information about graph C*-algebras the reader can
see [52].

It was not until the early 2000’s when this connection (before mentioned)
between O,, and L¢(1,n) was first noted in the literature; P. Ara, K. Goodearl
and E. Pardo started to study the algebraic notion of purely infinite simple
rings [13]. Together with M.A. Gonzélez Barroso, the three authors introduced
in [12] the algebraic Cuntz-Krieger (CK) algebras, motivated by the case of
purely infinite simple graph C*-algebras.

For a ring S, the set of isomorphism classes of finitely generated projec-
tive left S-modules, denoted by V(S), with the binary operation [P] & [Q] =
[P @ @), is easily seen to be a commutative monoid. We should mention the
following remarkable facts. It is typically hard to give an explicit description of
V(S); but again P. Ara and E. Pardo, together with M.A. Moreno, understood
that much of the information about the V-monoid of the algebraic CK alge-

bras could be seen directly in terms of relations between vertices and edges in
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an associated graph E [14]. Simultaneously in 2004, G. Aranda Pino was vis-
iting G. Abrams in the University of Colorado at Colorado Springs (USA); G.
Abrams’s interest in Leavitt’s algebras (specifically the case Lx(1,n)) jointly
with the work developed about the simplicity theorem of graph C*-algebras
motivated that G. Abrams and G. Aranda Pino focused their attention on
something which they would later denominate the Leavitt path algebra of a
graph Lk (E). In [4] both authors achieve to give necessary and sufficient con-
ditions on the row-finite graph E (countable graphs such that every vertex
emits only a finite number of edges) which imply that the algebra L (F) is
simple. Leavitt path algebras had been born. The result proved in [4] is the

following:

Theorem ([4, Theorem 3.11]). Let E be a row-finite graph and let K be
any field. Then Ly (FE) is simple if and only if the only hereditary saturated

subsets of E° are trivial and every cycle in E has an exit.

In conclusion, Leavitt path algebras are a specific type of path algebras
associated to a graph E modulo some relations (the so-called Cuntz-Krieger
relations). Even in [55] by M. Siles Molina, Leavitt path algebras are shown
to be algebras of right quotients of their corresponding path algebras. Leavitt
path algebras include many well-known algebras such as matrix rings M, (K)
for n € N, the Laurent polynomial ring K[z,z~!], or the classical Leavitt
algebras L (1,n) for n > 2.

During more than a decade these algebras have attracted significant inter-
est and attention, not only from ring theorists, but from analysts working in
C*-algebras as well. As we have mentioned before, they are also the algebraic
version of Cuntz-Krieger graph C*-algebras. In fact the algebraic and ana-
lytic theories share important similarities, but also present some remarkable
differences. The relation between these two classes of graph algebras has been
mutually beneficial. In [60] it was proved that, in fact, for any graph E, the
Leavitt path algebra L¢(F) is isomorphic to a dense x-subalgebra of C*(E).

Apart from the result about the simplicity of Leavitt path algebras, an

important number of them focus on passing structural information from the
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directed graph E to the Leavitt path algebra Ly (FE) and viceversa, that is,
E has graph-theoretic property P < Ly (FE) has ring-theoretic property Q.

For instance, it is the case of the analysis of the finite dimensional [8],
exchange [19] or purely infinite simple Leavitt path algebras that we describe
in Section 1.3. It is interesting that the underlying field K does not play any
role in these characterization theorems. However, we should mention that for
example in the reference [20] by the authors G. Aranda Pino, K.M. Ran-
gaswamy and L. Vas, it appeared the first characterization theorem (about
*-reqularity or reqularity with proper involution of a Leavitt path algebra)
that involves a ring-theoretic property of the field K as well, that is, in the

form:
E has property P and K has property P’ < Ly (E) has property Q.

An important number of results have been produced in the subject of
Leavitt path algebras. An important number of them are quite interesting and
remarkable and they have been used to give classes of algebras having certain
ring-theoretic properties. In addition, the extended definition to countable
graphs in [6] and to arbitrary graphs in [41] appeared. In the literature we also
mention that the prime ideal structure for Leavitt path algebras of arbitrary
graphs is considered in [53], the socle is described in [18] and the center in [35];
among many others works. M. Tomforde in [61] generalizes the construction
of Leavitt path algebras by replacing the field K with a commutative unital
ring RR.

This thesis is devoted to these algebras. We try to obtain new break-
throughs in the knowledge of the structure of Leavitt path algebras. We de-
scribe now in more detail the contents of the chapters and their sections.

In Chapter 1 we begin by introducing the notion of a Leavitt path algebra
over a commutative ring R with unit Lg(E). We could say that Chapter 1
is the base of the thesis, where we present some of the important results in
the subject which will be necessary in order to understand the subsequent

chapters.
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After some preparatory notions and results in the first section, we focus
our attention on the so-called uniqueness theorems for Leavitt path algebras,
i.e., those which set conditions on the graph F or on the map ® in order to
ensure that a representation ® : Ly(E) — A is injective (Section 1.2). Af-
ter analyzing the graded structure of Lg(E) we present, on the one hand, the
graded uniqueness theorem and, on the other hand, the Cuntz-Krieger unique-
ness theorem. These results were originally given in [60] and after generalized
in [61] for the case of Leavitt path algebras over a commutative ring with unit.
These theorems are both Leavitt path algebras versions of the two uniqueness
theorems of graph C*-algebras: the gauge-invariant uniqueness theorem and
the Cuntz-Krieger uniqueness theorem which give conditions under which ho-
momorphisms on C*(F) are injective. Uniqueness theorems are fundamental
results in the subject of Leavitt path algebras: they are used extensively in
identifying the isomorphism class of a particular Leavitt path algebra as well
as deducing many general results about the structure of them. One of our
main goal will be to generalize both results for Leavitt path algebras (Section

2.5).

On the other hand we are specially interested in exploring those purely
infinite simple Leavitt path algebras. Purely infinite rings were first intro-
duced in [13]. In Section 1.3 we will consider Leavitt path algebras over a
field K and we will show necessary and sufficient conditions on a graph E so
that Ly (E) is purely infinite simple. This result provides the algebraic analog
to the corresponding result for C*(E) in [21]. We need to characterize purely
infinite simple Leavitt path algebras in order to establish in Section 1.4 one of
the main tool needed for Chapters 4 and 5; we are talking about the algebraic

Kirchberg-Phillips theorem.

In [22, Theorem 6.2] G. Bergman described an explicit general construc-
tion which starts with any appropriate monoid and produces a corresponding
algebra which has the property that the monoid of finitely generated pro-
jective modules for this algebra behaves just like the given monoid. This

motivates the so-called realization theorem given in [14, Theorem 3.5] by P.
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Ara, M.A. Moreno and E. Pardo: let F be a row-finite graph and K any
field; then there is a natural monoid isomorphism V(L (E)) = Mg. Besides
it happens that, for any ring S, the standard Grothendieck group Ky(S) is
the universal group corresponding to the abelian monoid V(S). However if S
is purely infinite simple, then V(5) \ {[0]} is a group, precisely Ky(S). There-
fore, with these ideas in mind and by using the Smith normal form of an
integer-valued matrix, we will be able to compute the group Ky of a purely
infinite simple Leavitt path algebra over a field K (Proposition 1.4.6). In the
end the information provided by the K| gives us a natural classification-type
answer in the context of Leavitt path algebras; in this sense we present in

this section the algebraic Kirchberg-Phillips theorem:

Theorem ([10, Corollary 2.7]). Suppose E and F are finite graphs for
which the Leavitt path algebras L (E) and Li(F') are purely infinite simple.
Suppose that there is an isomorphism ¢ : Ko(Lk(E)) — Ko(Lg(F)) for which
o([Lk(E)]) = [Lx(F)]; and suppose also that the two integers det(I go — Af)
and det(Ijpo) — A%) have the same sign where A_y denotes the incidence ma-

triz of a graph and A_, its transpose. Then Ly (E) = Lg(F) as K-algebras.

The proof of this [10, Corollary 2.7] utilizes deep results and ideas in the
theory of symbolic dynamics. The names derive from E. Kirchberg and N.C.
Phillips, who (independently in 2000) proved an analogous result for graph
C*-algebras.

In Chapter 2 we find yet another example of the relation between the al-
gebraic and the analytic theories in the subject: the analytic result was given
in [50] for the C*-algebras C*(FE), and we give here the algebraic analogue
for the Leavitt path algebras Lg(FE). As a general idea we identify the com-
mutative core of the Leavitt path algebra of E with coefficients in R which
is a maximal commutative subalgebra of the Leavitt path algebra. Further-
more, we are able to characterize injectivity of representations which gives
a generalization of the Cuntz-Krieger uniqueness theorem, and on the other
hand, to generalize and simplify the result about commutative Leavitt path

algebras over fields. The work developed in this chapter corresponds to [40]
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which was partly carried out during the visit of the author to the Institute
for Research in Fundamental Sciences (IPM) in Isfahan (Iran), to collaborate
with A. Nasr-Isfahani.

This Chapter 2 is organized as follows. In Section 2.1 we introduce some
background information together with the definition of Cuntz-Krieger E-
systems, the analog relations of Leavitt path algebras in a general R-algebra.
In Section 2.2 we give a particular representation of the Leavitt path algebra
(Proposition 2.2.8) on an specific R-algebra related to the set of all essentially
aperiodic trails in the graph; that is, the set of all infinite aperiodic paths,
as well as those infinite that are periodic (those that end in a cycle without
exits) together with all finite paths whose range is a sink.

In Section 2.3 we introduce the commutative core Mg(E) of the Leavitt
path algebra Lg(F) and we prove one of the main result of Chapter 2: The-
orem 2.3.12. This theorem says that Mg(F) is a maximal commutative sub-
algebra inside Lg(F). For this purpose we previously show Theorem 2.3.11,
where we prove the existence of an algebraic conditional expectation onto the

subalgebra Mp(E).

Theorem 2.3.12. Let E be a graph and R a commutative ring with unit.
Consider Mr(E) C Lg(F). Then

Mg(E) ={x € Lg(E) : xd = dx for every d € A(E)}.

Furthermore, Mg(F) is a maximal commutative x-subalgebra of Lg(FE).

Thanks to the existence of Mg(F), in Corollary 2.4.4 of Section 2.4 we ge-
neralize the result for commutative Leavitt path algebras of row-finite graphs
over fields given in [17]. As a by-product, we also analyze the Cohn path
algebras Cr(F) over R which are commutative since these algebras can be
realized as Leavitt path algebras of some appropriate graphs. The Cuntz-
Krieger (CK2) condition imposed at any reqular vertex in the definition of a
Leavitt path algebra can be eliminated: in such a manner a Cohn path algebra
is defined. The terminology “Cohn path algebra” comes from the fact that for
each n € N the Cohn path algebra of the rose with n petals graph is precisely
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the algebra Uy ,, described and investigated by Cohn in [33]. In the literature
about Cohn path algebras we could remark that recently G. Abrams and M.
Kanuni in [9] have proved that these algebras have the Invariant Basis Num-
ber property; or in [34] their authors have analyzed the center of prime Cohn

path algebras.

For Section 2.5 we come back to the uniqueness theorems for Leavitt path
algebras. Analogously to [50, Theorem 3.13] where it is proved a uniqueness
theorem in the spirit of Szymanski’s uniqueness theorem for graph C*-algebras
(see [59, Theorem 1.2]), Theorem 2.5.1 says in particular that a representation
of Lr(F) is injective if and only if it is injective on the commutative core
Mgr(E). This theorem also generalizes [18, Theorem 3.7] for fields and the
Cuntz-Krieger uniqueness theorem given in Section 1.2 for graphs in which

every cycle has an exit, the so-called Condition (L).

Let us move now to Chapter 3. Here we study analogues of Leavitt
path algebras associated to higher-rank graphs; these algebras are called
Kumygian-Pask algebras. Concretely we extend the results given in Chapter
2 to Kumjian-Pask algebras. Let A be a row-finite higher-rank graph with
no sources. We identify a maximal commutative subalgebra M inside the
Kumjian-Pask algebra KPr(A). We also prove a generalized Cuntz-Krieger
uniqueness theorem for Kumjian-Pask algebras which says that a represen-
tation of KP(A) is injective if and only if it is injective on M. In this case
the work developed in this chapter corresponds to [29] which was done jointly

with L.O. Clark and A. Nasr-Isfahani.

Kumjian and Pask first introduced the notion of a higher-rank graph or
k-graph A (in which paths have a k-dimensional degree and a 1-graph reduces
to a directed graph) and the associated C*-algebras C*(A) in [43]. These C*-
algebras provide a visualisable model for higher-rank versions of the Cuntz-
Krieger algebras studied by Robertson and Steger in [54]. The Kumjian-Pask
algebra KP(A), defined and studied in [16], is an algebraic version of C*(A).
Kumjian-Pask algebras have a universal property based on a family of ge-

nerators satisfying suitable relations. The study of basic ideals and simplicity
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of KPg(A) is done in [16], the socle and semisimplicity are considered in [24]
and the center is analysed in [23]. Kumjian-Pask algebras for more general

graphs are considered in [28] and [32].

Analogously to the 1-graph algebra subject, a central topic in k-graphs al-
gebras is to determine when a given homomorphism from KPg(A) (or C*(A)
in the analytic case) is injective; this is the content once again of the unique-
ness theorems. In [16] a graded-uniqueness theorem and a Cuntz-Krieger
uniqueness theorem are proved for KPr(A). Both require some conditions:
the first one considers only Z*-graded homomorphisms, while the second re-
quires some extra hypothesis on the graph, that is, A is ‘aperiodic’ . In [25],
a more general version of the Cuntz-Krieger uniqueness theorem is proved in
the C*-algebraic setting that has no additional hypotheses on the homomor-
phism or the graph. Here we translate to Kumjian-Pask algebras the analytic
result given in [25]: a representation of KPg(A) is injective if and only if it is

injective on a distinguished subalgebra, called the cycline subalgebra.

At the same time we prove a more general version of the main results of
Chapter 2 in the context of 1-graphs [40]. In Chapter 2 we prove a uniqueness
theorem for Leavitt path algebras which establishes that the injectivity of
a representation depends only on its injectivity on a certain commutative
subalgebra (Theorem 2.3.12). Note that these results are not corollaries of
the ones we will obtain in Chapter 3, since in Chapter 2 arbitrary graphs are

considered and here we suppose that k-graphs are row-finite with no sources.

So then Chapter 3 is organized as follows. We begin with a section where
we give the background material, including the definition of KPg(A) and some
basic properties. In Section 3.2 we establish some properties of the diagonal
subalgebra. To this aim we will use an extremely useful tool: the existence
of an isomorphism between the diagonal subalgebra of a Kumjian-Pask alge-
bra and the corresponding diagonal of a Steinberg algebra ([32, Proposition
5.4]). Steinberg algebras, introduced in [58], are algebras associated to “am-
ple” groupoids: a groupoid is a generalization of a group in which the binary

operation is only partially defined. In [27], it is shown that each Leavitt path
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algebra Lk (F) is isomorphic to a Steinberg algebra defined as follows: first,
one constructs a topological groupoid G g from the directed graph F (which is
a groupoid equipped with a topology such that composition and inversion are
continuous); next, the Steinberg algebra associated to E' is the convolution
algebra of locally constant, compactly supported functions from G g into the
field K. The Steinberg algebra model has recently been used for example in
[30] and in [31] for studying properties of a Leavitt path algebra. Steinberg
algebras include Kumjian-Pask algebras too.

In Section 3.3 we study the cycline subalgebra. Analogous to the definition
given in [25], the cycline subalgebra M is generated by elements of the form
SaSp+ where (o, ) € A x A'is a cycline pair (Proposition 3.3.1). In Theorem
3.3.6, we prove that M is a maximal commutative subalgebra inside KPg(A).
It will be satisfied as well that for the 1-graph case, this cycline subalgebra
M coincides with the commutative core Mp(E).

Finally, in Section 3.4, we give our main result Theorem 3.4.4. Previously
we need to identify a suitable subset of infinite paths T, of A in order to

prove it.

Theorem 3.4.4. Let A be a row-finite k-graph with no sources, R be a
commutative ring with 1 and M be the cycline subalgebra of KPr(A). If
® : KPr(A) — A is a ring homomorphism, then ® is injective if and only if

|\ is injective.

The last two chapters of the thesis are dedicated to the study of the
Leavitt path algebras over a field K of some specific graphs: for n € N and
0 < j < n—1 the generalized Cayley graphs of the form CJ corresponding to
the cyclic group Z/nZ with respect to the subset {1, j}. Leavitt path algebras
of Cayley graphs were initially studied in [11], where a description is given of
the Leavitt path algebras of the form Lx (C"~1). It is shown in [11, Theorem 8|
that there are exactly four isomorphism classes represented by the collection
{Lg(C" 1) | n € N}. As a second step, [7, Section 2] contains computations of
two important (and closely related) integers: |Ko(Lx (CY))| and det(I — Ag% ),

where A(_y denotes the incidence matrix of a graph and Aff) its transpose.
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Specifically, it is shown that, for fixed j, the integers |Ko(Lx(C?))| are (up
to a sign) the entries in the “j** Haselgrove sequence” ([7, Definition 2.2]), a
sequence investigated by Haselgrove in [42] with an eye towards establishing
a connection between a resolution of Fermat’s last theorem (at the time, of
course, Fermat’s last conjecture) and some integers which share properties of

the Mersenne numbers.

Also in [7], it is completely described up to isomorphism the co-
llection {Lx(CP) | n € N} (there is only one such algebra), the collection
{Lk(C!) | n € N} (there are infinitely many such algebras, each of them
subsequently realized in terms of matrices over the standard Leavitt algebras
Lk (1,m)), and in [7, Proposition 4.14] the collection {Lx(C?) | n € N}: the
groups Ko(Lx(C?)) are described explicitly in terms of the integers appea-
ring in the second Haselgrove sequence, together with integers arising from
the standard Fibonacci sequence. The descriptions of all these algebras fo-
llow from an application of our main tool: the algebraic Kirchberg-Phillips

theorem (described in Section 1.4).

We begin in Chapter 4 giving all the background information about the
topic. In Section 4.1 we introduce the Cayley graphs C? and their correspon-
ding graphs monoids. In the second section of the current chapter we will
come back to the case C? originally studied in [7, Section 4]. In this case
we propose another way of computing the Grothendieck group of the Leavitt
path algebra L (C?) totally different from the work done in [7]. We are able
to reduce the computation of the Smith normal form of the matrix I,, — Atcg
(which is the key in order to obtain the Ky group) to the case of calculating
the Smith normal form of a smaller matrix (of size 2 x 2), which is very close
related to the Fibonacci sequence: we refer to (M2)"— I, where My is the com-
panion matriz of the characteristic polynomial associated to the Fibonacci
sequence F'. The author would like to comment that this new approach using
the Smith normal form of the matrix (M3)"! — I in order to compute the
Ky of the Leavitt path algebra Lx(C?), came from a fruitful discussion with

M. Tovanov, together with G. Abrams, during the 33"¢ Ohio State-Denison
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Mathematics Conference in Columbus, Ohio (USA).

Meanwhile, in Chapter 5 we continue the investigation of Leavitt path
algebras associated to Cayley graphs, concretely the case C2. In this particu-
lar situation we proceed similarly to the new approach given in the previous
chapter for the case Lx(C?): we reduce to the computation of the Smith
normal form of (Mj)! — I3 where Mj is the companion matrix of the cha-
racteristic polynomial associated to the so-called Narayana’s cows sequence
(Section 5.1). The name of this sequence, denoted henceforth by G, is used in
the Online Encyclopedia of Integers Sequences [51, Sequence A000930] and
it is defined by setting G(1) =1, G(2) =1, G(3) = 1 and

G(n)=G(n—1)+G(n—23) for all n > 4.

Narayana was an outstanding Indian mathematician of the XIV century; he
was interested in summation of arithmetic series and magic squares and he
applied its rules to the problem of a herd of cows and heifers (similarly to
what Fibonacci would do with their rabbits). These numbers will play a very
important role in the sequel.

For the following two sections we deal with the computation of the de-
terminant divisors appearing in the definition of the Smith normal form of
the matrix (Mj")! — I3; in order to do that we become involved in a number-
theoretic analysis which leads us to some perhaps surprising and apparently
nontrivial connections between the third Haselgrove sequence Hjz and the
Narayana’s cows sequence G. For this purpose we have closely collaborated
with the number-theorist S. Erickson, jointly with G. Abrams. In addition in
order to deal with these numbers the software Magma was used. Concretely
with a little bit of effort, Theorem 5.3.6 is proved where a formula for H3(n)
(n € N) is given in terms of the Narayana numbers G(n — 1), G(n —2) — 1
and G(n — 3); this will be the main result of Section 5.3.

Finally in Section 5.4 we give the main result of the chapter. We explicitly
describe the K group for Leavitt path algebras of the form C? in terms of the

integers appearing in the third Haselgrove sequence, together with integers
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arising from the Narayana’s cows sequence. Furthermore we extract enough
additional information about the structure of these Grothendieck groups for
applying the Kirchberg-Phillips-type result to realize the algebras L (C3) as

the Leavitt path algebras of graphs having at most four vertices.

Theorem 5.4.1. Let n € N. Then

K()(LK(C?L)) = Zd3(n) X Zdé(n) X ZHg(n),

d3(n) dé(”)

where

dy(n) = ged{G(n —1),G(n—2) — 1,G(n — 3)} and,
dy(n) = ged{G(n — 1)G(n - 3) — (G(n —2) - 1)*,
G(n)G(n —3) — G(n—1)(G(n —2) — 1),
Gn—1?2-Gn)(G(n—-2)-1)}.

In order to finish, we will conclude with a last section named Further
Work where we present some of the currently unresolved questions together

with future work we could do related to the topics described in this thesis.
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Chapter 1

Leavitt path algebras

1.1 Definition and basic properties

For the first two sections of the current chapter we will be dealing with Leavitt
path algebras over a commutative ring R with unit. For the remaining sections
of this chapter we need to consider the literature about Leavitt path algebras
over a field K. We will omit the proofs of the preliminary well-known results
concerning Leavitt path algebras described in this chapter.

To begin with we fix all the terminology and notation that we will use in
order to work with Leavitt path algebras. After some basic notions on graph
theory we give the definition of a Leavitt path algebra together with some
examples.

A (directed) graph E = (E°, E',r,s) consists of two sets E° and E! to-
gether with maps r,s : B! — E° The elements of E° are called vertices
and the elements of E! edges. If a vertex v emits no edges, that is, if s7(v)
is empty, then v is called a sink. A vertex v is called a reqular verter if
s71(v) is a finite non-empty set, i.e., a vertex v € E° is regular if and only if
0 < [s7'(v)| < co. The set of regular vertices is denoted by E,.

If s7}(v) is a finite set for every v € EY, then we say that the graph is
row-finite. If E° is also finite, then, by the row-finiteness condition, E' must
necessarily be finite; in this situation we say that E is finite. In general in
this thesis we will work with arbitrary graphs; so we will use row-finite graphs

when mentioned explicitly. So when we consider arbitrary graphs we make no

37
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assumptions whatsoever on the size of E°, E* or in the row-finiteness of E.

A path p in a graph FE is a finite sequence of edges u = e; ... e, such that
r(e;) = s(ejp1) fori =1,...,n—1. In this case, n = [(u) is the length of p; we
view the elements of E° as paths of length 0. For any n € N the set of paths
of length n is denoted by E™. Also, Path(F) stands for the set of all paths,
Le., Path(E) = U,enyqoy £ We denote by Vert(u) the set of the vertices of
the path p, that is, the set {s(e1),r(e1),...,r(e,)}.

A path u = e;...e, is closed if r(e,) = s(e1), in which case p is said to
be based at the vertexr s(e1). The closed path p based at s(ep) is simple if
s(e;j) # s(e1) for every j > 1. The closed path p is called a cycle if it does not
pass through any of its vertices twice, that is, if s(e;) # s(e;) for every i # j.
A cycle of length one is called a loop. An ezit for a path y =e;...e, is an
edge e such that s(e) = s(e;) for some i and e # e;. We say that E satisfies
Condition (L) if every simple closed path in F has an exit, or, equivalently,

every cycle in E has an exit.
Given paths «, 3, we say a < f if = ad/, for some path «o’.
For each e € F', we call e* a ghost edge. We let r(e*) denote s(e), and

we let s(e*) denote r(e). If u = e;...e, is a path in E, we write p* for the

element e’ ...e}. We also define v* = v for all v € E°.

Let us introduce then our main object of study.

Definition 1.1.1. Given an arbitrary graph F and a commutative ring with
unit R, the Leavitt path algebra with coefficients in R, denoted Lg(E), is the
universal R-algebra generated by a set {v : v € E°} of pairwise orthogonal
idempotents together with a set of variables {e, e* : e € E'} which satisfy the

following conditions:
(1) s(e)e = e =er(e) for all e € E*.
(2) r(e)e* = e* = e*s(e) for all e € E*.
(3) (The “CK-1 relations”) For all e, f € E', e*e = r(e) and e*f = 0 if
e# f.
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(4) (The “CK-2 relations”) For every regular vertex v € E°,

V= g ee”.

{e€E1, s(e)=v}

An alternative definition for Lr(E) can be given using the extended graph

E. This graph has the same set of vertices E° and same set of edges E*

together with the so-called ghost edges e* for each e € E', whose directions

are opposite to those of the corresponding e € E!'. Thus, Lg(E) can be

defined as the usual path algebra RE with coefficients in R subject to the

Cuntz-Krieger relations (3) and (4) above.

Example 1.1.2. We can realize many well-known algebras as the Leavitt

path algebra of some graph. Here we give some well-known examples:

(i)

The ring of Laurent polynomials R[z,z~!] is the Leavitt path algebra
of the graph R; defined by E° = {v}, F' = {e}:

oY D e
The isomorphism is clear: v + 1, e — x and e* — 271,

The matrix algebra M, (R) is the Leavitt path algebra of a line graph
with n vertices and n — 1 edges, i.e., the graph E defined by E° =

{vi,...,u.}, E' = {e1,...,e,1} and s(e;) = v; and r(e;) = vy for
1=1,...,n—1:
P! L Y2 &. oY3 ... olVn—1 en; P

Then M, (R) = Lg(E), considering the map ¢ : Lr(E) — M,(R)
given by v; — e(i,7),e; — e(i,i+ 1), and ef — e(i + 1,4) (where e(i, )
denotes the standard (i, j)-matrix unit in M, (R)). Let us see that ¢ is

an isomorphism:
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— ¢ is a well-defined homomorphism. The relations defining Lr(E)

are satisfied via ¢ in M,,(R):

(1) e(iri)e, ) = diyeli ).

(2) e(d,i + 1) = e(i,i+ 1)e(i + 1,0+ 1) = e(4,4)e(?,i + 1). And
e(i+1,i) =e(i+1,i)e(i,i) =e(i+ 1,i+ 1)e(i + 1,4).

(CK1) e(i+1,i)e(j,j + 1) = de(i+ 1,5+ 1).

(CK2) e(i, i) = 32 ;€00 + e + 1,7).

—  is an epimorphism. By definition we know that e(i,i) = ¢(v;),
e(i,i +1) = p(e;) and e(i + 1,7) = p(el). Besides, we have that
for the standard matrix units in the upper diagonal e(i,i + 2) =
oleieir1), ..., e(i,n) = p(eieiy ...e,_1) and for those in the lower
diagonal, e(i 4 2,7) = p(€e1€]), ..., e(n, i) = p(e;_;...€f).

— 0 is a monomorphism. The idea is to find a homomorphism ) :
M, (R) — Lg(F) such that ¢ = 17, (g). It is sufficient to define:

€i€it1 .. .€jy1, if1 <]
W(e(i, j)) = § vi ifi=j
€y €, ifi>7
(iii) Classical Leavitt algebras L(1,n) for n > 2: consider the graph R,
defined by E° = {v}, E* = {y1,...,yn}. Then L(1,n) = Lg(E). In
fact, R, is the rose with n petals graph:

(iv) Taking into account the previous examples we can find that the Leavitt

path algebra of the following graph

el e v3
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is M,,(L(1,m)), where n denotes the number of vertices in the graph

and m denotes the number of loops.

(v) The Toeplitz algebra T is the Leavitt path algebra of the graph E having

one loop and one exit:

eC.v—f>.w
U

Propositions 3.4 and 4.9 of [61] show this first property for the Leavitt
path algebra Lz(E). These results were first proved for a field K in [4, 55].

Proposition 1.1.3. If F is a graph and R is a commutative ring with unit,

then
Lr(E) = spang{af” : a, B € Path(E) and r(a) = r(p)}

and rv # 0 for all v € Path(E) and allr € R\ {0}. (The elements of E° are
viewed as paths of length 0, so that this set includes elements of the form v
with v € E°).

Moreover, the set of paths Path(FE) in Lg(FE) is linearly independent over
R. Likewise, the set of ghost paths {u* : p € Path(E)} in Lg(E) is linearly

mdependent over R.
We give now one more basic property of the elements of Lg(FE).

Proposition 1.1.4. Let E be an arbitrary graph. Let «, 5, u,v € Path(E)
with r(a) = r(B) and r(pn) = r(v). Then products of monomials in Lr(E) are
computed as follows:
ap'v: if p=pu for some ' € Path(FE),
(O(B )(HV ) = % % . / /
af”v* if 8= up" for some f' € Path(E),
0 otherwise.
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We can define an R-linear involution z +— z* on Lg(E) as follows: if
x =Y o[ then o* =" | r;f;af. This operation is R-linear, involutive
((z*)* = z), and antimultiplicative ((zy)* = y*z*).

If E° is finite, then Lp(E) is unital with > _zov = 1p,(g). Otherwise,
Lr(F) does not have a unit but is a ring with a set of local units S, given
by sums of distinct vertices, with the property that for any x € Lr(FE) there
exists ¢t € S such that tx = 2t = =.

1.2 The Z-grading and the uniqueness theo-
rems

First we will write here the so-called “reduction theorem” for Leavitt path
algebras but referred to the case over a commutative ring with unit. This
theorem essentially says that we can “reduce” by convenient multiplications
any element of the Leavitt path algebra to a nonzero scalar multiple of a vertex
or, in the worst case, to a polynomial on a cycle without exits. This gives us
an extremely useful tool in a variety of contexts for Leavitt path algebras;
concretely it yields both graded and Cuntz-Krieger uniqueness theorems.

For a cycle ¢ based at the vertex v in the graph E, we write ¢ = v and

n
i=—m

¢ = (¢*)" for all n € N; for every polynomial p(z) = > rix' € Rlz, x™!]

we denote by p(c) the element

p(c) = Z ric' € Lr(E).

i=—m

The proof is followed analogously to that given in [3, Theorem 2.2.11].

Theorem 1.2.1. Let E be an arbitrary graph and R a commutative ring with
unit. For any non-zero element a € Lgr(E) there exist p,v € Path(E) such
that either:

(i) 0 # p*av = rv, for somer € R\ {0} and v € E°, or

(ii) 0 # p*av = p(\), where X is a cycle without ezits and p(z) is a non-zero

polynomial in R[x,z~!].
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On the other hand, one of the most important properties of Leavitt path
algebras Lg(FE) is that it has a natural Z-grading.

Definition 1.2.2. If S is a ring, we say S is Z-graded if there is a collection
of additive subgroups {S }rez of S with the following two properties:

(i) S =D,y Sk, and
(11) SJSk - Sj+k for all j,]{? €.

The subgroup S is called the homogeneus component of S of degree k.
If ¢ : T — S is ring homomorphism between Z-graded rings, then ¢ is a
graded ring homomorphism if ¢(T},) C Sy, for all k € Z. O

Note that any ring R may be viewed as a Z-ring in the natural way (set
Ry = R and R, = 0 for every 0 # n € Z). Then Lr(E) can be decomposed as
a direct sum of homogeneous components Lg(E) = @,,c, Lr(E), satisfying

LR<E)nLR(E)m - LR(E)n+m' ACtuaHy7

Proposition 1.2.3. ([4, Lemma 1.7]) Let E be a graph and R a commuta-
tive ring with unit. The Leavitt path algebra Lr(FE) is Z-graded, with grading
induced by

deg(v;) =0 for all v; € E°;deg(e;) = 1 and deg(e}) = —1 for all e; € E*.

That is, Lp(E) = D, ., Lr(E),, where

neE”L
Lr(E), = spang{pq" : p,q € Path(E),l(p) — I(q) = n}.
FEvery element x,, € Lgr(FE), is a homogeneous element of degree n.

We have now all the machinery in hand in order to announce two im-
portant results in the theory of Leavitt path algebras which are immediate
consequences of Theorem 1.2.1. First we have the graded uniqueness theorem,

which was given by [61, Theorem 5.3]:
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Theorem 1.2.4. Let E/ be a graph and let R be a commutative ring with unit.
If S is a graded ring and ¢ : Lr(E) — S is a graded ring homomorphism
with the property that ¢(rv) # 0 for all v € E° and for all r € R\ {0}, then
@ 1s injective.

Second we have the Cuntz-Krieger uniqueness theorem, originally proved

in [61, Theorem 6.5]. Recall that a graph E satisfies Condition (L) if every

cycle in F has an exit.

Theorem 1.2.5. Let E be a graph satisfying Condition (L), and let R be
a commutative ring with unit. If S is a ring and ¢ : Lr(E) — S is a ring
homomorphism with the property that ¢(rv) # 0 for all v € E° and for all
r € R\ {0}, then ¢ is injective.

Observe that both uniqueness theorems require some conditions: the first
one considers only Z-graded homomorphisms, while the second requires the
extra hypothesis on the graph, that is, Condition (L). Our aim will consist
of proving more general versions of these uniqueness theorems for Leavitt
path algebras (Section 2.5) and for its generalization named as Kumjian-Pask
algebras (Section 3.4), setting no additional hypotheses on the homomorphism

or the graph.

1.3 Purely infinite simplicity

In this section we review the literature about the Leavitt path algebras which
are purely infinite simple. For this purpose we focus our attention to the case
when our commutative ring with unit R is actually a field K; so we consider
the Leavitt path algebra Lg(FE). They have been explicitly described in [5].

Let S be a ring. A left S-module M is called infinite in case M = M & N
with N # {0}. An idempotent x € S is called infinite in case Sx is infinite.
The ring S is called purely infinite simple in case S is simple, and each nonzero
left ideal of S contains an infinite idempotent. Equivalently, a unital ring S is
purely infinite simple in case S is not a division ring, and S has the property

that for every nonzero element x of S there exist b, ¢ € S for which bxc = 1g.
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The following definitions are extremely important in the theory of Leavitt

path algebras and they will play an important role in the sequel.

Definitions 1.3.1. Consider a graph E. Given two vertices w,v € E° we
say that w connects to v if w = v or there is a path u € Path(E) such that
s(u) =w and r(p) =v. If v € EY and c is a cycle, we say that v connects to
the cycle c if there exists u € Vert(c) such that v connects to w.

A subset H C E° is hereditary if whenever w € H and we have that w
connects to v, then it implies that v € H.

We say that H is saturated if whenever s~!(v) # () and {r(e) : s(e) = v} C
H, then v € H; that is, H is saturated if, for any vertex v in F, with the
condition that all of the range vertices r(e) for those edges e having s(e) = v

are in H, then v must also be in H.

We have all the ingredients in order to announce the main result of the

section.

Theorem 1.3.2. ([6, Proposition 4.3]) Let E be an arbitrary graph. Then the
Leavitt path algebra L (E) is purely infinite simple if and only if E satisfies

the following conditions:
(i) The only hereditary and saturated subsets of E° are ) and E°.
(ii) E satisfies Condition (L).

(iii) Every vertexr connects to a cycle.

Example 1.3.3. (i) Let F be the graph defined by E° = {vy,...,v,},

E'={ei,...,en1} and s(e;) = v; and 7(e;) = viyq fori=1,...,n—1:
v 1 vy _ ©2 v Vn— - v
oVl 5 @V2 T U3 ... oUn—1 ____5 oUn

Then Lk(E) = M,(R). We have that it is not purely infinite simple

since no vertex in E° connects to a cycle.
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(ii) Forn > 2 consider the rose with n petals graph R,, defined by E° = {v},
E'={y, ...y}

Then Lk (E) = L(1,n), the classical Leavitt algebra. Since n > 2 we see
that all the hypotheses of Theorem 1.3.2 are satisfied, so that L(1,n) is

purely infinite simple.

In the context of Leavitt path algebras the purely infinite simple algebras

play an especially intriguing role, that we will discover in Section 1.4.

1.4 The Grothendieck group K|

Inspired by Section 1.3 let us suppose now again for the current section the
case when our commutative ring with unit R is actually a field K; so we
consider the Leavitt path algebra Ly (FE).

For a unital K-algebra A, the set of isomorphism classes of finitely gene-
rated projective left A-modules is denoted by V(A). We denote the elements
of V(A) using brackets: [A] € V(A) represents the isomorphism class of the
left regular module 4A. V(A) is a monoid, with operation &, and zero ele-
ment [{0}]. The monoid (V(A), @) is conical: this means that the sum of any
two nonzero elements of V(A) is nonzero, i.e., that V(A)* = V(A) \ {0} is a
semigroup under @.

By [49, Proposition 0.1] if A has local units, then the well-studied
Grothendieck group Ky(A) of A is the universal group corresponding to the
monoid V(A). Here universal means that any homomorphism from V(A) to

a group G necessarily factors through Ky(A).

Definition 1.4.1. Let E be a row-finite graph. We define (Mg, +) to be the

free abelian monoid having generating set {a, | v € E} and with relations
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given by
Qy = Z ar(e) for every v € E°

reg”
e€El s(e)=v

We denote the zero element of My by z.

The following property for Leavitt path algebras was established in [14,
Theorem 3.5].

Theorem 1.4.2. Let E be a row-finite graph and K any field. Then

V(Lk(E)) = Mg as monoids.

Moreover, [Lyk(E)| +> Z [v] under this isomorphism.
veED

It is shown in [13, Corollary 2.2] that if A is a unital purely infinite simple
K-algebra, then the semigroup (V(A)*, @) is in fact a group, and, moreover,
that V(A)* = Ky(A), the Grothendieck group of A. So when Lg(F) is unital

purely infinite simple we have the following isomorphisms of groups:
Ko(Lg(E)) = V(Lk(E))" = M.

In particular, in this situation we have |Ko(Lk(E))| = |Mp|.

Let us present a computational tool which will be quite useful in the
discussion. Let M € M,,(Z) and view M as a linear transformation M : Z" —
Z' via left multiplication on columns. We have that if P, () are invertible in
M, (Z) then Coker(M) = Coker(PMQ@). This means that if N € M, (Z) is
a matrix which is constructed by performing any sequence Z-elementary row
and/or column operations starting with M, then Coker(M) = Coker(N) as

abelian groups.

Definition 1.4.3. The Smith normal form for any n x n matrix M = (m, ;)
with m;; € Z is a diagonal matrix S = diag(s, s2,...,5,,0,...,0) where
r is the rank of M and s; | s;41 for every i € {1,...,r — 1}; s; are called

the invariant factors of M. More concretely, let us define the i determinant
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divisor as

50 = ]_,

9; = ged(all @ x ¢ minors of M) for i > 1.

03

Besides we have that s; = FA

For any matrix M € M,(Z), the Smith normal form of M exists and
is unique. If D € M,(Z) is a diagonal matrix with entries dy,ds,...,d,
then (viewing D as a linear transformation from Z" to Z"), we clearly have
Coker(D) = Z/d\Z & Z/d2Z & - -- & Z/d,7Z. Let us interpret Z/17 as the
trivial group {0} and Z/0Z as Z. In the end we have the following.

Proposition 1.4.4. Let M € M,(Z), and let S denote the Smith normal
form of M. Suppose the diagonal entries of S are si,S2,...,5,. Then

Coker(M) 2 Z/s1Z & L)soZe & - - - ® L] sp L.

Suppose now that E is a finite directed graph having n vertices
U1, V9, ...,U,. Let Ag be the usual incidence matriz of E, i.e., the matrix
Ag = (a;;) where, for each pair 1 <14, j <n, the entry a; ; denotes the num-
ber of edges e in E for which s(e) = v; and r(e) = v;. Consider the matrix
I, — A%, where I, is the identity n x n matrix, and ( )* denotes the transpose
of a matrix. As mentioned before we view I, — A% both as a matrix, and as
a linear transformation I,, — A%, : Z" — Z™, via left multiplication.

In [2, Section 3] we can find the following situation: in the case Ly (FE)
is purely infinite simple, so that in particular M}, is a group (necessarily

isomorphic to Ko(Lg(FE))), we have that
Ko(Lx(E)) = M} = 2" /Tm(I, — AL) = Coker(I, — AL).

Under this isomorphism [v;] — b; + Im(I,, — AL), where b; is the element
of Z™ which is 1 in the i** coordinate and 0 elsewhere. In other words, when
Lk (FE) is purely infinite simple, then Ky(Lk(E)) is the cokernel of the linear

transformation I, — A% : Z™ — Z™ induced by matrix multiplication.
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Example 1.4.5. Suppose £ = R,, the rose with m petals graph (m > 2).
Then Ap = (m), so I — A% is the 1 x 1 matrix (1 —m), and

Ko(Lg(E) =2 Z"/(1 —m)Z' 2 Z/(m — 1)Z.

Taking into account Proposition 1.4.4 we have the following result for

Lk (F) purely infinite simple.

Proposition 1.4.6. Suppose E is a finite graph with |E°| = n and L (E) is
purely infinite simple. Let S be the Smith normal form of the matriz I, — A%,

with diagonal entries sy, Sg,...,S,. Then
Ko(Lg(E)) 221 LD L)o@ -+ D L)spL.

Moreover, if Ko(Lg(F)) is finite, then the analysis of the Smith normal

form of the matrix I, — A% yields
| Ko(Lx(E))| = |det(, — Ap)l.

Conversely, Ko(Lx(E)) is infinite if and only if det(f,, — A%) = 0.
Finally we present the fundamental result of interest here, and more par-

ticularly for Chapters 4 and 5: the algebraic Kirchberg Phillips theorem.

Theorem 1.4.7. ([10, Corollary 2.7]) Suppose E and F are finite graphs for
which the Leavitt path algebras L (E) and Li(F) are purely infinite simple.
Suppose that there is an isomorphism ¢ : Ko(Lk(E)) — Ko(Lg(F)) for which
¢([Lk(E)]) = [Lx(F)], and suppose also that the two integers det(I|po — Af)
and det(Ijpo; — A%) have the same sign (i.e., are either both nonnegative, or

both nonpositive). Then Li(F) = Lk(F) as K-algebras.

Our aim in Chapters 4 and 5 will be to explicitly describe the Ky group
for Leavitt path algebras of the Cayley graphs CJ (n € N, 0 < 7 <n—1). Fur-
thermore we will extract enough additional information about the structure
of these Grothendieck groups to be able to apply the Kirchberg-Phillips-type
result to realize the algebras L (C?) and Ly (C?) as the Leavitt path algebras

of graphs having at most respectively three and four vertices.
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Chapter 2

The commutative core of a
Leavitt path algebra

2.1 Preliminaries

Let us consider R a commutative ring with unit. Our main goal for this chap-
ter consists of identifying the commutative core of the Leavitt path algebra
of E with coefficients in R which will result to be a maximal commutative
subalgebra of the Leavitt path algebra. As a second step, we will be able to
generalize and simplify the result about commutative Leavitt path algebras
over fields. Furthermore, our final aim will be to characterize injectivity of
representations which gives a generalization of the Cuntz-Krieger uniqueness
theorem.

Let us start by defining the analogous relations given for a Leavitt path
algebra when we consider a general R-algebra with involution. Afterwards we

introduce some more background information.

Definition 2.1.1. Let E be a graph and A be an R-algebra with involution
x. A Cuntz-Krieger E-system in A is a collection ¥ = (S,,) sepoupr C A which
satisfies the following relations:

(1) For all v,w € E°, S,S, =S, and S,S,, = 0 if v # w.

(2) S¥ =G, for all v € E°.

(3) Ss(e)Se = Se = SeSr(e) for all e € E'.
(4) For all e, f € E', S*S, = Srey and S; Sy =0if e # f.

51
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(5) For every regular vertex v € E°,

So= >SS

{e€E", s(e)=v}

For convenience we are going to extend the Cuntz-Krieger F-system > C
A by defining all elements S, € A, p € Path(E), considering 5,5, = S,
if r(p) = s(v) and 5,5, = 0 otherwise. So we shall abuse the notation and
write it as an extended system ¥ = (S,) cpath(E)-

There exists a new version given for paths of the Cuntz-Krieger relation

(5) of Definition 2.1.1.

Proposition 2.1.2. Let v € E° and k € N. If there are finitely many paths
p with s(u) =v and l(u) < k, then

So=> SuS;+ > S8

- s(i)=v
)=k )<k
r(p) s a sink

Proof. The proof follows analogously to [50, Proposition 1.3]. We prove it by
induction on k. The statement is clear for £ = 0. Suppose that it is true for

k > 0 and then:

So= Y. SuSi+ > SuS;

s(u)=v s(u)=v
)=k l(u)<k
r(p) is not a sink r(p) is a sink
Y Y sasst X 5
s(p)=v s(e)=r(p) s(pu)=
1()=k )<k
r(p) is a sink
- Y sse Y s
s(p)= s(p)=v
Up)= k+1 Up)<k+1

r(p) is a sink

]

Analogously to Proposition 1.1.4, we set here the following proposition for

future reference.
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Proposition 2.1.3. Given a Cuntz-Krieger E-system ¥ = (S,)ucpath(r) i1

some R-algebra A with involution, the collection
G(X) = {55 : p,v € Path(E), r(p) = r(v)}
satisfies the following:
(i) given paths p,v € Path(E) with r(u1) = r(v), we have (S,S;)* = S,5;;

(i) given four paths o, B, p, v € Path(E) with r(a) = r(5) and r(p) = r(v)
then

Saw Sy if w=pu for some p’ € Path(E),
(SaS5)(SuSy) = § SaSys  if B =pp" for some f' € Path(E),
0 otherwise.

Definition 2.1.4. The collection G(X) given in Proposition 2.1.3 will be
called the standard Cuntz-Krieger generator set associated with 3. When we

refer to the Leavitt path algebra Lg(E) we will denote it simply by Gg, i.e.,
Gp = {pv" : p,v € Path(E),r(u) =r(v)}.
Note that we have Lg(FE) = spang(GEg).

Also we introduce a graded uniqueness theorem that follows similarly to

the one given in Theorem 1.2.4. We will use this result later.

Theorem 2.1.5. Let ¥ = (S,)uepoup be a Cuntz-Krieger E-system in a
Z-graded R-algebra A such that for any p € E°, S,, is homogenous of degree
zero and for any p € E*, S, is homogenous of degree one. Then the following

conditions are equivalent:
(i) the associated representation ® : Lr(E) — A is injective;

(ii) ®(rv) # 0 for allv € E° and for allr € R\ {0}.
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2.2 The essentially aperiodic representation

In this section we give a particular representation of the Leavitt path algebra,
which will be called the “essentially aperiodic representation”. Previously we
define all the terminology we need for this purpose. These definitions were

introduced in [50, Definitions 2.4-2.5].
Definition 2.2.1. Given a graph E, a trail in E is either

(i) a finite path 7 = e;...e, (possibly of length zero) whose range r(7) =

r(ey,) is a sink, that is, s71(r(7)) =0 ; or

(ii) an infinite path, that is, an infinite sequence 7 = ejes . .. of edges, such

that r(e,) = s(eny1) for every n € N.

In some literature about Leavitt path algebras (see for example [6] and
[19]), the set of all trails in the graph E is denoted by E=*.

Given a trail 7 and some integer n > 0, we define the head of length n to
be the finite path:

s(T) if n=0,
Tin) = § €1...€, if n>0and 7 is either infinite, or finite with I(7) > n,
T if n > 0 and 7 is finite, with I(7) < n.

Notice that all heads of 7 have the same source, that is, s(7(,)) = s(7(0)),
and this special vertex will be denoted simply by s(7), and will be referred to
as the source of 7. Given a trail 7 and a path p € Path(FE), we write p < 7
if p = 7, for some n > 0. It is evident that if u < 7, then removing p
from 7 still yields a trail. On the other hand, if we have trail 7 and a path

p € Path(E) with r(u) = s(7), the obvious concatenation ur is again a trail.

Definition 2.2.2. Suppose ¥ = (S,)ucpatn(r) is @ Cuntz-Krieger E-system
in an R-algebra A. Consider the subset

G*(Z) = {5, : 1 € Path(E)}.

By Proposition 2.1.3 it is clear that G®(X) is a commutative set of self-

adjoint idempotents in < Y >, the R-subalgebra of A generated by . We
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will refer to G2(X) as the standard diagonal generator set. The R-subalgebra
< GA(X) > C A, which will be denoted by A(X), is called the diagonal algebra
assoctated with Y. In particular when we refer to the case of the Leavitt path
algebra Lr(E), the diagonal generator set will be denoted by G4 and the
R-subalgebra generated by it will be denoted by A(FE).

Remark 2.2.3. If ¥ = (5,),cpatn(p) is a Cuntz-Krieger E-system in an R-
algebra A and B is another R-algebra such that we have a x-homomorphism
II: A — B, then II(X) = (II(S,)) uepatn(r) is a Cuntz-Krieger E-system in
B and II maps G2(X) onto GA(II(X)) and A(X) onto A(TI(X)). When we
specialize to the case of a representation II : Lr(E) — A, this maps G% onto
GA(X) and A(E) onto A(Y).

Remark 2.2.4. For pu*, vv* € G4 we say pup* < vv* if and only if u < v,
that is, v = pu’ for some g/ € Path(E). Then for any pair uu*, vv* € G2 we
have either (uu*)(vv*) = 0 or pup* and vv* are comparable (either pp* < vv*
or vv* < pp*). Let us see that if we consider the diagonal generator set G5
(whose elements are all non-zero self-adjoint idempotents), the finite (resp.
countably infinite) maximal totally ordered subsets of G4 are in one-to-one
correspondence with the finite (resp. infinite) trails in E. Specifically, every
maximal totally ordered subset P C G4 can be uniquely presented as P, =
{77y : = 0} for some trail 7

First let 7 be a finite trail (7 = e; ... e, and r(7) is a sink). Let us see that
P = {T(O)T(*O), 7'(1)7'(*1), e ,T(n)T(tl)} is a maximal totally ordered subset of G%.
Obviously P is a totally ordered set with order <. Assume that there exists
P C Qand Q is a totally ordered subset of G%; then there exists 65* € Q\P
and so P U {B5*} is totally ordered. Then 5* < () T(ny OF Tm)T(ny < BB
If pp* < T(n) () then 8 < 7,) which is a contradiction since 65 ¢ P; on
the other hand 1f Tn) Ty < BB" then 7(,) < f and because r(7(,)) = r(7) is a
sink, then 7,y = 8 which gives again a contradlctlon since 85* ¢ P. Then P
is maximal totally ordered subset of G%.

Consider now 7 an infinite trail given in the form 7 = ejeqses.... Let

= {17 )Ty T@)T () - - .}. Let us prove that P is a maximal totally
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ordered subset of G%&. Take into account that P is totally ordered set with
order <. Suppose there exists a totally ordered subset Q of G4 such that
P C Q and consider 85* € Q\ P. Then again PU{S5*} is totally ordered. If
there exists n such that 55* < T)Tn) then 3 < 7,) which is a contradiction.
Therefore for any n, T Ty < pB* and then 7,y < B which is impossible
since 33* € G%. So P is a maximal totally ordered subset of G4.

Conversely let P be a finite maximal totally ordered subset of G%. Then
by using Zorn’s Lemma we can find a maximal element in P. Assume that
BB* is a maximal element of P. Then [ is a finite path and since P is maximal
totally ordered subset of G4 then 7(f) is a sink giving that /3 is a finite trail.

Finally suppose that P is a countable infinite subset of G%. Then by Zorn’s
Lemma P has a minimal element eyef. Also let e;e] the minimal element of
P\ {eoeg}, exes the minimal element of P\ {egef, erei} ete. Proceeding in
this way we have that egejes . .. is an infinite trail.

Therefore we can say that for any trail there exists a maximal totally
ordered subset of G4 and for any finite or infinite countable maximal totally
ordered subset of G4 there exists a trail. In the end if E is countable, then

the maximal totally ordered subsets of G2 are in one-to-one correspondence

with the trails in F.
Definition 2.2.5. Let E be a graph.

(A) An infinite trail 7 = ejey... in E is said to be periodic, if there exist
integers j, k > 1, such that e, = e, for every n > j. In this case, it is
clear that the path p = e;...ej1,_1 is closed. If we take j and k such
that j + k is the smallest possible value which satisfies the condition
entk = €y for every n > j and we consider the paths o =e;...¢;_; and
A =e;...ep1, we will refer to the pair (a, A) as the seed of 7. Of
course o may have length zero. In any case, A is a closed path, which

will be called the period of .
(B) A trail 7 is said to be essentially aperiodic if:

(i) 7 is finite, or
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(ii) 7 is periodic and its period is a closed path without exits (which

means that it has to be a cycle without exits), or

(iii) 7 is infinite and not periodic.

The trails of the form (i) and (ii) will be called discrete, while the ones
of type (iii) will be called continuous. In a discrete essentially aperiodic
trail 7, we refer to a certain path as the essential head of 7, and will

denote it by T(ess), which is defined accordingly as follows:

(i) if 7 is finite, then T(ess) = 7;

(ii) if 7 is periodic, with seed (a, A) then T(es) = av.
Let us denote by Tp the set of all essentially aperiodic trails in F.

Remark 2.2.6. Note that in Definition 2.2.5 (A), the choice of j and k such
that j+k is the smallest possible value which satisfies the condition e, 1, = e,
for every n > j, is unique. Assume that there exist j1, k1, Jo, ko > 1 such that
Jj1 + k1 = jo + ko is the smallest possible value which satisfies the condition
Emik, = €m for every m > j; and e, x, = e, for every n > jo. Then for every
7 >0, €ji4r = €jiarihy = Cytriky = Cjptr (SiNCE J1 + k1 = jo + ko). Suppose
that jo > ji (the case j; > jo is similar). So for any r > 0, €j,1j,—jj4r =
€j,+r = €j,+r and hence for any m > ji, €mijo—j; = €m. By minimality of
ko + jo we have that ko = 0 which is a contradiction. Thus j; and k; are

unique satisfying that j; + k; is the smallest value with this desired property.

Lemma 2.2.7. For every vertex v € E° there exists at least one essentially

aperiodic trail T with v = s(7).

Proof. The proof follows completely [50, Lemma 2.6]. We will include it here

for completeness. We will say that a vertex w € E° is a trap if:
(a) s7'(w) =0, that is, w is a sink, or

(b) w is a vertex visited by a cycle without exits, or
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(c) there exist two cycles A =e;...e, and = fi ... f, with s(A) =r(\) =
s(p) = r(p) = w such that e; # f.

To prove this result we need to distinguish the following cases:
(i) no path a € Path(F) with s(a) = v has r(a) being a trap;
(ii) there exists a path o € Path(F) with s(a) = v and r(a) a trap.

In case (i) we construct a sequence (o), C Path(F) with s(ay) = v, such

that

r(an—1) = s(ay) (2.1)
Vert(a,) € Vert(a ... a,-1) for all n > 2. (2.2)

We start off with an arbitrary length 1 path with s(ay) = v. Imagine that
the paths ay, ..., ay have been constructed and the equations (2.1) and (2.2)
hold for all n < N. Let us describe ay1: suppose a1 ...a, = e;...e¢ey; since
the vertex r(eg) is not a trap, there exists at least one edge, call it ejyq,
such that s(egy1) = r(eg). If r(exr1) ¢ Vert(a;...a,), then ayyy is the
length 1 path e; 1, and we finish. On the contrary, if r(eyy1) € Vert(ay ... ay)
then this means that we have a cycle of the form A = eji1€,€,41 ... €5 for
some p € {1,2,...,k + 1}. Notice that no point in Vert(\) is a trap by
hypothesis, so the cycle A must have an exit: we denote it by ey o and then
there exists j € {p,p+1,...,k, k + 1} with s(ep2) = s(e;j) but egio # e;.
Observe that r(exi2) ¢ Vert(a;...ay) and then we can define the path
AN+l = €kt1€p€pt1 - - - €j_1€k12 implying that the set Vert(ayyi) contains
the vertex r(ex42) which does not belong to the set Vert(a; ...an). In this
manner we have an infinite sequence ()52, satisfying equations (2.1) and
(2.2) so we can form the infinite trail 7 = ajay . .. not being periodic.
Assume now the case (ii): there exists a path o € Path(F) with s(a) = v

with r(«) a trap. There are three possibilities for r(a):

(a) If r(«) is a sink, we simply consider 7 = a.
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(b) If r(«) sits on a cycle without exits A which starts and ends at r(«)

then take 7 to be the periodic trail with seed (o, \).

(c) Finally suppose we have two cycles A =e;...¢e,, and p = f;... f, such
that s(A\) = r(\) = s(u) = r(n) = r(«) and e; # f1. By replacing A with
A" and p with 4™ we can assume that A and p have equal lengths. We
construct now the (not periodic) trail 7 = aajas ..., where a,, = A"

for every n > 1. O]

We are now in a position to give the so-called “essentially aperiodic rep-

resentation” for a Leavitt path algebra.

Proposition 2.2.8. Let E be a graph and R be a commutative ring with
unit. If we consider M the R-module generated by a set of generators {£" :
n € Z,7 € Tg} then there exist a Z-graded R-algebra € C Endg(M) and
a unique Cuntz-Krieger E-system ¥ = (Sa)acpan(ey C € such that the map
Sa : M — M s given by:

& if r(a) = s(r),
0 otherwise.

Sa(&) = {

Besides, the associated representation o, : Lr(E) — & is injective.

Definition 2.2.9. The representation Il given in Proposition 2.2.8 is called

the essentially aperiodic representation of Lg(FE).

Proof of Proposition 2.2.8. First let us define for each i € Z, M, as the R-
module generated by the collection {¢ : 7 € Tg}. Consider M = @, ., M;
as Z-graded R-module. Let f € Endg(M), we say that f is homogeneous of
degree k (k € Z) if f(M;) C M, for every i. In this case we set deg(f) = k.
Then define & = {f | f € Endg(M),deg(f) =i} and let £ = @,., & be an
R-subalgebra of Endg(M).

Let us check that £ is Z-graded, that is, for each i,j € Z, &&; C &y
Suppose f € & and g € &; and consider f o g. Take some ¢ € Z, and then
(fog) (M) = f(g(M,)). Since deg(g) = j, g(M;) C M. Then taking into
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account that deg(f) = i, we have f(g(M,)) C f(M1;) € M,;4;4; which means
fogé€é&iyy.

Now let € Path(FE) and S, : M — M be an R-homomorphism which is
defined on the generators of M as:

et it p(a) = s(7),

0 otherwise.

Sa(ff) = {

Let us prove that S, is homogeneous of degree [(«), that is, for any ¢t € Z
we have S, (M;) € Myia). So consider 7 € Ty and let {& € M,. Then

b J& it r(a) = s(n),
SOé (57) = .
0 otherwise.
and therefore S,(£%) € Myt() obtaining the desired statement.
On the other hand, let us define for each o € Path(F), S = S,+, where
a* is the ghost path of o and

524(0‘) if a <7 with 7= ap,

0 otherwise.

S (€]) = {

A similar argument shows that S¥ is homogeneous of degree —I(«).
Let us prove that ¥ = (Su)acpatn(r) is @ Cuntz-Krieger E-system inside
E. Consider p, v € Path(E) n € Z, and 7 € T then on the one hand
S (WY i r(v) = s(7),
0 otherwise.

SNSV<§77—Z) = {

_ ,l,L(,ﬁLT)H(VHn if r(p) = s(vr) and r(v) = s(1),
0 otherwise.

On the other hand,

G () = s(7),

0 otherwise.

SMV(&?) = {

So

3,8, {S;w it r(u) = s(v),

0 otherwise.
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Similarly to this case also it can be proved that

5,51 = {SW if 7 (p) = r(v),

otherwise

and

otherwise.

505, = {Su*v if s(u) = s(v),

Considering p, v also as vertices (paths of length zero), conditions (1)
and (3) from Definition 2.1.1 are satisfied. Condition (2) follows from the
fact that for any vertex v, S} = S« = S,. Again for any edges e, f € E*,
SiSe = Sere = Spey and if e # f, SESy = Se-y = 0 having condition (4).
It remains to prove equation (5) from Definition 2.1.1: consider v a regular

vertex, then for any n € Z and 7 € T,

o " if e <7 for some e € s7!(v),
> sese@):{5 ®)

(B a(e)=v} 0  otherwise;

and also

e if v =s(r),
0  otherwise;

which means (S, — > r.cp1 s(e)=0} Se5¢) (&) = 0 obtaining condition (5).
Let us define now the representation Il,, : Lr(E) — £. We know that
every © € Lg(E) can be written as = Y ", ;0] where r; € R, oy, 3; €
Path(E) for i = 1,...,n. For every a5* of the previous form let IL,,(a5*) =
Sap+ and extend the definition R-linearly for every z € Lr(E). Let us check
that II,, is a well-defined homomorphism: suppose we have af* = o/ # 0;
then r(af*) = r(d/f) and l(af*) = [(&/B") s0 Saps = Sarp~ which gives
us ap(af*) = I (/™) and it is well-defined. Besides, it is R-linear and
assume that we have af* and pur* such that af* - uv* # 0; by Proposition
2.1.3, we can say that af8* - uyv* = ap/v* or af* - w* = avf”™ for some

p', B € Path(FE). Assume that the first option af5* - uv* = ap/v* holds (the
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second option is done similarly) and then applying that 3 = (Sa)acpatn(s) 18

a Cuntz-Krieger E-system and Proposition 2.1.3, we have:
ap(af* - pv*) = Hap(ap'v™) = Spprvr = Sapw S
= (SQSE)(SMS:) = Sap* S = Hap(aﬁ*)nap(ﬁ‘”*>-
To prove that II,, is a Z-graded homomorphism, consider n € Z and

af* € Lg(E),, which means [(a) — () = n. Then I, (af*) = Sup =
SQSE S gl(a)g—l(ﬁ) - 5[(04)—l(6) = &,. Hence we obtain,

n’

Hap(Lr(E),) C &,

Finally, let us see that Il is injective. By Lemma 2.2.7, for every vertex
v € E° there exists at least one essentially aperiodic trail 7 with v = s(7).
Then S,(£F) = & for every n € Z implying that IL,,(rv) # 0 for all r €
R\ {0}. Apply Theorem 2.1.5 to obtain the injectivity of the essentially

aperiodic representation. ]

Remark 2.2.10. Consider M the R-module generated by the set {£" : n €
Z,7 € Tp} as in Proposition 2.2.8. Given a path a € Path(E), let us define
P,e &, P,: M — M such that: for every 7 € g and every n € Z,

& it a<r,

0  otherwise.

Fol(&) = {

Take into account that we have P, = 5,S57.
Given 7 € T an essentially aperiodic trail, let us define the projection

Q- €&, Q,;: M — M such that: for every 7/ € Ty and every n € Z,

it =1,

0  otherwise.

QT(&?’) = {

Using this notation we can affirm:

(A) Given a trail 7 € T, for any m € M there exists some integer N > 0
such that for every n > N,

Pr, (m) = Q-(m).
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In particular if 7 is discrete we could take N = [ (T(ess)) since for any
m € M and for every n > UT(ess)), Pr,,(m) = Pr . (m) = Q-(m) . By
the injectivity of Il,, the same holds in Lg(E): T(n) Ty = T(ess) Tess) for
all n > I(T(ess))-

Of course when we restrict the essentially aperiodic representation I,
to the diagonal A(F) is injective. Suppose a € Path(F) is such that

aa’* is one of the generators for A(E), then I1,,(aa*) = P,, so therefore

Q, if a<r,
0 otherwise.

QM 00") = Typ(aa")Q: = {

Then for every x € A(E) and every 7 € T there exists a unique scalar

e,-(x) € R such that
QTHap($) = Hap(x)QT = gT(x)QT'

It is straightforward that @), is idempotent and all elements in the co-
llection (Q;),ex, are mutually orthogonal. Furthermore it satisfies that,
for any m € M, there exists a unique minimal finite subset {r,...,7,}

of T such that

(> Qa)m) = m.

In fact if m = zi,jﬁjéf with1 <¢<n,1<j<m,r;€R, 7,€%g
and t; € Z then (> | Q,,)(m) = m and for any subset {77, ...
Tp with (37, Q) (m) = m we have {ry,..., 7.} C{1],...,7,

Yy 'rl):

/
, 7.} of

2.3 The commutative core

In this section we describe a commutative subalgebra inside Lz (FE), the so-

called “commutative core”. Previously we need a few definitions and a lemma

that will be used in Proposition 2.3.6.

Definition 2.3.1. For any infinite discrete essentially aperiodic trail (Defini-

tion 2.2.5(B)(ii)) which is parameterized by the seed («, A\,) of the trail (that
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is, a € Path(F) is its essential head and r(«) is visited by the cycle without
exits A, ), the path a will be called a distinguished path. In the case I(a)) = 0,

we will call it a distinguished vertex.

Remark 2.3.2. Consider a distinguished path «. This means that if [(a) = 0
then « is simply a vertex v and the cycle A\, starts and ends at v. In the case
l(a) > 1, suppose « = ey ...e,, then A\, is a cycle that starts and ends at
r(a) = r(e,) but does not visit any of the vertices s(e1), ..., s(e,). Of course,

for any distinguished path «, r(«) is a distinguished vertex.

Example 2.3.3. For instance, a = eje, is a distinguished path in the follow-

ing graph:

€1 €2
oVl . @V2 "2 . gV o

Lemma 2.3.4. A cycle \ has no exits if and only if AX* = s(A).

Proof. We proceed similarly to [50, Lemma 3.2]. Suppose k& = [(A\). Then A
has an exit if and only if there is a path p # A such that s(u) = s(\), and

either

(i) I(p) < k and r(p) is a sink, or

(i) I(p) = k.
Since pp* # 0, the result follows from Proposition 2.1.2. ]
Definition 2.3.5. An element z € Li(F) is said to be normal if zaz* = z*z.

Proposition 2.3.6. Let o, € Path(E) with r(o) = r(B). The generator
af* € Gg is a normal element in Lr(E) if and only if one of the following
holds:

(a) o= ;

(b) B < a and B is a distinguished path, i.e., o« = BAg and \g is a cycle

without exits;
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(¢) a < B and « is a distinguished path, i.e., f = al, and N\, is a cycle

without exits.

Also, if we denote by G¥ the set of all such normal generators, then the
R-algebra Mg(E) generated by G¥, Mr(E) = < G¥ > C Lg(E) is commu-

tative.

Definition 2.3.7. The subalgebra Mg(F) given in Proposition 2.3.6 is called

the commutative core of Lg(E).

Proof of Proposition 2.3.6. The necessary and sufficient condition for norma-
lity is proved in a similar way by following the ideas given in [50, Proposition-
Definition 3.1]. We will include here the proof for completeness. Consider first
r = af* satisfying one of the conditions (a), (b) or (c). If @ = f then x is
clearly normal. Suppose < « (the case o < 3 is done similarly). We have

a = A and A is a cycle without exits; by Lemma 2.3.4 A\* = s(\) = r(f) so
xx* = BABBN BT = BAN'B" = BB = Ba*af” = x"w.

For the converse implication suppose now that x = af* is a non-zero
normal element of Lgr(E). Since x # 0 then r(«) = r(f) and since za* = z*x
then s(a) = s(8). We have (zz*)? # 0 but (zz*)? = r*zzz* so x? is non-
zero. But having 22 = (af*)(aB*) # 0 implies that 3 < a or a < 3 by
Proposition 2.1.3. We can assume that § < «. Considering all these facts
together necessarily o = S\ where A is a closed path. If we suppose that A
has an exit then by Lemma 2.3.4, A\* # s(\) = r(f) and finally

zx’ = fANG # BB = ',

which is a contradiction.
In order to prove the commutativity of Mg(E), we are going to check the

following items:

(i) Elements of the form (a) commute: this is clear since v =  then aa* €
A
GE-
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(ii) Elements of the form (a) commute with elements of the form (b): let

r = aa* of the form (a) and y = uv* of the form (b). We know that
v < pand g = v\, where )\, is a cycle without exits. Let us see that

xy = yx. First we show that
rzy =0 yr=0.

By Proposition 2.1.3 we have

po/o*if o = v/ for some o € Path(F),
yr = prrac” = § plar')* if v = av/ for some v/ € Path(FE),

0 otherwise.

If « = va! for some o € Path(E), yr = vA,o’a*. We know )\, is a cycle
without exits so then o is either a subpath of the cycle A, i.e., o/ <\,

or o = A\ for some ¢t € N. Then xy = va/o*v* v, v* = va/o*\,v* # 0.

If v = a/ then yr = w'"a* = v,/ "a*. But A\, is a cycle without
exits so v/ is either v/ < A, or v/ = X!, for some t. Then zy = aa*uv* =

ac* v,V af = aatar/ v o = a/ A,V o # 0.

So if yxr # 0 then zy # 0, which is equivalent to say that if xy = 0 we

have yzr = 0. The case yxr = 0 implies xy = 0 can be done similarly.

Now by Proposition 2.1.3 the condition zy # 0 (which implies yz # 0)
holds if and only if & = pua’ for some o’ € Path(FE) or p = oy’ for some
i € Path(FE).

Suppose that a = po/, then zy = aa*uv* = ad* p*pr* = aad’*v* and
a = v\,a’. We have that \, is a cycle without exits, so a = vA! X where
t € Nand N < \,. Then zy = vALN (AN 0% = v ALV N* (A1) s,
Now notice that N'\* = s(A,): we know that A, is a cycle without exits
and X < A\, so A, = X\ for certain \” € Path(E); by Lemma 2.3.4
s(A) = AL = XN (VN = MN'N*N* and consequently s(\,) =
N*s(A,)N = NN which in the end gives us s(\,) = N(N'N*)\* =
NN*. So then zy = vAL(A1)*v* = v\, v* by using Lemma 2.3.4 again.
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On the other hand, yz = pr*ac* = vA VALV N (AL)*v*. Again we
have that AL VX" (A\))* = s(\,) and finally

yr = vV vrt = v\ vt = xy.

Now assume that p = au’ for some p' € Path(E), then by Proposition
2.1.3, zy = au'v* = pv*. Since yxr # 0, then by Proposition 2.1.3,
a = va” for some o’ € Path(F) or v = av/’ for some ' € Path(E).
In case a = vd”, yr = pa”a*. Now A, is a cycle without exits so
" = XN where t € N and M < \,; a similar argument to the previous
paragraph yields to xy = yx. If v = av/, then by Proposition 2.1.3,

yr = p(a')* = pr* = xy. In the end we have xy = yx as desired.

(iii) Elements of the form (b) commute: consider both z = of* and y = uv*
of the form (b), that is, f < o with o = fAg and v < p with p = v\,
where Ag and A, are cycles without exits. Then arguing similarly to the
case (ii) we have that

xy =0& yxr =0.

By Proposition 2.1.3 xy # 0 (which implies yx # 0) if 5 < v or v < f3;
but except when § = v, the remaining options are not possible since

and v are distinguished paths. In this case then xy = yx.
Analogously to the previous steps it can be proved that:
(ii)’ elements of the form (a) commute with elements of the form (c);
(iii)” elements of the form (b) commute with elements of the form (c) and
(iii)” elements of the form (c) commute.
Finally we get that Mz(FE) is commutative. ]

The following definition is an important tool in order to prove that Mg(E)
is a maximal commutative subalgebra of Lg(FE). This will be the next goal

of this section.
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Definition 2.3.8. Let A be an R-algebra and B C A an R-subalgebra. A
linear map E : A — B is called an algebraic conditional expectation of A onto

B if it satisfies the following conditions:
(i) E is idempotent and Im(E) = B.
(ii) For every a € A and b € B, E(ba) = bE(a) and E(ab) = E(a)b.

For our purposes we need to find an appropriate algebraic conditional

expectation of the R-algebra £ defined in Proposition 2.2.8.

Definition 2.3.9. For every T" € &£ let us define the map E,, : £ — £,
T +— E,p(T) as follows: by Remark 2.2.10 (C), for any m € M there exists a
unique minimal finite subset {7, ..., 7, } of g such that (}" | Q.,)(m) = m,

we define

EaP(T) <m> = (Z QTZTQTz)(m)

Proposition 2.3.10. Let Q = {Q;}rex, C E. Then the map E,, is an

algebraic conditional expectation of € onto Q' where
Q={Te& :TQ, =Q,T for every T € T}

Proof. We need to check the conditions from the definition of algebraic con-

ditional expectation above.

() (Eap)? = FE,p follows from the fact that the elements in the co-

llection (Q;)res, are mutually orthogonal idempotents. Let us see that
Im(E,,) = Q"
Consider T' € Im(E,,), that is, T" = E,,(T") for some T" € £. For
m € M there exist {r,...,7,} C Tg such that (3", Q-,)(m) =m, so
we have T'(m) = E,,(T")(m) = (O, @-T'Q~,)(m). Let us check that
T € Q': consider (), for some 7 € T then

(Q:T)(m) = Q( ZQHT’@Q Z@T@TZT’QT)( ).
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Since the elements in the collection (Q;)rex, are mutually orthogonal

idempotents,

T((Q-)(m)) = (Q-T'Q-)(Q-(m)) = Q-T'Qr(m).
Also since (D1, Qr,)(m) = m, then Q,(m) =0 if 7 # 7, for each 7. In

any case since the collection (Q;)res, consists of mutually orthogonal

idempotents,

Q. T'Q.(m) if = forsomei=1,.,n

0 otherwise.

(TQ-)(m) = (Q-T)(m) = {

Conversely consider T' € Q'. For m € M then again there exist
{r,..., 7} C Tg such that (3", Qr)(m) =m. So

E.p(T) ZQJ@H ZTQTZQE (m) =

= <Z TQ-)(m) = T(Z Q)(m) = T(m).
Which means that T' € Im(FE,p).

(ii) Let 7" € Q. For T € &€ and for m € M there exist {m,...,7,} C Tg
such that (3°7_, Q)(m) = m. Then we have

Eap(T'T) ZQQT’TQT ZT’QTLTQTJ( ) =

= T/(Z QTzTQTz)(m) = T/Eap(T)(m)‘

Similarly it can be shown that E,,(T7")(m) = E.p(T)T"(m). O

Theorem 2.3.11. There exists a unique algebraic conditional expectation Eyy

of Lr(E) onto Mr(FE) such that

Eu(x) v if veGY
xTr) =
M 0 if xeGp\GY.

Furthermore, for the essentially aperiodic representation Il,, : Lr(E) — &

and the algebraic conditional expectation E,, : € — € we have

IL,p o By = Eap 0 1.
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Proof. First let us prove the following claims:

(a)

Eop(Iap(2)) = Hap(z) for every z € Mp(E).
Consider the collection P = {P,}acpath(r) = {Ilap(aa™) }acpatn(e). By
Remark 2.2.10(B), it is clear that P C Q', where

Q' ={Te&:TQ,=Q,T for every 7 € Tp}.

Suppose 1" € £ such that T" commutes with all P,, « € Path(F). In

particular for every 7 € T we have that TP, = P, T for every

T(n)

n > 0. From Remark 2.2.10(A) we get TQ, = Q,T which implies
P’ C Q' where

P ={T €& :TP, = P,T for every o € Path(FE)}.
Therefore we have that

E.,(T) =T for every T € P'.

In particular for all z € Mg(FE), it follows from Proposition 2.3.6 that
ap(x) € P so we get

Eqp(Ilp(x)) = (), for every x € Mg(E).

E.p(Ip(z)) = 0 for every z € G\ GY.

Consider z = af8* € Gg \ GY, that is, r(a) = r(8). Let 7 € T then
clearly ;5,550 # 0 only if 8 < 7 and a < 7. In any case then we will
have that o < B or B < a and since © ¢ G¥, a # 3. We can suppose
the case f < a; then it follows that s(a) = s() and necessarily a = SA
for some closed path A. Since § < 7 assume that 7 = Su for some path
p. The fact that Q-5,55Q, # 0 implies that SAu = ap = 7 = pp,
and this yields Ay = p which means that 7 is periodic with period A.
Since 7 is essentially aperiodic then A has no exits. Then p = r(\) and
so A € EY. Thus a = 8 which is impossible. Finally we have that then
E.p(Ip(z)) = 0 for every z € Gg \ GY.
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So we have that E,,(IL,,(Gg)) C I1.,(GE). Then extending linearly we get
that E,,(IL.,(Lr(E))) C ILy(Lr(E)). Since I1,, is injective by Proposition
2.2.8, there exists a unique linear map Fy : Lgr(E) — Lg(F) such that
L., o Eyy = Eap o I1,,. Besides, by the injectivity of I, and by (a) and (b)

we have

Ea(2) v if xeGY,
€Tr) =
M 0 if z€Gp\GY.

It then is immediate that E); is an algebraic conditional expectation of
Lr(FE) onto Mgr(E). O

We can prove now the main result of this section.

Theorem 2.3.12. Let E be a graph and R a commutative ring with unit.
Consider Mr(E) C Lg(FE). Then

MRg(E) ={z € Lg(F) : xd = dx for every d € A(E)}.
Furthermore, Mg(FE) is a maximal commutative *-subalgebra of Lr(FE).

Proof. For the equality Mr(E) = {x € Lg(E) : zd = dx for every d € A(FE)}

we need to prove the double inclusion. First it is clear that
Mg(E) C{x € Lr(F) : xd = dz for every d € A(E)}

since A(E) C Mg(E) and Mg(E) is commutative by Proposition 2.3.6.

For the other containment consider an element x € Lg(F) such that
xd = dz for every d € A(E). Then for every path a € Path(E) we know that
aa® € A(E) and then

Hop(2) Py = Iap(2)Hap(aa™) = [y (zaa™) = I (aaz) = P11, (x).

Following the proof of Theorem 2.3.11, we know that E,,(7') = T for every
T € P’ where

P ={T €& :TP, = P,T for every a € Path(E)}.
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In particular it follows that Il.,(x) = E,,(IL,,(2)), using Theorem 2.3.11,
Eap(p(x)) = ILp(Em(z)) and hence IL,,(z) = ap(Ey(x)). Since I, is
injective by Proposition 2.2.8, we have that © = E)y(z) € Mg(F) and we are
done.

In order to prove that Mg(F) is a maximal commutative subalgebra inside
Lr(E), consider C a commutative subalgebra of Lz(E) such that Mr(E) C C.
Since we have A(E) C Mg(FE) C C then in particular

C C{x € Lgr(E): xd=dz for every d € A(E)} = Mg(E).
So in the end necessarily C = Mg(E). O

Finally as a corollary the result concerning the center of a Leavitt path

algebra, studied in [17] and [35], is obtained.

Corollary 2.3.13. The center of the Leavitt path algebra Lg(E), that is
Z(Lr(E)) ={x € Lg(F) : xy = yx for every y € Lg(F)}

satisfies that Z(Lr(F)) C Mg(E).

2.4 Commutativity of Leavitt and Cohn path
algebras

Once we have found the commutative core of Lr(E), we are going to use it in
order to study the commutative Leavitt path algebras from a different point
of view. In particular we will extend the result given in [17, Proposition 2.7].

First we need the following proposition.

Proposition 2.4.1. For every x € Lg(FE) and T € Tg. If T is discrete then

* *

T(QSS) T(t;ss) T T(eSS) 7-(ess) = EM (.Z') T(eSS)T(ess) .

Proof. Since 7 is discrete then by Remark 2.2.10(A) P,

T(ess)

= @, and then

we have:

Hap(T(GSS)T(2ss)$T(BSS)T(Zss)) = PT(ess>Hap (x)PT(ess) = QTHap<$)QT'
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On the other hand by using Theorem 2.3.11 and Proposition 2.3.10,

Hap(EM(x)T(eSS)T(tzss)) = 1Ly (En(2))Qr = Eap 0 Iap(2) Q7 = Qr1Lap (2) Q-

So we get Hap(T(ess)T(Zss)xT(ess)TEkess)) - Hap<EM (x)T(eSS)T(*eSS)>’ Fmally it is
sufficient to apply Proposition 2.2.8; since 11, is injective then the statement

follows. O

Remark 2.4.2. For a distinguished path « let w, = aA,a*, where A\, is the
cycle without exits that starts and ends at r(a). We know by Proposition
2.3.6 that w, € GY. It so happens that the R-algebra < w, > C Mz(FE)

generated by w, is unital (with unit aa*) and w, is invertible in < w, >:

* * *
WoWa = WaW, = Q.

We can define then the powers w! for every n € Z: it n < 0 we let

*
«

wl = (w

" )™ and w2 := aa*. In this case it follows that there exists a unique

x-isomorphism T, : < w, >— R[z,z7'| by simply defining T, (aa*) = 1,
[Lo(we) = and Ty (wk) = 271

Notice that we can write G¥ as a disjoint union
GYM = G% U{w" : « is a distinguished path, n # 0}.

Remark 2.4.3. Let 7 € T be a discrete trail. We can define a corner R-

subalgebra inside Lr(F) as follows:
MT(E) = T(GSS)TEkess) LR(E) 7-(BSS),T(*ess)'

By Proposition 2.4.1, M,(FE) is contained in Mg(F) and concretely we

have:

(i) if 7 is finite, then M. (E) = < T(ess)Tlose) > the R-subalgebra generated

(ess)

by T(ess) (.

(ess)" In this case we have a natural x-isomorphism < T(ess) T(eee) >

(ess)
= R, by simply defining 7T(ess)T(Leq) — 1-

(ess)

ii) if 7 is infinite, then M, (F) = < w; >. By Remark 2.4.2 we know
(ess y

)
that there exists a *-isomorphism < w, = > = Rz, z7'].
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Furthermore from the proof of Proposition 2.3.6, we have that the co-
llection {M,(E)}, for 7 discrete, are pairwise orthogonal: if 71 # 75 are dis-

crete then

Denote Mgiso(E) C Mg(E) the R-algebra generated by M. (E),

then taking into account equation (2.3) together with previous (i) and (ii) we

7 discrete

have that

Myo(E)= € Re € Rlz.a7,

7 finite 7 infinite

up to kx-isomorphism.
Let us see now the result about commutativity of Leavitt path algebras.

Corollary 2.4.4. Let E be a graph and R a commutative ring with unit. The

following conditions are equivalent:
(i) Lr(E) is commutative; in particular Lr(E) = Mg(E).
(i) For the graph E, the maps r and s coincide and are injective.

(iii) E =|],c; E; where each subgraph E; is an isolated vertex or an isolated

loop.

(iv)
Lr(E)= P Re P Rlr,a™,

Tegf Ted!

disc disc

where T, and T,

disc denote respectively the set of all finite and infinite

isc

discrete essentially aperiodic trails of E.

Proof. (i)=-(ii) Consider an edge ¢ € E'. Then since Lp(E) = Mg(FE), we can
write by Proposition 2.3.6, e = >_" | r;a;8f where ;3 € G¥ and r; € R\{0}
for all i = 1,...,n. Since a;3; € G¥ then s(a;) = s(5;). But

e=s(e)e= s(e)(z riouifr) = Zris(e)&iﬂ;‘ = s(e) = s(qy) for all 4.
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e=er(e) = (Z rio; B (e) = Zriaiﬁfr(e) = r(e) = s(5;) for all i.

So we get that necessarily s(e) = r(e); then r and s coincide.

Let us prove the injectivity. We know that for every e € E', s(e) = r(e).
This means that e is a loop. Suppose we have two different loops p, v such
that r(u) = r(v); then pr # vu which is a contradiction since Lg(FE) is
commutative.

(ii)=-(iii) It is straightforward.

(iii)=(iv) Suppose F is a collection of isolated vertices and isolated loops.
Then it is immediate that Lr(E) is commutative; note that the product of
any two different isolated vertices is zero, the product of an isolated vertex
and an isolated loop is zero too, and the same for the product of two different
isolated loops. So by Theorem 2.3.12, Lr(E) = Mg(E).

On the other hand observe that by hypothesis in our graph E, any in-
finite path is periodic, or in other words, there are no continuous trails;
so then Mr(E) = Mais(E). By Remark 2.4.3, Mys(E) = (@Tesfdm R) @
(@ cs,,, Rlira™") where T}

i
disc

«sc 15 the set of all finite discrete essentially ape-
riodic trails and T, . is the set of all infinite discrete essentially aperiodic

trails. Finally we get:

Lp(E)= @ Re @ Rlz.a7).

et TET

disc disc

(iv)=-(i) It is obvious. O

We now study the commutativity of Cohn path algebras taking advantage

of all results we have obtained so far.

Definition 2.4.5. Let £ be an arbitrary graph and R any commutative ring
with unit. The Cohn path algebra of E with coefficients in R, denoted by
Cr(E), is the free associative R-algebra generated by the set E°U E'U (E1)*,
subject to the relations given in (1), (2), and (3) of Definition 1.1.1.

In other words, Cr(FE) is the algebra generated by the same symbols as
those which generate Lgr(FE), but on which we do not impose the (CK-2)
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relation. It can be proved that for any graph E the Cohn path algebra Cr(FE)
is isomorphic to the Leavitt path algebra Lg(F') of some graph F', concretely:

Definition 2.4.6. Let E be an arbitrary graph. Let Y := EY and Y’ = {¢/

v € Y} be a disjoint copy of Y. For v € Y and for each edge e € ' (v), we
consider a new symbol €. We define the graph F(FE), as follows:

F(E)Y =E°UY  and F(E)' = E*U{e :rp(e) € Y}.

For e € E' we define sppy(e) = sgp(e) and rpp(e) = rg(e) and define

spp)(€’) = sp(e) and rpg)(e’) = rp(e)’ for the new symbols €.

Note that the graph F(F) is built from E by adding a new vertex to F
corresponding to each element of Efeg, and then including new edges to each
of these new vertices as appropriate. Observe in particular that each of the
new vertices v’ € Y’ is a sink in F(E), so that Ey,, = F(E),,.

As in [3, Theorem 1.5.18] we obtain the desired result about the isomor-
phism between the Cohn path algebra Cg(FE) and the Leavitt path algebra

Lr(F(E)).

Theorem 2.4.7. ([3, Theorem 1.5.18)) Let E be an arbitrary graph and R
a commutative ring with unit. Then Cr(F) = Li(F(F)) where F(E) is the
graph given in Definition 2.4.6.

Example 2.4.8. For n > 1 consider R,, the rose with n petals graph. If n =1
thus we get that Cr(R;) is exactly the Toeplitz algebra, which is given by
the Leavitt path algebra of the graph having one loop and one exit:

Cr(C o) 2 Lp((Ce—>e).

The terminology “Cohn path algebra” owes to the fact that for each n > 1
and for K a field, the algebra Ck(R,) is precisely the algebra U ,, described
and investigated by Cohn in [33].

In order to analyze the commutative Cohn path algebras we need the

following property of the graph F(F).
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Lemma 2.4.9. For every graph E, its corresponding graph F(E) satisfies
Condition (L).

Proof. By way of contradiction suppose we have a graph F such that F(F)
has a cycle c = e; ... e, without exits. Let v; = sF(E)(eZ-) foreveryt=1,...,n.
Since ¢ has no exits then each v; is a regular vertex in F\(E). Then vy, ..., v,
are regular vertices in E. Consider v; € E°; for the vertex v, € E},, we have
the same e; € E' such that sg(e;) = vy. Now rg(e1) = vo and vy is regular in

E, this means that we have an edge €] in F(E)! with spg)(€]) = sg(e1) = v

which is a contradiction since €] # e;. [

Corollary 2.4.10. Let E be a graph and R a commutative ring with unit.

The following conditions are equivalent:
(i) Cr(E) is commutative.
(ii) E = | |,c; Ei where each subgraph Ej is an isolated vertex.

Proof. (1)=(ii) We know that Cr(E) = Lr(F(E)) by Theorem 2.4.7. Since
Cgr(F) is commutative then Lr(F(F)) is commutative too. Using Corollary
2.4.4, this means that F'(E) = | |,.; F; where each subgraph F; is an isolated
vertex or an isolated loop. However by Lemma 2.4.9 it is not possible to
have isolated loops inside F(E), so necessarily F(E) = | |,.,; F; where each

subgraph F; is an isolated vertex. This means that then E = | |,_; E; where

iel
each subgraph E; is an isolated vertex.
(ii)=(i) It is straightforward; note that the product of two different ver-

tices in Cr(E) is zero. O

2.5 General uniqueness theorem for Leavitt
path algebras

In the final section of this chapter we focus our attention on giving a general
version of the uniqueness theorems for Leavitt path algebras mentioned in
Section 1.2; concretely we will prove that we only need to check the injectivity

of a homomorphism when we restrict to the commutative core Mg(E).
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Theorem 2.5.1. Let E be a graph and R a commutative ring with unit. Con-
sider ® : Lr(E) — A a ring homomorphism. Then the following conditions

are equivalent:

(i) ® is injective,

(i) the restriction of ® to Mgr(E) is injective;
(7ii) both these conditions are satisfied:

(a) ®(rv) #0, for allv € E° and for allr € R\ {0};

(b) for every distinguished path « the * R-algebra < ®(w,) > generated

by ®(wy) is *-isomorphic to R[x,x~1]; that is,
< O(w,) > X Rz, z7"].

Proof. Let us prove the equivalence between the statements.

e (i) = (ii) It is obvious.

e (ii) = (iii) First let us check (a). Consider rv, for some v € E° and
r € R\ {0}. But rv = rov* € A(E) C Mg(FE), so it follows immediately.

Now in order to see (b), note that for every distinguished path « and each
i € Z then ®(w’) # 0: this is straightforward since every w, € Mg(E) by
Proposition 2.3.6.

Then we have a natural *-isomorphism < w, > = < ®(w,) >. We know
on the other hand that < w, > = R[z,z7'] is a *-isomorphism by Remark
2.4.2. Tt follows therefore that < ®(w,) > = R[x,z7'] as desired.

e (ili) = (i) Suppose 0 # a € Lg(FE) is such that a € Ker ®. It is a
well-known fact that Ker ® is an ideal of Lg(FE). By Theorem 1.2.1 there
exist u, v € Path(F) satisfying one of the two following possibilities.

Assume 0 # p*av = rv, for some r € R\ {0} and v € E°. But a € Ker &,
so rv € Ker ® which is a contradiction with hypothesis (a).

So necessarily 0 # p*av = p(A), where X is a cycle without exits and p(z)
is a non-zero polynomial in R[x, z!]. Since a € Ker ® we have p()\) € Ker @,

so ®(p(A)) = 0. Let v € Vert(\), then v is a distinguished vertex and A = A,




2. The commutative core of a Leavitt path algebra 79

so by hypothesis (b) we have that g :< ®(\) >— R[z,z7!] is an algebra
isomorphism. We know 0 = ®(p(A)), then g(®(p(A))) = 0. Assume that
pA) = r_p A7+ 4, A" for certain m,n € N. Then

This means that g(®(r;v)) = 0 for all ¢ € {—m,...,n} which implies that

®(r;v) = 0 for each i giving us a contradiction with (a). O

As a corollary we can have the Cuntz-Krieger uniqueness theorem. If
the graph E satisfies Condition (L) then there are no distinguished paths
in Path(F), so we get immediately:

Corollary 2.5.2. Let E be a graph satisfying Condition (L) and let R be a
commutative ring with unit. Suppose ® : Lg(E) — A is a ring homomor-

phism. Then the following conditions are equivalent:
(i) @ is injective;
(ii) the restriction of ® to Mg(F) is injective;

(1ii) ®(rv) # 0, for allv € E° and for allT € R\ {0}.

By using the proof of (ii) = (iii) in the proof of Theorem 2.5.1 we can

recover the graded uniqueness theorem:

Theorem 2.5.3. Let E be a graph and R a commutative ring with unit. If
A is a Z-graded ring and ® : Lgr(E) — A is a Z-graded ring homomorphism,

then the following conditions are equivalent:
(i) ® is injective,
(ii) the restriction of ® to Mr(E) is injective;

(iii) ®(rv) # 0, for allv € E° and for allr € R\ {0}.
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Finally by using Lemma 2.4.9 and Theorems 2.4.7, 2.5.1 we obtain a

uniqueness theorem for Cohn path algebras as well.

Corollary 2.5.4. Let E be a graph and R a commutative ring with unit. Con-
sider ® : Cr(E) — A a ring homomorphism. Then the following conditions

are equivalent:
(i) ® is injective,
(ii) the restriction of ® to Mg(F(F)) is injective;

(iii) ®(rv) # 0, for allv € F(E)? and for all v € R\ {0}, where F(FE) is
the graph given in Definition 2.4.6.




Chapter 3

The cycline subalgebra of a
Kumjian-Pask algebra

3.1 Generalization of Leavitt path algebras

In this chapter we study analogs of Leavitt path algebras associated to higher-
rank graphs; these algebras are called Kumyjian-Pask algebras. In particular
our aim will be to extend the results given in the previous Chapter 2 to
Kumjian-Pask algebras. Here we first give some necessary background which
will be used later and we fix some notation too. After some basic notions on

higher-rank graphs we give the definition of a Kumjian-Pask algebra.

Let k be a positive integer. We consider the additive semigroup N* as a
category with one object. We say a countable category A = (A% A, 7, s) with
objects A, morphisms A, range map r and source map s, is a k-graph if there
exists a functor d : A — NF, called the degree map, satisfying the unique
factorization property: if d(\) = m + n for some m,n € N¥ then there exist
unique p, v € N¥ such that r(v) = s(p) and d(u) = m, d(v) = n with A = uv.
Since we think of A as a generalized graph, we call A € A a path in A and
v €AY a verter.

For n € NF define A" = d~!'({n}) and call the elements \ of A" paths
of degree n; by the factorization property we identify A° as the paths of
degree 0 (or the set of vertices). For any v € A and X C A we denote
vX ={A e X |r(A) =v}and Xv ={) € X | s(\) = v} A k-graph A

81
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has no sources if for all v € A° and n € N¥ the set vA" is nonempty; A is
row-finite if for all v € A° and n € N¥ the set vA™ is finite. In this chapter
we are concerned only with row-finite k-graphs without sources. The case of
not necessarily row-finite higher-rank graphs with sources is undertaken in

[28, 32], but their study is significantly more technical.

Example 3.1.1. Let £ = (E°, E',r,s) be a directed graph. Then the path
category Ap has object set E°, and the morphisms in Ag from v € E° to
w € E are finite paths g with s(u) = v and r(u) = w; composition is
defined by concatenation, and the identity morphisms obtained by viewing
the vertices as paths of length 0. With the degree functor d : A — N as
the length function, the path category (Ag,d) is a 1-graph. Note that this
requires us to use the convention where a path is a sequence of edges e; ... e,
such that s(e;) = r(e;41), i.e., the opposite as to what we have been doing,
and we will be doing in the rest of the chapters of the thesis. This is to follow

the normal convention in the theory of Kumjian-Pask algebras.

For m,n € N*, m < n means m; < n,; for all 1 <i < k and m V n denotes

the pointwise maximum.

Example 3.1.2. Let Q) = N¥ O = {(p,q) € N* x N¥: p < ¢}, define r, s :
Q. — QY by r(p,q) = p and s(p,q) = q, define composition by (p,q)(q,r) =
(p,7), and define d : Qx — N* by d(p,q) = ¢ — p. Then Q) = (7, s,d) is a
k-graph.

An infinite path in A is a degree-preserving functor x : 0 — A. We denote
the set of all infinite paths by A*°. We denote (0, 0) by r(x) and refer to this
vertex as the range of x.

For p € A define the cylinder set

Z(p) = A{x € A% [ 2(0,d(p)) = p}.

For o € A and x € Z(s(«)), define ax to be the unique infinite path such that
for any n > d(«), we have that (ax)(0,n) = a(z(0,n — d(«))). We denote
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Z(a) by aA>™ when « is a vertex. In fact, [43, Proposition 2.8] establishes
that the collection of cylinder sets is a basis of compact sets for a Hausdorff
topology on A*.

For p € NF we define a map o? : A — A>® by o”(z)(m,n) = z(m +
p,n+ p) for every x € A, (m,n) € . Note that by unique factorization
r = x(0,p)oP(x).

We say that a path z € A> is periodic if there exists p # g € N* such that
oP(x) = 04(z). That is, for all m,n € N* z(m+p,n+p) = z(m-+q,n+q). If
x is not periodic, we say x is aperiodic. A row-finite k-graph with no sources
is called aperiodic if for every vertex v € A%, there exists an aperiodic path
in vA®°.

If A is a k-graph, we let A7% := {\ € A : d(\) # 0}. For each A € A7® we
introduce a ghost path \* and for v € A® define v* := v. We write G(A) for
the set of ghost paths, or G(A7?) if we wish to exclude vertices. We define
d, r and s on G(A) by d(A\*) = —=d(X), r(A*) = s(A), s(\*) = r()\); we then
define composition on G(A) by setting \*u* = (u)\)* for A\, u € A0 with
r(p*) = s(A*). The factorization property of A induces a similar factorization
property on G(A).

We have now all the tools in hand in order to give the following definition,

first given in [16, Definition 3.1].

Definition 3.1.3. Let A be a row-finite k-graph without sources and let R be

a commutative ring with 1. A Kumgjian-Pask A-family (P, S) in an R-algebra

A consists of two functions P : A — A and S : A”°UG(A7°) — A such that:
(KP1) {P, : v € A’} is a family of mutually orthogonal idempotents;
(KP2) for all A, u € A7° with r(u) = s()\), we have

SaSu = Sxau, SprSxe = Sy PrnySx = Sy = SaPspy,
and Py, Sy = Sy« = Sx-P(\);

(KP3) for all A\, u € A7® with d(\) = d(u), we have Sy-S,, = 05, Ps();
(KP4) for all v € A” and all n € N¥\ {0}, we have P, = >, xn SxSh+.
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In the literature [16, Theorem 3.4] proves that there is an R-algebra
KPg(A) generated by a Kumjian-Pask A-family (p, s) with the following uni-
versal property: whenever (@, T) is a Kumjian-Pask A-family in an R-algebra
A, there is a unique R-algebra homomorphism 7g 7 : KPr(A) — A such that
Tor(py) = Qu, mor(sy) = Th, T r(su) = Ty for v € A% and A\, u € A70. We
call KPg(A) the Kumjian-Pask algebra of A and the generating family (p, s)
the universal Kumgjian-Pask family.

With the convention that s, = p, and s, = p, it follows from the

Kumgjian-Pask relations (KP1)-(KP4) that
KPg(A) = spang{s,s,- : p,v € A with s(u) = s(v)},

and s,s,~ # 0 in KPg(A) if s(u) = s(v). For every nonzero a € KPg(A)
and n € N¥ there exist m > n and a finite subset F C A x A™ such that
s(a) = s(B) for all (o, ) € F and
a= Z T'o3SaS 3"
(a.B)eF

with 7, 5 € R\ {0}. In this situation, we say that a is written in normal form
[16, Lemma 4.2]. We can define an R-linear involution a — a* on KPr(A) as
follows: if a = Z(a,ﬁ)eF Ta3SaSs then a* = Z(aﬁ)eF To,35BSax-

It is proved in [16, Theorem 3.4] that KPr(A) is graded by Z* in such a
way that, for each n € ZF,

KPgr(A), = spanp{srs,~ : A\, n € A and d(\) — d(p) = n}.

[16, Theorem 3.4] also says that rp, # 0 for v € A° and r € R\ {0}.

To conclude this section let us see that the family of Kumjian-Pask al-
gebras is indeed larger than the family of Leavitt path algebras. We need
a previous lemma (which tells us how to simplify products Sy-S,) and to

remind the graded uniqueness theorem for KPr(A) proved in [16].
Lemma 3.1.4. ([16, Lemma 3.3]) Suppose that (P,S) is a Kumgjian-Pask
A-family, and X\, u € A. Then for each ¢ > d(\) V d(u), we have

SeSu= > SaSs.

d()‘a):qv Aa=pf
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Theorem 3.1.5. ([16, Theorem 4.1]) Let A be a row-finite k-graph with-
out sources, R a commutative ring with 1, and A a Z*-graded ring. If
7 : KPr(A) — A is a ZF-graded ring homomorphism such that w(rp,) # 0
for allr € R\ {0} and v € A°, then 7 is injective.

The following example is given in [16, Example 7.1]:

Example 3.1.6. Consider A = N? as a category with a single object v, and
let d : N> — N2 be the identity map. Then A is the unique 2-graph whose
skeleton consists of one blue and one red loop at a single vertex. For each
n € N? there is a unique path n of degree n, and a Kumjian-Pask family

(P,S) in an R-algebra must satisfy

P? =P, = 5,-Sp = S, S,

SmSn = Sm+na Sn*Sm* = S(ern)*a
PvSn = Sn = Snpva PvSn* = Sn* = Sn*Pv-

For ¢ > m V n in N2, the sum in Lemma 3.1.4 has exactly one term, and
we have S,,+S, = Sq—mS(g—n)+; taking ¢ = m + n gives S,+S, = 5,5~
In particular, KPg(A) is commutative. We will use the graded-uniqueness
theorem to show that KPr(A) is isomorphic to the ring R[z, ™', y,y~!] of
Laurent polynomials over R in two commuting indeterminates x and y.

Set Q, = 1, T(;5) = o'y’ and T(; j- = 2 'y ~. Then (Q,T) is a Kumjian-
Pask A-family in R[x, 27!, y,y~!], and the universal property of KPz(A) gives
a homomorphism ¢ : KPr(A) — R[z,z7!, y,y7!] such that ¢ o p = Q and
¢os = T. The groups A j := span{z'y’ } for (i, j) € Z? grade R[z,z™ ", y,y ]
over Z?, and ¢ maps KPg(A); ;) = span{s,sm : n —m = (i,)} into Ag ),
so ¢ is graded. Finally, ¢(rp,) = r¢(p,) =rl =r # 0 for all r € R\ {0}, and
so Theorem 3.1.5 implies that ¢ is injective. Since the image of ¢ contains a

generating set for R[z, ™1 y,y7!], ¢ is an isomorphism.

Let K be a field. We claim that K[z, 2!y, 57| cannot be realized as a
Leavitt path algebra Ly (FE) for any directed graph E. Thus Example 3.1.6

shows that the class of Kumjian-Pask algebras over K is larger than the
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class of Leavitt path algebras over K. To see the claim, recall from Corollary
2.4.4 that every commutative Leavitt path algebra has the form (6 K) &
(P K[z,x7Y]). Since K|z, 27!, y,y~!] has no zero divisors, if K[z,z™ !, y,y™]
had this previous form then it would be isomorphic to either K or K|z, z ']
as rings. But both K and Klz,x!] are principal ideal domains, whereas
Klz,z™ ', y,y '] is not. So K|[x,z~ ! y,y~ '] is not the Leavitt path algebra of
any directed graph.

3.2 The diagonal subalgebra of a Kumjian-
Pask algebra

In this section we establish some properties of the diagonal subalgebra D of

the Kumjian-Pask algebra KPg(A). Define
D= (s,s,+: € N);

that is, D is the R-subalgebra of KPr(A) generated by the set {s,s, : pp € A}.
Observe that for v € A, s,5,« = p,.

Lemma 3.2.1. The diagonal subalgebra D is commutative.

Proof. Using the Kumjian-Pask relations it follows that for each n, {s,s,~ :
p € A"} is a set of mutually orthogonal idempotents. Now if we consider

A, p € A then by Lemma 3.1.4, for each ¢ > d(\) V d(u) we can write the

Sx«Sy = E SaSg*-

d(AO‘):qv Aa=upB

following

Then (sxsx+)(Susu+) = (545, )(SxSx+) because:

(sx8ae ) (SuSpue) = Sa(Sxe8p,) 80

= 5)( Z SaSp*) S

d(Aa)=q, Aa=pp

= E S\Sa S Sy

d()‘a):‘L Aa=pp

- Z ShaS(uB)*

d()‘a):qr Aa=pfB
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= Z SuBS(ra)*

d(uB)=q, pB=X

= E SpuSpSar Sax

d(uB)=q, pB=Xa
D SR
d(pB)=q, pB=ra

= Su(Surs2) s

= (882 ) (828xe)-
So D is commutative. O]

Remark 3.2.2. Observe that

SayS(ay)*SaSpSpnS(Bn)* = SarySy*SnS(Bn)*-
In particular if d(v) = d(n), then

SayS(py) 1 v =1,

SayS(ar)*SaSs*SanS(Bn)r = {O otherwise

We may view elements of the diagonal D as functions from A* to R
in the following way. For p € A let 13,y denote the characteristic function

association to Z(u). That is, 1, : A°° — R such that

1 if zeZ(p),
1 T) =
Z(”)( ) {0 otherwise.

Let
Ap :=spanp{lzp : p € A}

Then Ap is an R-algebra with addition and scalar multiplication defined

pointwise and multiplication of the generators is given by

Lz - 120) = 1z()nzw)-

Remark 3.2.3. In fact Ap is the diagonal of the Steinberg algebra associated

to A. (The reader can see Section 5 of [32] for more details).

We need to include here the following result for future reference.
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Lemma 3.2.4. ([32, Proposition 5.4]) The map m : D — Ap such that

T(SuSu+) = lzqu is an isomorphism.

Lemma 3.2.5. Let p,v € A with s(u) = s(v) and r € R such that rs,s,~ =

TSySyx. Then 5,5, = 5,5,

Proof. Let m : D — Ap. Then n(rs,s,-) = m(rs,s,~). Therefore we have
71z = rlz@), which implies Z(;1) = Z(v). This means 5,5, = 5,5,- be-

cause the map 7 of Lemma 3.2.4 is injective. [

3.3 The cycline subalgebra

We study a special class of generators for KPr(A) which will be used in the
construction of a distinguished subalgebra, called the cycline subalgebra of

KPg(A). First an element a € KPg(A) is said to be normal if aa* = a*a.

Proposition 3.3.1. Let A be a row-finite k-graph with no sources and R be
a commutative ring with 1. Then for (o, ) € A x A with s(o) = s(f), the

following conditions are equivalent:
(1) SayS(ay) = SpyS(ay)= for all v € s(a)A;
(11) sasp= is normal and commutes with D; and
(i1i) ary = By for all v € s(a)A>°.
Definition 3.3.2. A pair (o, ) € A x A with s(a) = s(f) satisfying the
equivalent conditions of Proposition 3.3.1 is called a cycline pair. Define

M= (5485 : (o, B) cycline);

that is, the R-subalgebra of KPg(A) generated by the cycline pairs. We call
M the cycline subalgebra of the Kumjian-Pask algebra KPz(A).

Proof of Proposition 3.3.1. This proof follows exactly as the one given in [25,
Proposition 4.1]. We include here for completeness. Let us see the equivalence

between the statements.
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e (i) = (ii) Let p € A. We check that s,sz« commutes with s,s,-. Since
SuSpr = Znes(u) An SunS(un)+ Without loss of generality we can suppose d(u) >
d(a) 4+ d(B). We can find two cases. The first case consists of y = ay or

p = By for some 7. By assumption (), SayS(ay)* = SgyS(8y)*s SO

SuSu*SaSps = SanyS(ay)*SaSp* = SayS(By)* = SaSp*SByS(By)* = SaSp*SuSu*-

As a second case suppose g is neither a7y nor fv for any v € A. Then
SuSusSaSpr = 0 = 5488+5,8,=. S0 S45p- commutes with D. Besides, (s,53+)" =

53Sq+ Which gives that s,sg- is normal since
SaSpr (Sa‘sﬁ*)* = SaSa* = SpSpx = (SaSﬁ*)*SaSB*.

e (ii) = (i) Consider v € s(a)A. Because of 5,53+ is normal and commutes
with Sq4y8(ay)+ then we have that s.,S(ay) SaSg = SayS(gy)+ is normal. So it

follows

SayS(an)* = SavS(87)* (8ar8(8v)*)" = (SayS(8v)*) SarS(By) = S8v5(8y)*-

o (i) = (ili) Let v € s(a)A*. According to (i), Sa(y(0,n)S(a(v(0n)* =
S3(+(0,m))S(B(r(0,n)))+ for all n which implies that Z(a(v(0,7n))) = Z(5(7(0,n)))

for all n. And then we obtain (iii) since

{ar} = () Z(a((0,n)) = [ Z(B(x(0,n))) = {B7}.
neNk neNk
e (iii) = (i) Consider v € s(a)A. Applying (iii), since yz € s(a)A* for all
z € s(a)A* we have ayz = Bvz for all z € s(y)A™. Finally Z(ay) = Z(87)

and SayS(ay)s = SpyS(8y)*- 0

Remark 3.3.3. Observe that (a,«) is cycline and hence D C M. Also
(o, B) is cycline if and only if (8, ) is. For (a, B), (u,v) € A x A and n € N¥,
n > d(a) V d(B) we have

Sasﬁ*susy* —_= Z SCWS(,/”)*, (31)
YMEA, By=pn, d(Bv)=n
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If (o, B), (1, v) are cycline and A € s(y)A, then

SunAS(wnA)* = SunAS(unA)* = SBYAS(ByA)* T SayAS(ayA)*-

This means that the pairs (ay,vn) appearing in the right hand side of (3.1)
are cycline too by Proposition 3.3.1 (i).

Lemma 3.3.4. The cycline subalgebra M s commutative.

Proof. Let (a, B) and (u, ) be two cycline pairs. It suffices to show that

(sa88°) (susu) = (Susu+)(Sa5p+).

Now

SasSpr SuSpr = E Sa'ys(un)*
By=wn

= Z (8unS(un)*) (SgyS(sy)+) since D is commutative
By=un, vn=ay

= Z Sun (S(un)*Spy) S(ay)-
By=un, vn=ay

= Z SunS(B)*

vn=ay
= 5,5, SaSp+ as desired. ]

Example 3.3.5. Let E be a 1-graph. Recall that for this chapter we use the
convention where a path is a sequence of edges e; ...e, such that s(e;) =
r(eir1). We say that a path e;...e, has an entry if there exists an ¢ and an
edge f € r(e;)E' with f # e;. Following the ideas given in [25, Example 4.9]
let us check that a standard generator s,sg- is cycline if and only if o = S,

a = Beor f = ac for some cycle ¢ € s(a)E's(a) without entry. By Proposition
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2.3.6 so55+ is normal if and only if a = 3, & = fc or 8 = ac for some cycle
¢ € s(a)Es(a) without entry. It is evident that s,s,~ is cycline. For a # 8
define

acce. .. if f=ac.

{ﬁccc... if a= fe,
f)/z

In either case {7y} = Z(a) = Z(B) = Z(ary) = Z(B7) for any v € s(a)E. As
a CONSeqUENCe SqqyS(ay)* = SpyS(3y)+ for all v € s(a)E and s.sp- is cycline.
Thus the cycline subalgebra M coincides with the commutative core Mg(E)

defined in Definition 2.3.7. O

Define D’ such that
D' :={a € KPg(A) : ad = da for every d € D}. (3.2)

Notice that we have the inclusions D C M C D’, where the second inclusion
comes from Proposition 3.3.1 (ii). In fact, M = D if A is aperiodic (see

Lemma 3.4.5). Our main goal in this section is to prove the following.

Theorem 3.3.6. Let A be a row-finite k-graph with no sources, R be a com-
mutative ring with 1, M be the cycline subalgebra and D' be defined as in

(3.2). Then M =TD'. In particular, M is a maximal commutative subalgebra

To prove Theorem 3.3.6, we establish three lemmas. Recall that KPg(A)
is a Z*-graded algebra such that for n € Z*,

KPpr(A), = spang{sys, : A, € A and d(A) — d(u) = n}.

Lemma 3.3.7. Let a € D' and suppose a = 3, 5)cpTa,85aSs+ 18 in normal

form. Then for any (o, B) € F, 145055+ € D'.

Proof. First we claim that a € D' if and only if a, € D’ for all n € Z*,
where a,, is the homogeneous part of a of degree n. To prove the claim note

if for all n € Z*, a,, € D’ then a € D'. Assume that a € D’. Then for any
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d € D, ad = da. Since elements of D are homogeneous of degree zero then
a,d = (ad),,. Then
a,d = (ad), = (da), = da,,

and so a, € D’ for every n € ZF.

Thus to prove the lemma, we can assume that a is homogeneous of degree
n. Since all § have the same degree, then all o have the same degree. For
every (v,0) € F, sys4» € D and sss5« € D so then s,s,-assss- € D'. By

(KP3) we have, s,5,+aS555+ = Ty,5S,S5« € D'. O
In the following lemma we adopt some ideas from [62, Lemma 3.2].

Lemma 3.3.8. Let p,v € A with s(u) = s(v) and r € R\ {0} such that

75,5~ € D'. Then s,5,~ = 5,5,~.

Proof. First since rs,s,~ € D' we have r5,5,+5,5,~ = 15,5,+5,5,+, that is,
TSuSyr = TS,5,+5,5,~. Then multiplying both sides of this equation by s,
on the left, we get 75,+5,5,« = 7S,+5,5,+5,5,+, which means by (KP3) that

7S,+ = 1r5,+5,5,-. Finally multiplying by s, again on the left gives,
TSySys = 15,8, 5,5,x.
Since rs,s,~ € D', we have rs,s,- € D'. Using the same argument we get
TSuSur = TSuSu*SySy«.
Now s,5,+,5,5,~ € D and D is commutative so
TSuSus = T8uSu*SySyr = TS, SyS,S,x = I'SySy~.

That is, 75,5, = 75,5,«. Finally by Lemma 3.2.5 we obtain s,s,- =

SySy*. ]

Lemma 3.3.9. Let p,v € A with s(u) = s(v) and r € R\ {0} such that

78,5« € D'. Then (p,v) is a cycline pair.
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Proof. Let v € s(u)A. We show 5,57+ = SuyS(y)+. Because rs,s,~ € D',

75,5, € D'. So, on the one hand, we have:

(7 Sy Sy« S50+ ) (SpyS ) SuSwe )™ = (S Sy 81uS02 ) (7808107 ) 81y S )
= (S S(um)* SuSv+ ) Sy S(u)* (TS0 8y
= SuyS(uy)* (TSuSum ) 8119 () Su S
= Sy S(uy)* SuyS(u)* (TS uSur ) Sy

= TSpuyS(uy)*SpSp+-

On the other hand,

(S (uy)* SuSws )" (7SS (uy)= SuSwr) = (TS0 Sux ) Sy S () * Spy S )+ Sy S
= SuyS(uy) (TS0 ) S50

= TSuyS(uy)* SvSv+-
But by Lemma 3.3.8, rs,s,- € D' implies s,,5,+ = s,5,+. Therefore
(78109 ()= 85w ) (SurS )= SuSv=)™ = (S SuSv=)™ (183 S (uyySpuS= ). (3.3)

Now:

TSuyS () = (7SuyS(uy)=SuSu ) (SuyS ()= Spusve)”
= (SuyS(um)* SuSve) " (TSuy8(uy)*SuSv) by (3.3)

= TSuy ()"
Hence 18,,,5(uy) = 7SuyS(y)+ and by Lemma 3.2.5, we obtain
SpyS(uy)* = SvyS(vy)*-
Thus by Proposition 3.3.1 (i), (¢, v) is a cycline pair. O

We are now ready to prove the main result of this section, which we stated

before.
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Proof of Theorem 3.3.6. To see that M = D', we show D' C M. Let a € D'.

Suppose a is written in normal form

a= Z Ta,85053"

(a.B)eF
By Lemma 3.3.7, for each (o, 8) € F we have 7, 35,53« € D'. Now we apply
Lemma 3.3.9 to see that each («, 3) in F' is a cycline pair. Thus a € M.

In order to prove that M is a maximal commutative subalgebra inside
KPgr(A), first recall that M is commutative by Lemma 3.3.4. Now consider
C a commutative subalgebra of KPg(A) such that M C C. Since we have
D C M CC then in particular

C C {z € KPg(A) : xd = dz for every d € D} = D',
Therefore C = M. O

The following corollary involving the center of a Kumjian-Pask algebra,

(studied in [23]) is now immediate.

Corollary 3.3.10. Let A be a row-finite k-graph with no sources and R be a

commutative ring with 1. Then the center of the Kumjian-Pask algebra

Z(KPg(A)) :={a € KPg(A) : ax = za for every x € KPg(A)} C M.

3.4 General uniqueness theorem for
Kumjian-Pask algebras

In this section we give a new uniqueness theorem for Kumjian-Pask algebras
that says a homomorphism on KPg(A) is injective if and only if it is injective
on the cycline subalgebra M. First we adapt some of the technical innovations
from [25] to our setting.

For any subset U C X of a topological space X we denote its interior
by Int(U) and its boundary by oU. The following definition appears in [25,
Definition 5.2]. For a k-graph A, define

S = {(a, ) € A x A | s(a) = s(8),a # B},
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Then for any pair («, 5) € 3 let
Fop:={re€A>®|ze Z(a)n Z(B) and 0¥ (z) = 0P (1)}
We define the set of reqular paths in A% to be
Ty=A"— | 0F.

(a,8)EX

Remark 3.4.1. We recall here some properties of F, g and T, which are

given in [25, Section 5.
(a) We have F, 3 = Fp,.

(b) We have that F, g is closed for all (a, §) € ¥. Indeed if z; — = in A
and n € N¥ then 0" (z;) — o™(z); in particular if z; € F,, g for all i then
2(0,d(a)) = a, 2(0,d(B)) = B and 0¥ (z) = 0¥ (z), so v € F,4.
Therefore, 0F, g C F, 3. Note that 0F, s is also closed.

(c) The set T, is dense in A (by the Baire Category Theorem). So for
every v € A” there exists an z € Z(v) N T,.

(d) We have T\ N F, g C Int(F, g).

(e) The cylinder set Z(u) C F, g if and only if Z(vu) C Foa.us-
(f) If z € Tp and v € Ar(z), then vz € Ty

(g) If x € Ty and n € N¥, then 0™(x) € Ty.

Example 3.4.2. Let E be a 1-graph. An infinite path in F is called essentially
aperiodic if it is either aperiodic or of the form puccc. .., where c is a cycle
without entry (see Definition 2.2.5). Following [25, Example 5.4], we claim
that Tg is the set of essentially aperiodic paths of E.

First assume that x € E* is aperiodic. Then x ¢ F, 5 for any (o, 8) € X.
Since F, g are closed, © ¢ 0F, 3 which implies that aperiodic paths are in Tp.
Now imagine x is periodic: there exists some («, 5) € ¥ such that = ¢ F, 3.

We can suppose d() > d(«) without loss of generality so that 8 = ac for
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some ¢ € s(a)Es(a); that is, x = accc... and F, 3 = {z}. We claim that
periodic paths with entries are not in Tg: if ¢ has an entry then for any ¢ > 1,
Z(ac") contains a path of the form z = ac’y where v(0,d(c)) # ¢; we have
0@ (2)((i = 1)d(c), i d(c)) = ¢ # 7(0,d(c)) = e (2)((i — 1)d(c),i d(c)) and
then z € Z(ac") N (A>* — F, g); since i is arbitrary, x € 0F, 5. Finally if ¢ has
no entry then Z(ac) = {z} = F, 3 so Fy 4 is clopen (i.e., both an open and
closed subset) and 9F, s = ). Therefore periodic paths without entries are in

Tp.

We previously need the following lemma in order to prove the main theo-

rem of this section.
Lemma 3.4.3. For (o, 3) € ¥ and x € Ty we have the following:

(a) If x & F, g, then there exists pi,v € A such that x € Z(p) N Z(v) and

SuSurSasSprSySyx = 0.

(b) If x € F, g, then there exists v € A with x € Z(ay) N Z(B),
SayS(av)*SaSs*SayS(8y)* = SayS(ay)+ and (a7, By) cycline.

Proof. The proofs is analogous to that of [25, Lemma 5.8] and it is included
here for completeness.

(a) First suppose x ¢ Z(a) N Z(B). Then consider p = z(0,d(«)) and
v = x(0,d(B)) in order to have s,5,+S4Sg+s,5,~ = 0. On the other hand if
r € Z(a)N Z(B), since x ¢ F,p5 then 0¥ (z) # 0¥ (z) implying that
there exists an n € N* such that z(d(a), d(a) +n) # x(d(3),d(8) + n). Let
v = z(d(a),d(a) + n), n = x(d(B),d(f) +n) and p = avy, v = fn. Then
x € Z(p)NZ(v) and $,5,+Sa5sSySp+ = 0.

(b) By Remark 3.4.1(d), Ty N F, 3 C Int(F, ). So there exists € € A such
that x € Z(e) C F, g. Let o/ = z(d(e),d(e) + d(a)), /' = z(d(e),d(e) + d(B))
and p = ed/, v = €f'. Then, z € Z(u) N Z(v). Also z € Z(a) N Z(B)

so by unique factorization we can put © = avy and v = v where v =
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o) (2)(0,d(¢)) and o/ = ¢¥®)(2)(0,d(e€)). But x € F, g 50 0% (z) = ¢4 (x)
and finally v = +/. In order to see that (ay, £7) is cycline, consider z € s()A>
and let us check that avyz = pvz. It happens that ayz = =z = e’z so
avyz € Z(e) C F, 3. Thus aryz = vz as desired. O

Theorem 3.4.4. Let A be a row-finite k-graph with no sources, R be a
commutative ring with 1 and M be the cycline subalgebra of KPr(A). If
® : KPr(A) — A is a ring homomorphism, then ® is injective if and only if

| pq is injective.

Proof. We show that ®|, injective implies ® injective. By way of contradic-
tion suppose we have 0 # a € KPr(A) such that a € Ker ®. Applying [24,

Lemma 2.3 (i)] (and writing the sum involved in normal form) we can find

(0,€) € A x A such that
0 7& S5+ ASe = T§5.ePs(9) + Z Ta,SaS8*,
(,B)EF, d(a)#d(B)

where in particular r5. # 0. Let b := ss-as. # 0. Notice that b € Ker &
because Ker @ is an ideal of KPg(A). Now by Remark 3.4.1 (c), fix x €
Z(s(6)) N Ty. For each (o, B) € F we have two possibilities:

o If v ¢ F,p, then there exists t = fia 3,V = Vap € A as in Lemma
3.4.3(a) such that z € Z(p) N Z(v) and

8.8 SaSpxSySyx = 0.

e Otherwise, if z € F, g then there exists v = 7,5 € A as in Lemma
3.4.3(b) such that z € Z(avy) N Z(5v) and

SaryS(ay)*SaSa*SayS(By)* = SayS(ay)+ With (ay, B) cycline.

Now let m be the following product:

m = ( H SaryS(ar)*)( H SusSue) b ( H SuSu)( H S3v5(8y)*)-

(a,B)EF (a,8)€F (a,8)€F (a,B)EF
2€lap ¢ Fo,p z¢Fo g z€Fq
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Observe that every SayS(ay)+, S8yS(8y)*» SuSu, SuSy+ is inside D. We have
that m € M by construction. Since b € Ker ®, we have m € Ker ®.
Let us see that m # 0: we show that the zero-graded component of m is

non-zero, that is, mg # 0. We have

m = (H SOWS(OI’Y)*)(H SHSM*) T'5,ePs(5) (H SVSV*)<H 8,378(/37)*) —+ m’,

where

m' = (H Savs(aw)*)(H Suspe) ( Z Ta,35a56") (H Susv*)(H S8yS(89)*)-

d(a)#d(B)

We claim that

mo = (H Sa'ys(aw)*)(H SuSu+) T6,eDs () <H 51/51/*)<H SayS(8y)+) € D-

To see this, consider (I sayS(ay)*) (11 5uSu*) Ta,85ass (1T 5v80+) (11 58y5(8y)+)

term in . Since [ SaySay)*s [1 SuSus L1 SvSu, [ 1 Sv5(3y)« are each 0-graded,

(H Savs(av)*)<H SuS) Ta,BSaSs" (H SVSV*)(H SyS(6)*)

is d(«) — d(B) # 0 graded. Thus my is as claimed.
Recall from Lemma 3.2.4, we have an isomorphism 7 : D — Ap. To see

that mg # 0, it suffices to show m(mg) # 0. Now
m(mo) = rse(] [ Lz (L ] 1200 12s69) (L] 1z (L ] 1206m)
= T(S,elU

where

v=(Nzn)n(Nzw)nzs@)n(20))n (1 267).

By construction x € U and hence 1y # 0. So w(myg) # 0 and finally m # 0 as
desired.

This contradicts the assumption that ®|, is injective because we found

0# m e M and m € Ker ®. Therefore ® is injective. O
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From Theorem 3.4.4 we can recover the usual Cuntz-Krieger uniqueness
theorem given in [16, Theorem 4.7]. First we need to consider the following

lemma.

Lemma 3.4.5. If A is aperiodic, then («, ) is a cycline pair if and only if
a = B. In particular, M = D.

Proof. This result is proved similarly to [25, Proposition 4.8]. First let us
show that if o #  and there exists an aperiodic path z € s(a)A*, then
(cr, ) is not a cycline pair. In this situation, both az and Sz are aperiodic,
so a # [ implies ax # [x. Applying Proposition 3.3.1, («, 3) is not cycline.

Finally the lemma follows because of the definition of aperiodicity. O

Corollary 3.4.6. Let A be an aperiodic row-finite k-graph without sources
and R be a commutative ring with 1. If & : KPr(A) — A is a ring homomor-
phism, then ® is injective if and only if ®(rp,) # 0 for all ™ € R\ {0} and
ve A

Proof. We verify that ®(rp,) # 0 for all r € R\ {0} and v € A” implies ® is
injective. We show ®| is injective, which suffices by Theorem 3.4.4. First, by
Lemma 3.4.5, M = D. By way of contradiction suppose there exist € R\ {0}
and A € A such that ®(rsysy) = 0. But then ®(sy«(rsysx)sx) = 0. Thus
®(rpsny) = 0, which is a contradiction. O
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Chapter 4

Leavitt path algebras of
generalized Cayley graphs

4.1 Cayley graphs C/

The last part of the thesis is dedicated to the study of the Leavitt path
algebras over a field K of some specific graphs: forn e Nand 0 <j<n—1
the generalized Cayley graphs of the form CY. Let us start by giving all the
background information about the topic: we introduce the Cayley graphs CY
and their corresponding graphs monoids.

For any finite group G, and any set of generators S of G, the Cayley
graph of G with respect to S is the directed graph Eg ¢ having vertex set
{v, | g € G}, and in which there is an edge from v, to v, in case there exists

s € § with h = gs in G.

Definition 4.1.1. Let n be a positive integer (n > 3) and let j be an integer
for which 0 < j < n — 1, the graph C? is the Cayley graph Fgg of the
cyclic group G = Z, with respect to the generating subset S = {1,j} of
Z,. Concretely, the Cayley graph CY is the directed graph consisting of n
vertices {vy,vg, ..., v,} and 2n edges {ey, e, ..., en, f1, fo, ..., fu} for which
s(e;) = v, r(e;) = vipr, s(fi) = v, and r(f;) = viy;, where indices are

interpreted mod n.

Intuitively, C? is the graph with n vertices and 2n edges, where each

vertex v emits two edges, one to its “next” neighboring vertex (which we will

101
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draw throughout this article in a clockwise direction), and one to the vertex

j places clockwise from wv.

Example 4.1.2.

o D

S =
Gm - .1}:3\) oVt " gUs oV T - gUs
Suppose F is a directed graph with vertices vy, vs,...,v, and incidence

matrix Ap = (a;;). We let F), denote the free abelian monoid on the ge-
nerators vy, v, .. ., U, (so F,, = €| Z* as monoids). We denote the identity

element of this monoid by z. We define a relation ~ on F,, by setting

n
V; E ;U
=1

for each non-sink v;, and denote by ~pg the equivalence relation on F), gene-
rated by ~.

For two ~p equivalence classes [z] and [y] we define [z] + [y] = [z +y]: this
gives a well-defined associative binary operation on the set of ~g equivalence
classes, such that [z] acts as an identity element for this operation. We denote
the resulting graph monoid F,/ ~g by Mg (see Definition 1.4.1).

Let us focus our attention when the graph FE is the Cayley graph CY.

Definition 4.1.3. For any n > 1 and 0 < j < n — 1, the graph monoid M,

is the monoid generated by [v1], [va], ..., [v,], subject to the relations
[vi] = [vi] + [vigy]
(for all 1 < i < n), where subscripts are interpreted mod n.

Let us consider again the Leavitt path algebras over a field K. On the one
hand, by Theorem 1.3.2 we have that Ly (CY) is purely infinite simple. This

result, together with the discussion given in Section 1.4, immediately yields:
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Proposition 4.1.4. ([7, Proposition 1.3]) For each n > 1, and for each
0 <j <n-—1, the K-algebra Lx(C?) is unital purely infinite simple. In
particular, M7, = (Mg \{[2]}, +) is a group.

Remark 4.1.5. In fact Y  [v;] is the identity element of the group Mé‘i’

because if o denotes >  [v;] then by the defining relations in M?*,, we have

oA

n n n

o= Z[Uz’] = Z([UHl] + [vits]) = Z[Ui-irl] + Z[Um’] =0 +o.

=1 =1 =1 =1

And 0 4+ 0 = ¢ in a group means that o is the identity element.

In [7, Definition 2.2] the integer | det(,, — A},.)| is denoted by Hy(n), and,

for fixed k£ the sequence
Hi (1), He(2), Hi(3), ...

is referred to as the k' Haselgrove sequence since it results that these Hy(n)
coincide (up to sign) with the integers investigated by Haselgrove in [42].

Concretely in [7] it was proved the next two results .

Proposition 4.1.6. ([7, Proposition 2.3]) Let n € N, and 0 < j <n — 1.
(2) If Hj(n) =0, then Ko(Lk(C9)) is infinite.

Proposition 4.1.7. ([7, Proposition 2.5]) For eachn > 1 and 0 < j <n—1,
det(7, _Atc,{) < 0. In particular, det(I, — Atog;) = —H,(n) for every such pair
n,j.

Example 4.1.8. As an example let us explicitly describe the graph monoid
Mgz associated to the Cayley graph C2:

= U1

YN

vy — = .Ug
\_/

2
3

The generators of this monoid are [v;], [v2] and [vs], subject to the relations

[v1] = [va] + [vs], [v2] = [v1] + [vs], and [vs] = [v1] + [va].
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Note that [Ul] + [’Ul + Uy + 1)3] = [Ul + Ug] + [’Ul + Ug] = [1)3] + [UQ] = [Ul], SO
that [v1] = [v1] + [v1 + vo + v3] in Megz. Let us denote z := vy + vz + vs. A

similar computation yields that [ve] = [v9] + [2] and [v3] = [v3] + [2] in Mz.
Moreover [v1] + [v1] = [v1] + [v2 + v3] = [z] and in similar way we also get
2[vg] = 2[vs] = [2] in Mpz. Hence we see that

Mez = {[z], [v1], [va), [vs], [v1] + [va] + [vs]};

and Mg, = {[v1], [va], [vs], [v1] +[va] + [vs]} = Zy X Zy and that [v1] 4 [vg] + [vs]

is the identity element of the group M/,. Besides, we have that the group
3

MES ~ Ko(Li(C%)) contains Hy(3) elements, that is, Hy(3) = 4 elements

according to [42].

4.2 A new approach to Leavitt path algebras
of the graphs C>

Our main aim in the current section will be to come back to the case C?
originally studied in [7, Section 4], and propose an alternative, more system-
atic way of computing the Grothendieck group of the Leavitt path algebra
Ly (C?) in a totally different point of view from the work done in [7]. Taking
into account the ideas presented in the literature from Sections 1.3 and 1.4
and by using the Smith normal form of an integer-valued matrix, we will be
able to (re)compute the group Ky of this purely infinite simple Leavitt path
algebra. In the end the information provided by the K, gives us a natural
classification-type answer in the context of Leavitt path algebras which is
given by the algebraic Kirchberg-Phillips theorem.

So let us focus our attention to the specific case of the Leavitt path alge-
bras of the form Ly (C?). If n € N the generating relations for the group M,
are given by

(V5] = [Vig1] + [Visa]

for 1 < ¢ < n, where subscripts are interpreted mod n. In this case, a

central role is played by the elements of the standard Fibonacci sequence F,
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defined by setting FI(1) =1, F'(2) =1, and F(n) = F(n — 1) + F(n — 2) for
all n > 3. (Define F'(0) = 0 consistently with the given recursion equation.)

Of course, F' is the well-known sequence
1,1,2,3,5,8,13,21,34,55,89, 144, ...

Focusing on the generator [v;] of M/, (thanks to the symmetry of the

relations for each [v;], 1 <4 < nin M{,) notice that

[v1] = [va] + [v3] = ([vs] + [v4]) + [v3] = 2[vs] + [v4]
= 2([va] + [v5]) + [v4] = 3[va] + 2[v5] = - -

which inductively gives, for 1 <7 < n,
[v1] = F(i)[vi] + F(i — 1)[vi]

in M¢.. Setting ¢ = n, and using that [v,.1] = [v;] by notational convention,

we get in particular that [v1] = F(n)[v,] + F(n — 1)[v1], so that
0=F(n)[va] + (F(n—1) = D[v] in Me.

Recall that for integers a, b, ged(a, b) denotes the greatest common divisor

of a and b. A key role is played by the following integer.

Definition 4.2.1. For any positive integer n we define
dy(n) = ged(F(n), F(n—1) —1).

The previous definition comes from [7, Definition 4.1], where
ged(F(n), F(n — 1) — 1) is simply denoted by d(n). In particular, the pre-
vious displayed equation yields: if  denotes the well-defined element
Fn—-1)—1

da(n)

of M;,, then dy(n)x =0 in Mf,. In [7, Theorem 4.13], it is shown that

[v1]

Ko(Lk(C2)) = Zayiny X Loy s

da(n)
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for every n € N (interpreting Z; as the trivial group {0}). Now our purpose
consists of analyzing the structure of the Ky of the Leavitt path algebras of
C? from a totally different point of view from which was given in [7, Section
4]. We will obtain as a result [7, Theorem 4.13] in a simpler manner. Following
the idea given in Proposition 1.4.6 now we compute the Smith normal form
of the matrix I,, — AtC%: we are able to show that this computation simply
reduces to the case of calculating the Smith normal form of a smaller matrix

(of size 2 x 2), which is very closely related to the Fibonacci sequence.

Definition 4.2.2. The companion matriz of the monic polynomial

p(z) =co+ 1+ cx® + .. F 2™+ 2"

where ¢; € Z for i € {0,1,...,n — 1}, is the n x n square matrix defined as
000 ... 0 —c |
100 ... 0 —¢
010 ... 0 —Ca
M(p) - . . . . . .
000 ... 0 —cpo
_O 00 ... 1 —Cn—1

Let us consider the characteristic polynomial associated to the Fibonacci
sequence F, that is, p(z) = 2* — x — 1. Then its corresponding companion

matrix, which we will denote by M5, is the 2 x 2 matrix given as

E
Lemma 4.2.3. Forn > 1,
e T

where the F'’s are the Fibonacci numbers.

Proof. Let us prove it by induction. For n = 1 we have

1= |2 )
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Suppose it is true that
g |

So then

wtan = [E0 8 R 0]

which gives

My =

F(n—1) F(n—2)—|—F(n—1)}:{F(n—1) F(n) ]
F(n) F(n—1)+ F(n) F(n) F(n+1)

Recall that the adjacency matrix for the graph C? is of the form

01 10 ... 000
0011 000
0001 000
0000 0 00
AC’%::
0000 011
1000 001
1100 ... 000

Proposition 4.2.4. The matrices Acz — I, and M3 — I3 have the same Smith

normal form.

Proof. First of all,

-1 1 1 0 0 0 0
0 -1 1 1 0 0 0
0 0 -1 1 0 0 0
0 0 0 -1 0 0 0
Ags — I, =
0 0 0 0 11 1
1 0 0 0 0 -1 1
1 1 0 0O ... O 0 -1

In particular, the first n — 2 rows have only nonzero entries of —1 along the
diagonal, and 1 in the columns 1 and 2 after the diagonal. More precisely, for
1<1<n—2,
-1 ifj=1
a;; =141 ifj=i4+lorj=1+4+2

0 otherwise.
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Recall that Smith normal form is obtained by elementary row and column
operations. The goal is to obtain a diagonal matrix with integers along the
diagonal. In the first step, adding column 1 to column 2 and column 3 results

in the following matrix:

10 0 0 0 0 0
0 -1 1 1 0 0 0
0 0 -1 1 0 0 0
0 0 0 -1 0 0 0

Aco — I ~
0O 0 0 0 11 1
1 1 1 0 0 -1 1
1 2 1 0 0 0 -1

-1 0 0 0 0O 0 0
0o -1 1 1 0O 0 0
0o 0 -1 1 0O 0 0
0 0 0 -1 0O 0 0
Acz — Iy ~
0O 0 0 O -1 1 1
0O 1 1 0 0o -1 1
02 1 0 0 0 -1}
Finally, multiplying row 1 by —1:
(1 0 0 0 0 0 0]
0 -1 1 1 0 0 O
0o 0 -1 1 0 0 O
0 0 0 -1 0 0 O
AC% - In ~ . .
0O 0 0 0 -1 1 1
0O 1 1 0 0o -1 1
02 1 0 0 0 —1]

The resulting matrix now has 1 in the first entry of the diagonal and zeroes
along the rest of the first row and first column.

Now we can repeat the process, noting that the only nonzero entries below
the diagonal only occur in the last 2 rows. For the i*® step, we perform the

following operations:
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1. Add the i** column to column i + 1 and column 7 + 2.

2. Add the i*" row (now containing —1 in the i*® entry and zeroes every-

where else) to the bottom two rows in order to make them zero.

3. Multiply the i*" row by —1.

For completeness, below is the result of applying the second step of the pro-

cess: -~ _
10 0 O 0O 0 O
01 0 O 0O 0 O
0 0 -1 1 0O 0 O
00 0 -1 0O 0 O

Acz — Iy ~

00 0 O -1 1
0 0 2 1 0 -1 1
oo 3 2 ... 0 0 -1

Focusing on what the i'" step does to the bottom two rows (at least for

1<i<n-—4):

1. Adds i*" column to column ¢ + 1, while column ¢ + 2 becomes the i*®

column (since column ¢ + 2 is all zeroes in the last three rows).
2. Zeroes out the i*" column.

3. Nothing.

We note that the bottom left 2 x 2 minor of the original matrix Ace — I,

can be written as
i - mw)

Applying the first step of the process, the first 2 x 2 minor at the bottom
with nonzero columns is
[1 1] B [F(O) + F(1) F(l)} B [F(2) F(l)}
2 1| |F()+F((2) F2)| [|FB) F2)|°
Proceeding by induction, suppose that ¢ steps of the reduction process
results in the first 2 X 2 minor at the bottom with nonzero columns given by

Fii+1) F(i)
[F(i +2) F(i+ 1)} '
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Applying the procedure for step ¢ + 1, the next 2 x 2 minor will be

F)+ F(i+1) F@+ 1)1 C[F(@+2) F(i+1)

Fi+1)+F(i+2) F@i+2)| [F(H—?)) F(i+2)|"
We conclude by induction that for 1 < ¢ < n, the result of i steps on the first
2 X 2 minor at the bottom with nonzero columns is
[F(i +1)  F(3) }
F(i+2) F@i+1)|"
Finally, we must apply the procedure to the last two columns. After n —4

steps, the matrix is now of the form

1 ... 0 0 0 0
Ape — I ~ |0 ~1 1 1 0
o 0 —1 1
0 F(n—3) Fin—4) -1 1

0 Fin-2) Fin—-3) 0 -1

Applying the procedure two more times results in the following 2 x 2 minor

in the bottom right corner:

[F(n—l)—l F(n—2)+1]
F(n) Fn—-1)—1

Lastly, we add column n — 1 to column n:

TR

and hence
1 0 0 0 1
Az — I, ~ |0 1 0 0
0 0 Fln—1)—1 F(n)
0 0 F(n) F(n+1)—1]

Since the bottom corner is equal to M3 — I, by Lemma 4.2.3, we conclude
that, except for extra 1 elements in the (bigger) diagonal of Ac2 — I, and the
different size of the matrices, Ac2 — I,, and My — I have the same Smith

normal form. ]
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Corollary 4.2.5. The matrices I,,— AL, and (M3)"'— I, have the same Smith
normal form , that is,

Fn—-1)—1 F(n)

. 3 —
SNF(I = Ag) =SNF |70 ) Flns1) 1|

where F'’s are the Fibonacci numbers and SNF denotes the Smith normal form

of the matrix.

At this point recall from Definition 1.4.3 how the Smith normal form
is specifically presented for any n x n matrix M = (m,;) with m,;; € Z:
there exist unimodular matrices U, V' so that the product UMYV is a diagonal
matrix S = diag(si, S2,...,8,0,...,0) where r is the rank of M and s; | s;11
for every i € {1,...,7 — 1}; s; are the invariant factors of M. Let us define

the i*" determinant divisor as

50 = 1,

9; = ged(all @ x ¢ minors of M) for i > 1.

Then in [57] it was proved that

Let us focus now our attention to the particular case of the matrix (M5)*—

IQZM;'—IQ.

Definition 4.2.6. Consider n € N and

Fn—1)-1 F(n)

M) =L=\""p)  Fmt1)—1|-

For 7 = 0,1, 2 the corresponding i-th determinant divisors are

do(n) == 1,
d(n) :=ged{F(n—1)—1,F(n), F(n+1) — 1},
() = det (M) — )|
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In conclusion the Smith normal form of the matrix (M) — I, is given by:

o1(n 0
SNF(() - 1) = |0 0|
d1(n)

As a consequence, Corollary 4.2.5 immediately yields the following result.

Corollary 4.2.7. Let n € N. Then

Ko(Li(C2)) 2 Zs,(n) X Lsym),

51(n)
where §;(n) = ged{all i x i minors of the matriz (M) — I} for i = 1,2
(interpreting Z, as the trivial group {0} ) where
Fn—1)—1 F(n)
F(n)  Fn+1)—1|
Remark 4.2.8. This previous statement about the Smith normal form of the

matrix (M3)! — I, follows from the fact that the rank of (M3)! — I, is 2 for

(M3)' = I =

every n. We will see it in Lemma 4.2.10. We include here in order to clarify

what now are our main targets.

Corollary 4.2.7 results to be one of the main ingredients in hand to prove
the main result about the structure of the Ky(Lxk(C?)). Then we need to
compute explicitly the determinant divisors §;(n), and do(n). To get it we
will use the following well-known property of greatest common divisors:

ged(a, b) = ged(a, b+ ka) = ged(a + mb, b) for every a, b, k,m € Z.
To establish other results in the sequel as well we will often use that fact, and
in our proofs we will note it by (=).
Lemma 4.2.9. Letn € N and dy(n) = ged(F(n—1)—1, F(n)). Then §;(n) =
dy(n).
Proof. Recall from Definition 4.2.6 that d;(n) = ged{F'(n—1)—1, F(n), F'(n+
1) —1}. So
d(n)=ged{F(n—1)—1,F(n), F(n+1) — 1}
=gcd{F(n—1)—1,F(n),F(n)+ F(n—1) — 1}
Zged{F(n—1)—1,F(n),F(n—1) -1}
= dsy(n). O
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To finish, let us see that the second determinant divisor de(n) coincides
with Hy(n). Note that the proof requires to use some nontrivial equations

involving F' and H,.

Lemma 4.2.10. Let n € N and §3(n) = |det(M3)' — I,)|. Then do(n) =
Ha(n) # 0.

Proof. Recall that

Fn—1)-1 F(n)

M) =L=1""p0)  Fat1)-1

Then

02(n) = |det((M5)" — L)|
— [(F(n—1) = )(F(n+1) — 1) — F(n)’
=|Fn—1)Fn+1)—Fn+1)—Fn-1)+1-F(n)?|
=|-Fn+1)—Fn—-1)+1+Fn+1)F(n—1)— F(n)?|
=|—F(n+1)—F(n—-1)4+1+(—1)" by [7, Proposition 4.4]
= | — Hy(n)| by [7, Proposition 4.4]

Applying Corollary 4.2.7, Lemma 4.2.9 and Lemma 4.2.10 finally we get
the result originally given in [7, Theorem 4.13] .

Corollary 4.2.11. Let n € N. Then

Ko(LK(CZ)) Zdz(n) X ZHQ(n .

da(n)

We finish this section with the result given by [7] which explicitly realize
the algebras Ly (C?) as the Leavitt path algebras of graphs having three
vertices. This is an immediate consequence of Theorem 1.4.7 . Notice that
the algebras {Lx(C?) | n € N} are mutually non-isomorphic as their K

groups have size Hy(n), and this is an strictly increasing sequence.
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Proposition 4.2.12. ([7, Proposition 4.14]) Let n € N. The algebra Ly (C?)
18 isomorphic to the Leavitt path algebra of the graph E, with three vertices

given by
@)
)
ol

ZaNN
D

z
o2

(2+d3(n)) (v 2o

where the numbers in parentheses indicate the number of loops at a given ver-
tex. Furthermore, when Ko(Lyk(C?)) is not cyclic, this realization is minimal
in the sense that it is not possible to realize L (C?) up to isomorphism as the

Leavitt path algebra of a graph having less than three vertices.




Chapter 5

Leavitt path algebras of Cayley
graphs Cg

5.1 The Smith normal form of the matrix [ —
At
c3

Our next step in the study of the Leavitt path algebras of generalized Cayley
graphs consists of investigating the Leavitt path algebras corresponding to
the graphs {Lx(C?2) | n € N}. In order to do that we proceed similarly to
the case C? studied in Section 4.2. Now the generating relations for MZ‘;‘L are
given by
[vi] = [vis1] + [Vigs]

for 1 < i < n, where subscripts are interpreted mod n. We will focus on the
generator [v1] of Mg, ; corresponding to any statement established for [v(] in

*
M.,

in Mg for each [v;], 1 <i<n.

there will be (by the symmetry of the relations) an analogous statement

Thanks to Proposition 4.1.6 the sequence Hs(n) will play a key role in
this analysis. In [42], Haselgrove establishes that the values of Hz(n) may be
defined by setting H3(1) = 1, H3(2) = 3, H3(3) = 1, H3(4) = 3, H3(5) = 11,
H3(6) =9 and defining the remaining values (for n > 7) recursively as:

Hsi(n) = H3(n—1)—H3(n—2)4+3H3(n—3)— H3(n—4)+ Hs(n—>5)— H3(n—6).

These integers which appear in the third Haselgrove sequence are also

known as the associated Mersenne numbers in the Online Encyclopedia of

115
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Integer Sequences [51, Sequence A001351]. The first few terms of the third

Haselgrove sequence Hj are thus:
1,3,1,3,11,9,8,27,37,33,67,117,131,192, 341, ...

An important role will be played by the elements of the Narayana’s
cows sequence G, defined by setting G(1) = 1, G(2) = 1, G(3) = 1 and
G(n) = G(n — 1)+ G(n — 3) for all n > 4. (We may also define G(0) = 0,
G(—1) =0, G(—2) = 1 and G(—3) = 0 consistently with the given recursion
equation). This name is used in the Online Encyclopedia of Integer Sequences

[51, Sequence A000930] . The first terms of G are:
1,1,1,2,3,4,6,9,13,19, 28, 41, 60, 88,129, ...

We begin by noticing that

which inductively gives, for 1 <17 < n,
[v1] = G(i — D[via] + G(i — 3)[vi] + G(i — 2)[vit1]

in Mf;. Setting i = n, and using that [v,11] = [v1] by notational convention,
we get in particular that [v;] = G(n — 1)[v,—1] + G(n — 3)[v,] + G(n — 2)[v4],
so that

0=G(n—1Dvpa] +Gn—=3)[v,] + (G(n —2) = D]vi] in Mgs. (5.1)

Again for integers a, b, gcd(a, b) denotes the greatest common divisor of a
and b. A key role will be played by the following integer; in fact, we will come

back to this number in the next section.

Definition 5.1.1. For any positive integer n we define

d3(n) = ged(G(n —1),G(n —3),G(n —2) — 1).
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In particular Equation 5.1 yields this lemma.

Lemma 5.1.2. We let z denote the element

G(n—1) ; G(n — 3)
) et e

of M{s. Then ds(n)x =0 in Mfs.

[vn] +

We are now in the position to develop our main machinery in order to
analyze the structure of the K of the Leavitt path algebras of C3. Following
the new approach given in Section 4.2, this way offers a totally different point
of view from [7, Section 4] for the Leavitt path algebras of the form Ly (C?).
Analogously to the work done in Section 4.2, the computation of the Smith
normal form of the matrix I,, — Atcg is the key tool for determining the K, of
the Leavitt path algebra C? (see Proposition 1.4.6). We are able to show that
this computation simply reduces to the case of calculating the Smith normal
form of a smaller matrix (of size 3 x 3). In fact, this special 3 x 3 matrix will
very closely related to the Narayana’s cows sequence.

Let us consider the characteristic polynomial associated to the Narayana’s
cows sequence G, that is, p(r) = x3 — 22 — 1. In this case its corresponding

companion matrix, which we will denote by M3, is the 3 x 3 matrix given as

0 01
M3 =11 0 0
0 1 1
Lemma 5.1.3. Forn > 1,
Gn—2) G(n—1) G(n)
M?=|G(n—3) Gn—2) G(n—1)
Gn—1) Gn) Gn+1)

where the G’s are the Narayana’s cows numbers.

Proof. Let us prove it by induction. Extending the G(n) sequence to G(0) = 0,
G(—1) =0, G(—2) =1, and G(—3) = 0 we have
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Suppose the following holds:
Gn—3) Gn—2) G(n—1)

Myt =1Gn—-4) Gn-3) G(n-—2)
Gn—2) Gn—1) G(n)
So then
Gn—3) Gn—2) G(n—1) 001
MU My = |Gn—4) Gn—3) G(n—2) [1 0 0]
Gn—2) Gn—1) G(n) 011

which gives

n—2
n—3

n—1

Gn—1) G(n—3)+G(n—1)
Gn—2) G(n—4)+G(n—2)
G(n) G(n—2)+ G(n)

n— 2
n—3

n—1

Q2D QQQ

S N N S N

Recall that the adjacency matrix for the graph C? is of the form

01 01 000
0010 000
00 01 000
00 0O 000
Acg =

1 000 10

1 00 01
1010 ... 000

Proposition 5.1.4. The matrices Acs — I, and M3 — I3 have the same Smith

normal form.

Proof. First of all,

-1 1 0 1 0 0 O
0o -1 1 O 0 0 O
0O 0 -1 1 0 0 O
o 0 0 -1 0 0 O
AC% — I, = .

10 0 O -1 1 0

10 0 0 -1 1
1 1 0 0o 0 -1
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In particular, the first n — 3 rows have only nonzero entries of —1 along the
diagonal, and 1 in the columns 1 and 3 after the diagonal. More precisely, for

1<1<n-3,

-1 ifj=1
0 otherwise.

Our goal is to obtain a diagonal matrix with integers along the diagonal
by row and column operations. In the first step, adding column 1 to column

2 and column 4 results in the following matrix:

10 0 0 0 0 0
0 -1 1 0 0 0 0
0 0 -1 1 0 0 0
0 0 0 -1 0 0 0
Acs — I, ~
1 1 0 1 -1 1 0
1 0 0 0 -1 1
1 1 1 1 ... 0 0 -1

-1 0 0 0 0 0 0
0 -1 1 O 0 0 0
0O 0 -1 1 0o 0 0
o 0 0 -1 0O 0 0
AC,% — I ~ .
0O 1 0 1 -1 1 0
0O 1 0 O 0 -1 1
0O 1 1 1 0 0 -1

Finally, multiplying row 1 by —1:

1 0 0 O 0 0 O
0 -1 1 0 0 0 O
0 0 -1 1 0 0 O
0 0 0 -1 0 0 O
AC% — I~ |.

0 1 0 1 -1 1 0

10 0 -1 1
0 1 1 1 0 0 -1
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The resulting matrix now has 1 in the first entry of the diagonal and zeroes
along the rest of the first row and first column.

Now we can repeat the process, noting that the only nonzero entries below
the diagonal only occur in the last 3 rows. For the i*® step, we perform the

following operations:
1. Add the i** column to column 7 + 1 and column 7 + 3.

2. Add the i*" row (now containing —1 in the i® entry and zeroes every-

where else) to the bottom three rows in order to make them zero.
3. Multiply the i*" row by —1.

Below is the result of applying the second step of the process:

10 0 0 0 0 0 0
01 0 0 0 0 0 0
00 -1 1 0 0 0 0
00 0 -1 1 0 0 0
Acg — Iy ~ .
0 0 1 1 1 -1 1 0
00 1 0 1 0 —1 1
oo 2 1 1... 0 0 -1

Focusing on what the i*® step does to the bottom three rows (at least for

1<i<n-—6):

1. Adds " column to column 4 + 1, while column i + 3 becomes the 7*®

column (since column 7 + 3 is all zeroes in the last three rows).
2. Zeroes out the 7™ column.
3. Nothing.

We note that the bottom left 3 x 3 minor of the original matrix Acs — I,

can be written as
G() G(-1
G G(—2)

G(2)  G(0)

100 (—
01 0] = (—
101
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Applying the first step of the process, the first 3 x 3 minor at the bottom

with nonzero columns is

10 1] [G(-1)+G1) GO) GO)] [GE2) GO) GA)
[1 0 0] = [G(—2)+G(0) G(-1) G(O)] — [G(l) G(-1) G(0)
111 GO +GE)  GL) GO |eB) ca) 6@

Proceeding by induction, suppose that i steps of the reduction process

results in the first 3 x 3 minor with nonzero columns at the bottom:

G@i+1) G(i—1) G(7)
G(7) Gi—-2) Gi—-1)].

G(i+2) GG G@E+1)

Applying the procedure for step ¢ + 1, the next 3 x 3 minor will be

Gi—1)+G(i+1) G(7) G(i+1)
G(i—2)+ G(i) G@i—1) G(7)
Gi)+G@E+2) Gi+1) Gi+2)

Gi+2) GGl GG+ 1)]

= |Gli+1) Gli—1) G
Gi+3) Gli+1) Gi+2)

We conclude by induction that for 1 < ¢ < n, the result of i steps on the first

3 X 3 minor at the bottom with nonzero columns is

Gi+1) G(i—-1) G(7)
G(7) Gi—2) Gii—1)]|.

G(i+2) G(7) G(i+1)

Finally, we must apply the procedure to the last three columns. After n—6

steps, the matrix is now of the form

1 ... 0 0 0 0O 0 O

0 —1 1 0 10 0

Ao — 1, ~ |0 0 -1 10 1 0
" 0 0 0 -1 1 0 1

0 Gn-5) Gn-7) G(n—6) -1 1 0

0 Gn—6) Gn—-8) Gn—7) 0 -1 1

0 ... G(n—4) G(n—-6) Gn—-5 0 0 -1

Applying the procedure three more times results in the following 3 x 3 minor

in the bottom right corner:
Gn—-2)—1 Gn—4)+1 G(n-3)
Gn—3) Gn-5)—-1 Gn—-4)+1
G(n—1) Gn—3) Gn-2)-1
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Lastly, we add column n — 2 and column n — 1 to column n, and then add

column n — 2 to column n — 1:

[Gn—2)—1 G(n-1) G(n)
Gn—-3) Gn-2)—1 Gn-1)
G(n—1) G(n) Gn+1)—1
and hence
1 0 0 0 0 ]
Ao — I, ~ O 1 0 0 O
o 0 Gn—2)—1 G(n—1) G(n)
0 0 Gn-3) Gn-2)—1 Gn-1)
0 0 Gn-1) G(n) Gn+1)—1

Since the bottom corner is equal to M3 — I3 by Lemma 5.1.3, we conclude

that Acs — I, and M3 — I3 have the same Smith normal form. O

Corollary 5.1.5. The matrices I,,— Al and (M%)'— I3 have the same Smith

normal form , that is,

Gn—-2)—1 G(n-3) G(n—1)
SNF(1,, — Atcg) =SNF | Gn—-1) Gn-2)—1 G(n) ,
G(n) Gn—1) Gn+1)—-1

where G’s are the Narayana’s cows numbers and SNF denotes the Smith nor-

mal form of the matriz.

Proof. The result follows from the fact that SNF (1, — Acs) = SNF(A¢gs — 1)
and then

SNF((I — Acy)!) = SNF((Agy — 1,)") = SNF((M; — L)),
]

We present here how the Smith normal form is specifically presented for

the particular case of the matrix (M)" — I.

Definition 5.1.6. Consider n € N and
Gn—-2)—1 G(n-—3) G(n—1)
(M} —I3=| Gn—1) Gn-2)-1 G(n)
G(n) G(n—1) Gn+1)—1
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For ¢+ = 0,1, 2,3 the corresponding ¢-th determinant divisors are

ap(n) =1,
aj(n) = ged{G(n—-2)—-1,G(n—-3),G(n—1),G(n),G(n+1) — 1},
az(n) = ged{(G(n —2) = 1)* = G(n = 1)G(n - 3),

(G(n—2)=1)G(n—1) = G(n)G(n —3),

(Gn=2)=1)(G(n+1)—1) = G(n)G(n - 1),

(G(n —2) = D)G(n) — G(n - 1)%,

Gn—1(G(n+1)—1)—G(n)?

G(n—3)(G(n+1)—1)—G(n—1)*}, and
ag(n) = |det((Mz)" — I3)]

In conclusion the Smith normal form of the matrix (Mj")" — I3 is given by:

ai(n) 0 0

n a2(n)
SNF(M3)' —L;)=| 0 5 O
O O(3(TL)
az(n)

Remark 5.1.7. This previous statement about the Smith normal form of
the matrix (MJ)" — I3 follows from the fact that the rank of (MJ)! — I3 is 3
for every n. We will see it in Corollary 5.3.7. We include it here in order to

clarify now which are our main targets.
As a consequence, Corollary 5.1.5 immediately yields the following result.
Corollary 5.1.8. Let n € N. Then

Ko(Lg(C2)) = Zayny X Zagon) X Loz,

ay(n) ag(n)

where a;(n) = ged{all i X i minors of the matriz (M3)" — I3} fori=1,2,3
(interpreting Z as the trivial group {0}) where
Gn—-2)—1 G(n-—3) G(n—1)

(M} —I3=| Gn—1) Gn-2)-1 G(n)
G(n) Gn—1) Gn+1)—-1
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Corollary 5.1.8 results to be one of the main ingredients in hand to prove
the main result about the structure of the Ko(Lx(C?)). Then our goal for the
remaining sections will be to have a more computationally explicit descrip-
tion of the determinant divisors aq(n), as(n) and az(n) than those given in

Definition 5.1.6.

5.2 The 1* and the 2" determinant divisors

To begin with we show that the first determinant divisor «;(n) coincides
with the greatest common divisor d3(n) given in Definition 5.1.1. To achieve
it recall that we will again use the following well-known property of greatest

common divisors:
ged(a, b) = ged(a, b+ ka) = ged(a + mb, b) for every a, b, k,m € Z,
which in our proofs we will note it by (=).

Lemma 5.2.1. Letn € N and d3(n) = ged(G(n—1),G(n—3),G(n—2) —1).
Then ay(n) = ds(n).

Proof. According to Definition 5.1.6,

aj(n) :=ged{G(n—-2)—-1,G(n—3),G(n—1),G(n),G(n+1) — 1}.

Then,

ai(n) =ged{G(n —2)—1,G(n—-3),G(n—1),G(n),G(n+1) — 1}
=ged{G(n—-2)—1,G(n —3),G(n—1),G(n),G(n) + G(n — 2) — 1}
=ged{G(n—-2)—1,G(n —3),G(n—1),G(n),G(n —2) — 1}
=ged{G(n—2)—1,G(n—3),G(n—1),G(n— 1)+ G(n —3)}
=ged{G(n—2)—-1,G(n—3),G(n —1),G(n — 3)}
= ds(n). O

We focus now our attention in analyzing the second determinant divisor
as(n) given in Definition 5.1.6. Thanks to property (=) let us simplify the

numbers of terms appearing in its expression.
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Definition 5.2.2. Let n € N. Let us define
dy(n) = ged{G(n - 1)G(n - 3) = (G(n — 2) = 1)%,
G(n)G(n—3)—G(n—1)(G(n—2) — 1),
Gn—1?2-Gn)(G(n—2)—1)}.
Lemma 5.2.3. Consider the second determinant divisor as(n) from Defini-

tion 5.1.6. Then
az(n) = ds(n).

Proof. By definition we have that

as(n) == ged{(G(n —2) = 1)* = G(n — 1)G(n — 3),
(Gn—2)—1)G(n—1) — G(n)G(n —3),
(Gin—2)—-1)(G(n+1)—1) = G(n)G(n —1)
(G(n—2) —1)G(n) — G(n —1)%,
Gn—1)(G(n+1)—1) - G(n)?
Gn—3)(Gn+1)—-1)—-G(n—1)"}

And then
az(n) =

= gcd{(G(n —2) —1)* = G(n — 1)G(n — 3),
(G(n—2)—1)G(n—1)— G(n)G(n —3),
(Gin—=2)—1)(Gn)+G(n—2)—1) = (G(n—1)+G(n—3))G(n — 1),
(G(n—2) - 1)G(n) — Gn—1>%Gn—1)(Gn+1) —1) — G(n)?
Gn—3)(Gn+1)—1)—G(n—1)?}
= ged{(G(n —2) = 1) = G(n — 1)G(n — 3),

(G(n =2) = DG(n —1) = G(n)G(n = 3),

(G(n—2) = 1)G(n) - G(n—1)*,
G(n—1)(G(n+1) — 1) = G(n)?,
G(n—3)(G(n+1)—1) - G(n—1)"}
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n—3),
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+(G(n—2)—1)G(n—1)—-G(n)G(n—3)}

ged{(G(n—2) —1)* - G(n —1)G(n — 3),

(G(n—2) — 1)G(n —1) — G(n)G(n —3),

(G(n—2) = 1)G(n) = G(n —1)%}

ged{G(n —1)G(n —3) — (G(n —2) — 1)%

G(n)G(n—3)—Gn—1)(G(n-2)—1),
Gn—1?2-Gn)(G(n—-2)—-1)}.

where the last equality comes from the fact that ged(a,b) = ged(—a,b) for

]

any integers a, b.
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5.3 Relation between H; and G. The 3" de-
terminant divisor

As the following step we will show that the third determinant divisor asz(n)
appearing in Definition 5.1.6 exactly coincides with the third Haselgrove num-
ber Hs(n) for every n. To this aim we previously have to establish very in-
teresting relations between the Haselgrove sequence Hsz and the Narayana’s
cows sequence G. Remember the third Haselgrove sequence Hj defined by
setting H3(0) = 0, H3(1) = 1, H3(2) = 3, H3(3) =1, H3(4) = 3, H3(5) = 11,
H;3(6) =9 and H3(n) = Hs(n — 1) — Hy(n — 2) + 3H3(n — 3) — H3(n — 4) +
Hs(n —5) — Hsy(n —6) for all n > 7.

In [38, Theorem 3.3] we can find the so-called Binet-Cauchy formula for

the Narayana’s cows numbers:

Theorem 5.3.1. If G(n) = G(n —1) + G(n — 3) for n > 3 then
1
(@=B3)B =7 —a)

where o, 3,7 are the solutions of the equation x> — x?> — 1 = 0.

G(n) = (@™ (y = B) + B (=) + 7" (B — a)]

Using similar ideas to those appearing in the proof of [38, Theorem 3.3]
we can suppose that Hs(n) = Aa™ + B + Cy™ + D" + Ee" + Fn"
where A, B,C,D,E,F € C. Given the recurrence formula, it results that
a, 3,7, 6, €, are the solutions of the equation 2% —2°+2* 323 +22—2+1 = 0.

In fact, it happens that 2% —2°+2* 323 +2% —2+1 = (2*—2?—1) (x*+2—1)
and a, 3,7 are the solutions of the equation z® — 2> — 1 = 0 (related to
sequence G) and 4§, €, ) are the solutions of the equation ® +x — 1 = 0. Since
H3(0) = 0, Hy(1) = 1, Hy(2) = 3, Hy(3) = 1, H3(4) = 3, H3(5) = 11 we

obtain the following system:

( A+ B+C+D+E+F =0,

Aa+ BB+ Cy+ D6+ Ee+ Fnp =1,

Aa? + BB? + Cy? + D6? + Ee® + Fn? = 3,
Aa® + BB + Cy3 + D& + Ee3 + Fn? = 1,
Aot + BB+ Cy* + D6* + Ee* + Fn* = 3,
Aa® + BB° + Cv° + D6 + Ee® + Fr® = 11.
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According to the software Mathematica the solution of the system using

the Cramer’s rule is:
A=1,B=1,C=1,D=-1,E=—1,F = —1.

So finally it results H3(n) = o™ + " + 4" — 6" — €" — " where a, 3,7, 4, €,7
are the solutions of the equation 2% — 2° + 2* — 323 4+ 22 — 2 + 1 = 0. Since

a, 3,7 are the roots of 23 — 22 — 1 we have that:
2t =1 —1=(z—a)lr—B)(xr—n)
=2+ (~a — B —7) +z(af +ay+ By) - aby.

Which gives:

atft+y=1,
af+ay+py=0,
afy =1.

If we consider now (z — 1)(z — %)(x — 1) using the previous equations it

Y
follows that:

:$3+$2(_l___;)+x(i+_+_)__
::xg_ﬂf(aﬁ—%574—ﬁv)

=3+ -1

So é, % and % are the solutions of the equation z® + x — 1 = 0 which
means that they are in fact §, € and n. According to Mathematica it happens
that: § = é, €= %, n= % Besides since afy = 1 then we have that

0= B,
€=y,
n=ap.

Corollary 5.3.2. For everyn > 0,

H3(n) =a" + " +~" — (af)" — (ay)" — (B)"

where «, 3,7 are the solutions of the equation x3 — x? — 1 = 0.
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Corollary 5.3.3. For everyn > 0,

Hy(n) = (" = 1)(8" = 1)(v" = 1)
where «, 3,7 are the solutions of the equation x3 — x? — 1 = 0.

Proof. 1t is sufficient to multiply taking into account that a8y = 1:

(@"=1@BE"-1("-1) =

= (af7)" +a" + " +79" = (57)" = (ay)" — (aB)" — 1
=1"+a"+ 8" +9" = (87)" = (a7)" = (aB)" = 1

=a"+ 4" +9" = (B7)" = (a7)" = (aB)"

= H3(n) by Corollary 5.3.2. O

Given Corollary 5.3.2 the idea now is to try to express Hjs in terms of the

sequence (. First, according to Theorem 5.3.1, we can express the sequence
G as:

B o o (—B) n v o
= e T epG=7" T B=pa=7"

we will use this expression in our next result.

Lemma 5.3.4. For every n > 2, o + " + " = G(n) + 3G(n — 2) where

a, 3,7 are the solutions of the equation x®> — x*> — 1 = 0. That is,
Gn)+3(Gn—-2)—1) =" -1+ (B"—1)+ (" —1).

Proof. To begin with, we are computing the expression (a— 3)(5 —7)(a—")
taking into account that « + 5+~ =1and affy =1:

(a=B)B—=a—=7)=((a=PB)la=7)B—7) =
= (o’ —ay — Ba+ BY)(B —7)
=(a®—a(y+8)+ BB —7)

= (% ~al—a) + 2)(5 ~7)

1

= (2042—04+5)(5—7)
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So then
(0= B)(B — 7)o =) = (207 — o+ )(5~ ).

Analogously as before we can also prove that:

(a—B)(B—)(a—~) = (~28°+f — %xa — ).

(a—B)(B—a—7) = (29" — 7+ %xa —5).

Therefore:

a"+ 3" +4" =

_(le=pB-Na=1) ., (@=B)B-9)(a-1)
(o= B)(B =) =) (a=B)(B =) =)
@ DE-a-1)

(= B)(B =) =1)

/BTL

- (202 —a+2)(B-7) , <_252+5—%>(0‘_7)
T a-BB-Na-—1" T @B -Nla—)
. (272—7+%)(04—6)7
(a=B)(B =) (a—7)

/Bn

n

20" Te " e-pa-"
(=8) o B e (B
e hB=" Te-pB=r" @-pB-7"
2 n+1 g n-2 g n
e T e TG e—"

=2G(n+1)+G(n—2)—G(n)
=2(G(n) +G(n—2))+G(n—2)—G(n)
=G(n)+3G(n —2). O

Remember that our main objective is to prove that the third determinant
divisor ag(n) (given in Definition 5.1.6) coincides with the third Haselgrove
number Hs(n), so we need to establish a relation for the Haselgrove sequence
Hj in terms of the Narayana’s cows numbers G(n — 1),G(n — 2) — 1 and

G(n — 3). Our next step in order to do that consists of proving this result.




5. Leavitt path algebras of Cayley graphs C? 131

Lemma 5.3.5. For every n > 3 define

A(n) == —G(n—1)> - G(n—-3)*G(n) — G(n)G(n —2)* — G(n — 2)*
+2G(n —1)*G(n —2) + 3G(n — 1)G(n — 2)G(n — 3) + 1.

Then A(n) =0 for all n > 3.
Proof. By induction on n > 3. For n = 3:

A(3) = —G(2)* — G(0)*G(3) — G(3)G(1)* — G(1)* + 2G(2)°G(1)
+3G(2)G(1)G(0) + 1
= —1-0-1—-1+2+0+1

= 0 as desired.

Suppose that the equality is satisfied for n — 1, that is, suppose we have
A(n—1) = 0. Let us see that A(n) = 0. Since G(i) = G(i — 1) + G(i — 3) for
i =n,n — 1 the following holds:

A(n) = —G(n —1)* = G(n — 3)’G(n) — G(n)G(n — 2)*> — G(n — 2)°

+2G(n —1)’G(n —2) +3G(n — 1)G(n —2)G(n —3) + 1

=-Gn—-1>2*G(n—-1)-Gn-3*Gn—-1)—G(n—3)?*
—Gn—-1Gn-2)?2-Gn-3)Gn-2)*—Gn—2)>
+2G(n —1)*G(n —2) +3G(n — 1)G(n — 2)G(n —3) + 1

= —Gn—-1>2G(n—2) - Gn—-1)>*G(n—4) —G(n—3)°Gn-1)
—G(n—3P°-Gn—-1)G(n—2)?>—G(n—3)G(n —2)>
—G(n—2)>+2G(n—1)*G(n —2) + 3G(n — 2)>G(n — 3)
+3G(n —0)G(n—2)G(n—3)+1

=-Gn—-1>2G(n—4) - Gn—-3’G(n—-1)—G(n—-3)?*
—Gn-1Gn—-2?%*-Gn-2>*+G(n—1)>G(n—2)
+2G(n —2)*G(n —3) + 3G(n — 4)G(n —2)G(n —3) + 1
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~G(n—1)G(n—1)G(n —4) — G(n—3)’G(n—2)
—G(n—-3)2G(n—4)—Gn-3)°-Gn-1)G(n —2)?

—G(n -2+ G(n—1)G(n-2)?

+G(n—1)G(n—2)G(n —4) +2G(n — 2)*G(n — 3)
+3G(n—4)G(n—2)G(n—3) +1

—G(n—1)G(n—2)G(n —4) — G(n —1)G(n — 4)*
—G(n—3)2G(n—2) - Gn—3)>G(n—4) — G(n —3)*
—G(n—2P°+Gn—1)G(n—2)G(n—4)

+2G(n —2)*G(n —3) +3G(n — 4)G(n —2)G(n —3) + 1
~G(n—2)G(n—4)* - G(n—4)> = G(n —3)’G(n - 2)
—G(n—3)2G(n—4) - Gn—-3)*-G(n-2)>

+2G(n —2)*G(n —3) + 3G(n — 4)G(n —2)G(n —3) + 1
—G(n—2)*—G(n—4)>2G(n—2) — G(n—4)> = G(n — 2)G(n — 3)?
~G(n—4)G(n—-3)%—G(n—3)>+2G(n - 2)°G(n — 3)

+3G(n —2)G(n—3)G(n—4) +1
~G(n—2)°-Gn—-4)>°Gn—-1)—-Gn—1)G(n—3)*—-G(n—3)?
+2G(n —2)*G(n —3) +3G(n —2)G(n — 3)G(n —4) + 1

A(n —1).

So A(n) = A(n — 1) and A(n — 1) = 0 by induction hypothesis. Hence
A(n) =0. [

In a similar manner that H, is related to the Fibonacci sequence F ([7,

Proposition 4.4]), we will relate H3 to the Narayana’s cows sequence G.

Theorem 5.3.6. For every n > 3,

Hi(n) = —3G(n —1)(G(n —2) — 1)G(n —3) — 2G(n — 1)*(G(n — 2) — 1)

+Gn—1P°+(G(n—2)-1)2G(n—1)+ (G(n—2) —1)*G(n — 3)
+(G(n —2) = 1> +G(n —3)*G(n — 1) + G(n — 3)*.
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In particular for allm > 3, d3(n)? divides Hz(n) where
ds(n) =ged (G(n —1),G(n—2) — 1,G(n — 3)).

Finally, the desired consequence of Theorem 5.3.6 is the following result:
computing the determinant of the matrix (M$)" — I3 we obtain the third

Haselgrove number, as we wanted.

Corollary 5.3.7. Let n > 1 and consider

Gn—2)—1 G(n-3) G(n—1)
(M) =Iz=| Gn—-1) Gn-2)-1 G(n) ]

G(n) Gn—1) Gnh+1)—1
with ag(n) = |det((M3)" — I3)|. Then az(n) = Hs(n) # 0.

Proof. For n = 1,2 it is an immediate computation taking into account that
G(0) = 0, G(—1) = 0 and G(—2) = 1. For n > 3 we use Theorem 5.3.6 in
order to get the desired result. The matrix (MZ)" — I3 is indeed:

Gn—-2)—1 G(n —3) G(n—1) ]

G(n—1) Gn—2)—1 Gn—1)4+G(n—3)
Gn—1)+Gn-3) Gn-1) Gnh-1)+Gn-3)+Gn—-2)—1

So we have

as(n) = |det((M3)" — L)

=(G(n—-2)—1)Gn—1)+ (G(n—2) —1)*)G(n—3)+ (G(n — 2) — 1)*
+Gn—1)*+G(n—1)*G(n —3) + G(n — 3)* + 2G(n — 1)G(n — 3)*
—(Gn—2)—1)G(n—1%=(G(n—2)— DG(n —1)G(n — 3)
—G(n—1)2G(n —3) - Gn—1)G(n — 3)?
—G(n—1)Gn—-3)(G(n—2)—1)
—(Gn—=2)-1DGn—-1>*-Gn-1)G(n-3)(Gn—-2)—1)

=—3G(n—1)(G(n—2)—1)G(n—3)—2G(n —1)*(G(n—2) — 1)
+G(n—17°+(Gn—2)—1)2G(n—1)+ (G(n—2) —1)*G(n — 3)
+(Gn—2) -1 +G(n—3)*G(n—1) + G(n—3)*

= Hs(n) by Theorem 5.3.6.
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Proof of Theorem 5.3.6. By Corollary 5.3.2 | Hy(n) = a" + " +4" — 3 —
((aB)™+(ay)"+(Bv)"—3) where a, 3, v are the solutions of 23 —2?—1 = 0. To
begin with we compute (a™+ 3" +~" — 3)3 taking into account that a3y = 1:

(@™ + B + 4™ —3)* = o™ + B3 + 4% 4 30" B + 30"y + 35"
4 35717271 13 2n 37n52n — 18a"B" — 18a™y" — 184"
—9a”" — 96" — 99*" +27a" + 276" + 277" — 21
=" + B 4+ 47+ 307 (B + ") + 387 (@ +9") + 3y (@ + B
— 18(a”B" + "y + ") = 9(®" + B + 47"
+27(a" + B" 4+ 4") — 21
= o’ + B 4 43 L 302 (B" + 4" — 3) + 367 (" + A" — 3)
+ 3y (a" + B — 3) — 18(a™B" + "™ + B"y™)
+27(a™ 4+ B" +4™) — 21
= (=2)(@™ 4 87" +47") +3(a™ + 2+ (@ 4 " " = 3)
— 18(a”B" + a"y" + B"y") + 27(a" + B" +4") — 21
= (=2)(@™ + B + 47" = 3) + 3(a™ + 2" + ¥ + 9)(@" + 5" + 7" = 3)
—18(a"B" + a"y" + B"y" = 3),
which implies that:

B (an+ﬂn+,yn _3)3+2(a3n+ﬁ3n+73n _3)
B 18
_3(a2n +62n +,y2n + 9)(0/1 +6n _|_,yn - 3)
18 ’
And then we obtain H3(n) = a"+ " +~"—3—((aB)"+ (ay)"+(87)" —3)
B (an‘i‘ﬁn‘i")/n —3)34—2(0(3”4—63”4-’)/3” _3)
B 18
_3(a2n _'_6271 +,y?n —|—3)(Oén _’_ﬁn _i_fyn _ 3)
18 '
We already know " + " +9" -3 =G(n—1)+3(G(n—2)—1)+G(n—3)

by Lemma 5.3.4, so our following tasks consist of expressing o+ %"+~ +3

+
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and " + 33" +~3" — 3 appearing in the previous relation for Hs(n), in terms
of G(n—1), G(n — 3) and G(n — 2) — 1 (or at least G(n — 2)). The general
idea of the proof will be to get the greatest number of summands of the form
{G(n—-1)(G(n—2)-1)G(n—3), G(n—1)*(G(n—2)—1), G(n—1)*G(n—3),
Gn—1)3, (G(n—2)—1)’G(n—1), (G(n—2) —1)2G(n—3), (G(n—2) —1)3,
G(n—3)2G(n—1), G(n—3)*(G(n—2)—1), G(n—3)3} and to reduce as far

as possible those summands which involve G(n — 2) in the given formula:

H o (an_,'_ﬂn_i_,yn_3)3+2(a3n+ﬂ3n+73n_3)_3(a2n+52n+72n+3)(an+ﬁn+7n_3)
3(”) - 18 :

Step 1:

First let us compute a?" 4 32" +~2" 43 which satisfies: o?" + %+~ +3 =
G(2n) + 3G(2n — 2) + 3 because of Lemma 5.3.4. By [38, item 6 (page 4)]:
G(2n) = G(n+1)>*+G(n—1)?—-G(n—2)% Since G(n+1) = G(n)+G(n—2)
(henceforth we will use the definition of G, G(i) = G(i—1)+G(i—3), without

explicitly mention) we can rewrite and
G(2n) = 2G(n)G(n — 2) + G(n)* + G(n — 1)%
So then:

a4 B2 AT £ 3 =G (2n) +3G(2n —2) + 3
= G(2n) +3G(2(n — 1)) + 3
=2G(n)G(n —2)+ G(n)* + G(n — 1)
+3[2G(n —1)G(n —3)+ G(n —1)*+ G(n — 2)*] + 3
=2G(n)G(n —2) + G(n)* +4G(n —1)* + 6G(n — 1)G(n — 3)
+3G(n —2)* + 3.

Therefore,

(=3)(@™ + 57" +9™" +3)(a" + B +9" = 3) =
= (=3)[a™" + 57" + 9" + 3][G(n) + 3(G(n - 2) - 1)]
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= —3G(n)*[G(n) +3(G(n —2) — 1)] — 12G(n — 1)*[G(n)
+3(G(n —2) —1)]
—18G(n — 1)G(n — 3)[G(n) + 3(G(n — 2) — 1)]
—6G(n)G(n —2)[G(n) +3(G(n—2) —1)]
—9G(n = 2)*[G(n) + 3(G(n — 2) = 1)] = 9[G(n) +3(G(n - 2) — 1)]
= —3G(n)*[G(n) + 3(G(n — 2) — 1)] = 12G(n — 1)*[G(n) + 3(G(n — 2) — 1)]
—18G(n — 1)G(n — 3)[G(n) + 3(G(n —2) — 1)] — 6G(n)*G(n — 2)
—18G(n)(G(n —2) — 1)G(n — 2) — 9G(n — 2)*G(n)
—27G(n —2)*(G(n —2) — 1) — 9G(n) — 27(G(n —2) — 1).

) =
)

1)
) —
Step 2:

We have a3 + 33" +~3" —3 = G(3n) + 3(G(3n —2) — 1) by Lemma 5.3.4.
In order to proceed we need a formula for G(3n) and G(3n — 2) similar to
that which appears in [38, item 6 (page 4)] for G(2n). Thanks to [38, item 5
(page 4)] we use

Gn+m)=Gn—-1)Gm+2)+G(n—2)G(m)+ G(n—3)G(m+1)
as follows:

n+2n) =
G(2n+2)+G(n—2)G(2n) + G(n —3)G(2n+ 1)
2(n+1)) +G(n—2)G(2n) + G(n —3)G((n+ 1) + n)

3
—_
~— ~— ~—

G(n —2)2G(n)G(n — 2) + G(n)? + G(n — 1)

G(n — 3)[G(n)G(n +2) + G(n — 1)G(n) + G(n — 2)G(n + 1)]

=2G(n — 1)°G(n) +2G(n — 1)’G(n — 2) + G(n — 1)G(n)?
+G(n—1)G(n —2)? +2G(n — D)G(n)G(n — 2) + G(n — 1)G(n)?
+2G(n —2)?G(n) + G(n — 2)G(n)* + G(n — 2)G(n — 1)
+G(n—3)G(n)?+G(n—-3)Gn)Gn—-2)+Gn—3)Gn)G(n—1)
+G(n—3)G(n — 1)G(n) + G(n — 3)G(n — 2)G(n) + G(n — 3)G(n — 2)?
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=2G(n — 1)*°G(n) +2G(n)*G(n — 1) + 3G(n — 1)*G(n — 2)
+ 3G(n — 2)°G(n) + 3G(n — 2)G(n)?
+G(n —3)G(n)* +2G(n — 3)G(n)G(n — 1).
That is,
G(3n) = 2G(n — 1)*’G(n) + 2G(n)*G(n — 1) + 3G(n — 1)*G(n — 2)
+ 3G (n — 2)*G(n) + 3G(n — 2)G(n)* + 3G(n — 2)G(n)?
+ G(n —3)G(n)* +2G(n — 3)G(n)G(n — 1).
On the other hand,
GBn—2)=Gn+(2n—-2)) =

= G(n—1)G(2n) + G(n —2)G(2n —2) + G(n — 3)G(2n — 1)

= G(n—1)G2n) +Gn—-2G2(n—-1))+Gn—-3)Gn+ (n—1))

=G(n—1)[2G(n)G(n —2) + G(n)? + G(n — 1)?]

+G(n—2)2G(n - 1)G(n —3)+G(n—1)2+G(n —2)%
+G(n—-3)Gn—1)Gn+1)+Gn—-2)Gn—1)+Gn—3)G(n)]
=2G(n)G(n — 1)G(n —2) + G(n)*G(n — 1)+ G(n —1)°
+4G(n —2)G(n —1)G(n —3) + G(n —2)G(n — 1)* + G(n — 2)°
+G(n—3)G(n—1)G(n) + G(n — 3)*G(n),
that is,

G(3n —2) =2G(n)G(n — 1)G(n —2) + G(n)*G(n — 1) + G(n — 1)*
+4G(n —2)G(n —1)G(n —3) + G(n — 2)G(n — 1)*
+G(n—2)P°+G(n—-3)G(n—1)G(n)+Gn—3)*G(n).

Then, taking into account these previous computations, we get:
2(a™ + B3 + 43" —3) = 2[G(3n) +3G(3n —2) — 3] =
= 4G(n — 1)2G(n) + 10G(n — 1)G(n)? + 2G(n — 3)G(n)? + 6G(n — 1)
+10G(n — 3)G(n)G(n — 1) + 6G(n — 3)*G(n) + 6G(n — 2)*G(n)
+ 2G(n — 2)G(n)* + 4G (n — 3)G(n)G(n — 2) + 12G(n — 1)*G(n — 2)
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+16G(n)G(n —1)G(n —2) +24G(n — 2)G(n — 1)G(n — 3)
+6G(n —2)* — 6.

From the calculations of 2(a®" + %" +~%" —3) and (—3)(a®" + 2" +~*" +
3)(a" + A" + 4" — 3) in terms of G(n — 1), G(n — 2) — 1 (or G(n — 2)) and
G(n — 3), we continue summing both of them:

2™ + 7 447 = 3) = 3(a™ 4+ B + 47" +3) (" + B + 9" —3) =
= 4G (n — 1)*G(n) + 10G(n — 1)G(n)* +2G(n — 3)G(n)* + 6G(n — 1)
+10G(n — 3)G(n)G(n — 1) + 6G(n — 3)°G(n) + 6G(n — 2)*G(n)
+ 2G(n — 2)G(n)* + 4G (n — 3)G(n)G(n — 2) + 12G(n — 1)*G(n — 2)
+16G(n)G(n — 1)G(n —2) + 24G(n — 2)G(n — 1)G(n — 3)
+6G(n —2)° — 6 —3G(n)*[G(n) + 3(G(n — 2) — 1)]
—12G(n — 1)*[G(n) + 3(G(n —2) — 1)]
—18G(n — 1)G(n — 3)[G(n) + 3(G(n — 2) — 1)] — 6G(n)*G(n — 2)
—18G(n)(G(n —2) — 1)G(n — 2) — 9G(n — 2)*G(n)
—27G(n — 2)*(G(n —2) — 1) — 9G(n) — 27(G(n —2) — 1)
=4G(n — 1)°’G(n) + 10G(n — 1)G(n)* + 2G(n — 3)G(n)* + 6G(n — 1)*
+10G(n — 3)G(n)G(n — 1) + 6G(n — 3)*G(n)
—3G(n)*[G(n) +3(G(n —2) — 1)]
— 12G(n — 1)*[G(n) + 3(G(n — 2) — 1)]
— 18G(n — 1)G(n — 3)[G(n) + 3(G(n — 2) — 1)]
+6G(n —2)2G(n) + 2G(n — 2)G(n)* + 4G(n — 3)G(n)G(n — 2)
+12G(n — 1)*G(n — 2) 4+ 16G(n)G(n — 1)G(n — 2)
+24G(n — 2)G(n — 1)G(n — 3) + 6G(n — 2)* — 6 — 6G(n)*G(n — 2)
— 18G(n)(G(n —2) — 1)G(n — 2) — 9G(n — 2)°G(n)
—27G(n — 2)*(G(n —2) — 1) — 9G(n) — 27(G(n —2) — 1)

)
)
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+10G(n — 3)G(n)G(n — 1) + 6G(n — 3)*G(n)

—3G(n)YG(n) + 3(G(n —2) — 1)] — 12G(n — 1)%[G(n)
+3(G(n—2) —1)] — 18G(n — 1)G(n — 3)[G(n) + 3(G(n — 2) — 1)]
—3G(n —2)2G(n) + {2G(n — 2)G(n)?

+4G(n —3)G(n —2)(G(n — 1) + G(n — 3))

=4G(n — 1)°’G(n) + 10G(n — 1)G(n)* + 2G(n — 3)G(n)* + 6G(n — 1)*

+12G(n — 1)’G(n — 2) + 16(G(n — 1) + G(n — 3))G(n — 1)G(n — 2)

+24G(n — 2)G(n — 1)G(n — 3)}
+6G(n —2)* — 6 — 6G(n)*G(n —2) — 18G(n)(G(n — 2) — 1)G(n —
—27G(n — 2)*(G(n —2) — 1) = 9G(n) — 27(G(n — 2) — 1)

2)

4G(n — 1)*G(n) + 10G(n — 1)G(n)* + 2G(n — 3)G(n)* + 6G(n — 1)

+10G(n — 3)G(n)G(n — 1) + 6G(n — 3)*G(n)
—3G(n)*G(n) +3(G(n —2) —1)] — 12G(n — 1)*[G(n
+3(G(n—2) —1)] — 18G(n — 1)G(n — 3)[G(n) + 3(G(n — 2) — 1)]
—3G(n —2)*G(n) + {6G(n — 2)G(n)? + 24G(n — 1)2G(n — 2)
+36G(n — 2)G(n — 1)G(n —3)} +6G(n —2)* — 6

—6G(n)*’G(n —2) — 18G(n)(G(n —2) — 1)G(n — 2)

—27G(n —2)*(G(n —2) — 1) — 9G(n) — 27(G(n —2) — 1)

—_ =

4G(n — 1)2G(n) + 10G(n — 1)G(n)? + 2G(n — 3)G(n)* + 6G(n — 1)*

+10G(n — 3)G(n)G(n — 1) + 6G(n — 3)*G(n)
—3G(n)*|G(n) +3(G(n —2) - 1)]

—12G(n — 1)*[G(n) + 3(G(n — 2) — 1)]

— 18G(n — 1)G(n — 3)[G(n) + 3(G(n — 2) — 1)]

—3G(n —2)*G(n) + 24G(n — 1)°G(n — 2)

+36G(n —2)G(n — 1)G(n — 3)

+6G(n—2)* — 6 —18G(n)(G(n — 2) — 1)G(n — 2)
—27G(n — 2)*(G(n —2) — 1) — 9G(n) — 27(G(n — 2) — 1).

(
(
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And finally with the relations (G(n —2) —1)? = G(n—2)> —=3G(n—2)? +
3G(n—2)—1and (G(n—2)—1)*=G(n—2)> —2G(n —2) + 1 in mind we
get from the last paragraph:

2™+ p¥ 47 = 3) = B0 + B+ 97 4 3)(a” + B 9" = 3) =
=4G(n — 1)*G(n) + 10G(n — 1)G(n)* + 2G(n — 3)G(n)* + 6G(n — 1)
+10G(n — 3)G(n)G(n — 1) + 6G(n — 3)*G(n)
—3G(n)*[G(n) +3(G(n —2) — 1)]
—12G(n — 1)?*[G(n) + 3(G(n —2) — 1)]
+24G(n — 1)*(G(n —2) — 1) + 36G(n — 1)(G(n —2) — 1)G(n — 3)
G(n)(G(n—2) —1)? =21(G(n —2) — 1)
—12G(n) — 24G(n)(G(n — 2) — 1) — 36(G(n — 2) — 1)
—36(G(n—2)—1) +24G(n — 1)* + 36G(n — 1)G(n — 3).

—21

Step 4:

Remember at this point that

H ( ) (@B 4" —3)342(aB 4 B3 443" —3) —3(a2" + 327 442" 4-3) (" +B" +y" —3)
3\n) = 18 .

Hence,

18Hs(n) = (@™ + B" + 7" — 3)3 + 2(a®" + " 4 4%" — 3)
—3(® + B+ + 3) (" + B+ = 3) =

= (G(n) +3(G(n —2) — 1))* + 4G(n — 1)*’G(n) + 10G(n — 1)G(n)*
+2G(n — 3)G(n)* + 6G(n — 1)* + 10G(n — 3)G(n)G(n — 1)
+6G(n — 3)2G(n) — 3G(n)*[G(n) + 3(G(n —2) — 1)]
—12G(n — 1)*[G(n) + 3(G(n —2) — 1)]
— 18G(n —1)G(n —3)[G(n) + 3(G(n — 2) — 1)]
+24G(n — 1)X(G(n —2) — 1) +36G(n — 1)(G(n — 2) — 1)G(n — 3)
—21G(n)(G(n —2) —1)* = 21(G(n —2) — 1)*
—12G(n) — 24G(n)(G(n — 2) — 1) — 36(G(n — 2) — 1)
—36(G(n —2) — 1) +24G(n — 1)* + 36G(n — 1)G(n — 3)
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= G(n)®* +9G(n)*(G(n —2) — 1) + 27G(n)(G(n — 2) — 1)?
+27(G(n —2) — 1) + 4G(n — 1)*G(n) + 10G(n — 1)G(n)?
+2G(n — 3)G(n)* + 6G(n — 1)> + 10G(n — 3)G(n)G(n — 1)
+ 6G(n — 3)*G(n) — 3G(n)* — 9G(n)*(G(n —2) — 1)
—3G(n —1)*G(n) —9G(n — 1)*(G(n —2) — 1)
— 18G(n — 1)G(n — 3)G(n) — 54G(n — 1)G(n — 3)(G(n — 2) — 1)
—9G(n —1)*G(n) — 27G(n — 1)*(G(n —2) — 1)
+24G(n — 1)*(G(n —2) — 1) + 36G(n — 1)(G(n —2) — 1)G(n — 3)

Q Q

—21G(n)(G(n —2) — 1) = 21(G(n — 2) — 1)* — 12G(n)
—24G(n)(G(n—2) — 1) —36(G(n —2) — 1) = 36(G(n — 2) — 1)
+24G(n — 1)* +36G(n — 1)G(n — 3)

=2[G(n—1)+G(n—3)+6[G(n—1)+G(n—3)](Gn—2)—1)>
+6(G(n—2) —1)* - 8G(n —1)*[G(n — 1) + G(n — 3)]

+10G(n — 1)[G(n — 1) + G(n — 3)]* + 2G(n — 3)[G(n — 1) + G(n — 3)]?
—8G(n —1)G(n — 3)[G(n — 1) + G(n — 3)]

+6G(n —1)* +6G(n — 3)° [G(n—1)+G(n—3)]

—12G(n — 1)*(G(n —2) — 1) = 18G(n — 1)G(n — 3)(G(n — 2) — 1)
—12G(n) — 24G(n)(G(n — 2) — 1) — 36(G(n — 2) — 1)

—36(G(n —2) — 1) +24G(n — 1) + 36G(n — 1)G(n — 3)

=6G(n —1)° +6G(n — 3)°G(n — 1) + 6G(n)(G(n — 2) — 1)
+6(G(n —2) —1)> +6G(n —3)* = 12G(n — 1)*(G(n —2) — 1)
—18G(n —1)G(n —3)(G(n —2) — 1) — 12G(n)

—24G(n)(G(n —2) — 1) = 36(G(n — 2) — 1)*
—36(G(n—2)—1)+24G(n — 1)* + 36G(n — 1)G(n — 3).
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Simplifying by 6 and continuing we have:

3Hs(n) =

=Gn—-12+Gn—-3Gn—1)+Gn)(G(n—2)—1)
+(Gn—2) =1 +G(n—3)°—-2G(n—1)*(G(n—2) — 1)
—3G(n—1)G(n—3)(G(n—2) —1) — 2G(n) — 4G(n)(G(n — 2) — 1)
—6(G(n—2)—1)*—=6(G(n—2)—1)+4G(n —1)*
+6G(n—1)G(n —3)

=3G(n—1)>+3G(n —3)’G(n — 1) +3G(n — 1)(G(n — 2) — 1)?
+3G(n—3)(G(n—2) —1)*+3(G(n —2) — 1)* + 3G(n — 3)*
—6G(n—1)*(G(n—2)—1)-9G(n - 1)G(n —3)(G(n —2) — 1)
+{-2G(n —1)* = 2G(n — 3)°G(n) — 2G(n)(G(n — 2) — 1)?
—2(G(n —2) —1)* +4G(n — 1)*(G(n —2) - 1)
+6G(n — 1)G(n — 3)(G(n —2) — 1) — 2G(n)

—4G(n)(G(n —2) —1) —6(G(n —2) — 1)
—6(G(n—2)—1)+4G(n —1)> +6G(n — 1)G(n — 3)}

=3G(n— 1) +3G(n —3)*G(n — 1) +3G(n — 1)(G(n — 2) — 1)?
+3G(n —3)(G(n—2) —1)* +3(G(n —2) — 1)* + 3G(n — 3)*
—6G(n —1)*(G(n —2) —1) = 9G(n — 1)G(n — 3)(G(n — 2) — 1)
+{—-2G(n —1)* = 2G(n — 3)*G(n) — 2G(n)G(n — 2)?

—2G(n) + +4G(n)G(n — 2) — 2G(n — 2)*

+6G(n —2)* —6G(n —2) + 2+ 4G(n — 1)*°G(n — 2)

—4G(n— 1> +6G(n — 1)G(n — 3)G(n — 2) — 6G(n — 1)G(n — 3)
—2G(n) = 4G(n)G(n — 2) + 4G(n) — 6G(n — 2)* — 6

+12G(n — 2) — 6G(n — 2)
+4G(n — 1) +6G(n — 1)G(n — 3)}

+6
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=3G(n— 1) +3G(n —3)’G(n — 1) +3G(n — 1)(G(n — 2) — 1)?
+3G(n —3)(G(n—2) —1)*+3(G(n —2) — 1)° + 3G(n — 3)*
—6G(n—1)*(G(n—2)—1) = 9G(n — 1)G(n - 3)(G(n —2) — 1)
+{2[-G(n — 1) = G(n — 3)*G(n) — G(n)G(n — 2)*

— G(n—2)>+2G(n —1)*G(n - 2)
+3G(n —1)G(n —2)G(n —3) + 1]}

=3G(n— 1) +3G(n —3)’G(n — 1)+ 3G(n — 1)(G(n — 2) — 1)*
+3G(n —3)(G(n—2) —1)*+3(G(n —2) — 1)° + 3G(n — 3)*
—6G(n—1)*(G(n—2)—1) = 9G(n — 1)G(n - 3)(G(n —2) — 1)
+ {2A(n)}.

By Lemma 5.3.5, A(n) = 0. So in the end, simplifying by 3, we get the

desired formula for Hs(n):

H3(n) = —3G(n—1)(G(n—2) —1)G(n —3) — 2G(n — 1)*(G(n — 2) — 1)
+Gn -1+ (Gn—-2)-1)2G(n—-1)+ (G(n—2) —1)’G(n — 3)
+ (G(n —2) = 1) + G(n — 3)*’G(n — 1) + G(n — 3)°. O

5.4 The K, of Leavitt path algebras of the
graphs C?

We are now in a position to give the main result of this chapter. Applying

Corollary 5.1.8, Lemma 5.2.1, Lemma 5.2.3 and Corollary 5.3.7 finally we get:

Theorem 5.4.1. Let n € N . Then

Ko(Lg(Cy)) = Zaymy X LZayy X Losgin)

d3(m) dg(n)
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where

ds(n) = ged{G(n —1),G(n —2) — 1,G(n — 3)} and,
dy(n) = ged{Gln — 1)G(n —3) — (G(n —2) — 1)
G(n)G(n—3)—G(n—1)(G(n—2) —1),
Gn—1?2-Gn)(G(n—-2)—-1)}.

Remark 5.4.2. In the Appendix the reader will find a list of values from
n =1 to n = 30 for the third Haselgrove sequence H3(n), Narayana’s cows

numbers G(n), together with the greatest common divisors ds(n) and dj(n).

We are also in position to apply Theorem 1.4.7 to explicitly realize the
algebras Ly (C?) as the Leavitt path algebras of graphs having four vertices.

Proposition 5.4.3. Let n € N. The algebra Ly (C3) is isomorphic to the
Leavitt path algebra of the graph E, with four vertices given by

2)

)

NS ()
AN

.

o4

O

(“ 215((:)))

where the numbers in parentheses indicate the number of loops at a given

(2+d3 (n

verter.

Proof. Clearly the graph E, satisfies the conditions for Lk(FE,) to be

unital purely infinite simple. The incidence matrix of FE, is Ap, =
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) 1 1 1
1 24 ds(n) 1 1
H3(n)
1 1 1 2+ 3
1 1 1 1
t 1 1+ ds(n) 1 1
I=Ap, =~ 1 1+ E0) 1
1 1 1 1+ )

dz(n)

An easy computation shows that the Smith normal form of I — Af; is just
1 0 0 0
0 o 4m |, whichimmediately yields that Ko(Lk(En)) is iso-
ds(n)

Hs(n)
0 0 0 g
morphic t0 Zgyn) X Zaymy X Lpsn) -
3(n) d3(n)

d
Also, it is straightf(;rward to check that det(I — A% ) = —Hs(n) <O0.

Finally, by invoking the relation in Ko(Lk(E,)) at u;, we have

[ur] + [ug] + [us] + [ua] = (2[wa] + [ua] + [us] + [ua]) + [ua] + [us] + [u4]
= 2([ua] + [ug] + [us] + [ua])

so that o = [ug] + [ug] + [us] + [u4] satisfies o = 20 in the group Ko(Lk(E,)),
so that o = [u1] + [ug] + [us] + [u4] is the identity element of Ko(Lk(E,)).
Thus the purely infinite simple unital Leavitt path algebras L (C?) and
L (E,) have these properties: Ko(Lk(C?)) = Ko(Lx(E,)) (as each is isomor-
phic to Zg, ) X Z%’% X ZZ§<(:)) ); this isomorphism takes [Lx(C2)] to [Li(E,)]
(as each of these is the identity element in their respective Ky groups); and
both det(I,, — Atcg) and det(/ — Af; ) are negative. Thus the graphs C? and
E,, satisfy the hypotheses of Theorem 1.4.7, and so the desired isomorphism

Li(C3) = Lk (E,) follows. O




YOVIYIN 30
AvaISH3AINN




Further work

We describe here some of the open questions related to the subjects which
have been presented in this thesis.

First we are going to focus on the commutative core Mg(E) described in
Section 2.3. Thanks to Theorem 2.3.12 we know that Mg(FE) is a maximal
commutative subalgebra of Lz(F); in fact, it coincides with the set of ele-
ments of the Leavitt path algebra which commutes with every element in the

diagonal subalgebra A(FE), that is,
Mg(E) ={x € Lr(E) : xd = dz for every d € A(E)}.

As an important remark we should highlight that Mgz(FE) might not be
the unique maximal commutative subalgebra of Lr(E). What we have proved

in Theorem 2.3.12 implies that if we consider C a commutative subalgebra of
Lr(FE) such that Mg(E) C C then necessarily C = Mg(E). So Mgr(E) is a

maximal commutative subalgebra of Lgr(E). However,

Question. Could Mg(FE) be the unique maximal commutative subalgebra of
Lr(E)? If not, would there exist any conditions on the graph F such that

Mg(FE) is the unique maximal commutative subalgebra of Lg(FE)?

On the other hand, by Corollary 2.3.13 the center of the Leavitt path
algebra Lr(E), that is

Z(Lg(F)) ={z € Lg(F) : xy = yx for every y € Lr(F)}

satisfies that Z(Lg(FE)) C Mg(F). So then a natural question could be the

following.

147
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Question. Can Z(Lg(E)) = Mgr(E)? Does there exist an if and only if result

about that? Or maybe any sufficient conditions?

And finally related to the commutative core of a Leavitt path algebra
consider the following example where we see that not all the normal elements
in Lr(E) belong to the commutative core Mg (E); we have that every element

in Mg(F) is normal but the other containment may not be true.

Example. Let F = Ry be the 2-petals graph.

fCQUDe

Then the element x = ef* + fe* is normal since we have

= (ef + fe") = fer +ef = ux;

hence zx* = 2? = x*z. But observe that © ¢ Mz(E) because both summands

ef*, fe* ¢ GY¥ (Proposition 2.3.6). O

Question. How big is the difference between the set of all normal elements

in the Leavitt path algebra and the set of elements in the core Mz(E) 7

As a second step we could generalize these questions to higher-rank graphs
for the case of the cycline subalgebra M of a Kumjian-Pask algebra described
in Section 3.3. Analogously we obtained in Corollary 3.3.10 that if A is a row-
finite k-graph with no sources and R is a commutative ring with 1, then the

center of the Kumjian-Pask algebra satisfies that:
Z(KPg(A)) := {a € KPg(A) : ax = za for every x € KPr(A)} C M.

So as in the case of the commutative core the natural question would be:
Question. Could it happen that Z(KPg(A)) = M?

To go further, related to the topic of the generalized uniqueness theorem
for Leavitt path algebras given in Theorem 2.5.1 and for Kumjian-Pask alge-
bras proved in Theorem 3.4.4, the author would like to remark that both of
them have very recently been generalized to Steinberg algebras in [26] by L.O.
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Clark, R. Exel and E. Pardo. There the three authors use an analysis of the
“interior of the isotropy bundle” to prove a generalized uniqueness theorem,
which says that a Steinberg algebra homomorphism is injective if and only if
it is injective on the interior of the isotropy group bundle.

With respect to the Leavitt path algebras of Cayley graphs, the unresolved
questions are essentially number-theoretic observations. Remember that our
main result concerning the Grothendieck group K of the Leavitt path alge-

bras of the form Lg(C?) affirms the following statement.

Theorem 5.4.1. Let n € N. Then

Ko(Lg(CY)) = Zgy(ny X Lany X Ly

d3(n) diy(n)

where

ds(n) = ged{G(n —1),G(n —2) — 1,G(n — 3)} and,

dy(n) = ged{G(n —1)G(n - 3) — (G(n —2) — 1)%,
G(n)G(n—3)—G(n—1)(G(n—-2)—1),
Gn—1?2-Gn)(G(n—-2)—1)}.

Question. Which is the relation between the sequences ds and dj?

The reader could for a moment look at the given tables for the sequences
Hj, G, d3 and dj in the Appendix. From the expression of both sequences
ds and dj it immediately happens that d3(n) divides dj(n) for every n € N.

Moreover, let us define the sequence b3 as the following:

bs(n) 31 if n=0 mod 30
n) =
s 1  otherwise.

Then it seems apparent that the following is satisfied:
Conjecture. For every n € N, dj(n) = bz(n) - d3(n).

According to the software Magma the previous statement is true for all

n from n = 1 to n = 150000. Why does the number 31 occur? Maybe it is
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due to the related fact: consider «, 3, and ~ the solutions of the equation

22 — 22 —1=0, then

~[(e = B)( = )(B —7)]* = 3L

In other words, —31 is the value of the discriminant of the characteristic
polynomial associated the Narayana’s cows sequence G. Actually, jointly with

G. Abrams and S. Erickson, we are working to obtain that
bs(n) - d3(n) divides ds(n) for every n € N.

The other direction, i.e., d5(n) divides bs(n) - d3(n), is still an open question.
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Notation

=
8
E‘?N B I

Coker(f

5

:6@%2305

det(M)
A(E)

9

E=(E" E'rs

SORIN

algebra of Laurent polynomials
algebraic conditional expectation
boundary of a topological space
Cayley graph

center of a ring

Cohn path algebra

cokernel

commutative core

commutative unital ring

companion matrix

complex numbers

Cuntz algebra

Cuntz-Krieger algebra
Cuntz-Krieger generator set
Cuntz-Krieger diagonal generator set
Cuntz-Krieger normal generator set
cycline subalgebra

cylinder set

degree

degree map

determinant divisors of a Smith normal form
determinant of a matrix

diagonal subalgebra

diagonal (Kumjian-Pask) subalgebra
directed graph

direct sum
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156 NOTATION
U disjoint union
) empty set
Endg(M) endomorphisms of an R-module
E extended graph
F(n) Fibonacci sequence
K field
Ay g-homogeneous component
Mg graph monoid
Koy(S) Grothendieck group
H;(n) Haselgrove sequence
A= (A%A,rs) higher rank graph
I, identity matrix of size n
Im(f) image
Ag incidence matrix
7z integers
Int(U) interior of a topological space
N intersection
= isomorphism
Ker(f) kernel
0ij Kronecker delta
KPr(A) Kumjian-Pask algebra

Leavitt algebra

Leavitt path algebra over R (over K)

length of a path

matrix ring

Narayana’s cows sequence
natural numbers

ring

ring of n-integers

rose with n leaves graph

set of all paths

set of isomorphism classes of f. g. projective S-modules

set, of paths of length n
set of regular vertices
set of vertices of a path

Smith normal form of a matrix
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a, B,
s(e) r(e)

c C

solutions of the equation 23 — 22 —1 =0
source and range of an edge
subset

union
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Index

algebraic
conditional expectation, 29, 68, 69
Kirchberg-Phillips theorem, 28, 33,
49, 113, 144
aperiodic higher rank graph, 31, 83, 91,
99

Cayley graph, 32, 101, 149
center

of a Kumjian-Pask algebra, 31, 94,

148

of a Leavitt path algebra, 26, 72, 147
Cohn path algebra, 29, 75, 80
commutative core, 28, 29, 65, 69, 71, 147
companion matrix, 106, 117
Condition (L), 30, 38, 44, 45, 77, 79
Cuntz algebra, 24
Cuntz-Krieger

FE-system, 29, 51

algebra, 24

generator set, 53

relations, 25

uniqueness theorem, 27, 44, 79, 99
cycle, 38, 42, 45, 64, 73, 95
cycline

pair, 32, 88, 92

subalgebra, 31, 88, 91, 148
cylinder set, 82

determinant divisor, 34, 48, 111, 123
diagonal
generator set, 55, 73
matrix, 47
subalgebra of a Kumjian-Pask alge-
bra, 31, 86, 91, 99
subalgebra of a Leavitt path alge-
bra, 55, 71
directed graph, 37, 82, 90

distinguished path, 64, 73, 78

essentially aperiodic representation, 59,
69

exit, 38, 42, 64, 73

extended graph, 39

Fibonacci sequence, 33, 105
field, 23, 26, 44, 46, 101

graded
ring homomorphism, 43
structure, 27, 43, 84, 91
uniqueness theorem, 27, 43, 53, 79
Grothendieck group, 28, 33, 46, 49, 103,
113, 143, 149
groupoid, 31

Haselgrove sequence, 33, 103, 115
hereditary set, 45
higher rank graph, 30, 81

incidence matrix, 32, 102
Invariant Basis Number property, 23, 30

Kumjian-Pask algebra, 30, 83

Laurent polynomial ring, 23, 25, 39
Leavitt

algebra, 23, 25, 40, 46

path algebra, 25, 38
local units, 42, 46

matrix ring, 23, 25, 39, 45
module type, 23
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Appendix

n_ Hs(n) G(n) ds(n) dy(n)
1 1 1 1 1
2 3 1 1 1
3 1 1 1 1
4 3 2 1 1
) 11 3 1 1
6 9 4 1 1
7 8 6 2 4
8 27 9 3 9
9 37 13 1 1
10 33 19 1 1
11 67 28 1 1
12 117 41 1 1
13 131 60 1 1
14 192 88 4 16
15 341 129 1 1
16 459 189 3 9
17 613 277 1 1
18 999 406 1 1
19 1483 295 1 1
20 2013 872 1 1
21 3032 1278 2 4
22 4623 1873 1 1
23 6533 2745 1 1
24 9477 4023 9 81
25 14311 5896 1 1
26 20829 8641 1 1
27 30007 12664 1 1
28 44544 18560 8 64
29 65657 27201 1 1
30 95139 39865 1 31
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